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Abstract: The purpose of this paper is propose a simple definition of an
interval-valued probability measure and to examine some of the implications
of this definition. This definition provides a method for characterizing certain
types of imprecise probabilities. We develop some properties of this definition
and propose a definition of integration with respect to it. We show that this
definition is a generalization of a probability measure and encompasses prob-
ability measures, possibility measures and more generally clouds as defined by
Neumaier in [5]. In the setting of interval-valued probability measures as de-
fined below we are able to characterize the probability information contained
i a cloud. We prove that continuously increasing clouds over the real line
generate such "measures”.
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1 Introduction

In this paper we establish a basis for linking various methods of uncertainty
representation that have at their root, a common origin. They can all be
constructed from inner and outer measures. Probability theory deals with
sets in which the inner and outer measures converge to a single value, called
measurable sets. For interval-valued probability measures as defined below,
we relax this requirement and allow the inner and outer measures to remain
apart. For example, this might come about if we wish to represent an un-
known probability distribution when all we know about the distribution is
the result of a finite sample of random experiments. Then we might form
a bound on certain events such as with a Kolmogorov-Smirnoff statistic or
using likelihood ratios. If one does have bounds on the probabilities of cer-
tain events this information can provide bounds on combinations of these
events, and a natural desire is to determine the tightest possible bound for
the information available.



In the first section of this paper we define, in a formal way, what we call
an interval-valued probability measure. We note that the definition we pro-
pose is closely related to interval-probability as defined by Weichselberger [7]
and particularly to F-probabilities. Weichselberger’s definition begins with a
set of probability measures and then defines an interval probability as a set
function providing upper and lower bounds on the probabilities calculated
from these measures. F-probabilities are simply the tightest bounds possible
for the set of probability measures. The definition we propose is more funda-
mental in that it does not require a set of probability measures as a starting
point and in fact does not require a definition of probability separate from
itself. On the contrary the definition could be used in the other direction,
as a basis for defining set of possible probability measures based on interval
bounds on the probabilities of certain events.

Following the statement of the basic definition we derive various proper-
ties and implications. Following this formalization we propose a definition
for integration with respect to such measures and show that they provide
interval bounds on an uncertain integral.

In the second section of this paper we show how continuously increasing
clouds over the real line, as defined by Neumaier [5], can be used to construct
an interval-valued probability measure. This construction closely parallels
the extension of a measure from a measure on a semi-ring as in Kolmogorov
[2]. This construction shows how the interval-valued probability of a complex
event can be approximated from simple events, just as the measure of a Borel
set on the real line can be approximated by summing the lengths of a finite
set of intervals.

In the last section we conclude the paper and discuss future directions.

2 Interval-valued Probability Measures

This section defines what we mean by an interval-valued probability mea-
sure, develops basic properties and proposes a definition for integration with
respect to such a measure (although we do not develop this definition fur-
ther in this paper). Interval-valued probability measures allow us to formally
characterize uncertain probabilities when the uncertainty can be represented
by interval bounds on certain events. This provides a structure from which
bounds on the probability of more complex events can be constructed and
utilized. Since many probabilities used in applications are estimated from



finite samples, by selecting a single probability distribution constructed to
be a "best” estimate for the data and application, the uncertainty in this se-
lection may not be reflected in the results derived from utilizing the estimate.
Interval-valued probability allows us to propagate the uncertainty through
our calculations and thus into the solution.

2.1 Definition and Properties

We define an interval-valued probability measure and develop basic proper-
ties. This generalization of a probability measure includes both probability
measures, and possibility /necessity measures. We think of this set function
as a method for giving a partial representation for an unknown probability
measure. Throughout, arithmetic operations involving set functions are in
terms of interval arithmetic and Intj 1) = {[a,b] | 0 < a < b < 1},

Definition 1 Given measurable space (S, A), in, : A — Intpq satisfying
the following properties:

1) in (0) = [0,0]

2) im (S) = [1,1]

3)VAeE A, ip(A)=[a" (A),at (4)] C0,1]

4) for every countable collection of disjoint sets {Aer},{Bjes} C A such
thatA = UkeKAk and (UkeKAk) U (UieJBj) =5

im (A) C [max {1 - Xje;a® (B)), Srera™ (Ap)},min {1 - Zjesa™ (B)), Srexa® (Ar) }]
is called an interval-valued probability measure on (S, A)

Property 1) and 2) simply state boundary conditions that every proba-
bility measure must satisfy. The third condition essentially states that the
bound on any set in A is the tightest possible given the bounds on all other
sets in A. This is a basic consistency requirement. For example suppose
S =AUBUCU D, all disjoint. Then given bounds on the probability of
each set, e.g. Pr(A) € [a= (A),at (A)], we can state that

Pr(AUB) € [max{l —at (C)—a*" (D),a (A) +a" (B)},
min {1 —a” (C) —a™ (D),a" (A) +a* (B)}]

by considering how the maximum and minimum probabilities possible in each
set bound the probability of the union and its complement.
The following three examples prove existence.
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Example 1 Consider the set function i, : A — Intj ) defined by

0,1 fA#S and A+ 0D
im(A) =< [1,1] ifA=S
[0,0] ifA=10

which is equivalent to being totally ignorant with respect to an unknown prob-
ability distribution over (S, A).

Then if A# S or 0, and if (Urex Ax) and (Uje Bj) are subsets of A satisfy-
ing condition 3) of the definition

im (A) = [O, 1] Q [max{l — ZjeJ]., ZkGKO} ,min{l - ZjeJO, ZkeKl}] = [07 1]
If S = Uper Ay, then since S = Upex A, U0

im (S) = [1,1] C [max {1 — @, Spex0} , min {1 — 0, Spex1}] = [1,1]
Thus i,, s an interval-valued probability measure.

Every probability measure is an interval-valued probability measure as
we now show.

Example 2 Let Pr be a probability measure over (S, A). Define i,, (A) =

[Pr(A),Pr(A)] which is equivalent to having total knowledge about a prob-

ability distribution over S. If (UpexAr) U (UjesB;) = S and A = U2 Ay,

with all sets mutually disjoint then

Pr (UkEKAk) = EkEK@_ (Ak) =1—Pr (UjeJBj) =1- Ejeja+ (B]) and 1t is

clear that

m (UkGKAk) = [max{l — Ejeja+ (B]) , Yipeka” (Ak)} , min {1 — Ejeja_ (Bj) , EkeKCL+ (Ak>}]

A function p : S — [0, 1] is called a regular possibility distribution func-
tion if sup {p (z) | € S} = 1. Possibility distribution functions (see [6]) de-
fine a possibility measure, Pos : S — [0, 1] where Pos (A) = sup {p (z) | x € A}
and it’s dual necessity measure Nec (A) =1 — Pos (A°) (we define
sup{p (z) | x € 0} = 0). We can also define a necessity distribution func-
tion n : S — [0, 1] by setting n (x) = 1 — p(x) and observe that Nec(A) =
inf {n(x) | x € A°} (we define inf{n (z) |z €0} = 1).We now show that
every regular possibility distribution function defines an interval-valued prob-
ability measure.



Example 3 Let p : S — [0,1] be a reqular possibility distribution function
and let Pos be the associated possibility measure and Nec the dual neces-
sity measure. Define i,, (A) = [Nec(A), Pos(A)|] where A is any subset of
S. First note that 0 < Nec(A) < Pos(A) < 1 which follows from the
definition and regularity which requires that 1 < Pos(A) 4+ Pos (A°). This
proves the definition is properly defined. Next observe that since i, (S) =
[Nec(S), Pos (S)] = [1,1] and i, () = [Nec (D), Pos (0)] = [0, 0], the bound-
ary conditions are met. Finally, assume UgecxAr = A and (UgerxAx) U
(UiesBj) = S all sets mutually disjoint. We need to show that condition
3) of the definition is met. This can be done from the following facts:

Fact 1: V{Aek }, Pos (Urex Ar) < Xpex Pos (Ag). First assume Pos (Ugex Ay) =
a > 0. Then sup(p(z) | x € Ugex Ar) = « and this implies that either
sup (p(x) | x € Ay) = « for at least one k € I or there exist an infinite subse-
quence of A;; such thatsup (p (z) | x € A;;) — « in which case 37°, Pos (A;,) =
0o. In either case Pos (Uper Ar) < Ypex Pos (Ag). If Pos (Urex Ax) = 0 then
the inequality is clear since it is always true that Pos (Ay) > 0.

Fact 2: V{Agex}, Nec(Ax) < Nec (Uker Ag). Note that (Ugex Ar) C (Ag)°
implies that Pos ((Ugex Ar)°) < Pos ((Ar)°) or Nec (Ag) = 1—Pos ((Ag)") <
1 — Pos ((ngKAk)c> = Nec (A)

Fact 3: If Pos (UgexAr) = 1 then Vj € J Nec(B;) = 0 and for all but at
most one k' € K, Nec(Ay) = 0. The first fact follows since Pos ((UjcsB;)°) =
Pos (UkeKAk) =1. Thus 0 S Nec (B]) S Nec (UieJBj) = 1—Pos ((UieJBj)c) =
0. For the second assume first Ik such that Pos(A,) = 1. Then A, C
(Ak;,,ék/)c implies Nec (Ak#k/) = 0. On the other hand if B such a k' then for
any k' Pos <UAk€K|k7ék/> =1 implies Nec (A4, ) = 0.

We are now in a position to prove that property 3) holds.

Case 1: Assume Pos (Urex Ar) < 1. Then by regularity it must hold that
Pos (UiesB;) = 1 and then fact 1 and 3, followed by 2 give

min {1 — X;c;Nec(B;), Xgex Pos (Ax)} > min{1 — Nec (By) , Pos (A)} >
min {1 — Nec (U;e;B;), Pos (A)} = Pos (A)

and by fact 1 and 3

max {1 — X;c;Pos (B;), Lgex Nec (Ax)} <

max {1 — Pos (U;esB;),0} = Nec (A)

Case 2: Assume Pos (UgexAg) =1 (i.e. Pos(A) =1). Then by fact 3
min {1 — X;c;Nec(B;)), Egex Pos (Ar)} > min {1, Pos (Urex Ax)} =1

and by fact 1 and 3 followed by 2

max {1 — X;c;Pos (B;) , Sgex Nec (Ay)} < max {1 — Pos (UiesB;), Nec (Ag)} <



max {1 — Pos (U;esB;), Nec (Urex Ar)} = Nec (A).
This establishes the set inclusion required in property 3) of the definition.

In section 3 we will show that clouds [5] provide a convenient repre-
sentation for non-trivial interval-valued probability measures. But first we
establish some of the properties of interval-valued probability measures.

Proposition 1 The following relationships hold
)ip(A)=[1-a"(A),1—a (A)]=1—1i,(A).

2) AC B =iy (A) <rin(B) where [a,b] <7 [c,d] = a <candb<d.
3) V{Ax} disjoint iy, (U2 Ak) C 322 i (Ag).

4)im(ANB)=1—14, (A°UB°), i, (A— B) =i, (AN B°).

5) VU, Ay disjoint, 352 a” (Ag) < 1.

6) If U A = S, then 2 ,a™ (Ag) > 1.

Proof:
1) i (49) = [0 (A%), @+ (49)] C [max {1 — a* (4), 0~ (4)}, min {1 — a= (A) ,a* (4%}
= 1—a"(A) < a (A° and 1 —a (A) > a* (A°) but by a similar
argument
g1 —at (A% <a (A)and 1 —a (A°) > at (A) which taken together
i (A7) = [L— a* (A).1— - (A) = 1 — iy (A)

2)ACB=S=B°UAU(B—-A) =
im (AU (B = A)) = [a” (B),a" (B)] €
max {1 —a* (B°),a” (A)+a (B—A)},min{l —a (B ,at (A)+a" (B —A)}]
= [max{a” (B),a” (A)+a (B—A)},min{a" (B),a" (A) +a* (B—A)}]
(from property 1)
=a (A)+a (B-—A)<a (B)=a (A) <a (B)
similarly since B¢ C A°¢
a” (B)4a™ (A° = B°) <a” (A% and a™ (A°) < at (B°)+at (A° — B°)
=1—-at(B)+a (A—B°)<1—-a"(A) = at(A)+a (A°—B°) <
at (B)=a"(A) <a* (B)

3) This is clear from property 3) of the definition.
4) iy (AU BY) =i, (AN B)°) =1 — iy, (AN B) (property 1)
= im (AN B) =1— i, (A°U B) since A°U B° = (AN B)° then

im(A—B)=1in,(ANB%)=1—14, (A°UB) since A— B=ANB°
and the identity A A B = (AU B) — (AN B) gives the final equation.
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5) Since
im (U2, Ag) C [max {1 - X% °,at (By), X2 a” (Ak)} , min {1 — ¥ ,a” (Bj), X2 a" (Ak)}] C
0,1] =
max {1 — X% ,a" (B;), 52 0™ (A)} < L.

6) This follows since U2 ; AU = S requires that min {1 — 0, 3% ;a™t (Ax)} =
1.0
Note that this definition of an interval-valued probability measure does
not lead to a contribution. For example, if UpexAr = S, i.e. UpexArUD =S
then
i (U2 Ax) C [max {1 — 0%, 522 0™ (Ap)},min {1 — 0", 552 a™ (Ag) }] = [1,1]
and i, (0) C [max {1 — X2 a" (A),0}, min{1 — X ,a~ (4x),0}] = [0,0]
by 5) of the proposition. This supports the consistency of statement 4) and
statements 1) and 2) of the definition.
Next since max {1 — X2,a" (B;), 52 0™ (A)} <min {1 —X%,a™ (B)), 52 a" (i)}
and X2 a7 (Ay) < X2ia" (4;) and 1 - X52,a% (B)) < 1 - ¥2,a™ (B))
by definition of 4,, it must hold that 1 — ¥2,a™ (B;) < X2 a™ (Ax) and
Y2iam (Ag) < 1-%%2,a" (B;). But these follow from 5) of the proposition,
since X2 a* (Ag) + X2,a7 (B;) > 1 and X732 a7 (Ag) + X52,07 (B)) < 1.
Thus statement 4) of the definition is internally consistent.
Now by definition of i,,, £ ,a~ (A)) > 0 implies max {1 — 2,0t (By), X2 a7 (Ag)
0 and by 5) of the proposition £22,a~ (B;) < 1 givesmin {1 — X2,a™ (B;) ,532,a" (4Ax) }
1 thus 7, (U2, Ax) C [0,1] which shows that statement 3) of the definition
is consistent, i.e. ip, : A — Intp ).
Finally, note that
[1,1] = ip (AU A°) = [max {1 — 0,a” (A) + a= (A°)} ,min {1 — 0", a* (4) + a* (49)}] =
max {1,a= (A)+1—a* (A)},min{l,a™ (4) + l—a (A} =[1,1=
TA+1-a (A)>1=at(A)>a (A)anda (A)+1—-a"(A) <1=
at (A) >a (A
so definitions 1), 2) and 4) in combination are consistent with statement 3)
of the definition.[]

) >

2.2 Integration

In this section we briefly explore how the definition of an interval-valued
probability measure might be applied to define an interval-valued integral.
This suggests how the definition might be applied. This definition will be
explored in more detail in future work.Given an interval-valued probability



measure, i,,, defined on measurable space (5,.4) and an integrable function
f S — R we define integration in the sense of Lebesgue as follows:

First if f is an .A—measurable function such that f (z) = { g i ; ﬁ

with A € A, we define in the natural way
/ f () dip = yin (A)
A
Now suppose f only takes values {y; | k € K} on disjoint measurable

sets {Ay | k € K} that is, f (z) = { gk i ; ﬁk ' where A = Ugeg Ak The

maximum probability in A is at (A) Thus, the maximum possible value for
the integral is

- (/A f(x) dim) = sup {Spexyrar | Srexar = a* (A) 0~ (A) < ap < a't (Ap)}

Similarly, the minimum possible value is

7 (/Af (2) dz’M) = inf {Sreryrar | Srexar = a” (A),a” (A) < ap < at (A}

Then we define

[t [ ([ 10) ([ 1i000)

Note that {Speryrar | a= (Ay) < ap < at (Ap)} = [a” ([, f (@) din) 0™ ([,
so the definition intuitively makes sense in that it is equal to the set of all
possible values of the unknown probability measure being modeled.

In general, assume f is an integrable function and {f;} is a sequence of
simple functions converging uniformly to f. Then we define

/ f(z)diy, = klim fr (2) diyy,
oo J 4

Where limy,_, fA fr () diy, = [limk_m a” (fA fr(x dzm) limy_,oo a™ (fA fr(x
provided the limits exist.

We will examine the properties of this integral to a future paper.

[ () di,)]

) din)]



3 Continuously Increasing Clouds on R as
Generator Functions

In this section we define clouds and show that continuously increasing clouds
on the real line define an interval-valued probability measure on the Borel
sets. This gives the most general setting for intervval-valued probability
measures.

The concept of a cloud was introduced by Neumaier in [5] as follows:

Definition 2 A cloud over set S is a mapping ¢ such that:

1)Vse S, c(s)=[n(s),p(s)] with0<n(s)<p(s) <1

2) (0,1) C Uese (s) € [0, 1]

In addition, random variable X taking values in S is said to belong to cloud
¢ (written X € c) iff
3)Vae[0,1],Pr(n(X)>a)<1—-a<Pr(p(X)>a)

In [1] we showed that possibility distributions could be constructed which
satisfy the following consistency definition.

Definition 3 Let p: S — [0, 1] be a reqular possibility distribution function
with associated possibility measure Pos and necessity measure Nec. Then
p 1s said to be consistent with random variable X if ¥V measurable sets A,

Nec(A) <Pr(X € A) < Pos(A).

For our purposes we will combine these two notions and use the following
equivalent representation for a cloud.

Proposition 2 Let p, p be a pair of regular possibility distribution func-
tions over set S such that Vs € S p(s)+ p(s) > 1.Then the mapping
c(s) = [n(s),p(s)] where n(s) = 1—p(s) (i.e. the dual necessity distrib-
ution function) is a cloud. In addition, if X is a random variable taking
values in S and the possibility measures associated with p, p are consistent
with X then X belongs to cloud c. Conversely, every cloud defines such a pair
of possibility distribution functions and their associated possibility measures

are consistent with every random variable belonging to c.

Proof:
=1) p, p: S — [0,1] and p (s) + p(s) > 1 imply property 1) of definition 2



2) Since all regular possibility distributions satisfy sup {p(s) |s€ S} =1
property 2) of definition 2 holds.

Therefore c is a cloud. Now assume consistency. Then

a > Pos{s|p(s) <a} >Pr{s|p(s) <a} =1—-Pr{s|p(s) > a} gives

the right-hand side of the required inequalities and

l—a> Pos{s|p(s) <1—a}>Pr{s|p(s) <1—a}=Pr{s|1—p(s)>a}=
Pr(n(X) > «) gives the left-hand side.

The opposite identity was proven in section 5 of [5].00.

Assume the cloud ¢ : R — Inty (with c(x) = [n(x),p(x)]) satisfies
the property that each function n,p : R — [0,1] is continuously increasing
with lim, .. n (z),p(x) =1 and lim, , o n(z),p(x) = 0. Assume random
variable X € ¢ and for any Borel set A, let Pr(A) = Pr(X € A).

We begin by developing probability bounds for members of the family of
sets

7T ={(a,b],(—00,d], (a,00),(—00,00),0 | a < b}

For I = (—o0, b] the consistency of n,p with X gives
Pr(I) € [inf{n (z) | x € I} ;sup{p(z) | x € I}] = [n(b) ,p ()]
which gives, for I = (a,00) (since I¢ = (—00, a))
Pr(l)e[l—p(a),1—n(a)]

and for I = (a,b], since I = (—00,b] — (—00,a] and considering minimum
and maximum probabilities in each set,

Pr (1) € [max{n (b) — p(a),0},p(b) —n(a)].

Therefore, if we extend the definition of p, n by defining p (—o0) = n (—o0) =
0 and p (00) = n (00) = 1, we can make the following general definition.

Definition 4 For any I € Z, if I # 0, define

im (I) = [ai (I) ,(IJF ([ﬂ = [max{n(b) _p(a’) 70} 7p(b) - n(a)]
where a and b are the left and right endpoints of I otherwise set

im (0) = [0, 0]
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Remark 1 Note that with this definition

im ((—OO, OO)) = [maX {n (OO) —-Pp (_OO) 70} D (OO) -n <_OO>] = [17 1] which
matches our intuition and thus it is easy to see that Pr (I) € i, (I) VI € T.

We can extend this to include finite unions of elements of Z. For example
if £ =1,Uly = (a,b]U (c,d] with b < ¢, then we consider the probabilities
Pr ((a,b]) + Pr((c,d]) and 1 — (Pr((—o00,a]) + Pr ((b,¢]) + Pr((d, 00))) (the
probability of the sets that make up E versus one less the probability of
the intervals that make up the complement),and consider the minimum and
maximum probability for each case as a function of the minimum and max-
imum of each set. The minimum for the first sum is max (0,7 (d) — p(c)) +
max (0,7 (b) — p(a)) and the maximum is p (d)—n (¢)+p (b)—n (a). The min-
imum for the second is 1 — (p (c0) = n(d) +p(c) —n(b) +p(a) —n(—o00)) =
n(d) —p(c)+n(b) —p(a) and the maximum is
1—(max (0,1 (00) — p(d)) + max (0,n (¢) — p (b)) + max (0,n (a) — p(—o0))) =
p(d) —max (0,n(c) —p (b)) — n(a).

This gives

n(d) = p(c) +n (b) = p(a)
“E)zm{ max (0, n <> P(E) + mex (0,0 ) ~p (@)
p(E)Smin{g( f((» "

)
so P(F) €

max (0,7 (d) — p (¢) + max (0,n (b) — p ()) , p (d) — max (0, (c) — p (b)) — n (a)]
where the final line is arrived at by noting that

Vr,y n(x) —p(y) <max(0,n () —p(y)).

and

Remark 2 Note the two extreme cases for E = (a,b] U (¢,d]. For p(x) =
n (x) Yz, what Neumaier calls a thin cloud, then, as expected,

Pr(E) =p(d) —p(c) +p(b) —p(a) = Pr((a,b]) + Pr((c,d])

i.e. it is a probability measure. Moreover, for n(z) =0 Vz,

P(E) €[0,p(d)].

Thus what Neumaier calls a fuzzy cloud yields the same result as for example
3 since for this E, Nec(E) =0 (3z € [b,c) C E° and n(x) = 0) i.e. the

cloud defines a possibility measure.
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Let
E={U L | [, €T}

i.e. £ is the algebra of sets generated by I. Note that every element of
has a unique representation as a union of the minimum number of elements
of Z (or, stated differently, as a union of disconnected elements of 7). Note
also that R € £ and £ is closed under complements.

Assume E = UK [} and E° = szle are the unique representations of
E and E¢in £ in terms of elements of Z. Then, considering minimum and
maximum possible probabilities of each interval it is clear that

Pr(E) € [max (S{_ja” (L), 1 = S/_ya™ (M;)) ,min (S 0" (L), 1 — S_qa (M;

J

This can be made more concise using the following result.

Proposition 3 If £ = U I, and E° = UJ_ M; are the unique repre-
sentations of E and E° € £ then Xi_ja (I) > 1 — ¥/_ja* (M;) and
Siat (k) 2 1= 2 a” (M;).

Proof:
We need only prove X~ a~ (I;) > 1 — %7_,a™ (M;) since we can exchange
the roles of £ and E° giving ¥7_ja™ (M;) > 1 — X2 a™ (I;;) proving the
second inequality.
Note X" a™ (Ix) +X:_ a™ (M) is of the form 3/ ) max (0,n (bx) — p (ax)) +
Db (@) —n(by) = By (n(by) — p(ax)) + Z_1p (aj41) — n(b;). Since
the union of the disjoint intervals yields all of the real line we have either
p(00) or n (00) less either p (—oo) or n (—oo) which is one regardless.[]
Next i,, is extended to £.

Proposition 4 For any E € & let E = Ui I}, and E° = U/_ | M; be the
unique representations of E and E° in terms of elements of I respectively. If

im (B) = [Zili0” (Ie) , 1 = 2_ja” (M;)]
then iy, : &€ —Intjgy) , is an extension of I to & and is well defined.

Proof:
First assume E = (a,b] € Z, then E° = (—00,a] U (b, 00) so by the definition
U (E) =
max {n (b) —p(a),0},1 — (max{n(a) — p(—00),0} + max{n (oc0) —p(b),0})]
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=1—(n(a)+(1—p(a))) = p(a) — n(a) which matches the definition for
i, onn Z. The other cases for E € 7 are similar. Thus it is an extension.
WEell defined is easy, since the representation of any element in £ in terms of
the minimum number of elements of Z is unique. In addition it is clear that
0 <% a” (I) and 1 — ¥7_ja (M;) < 1. So we only need to show that
Ypiam (Iy) <1 =370 (M;). ie. that X" 0™ (Ix) + X7_ja” (M;) < 1. If
we relabel the endpoints of all these intervals as —oco = ¢; < ¢o... < cy = 0
then

S 0~ () + S0 (M) = 2V max {n (en1) — p (e) . 0} <

SNt [ (enrn) — p(e0) 10} — S50 cer o (en) — 1. Ths S5 0 (1)+
23’: “(M;) <10

Proposition 5 The set function i, : € — Intj, satisfies the following
properties:

(1) If E C F then iy, (E) <jin (F)

(2) If E = UJ_| B}, with the Ey, mutually disjoint then i,, (E) C [S£ a0~ (Ey), Sk EY
(8) im (E) =1 — iy, (E°)

Proof
(1) Assume E C F are two sets in € with E = U;_, I} and F = UJ_, M; being
the unique representations as elements of Z. Then Vk3j such that I}, C M;.
Assume the left and right endpoints are ag, by, ¢j, d; respectively Then ¢; <
ar < by < dj., the monotonicity of n and p and since Vz, n (z) < p(x) com-
bine to give max{n (by) — p (ax),0} < max{n(d;) —p(c;),0} which gives
Ypja (Iy) < BJ_ja (M;) thus o™ (E) < a™ (F). The inequality in terms
of upper bounds is derived by the same argument applied to the representa-
tions for £ and F'° which combined proves i,, (E) <; i,, (F)
(2) First note that if ' = (a, c|, E1 = (a,b] and Ey = (b, ] so that E' = E1UE,
then since

n(c) —p(a) =2 n(b) —p(a) and n(c) —p(a) = n(c) —p(b) and
n(c)=pla)=n(c) —p) +pb) —pla) 2 n(c) = p(b) +n(b) —p(a) then
max {n (¢) —p(a),0} > max{n (b) — p(a),0}+max{n(c) —p(b),0}soa” (E) >
a” (F1) +a (E2) and

p(e) —n(a) = p(c) —n (b) +n () —n(a) < p(c) —n (b) + p(b) — n (a) gives

o (E) < a* (Ey) + a* (Ey)

so that i, (£) C
Next let £ = E;
a” (E) = max {n

a” (Er) +a” (By),a" (Ey) +a" (Ey)]
E where E; = (a,b] and Ey = (¢, d] with b < ¢ then since
b) —p(a),0} + max{n(d) — p(c),0} = a” (Ex) +a” (Ey)

AC-—|
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and
a* () = p (d)—max (0,n (c) = p (b)) —n (a) < p(d)—(n (c) — p (b)) —n (a) =
at (Ey) + a* (Es) giving
im (E) Cla~ (Eh) +a” (E2),a’ (Er) + a* (E2)] the proposition statement is
just an extension of these two facts.
(3) [L1]= 20 (In) . 1 = B ja” (M))] = [E 10 (M), 1 = S0 (I)] =
im (E°).0

The family of sets,€ .is a ring of sets generating the Borel sets B. For an
arbitrary Borel set S, then it is clear that

Pr(S) € [sup{a (E)|ECS,E€&},inf{a" (F)|SCF F et}
This prompts the following:
Proposition 6 Let i, :.B — [0, 1] be defined by
im (A)=[sup{a  (E) | ECAFE€&},inf{a’ (F)|ACF,Fe&}] (
The i, is an extension from € to B and is well-defined.

Proof:
Property (1) of proposition 5 insures it is an extension since, for example, if
E C F are two elements of £ then a™ (F) < a™ (F)soinf {a™ (F) | EC F,F € £} =
a® (F) similarly it ensures that sup{a~ (F) | F C E,F € £} =a™ (E).
Next we show that i,, is well defined. In proposition 4 we showed that VE €
E,im(E) C[0,1]. So 0 <sup{a (E)| EC S} and inf{a™ (E)|SCE} <
1. But sup{a™ (E) | EC S} <inf{a™ (F)|S C F}.follows by (1) of propo-
sition 5.[]

Proposition 7 VA € B. i, (A°) = [1,1] — i\, (A)

Proof:
Since for all £ € & property (3) of proposition 5 holds, £ is closed under
complements and £ C A <= A° C E°, we have
a” (A)=sup{a (E)|ECAEcé}=inf{l—a (E)|ECAEc&}=
inf{a" (E)|A“CE,Ec&}=1-(A)"0O

Theorem 8 The function i, : B — Intj,1) ts an interval-valued probability
measure provided we define inf ) = 1 and sup () = 0.
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Proof:
(1) Consider elementary sets [—b — 1, —b]. Then lim;_,o, [p (—=b) —n(—b—1)] =
0= inf{at (E) |0 C E} = 0. Also, since there are no elementary sets with
E C0,sup{a” (E) | E C 0} =sup = 0. Combined this gives i,, () = [0, 0]
(2) Consider elementary sets [—b,b]. Then lim,_,o max {n (b) — p(—b),0} =
1=sup{a” (F) | E C R} = 1. Also, since there are no elementary sets with
RCE,inf{a’(E)| RC E} =inf( = 1. Combined give i,, (R) = [1, 1]
(3) Assume S = Upeg A and (Ugex Ax) U (UiesB;) = R with all set Ay, B;
being mutually disjoint and all sets being Borel sets. We need to show that
Im (A) - [max{l — Ejeja+ (Bj) y Dke KGO (Ak)} ,min {1 — Eje(}a* (BJ) , EkGKCLJr (Ak)}]
First we show that a= (A) > Yperxa™ (Ag) and a™ (A) < Spexa™ (Ag).
For each Ay, we can choose an E) € & such that E, C Ap and a= (Ey)
is arbitrarily close to a~ (Ax) so Ye > 03{FE;|i=1,n} such that 0 <
Ykexa” (Ap) — 28 ja” (Ey) < e. Also UX_E, C A giving (using propo-
sition 5) $f a7 (Ey) < a” (UR,Ex) < a” (A). This proves a= (A) >
Yrerxa” (Ag). A similar argument gives the inequality a™ (A) < Spexa™ (Ag).
1= Sjesat (Bj) < a (4)
To obtain the inequality 1 — ¥,c;a™ (B;) < a~ (A) we need only observe
that this is equivalent to 1 — a™ (A) < Xjeja™ (B;) which follows from the
first inequality and proposition 7 since at (A¢) = 1 —a~ (A). The inequality
at (A) <1-—Xjcsa (Bj) is proven in a similar manner.[J

Finally we have the following result that shows that the interval-valued
probability measure, i,,, is the best possible for the cloud that generated it.

Theorem 9 Let c,i,, be a continuously increasing cloud and it’s generated
interval-valued probability measure. If X is a random variable, then X be-
longing to cloud ¢ if and only if Pr (X) € i, (A) for all measurable A.

Proof:

= If X belongs to ¢ then Pr (X) € i,, () for all I € T by construction and the
consistency of n and p with X. Then for E = Uj" I} and E° = U/_, M; with
the Iy, M; disjoint elements of Z, by the summability of a probability measure
it must hold that Pr(E) = X, Pr(l;) = 1 — X/, Pr(M;) which gives
Pr(E) > X/ a™ (I;) and Pr(E) < 1— %7 a™ (M;) thus Pr(E) € iy, (E)
consequently Pr (X) € i, (F) for all £ € £. Finally, if A C F with F € £
then Pr(A) < Pr(E) thus Pr(A) < sup{a™ (E)|SCE,E€f&} =a" (A
similarly Pr(A) > a~ (A) giving Pr (X) € i,, (4),

< Let Pr(X) € i, (A) for all measurable A. We need to show that n,p are
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consistent with X which by proposition 2 means X belongs to c. Let S be
an arbitrary subset of R and let sup {z € S} = a. Since p is continuously
increasing we know that Pos (S) = sup{p(z) |z € S} = p(a) then since
Pr((—o0,a]) € im ((—00,a]) = [0,p(a)] we know that Pr(S) < Pr(A) <
p(a) = Pos(S) showing that X is consistent with p. A similar argument
shows the consistency with n and thus X belongs to c.lJ

4 Conclusion

The definition of an interval-valued probability measure provides a formal
setting in which the concepts of probability, possibility and clouds can be
combined. We have shown how such measures can be constructed from the
simple setting of a cloud which lays the groundwork for development of ap-
proximation techniques. Future research will focus on the applications of
such measures to problems in optimization in which uncertainty can not be
fully captured by probability alone. We intend to extend the results in [3]
which provided an approximation technique for probability measures via in-
ner and outer measures to approximation techniques for functions of cloudy
random variables.
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