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1. Let E ⊂ R be nonempty and bounded above. Prove that supE = supE.

Solution

Since E is nonempty and bounded above, supE exists as a real number. We will
show that supE exists. Since E is nonempty, so is E.Since E is bounded above,
so is E. Otherwise, if M is upper bound on E and E is not bounded above, there
exists y ∈ E such that y > M + 1; but there is no x ∈ E ∩ (M + 1/2,M + 3/3),
contradiction. Thus supE exists as a real number.

By property of the closure, since E ⊂ E, we have

supE ≤ supE.

It remains to prove that supE ≤ supE. Let ε > 0. By the definition of supremum,
∃ x ∈ E such that

x ≥ supE − ε/2.

(Note that it was necessary to show that supE is real number otherwise we could
not subtract.) Otherwise we would have that ∀ x ∈ E : x < supE − ε/2 which
makes supE − ε/2 a upper bound for E smaller than supE; and that would
contradict the definition of supE. From the definition of closure,

∃y ∈ E : x− ε/2 ≤ y ≤ x+ ε/2,

thus
∃y ∈ E : y ≥ supE − ε.

Consequently, supE ≥ supE − ε for any ε > 0, supE ≥ supE.



2. Construct a function such that limc→0+

∫ 1
c f (x) dx exists, but limc→0+

∫ 1
c |f (x)| dx

does not. Justify the answer.

Solution

We will construct a function f such that the areas between the graph and the x
axis form a nonabsolutely convergent series. Then we need to show that the values
of the integral are close to a partial sums of the series.

Define

f (x) =
{

n if 1
N+1 < x ≤ 1

N , N even
−n if 1

N+1 < x ≤ 1
N , N odd

Let c > 0 and define N =
⌊

1
c

⌋
. Then

1
N + 1

< c ≤ 1
N
,

and ∫ 1

c
|f(x)|dx ≥

N∑
n=1

(
1
n
− 1
n+ 1

)
(n) =

N∑
n=1

1
n+ 1

.

When c→ 0+, N →∞, and we see that∫ 1

c
|f(x)|dx→ +∞

because the harmonic series diverges.

On the other hand,∫ 1

c
f(x)dx = 1

(
1− 1

2

)
+ · · ·+ (−1)N−1 (N)

(
1

N − 1
− 1
N

)
+
∫ 1/N

c
f(x)dx

=
1
2
− 1

3
+ · · ·+ (−1)N−1

N − 1
+ rN , |rN | ≤

1
N
.

When c→ 0, N →∞, and we see that∫ 1

c
f(x)dx→

∞∑
n=2

(−1)n

n

which is convergent by the alternating series test.



3. Define f (0, 0) = 0 and f (x1, x2) = x3
1

x2
1+x2

2
for (x1, x2) 6= (0, 0). Prove that the

directional derivatives of f exist at all points of R2, but f ′ (0, 0) does not exist.

Solution

The directional derivatives of f exist at all points of R2 \ {(0, 0)} since f is a
composition of functions who all have well defined directional derivatives for any
points in R2 \ {(0, 0)}. It remains to consider the point (0, 0).

By the definition of the directional derivative (Duf) (x) in the direction u =
(u1, u2),

(Duf) (0, 0) = lim
t→0

f (tu1, tu2)− f (0, 0)
t

= lim
t→0

(
t3u3

1

t2u2
1 + t2u2

2

)
1
t

=
u3

1

u2
1 + u2

2

.

So, the directional derivative (Duf) (x) exists at the point x = (0, 0) for any vector
u. However, (Duf) (0, 0) is not a linear function of the variables u1 and u2, hence
f ′ (0, 0) does not exist.

Remark: You will find more possible (and interesting!) questions related to this
function reading problem 9.14 of Rudin (page 240).



4. If E is nonempty subset of a metric space X with distance function d, define the
distance of x ∈ X to E by ρE (x) = infy∈E d (x, y). Prove that ρE is uniformly
continuous on X.

Solution

Take any p, q ∈ X and x ∈ E. From the triangle inequality,

d (p, x) ≤ d (p, q) + d (q, x) .

Taking infimum, we have

ρE (p) ≤ d (p, q) + ρE (q) ,

thus
ρE (p)− ρE (q) ≤ d (p, q) ,

and switching p and q and using symmetry of d,

ρE (q)− ρE (p) ≤ d (p, q) ,

thus
|ρE (p)− ρE (q)| ≤ d (p, q) .

Therefore, ∀ ε > 0, ∃ δ (for example δ = ε) such that, ∀ p and q ∈ E such that d(p, q) ≤
δ,we have

|ρE (p)− ρE (q)| ≤ ε.

This is the definition of the uniform continuity of the function ρE as a mapping of
the metric space X with distance function d into the metric space R with distance
function |x− y|.



5. Let L1 denotes the linear space of real sequences (xn) such that
∑∞

n=1 |xn| con-
verges. We equip L1 with the norm ‖x‖L1 =

∑∞
n=1 |xn|, where x = (x1, x2, . . .).

Construct a countable subset S ⊂ L1, which is dense in L1, i.e., S̄ = L1, where the
closure is taken with respect to the given norm ‖ · ‖L1 . Prove that the set S has
the desired properties.

Solution

Let S be a set of sequences with all rational coefficients, the finite number of which
are non-zero. S ⊂ L1 since the number of non-zeros is finite for any sequence in S.

First, we show that S is countable. Since the set of all rationals Q is countable,
for each N , the set

SN = {(xn) : xn ∈ Q, xn = 0∀n > N}

is countable because a finite product of countable sets is countable. The set S is
countable as the countable union countable sets,

S =
⋃
N∈NSN .

Now we show that S̄ = L1. We take arbitrary ε > 0 and x ∈ L1, and we need to
show that x can be approximated in the ‖ · ‖L1 norm by elements of S with ε accu-
racy. Since ‖x‖L1 =

∑∞
n=1 |xn| <∞, by the series convergence definition ∃N such

that
∑∞

n=N+1 |xn| < ε/2. Let y be a sequence that retains the first N coefficients
of the sequence x and has a tail of zeros, then ‖x − y‖L1 =

∑∞
n=N+1 |xn| < ε/2.

Now, we take each coefficient yi, i = 1, . . . , N and approximate it by a rational
number zi, i = 1, . . . , N such that |yi− zi| < ε/(2N) using that fact that the set of
rational numbers is dense on the real line with respect to the standard norm of a
real number given by its absolute value. Finally, we take z = (z1, . . . , zN , 0, 0, . . .)
and conclude that z ∈ S and ‖x− z‖L1 < ε.



6. Compute
∑∞

n=0(n+ 1)xn.

Solution

Let us denote an = n+ 1 and vn(x) = (n+ 1)xn = anx
n. First, we need to analyze

the series convergence. If |x| ≥ 1 the series diverges since the necessary convergence
criteria, vn(x)→ 0, is violated. If |x| < 1 the series converges as a power series at
the origin with the convergence radius

R = 1/ lim
n→+∞

|an+1|/|an| = 1/ lim
n→+∞

n+ 2
n+ 1

= 1.

Moreover, for any r ∈ (0, 1) the power series converges uniformly in |x| < r.

Let us denote un(x) = xn, and notice that

∞∑
n=0

un(x) =
∞∑
n=0

xn =
1

1− x

for |x| < 1 as a sum of a geometric progression.

We observe that (u0(x))′ = 0 and (un(x))′ = nxn−1 = vn−1(x) for n > 0. Both
series

∑∞
n=0 vn(x) and

∑∞
n=0 un(x) have the same radius of convergence R = 1.

Thus,

1
(1− x)2

=
(

1
1− x

)′
=

( ∞∑
n=0

un(x)

)′
=
∞∑
n=0

vn(x) =
∞∑
n=0

(n+ 1)xn ∀ |x| < 1.

by the theorem that power series can be differentiated term by term within the
circle of convergence. Alternatively, noting that for any r < 1,

∑∞
n=0 u

′
n(x) con-

verges uniformly for |x| < r, and
∑∞

n=0 un(0) converges. Given |x| < 1 chose
r = (|x|+ 1) /2 to get that the equality above holds for that x.



7. Let En be subsets of a metric space and E =
N⋃
n=1

En. For a given set S we denote

the set of its limits (or accumulation) points by Lim(S). Prove that Lim(E) =
N⋃
n=1

Lim(En).

Solution

In a metric space with a distance d(·, ·), a point x is called a limit point of a given
set S if for every ε > 0 the open ball defined by

Bε(x) = {y : d(x, y) < ε}

contains a point of S other than x itself. Since

N⋃
n=1

(En) = (((E1 ∪ E2) ∪ E3) · · · ∪ EN )

we can take N = 2 without loosing generality to simplify the notation.

By definition, x ∈ Lim(Ei), i = 1 or 2 means that ∀ε > 0 ∃z ∈ Ei such that
d(x, z) < ε and z 6= x. But then z ∈ E1

⋃
E2 = E and thus we have

Lim(E1)
⋃
Lim(E2) ⊂ Lim(E).

To prove the opposite inclusion, we use the fact that x ∈ Lim (S) iff there exists
a sequence of elements of S, different from x, which converges to x. Let x ∈
Lim(E) = Lim(E1

⋃
E2)). Then there exists a sequence zi ∈ E1

⋃
E2 such that

zi 6= x and zi → x. Let us consider the two subsequences zin ∈ E1 and zjn ∈ E2.
At least one of these subsequences must be infinite. But every infinite subsequence
of a convergent sequence zi → x also converges to x. Thus at least one of the
sequences zin → x ∈ Lim (E1) or zjn → x ∈ Lim (E2).



8. Prove that if |x| < 1 and the series
∑∞

n=0 an converges, then
∑∞

n=0 anx
n converges

absolutely.

Solution

We use the following:

(a) Theorem on convergence radius of power series. Any power series
∑∞

n=0 anx
n

has a convergence radius R ≥ 0 such that the series converges for |x| < R and
diverges for |x| > R.

(b) Theorem on absolute convergence of power series. Inside its radius of conver-
gence, |x| < R, the power series converges absolutely.

The series
∑∞

n=0 anx
n with x = 1 becomes

∑∞
n=0 an, which converges by assump-

tion. Thus, R ≥ 1 by Theorem (a). Theorem (b) then implies the result.


