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NOTE: This is an updated manuscript from that published in TIPM. All
changes are marked in italics. FEquations (33) and (37), the constitutive
equation governing the rate of swelling, and the resulting consequences have
been modified. The reason for making the change is as follows: Consider dry
sandstone under compression at equilibrium. In this situation o' = p' = 0
and p* # 0, but the time rate-of-change of the volume fraction is zero.

Abstract

In a thermodynamic setting for a single phase (usually fluid), the
thermodynamically defined pressure, involving the change in energy
with respect to volume, is often assumed to be equal to the physi-
cally measurable pressure, related to the trace of the stress tensor.
This assumption holds under certain conditions such as a small rate
of deformation tensor for a fluid. For a two-phase porous medium,
an additional thermodynamic pressure has been previously defined
for each phase, relating the change in energy with respect to volume
fraction. Within the framework of Hybrid Mixture Theory and hence
the Coleman and Noll technique of exploiting the entropy inequal-
ity, we show how these three macroscopic pressures (the 2 thermo-
dynamically defined pressures and the pressure relating to the trace
of the stress tensor) are related and discuss the physical interpreta-
tion of each of them. In the process, we show how one can convert
directly between different combinations of independent variables with-
out re-exploiting the entropy inequality. The physical interpretation of
these three pressures is investigated by examining four media: a single
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solid phase, a porous solid saturated with a fluid which has negligible
physico-chemical interaction with the solid phase, a swelling porous
medium with a non-interacting solid phase, such as well-layered clay,
and a swelling porous medium with an interacting solid phase such as
swelling polymers.

Key words: pressure, porous media, mixture theory, swelling, constitutive
equations, clay, polymers

1 Introduction

Understanding pressure in porous media is critical for determining flow rate,
diffusion, and, for swelling porous media, swelling rate. Here we concentrate
on what pressure is, how it may be defined in three different ways, what these
pressures represent for different materials, and how the different pressures
affect Darcy’s law, which governs the rate of flow through the porous media,
and the rate of swelling.

For a single phase (e.g. fluid) only one macroscopic pressure is assumed
to exist - that which is defined to be the force per unit area in a fluid. Ther-
modynamically, Gibbs defined pressure as the change of energy with respect
to volume keeping the total mass and entropy fixed [16]. Experimentally this
can be measured by putting the material in a rigid container, and keeping
all other independent variables (e.g., mass, entropy) as fixed as possible (en-
tropy is considered fixed if the deformation occurs so slowly that the action
is reversible) applying a force on one side of the container (see Figure 1)
and measuring the force per unit area as a function of volume. At equilib-
rium, this is the pressure at that particular state (set of fixed independent
variables). Because energy is assumed to be independent of rate varying vari-
ables, the relationship between pressure, volume, and entropy is termed an
equation of state, i.e. it is assumed to be valid even during non-equilibrium
conditions. Of course this particular experiment is really only practical for
compressible media such as gases, but this gives the idea of how one relates
the thermodynamic definition of pressure with the physical pressure of force
per unit area. Through carefully designed thought experiments, it can be
proved that for a single phase at equilibrium, the physical pressure is equal
to the thermodynamic pressure [16]. At non-equilibrium the physical pres-
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Figure 1: Experiment for classical pressure: p = — 57 M

sure (force per unit area) and the thermodynamic pressure of a fluid are
generally assumed equal [35].

In porous media however, and especially for swelling porous media, there
are many more factors which influence pressure: the physico-chemical forces
which dictate the attraction between the fluid and solid, ionic forces, and
osmotic effects to name a few. These quantities are microscopic, i.e. they are
measured at the pore scale. Our goal here is to try not to capture individ-
ual microscopic effects but to capture their effects at the macroscale. The
result is that the pressure defined to be the normal force in a fluid and the
thermodynamic pressure described by the experiment in Figure 1, are not
necessarily equal. The relationship between the pressures are mathematically
derived here, where it is shown that without any physical assumptions, the
difference between the thermodynamic and physical pressures is the swelling
potential - which, for the liquid phase, measures the electro-chemical inter-
action between the liquid and solid phase.

To obtain physical intuition as to the meaning of each of these pressures,
constitutive relations must be used, and the derivations of these constitu-
tive relations are accomplished within the framework of hybrid mixture the-
ory (HMT), which is a slight modification of the classical mixture theory of
Bowen [14].

Hybrid mixture theory (HMT) is a systematic process for developing gov-
erning equations which describe the behavior of porous media. The medium
may consist of multiple phases [25, 26, 27|, multiple constituents per phase
[11, 13, 23, 24], multiple scales [5, 6], and/or include the effects of inter-
faces and contact lines [2, 21, 22, 29]. The result has been a more con-
crete foundation for the equations which govern flow through porous media
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[10, 21, 28, 31] the adsorption/desorption of constituents [11, 13|, the stress
in a porous medium [12], heat transfer [7], and capillary pressure [1, 30].

Hybrid mixture theory is a hybridization of classical volume averaging of
field equations and the exploitation of the entropy inequality in the sense of
Coleman and Noll [17], resulting in restrictions on the form of constitutive
equations. The results include governing equations in terms of macroscopic
variables, that is, variables which are measured directly at the macroscale
(on the order of 10 — 10* pore lengths) as opposed to variables measured at
a scale on the order of one pore length or smaller. The results presented
here are limited to porous media consisting of two phases (solid and liquid)
with negligible interfacial effects, and to porous media which have the same
Representative Elementary Volume, REV [3], defined everywhere, i.e. all
variables are measurable at one length scale throughout the medium. These
results may be extended to more general media by incorporating any of the
techniques in [2, 4, 5, 6, 21, 22, 29].

Within the process of exploiting the entropy inequality, one must deter-
mine the set of independent variables upon which the constitutive (or depen-
dent) variables depend. Examples of constitutive variables include the stress
tensor, heat flux, and energy. It is these independent variables which define
the medium. For example, if the independent variables for a single-phase
medium are the strain tensor and temperature, then the resulting equations
are those which describe thermo-elastic solids. If the independent variables
for a single-phase medium are the density and rate-of-deformation tensor,
then the resulting equations are those which describe viscous fluids. Al-
though the resulting equations for an elastic solid and viscous fluid (namely
the Navier-Stokes equation) are well-understood and accepted, those for a
two-phase porous medium such as sandstone or polymers are somewhat less
well-understood, and those for a swelling porous medium such as clay and
swelling polymers, even less.

In the past, HMT as it applies to swelling porous media [5, 6, 7, 11, 13],
has been formulated using density, concentration, and volume fraction (vol-
ume of fluid phase per volume of porous medium) as independent variables.
This has led to two pressures, one defined in terms of change in specific en-
ergy with respect to specific volume, and one in terms of change in specific
energy with respect to volume fraction. It has not been clear how either of
these two pressures relate to the classical definition of pressure: the change
in total energy with respect to total volume.

In this paper we show how choosing independent variables which can
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be directly related to extensive variables can be used to provide physical
interpretations of these pressures. Specifically, we use volume fraction times
density, instead of density, as an independent variable. It will be shown that
the volume fraction times density has the extensive counterpart of total mass,
just as the volume fraction has the extensive counterpart of total volume. The
results are shown to be consistent with what has been previously derived, and
the physical interpretation of previously defined thermodynamically defined
pressures are discovered. In addition we show how different formulations
involving different combinations of independent variables may be derived
directly rather than going through the entire process of exploiting the entropy
inequality.

We begin by introducing the macroscale field equations and associated
notation. Next we produce some of the results obtained by exploiting the
entropy inequality and define the pressures thermodynamically. In the pro-
cess we show how to change between different combinations of independent
variables and then derive the relationship between the resulting thermody-
namically defined variables. In the next section, we discuss four media in
which we can compare the physical interpretation of the different pressures.
These four media are (1) a single solid phase, (2) a porous solid saturated
with a fluid which has negligible physico-chemical interaction with the solid
phase, (3) a swelling porous medium with a non-interacting solid phase, such
as a well-layered clay sample, and (4) a swelling porous medium with an
interacting solid phase so that the solid phase itself can support tension,
compression, or both. We conclude with a discussion on the differences be-
tween the three pressures.

2 Governing Equations

The governing field equations include the conservation of mass, balance of
momentum and energy, and the entropy inequality. The constitutive equa-
tions, which differ according to the material being modeled, complete the
system of equations necessary to describe the porous medium. The field
equations are presented first, and then pertinent restrictions on the consti-
tutive equations based on the Coleman and Noll method [17] as formulated
in [2, 13] are then presented. The medium to which these equations apply is
a two-phase medium (liquid and solid) with negligible interfacial effects.
The field equations are derived via averaging their microscale counter-
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parts, taking into account the movement of interfaces and transfer of mass,
momentum, energy, and entropy between phases. The averaging process is
explained in [4, 25] so here we only present the resulting macroscale equa-
tions. The relationship between these variables and their microscale coun-
terparts are presented in [7], while the relationship between the constituent
variables and their bulk-phase counterparts are provided in Appendix A.
Throughout, a superscript Greek letter refers to a phase (o = [, s, where
[ refers to the liquid phase and s refers to the solid phase), the subscript
on the superscript refers to a constituent within a phase (e.g. I; is the
jth constituent of the liquid phase), and a carrot, *, indicates a transfer
of mass/momentum/energy/entropy between phases or constituents. The
complete nomenclature is presented in Appendix C.

Conservation of Mass

The macroscopic mass balance for constituent j in phase « is

Daj (6apaj )

D1 +e%p%(V-v%) =) eapo‘?e |+ e%p (1)
B
where DD—? is the material time derivative given by
D 0
- -V, 2
pr ot 2

and £%p%i &5 €g 7 represents the net rate of mass gained by constituent j in phase
« from phase B per unit REV volume.
The bulk phase counterpart is given by
DO( 60{ (6%
PUET) s copr(v -0 = Y oo, 3
Dt iz
The net rate of mass gained in the a-phase due to chemical reactions in phase
a must be zero, implying that:

Zpo‘” i=0 Vo (4)

Further, since the interface is assumed to be massless, we have the restriction
that the magnitude of the rate of exchange of mass of constituent j from phase
B to a must be the same as the rate from « to f:

paje —i—g’Bp’B]eﬁj =0, j=1,...,N. (5)
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Linear Momentum Balance
The macroscale linear momentum equation is given by

g
Y

— V(%% — e%ptig = e¥pg T + > 6‘“pajfi“gj (6)
B#a

where we assume the stress tensor is symmetric and TZJ represents the effect

constituent j of phase  has on the rate of change of mechanical momentum

of the same constituent in phase a. The relation between the macroscale

variables and their microscale counterparts are given in [7]. Summing over j

yields

Dev®

gapa D -Vv- (6ata) _ 8apaga — Z E"QPQTZ, (7)
B#a
with restrictions
N
S phGET +7%v%) =0 VYa (8)
j=1

e (TG + 5 v%) + o (T +&0v7) =0 j=1,..,N. (9)

The first restriction states that there is no net momentum lost or gained due
to interactions of species within a phase, and the second that there is no
momentum lost at the interface.

Conservation of Energy
The conservation of energy equation is given by

D% e . . . _—
gapa] Vol P R VL B v (ana])— gapa] B
= £%p% Qaj+ Z £ p% Qgi (10)
B

where @gﬂ represents the rate of energy transferred from the S-phase to the
jth constituent in the a-phase due to non-mass transfer, non-mechanical
means. The relation between the macroscale variables and their microscale
counterparts are given in [7]. Summing over constituents yields

Daea
o o
“P Dy

— &%t : Vo* — V- (e%q%) — e*p*h”

=" Q% (11)
Ba
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with the restrictions
N

N s 1
3 [panaj + p%it T v+ pMTY <6aj + i(vaj)2>] =0. Va (12)

7j=1
[gapaj@gj + gapajc’i-v;j Cv% gapajélgj <€aj + %(,Uaj)2>]
. 4 1
4 [5ﬁpﬂjQ§j + BT P 1 P Pieh (eﬂj " i(vﬂjy)] -0 j=1,.,N,
(13)

where (v%)? = v% - v%. The first restriction states that energy transfer
due to species interacting within a phase must be conserved, and the second
states that there is no loss of energy across an interface.

Entropy Balance
The entropy balance for constituent 7 in phase « is given by

D% 770‘]'
“ Py

—V-8a¢aj _6apaj b — Z Sapaj (/I\)gj +€a,0aj ﬁaj _|_8apaj Kaj
pa

(14)
where Cf)gj represents the rate at which entropy is gained from constituent
j in phase [, and p® A% is the rate at which entropy is produced (per unit
volume of phase «). It is A% which allows us to write the entropy balance
as an equality, as opposed to an inequality. As a system, the second law
of thermodynamics dictates that entropy must not decrease. Taking into
account exchanges between phases, entropy fluxes, and entropy sources, this
is written as }°, >, €% p% A% > 0. Summing over constituents we get

Depe =N =R
Eapa DZ —V'(anba)—c‘:apaba: Zgapa(bg_i_gapaj\a’ (15)
Ba
with restrictions
N
o p% (A% +7%nY) =0 VYo (16)
7j=1

e p (B +ein) + PP (@) v elnP) =0 j=1,.,N.(17)

At this point we have made no assumptions regarding the form of the
entropy flux or source, or the composition of the medium. This is the topic
of the next section.
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3 Entropy Inequality and Thermodynamic Def-
initions of Pressure

The results we obtain are restricted to porous media composed of two phases,
multiple constituents per phase, and negligible interfacial effects. We assume
local thermal equilibrium so that

T% (z,t) = TP (x,t) = T(x, 1) j=1,..,N, a,B=1,s,

and that each constituent of each phase is simple in the sense of Eringen, [20],
so that the entropy source and entropy flux of each species are proportional
to the heat source and heat flux, respectively, i.e.
o L ey _a%
T T
We perform a Legendre transformation from energy, e, which depends
upon entropy, to the Helmholtz potential, A, which depends on the more
easily measurable variable, temperature. We define the internal part of the
Helmholtz potential as:

N
A =" C% A%, (18)

=1

With these assumptions and definitions, the entropy inequality within
Hybrid Mixture Theory [2, 27] with no constitutive assumptions and with
the constituent form of the conservation of mass equations, (1), enforced
weakly using Lagrange multipliers A% is:

a apra aaDaAa aDaT
2 e TAT = za:‘gp[Dt I Dt]

a=l,s

' D3 (% p%i '
+ ZZAaJ [ (;tp ) + ,Ua,s . V(é_apoz])]
a
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a g a g J

o
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J
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where we have used

) DaJ Aa] DaAa ] Da (Sapa])
Q A = bl AaJ —
]28 g = e T [ Dt

j=1

+epM vV AY — A%V - v 4 %M A% eg|. (20)
At this point the unknowns include:

e®, g%, v%, T (21)
égj: iﬂ\aj: taja nga ;’\aja AOéj’ qaja @gja Q ) 77 (I)ﬂ ’ aj: Kaj
j=1,..,N. (22)

In order to close the system we need the same number of equations as un-
knowns. We have the mass conservation equations (which correspond with
£%p®), the momentum conservation equations (which correspond with v®),
and only one energy equation due to the local thermal equilibrium assump-
tion, which corresponds with the unknown 7. To close the system, we assume
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that all variables listed in (22) are constitutive variables, i.e. that they are
functions of a set of independent variables (the constitutive variables are thus
the dependent variables). This still leaves the variable ¢ for which there is
no corresponding equation. This is known as the closure issue and is a con-
sequence of upscaling and obscuring the microscale geometry. We choose to
follow Bowen [15], and close the system by postulating that the time rate of
change of the volume fraction, ¢!, is also a constitutive variable.

The most important assumption made in hybrid mixture theory (for near-
equilibrium processes) is the choice of independent variables. These are the
variables upon which all constitutive (or dependent) variables are a function
of. Here we assume the independent variables are:

T, €', e%p%, E*, v™*, o' d', Vot VT, VE* V(c%p%)
j=1,...,N, a=1,s,(23)

where E° is the strain of the solid phase. Since the solid phase may be
disconnected, the macroscale strain tensor is not the average of the microscale
strain, but is defined in terms of the deformation gradient, F° = Vx,
E° = Z((F°)"- F°—1I), where V; denotes differentiation with respect to the
macroscopic material particle. Because £/ +&* = 1, one can choose either the
volume fraction of the solid phase or liquid phase as an independent variable.

The choice of independent variables is made based on experience and
knowledge of the system being modeled. At the microscale the solid is con-
sidered elastic, so E° is included as an independent variable. The fluid not
affected by the solid phase (i.e. bulk phase fluid) is typically a Newtonian
fluid, so d' is incorporated. The behavior of a swelling mixture as a whole
is known to be highly dependent upon the moisture content, so the volume
fraction of fluid, ¢!, is also included. Likewise, the composition of the two
phases is expected to be important, so p% is incorporated as well. Nonlocal
effects are incorporated by including the gradients of these variables, and
additional visco-elastic effects may also be obtained by including time rates
of change of the independent variables listed above (non-local in time). Here
we include just enough non-locality to give us results pertinent to this paper.

This choice of independent variables differs slightly from what has been
used previously [6, 11, 13, 24] in that €*p® which has units of [mass a; /
volume REV], is chosen instead of p*, which has units of [mass a / volume a/,
and mass concentration, C'“. This change in the density variables allows a
more direct comparison with extensively defined variables, as will be pointed
out toward the end of this section.
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The independent variables €, p*, E° are related through the continuity
equation for the solid phase, although the relationship is not obvious. Recall
that by geometrical arguments [20] we have the relationship J* = V/V} where
V is the total volume of the smeared out solid phase, Vj is the initial volume of
the (smeared out) solid phase, and (J*)? = det ((F*)T - F*). It would appear
that we could divide top and bottom by the volume of the REV giving us
J* = €®/ef. But consider a porous medium composed of incompressible solid
and liquid, initially at 50% liquid and drained so that in the end it has no
liquid. The final volume is half the initial and J* = 1/2 but £°/e§ = 2. The
reason this relationship does not hold is that £° is the ratio of the actual
volume of the solid phase divided by the volume of the REV. To obtain the
correct relationship between p°, €', and E*® we begin with the conservation
of mass of the « phase:

/ e*p® dv :/ e*p*J? dvg :/ €405 dvg (24)
14 Vo Vo
which holds assuming no mass of the a phase leaves the system. This gives

gapa
s _ <0/F0
J _gapa

for total mass of o unchanged. (25)

Thus for example if fluid is allowed to leave the system then J* = &fpf/c®p°
and we have the relationship between the strain, solid-phase density and
volume fraction of the solid phase.

One can assume that A' and A° are functions of each of the variables
listed in (23), but exploiting the entropy inequality shows that the Helmholtz
potential is independent of most of the variables [4, 6]. Consequently, we
simplify the computations by assuming a prior::

Al :Al(gl, Elplj, T’ Es)
AS = A%, &%p%, T, E¥). (26)

See [4] for the consequences of assuming these potentials are a function of all
independent variables.

Using the independent variables listed in (23) the final form of the entropy
inequality is obtained (see Appendix B). The Coleman and Noll method for
exploiting the entropy inequality [17] produces results which must always
hold, results which hold only at equilibrium, and results which hold near
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equilibrium. But before presenting the results we define some thermodynamic
variables.

In terms of the Helmholtz potential we define the thermodynamic pressure
to be:

o 0A”
Os®

—Q

p* = —¢%

(27)

.
exp~d T,...

The reason for this terminology is explained by switching to extensive vari-
ables and comparing the result with pressure as defined in Gibbsian thermo-
dynamics as follows: Since £*p® is held fixed in taking the partial derivative,
we can bring it inside. The quantity e*p®*A® has units of energy per unit vol-
ume REV. Formally multiplying numerator and denominator of the partial
by the REV (which is fixed in time and space by assumption) and letting A%
denote the total (extensive) Helmholtz energy, we obtain

oA
ave

—

(28)

M%iT,...

i.e. the change in energy of the a-phase with respect to volume of the a-
phase keeping the composition and temperature fixed. This is the classical
Gibbsian thermodynamic definition of pressure.

Another thermodynamic variable which arises is the following:

N
P =3 " (29)
j=1

0pQi

exT,...
For a single phase composed of one constituent these two definitions coincide,
which may be seen by converting to extensive variables where we get:
0A”
ov®

_ A5
~ ove

(o7

p:

(30)

e, T e M T

where v® is the specific volume. For a single phase, €¢* = 1 and the two
definitions are identical. As will be seen, for a swelling porous medium these
two quantities are distinct. For reasons to be made clear later, we shall refer
to p* as the classical pressure.

Using these definitions, we present results obtained by exploiting the en-
tropy inequality using the Coleman and Noll method [17]. There is a wealth
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of information which can be obtained by exploiting each term in the entropy
inequality, including the form constitutive equations must have to satisfy the
second law of thermodynamics, given the assumptions. Here we present only
the results pertinent to our discussion. We discuss the physical interpretation
of each result in the following section.

Non-Equilibrium Constitutive Restrictions

Among others, the variables %ﬁa”, d’, Vv®i* v%* are neither con-
stitutive nor independent, so that the coefficients must be zero. Using (B.4)

and (29), the coefficient of d’ gives us:
gl al
= —pI+ ;té +1 =) pfivtityts (31)
j=1

oA

S

where t\. = p'F* (F*)T, and t = p°F* - OAS - (F*)T. The effective
stress tensor t., is the stress in the solid phase due to deformation of the
solid phase. The other stress tensor, tls, is termed the hydration stress tensor
[12, 36] and is a stress in the liquid phase due to shearing of the solid phase.

This latter stress is zero if there is no fluid-solid interaction.

Equilibrium Constitutive Restrictions

We define equilibrium to be when the following set of functionally in-
dependent variables are zero: d', Volit, vlil, vb, and e'plie¥, where j =
1,...,N —1 except for ¢4 where j=1,...,N (omit ). Since entropy produc-
tion is maximum at equilibrium, and these variables are functionally inde-
pendent (this can be verified by checking the dimensions), the partial of the
entropy production with respect to each of these variables must be zero. In
particular, taking the partial with respect to d' and v"* gives the following
results:

1 At o g [0A ! 1
epT,=pVe —ep | ==+n| VT —¢p

or
where in indicial notation aﬁls (VE)T = aaTA,:,EZl,m- Equation (32) states
that at equilibrium the liquid-phase stress tensor is proportional to the clas-
sical pressure. Equation (33) states that the classical pressures must be equal

oA

prok (VE*)T (34)
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at equilibrium, but this cannot hold since dry sandstone under pressure can
have a zero liquid (gas) thermodynamic pressure, a non-zero solid thermody-
namic pressure, and a volume fraction which is constant. Equation (34) gives
the constitutive equation for the exchange of momentum term at equilibrium.

Near-Equilibrium Constitutive Restrictions

By near equilibrium we mean linearized results which produce positive
quadratic terms in the entropy inequality. So for example, if z is a variable
which vanishes at equilibrium and f is the coefficient of z within the entropy
inequality, the linearization procedure gives an approximation for the near-
equilibrium value of f as

fneq ~ feq + Cz (35)

where C'is the linearization constant. Note that for these results it is not nec-
essary that the coefficients be linearly independent, as the only requirement
is that the resulting entropy generation be positive definite.

Linearizing about d', &', and v"**, we obtain

th=—pr+v':d (36)
modified (D' — P*)neq = (P' — P*)eq + 1E" (37)
Lot l_lla_Al ! _zlaAl_ s\T
e'pT,=pVe sp(aT—i-n)VT 6p6Es.(VE)

—R' - (38)

where !, a fourth-order tensor, 7, a scalar, and R', a second-order tensor,
are linearization coefficients which are functions of all independent variables
which are not necessarily zero at equilibrium, i.e. T, !, £%p%.

Darcy’s law is the empirically based equation governing the rate of flow
through a homogeneous, non-swelling porous medium in thermal equilibrium
[19]. To get a generalized version of Darcy’s law, use (38) and (36) to elimi-

~1 . . . .
nate e'p!T, and t', respectively, in the momentum equation, (7). Neglecting
the inertial term results in

0A
R v = -V (elph) + elplg + Ve — epl (== + VT

oT
A
L , AT _ . (ol gl
apaEs.(VE) V-(v:d). (39)




Three Pressures 15

The last term is known as the Brinkman correction factor, although it is
generally not considered to be significant for slow flow of a liquid. The more
commonly used correction term is known as the Forchheimer correction fac-
tor, and this term is also obtainable within this framework, see [10, 28]. Other
terms indicate that flow may be induced by gradients of strain, temperature,
and volume fraction, see [7, 12] for further discussion.

We end this section by showing how to change between quantities which
use different independent variables. In [2, 7] for example, the independent
variables included &', C% (j = 1,...,N — 1) and p' instead of &' and &!ph
(j=1,...,N). So to make the distinction clear, let A= Zl(el, Cl, o, T, E®)
and A” = A’ (¢!, C%, p*, T, E*). Now consider the total differential

l —l N—1 ot

0A 0A 0
DA = — det + — ! —|  dCl
E 7l +§1301
pt,Cli el,C'i el,pt
0A! A .
= @ l dE +Z El I ‘ l Eplj). (40)
elpli
Then for example,
oA oAl o N1 9AY| O(slph)
A P = DO =i DO D=7 7 B = PO
pl,ClJ' glp] pl’C’J j=1 gl pl,CJ
aAl N plj aAl
_ oA p7 oA 42
ol T g, (42)
so that by multiplying through by —&!p! we obtain
P p) =1 (e e'p) + ' (el ') (43)
where
A"
7t =¢lpt — (44)
O¢et s

Equation (43) states that the classical pressure is equal to the pressure ob-
tained by changing the volume of the liquid phase while keeping the mass
fixed (i.e. changing the density), plus the pressure obtained by changing the



Three Pressures 16

volume fraction while keeping the density fixed. Similarly, one may show
that

Al

8,00‘9

S| =rEAe @)

el,cli

= (')

PP = 3
j=1

so that the classical pressures using either set of independent variables coin-
cide. Using these and other similarly obtained relations in the results listed
in this section gives us exactly the same results obtained when &' and p' are
used as independent variables from the outset.

Similar to (44), we can also define 7* so that we have

a=1s. (46)

We refer to 7@ as the swelling potential for reasons to be made clear in the
next section, and we can also derive (43) for the solid phase, so that we have
the general relationship

p® =p* + 7%, a=1,s. (47)

Here we make a small comment on notation. Unlike the different poten-
tials (internal energy, Helmholtz, Gibbs) where the independent variables are
truely distinct, the different sets of independent variables (used in A% and
A") are just different combinations of the same independent variables. As
such, they are not different potentials, and so we drop the overline for the
remainder of the paper. However as a result, the partial derivatives must
clearly denote which variables are being held fixed.

4 Four Media

In order to give a physical interpretation to the pressure variables for each
phase, p*, ©*, and p*, we consider four different media. First we consider
an isotropic solid phase with no liquid. Next we consider a Biot media,
consisting of an elastic solid phase with a non-interacting fluid. Following,
a swelling porous media with a non-interacting solid phase such as a well-
layered montmorillonite is considered, and lastly, we will consider a swelling
porous medium with an interacting solid phase such as a hydrophilic polymer.
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Consider first just a single isotropic solid phase such as metal. In this
case there is no liquid phase and hence no volume fraction. The continuity
equation relates E° with p°, in the following manner:

\/det (F*)T - F®) = py/p where 2E° = (F*)T . F* —T  (48)

where pg is the reference density. Thus not all components of E° and p°
may be considered as constitutive independent variables. For a compressible
solid, the density is typically not used as an independent variable, and all
three invariants of the strain tensor may change independently. The result
is that the solid-phase stress tensor is the effective solid-phase stress tensor,
t° = t}. For an incompressible solid, we enforce the continuity equation using
a Lagrange multiplier, A*, and the resulting expression for the stress tensor
is

£ = NI+, (49)

where now t is calculated without any regard to the incompressibility re-
striction placed on E°. The Lagrange multiplier must be obtained directly
using the boundary conditions of the problem, and often 1/3tr(¢?) is incor-
porated into \°, which can be done without loss of generality. This simplifies
matters as then the effective stress tensor represents only the deviatoric part.
In this case, —%tr(ts), which represents the physical pressure exerted on the
system, is A* so that we can associate \* with p®. Thus p* is the physical
(hence classical) pressure of the solid phase. In the case of a solid object
submerged in water with pressure p' with negligible acceleration and grav-
itational effects, the momentum equation gives Vp®* = 0. Combining this
with boundary conditions gives p* = p'.

Now consider a two-phase non-swelling porous medium, such as a
sand-water mixture or sandstone under compression. In sandstone, the solid
phase is connected and can support a load without any fluid, while in a sand-
water mixture the sand can only support compressional forces. If fluid and
not solid is allowed to leave the system, then J* = &fp§/c®p® and we have the
relationship between the strain, solid-phase density and volume fraction of
the solid phase. Although these variables are dependent, the derivation used
herein enforced the continuity equations using Lagrange multipliers allowing
all variables to vary independently. So for example, in evaluating the change
in energy with respect to volume fraction in p°, one does not fix the strain
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or the density. Instead it is evaluated letting the strain and solid-phase
density change naturally and p°® is measured as a function of two of the three
variables, E°, p*, and €°. Of course one may choose to not use one of p®, &%,
or a component of E° as an independent variable, in which case one of p*,
p’, and a component of ¢ must be eliminated from the governing equations
derived. This does not imply that the variable eliminated is necessarily zero.
In this case, the remaining thermodynamic variables are evaluated keeping
the other independent variables fixed.

For a non-swelling porous medium with no loss of solid mass, we choose
to drop one of the components of the strain tensor, that one corresponding
to J°, the determinant of the deformation tensor, F*. Thus ¢ would be eval-
uated keeping €® and p® fixed, or equivalently, keeping J* = €5pé /e*p® fixed.
Intuitively, we can think of £} being evaluated keeping the smeared out solid
phase volume (total volume) fixed (see discussion prior to equation (24)),
so that it represents the changes primarily due to the deviatoric part of the
strain tensor. For the remainder of the paper, we will make the assumption
that eliminating this component produces an effective stress tensor with zero
trace. This isn’t quite mathematically rigorous as the following calculation
shows, but this assumption makes the results more physically meaningful. In
this calculation C* = (F*)T . F* is the Green’s deformation tensor:

%tr(ti) = %tr (pst-ggss'(Fs)T> (50)
e
e
I 1E %
g2 -
C ey (56)

5\2
where A : B in indicial notation is A4;; B;;, and for (53), % 1 C° = 3(J°)?

[20]. From this calculation we see that elimating the component of strain
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corresponding to J* does not eliminate something which cannot be captured
by p° and 7°, and that the trace of the effective stress tensor measures the
change in energy with respect to density keeping the volume fraction fixed,
p®, and the change in energy with respect to volume fraction keeping the
density fixed, 7°. The assumption that the trace of the effective stress tensor
is zero is only as good as the approximation of (52), i.e. that the Green’s
deformation tensor is primarily a function of the volume of the solid phase
(e°p%).

We thus assume the effective stress tensor has a zero trace. In addition,
the energy of the liquid phase depends negligibly on the strain of the solid
phase and the amount of fluid present (i.e. the energy of the liquid does not
depend upon its proximity to the solid phase, which is the definition of a
non-swelling porous media), so we assume ¢, = 0 and 7! = 0. In this case
the constitutive equations become:

pl — pl

modzﬁed (pl - ps)neq = (pl - ps)eq + 775l
= —p I +t;=—(r"+p )+

tl — _plI

It should be noted that an equation very similar to (58) has been derived (in
a more ad hoc fashion) and used in soil mechanics, see [38, 18, 39], where the
form is: mp! — mep® = &L This is a highly unusual form for the constitutive
equation for &' since, to the authors knowledge, this formulation can not be
shown to be thermodynamically consistent and is not found in any other
field.

In the case when the liquid and solid phases are compressible, these are
the equations to be used. If the liquid and solid phases are incompress-
ible, then the continuity equations are enforced by Lagrange multipliers, and
the equations remain the same except that the classical pressures are now
unknowns of the problem, just as in the single solid phase case.

We now consider the physical interpretation of the pressures. The clas-
sical liquid pressure, p', is well-defined, as it is the physical pressure in the
liquid phase. The solid phase classical pressure, p®, is the physically measur-
able pressure since it is directly related to the stress tensor.

To explore the physical interpretations of 7* and p*, consider first the case
of sand surrounded by water. We have a balance of forces and so p* = p' and
the classical pressures are equal, as they should be. In the case of sandstone



Three Pressures 20

or sand grains not completely surrounded by water, there may not be a
balance of forces since the solid may support the entire load with no help
from the liquid phase. We have a theoretical framework which now must be
converted to something physically measurable. We follow the framework of
Terzaghi [40], and define the excess pressure the solid phase supports beyond
the fluid pressure p® — p', i.e. the total pressure on the solid phase minus
the pressure due to the fluid phase. Calculating the total stress we get the
Terzaghi stress principal:

t = £t 4+t (61)
= —(e'p' +ep*)I + &%t (62)
= _pI + (tZ)Terzhagi (63)
where p = p! and
(tz)Terzhagi = gstz - 58 (ps - pl)I (64)

which can be measured directly by draining the fluid so that p' = 0. Assum-
ing the same constitutive equations holds for (¢})rersnagi When the media is
dry or wet, the constitutive equation for (&J)rersnag can be determined and
used in (63).

Consider an even simpler case in which sandstone is completely dry so
that the pressure of the fluid (air) is atmospheric pressure which we define to
be zero. In this case, sandstone supports the entire load and the constitutive
equation for the stress tensor is

modified t=e't" = —e*p°I + &'t} = —e°n® — Pl + e*né' + %% (65)

where recall that the trace of ¢J is zero. Thus the macroscale stress tensor is,
in general, viscoelastic. Note that even if the solid phase (without any voids)
is linearly elastic, the presence of voids could produce a viscoelastic media.
The larger the coefficient 7 is, the more resistant to changing the volume
fraction, and 7° represents pressure due to configurational changes (since by
its thermodynamic definition it is evaluated keeping the density fixed). Thus
in this setting it accounts for settling, or re-arrangement of the links making
up the solid phase.

An example of a two-phase swelling porous medium with a non-
interacting solid phase is a well-ordered montmorillonite clay. Montmo-
rillonite clay consists of clay minerals, which are in the shape of very thin
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bulk water

"\ semi-permeable
membrane

g

Figure 2: Osmotic swelling pressure experiment.

plates with high surface-area to volume ratios. The swelling of clay is due
to electro-chemical forces which cause water to bond with the clay minerals.
The water in the near-vicinity of clay minerals, or vicinal water, has thermo-
dynamic properties which may differ significantly from the thermodynamic
properties of bulk-phase water. These properties vary depending upon its
proximity to the clay minerals. In a well ordered clay sample in which the
platelets are parallel, the platelets themselves do not interact. Further, the
behavior of the water is highly dependent on the water content, so that the
liquid volume fraction is an extremely important variable.

Consider the osmotic swelling experiment in which a well-ordered clay
sample is placed in a container in which one side is a semi-permeable mem-
brane which allows water to pass through but not the clay mineral (see Figure
2). The clay sample is loaded on top with pressure P and measurements are
taken of the pressure applied and the depression of the clay sample at equi-
librium. As in the previous material, because of the interdependence of the
solid phase strain, density, and volume fraction, we eliminate one of the com-
ponents of strain as an independent variable, and assume the effective and
hydration stress tensors have zero trace. For the experiment depicted in Fig-
ure 2, strain is negligible, so that the effective and hydration stress tensors
are zero for this experiment.

The governing equations of interest are

D
(@)
=

omit p' =p° (
t° = —p°l (
th=—p'I (

o O
oo
I —
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p* =p* +7° a=1,s. (69)

The first question of concern is, what is P? Is it p!, &'p! + %p°, P’ or
e'pt 4+ e°p*? We know that we must have a balance of forces at equilibrium,
so the overburden load is balanced by ¢t - n where ¢ is the total stress tensor
of the medium and m is the upward pointing unit normal vector. However,
we know from summing the conservation of linear momentum (7) over o = 1,
s, that

t=ct' + 5 = — (e + &%) I (70)
Additionally, because the clay is well-layered there is a balance of forces
between phases, i.e.

ttn=t-n or p=7p°, (71)

where m is the unit normal vector from the surface of the clay mineral. We
note here that equation (71) does not hold for a porous medium in which the
solid phase is connected. In that case the solid matrix can support a pressure
independently of the fluid phase because the forces in the solid phase are not
necessarily balanced by the forces in the liquid phase. Combining (70) and
(71) we have

P=p =p, (72)

so that the physical force in the fluid and the solid phase is the classical
pressure.

In the osmotic experiment, the volume fraction is changed by changing
the overburden pressure, P, while keeping the chemical potential of the liquid
phase constant. The chemical potential (per unit mass of the liquid phase)
is the Gibbs free energy:

L NS s P
i-1 P
where p® is the chemical potential and is given by
0A% 0(e*p* A 0A%
po= 20 SO ey e O (74
A 0(e*p%) |arp. P |
Thus the osmotic experiment measures
op'
h 75
Oet| (75)
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We want to take advantage of this commonly performed experiment [33, 34]
to gain some insight about the different liquid pressures.

We now show how to perform a transformation from the Helmholtz po-
tential to the Gibbs free energy, with the goal of relating (75) back to one of
our thermodynamically defined pressures. Following the argument used to
derive (43), (73) yields

0A! A dp! P 0A! dp!
DG' = ——| det+ =—| dp' + =— — dpt = =—| det + =

O¢! p = opt el r o (p')? P Oet p = o
oA oA 1 P

— d l ld 4 ld l —d I d l
5l . e + 3 (e'dp" + p s)+pl p )2 p
— —
0A , ot oA PR

= @”ds—i-—l—llds-l-ﬁdp. (76)

elp €

Taking the partial derivative of (76) with respect to &' while holding p' fixed
yields

o
Ol

o0
O¢e!

o

Ol

ot

5 (77)
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T P T elph, T el, T

Recalling the thermodynamic definitions of pressures, (27), (29), and (44) we
see that (77) yields

oct
Oe!

1 1 1
- 6lpl7Tl - _glplpl + glplpl’ (78)
h,T

where the second equality is just the fundamental relationship between the
three thermodynamically defined pressures, (47). Similarly, if we take the
partial of (76) with respect to p' holding &' constant, we find that

oct
op'

1

==, 79
i (79)

which states that the classical pressure and density are dual variables. Fur-
ther, we also have

l ot
8p O¢l pl (80)
oet| ,  aa|

G ap! ol
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see e.g., [16] Appendix A. Using (77) and (79) in (80) we arrive at

!
et
oet| ,’

G!

(81)

which holds for this experiment. If we plot p' = p'(&!) (always at equilibrium)
and approximate the partial derivative with a difference quotient, we obtain

Il (el
71—l(‘gﬁww) ~ - iwwp ( nlew) _ pl( Old) . (82)
Enew €old

If we assume that the swelling potential is not a function of variables which
are necessarily zero at equilibrium (e.g. v%*, VT), then this relationship holds
at equilibrium and non-equilibrium, i.e. we have an equation of state.

Note that the swelling potential is different from what is known as the
swelling pressure, which is defined to be the difference between the overbur-
den pressure and the atmospheric pressure, P — pa.s,. This latter quantity
depends upon the pressure outside the clay mixture system, and therefore
cannot (by definition) be an equation of state.

To determine the behavior of the liquid thermodynamic potential, con-
sider the following system of equations for which we would like to solve for
P in terms of the volume fraction of the liquid phase, &'

P =y, p=p° (83)

pl =7+, (omit 7' =7p°) (84)
!

=, (85)

To close the system we make the additional assumption that
' << ||, (86)

i.e. that the volume fraction is changing primarily due to the volume of
water changing rather than density (of either the fluid or solid) changing.
This assumption can be experimentally checked by using (82). Using this
assumption and combining (83) with (84) we have

P=p ~7 (87)

Equation (87) implies that the swelling potential is non-negative, 7! > 0,
which is why it is defined without the negative sign, (see equation (46)) as



Three Pressures 25

opposed to the definition of the thermodynamic pressure, p', (see equation
(27)). Thus the swelling potential acts as a tensile force, resisting compres-
sion.

By combining (83), (85), and (87) we get

opt

! !

= —&'—. 88
In order to take advantage of the fact that the solid surface area does not
change, we change variables from volume fraction to vicinal fluid thickness.
Let A* and \! be the average thicknesses of the clay mineral and vicinal water
between two clay platelets, respectively. Then, following [2], we have

! N
= ——. 89
ST (89)
Assuming that A\! >> \*, (88) is approximated by
dp AS
— = ———dX 90
RCOE o0
and solving this differential equation yields
= Cei_j, (91)

which is exactly the empirical relationship obtained by Low in [32]. The
constant C is obtained by using the condition that when A is maximum

the overburden pressure, p!, is equal to the atmospheric pressure, so C =
—2\S

P.ime >n , where the subscript m denotes the maximum value of that variable.
We now want to solve for 7! in terms of A\* and A, where \* is constant.
Starting with equation (81) and performing a change of variables from &’ to
A we find that
AL S a0
— ¢ Al
Al ’
so that we now have explicit expressions for both p' and 7! in terms of A\’
So far we have been operating under the assumption that \* >> \*. If
instead we choose not to neglect \*, solve exactly for p' and proceed as we
have in the above discussion, we recover assumption (87) (p' = n') so that
our system is consistent.

=0 (92)
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Now consider a second experiment involving swelling porous media, termed
the unjacketed test in civil engineering literature. Place a well-ordered clay
sample in a container and allow no water to escape. Applying an over-
burden pressure we can again measure pressure versus depression. In this
experiment, the mass remains unchanged, but the volume changes. In ther-
modynamic language, we are changing the total energy with respect to total
volume keeping the total mass fixed:

OAr oAL| 84
P - _ __9%4r| _ 93
vrl|,  oVrl|, Vi, (93)
oA avh a4y avyp (o)

T V| Ve Vi, Vi

where Ayr = AL + A% and My = ML + M., and where the second equality
follows from the first if we assume that the energy of each phase is a function
of the volume and mass of its phase only. Switching to intensive variables
(formally dividing through by the REV) we obtain

oE'pfA)| 0 A’)
P = - —F—" I s 95
Oeg! . 18 Ogs . g (95)
gtp esp
— El]_?l-i-&"s]_)s
omit = P (96)

To close the system, assume athat ™ = 7° at equilibrium, i.e. that the affects
the amount of liquid has on the solid energy is the same as the amount of
solid on the liquid energy. FEquivalently, because p® = p', this implies that
olp' = p°. Note that this would not be an appropriate assumption at non-
equilibrium nor in the case where the solid phase can support its own load.
With this assumption we have, contrary to the osmotic experiment, that the
change in volume fraction is primarily due to a change in the density instead
of the liquid content:

P = p=p+ (97)
7, (98)
where the approximation comes from the assumption that the energy of each

phase is a function of the volume and mass of its phase only, or equivalently,
that the change in volume fraction is primarily due to changing the density

Q



Three Pressures 27

instead of the liquid content. Thus we have two experiments, one which mea-
sures the swelling potential, 7!, and one which measures the thermodynamic
pressure, 7.

We could consider the osmotic experiment in the dynamic case to approx-
imate the coefficient 7 in (37). However for a swelling porous medium, with
no entanglement, the swelling occurs so quickly, that n is essentially zero,
and the rate of change of the volume fraction is essentially infinity.

Lastly, consider a two-phase swelling porous medium with an in-
teracting solid phase such as a polymer or a non-well-ordered clay system.
In this system the solid phase interacts with itself so that it may support
compression (in the case of clay) or tension (in the case of polymers). In a
swelling polymer, the solid phase is entangled, and as liquid is introduced
into the system, the medium transitions from a glassy (elastic) state to a
visco-elastic state, capable of significant swelling due to the interaction be-
tween the liquid and solid phases. Depending upon the polymer matrix, the
solid may swell until it dissipates into the liquid (solute) state, or, if the
polymer is crosslinked, the swelling is limited by the polymer matrix.

We consider the same setup as in the previous porous materials, in that
we eliminate one of the components of strain as an independent variable, and
assume the effective and hydration stress tensors have zero traces. Again we
assume experiments have no shear strains involved so that the effective and
hydration stress tensors are negligible. The governing equations involving
pressures are thus:

P — glpl + gsps (99)
t'=—p'I t=—pI (100)
(P =P )neq = (7' — D°)eq + né" (101)
p* =p* + ¢ a=I,s (102)
DAS DAS,
p’=—ep’ — =— o (103)
0e® | 55 OV |y
OAS
S — s S 104
T = 5 . (104)

where P is the overburden pressure. Note that because of entanglement, we
no longer have p* = p'.

Let’s consider 7°. In the non-swelling porous media we saw that 7° cap-
tured configurational changes. In the swelling porous medium with a non-
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interacting solid phase we argued that assuming ©° = 7w’ is valid. Thus 7°

captures pressure due to configurational changes and due to liquid-solid inter-
actions. The thermodynamic pressure, p°, on the other hand, is the pressure
resulting from density changes - a microscopic phenomenon.

To measure 7° we follow the non-swelling porous medium case and mea-
sure the overburden pressure at zero liquid pressure (p' = pam = 0). In gen-
eral the constitutive equations for this overburden pressure may be a function
of volume fraction. The excess pressure is given by Pexcess = p° — p' = 7° — 7t
where we have used (101) at equilibrium. Just as in the non-swelling media
case, we assume the the excess pressure can be measured when the system has
zero liquid pressure and that the constitutive equation remains the same with
non-zero liquid pressure. Thus at zero liquid pressure pexcess = p° — p' = p°
and the applied pressure, P, is equal to £°p® = €°pexcess- NOW assuming that
7! can be measured using the reverse osmosis experiment for the same poly-
mer but where the solid phase has the same pressure as the liquid phase (see
discussion for swelling porous medium with a non-interacting solid phase),
this gives us a measurement for 7° = peycess + 7'

The thermodynamic pressure, p°, is what governs the rate at which
swelling occurs (see equation (101)). Thermodynamically it measures the
change in energy with respect to the solid-phase volume keeping the mass
fixed. Practically, it appears it has to be either backed out from p® and 7°,
or approximated by a microscopic constitutive equation for the single solid
phase.

The resistance to swelling is governed by the coefficient n, that is, how
difficult is it for the unentangling process to occur. In the polymer literature,
see e.g. [41], n is termed the wviscosity coefficient for the polymer, and is in
at least one case, found to be experimentally related to volume fraction as
n = noel Me'l [41], where M is a constant. Thus the smaller the volume
fraction, the bigger the viscosity coefficient and the more difficult it is for the
polymer to swell.

We conclude this section with a short discussion on the equation which
governs the rate of flow of fluid in a swelling porous medium, the generalized
version of Darcy’s law, (39). Neglecting temperature, gravity, and second-
order effects, (39) becomes:

R' - v = -V (lph) + 7' Vel (105)

where R! is the linearization coefficient which may depend upon density and
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volume fraction. Using p' = p! — 7!, (105) becomes
R v = —£'Vp! — 1'Vel (106)

The first term on the left-hand side is the standard Darcy’s law: flow is
directly proportional to the gradient in fluid pressure. The last term denotes
the effects of swelling, which is nonzero if there is a swelling potential for the
liquid phase. If there is a gradient in the volume fraction, even if the fluid
pressure is constant, the liquid will flow from regions of high volume fraction
to low volume fraction.

5 Discussion

We have compared different choices of independent variables, and by rewrit-
ing the results in terms of macroscopic variables and using total differentials
we have mathematically derived the relationships among the pressure vari-
ables. The 3 pressures considered are the classical pressure, p*, the ther-
modynamic pressure, p*, and the swelling potential, 7¢. Assuming the hy-
dration and effective stress tensors have negligible spherical components, the
following statements may be made.

e The classical pressure, p* = —%‘5‘1, is the change in Helmholtz po-

tential with respect to the specific volume while keeping the volume
fraction fixed. Theoretically, this can be accomplished only if the den-
sity can be changed, which is not often practical to experimentally
measure. Of more practical use is the relationship between the clas-
sical pressure and the stress, (31,36). For the fluid phase we have
t! = —p'T + ' : d'. Thus we see that when d' is small compared to
p', the classical pressure represents the physical force experienced by
the phase - see [35] for a short discussion on this approximation. Thus
p' is the quantity that would be measured, hypothetically, by a force
transducer at equilibrium. For negligible rate of deformation tensor,
d', the overburden pressure is given by
1 1 Il 548 i1 §,.8

—gtrt: —§tr(et +&%°) =¢e'p' 4+ &%’
If the force on the fluid is equal to the force on the solid phase, which
is the case if the solid phase is disconnected and acts only through the
fluid, then p! = p°.
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0A%
Oe® | o a5 OV ypas 1
is the change in energy with respect to volume keeping the mass of both
phases fixed. (omit: At equilibrium it is always true that p° = p'.) We
can approzimate P' in an experiment which has non-interaction solid
phase and no change in liquid, such as the sealed container experiment
discussed in the previous section. In this case, p° = 7' ~ P, and
thus measuring the overburden pressure, P, gives the thermodynamic
pressure, see (96). For the solid phase, p* must be determined indirectly
from knowledge of the actual spherical part of the solid phase stress
tensor and 7* through (47), or approximated knowing how the single
phase solid (with no fluid and zero volume fraction) behaves. It is also
the thermodynamic pressure which determines the rate at which the
medium swells (37):

(P' =P’ )neq = (7' = P*)eq + 7E". (107)

Thus it is the relative response of each phase to changes in volume
which governs swelling rates. The coefficient 7 is a measure of how
resistant the solid phase is to changes in volume fraction. Since 7 itself
may be a function of density and volume fraction, this coefficient may
vary dramatically depending on what the volume fraction is.

e The thermodynamic pressure, p* = — £*p®

a 0A“

0e | po 0%
with respect to volume fraction keeping the density and composition
of each phase fixed. For the liquid phase, assuming the liquid density
does not change significantly, this can be measured using a reverse
osmotic swelling pressure experiment (see the discussion in the previous
section related to a two-phase swelling porous medium with a non-
interacting solid phase). For the solid phase, this represents the effects
of the void-space amount on the solid phase. For a dry porous material
(which has negligible interaction with the gas phase), 7 accounts for
re-arrangement (changes in volume fraction where the density remains
fixed). In a swelling porous material in which the solid phase does not
interact, 7° = 7!. In a swelling porous medium with an interacting
solid phase, it captures both the mechanical stress (the part of the
solid stress where density remains fixed, such as re-arrangement of the
solid phase) and the electro-chemical forces between the liquid and solid
phase.

e The swelling potential, 7¢ = %p is the change in energy
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As a final note, we mention the effects of charges and electric fields. The
HMT has been layed out in a series of two papers, [8, 9], where it can be
shown that the above analysis holds exactly, i.e. the mathematical relations
remain unchanged when incorporating charges. The only difference is that
now each pressure may now be a function of charge density. Examples of
constitutive equations which may be used in this case are given in [37].

In this paper we have discussed three thermodynamic quantities, each of
which has units of pressure. The relationship between the three pressures is

(43):
p* =p* +7° (108)

so that the classical (experimentally measurable) pressure is the sum of the
thermodynamic pressure and the swelling potential. In the case of a non-
swelling medium, in which there is little change in energy due to moisture
content (e.g. sandstone), 7' = 0 and we have p' = p' so that classical liquid
pressure is the same as the thermodynamic pressure. For a dry porous solid
phase, p° represents the viscoelastic response of the porous solid, while 7° is
the non-dissipative pressure. In a swelling porous medium, 7’ represents the
electro-chemical interaction between the phases, and 7° is a combination of
mechanical stress and the electro-chemical interaction.

Acknowledgments. Thanks to William G. Gray for suggesting the
reformulation in terms of variables which can be directly identified with ex-
tensive variables.
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Appendix A. Definition of Macroscopic Bulk Variables

The relationships between the macroscopic constituent variables and their
bulk counterparts follow:

N

Pt = D pY, (A.1)
j=1
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j=1
N
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j=1
N
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j=1
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Appendix B. Entropy Inequality

The entropy inequality in the final form used for exploitation is given
here. The inequality is obtained by taking (19) and using the chain rule
assuming the Helmholtz free energy has the functional dependence of 26).
Further, we re-write the two terms in the inequality involving v®/*® because
Z;V:l pYv%* =0, so that v** are not independent for j =1, ..., N. Thus,
in order to exploit the entropy inequality, we re-write these terms using

N N N-1 aj

Y Vot GY 4+ Y 0% FY% =) Vou%® . <Gaj - p—G"‘”)
— — — PN
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3w [ 2 pon o g (27
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where G% is a second order tensor representing the coefficient of Vo®* in
(B.2), and F'* represents the vector coefficient of v®>®. This results in

Z VUOCJ,Q . aJ MaJI OCJA(I]I _ EapajAaI + gl)étaj]

+Zvaj,a . [uajv(gapaj) _ Aajv(gapaj) _ Aav(gapaj)

—e%p% (3 +Tﬂ) e*piV A% ]

MZ

VY - l apaj(,uaj —,LLaN)I—é‘apaj(Aaj _ AaN)I+Ea(taj o %tog\;)]
j=1

N-1
+ Z % . [_ gapaj (;\a] +TZJ) +5apaj(iaN +T25N) + (Iuaj — uaN)V(Eapaj)
j=1

W% (A% — AOV)] — gopoN 1 Y ( ;,i) ] (B.1)

so that the coefficients are indeed independent.
aAa

Using the chain rule to expand in terms of time derivatives of

the independent variables and re-arranging variables, we get the entropy
inequality in the following form:
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The chemical potential is defined to be the change in total Helmholtz
potential with respect to mass of the constituent while keeping all other
independent variables fixed:

OM o g O(expi) T,
The coefficient of 22E22) tells us that near equilibrium:
Dt
A A~
A% = eg%p® L Paa - - AY
a(gapaj) go apa] ex
=u% — A% — A (B.4)

Equation (B.4) gives us the relationship between the Lagrange multipliers
used to enforce the continuity equations, A%, and the chemical potentials and
Helmholtz free energies. It is this expression which is used to eliminate the
Lagrange multiplier throughout.

Appendix C. Nomenclature
In general, a subscript Greek letter indicates a macroscale quantity from
that phase. Superscript minuscules indicate the constituent, so that, e.g. v,
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is the macroscopic velocity of constituent 7 in the a-phase. A carrot over the
symbol, A, is used to emphasize that the quantity represents a transfer from
either another phase or from other constituents.
A%  Helmholtz free energy density of jth constituent in a-phase
= e% —Tn%, [energy «; / mass a;.
A%*  Helmbholtz free energy density of a-phase, [energy a / mass a].
A% Helmbholtz free energy density of a-phase; overline is used in
Section 3 only to emphasize a different set of independent variables
from those of A% at the onset. [energy « / mass «.
A% total (extensive) Helmholtz free energy density of a-phase,
[energy of a-phase]
b%  external entropy source for jth constituent in a-phase,
[entropy «;/(mass a;-time)]
C% mass concentration = p% /p®, [-]
d“  symmetric part of Vo [1/time]
e  internal energy, [energy «;/mass o]
égj rate of mass exchange from [-phase to a-phase of jth
constituent, [1/time]
E° macroscale strain tensor of solid phase, (23)
g gravity, [length/time?]
G* Gibbs free energy [energy of a-phase/mass o]

h®  external supply of energy, [energy of «;/(mass oj-time)]
5a;

) gain of momentum of constituent j of phase o due to mechanical
interactions with other species within the same phase, [length/time?]
p®  classical pressure, [force/length?|

p*  thermodynamic pressure, [force/length?]
g% heat flux of constituent j in a-phase, [energy «;/(length?-time)]
@gj gain of energy of constituent j in phase o due to non-chemical,
non-mechanical transfer with the other phase,
[ energy / (mass oj-time)]
@O‘i energy gained by constituent j in phase a due to non-chemical,
non-mechanical interactions with other constituents
within phase « [energy of a;/(mass a;-time)]
7%  rate of jth constituent mass gained within phase «, [1/time]
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resistivity tensor, a linearization coefficient, see (38)

stress tensor of jth constituent in a-phase, [force/length?]

time

temperature

gain of momentum of phase o due to mechanical interactions with
the other phase [length/time?|

specific volume, [volume a/mass a]

mass averaged velocity of jth constituent in phase «, [length/time]
velocity of phase @ =Y, C% v, [length/time]

diffusive velocity, v — v®

total volume of phase «, [volume «]

total volume = V* + V', [volume]

velocity of jth constituent in the interface [length/time]

Eulerian coordinates

indicator function for phase «

volume fraction of a-phase in Representative Elementary

Volume (REV) =[6V,|/[0V|

entropy density, [ entropy/(mass a;-time)]

entropy gain of jth constituent in a-phase due to non-mass transfer
interactions with other constituents within phase «

[a; entropy/(mass a;-time)]

Lagrange multiplier for continuity equation of jth constituent

in phase «

thickness of layer « in the swelling porous medium with a
non-interacting solid phase.

entropy production density, [c; entropy/(mass o -time)]

scalar chemical potential of jth constituent in phase «

[energy o/ mass o]

swelling potential, [force/areal

density of j*" constituent in phase o, = C% p®, [mass «;/ volume «/]
averaged mass density of phase a, = 1, p%, [mass o/ volume o]
entropy flux of j* constituent of phase «, [entropy «;/ (length?-time)]
entropy gained by jth constituent in a-phase due to non-mass
transfer interactions with the other phase [entropy /(mass oj-time)]



