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ABSTRACT

The analytic central path for linear programming has been studied
because of its desirable convergence properties. This dissertation presents a
detailed study of the analytic central path under perturbation of both the right-
hand side and cost vectors for a linear program. The analysis is divided into
three parts: extensions of results required by the convergence analysis when
the data is unperturbed to include that case of data perturbation, marginal
analysis of the analytic center solution with respect to linear changes in the
right-hand side, and parametric analysis of the analytic central path under

simultaneous changes in both the right-hand side and cost vectors.

To extend the established convergence results when the data is fixed,
it is first shown that the union of the elements comprising a portion of the
perturbed analytic central paths is bounded. This guarantees the existence of
subsequences that converge, but these subsequences are not guaranteed to have
the same limit without further restrictions on the data movement. Sufficient

conditions are provided to insure that the limit is the analytic center of the

il



limiting polytope. Furthermore, as long at the data converges and the param-
eter of the path is approaching zero, certain components of the the analytic
central path are forced to zero.

Since the introduction of the analytic center to the mathematical pro-
gramming community, the analytic central path has been known to be analytic
in both the right-hand side and cost vectors. However, since the objective
function is a continuous, piece-wise linear function of the right-hand side, the
analytic center solution is not differentiable. We show that this solution is
continuous and is infinitely, continuously, one-sided differentiable. Further-
more, the analytic center solution is analytic if the direction of right-hand side
change is contained in a particular space. Uniform bounds for the first order
derivatives are presented.

The parametric analysis of the analytic central path follows as a con-
sequence of characterizing when the parameterized analytic center converges.
The development allows for simultaneous changes in the right-hand side and
cost vectors, provided the cost perturbation is linear. Although the analytic
center solution is not a continuous function of the cost vector, the analytic

central path is continuous when viewed as a set.

This abstract accurately represents the content of the candidate’s thesis. 1

recommend its publication.
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Harvey Greenberg
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1. Introduction

1.1 Sensitivity Analysis

As defined in the Mathematical Programming Glossary [30], sensitivity

analysis is

The concern with how the solution changes if some changes are made in
either the data or in some of the solution values (by fixing their value).
Marginal analysis is concerned with the effects of small perturbations,
maybe measurable by derivatives. Parametric analysis is concerned with
larger changes in parameter values that affect the data in the mathe-
matical program, such as a cost coefficient or resource limit.

The first papers concerned with sensitivity analysis for linear programs were
published in the middle to late 1950s. The original two papers were authored
by S. Gass and T. Saaty [20, 77], and the topic was parametric behavior of the
objective function. H. Mills published the first paper on marginal analysis and
linear programs in 1956 [56], and T. Saaty had the second work on this topic
in 1959 [76]. The first English monograph on the topic was published by T.

Gal [19] in 1973.

The study of sensitivity analysis is paramount for many reasons; two

of the most important are:



(1) such investigations provide insight into both the mathematical state-
ment of the problem and its solution, and
(2) sensitivity analysis connects the certainty of the mathematical model

with the uncertainty of the real world situation it is modeling.

With regard to the latter statement, H. Zimmermann [19] wrote that sensitivity
analysis is “the bridge between pure dissemination of information and decision

making.”

In the definition, the solution is usually interpreted as either the op-
timal value of a variable, or the optimal objective value. The differences in
studying how the optimal objective function and a optimal value rely on the
data are possibly significant. For example, suppose f(z) is the objective func-
tion and z* = f(z') = f(2?) is the optimal objective value. A data perturba-
tion may cause 2! to remain optimal and 22 to become non-optimal. In such
a case, the optimal objective function value may be invariant under such a
perturbation, but the set of optimal elements is not. Such discrepancies lead

to a plethora of questions for a practitioner of optimization.

1.2 Basic Notation

The following notation is used throughout this work. A notation

index is included and the Mathematical Programming Glossary [30] is useful to



any reader when faced with an unknown concept. Some definitions from linear
algebra [48] are presented first. Let A be an m x n matrix. The row, column,

null, and leftnull spaces of A are defined as follows:

row(A) = {yA:yeR"}
col(A) = {Az:z e R"}

null(4) = {zeR": Az =0}

leftnull(4) = {ye R™:yA=0}.

It is well known [48] that row(A) L null(A) and col(A) L leftnull(A). Gener-
alized inverses are used to establish many results. A generalized inverse of A

is any n X m matrix, denoted AT, for which

AATA

A and

ATAAT = AT

The linear system of equations Az = b has a solution if, and only if, AA*TH = b.

Furthermore, the solutions have the form

=A%+ (I - A%A)z,

for any z € R". If the generalized inverse has the additional property that

AAT and AT A are symmetric, the generalized inverse is unique and is known



as the Moore-Penrose generalized inverse. The Moore-Penrose generalized in-
verse allows easy representations of the projections onto row(A) and null(A),
which are needed in Chapter 4. Specifically, the projection of x € IR" onto
row(A) is Projrow(a)® = AATz, and the projection of z € R"™ onto null(A) is
projnull(A)m = (I — AT A)z. For any matrix A, A" is always assumed to be the

Moore-Penrose generalized inverse.

Sequences are enumerated with superscripts. For example, {2F € W}
is a sequence of elements from the set W. The convergence of such a sequence
is shown by {z¥ € W} — 2 € V, which means the sequence converges to the
element z in V. If the elements of the sequence are vectors, the components
of the vectors are denoted with the corresponding superscript. For example,

{zF € R"} = {(w,v)* € R"} = {(w*,v*) € R™}, where w and v indicate a

partitioning of z.

A polyhedron is a set of the form {x : Ax < b}, where A is an m X n

matrix and b is a vector of length m. A bounded polyhedron is called a polytope.

Much of this work relies on previous results. For completeness, proofs
of these results are included, and the author and reference in which the result
and proof are found is cited in the label of the statement. If multiple researchers
proved the same result, these references are made in the few sentences preclud-

ing the statement of the result.



1.3 Thesis Outline

Chapter 2 begins by establishing the major definitions and any needed
background results. The manner in which these results rely on the problem
data has not been investigated, and the chapter proceeds by extending some
of these results to the case when certain data perturbations are allowed. An

example used to exemplify many concepts is developed.

Chapter 3 is concerned with the marginal analysis of the analytic
center solution and the subsequent information that this analysis yields about
the entire central path. Since differentiating the elements of the central path
is crucial to the development of these results, a complete investigation of the
differential properties of the central path is presented. This analysis was de-
veloped by Giiler [63] and is extended to show that the analytic center solution
is one-sided, infinitely, continuously differentiable. Furthermore, a set of di-
rections along which the analytic center solution is analytic is classified. The

chapter ends by providing uniform bounds for the various derivatives.

Chapter 4 contains an analysis of the central path under simultaneous
changes in the cost coefficients and the right-hand side. The questions answered
in this chapter show precisely how the central path relies on the rim data of

the linear program. The chapter begins by presenting the analysis for linear



changes in the cost coefficients together with arbitrary changes in the right-
hand side. In an attempt to extend these results to the situation of arbitrary,
simultaneous changes in the cost coefficients and right-hand side vectors, two
new types of convergence are defined. These types of convergence show that the
central paths naturally induce an equivalence relation on the set of admissible
cost vectors. The chapter concludes by presenting results showing the difficulty
of guaranteeing convergence under arbitrary, simultaneous changes in the rim

data.



2. Central Paths

2.1 A Brief Historical View

In 1979, Khachiyan [42] showed that the class of linear program-
ming problems is solvable in polynomial time. The algorithm presented by
Khachiyan was an interior point algorithm, meaning that it produced points
in the relative interior of the feasible region. Although the theoretical, worst-
case complexity of this algorithm was provably superior to that of the simplex
algorithm, implementation showed no such realistic advantage [91]. This was
not the first interior point algorithm presented for linear programming. In 1967,
Huard [36] suggested using a method of centers to solve mathematical programs
problems. Even though Huard proved that these algorithms converge to an op-
timal solution, the success of Dantzig’s simplex method apparently thwarted
any attempt of implementation for linear programming at the time. During the
same time period in the Soviet Union, Dikin [10, 11] developed another interior
point algorithm which was implemented and used to solve economic problems.
Although Dikin’s method has a simple interpretation as steepest descent on

a scaled space, the polynomality of this algorithm is still not proven and it is



not believed to be polynomial. In 1968 the seminal book by Fiacco and Mc-
Cormick [13] was published and the term “interior point method” was coined.
This text contains the first real development of the theory and use of penalty
and barrier methods. In 1984, Karmarkar [41] developed another polynomial
time algorithm for linear programs and claimed that this algorithm would be
far superior computationally to the simplex algorithm. The mathematical pro-
gramming community was rather shocked by these claims [46]. Some delved
into the theory and implementation of this algorithm to investigate the validity
of these claims. It is now understood that interior point methods are viable
algorithms and appear computationally superior to simplex based approaches

when the problems are large [49, 50, 51, 52].

In 1986, Sonnevend [80] introduced the mathematical programming
community to the concept of the analytic center. In [81, 82, 83, 84, 85|, Son-
nevend connects this concept to Karmarkar’s algorithm, develops his own al-
gorithm, demonstrates applications, and together with Stoer, shows several

complexity results. It is with this idea that we begin our development.

2.2 Analytic Centers

Consider the polyhedron P = {x € R" : Az = b, x > 0} and its

strict interior P° = {z € R" : Az = b, © > 0}. For any positive vector



w € R", define

po(z) : PP > Rz — ) w;n(z).

i=1
The standard notation that capital letters indicate the diagonal matrix of the
corresponding vector is employed. For example, Q = diag(wy, ws, ..., w,) and
X = diag(z1, 2y, ..., 3,). Since, V2p, () = —QX 2, which is negative definite,
pw(x) is strictly concave. So, if P is bounded, there exists a unique maximizer

of p,(x) over P°.

Definition 2.1 Let P = {x : Ax = b, x > 0} be a polytope with
non-empty relative interior, and w € R’ . The unique maximizer of
pw(7) is the omega analytic center of P. If w = e, which is the vector of

ones, then the omega analytic center is simply called the analytic center

of P.

The concept of the analytic center is fundamental to algorithmically
attaining the known polynomality of the class of linear programs. In fact, all
known polynomial algorithms for solving linear programs incorporate a cen-
tering component in their search directions. There are interior point methods
that do not use a centering component in their search direction, such as Dikin’s
original algorithm, and the polynomality of these algorithms is not known and

generally not believed [33].



It has been shown by Atkinson and Vaidya [3], Freund [15], Goffin
and Vial [21], and Roos and Hertog [72] that the omega analytic center can
be found in polynomial time. The usefulness of adjusting w to solve linear
programming problems and linear complementarity problems is investigated in
[1, 55, 57]. The most important reason, from an algorithmic perspective, is that
if any strictly interior point is known, it is possible to find an w that makes this
feasible point a “good” starting point. Furthermore, the basic idea of weighting
the terms of p,(r) has lead to what are known as “target following methods”
for solving linear programs [37, 73]. Another by-product of the flexibility to
adjust the components of w is found in theorem 2.2, which states that every
point in the relative interior of a polytope is representable as an omega analytic
center.

Theorem 2.2 Let P = {x : Az = b, x > 0} be a polytope with non-empty

strict interior, and let # € P°. Then there exists w € R’ | such that
{z} = argmax{p,(z) : x € P°}.
Proof: Let z € P°. Since
max{p,(z) : x € P°}
is a convex program, the Lagrange condition, that there exists y satisfying

Vpo(r) =w' X' —yA =0,

10



is necessary and sufficient for z to be a maximizer of p,, over z € Py. Noticing
that with an appropriate choice of w, w” X~ can be any positive vector, all
that must be shown is that row(A) contains a strictly positive element. The
boundedness assumption implies there does not exist a solution to the system
Axr =0, 2 > 0, and x # 0. Hence, Gordon’s theorem of the alternative implies

there does exist a solution to the system yA > 0. [ ]

Associated with any linear program, for which P° # (), is a geometric
structure called the omega central path or omega central trajectory. As is now
developed, the central path is an infinitely smooth path of analytic centers.
Throughout, the following “standard form” linear program and its associated

dual are considered,

LP: min{cz: Az =b,2 >0} and LD : max{yb: yA+s=c, s> 0},

where Ae¢ R™", m<n,ce R",be R",z € R",y e R™, s € R" and ¢, y,
and s are row vectors. The assumption that the rank(A) = m is made, which
has the implications that y and s are related by a one-to-one linear mapping
and that the mapping x — Ax is onto. Because y and s are related in a one-
to-one fashion, a dual element may be referred to by (y, s), y, or s. The rank

assumption is made without loss in generality because if A did not have full

11



row rank, row reduction could be used to form an A’ and b', such that A’ has
full row rank and P = {z : A’z = V', 2 > 0}. The b vector is referred to as
the right-hand side vector and the ¢ vector is referred to as the cost vector.
Together, b and ¢ are called the rim data for the linear programs stated above,
and notationally » = (b, ¢) is a rim data instance.

Defining z* to be the common optimal value of LP and LD, the fol-

lowing set conventions are made:

Py, = {x:Ax=0,2 >0}

D, = {(g.s):yA+s=c,5>0)
Py = {z:Az=0b,z>0}

D = {(y,s) yA+s=c,s>0}
P = {zePicx=2"}

D = {(y,s) €D :yb=2"}.

The optimality sets, P} and D;, have another important representation that
relies upon the optimal partition. The optimal partition is induced by a strictly
complementary optimal solution to LP and LD, which is any primal-dual pair,
z* and (y*,s*), such that s*z* = 0 and (s*)” + 2* > 0. Such solutions have
been known to exist since 1956, when Goldman and Tucker published this

result in [22]. Assuming that x* and (y*, s*) are strictly complementary optimal

12



solutions for the rim data instance r, define the optimal partition by the index

sets B(r) and N(r):

B(r) = {i:z;(r) >0} and (2.1)

N(@F) = {1,2.3,....n0\B(r). (2.2)

The dependence of the optimal partition on the rim data is used only when
clarity is warranted, and when the rim data instance is understood, the optimal
partition is denoted (B|N). Vectors and matrices are often decomposed into
sub-vectors and sub-matrices corresponding to the optimal partition. To facil-
itate this, two standard notations are used in conjunction with set subscripts.
First, a set subscript attached to a vector indicates the sub-vector correspond-
ing to the elements contained in the set. Second, a set subscript on a matrix
is used to denote the sub-matrix whose columns are indicated by the set. For

example, if (B|N) is the optimal partition for the rim data instance r,

Ax = AB.’I?B +AN.’I?N =b.

This notation and the complementarity condition imply that

Py = {zeP:azy=0} (2.3)

= {.’L‘:AB.TB :b,.’I}B ZO,TNZO}

13



and

D = {(y,s) € D:sp=0} (2.4)

= {(y,5) : yAp = cB,yAn + 58 = cn, sy > 0}, (2.5)

For a fixed A matrix, define the following sets of admissible rim data,

G = {r=(0c) e R"xR": P #£0,DS # D},
G = {beR™:Py+#0}, and
G. = {ceR":D?+#0D}.

The above definitions do not correspond to the traditional definition of ad-
missible, which usually means that the defined linear programs have a finite
optimal solution. Here the definition is more restrictive, in that only rim data
for which Py and D? are not empty is included. The next theorem establishes
that G is open. This is important because this guarantees that a perturbed
admissible rim data element remains admissible.

Theorem 2.3 G is an open set.

Proof: Let (b,¢) € G. Then there exists # and (j, §) such that Ai = b,
>0, gA+ 5§ =¢, and § > 0. Let U be an open set in IR" which contains

Z and has the property that x € U implies x > (. Since the rank of A is m,

the linear transformation 7 : R" — R™ : x — Az is onto. Furthermore, since

14



T is a continuous mapping, the open mapping theorem [75] implies that T'(U)
is open. Let e = min{$; : i = 1,2,...,m}, and define V' = {c: |[¢ — ¢|| < €}.

Then, (b,¢) € T(U) x V C G, and the result follows since T'(U) x V is open. m

The next result shows that the elements of G guarantee that the
primal and dual elements having a bounded duality gap are bounded [64, 71].

Notationally, for any rim element r, and any M € R, define
L(r,M)={(z,(y,s)) € P, xD.: sz < M}.

Theorem 2.4 (Roos and Vial [74]) Let r € G. Then, £(r, M) is bounded
for all M > 0.
Proof: Let M € R, and (%, (y,5)) € PY x D?. Then, for any primal and
dual elements, = and s, we have & — z € null(A), § — s € row(A), and
0=(5—9)(T —x)=5T — st — Sz + sz. (2.6)
Hence, if (z, (y, s)) € L(r, M),
S, < Sx 4+ sk
= 5T+ sz
< T+ M,
where the first inequality follows from non-negativity and the first equality fol-

. A similar argument

lows from equation 2.6. This implies that 0 < z; < &M

15



shows that s is bounded.
All that remains

assumption of A implies

and

to be shown is that y is bounded. The full rank

y= (e 5)(447)",

Iyl = l/(c = s)(AAT) ] < [l(e = s)III(AAT) .

The boundedness of y now follows since ||(¢ — s)|| is bounded. |

Corollary 2.5 If r € G, then P} and D; are bounded.

The converse of theorem 2.4 is also true [53, 54]. Hence, G is precisely

the set of rim data that guarantees the boundedness of L(r, M). Corollary

2.5 implies that both P} and D; have omega analytic centers. These omega

analytic centers are z*(r) and (y*(r), s*(r)), respectively, and

{z"(r)}
{(y"(r), s (r))}

The development

penalized linear program,

= argmax {ZM In(z;) :x € P;‘} and

i€EB

— argmax { S wiln(si) : (y, ) € D;:} .

1EN

of the central path is completed by considering the

min{cx — pp,(z) : Ax =b,z > 0}. (2.7)

16



Since the Hessian of the objective function is pX 2, this mathematical pro-
gram is strictly convex. So, if a solution exists it is unique. To show that there

exists a solution for each y > 0, consider the function

hz) = 'z pY wiln(e;) = cx — ppo(e) — y°b,

i=1
where (y°, s°) € D.. Elementary calculus calculations show for any u > 0, h(z)
attains its global minimum over R}, at z = wu(S%) 1w, Since the objective
function of the mathematical program in 2.7 differs from A by a constant, the
mathematical program in 2.7 has a unique solution for all x> 0.

The unique solution to 2.7 has a characterization as part of the unique
solution to a system of equations, whose only nonlinearities are the bilinear
complementarity equations (equation 2.10 below). This system of equations
is developed by noticing that the necessary and sufficient Lagrange optimality
conditions imply that the gradient of the objective function is contained in

row(A). Hence, for all u > 0, there exists a y such that
yA=c— pw X

Allowing s = puw? X !, the necessary and sufficient conditions for 2z may be

written as: there exists y and s such that

Az = b (2.8)

17



yA+s = c (2.9)

St = pw. (2.10)

Notice that equations 2.8, 2.9, and 2.10 imply that z is the unique solution of
the mathematical program in 2.7 if, and only if, there exists a dual solution
that allows the component-wise “near” complementarity shown in 2.10. An
immediate implication of equation 2.10 is that if the primal problem is bounded,
then the dual problem is unbounded. This is because equation 2.10 has a
solution for all p > 0. So, if P, is bounded, as y — oo the dual variable
must become arbitrarily large. In fact, equation 2.10 implies that if the primal
problem is bounded, each component of s may become arbitrarily large. Also,
notice that the full row rank assumption implies that the dual elements are

unique.

The goal is to use this system of equations and the full rank assump-
tion of A to show that x, y, and s are analytic functions of u, b, and c¢. This

result follows as a direct consequence of the implicit function theorem.

Theorem 2.6 (Sonnevend [80]) Fix A € R™*" m < n, with rank(A) = m.
Given r € G, w € RY _, and p > 0, let z, y, and s satisfy equations 2.8, 2.9,

and 2.10. Then, z, y, and s are analytic functions of (u, b, ¢).

18



Proof: Let 7 € G, and i > 0. Furthermore, let & and (7, §) satisfy Ai = b,

~

>0, JA+§=¢ §>0, and S = iw. Define

Ax — b

U R R (2,9, 8, 1, b, €) — yA+s—c

Xs — pw

Then, ¥(%,9, 5, fi,b,¢) = 0. The Jacobian of ¥ with respect to x, y, and s is

(AOO

Voys¥(x,y,s,0,0,¢)=| o AT T | .

S 0 X |
and the rank assumption implies that this Jacobian is non-singular.

Using the fact that each component function is analytic, the general
form of the implicit function theorem [12] implies the result. ]
An immediate consequence of Theorem 2.6 is that if {(u,b,¢)* € R4y x G} —
(f,b,¢) € Ryy x G,

lim (1.0, 0)") = (4, b, ).

Theorem 2.6 also shows that the omega central path, defined below, is an

infinitely smooth curve over R, x G.
Definition 2.7 Let w > 0 and r € G. Then

CP, = {((1, b, ¢), y(u, b, ¢), s(p, b, €)) + o> 0}

19



is called the primal-dual omega central path. The primal omega central

path is

PCP, = {z(u,b,¢) : p> 0}

and the dual omega central path is

DCP, = {(y(p, b, ¢), s(p,b,¢)) : > 0}.

The primal omega central path is simply referred to as the omega central path
and the primal, dual distinctions are used only when clarity is needed. Also,

when w = e, the primal omega central path is called the central path.

Notice that z(u, b, ¢) is the omega analytic center of P, {z : cx =
cx(p, b, c)}, which is bounded from theorem 2.4. Hence, the omega central
path has the interpretation of being composed of the omega analytic centers of
constant-cost-slices of P,. Renegar’s “conceptual” algorithm [67] is based on
this perspective.

The omega central path has many properties, and in the next section
it is shown that the omega central path converges to an optimal omega analytic
center and that the objective function is either strictly monotonic or constant
along the central path. Also, the special case when the primal or dual central

path contains a single element is characterized.

20



2.3 Basic Properties of the Omega Central Path

Much more than the analytic property shown in theorem 2.6 is known.
Properties of the central path were investigated by Fiacco and McCormick
from the perspective of nonlinear programming [13]. The important fact that
cx(p, b, ¢) is a strictly decreasing function of p is proven here. Hence, the pre-
viously mentioned constant-cost-slices are strictly monotonic as they approach
the optimal face. Furthermore, as is shown in theorem 2.8, for any fixed r € G,
the limit of x(u, b, ¢), as p approaches zero, is the omega analytic center of the
optimal face. This result is strengthened in Chapter 4, where necessary and
sufficient conditions are given for x(u, b, ¢) to converge, even when both b and
c are changing. Others have investigated limiting behavior of the derivatives,
but a discussion of this topic is postponed until chapter 3. Table 2.1 gives a

short guide to these and other analytic properties of the omega central path.

For our purposes, the omega central path is shown to have a unique
limit that is optimal, is strictly complementary, and is the omega analytic
center of the optimal set. These results are well established, and the techniques
of proof are originally in [53]. The proof uses the support set of a vector, which

is defined as the index set, o(x) = {i : 2; > 0}, for any 2 € R’}..
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Author

Type of Results

Fiacco and McCormick [13]

barrier function concept and
convergence proofs

McLinden [53]

analytic centers, complementarity
problems, and properties of
limit points

Bayer and Lagarias [4, 5]

many analytic properties about
the central path and the Legendre
transformation

Megiddo [55]

primal-dual properties are
developed through the use of the
logarithmic barrier function

Zhao and Zhu [100],
and Zhao [101]

properties for the curvature
properties for the curvature
integral of the central path

Adler and Monteiro [1] and
Witzgall, Boggs, and Domich [90]

convergence of the first order
limiting derivatives

Giiler [63]

convergence of higher order
derivatives

Roos, Terlaky, and Vial [73]

text on interior point algorithms;
convergence rate properties of the
central path and first order
derivative convergence

Wright [95]

text on interior point algorithms;
convergence rate properties, and
infeasible interior point methods

bibliographies [47, 94]

large interior point method
bibliographies on the internet

Table 2.1. A synopsis of analytic properties of the omega central path
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Theorem 2.8 (McLinden [53]) Let w € R’} and r € G. Then both

Jim z(p,b,¢) and lim s(u, b, c)

exist and form a strictly complementary optimal solution. Furthermore, the
above limits are the omega analytic centers of the primal and dual optimal
sets, respectively.

Proof: Since,

{(@(p,0,¢),y(p, b, ¢), 5(p, b, ¢)) + > 0}

_ Hn Ay
- {(x(eTwabJ C)Jy(eTwabJ C)’S(eTw’b’ C)) : M > 0}7

we assume without loss of generality that e’ w = n. For any p > 0, the duality

gap is

(1, b, (b, ) = €7 S (1, b, ), by ) = pew =

Hence, Theorem 2.4 implies that {(z(p, b, ¢), s(p, b,¢)) : 0 < p < i} is bounded

for any fixed > 0. This means that there exists a sequence, say {u*}, such

that klim x(u* b, c) = & and klim s(u¥,b,c) = 3. Since, x(u*, b, c) — 7 € null(A)
— 00 — 00

and s(u*,b,c) — § € row(A),

s(uF b, e)x(uF b, c) + 35 = s(pF,b,e)d + sx(uF, b, c) . (2.11)
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Using that © and § are optimal, this is equivalent to
pwhn = Z si(pF, b, c)d; + Z Siai(p®, b, c) . (2.12)
i€o() i€o(8)
Equation 2.10 implies that s;(u*, b, c)x;(u*,b,¢) = pFw;, which means that

equation 2.12 is equivalent to,

W;Z; W;S;

" ) T

As p* — 0, the equality holds if, and only if, o(2)Uo(5) = {1,2,3,...,n}.

Hence & and § are strictly complementary, and o(z) = B and o(8) = N. So,
any cluster point of the omega central path induces the optimal partition.

The fact that £ and s are the omega analytic centers of P; and D},

respectively, is now shown. The existence of the limits follows by the uniqueness

of the analytic center. Let (z*,y*, s*) € P’ x DF. Then, since z(u*,b,c¢) —2* €

null(A) and s(p*,b,c) — s* € row(A), an analogous argument to that above

shows

icoz) i ica(sh)

where the subset relations, o(z*) C o(z) and o(s*) C o($), are used. After

dividing both sides by n, the arithmetic - geometric mean inequality implies

&%

—
VRS
>|N$*
N—
&

—
/N
| VA

sV 1 !
1) <= Ty
Nl g g i a

i€o(z*) i€o(s
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Allowing s* = § yields

and Z g solves max{ [T x;* : x € P}}. Since this means ©p also solves
1€B

max{z w;In(x;) 1 2 € P},

1€B
7 is the analytic center of P}. Upon replacing z* with Z, a similar argument

completes the dual statement. [

The proof technique used in theorem 2.8 is now used to show that if
either the primal or the dual polyhedron is bounded, then as p increases to
infinity the omega central path terminates at the omega analytic center of the
polytope.

Theorem 2.9 (McLinden [53]) Let w € Ry, and r € G. If P, is bounded

and 7 is the omega analytic center of Py, then

lim x(p,b,¢) = .

H—00

If D. is bounded and (g, 5) is the analytic center of D, then

lim (y(p, b, ¢), s(p, b, ¢)) = (¥, 5).

H—0o0

Proof: Recall that equation 2.10 implies that at most one of P, and D, is

bounded. Assume that Py is bounded and that p* is a sequence increasing to
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infinity such that

lim 2(u*,b,c) = 7.
k—o0

Then, for any (Z, (¢, 5)) € Py X D, the orthogonal argument used in the proof

of theorem 2.8 implies
A n . n .
Wiy WiSj
—n=y >
AR P NS M
where it is assumed that e’w = n. Allowing & — oo,

n .A.
nzzwt@’

i=1 T

and the arithmetic-geometric mean inequality implies

n n

Hence, £ = . A similar argument follows for the dual statement. [ ]

Theorem 2.9 shows that for any ¢ € G, ulgg(} x(p, b, ¢) solves

max {zn:ln(:c,;) ze Pb} ,

i=1

so long as P, is bounded and b € G,. Hence, this limit does not depend on c,

but only on b. Similarly, when le (y(p, b, ¢), s(p, b, ¢)) exists, this limit does
14— 00

not depend on b, but only on ¢. The “bar” notation is used to denote these

limits:

z(b) = ‘}Lralox(u,b,c) and
(y(e),s(e)) = lim (y(u, b, ¢). s(p, b)),
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provided the limits exist.

The next result shows the relationship between a constant primal ob-
jective function and the omega central path. In particular, this result demon-
strates that the primal objective function is constant if, and only if, the primal
omega central path contains a single element. The equivalence of the fourth
statement, which shows how the cost vector indicates a single element omega
central path, forces the inclusion of a special case in many of the results in
Chapter 4. This is because a cost vector may indicate a single element omega
central path, while a perturbed cost vector may not have this quality.
Theorem 2.10 (Roos, Terlaky, and Vial [73]) The following are equiva-
lent for the primal problem:

(1) cx is constant on P,
(2) x(pu',b,¢) = z(p?,b,c) for all 0 < p' < p?
(3) x(u',b,¢) = x(u?,b,c) for some 0 < p' < p?
(4) ¢ € row(A)
(5) s(u,b,¢) = us(1,b,¢) for all 0 < p.
Similarly, the following are equivalent for the dual problem:
(1) yb is constant on D,
(2) (y(u',b,c),s(u'sb.c)) = (y(u? b, c), s(pu?, b, c)) for all 0 < p! < p2

(3) (y(u'sb.c),s(p'sb,c)) = (y(p b, ), s(u?, b, ¢)) for some 0 < p' < pi?
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(4) b=0.
Proof: Consider the primal statements. We begin by showing 1 = 2 = 3 =
4 = 1. If 1 holds, then the objective function in 2.7 is independent of both cx
and g, and 1 implies 2. The result that 2 implies 3 is obvious. Assume that 3

is true. Then, because

s(u',b,c) = plw X1 (uh b, )
and

s(u?,b,¢) = pPw" XN (1P, b, 0,
the dual conditions are

y(pu' b, ) A+ p'w" X (p' be) = cand

y(u?, b, ) A+ 2w X7 (p?,b,0) = ¢

Since w” X (1", b, ¢) = WT X (u?, b, ¢), it follows that

1 1 11
<_]U(/'L17 ba C) - EU(,U/Q, b, C)) A= <_] _ _2> C.

I 0

So, ¢ € row(A). Assume 4 is true. Fixing & € Py, we have P, — {Z} C null(A).
So, for all x € Py, ¢(x — &) = 0 and 1 follows.
The equivalence of the first four statements is now established. Note

that 5 = 2 follows immediately from the equality, X (u, b, ¢)s(u, b, ¢) = pw. To

28



complete the result, 4 = 5 is shown. Assume that 4 is true and let yA = c.

Then, s(1,b,¢) € row(A) because
s(1,b,¢) =c—y(1,b,c)A= (y — y(1,b,¢)) A.

Therefore, ¢ — pus(1,b,¢) € row(A) for all p € R, and there exists v, such
that

v A+ ps(1,b,¢) =c.

Recognizing that (z(1, b, ¢), (v,, us(1, b, ¢))) satisfy equations 2.8, 2.9, and 2.10,

for all p € R, ., it follows that

(2(L,b,¢), (v r5(L, b, ))) = ((, b, ), (y(ss,be ), (11, b ))-

Hence, 5 is true.
The proof of the equivalence of the dual statements is similar in na-
ture, and we show 1 = 2 = 3 = 4 = 1. Since (y(p,b,c),s(u, b, c)) is the

unique solution to

max{yb+ p > w;ln(s;): yA+s=c,s >0},
i=1

if yb is constant, (y(u, b, ), s(u, b, ¢)) is independent of yb and u. Hence, 1 = 2.

The fact that 2 = 3 is obvious. Assume that 3 is true. Then, there exists

different ! and p? in R, ., such that

(y(u'sb.c) s, b,0)) = (y(ui® byc), s(%, b))



The necessary and sufficient Lagrange conditions are

b A
= z(p',b,¢)
p' S~ (', b, c)e I
and
b A
= x(p?, b, c)
ptS=H(u? b, c)e I

Since S~ (u', b, c)e = S (u*, b, c)e,

pt I

So,

1 2
b () () 2
It It

from which it follows that b = (0. The fact that 4 implies 1 is obvious, and the

proof is complete. [

The last result of this section establishes that the primal objective
function is monotonically decreasing along the omega central path. This result
is originally found in [13].

Theorem 2.11 (Fiacco and McCormick [13]) cz(p',b,c) < cx(u?, b, c), for
all 0 < p' < p?, if, and only if, ¢ & row(A). Also, y(u', b, c)b > y(u? b, c)b, for

all 0 < p' < p?, if, and only if, b # 0.
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Proof: If cx(u',b,¢) < cx(p? b, c), theorem 2.10 implies that ¢ & row(A).
Assume that ¢ € row(A) and let 0 < p! < 2. Then the strict concavity of the

objective function in 2.7 implies

cx(u', b, c) Zw,ln z; (', b, c))

i=1

< ea(p’ ) p' Y wiln(ay (4, b, c)

i=1

and

cx(p?,boc) — p* > w;In(x;(1°, b, c))

i=1

< cx(u',b,c) szln zi(p', b, c)).

i=1

Multiplying the first inequality by p2, the second inequality by p!, and adding

the two inequalities produces

prex(p' b, c) + plex(p’, b, c)—
(1207 s ) s Y,
i—1 =1
< wex(p’,b,e) + plex(p',b,e)—
(,uQ,ulZwZ In(a; (1, b, c)) +u2u12wl In(xz; (%, b ('))) .
i—1 =1
So,
prex(p', b, c) + plex(p?, b, c) < prex(p?, b, c) + plex(u', b, c),

which implies that

(1> = pex(p' b e) < (0 — p')ex(p?, b, c).
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The result now follows by the assumption that p? > u'.

The dual result follows from an analogous argument. [

This section ends with the development of a simple example that is
used several times. The simplicity of this example allows the central path to be

written in closed form, which is valuable when attempting to motivate results.

Example 2.12 Consider the linear program min{cz : 0 < x < b}, where we
assume that the components of ¢ are not all the same. Incorporating the slack

vector, b — x, the penalized objective function, with w = e, is

cxr — ,uZln(mi) — uZln(bi — ;). (2.13)
i1 i=1

The ith component of the gradient is

Ci*E—F o .

After finding the roots of this gradient, we see that the central path is given

by
( cibs /22
o 2cibi g ci # 0
zi(p, b, c) =
L % if ¢ =0.
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This means that

(

bz(C;:v‘czD if ¢ #0
xi(b,c) = lim z;(u,b,c) = N
u—0t b, ¢ 0
51 1 ¢ =

(
0 if ¢>0
bi _
5 if ¢ =0

This example shows that z*(b, ¢) is not a continuous function of ¢. For example,

fixing b = e,
)
0 if c; >0
zi(e,e) = {1 if ¢ <0
1 -
| 2 if ¢,=0

However, z*(b, ¢) is a continuous function of b for this example. This property
is in general true as shown in chapter 3.

The central path for
min{10z +y+1002: 0< 2z <1,0<y<1,0<z<1}

is shown in Figure 2.1. Notice that the central path terminates at the unique
optimal solution. Furthermore, observe that the magnitudes of the components
of ¢ affect the path. Since c3 is the largest component, the path first attempts

to drive x3 to zero. Once x3 becomes sufficiently small, it turns to decrease
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x1. Finally, it turns again to move x, towards zero. This idea that the central
path makes somewhat sudden turns, and that between these sudden turns it
is almost linear, was recently proven by Vavasis and Ye [89]. This geometric
characterization leads to an algorithm for which the complexity analysis is not

dependent upon b or c.

0.8

0.6

Figure 2.1. A central path.

2.4 Analytic Centers and Data Perturbations

How the central path and the analytic center solution react to chang-

ing data is the topic of interest for the remainder of this thesis. For any r € G,
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define & = (&b, &) to be a direction of change. Notice that theorem 2.3 guar-
antees that for any r € G and any d&r, there exists #* > 0 such that for all
6 €[0,6%), r +60dr € G. Hence, any direction is admissible.

To facilitate linear changes in data, define for any r € G and any dr,

b, = b+ pd and

¢, = c+ T,

where p and 7 are always assumed non-negative. This notation is used only
when a direction of change is understood. For general, nonlinear changes in
rim data, sequences are used. For example, if a general change in b is desired,
then a sequence, {b*}, of admissible right-hand sides is used.

Directions of change for which the optimal partition does not change

on the interval [r,r + 6*dr], for some 6* > 0, are of particular interest. Define

H(r) = {d: there exists §* > 0 for which
(B(r+66)|N(r+6dr)) = (B(r)|N(r)) forall § € [0,6%)},
Hy(r) = {db: (0,0) € H(r)}, and
He(r) = {d&: (0,6c) € H(r)}.
Recent investigations into the properties of these sets are found in [26], [28],

and [31]. The next lemma shows that the optimal partition characterizes H(r),

Hy(r), and H.(r).
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Lemma 2.13 Let  be admissible. Then,
(1) Hp(r) = col(Ap), and
(2) He(r) ={d € H.:dp € row(Ap)}.
Proof: Forr € G, let £* be an associated strictly complementary optimal so-

lution, and & € IR™. The optimality conditions defining the optimal partition

for changes in the right-hand side are,

Aprp = b,
yAp = cp
yAny < cn

rg > 0,

where p is sufficiently small. If & € col(Ap), then there exists x’ such that
Ag(pz') = pdh. Since x3; — px’ > 0 for sufficiently small p, the above conditions
hold, and col(Ag) C Hy(r).

If the optimal partition is invariant for sufficiently small p, then there

exists xp(p) such that Agrg(p) =b,. Hence,

Ap(xp(p) — ) = pb.

and & € col(Ag).

36



The argument for the second statement is similar, except the opti-

mality conditions defining the optimal partition are

AB.Z'B = b
yAp = cp+Ticp
yAN < ey + Ty

rg > 0,

where 7 is sufficiently small. [ ]
In addition to the characterizations in lemma 2.13 for H,(r) and H.(r), the

following decoupling principle is shown in [26],

H(r) = Hp(r) x He(r). (2.14)

The next theorem is an extension of theorem 2.4 to the cases when
rim data elements are allowed to change. It establishes the boundedness of the
union over a converging sequence of rim data of the primal and dual elements
having a bounded duality gap.

Theorem 2.14 Let {r* € G} — r € G. Then, for all M € R,

UE(Tk,M)

k

is bounded.
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Proof: For any (2, s¥) € P x D, the proof of theorem 2.4 demonstrates

that when (z,s) € L(r*, M),

M + skzk
5§
and
M + skt
S; S -t

Let it > 0. Then, setting s* = s(ji, b, c¥) and 2 = (1, 0%, c¥), we have sfa* =

nji. Since {r¥ € G} — r € G, the analytic properties of 2(u, b, ¢) and s(u, b, ¢)
shown in theorem 2.6 imply that s* — s(i,b,¢) > 0 and 2* — x(f,b,¢) > 0.
This implies that there exists a natural number K such that s¥ > 1s;(g,b,¢)

and z¥ > %mi(ﬂ, b,c), forallk > K and i = 1,2,...,n. Hence, for all (x,y,s) €

L(r* M)
M + skzk 2(M + np)
T _
' Sgc Si(ﬂ: ba 6)
and
M + skgk _ 2(M + np)
S _
f zk z;(@, b, c)

when k£ > K. The fact that y is bounded follows from the one-to-one linear

relationship between y and s. So,
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is bounded. Since

U L(rk, M)

k<K

is a finite union of bounded sets, the result follows. [

Theorem 2.14 has the favorable consequence that for any sequence,
{(u*,r*) € Ryy x G} — (0,7) € {0} x G, the sequences {z(u*,b* )} and
{s(p*, b*, c*)} both have cluster points. However, as is seen in chapter 4, the
sequences {xz(u* bk, c*)} and {s(uF, %, c*)} do not necessarily converge. This
means a straight forward extension of theorem 2.8 is not available. Although
the sequences {z(u*, ¥, c*)} and {s(u*, b*, cF)} are not guaranteed to converge,
the next lemma provides sufficient conditions for sub-vectors of these sequences
to converge to zero.

Lemma 2.15 Let {r* € G} - re G. If {g" e R, } =0,

lim zy) (0¥, 05, ") = 0and
k—oc

lim SB(f)(,uk,bk,ck) = 0.
k—oc

Proof: Let {y/*} and {r*} be as above. Theorem 2.14 implies that

{(x(ﬂka bka Ck)’ (U(:U’k> bk’ Ck)’ S('u'k’ bk’ Ck)))}

is bounded, and hence there exists a convergent subsequence. Let

lim (x(,uki, bR ek, (y(uki, bR M) s (ki bR ckl))) = (2,(g,9)) .

1—00

39



Since,

Az (pfe oM, Ry = bbbk M) > 0,
y('uki’ bki’ (,kz)A + S(Mki’ bki’ Cki) — ki ’ S(Mki’ bki’ Cki) > 0, and

s(pF oF M (i bb ) Y = npk

allowing ¢ to go to infinity implies that & € P and (y,$) € D;. The result
follows because P} = {x € Py: oy =0} and D} = {(y,s) € D;: sp =0}. =
Lemma 2.15 leaves open the question of what happens to a:B(T)(uk, b*, ck) and
sney (U5, %, ¢*). The results in chapter 4 characterize the conditions needed
to guarantee the convergence of these components, provided the cost vector
perturbation is linear.

The last theorem of this chapter supplies sufficient conditions for
x(p, b, ¢) to converge to the analytic center of a polytope. Before proving
this result, we present two supporting lemmas.

Lemma 2.16 For any matrix, ) € R”*%, and b € IR?, let
Qy ={u:Qu="0bu>0}

If {b¥} — b and Q, is non-empty and bounded, then

U
k

is bounded.
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Proof: Suppose, for the sake of attaining a contradiction, that

U Qs
k
is unbounded. Then, there exists {u*} such that

uk B bk
k]| [[uk]

Q

’lllC

k|| = oo. Since { \q)k||} is bounded, there exists a convergent subse-

and lim [ju
k—o0

k; ~ . k ~ . A~
quence, say {ﬁ} — . Since {H;TH} — 0, Qu = 0. However, since g > 0,

this leads to the contradiction that foranyu € Qyand f € R, , u+pu € Q). m

Lemma 2.17 Define Q; asin lemma 2.16. Let {b*} — b, be such that Qu # 0,
for all k, and Q, # (. Then,
(1) for any u € Qy, there exists {u* € Qu} — u, and
(2) if Qf = {u:Qu="b,u>0}#0, for any u € Qp, there exists {u* € Qf :
k > K} — u, for some sufficiently large K.

Proof: Let u € Q. Because the following system is consistent,

Q(u+du) = b+ (b —b)

u+ du

v

0,

there exists du such that

Qu = b —b
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u+du > 0.
All solutions of the equation Qdu = b* — b have the form
ou=Q+ (" —b)+q,
where ¢ € null(Q)). Hence, there exists ¢ € null()) such that
U+ 0u=1u+Q"(b" —b)+q>0.
Define ¢* = min{||q|| : ¢ € null(Q), w + du > 0}, and set
wh = QT(* —b) + ¢" and
uf = a4+ auk.
Then, u* > 0, and
Qut = Q(u+ ")
= Qi+QQT (0" —b)+Qd"
= b+ (b* —b)
= W
So, u* € Qu. Since {u + QQT(bF —b)} — u >0, {¢*} — 0, and
k

lim v* = lim @+ &u®
k—o0 k— o0

= lim o+ QQ1(b* —b) + ¢*
k—o0

= U.
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This proves the first statement of the lemma.
The second statement follows because if u € Qf, there exists K such
that £ > K implies u+Q" (b* —b) > 0. Hence, for k > K, ¢* = 0 and u* € QJ,.

The next theorem provides sufficient conditions for {z(u*, b*, c*)} to
converge to the omega analytic center of a polytope.
Theorem 2.18 Let w € R". Also let {* € R, } and {r* € G} be such that:
(1) {bk} = b e G,
(2) Ps is bounded,
(3) {Z—I;} is bounded, and

;—k} is contained in row(A).

(4) every cluster point of {
Then,
lim z(p*, b*, c*) = z(b).
Similarly, if
(1) {*} = e g,
(2) D; is bounded, and
(3) {ir} =0,

then,
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Proof: Let {V* € G,} — b € Gy, P; be bounded, and {;—’Z} be
a bounded sequence such that every cluster point is contained in row(A).
Lemma 2.16 implies that {z(u*,b*, c*)} is bounded, so there exists a subse-

quence such that

lim z(p¥, % &) = 2 and
71— 00
cki
lim — = ¢
7,—>oo'u,i

Since, Ax(pbi, b¥, k) = bki and 2 (uki, bk ki) > 0, allowing i — oc implies 4 €
P;. For any i, the necessary and sufficient conditions describing x(u*i, b¥i, cki)

are

Az(pFi b¥ k) = b
y(pbi, o YA os(pbi bR ) = e
S ok (ki bh kY = pRiw

w(ph bh Ry >0

which are equivalent to

Az (ph bk k) = b

ki bki ki
_y(:u 3 - , C )A — wTXi](/Lki,bki,Cki) _
ki

w(pki bk M) > 0.
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The full rank assumption implies

oyt b M)
p

ki

_ ) ) , -1
_ (JX Lk b¥i ) ) w_) AT (AAT) .

If we prove £ > 0, this last equality implies that the sequence {W}

has a limit, say g. Since ¢ is in row(A), this implies the existence of a § such

that

Az = b
gA = WXt
z > 0

Because these are the necessary and sufficient conditions describing z(b), the
result would be established. We now show that & > 0.

Lemma 2.17 implies the existence of a sequence, {7’ € P}, } = & €
P¢. The optimality of x(u¥i, b, ¢*') implies

ki

F&:(Mh,bki,cki) = 2wl (¥, b, M) < u’“ F =Y win (%),
Jj=1 =1

which is equivalent to

cki

e (:i’ — a(ph bk ckl)) + zn:wi In (xj(,uki, b, ckl)) > zn:wi In (5:;) . (2.15)
Jj=1 j=1

Since {7'} is bounded away from zero, the right hand side of this last inequality

is bounded below. Suppose, for the sake of attaining a contradiction, that as
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i — 0o, x;(pki b¥ ki) — 0, for some j. The boundedness of {z(uki, b%, cki)}
implies

Xn:wi In (xj(uk", b, ck’)) — —00.

Jj=1

Hence, 2.15 implies % (JEl — x(pki ki cki)) — 0o. However, since ¢ € row(A)
and (T — %) € null(A),

cki

o (& — w(ub 0, M) = (@ — &) = 0.

Hence, no such j exists, and z > 0.

The dual argument is similar. Again, lemma 2.16 implies that

{(y(,ukjbkjck), S('ukjbkjck))}

is bounded, and for some subsequence

lim (y(uh, b5, R), s(uh b)) = (3, 9).

i—00
Clearly, (9, 5) € D.. We show that (7, $) = (g(¢), 5(¢)), from which the result
follows because of the uniqueness of (y(¢), s(¢)). Similar to the primal case, the
necessary and sufficient conditions describing (y(,uki, bri, ki) s (ki bk c’“)) are

rewritten as,

g bk FYA st bR R = e
Voo ki pki ki bh
AS™ (:U’lablacl)w - ,U,ki

s(uf ok cfy > 0.
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As before, the key element of the proof is showing that § > 0. This is because

Sk, bhi, kiyw = u" , and if § > 0, { } — 7. Hence,

Az = 0
JA+s = ¢
Si = w

s > 0

which implies that (g, s) = (y(¢), s(¢)). We proceed to show § > 0.
Lemma 2.17 implies there exists a sequence {(gj’:,?) € ngl} such

that, {5’} — § € D2. The optimality of (y(u’“, bri ki) s (ki) bk cki)) implies

|
?J"(
1

i=1

(%) St st 49),

or equivalently,

iwi In(3;) < (y(uki,bk",cki) ) ( > +zn:wz 111( TN AN ))

As before, § > 0 because the left-hand side of the above inequality is bounded

below, {s;(ufi, bk, ck)} is bounded, and ( (b, b, ki) — gi) (bk ) Y .

" i

2.5 Chapter Summary

The omega central path, primal omega central path, and dual omega

central path were defined, and their analyticity with respect to (p,b,c) was

47



established. This result followed from a direct application of the implicit func-
tion theorem. The traditional convergence properties of z(u, b, ¢), with b and
c fixed, were developed after the boundedness of {z(u,b,¢) : 0 < pu < i} was
shown. This result was extended in theorem 2.14 to include the situation of
converging rim data.

Because much of what is to follow pertains to linear changes in the
rim data, notation to accommodate linear changes was introduced. The set
of directions for which the optimal partition is invariant, for arbitrarily small
amounts of change, was characterized in lemma 2.13. Theorem 2.18 provides
sufficient conditions for a sequence {z(u*,b*, c*)} to converge to the omega

analytic center of a polytope.
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3. Marginal Analysis of The Analytic Center Solution

3.1 Introduction

This chapter develops the differential properties of the analytic center
solution with respect to the rim data elements. Marginal properties of basic
optimal solutions are well understood [19], and an analogy to this analysis is
made. When dealing with a basic optimal solution, the marginal analysis is of
penultimate concern for post optimal queries since the solution is linear along
any given direction of right-hand side change. To see this, suppose that B is
an optimal basis, which is compatible with & [29]. Then, for sufficiently small

f, this basic solution is

* =B b+ 0B '®. (3.1)

So, the rate of change along &, for this basic solution, is B~ 'd. Such rates of
change are useful when anticipating the behavior of a particular solution under
fluctuations in constraint levels.

When the primal and dual solutions are unique, the linearity of a
basic solution along any given direction of right-hand side change makes the

marginal analysis important and easy to interpret. However, when the primal
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and dual solutions are not unique, a simplex based approach may have to
pivot to find a compatible basis for the desired direction of change. In such
situations, the degenerate pivots are needed to provide a basic variable that

accommodates the sought after change.

The analysis presented in this chapter deals with the analytic center
solution. Since this solution is unique, the analysis does not have to be divided
into separate cases for unique and non-unique solutions. However, the analysis
is more complicated because the linearity provided by a basic solution is lost.

The main results of this chapter are:

e the analytic center solution is a continuous function of its right-hand
side,

e the analytic center solution is analytic almost everywhere, and

e the analytic center solution is always infinitely, continuously one-sided

differentiable.

The second property implies that the analytic center solution has a Taylor
series expansion with a non-trivial radius of convergence, almost everywhere.
Noticing that equation 3.1 is the Taylor expansion of a basic optimal solution,
we see that such a Taylor expansion is the exact counterpart for the analytic
center solution. Furthermore, the Taylor expansion is easy to calculate as seen

in section 3.4.
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3.2 Notation, Terminology, and Preliminary Results

Let f be a differentiable univariant function defined on the interval

(29, 2"). Define,

f’(.’l?o—F) = lirrrll+f’(fl?) and
fia") = lim M

z—x0+ z — aY

It is worth noting that even if f is continuous at z°, the equality f'(z°+) =

f.(2°), is not guaranteed. For example, take f(z) = xsin(z), for 2 = 0.

The “prime” notation is not precise enough when dealing with multi-
variable functions. To accommodate the notational requirements needed for
differentiable functions from R" — IR™, define for a differentiable function

f:R" - R™,

Dy, f(x)

th

to be the vector whose j*" component is

0" f;(x)

k I
Ox;

h

where f; is the jt component function. This notation is extended for the
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right-sided limit of the derivative and the right-derivative as follows,

Dy flit) = lim Dpf| g

T; T+

and

Dy a | - DENF(E)

DY f(&)= lim

T =T+ ‘.777 — .i‘,‘

The word locally is used to distinguish between one-sided analytic properties
and analytic properties over a neighborhood. For example, z*(b,, ¢) is said to
be locally differentiable along & if there exists a neighborhood about zero, say
N, such that D}z*(b,, c) exists for all p € N. Notice that to be locally differ-

entiable along &, it is necessary that the directional derivatives corresponding
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to &b and —& agree when p is zero. In the next section, a set of directions with

this property is classified.

The formula for the kth derivative of a composition function [24] is
used to develop several results. Let h(z) = f(g(x)), where both f: R — R

and g : R — R are in C* on some suitable neighborhoods. Then h¥)(z) is

25 !jQ!k.!..j,c! | Z:"{(g(x))' {(gﬁ))] <g2('T)>J (g(k/:ET)y} - (32)

k
where the sum is taken over all non-negative integer solutions to ) 15, = k
i=1

k
and z 77 =1m.
i=1

3.3 Differentiating the Central Path

The goal of this section is to establish the existence of the the limiting
derivatives of the central path, with respect to p. The first order deriva-
tives were addressed by Adler and Monteiro [1] and Witzgall, Boggs, and
Domich [90]. The higher order derivatives were investigated by Giiler [63],
and this development is followed here. Although the marginal analysis of z*(r)
with respect to b and c is of primary interest, the later sections of this chapter
show that this analysis follows once the existence of the limiting derivatives,

with respect to u, is established.

The first task is to bound the derivatives with respect to u. Consider
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the defining system of equalities for the central path:

Ax(p,b,c) = b (3.3)
y(u, b,c)A+ s(p,b,c) = ¢ (3.4)
S(p,b,c)x(p,b,c) = wp. (3.5)

Using Leibnitz’s rule, the kth differential of equation 3.5 is

k k s ‘ w ifk=1
> Dy ' X (1, b, ¢) - Dys(p, byc) = (3.6)
=0 0 ifk>2,

3

where the ‘-’ simply means multiplication. For & > 2, define o*(u,b,c) to be

the above sum without the first and last terms:

k-1 k ‘ ‘
O (. b, c) = > folX(,u, b,c)- D,s(p,b,c).

~
! 1

Thus, when k£ > 2, the kth derivatives are iteratively the unique solution to

A-Dix(p,bc) = 0 (3.7)
k k
Dyy(p,b,c) - A+ Dys(p,b,c) = 0 (3.8)
S(M: b, C) ) DZ:E(N7 b, C) + X(M: b, C) ) DZS(M, b, C) = _pk(u7 b, C)' (39)

Since 3.7 implies that Dfz(u,b,¢) € null(A) and 3.8 implies that

DFs(p, b, c) € row(A),

k T ryk _
Dix(p,b,¢)’ Dys(pu,b,¢) = 0.
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Recalling that Q = diag(w), the equality X (u, b, ¢)S (i, b, ¢) = u2 implies,

(73S, b,c) - Dkx(pn, b)) (73X (11, b, ¢) - DEs(p, b, c))
— k T -1 k
- D,ﬂ(ﬂa b, C) S(Ma b, C)Q X(:ua b, C) 'Dus(ua b, C)
= MDZT(Ma b, C)T ’ DZ?(M, b, C)

= 0.

Hence, 75 (u, b, ¢) - DFx(p, b, ¢) and Q72X (11, b, ¢) - DFs(p, b, ¢) are perpen-

dicular. Now, for any two perpendicular vectors, say v and w,
[lv +wlf* = [Jo][* + [Jw]]*.

This, together with 3.9, show that,

19272 6" (1, b, )
= ||Qi%5(:ua b, C) ’ DZT(Ma b, C) + Qi%X(Ma b, C) ) DZ"’(I% b, C)H2

= ||QiES(:U’7 b, C) ) Dﬁl‘(/ﬁ, b, C)H2 + ||Qi§X(:U’7 b, C) ) DﬁS(/j, b, C)HQ'

Expressing the norms in the last equality as inner products yields

1972 0" (.0, 0)[]* =

.1
min{—} (118001 b. ) D, b, )]+ 1X s b, ) Do, b))
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So,

min{ 2} (1S (1. b, ¢) Db (i, b, )| + |1 X (1, b, ¢) s (1, b, ) | ?)
<122 9" (1, b, )2

< Q= PH" (s b, o)
= max{ - }H[o" (1,0, o) |,
and
||S(M, ba C)D;IjT(Ma ba C)||2 + ||X(:u7 ba (})DﬁS(M, ba C)HQ
min{w; }

)

(3.10)

0" (1, 0. ) ||”.

— max{w;}
12

This last inequality implies that D)z y(u,b,¢) and D) sp(u,b, c) are
uniformly bounded as p — 0. This follows since ' (1, b, c) = w, x%(r) > 0,

si(r) >0, and

1S (p, b, ) Da(p, b, €)||* + [| X (b, €) D s (p, b, €) ||

SB(M: ba C) DL'Z‘B(:U’J b: C) XB(:U’J b: C) ’ DLSB(/L; ba C)
= +

SN(M: ba C) DLxN(M; ba C) XN(:U’J b: C) ’ D;SN(,U/, b: C)

min{w; }
2

< masary el
k2

The next lemma gives a representation of Djzg(u,b,c) in terms of
Dz (p,b,¢), 25(p,b,c), and DIxp(p,b,c), where j < k —1. Such a repre-

sentation allows the use of an induction argument to establish the convergence
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of DFa(p, b, c). Before stating the needed representation of DExp(u,b, ), note

that if f(z) = 1 and g(v) = 2(v), 3.2 shows that,

d“f(9(v))
. k! o k Jj(l)(V) Ji
= > (1) m'mr(y) ll_[]< I ) (3.11)
2 (v) 1

_ Ty ("), 2 ). 2" (v), ..., 2" (), (312)

where —T;;)(l(/';) corresponds to the index (4, ja,-..,j%k) = (0,0,...,0,1), and

the function hy_; defined by 3.12 is a polynomial. function.

The next lemma is found in [63]. The proof is included here for
completeness.
Lemma 3.1 (Giiler [63]) Let r € G and define Hg(u, b, c) = Q;%XB(/L, b, c).

Then, for every £ > 1 and pu > 0,

DZ.?:B(M, b,c) =

~Hp(p,b,¢) (AgHp(,b,¢))" Ay - Dyan (i, b, ¢) + Hp(p, b, c) - .
where 7 is the projection of

Q%h(kfl,l?) (Xgm(u7 b: C)@B, D}L.Z‘B(,U/, b: C): DixB(M; ba C), SRR Dﬁile(:U’J b: C)) ’

onto null(AgHp(p,b,c)) and hg_ py is the vector valued function such that

the ith component function, for ¢ € B, is the polynomial in 3.12.
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Proof: Since sp(u,b,c) —cp € row(Ap) and ¢ = cp — s(r) € row(Ag), we

have that
(X,;l(,u, b, c)wB) pu=sp(p,b,c) € row(Ag).
Hence,
X5 (p, b, c)ep € row(Qp' Ap)
and

DZX,Q](M, b,c)ep € tow(Qg' Ap),
for all £ > 1. Furthermore, 3.12 shows that,
DZXEI(M b,c)ep
= =Xz b,¢) - Dyry(p,b,c)
+Xg'eshe-1.p) (X,;m(,u, b,c), Dix(,u, b,c)),..., folx(,u, b, c))
€ TOwW (Q,}lAB) )
Multiplying on the left by Q%XB(,u, b, ¢) provides,
Hy' (1, b,¢) - Diwp(p, b, ¢)—
Q%h(k,LB) (X,;m(u, b,¢), D,x(p,b,c)), ..., Dﬁf]m(,u, b, (’))
€ row (AgHp(p,b,c)).

For notational convince, let

V =row (ApHp(p,b,c)) and W = null (AgHg(u, b, c)).
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Since, V and W are perpendicular,

projyy (Hp' (1.6, ¢) - Dfwp (b, ¢)—
Q%h(k,hg) (Xgm(u, b, c), D;m(u, b,c)),..., fo]m(u, b, (')))
= projy (Hy'(11.b,¢) - Df(1,b, )
—projy, <Q%h<k],3) (X5" (11,5, ), DLo(p, b)), .., DE (b, c))>

= 0.
Hence,

pI'OjW (HEI(,U,, b: C) ' DZxB(M; ba C)) (313)

= projy (Q%h(kLB) (X,;m(,u, b,c), Dix(,u, b)), ..., DZ*lx(,u, b, c))) .
To complete the orthogonal decomposition of
Hy (b, ¢) - Diap(p, b, ¢),
the projection of this vector onto V is needed. Since, equation 3.7 implies
Ap - DﬁxB(,u, bc)+ Ay - DﬁxN(,u, b,c) =0,
we have

(AgpHp) (H,;l : Dﬁmg(u, b, (')) = Ag - DZJ?B(M, b,c) = Ay - Dﬁx;\r(u, b, c).
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Also, since (ApHp)t(ApHp) is the projection operator onto V, the last equal-

ity implies

projy (Hy' - Dkaps(p.b,c))

= *(ABHB)+AN'DZ:I"N(N’ b, C). (314)
Adding 3.13 and 3.14 shows that

Hl;] (M: ba C) ’ DZ'Z‘B(:U’J b: C)

= projW (le?h(kl,B) (X,;m(,u, b, C)a DLT(Ma b, C))7 U] D,’T]W(Ha b, C)))

*(ABHB)+AN . DZTN([L, b, C).

Multiplying both sides by Hg(u, b, ¢) proves the result. |

The importance of lemma 3.1 lies not in the specific representation
of DExp(p, b, c), but rather that this representation requires only lower order
derivatives of x(u,b,¢) and Dfzy(p,b,¢). This allows the use of an induc-
tion argument to show that all limiting derivatives exist. The next theorem
establishes this result and is found in [63].

Theorem 3.2 (Giiler [63]) Let r € G. Then,
lim DYz (u, b, c)

u—0+

exists for all k£ > 1.
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Proof: Assume k = 1. Then, the first derivative of zz(u,b, c), with respect

to u, reduces to
D}ng(,u, b, c) =
—Hg(p,b,¢) (AgHp(p, b,¢))" Ay - Dy (b, c). (3.15)

As already mentioned, Dy (p, b, ¢) is bounded as o — 0. Furthermore, since
w5 (r) > 0, (AgHg(u,b,¢))" converges as u — 0%, see [63]. This implies that
D) xp(p, b, c) also remains bounded as y — 0F. From this boundedness and

the fact that a%(r) = 0 and s%(r) = 0, we see that

lim X (2,0, ¢) D5, b, ¢) + S (1, b, ¢) Dyye(p, b, )

u—0+

| R P 3.16)

S3(r) - Dl (r)
So,
D}L+x}‘v(r) = (SJ*V(T))A wy and
Dyesi(r) = (X3(r) " ws.
The existence of lim D}z g (s, b, ¢) is now implied by 3.15.
u—0+
Suppose that the result is true for all ;7 between 1 and £ — 1. Since
©F (11, b, ¢) contains derivatives whose order is less than k, the induction hy-
pothesis implies that
lim ©* (1, b, )

u—0+
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exists. Since, (z3(r), sy (7)) > 0, this implies that
DﬁmN(u, b, c) and DZsB(u, b, c)

remain bounded as p approaches zero. Hence, the representations for
DZxB(u, b, c) and DﬁsN(u, b,c),

as found in lemma 3.1, show that these derivative also stay bounded as y — 0.
The result follows by letting ;1 — 0% in 3.6, and applying the representations

from lemma 3.1. ]

To illustrate theorem 3.2, consider the central path from example 2.12.

Supposing that ¢ > 0,

cibi + 21 — (/b2 + 4p?

z;(u, b, c) =
Z(Na ) ) 267; )
and
) 1 .1 Iz
lim D z;(jt,b,¢) = lim — — :
0+ p—0+ ¢ 2 [bF T
) 4 c?
B 1
= =

Some higher order limiting derivatives are found in table 3.1
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Order | Derivative || Order | Derivative
1 < 6 — e
2 — 7 0
3 0 8 ,;288
4 b§— 9 0
5 0 10 — 30

Table 3.1. Some higher order limiting derivatives from example 2.12

Now that the differential properties of z(pu, b, ¢), with respect to p are
established, the next section shows how to exploit these properties to obtain

similar differential properties with respect to the right-hand side.

3.4 Marginal Properties of the Analytic Center
Solution with Respect to the Right-Hand Side

This section investigates the marginal properties of the analytic center
solution with respect to linear changes in the right-hand side vector. It was seen
in 2.3, 2.4, and lemma 2.13 that the optimal partition defines both the optimal
sets and the cones of admissible directions for which the optimal partition
is invariant, provided the perturbation is sufficiently small. The first result of

this section establishes that the optimal partition also yields a set of right-hand
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side directions along which the analytic center solution is locally analytic. The
main result of this section is that even when an admissible direction is not a
locally differentiable direction, one sided derivatives still exist.

Theorem 3.3 establishes the local analyticity of the analytic center
solution along directions in H,. This result is quite simple, and all that is
needed is to invoke the implicit function theorem:.

Theorem 3.3 Let r € G. Then, if b € H,, 2*(b,, ¢) is locally analytic along
.

Proof: Lemma 2.13 implies & € col(Ag). So, there exists a full rank matrix
sub-matrix of A, say Ap, with rank(Ap) = m/, such that {x : Agzp = b+
pd} = {z : Agzp = b+ pd}. For sufficiently small p, 2%(b,, c) is defined by

the following system of equations,

Apxp(by,c) = b+ pdh (3.17)
Y(bp,¢)Ag +<(by,c) = 0 (3.18)
Xg(b,, c)c(b,c) = e (3.19)

Similar to the proof of theorem 2.6, define

U RAPHH L RABH (1 ¢ p) — vAp +
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Then, VU is analytic in an open neighborhood of (2%(bg, ¢), v(bo, ¢), s(bg, ¢), 0)
and ¥ ((.’I,'*B(i)g,C),’Y(Eo,C),C(BO,C),O)) = 0. Since the Jacobian of ¥ taken
with respect to (zp,7,¢) and evaluated at (3:’;3(50, c),v(bo, ¢),s(bg, ¢), 0) is non-
singular, the implicit function theorem implies that z7}(b,,c) is an analytic

function of p in some sufficiently small neighborhood of zero. [ ]

Notice that it is important for & € H,, since if it were not, row
reduction could not be used to form equations 3.17, 3.18, and 3.19. Theorem 3.3
implies that along a direction of change that does not immediately alter the
partition, not only is z* (b,,c) of class C*, but z*(b,,c) has a power series

expansion. Differentiating 3.17, 3.18 and 3.19 with respect to p shows,

Ap-Day(by.c) = &
D;‘)'y(bp, c)-Ap + D;‘)<(bp, c) =0
diag (<(by, ) - Dhay + X - (Dhs(bp0)) = . (3.20)
This is a non-singular system of linear equations in D xg(b,, c), D,v(b,, ¢) and
D;g(bp, ¢). The following are seen to hold after a some algebraic manipulations,
Dyap(bpc) = (Xp(bp,¢)* Ap(Ap(X5(by,0)°AR)"'H,  (321)
Dis(bye) = AB(Ap(Xp(by ) A5) &, and

Dby ) = (Ap(Xp(bys )’ A5) . (3.22)
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Equation 3.20 is used iteratively to establish the higher order derivatives. Sim-

ilar to the previous section, define

1k | |
by c) =S diag (Dic(b,. c)) - DE 2" (b, ).

=
Then, for k& > 2,
Ap-Dixy(by,c) = 0
D3y(by,¢)Ap + Dic(by,c) = 0
diag (<(b,,c)) - Dixp + X}, - (Dlgc(bp, c))T = —oh(b,, ),
which implies
D’;x’g(bp,c)
= 9y, ) = (Xp(bp, ) * A (Ap(X5(b,. ) A) " Ap (X (bp, €))* 0l (b, ©),
D’;<(bp,c)
= Ap(Ap(X5(b,, 0))*Ap) " Ap(X5(b,. €))* 0 by, ), and
D’;'y(bp,c)
= —(Ap(Xp(by, 0))*Ap) " Ap(X5(b,, )0l (b, ).

Since xy (b, ¢) = 0 for sufficiently small p, Dz} (b, ¢) = 0 for all k and

sufficiently small p. The Taylor expansion for z*(b,, ) is
o

z*(by,c) =Y D’;x*(bo, c)p.

k=0
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The radius of convergence of this power series still needs investigation. Cur-
rently, interior point solvers are not capable of using this technique to approx-
imate a solutions behavior under right-hand side perturbation; however, the
creator of LIPSOL wishes to add these capabilities [99]. Since all the deriva-
tives rely on the same matrix factorization, the Taylor expansion is relatively
cheap as compared to re-solving the problem for several right-hand sides.

The next aim is to establish that even when & is not in H;, one-sided
derivatives still exist. Four lemmas are presented in support of this aim. The
first of these lemmas was originally shown by Berge in 7?7 (also see [9, 34]),
and states that the limit of any convergent sequence in Pr. x Dy, is contained
in P x D, provided {rf} — r.

Lemma 3.4 (Berge [6]) Let A be an m x n matrix, r € G, and consider the

point-to-set, mapping
X(r) = {(2,9,5): (2,y.5) € P! x D}}.

Then X is a closed map.
Proof: Let {r* € G} — r € G, and {(z*,y*, s*) € P: x DA} = (z,y,s).

Then,

Azl = bk

YA+ sE =
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" > 0
sk > 0
Allowing k — oo produces
Axr = b
yA+s = ¢
Sx = 0
z > 0
s > 0,
which implies (z,y, s) € P x D, u

The next lemma provides a monotonicity for the optimal partition,
with respect to the right-hand side. Results similar to lemma 3.5 are found
in [2, 40|, and are used in [35]. However, these results are only pertain to linear
changes in the right-hand side, and not general changes in . Furthermore, the
results in both [2, 40] are developed from a parametric analysis of the objective
function value, while development below is a simple polyhedral argument.
Lemma 3.5 Let ¢ € G, and {* € G,} — b € G,. Furthermore, let (B*, N*)

be the optimal partition LPx .y and (B|N) be the optimal partition for L.
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Then, for sufficiently large £,
B C B¥ and N* C N.

Proof: We prove the equivalent statement that Dz‘bk o & D*(b, ¢), for suffi-
ciently large k. Suppose, for the sake of attaining a contradiction, that for all

natural numbers K, there exists £ > K such that

D{bk,c) Z D*(b, c).
Then there exists a subsequence {b*¥i} — b such that, for all 4,

D{bki’c) Z D*(b, c).
Because there exists T such that,

{D;‘bki’c) i= 1,2,...} - {D;‘bkt’c) t = 1,2,...,T},
This means there exists
{8y, 55) € Pl oy X D}
which contains only a finite number of distinct elements, say
{(aPr,yP, s, (a2, y™, s7), o (P yPe, sP) )

and for j =1,2,...,q,

(1) € Dy, i
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Since none of the cluster points of this sequence are in D, ., this is in con-
tradiction to lemma 3.4. Hence, for sufficiently large &, DZ‘M’C) C D?b,c)’ which

implies B C B¥ and N¥ C N. [ |

The third lemma in support of showing that z*(r) is one-sided, in-
finitely, continuously, differentiable along any & states that z*(r) is a contin-
uous function of b. Continuity is the strongest analytic property allowed for
z*(b, ¢) over all b € Gy, when ¢ is fixed. This is because the objective function
parameterized with respect to the right-hand side is piecewise linear (see [2, 39
for a recent development using the analytic center solution). This means that
the analytic center solution is not differentiable at the sharp corners of this
parameterized objective function. The continuity result found in the following
lemma is frequently used in the next chapter.

Lemma 3.6 Let {r* = (b¥,c) € G} — r € G. Then,
lim z*(r¥) = 2*(r).

k—oo

Proof: We show that any convergent subsequence of {z*(b*, ¢)} converges to

{z*(b,¢)}. From lemma 2.14,

UP(*bk,c) X Dz(bk,c)
k

is bounded. Without loss in generality, assume that {z*(b¥,c)} — 2. Let
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(B*|N*) be the optimal partition for LPy . and (B|N) be the optimal parti-
tion for LPj ). From lemma 3.5, B C B*, for sufficiently large k. This means
a%5(b%, ¢) > 0, for sufficiently large k. Because 2% (b*, ¢) is the omega analytic
center of

.TgiAB.??B:bk*AN.T* bk,C ,.’I?BZO s
N

the following equation is feasible,

-1

yAp =e’ (Xg(bk, c))

1 —1
Set yF = €T (X;‘;(bk,c» A}, Since {(X;g(bk,c)) } converges, {y*} con-
verges, say to . From lemma 2.15 {x%(b*, )} — 0. Hence, there exists y such

that

These are the necessary and sufficient Lagrange conditions for z%(b, ¢). So,

{z*(b*, ¢)} — a*(b, ¢). u

The last of the four supporting lemmas for theorem 3.8 provides some

one-sided analytic properties of functions and their inverses.
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Lemma 3.7 Consider the function f : [0,ax) — [0,5*) with the following
properties:

o £(0,0) = [0, ),

e fisin C>™ on (0,a*),

o f'(x) >0 forall z € (0,a%),

e f is continuous on [0, a*),

o f)(0+) exists for all k£ > 1, and

o (04) > 0.
Then, g = f~' exists and has the property that ¢*)(0+) exists for all k > 1.

Furthermore,
FO0+) = £9(0) and gP(0+) = ¢ (0).

Proof: Let f be as above. The general inverse function theorem [62] estab-
lishes that g = f~! exists and is in C*® on (0, $*). The mean value theorem

guarantees that for all @ € (0, &*), their exists ¢(«) € (0, «) such that,

From the assumption that f'(0+) exists,

i [P T ) — i | (a(0)) ) = 00

n—0+ o u—0t
So, f1.(0) = f'(0+) and f' is continuous at zero. Repeated use of the mean

value theorem establishes that f is in C* on [0, a*).

72



Because f is onto [0, 5*) and strictly increasing on [0, ax), f(0) =

g(0) = 0. Since

9B) = (3.23)
for all g € (0, 5*), the assumption that f'(0+) > 0 immediately implies

1

909 = o)

Applying 3.11 to 3.23 shows that g¥)(3) is expressible in terms of f'(g(8)),
f"(g(B)), £"(9(B) ... f®(g(B)). So g*)(0+4) exists by induction.

Now, suppose for the sake of attaining a contradiction that ¢ is not
continuous at 0. This means there exists a sequence {3* € [0, 3*)} — 0 such
that {g(5*)} # 0. Since f is a bijection, there exists a unique sequence,
{z% € [0, a*)}, such that f(z*) = B*. This means the supposition is equivalent
to {f(2¥)} — 0 and {2} 4 0. So there exists ¢ > 0 and natural number K
such that {z* : k > K} C (¢, "), which implies {f(z*)} C f((e, a*)). Since g
is continuous on (0, 5*) and g(f((e,a*))) = (e, a*), f((e, @*)) is open. Further-
more, 0 & f((e, ")), and there exists § > 0 such that [0,8) N f((e, a*)) = 0.
However, this implies the contradiction that {f(z*)} 4 0.

Since ¢ is continuous at 0, the mean value theorem is used as before

to show that ¢®(0+) = ¢{¥(0). n
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The tools are now in hand to prove the main result of this section.
Theorem 3.3 already established that z*(r) is locally analytic along any direc-
tion of right-hand side change for which the optimal partition is not immedi-
ately altered, and the next result shows that even when a change in the optimal
partition is forced, one sided derivatives still exist.

Theorem 3.8 Tet 7 € G and & ¢ Hy. Then, DEa* (by+, ¢) exists for all k and
Dby x* (by, c) = DEa* (by+, c) .

p

Proof: Let r and & be as above. From [28], there exists p > 0 such that
(B ((b+ pdb,c)) |N ((b,+pd,c))) is unchanged for all p € (0,p). Denote this
optimal partition by (B'|N'). Lemma 3.5 implies AB = B'\B(r) # 0. If
i € N\AB, z}(b,,c) = 0 for all p € [0,p). Consider the following linear

program which has an optimal value of zero:
min{p : Agzp + Aapzap — pdh =b,zp > 0,za5 > 0,p > 0}.
Let {(z5(p), zap (1), p(p)) : 1 > 0} be the central path. Then
zp(p) = xB(bp(u)a c) , zas(p) = x.*AB(bp(,u)a c),
and from the continuity of z*(r) in its right-hand side,

2p(1) = w4(r) > 0, zan(n) = 2hp(r) = 0.
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as ;1 — 07. Furthermore, p(u) — 0, as p — 07, and the optimal partition is

(B|AB U {|BUAB]| + 1}), where the index |BJAB| + 1 corresponds to p.
The proof of theorem 3.2 implies that p, (0) > 0, and hence there

exists some interval, say [0, u*), where p(u) is invertible. Denote the inverse

by u(p) and let the corresponding interval be [0, p*). Then for all p € (0, p*),
z(1(p)) = wp(by, ¢) . and zap(p(p)) = 255(by, ).
So, for all i € B AB, equation 3.2 implies

Dj; (by, c)
) Zjl!jj!__jk! | (;Zi, (4(0)) - {(/ﬁ'l(!p)y'l (u”?(!p))b.” (%)jk} |

Lemma 3.7 implies that u(p) — 0% as p — 0%, and theorem 3.2 consequently

shows the existence of

Lemma 3.7 also shows the existence of

lim 1" (p),

p—07t

fori=1,2,..., k. So D’p“m*(b0+, ¢) exists. From lemmas 3.4 and 3.6, 2*(b,, ¢)
is a continuous function of p, from which lemma 3.7 shows Dk, z*(by, c) =

Dka*(bo+, c). |
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This section ends with an example that demonstrates many of the results just
developed.
Example 3.9 Consider the linear program min{—zs : 0 < z; < 1,0 < 29 <

1,1 + x9 < bg}, which is shown in figure 3.1. After adding a slack vector,

10100 1
A=1o901010/|.b=]1 ]| ,andc=(0,-1,0,0,0).
11001 b

The analytic center solution is easily verified as

<% [b3+2,/b§+b3+7},1> if by >1

(0, b3) if 0<b3<1

(23(r), 25(r)) =
The optimal partitions are

({1,2,3,5},{4}), ({2,3},{1,4,5}), and ({2,3,4}, {1,5}),

for b3 > 1, b3 = 1, and 0 < b3 < 1, respectively. Furthermore, since

1 A —
. = B 9 .
b};fﬁl+ 3 [bg + 2 bg + bg + 7:| = 0,

x*(r) is continuous in bs.
Let & = (0,0,1)". Then, & € col(Ap) when by > 1 and 0 < b3 < 1. When

by > 1,

<b3+p+2—\/(b3+p)2+(b3+p)+7>,

[SSEN

i(r) =
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which is a locally analytic function of p on (1 — b3, b3 — 1). Similarly, when

0< by <1,

T;(T) = b3 + P,

which is locally analytic on (—bs,1 — b3). Hence, theorem 3.3 is validated for
this example.
Set b3 = 1. To illustrate the application of theorem 3.8, both limiting and

one-sided derivatives need to be calculated. The limiting right-sided derivative

is
N PRV 1
. . 3 2./ 0243p+9 6
lim D, z*(r) = lim prkIpt =
p—0+ ‘ p—0t
0 0

Since, D) a5 (b+ pdb, c) = 0 and

D2y (b + pdb, c)
. 34+ p—VpP+3p+9
= lim

p—07t 3[)
1

67

the equality, D;;x* (b+ pd,c) = Djsx* (b+ pdh,c), holds. In Figure 3.1, The
darkened circles indicate how the analytic center solution moves as b; decreases
from infinity to 0. When b3 = 1, the optimal partition changes under any
perturbation. As just shown, the first order limiting derivatives agree with the

one-sided derivatives when b3 = 1.
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by =05 by =1 by =15  by=2

Figure 3.1. An example of tracking the analytic center and its

marginal derivatives.

3.5 Bounding the Derivatives of the Analytic

Center Solution

The previous section showed that z*(r) is a continuous function of
b and is analytic along (&, 0) when & € col(Ap). Furthermore, theorem 3.8
established that even when z*(r) is not differentiable along &, it is one-sided,
infinitely, continuously differentiable. The two main results of this section
provide uniform bounds on these derivatives. The first of these results show

that the derivatives of z*(r) along & are uniformly bounded. The second of
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these results shows that D), z*(r) is uniformly bounded over
{weRY, :|wl =1}

Both of these results use an observation due to Stewart [86] (see also [10, 14,
87]), which is stated in lemma 3.10.

Define D, to be the set of positive diagonal matrices in R™*™. For
any D € Dy, set Ap = D?A and P, = AA;D%. The following lemma shows

that Pp is uniformly bounded over D, ..

Lemma 3.10 (Stewart [86]) There is a number k£ > 0, such that

sup ||Pp|| < k.
D

€D

Proof: Let

O = {u € col(A) : |Jul| = 1}

and

K = U leftnull(DA).

DeD4 4

Denoting the closure of K by K, the first fact to establish is that K N C = 0.

This would imply

inf ||jv—ul >0,
(u,w)eCX K
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which is then used to complete the result. Suppose for the sake of attaining
a contradiction that K NC # (. Then there exists a sequence {vF € K} —
u € C. For every k there exists D¥ € Dy such that v* € leftnull(D*A).

So, (D*)zvF € leftnull((D¥)2 A) and since u € col(A), (DF)zu € col((DF) A).

Hence,
0=v"Dby = Z uidfvi.
u; 70
Since, |lu]] = 1, some u; # 0. However, for sufficiently large k, u;uF > 0 when

u; # 0, which implies the contradiction that the right-hand side of the last
equality is positive. Hence, K NC = 0.
Define

1
> 0.
inf  ||u— vl
(u,0)ECXK

>~
Il

For any fixed D € D, ||Pp]| = ”m”a}] |Ppw|. Let ||w|]| =1 and w = u + v,
where u € col(A) and v € leftnull(DA). Then |[Ppw| = ||u| and to bound
|Pp|| we show that ||u|| is bounded. Without loss of generality, it is assumed

that u # 0. Since *» € C and % € leftnull(DA),

Tlull [l

o ||w|
[ Ial
|lu+ ||
[
B ‘ u v ‘
Jull [l
1
< -
-k
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So, || Ppl|| < k. Since k is independent of D,

sup | Ppll < k.

DeD,y
]
The following corollary contains the exact statements used to establish the
desired bounds on the derivatives.
Corollary 3.11 (Stewart [86]) If A has full column rank, there exists & such
that

sup [[(A"DA) T AD| < k

DeDy 4

and

sup [|(D2A)" D[] < [|AT[|k.

DeD

Proof: Since the full column rank of A implies
Pp = (A"DA)'AD,

the proof of the first inequality is immediate from lemma 3.10, Furthermore,

the full column rank assumption implies

ATPy = (ATA)TTATA(ATDA) 'ATD
= (A"DA)'A"D

= (D?A)*D>.

81



Hence,

sup [|((D?A)* D3| = sup [|A*Pp]
DeDy 4 DeD4 4
< ||AT| sup |[Ppl|
DeDy 4
< [JAT[[E.

Corollary 3.11 allows the following definition for any full column rank matrix,

xa= sup |[(ATDA) TAD].

The next theorem establishes that the first order derivatives along any &% are
uniformly bounded.

Theorem 3.12 Let r € G and & be fixed. Then,
1Dy (11, by, )| < X ar |-
Furthermore, if 8 € H,,
1Dyz* by, )| < xarl|b]].

and if b &€ H,,

| D) sx* (bo, €) || < x ar||ob]l,

where A and & are defined as in the proof of theorem 3.3.
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Proof: Let r and & be as stated. D) x(u,b,,c) is defined by the following

equations:

ADJx(p, by c) = &
D;y(uabPJC)A—i_D;S(M:bﬂ:C) =0

Sty by, €) Dy (1, by, ) + X (1, by, €)Dys (1, by, ¢) = 0,
which implies
-1
Dha(p, by, ) = X*(u, by, ) A" (AX?(11,b,, ) A") .

Hence, corrallary 3.11 and the assumption that A has full row rank establish
the first bound. Similarly, 3.21, theorem 3.8, and corollary 3.11 provide the

remaining two bounds. ]

In contrast to theorem 3.12, which provides uniform bounds on the
directional derivatives, the forthcoming material shows that Dﬁlﬁm(,u, b,c) is
uniformly bounded over {w € R, : |[w|| = 1}. Recalling from theorem 2.2
that any element in the relative interior of a polytope is an omega analytic
center, we have that such a result is essentially shows that the bounds provided
by theorem 3.12 are independent of a specific omega central path. The result
relies on the assumption that the dual is not degenerate. This is because dual

non-degeneracy is shown in the next lemma to guarantee that Ap has full row
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rank, which is needed to invoke corollary 3.11. In the following lemma, the
dimension of a set in IR" is defined to be the dimension of the smallest affine

subspace containing the set.

Lemma 3.13 (Roos, Terlaky, and Vial [73]) Let r € G. Then,

dim(P;) = |B|—rank(Ap) and

dim(D;) = m —rank(Ap).

Proof: Because PF = {x : Apxp = b,z > 0,25y = 0}, the smallest affine
subspace containing P} is {z : Aprp = b,xy = 0}. The dimension of this
affine space is equal to the dimension of the null(Ag) which is | B| — rank(Ag).

Similarly, D} = {(y,s) : yA+s=rc¢,sp = 0,5y > 0} and the smallest
affine subspace containing Df is {(y, s) : yAp = ¢B,yAn + sy = cn, s = 0}.
Since sy is uniquely determined by any y that solves yAg = ¢p, this affine space
has the same dimension as the leftnull(Ag). The proof is complete because the
dim (leftnull(Ag)) = m — rank(Ag). |
Lemma 3.13 shows that the dual solution is unique if, and only if, Ay has full
row rank. An explanation of the required dual non-degeneracy follows. Recall

that lemma 3.1 showed that

_1 _1 +
Dlll‘rB(:U’J b: C) = _QBZXB(MJ ba C) <ABQB2XB(:U’7 b: C)) An - Dllt'rN(:U’J b: C)‘
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The first problem that a dual non-degeneracy assumption solves is the con-
vergence of (ABQB%XB(M, b, (:))+ as ;t — 07. The problem here is, that in
general, a sequence of matrices { A¥}, which converges to A, does not guarantee
{(A’“)+} — AT. See [8] for an example of such a sequence. However, if Ap

has full row rank,
_1 + _1 —1
<ABQBQXB(M, b, c)> — A0 X, b, ) (AR5 X5, b, ) AG)

Since invertible matrices have the desired convergence property,

1 + 1 +
lim (ABQ;XB(M, b, c)> = (ABQBQX};(TD

u—0+

The dual non-degeneracy assumption overcomes a second problem. Because
dual non-degeneracy implies that Ap has full row rank, this assumption allows

the use of corollary 3.11. From 3.16, D, a}(r) = (S%(r)) ' wy, and
1 * -3 * -3 * + * —1
D.ay(r) = —Q7 X3 (r) (ABQBQXB(T)> A ((S30) " wn) . (3:24)
Corollary 3.11 guarantees
-1 -1 +
sup{ 251 X30) (4025 6500) | 2 € RE ol =1 < g

So, if (Si(r)) ' wy is uniformly bounded over {w € R, : |jw|| = 1}, D, sa*(r)
is uniformly bounded over {w € R’ : ||w|| = 1}. The next lemma provides

such a result, and the statement of the uniform bounds follows.
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Lemma 3.14 As in lemmas 2.16 and 2.17 let
Q={u:Qu=>bu>0},

where here we assume that Q is bounded and has a non-empty strict interior.

Let u(w) be the omega analytic center of Q. Then,
sup{|lw”U "(w)|| : w € R, [[w] = 1} < oc.

Proof: Since ||w| = 1, e’w < n. The necessary and sufficient conditions

describing u(w) are the existence of (v(w), w(w)) such that

Qu(w) = b

As in the proof of theorem 2.4, let & € Q° and (9, w) be such that 9Q +w =0

and w > 0. Then,

A A T A A
wu + e w wu +n
0 <w;(w) < < )

U T

Since w;(w) = “57 and the last bound given is independent of w, the result is

7

proven. [

Theorem 3.15 Let r € G. Then, if the dual solution is unique,

sup {|| D)2 (r)]| s w € R, Jw]] = 1} < oo,
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Proof: From equation 3.24,
1 7% * 7% * + * —1
Dlay(r) = =925 X50) (As25" X50)) " An (S ()" ww)
Hence,

e
< Hﬂéxgm (492, X0 H Lanl ] ((Sx) )|

+|((Sx ) wn)|.

The assumption of a unique dual solution, corollary 3.11, and lemma 3.14 pro-

vide the result. m

3.6 Chapter Summary
The results of this chapter establish that the analytic center solution

has the following properties:

e z*(r) is a continuous function of b,

e *(r) is locally analytic along any & € H,, and

e the one sided derivatives of z*(r), along any &, always exist.
Furthermore, theorems 3.12 and 3.15 show that, under a dual non-degeneracy
assumption, the first order derivatives are uniformly bounded, independent of
which omega central path is of concern. Weather or not this result is true

without the non-degeneracy assumption remains an open question.
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4. The Omega Central Path and Simultaneous Rim

Data Perturbations

4.1 Introduction

This chapter establishes a set convergence property for the closure
of PCP,, denoted PCP, and defined as PCP, U{z*(r)} if P, is unbounded and
POP, U{z*(r),z(b)} if Py is bounded. For any r € G and d&, define PCP ;) =

{zg(n,b,6) : n > 0} to be the omega central path corresponding to

min{&BzB . ABZB = b, ZB Z 0}, (41)

where (B|N) is the optimal partition for the data instance r. For any eta € R,

2g(n, b, &) is referred to as the n point of PCP; 4. Because

{zB(n,b,&) : n > 0}

is an omega central path, it has all the properties established in chapter 2. For
example, zg(n, b, &) is an analytic function on R, , x G, x R". The omega

analytic center solution for 4.1 is denoted by

25(b,0c) = lim zg(n, b, &). (4.2)

n—0t+
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Recognizing that {(zp,0) : Apzp = b, zg > 0} = P}, corollary 2.5 implies that

the feasible set for 4.1 is bounded. This together with theorem 2.9 implies,
Zp(b, 0c) = nli_)r(r)lo zp(n, b, &) = x3(r). (4.3)
The closure of PCF; 5 is defined similarly to PCP,;
WZ,&) = PCP| J{zg(b, &), 25(b, &) }.

Specifically, the main result of this chapter is that

lim  PCP) = PCP; | J (PCP; 5) x 01},

(b,-)—(b,2)
where 0Nl is the set containing the zero vector of length |N|. This result
follows from a parametric analysis of the elements in PCP,, with respect to 7
along a fixed d. Surprisingly, the parametric analysis presented for 7 allows
general changes in the right-hand side vector (notice that b — b in the above
limit with no restrictions on {b*}). This means that simultaneous changes in
the cost coefficients and right-hand side vectors are allowed, so long as the cost
coefficient change is linear. As seen in theorems 4.5 and 4.14, extensions to

theorem 2.8 are possible with such as parametric analysis.

4.2 Convergence Under Linear Cost Changes
The fact that 2*(r) is not a continuous function of ¢ is demonstrated

in example 2.12. Since discontinuities produce severe changes in z*(r), one
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might believe that severe changes in the central path must occur. However,
there is a continuity of central paths, when central paths are viewed as sets.
To motivate this idea consider the following example.

Example 4.1 Consider the linear program,

min{z; : 0<z; <1, z € R"}.

The optimal objective value is zero and the analytic center solution is %e — %ej.

Furthermore, the optimal partition is

B = {1,2,....n0\{j} and

N = {j}

Let & be such that dc; # 0 for some 7 # j. Using equation 2.13 in Example 2.12,

the central path is defined by

( n o T
L T Vil if i#j and &; #0

27dc;

zi(p, e, cr) = if i#7 and &; =0

1
2

1+7d0c;+2u—/ (1478 )2 +4pu2
L 2(1470dc;)

if i=

The question posed is, “How does x; (1, €, ¢;) behave as 7 — 077" Consider the
three cases,

(1) pu = nr, for some positive real value 7,
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(3) 1=
Case 1 Let 1 be any positive real value. Then making the substitution y = nr,

( Toei+2n7T—/ T2 82 +4(nT)?
270c;

if i#j and &; #0

zi(nr e, ) = § 1 if i#j and &; =0

1+7ée;+2n7—+/ (1+7de;)2+4(nT)> i o=
2(1470c;) =y

(% it i and & #0
= : it 1#j and &; =0
L 1+7&:i+2m;(]Jr(i;:)&:i)%zi(m)? T i= .
Since,
. 14 7ée; + 2071 — \/(1 + 76c;)? + 4(nT)? _0
70+ 2(1 + 7éc;) 7
we have
( % if i#j and &; #0
i :Tlirgl+$i(n7,€,cr) =93 if i#7j and &; =0
L 0 if i=j.

Notice that o(2) = B, and hence Z € P*. Upon examining equations describing

the central path for

min{dprp —n Y In(z;): Agzp =b , x> 0},

iEB
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ip is found to be the n point of PCPj ;). Hence, for any {r*} — 0 and
x € PCFj 5 X 0Vl there exists {z* € PCPyc )} — .

Case 2 When p = 72,

( oror S
R if i and &; #0
(% e m) =1 1 if i and &; =0
14-710c;+27% —/(1476c; )2 474 o=
{ 2(1+70c;) =y

Allowing 7 — 0" produces,
1 if i# 7 and d&; <0

0 if i#7j and &; >0

T = Tl—i>%l+ zi(1%e,7) =

Loif i#j and & =0

0 if i=j.

\

Hence, in this case 7 is the analytic center solution to
min{c,z : Az = b,z > 0},

where 7 > 0 is sufficiently small. Furthermore, 2 is the analytic center solu-
tion to
min{dprp: Aprp =0, xp > 0}.

Case 3 If = /7,

( T0C; —\/T 24 At . .
R VA it i#j and d&; #0

27dc;
ri(VT.e7) =4 1 if i#j and &; =0
1478 +2/T—+/ (1+78;)2+4T TR
(14 rdcr) =17
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When 7 — 07,

it 7]

N[

= lim x;(\/T,e,7) =

70t
which is precisely the analytic center solution of
min{cz : Ax =b , = > 0}.

The idea here is that the perturbed central paths are converging not only to the
central path corresponding to the linear program with no data perturbation,
but also to the central path corresponding to the minimization of the per-
turbation direction over the optimal face. Figure 4.1 shows the central paths

for

—_y42:0<2<1,0<y<1,0<z<1}),

. {T
miny —x +
4 2000°

where 7 =1,0.8,0.6,0.4,0.2 The vertical line is the central path for

min{z:0<zx<1,0<y<1,0<z<1},

and the path contained in the z-y plane is the central path for

min T + . T .
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0.8

0.6

Figure 4.1. The geometry of central path convergence.

The first lemma of this section shows that cgpxp is constant on the
null space of Agz. This fact is almost obvious once the optimal set is recognized
as an affine transformation of the null space Ag.

Lemma 4.2 cgu = 0 for all u € null(Ap).

Proof: If the columns of Ap are linearly independent, zero is the only ele-
ment in null(Ag) and the result is trivial. Otherwise, let ug € null(Ap) and
(u3y,0) € (PF)°. Then there exists @ > 0 such that (u};,0) + a(u,0) € (P})°.

Since cg(uly + aupg) = cpuly, 0 = acgup = cpup. [
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Although the primary interest in what follows is the behavior of the
omega central path under linear parametric changes in ¢, the addition of al-
lowing general changes in b presents no difficulty. Historically, the properties
of a solution under simultaneous changes have received less attention than the
properties of a solution when only one rim data element is perturbed. A recent
exception to this is found in [28], where it was shown, using the analytic cen-
ter solution, that the objective value is a quadratic function of r. The ability
of allowing simultaneous changes in b and c is a strength of the forthcoming

analysis.

The next lemma demonstrates how the constant-cost-slices corre-
sponding to each pu > 0 are modeled through right-hand side changes. A
consequence of this modeling is that zg(u, b, ¢), for any fixed p > 0, is describ-
able without the linear portion of the objective function. This follows because
the omega central path’s reliance on the objective function is implicitly ex-
pressed through the optimal partition. It is precisely this modeling scheme

that allows for the simultaneous changes in the rim data.

Lemma 4.3 cpxp is constant on

{.’I)B . AB.’I)B =b— AN.TN([L, b, CT) , TR 2 0},
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and consequently xp(u, b, c,) is the unique solution to

min{réprp — ,uZwi In(x;): Apxp =b— Ayay(p,b,¢;) , xp >0}, (4.4)
i€B

Proof: By definition, z(u, b, ¢;) is the unique solution to

min{cz — Y w;In(z;) + 76z : x € Py}

i=1
Holding the components of zx(u, b, ¢;) constant, xg(u, b, ¢;) is the unique so-

lution of

min{cgrp — szi In(z;) + 7écgrp : Agrp =b— Anzn(p,b,c;) , zp > 0}.
i€EB

So, once it is shown that cgxp is constant on
{zp: Aprp =b— Ayan(p,b,c;) , xp > 0},

the result follows. If the columns of Ap are linearly independent, the result is
immediate because this set contains a single element. Otherwise, let z};, and
7% be in

{zp: Apxp =b— Ayan(p,b,¢c;) , xp > 0}.

Then z; — 2% € null(Ag), and lemma 4.2 implies
ey — alzl — vp)) = cpry,

for all 0 < o < 1, which proves the desired result. [
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Lemma 4.3 allows the following useful convergence result, which states
that if u converges to zero, the right-hand side vector converges, and the cost
vector is held fixed, then z(pu, b, c) converges to the analytic center solution.
The proof is similar to the proof of theorem 2.18.

Lemma 4.4 Let 7 € G, {b* € Gy} = b€ Gy, and {p* € R, ,} — 0. Then,
lim x(p*, 0%, ¢) = * (7).
k—o0

Proof: Let {b*} and {u*} be as above. From theorem 2.14, {x(u*, b*, ¢)} is

bounded. Let {x(u*,b* ¢)} be a subsequence such that

lim x(p", bk, ¢) = 7.
1— 00

Establishing that 2 is a*(7) proves the result by of the uniqueness of z*(7).

Lemma 4.3 shows that zz(u*, % ¢) solves

min{— Y In(z;) : Apzp = 0" — Ayan (", 0%, ¢), 25 > 0}.

JjeB
The necessary and sufficient conditions for this math program are that, for any

i, there exists y’ such that,

Agwg(p® b¥ c) = b — Ayay(pFi, b e)
y'Ag = ¢ Xp'(p" 08,0

zp(ut bk e) > 0.
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Let

yh=e" X5 (ki v e) A,

so that

y'Ap = el Xt (M bh o) AR Ap = e X5t (1M, 0% ).

If # > 0, {y'} converges, say to , and because lemma 2.15 shows

we then have,

{xN(Mkia bkia 6)} — 07

gAp = €' X5

=

> 0.

Since these are the necessary and sufficient conditions describing x%(7), the

result would follow. The fact that £ > 0 is forthcoming.

Lemma 2.17 implies the existence of a sequence {73} such that,

~1
AB‘/EB

~

g

lim 7
1—00 B

>

bki — AN.Z'N(/Lki, bki, 6),
0, and

x> 0.

The optimality of x5 (u*, b* ¢) implies that

> ln(a?;-(,uki, e >N ln(f";)

jEB

jEB
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As i — oo the right-hand side of the above inequality converges to

> In(i;).

jEB

Hence, {x(u*,b* ¢)} is bounded away from zero, and & > 0. |

Lemma 4.3 leads to the following observation:

wn(ber) = z5(2 b — Anan (b, ), &), (4.5)

ot
which is crucial in establishing subsequent results. In words, each element of
the central path is also an element of a central path contained in a constant-
cost-slice and defined by the perturbation direction. Figure 4.2 illustrates these
two interpretations of central path elements. The vertical line is the central
path for

min{z:0<2<1,0<y<1,0<2<1},
the curve in the x, y-plane is the central path for
. 1
m1n{m+1—0y:0§m§1,0§y§1},

and the curve from (%, % %) to (0,0,0) is the central path for
1, 1
LP:mln{x—i—ﬁy—l—z:(]gxg1,0§y§1,0§z§1}.

The constant-cost-slice is, for some g > 0,

{(,y,2) :0<2x<1,0<y<1,0<2<1,2=2(ub,c)},
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and the curve on this constant-cost-slice is the central path for

1
LP? min{z+ —y:0<2<1,0<y<1,2=2(jibc)}.

Equation 4.5 shows how the central paths for LP' and LP? intersect.

0.8

Figure 4.2. Two different interpretations of an analytic center.

From theorem 2.14,

N =
VAN
N
—

(zu(E b — Axan(pb,e,), &) : 0 <
T
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is bounded, for any g > 0 and 7 > 0, and hence has at least one cluster point.
However, if {y*} and {7*} are positive sequences converging to 0, the sequence

{‘T‘—:} does not have to have a limit point. Hence, guaranteeing the existence of

lim x(p, b, c,),
(u,b,c7)—(0,b,¢) (M )

is, in general, not possible. This means extending theorem 2.8 to include shift-
ing rim data is not straightforward. However, the next theorem does extend
theorem 2.8 to include the case of general right-hand side changes and linear
cost coefficient changes. The conditions stated for the extension are “nearly
necessary and sufficient”, as shown in lemmas 4.6 and 4.7.

Theorem 4.5 Let (ji,b,¢) € R, x G and d& be fixed. Also, let {uF € Ry} —

i, {F € Ry} — 0, and {b* € G,} — b. Then,

x(f1, b, c) if >0
x*(7) if 1 =0and lim‘T‘—k,:oo
klirn x(pF ok en) = koo ™
— 00 _
(zp(n,b,%),0) if p=0and kliriloﬁ—i:n>0
(z3(b,&),0) it p=0and lim =0,

Proof: The case when z > 0 is an immediate consequence of theorem 2.6.

So, assume = 0 and consider the case when,
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Lemma 2.15 implies that

lim xy (", %, ) = 0.
k—o0

Since, {’T‘—:} is bounded away from zero, theorem 2.6 implies that

k—o0

k
lim zp (M—k,bk — ANmN(uk,bk,ch),&:> = 2p (77, b, &’) .
T

Using the fact that zz(u*, b, ¢.) = 2p (‘T‘—:, Ve — Ayay(uf, 05 cx), (50),

lim z(pf, oF ) = (ZB(ﬁ, b, 60),0) .

k—o0

The next situation considered is when,

Since lemma 2.15 implies the sequence
{bk — AN.’EN(Mk, bk, ETk)} — 6,

lemma 4.4 implies that

k

lim ZB(M— b' — Anan(pF b5, ), &) = 2

. k k -
lim zg(p”, by, ) = =
k— o0 k—o0 T

1 Ypr

which establishes the result in this case.

Lastly, assume that
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Once again, lemma 2.15 implies the sequence

{bF — Ayan(pF 0%, c)} — b

Furthermore,

ke

Since corollary 2.5 shows that P} is bounded, the conditions to apply theo-

rem 2.18 are satisfied, which states that

k
lim 25 (p", b*,¢x) = lim ZB(M—k,bk — Anan(pF, 0F e), &)
k—o0 k—o0 T
= zp(b,&)
= xy(r).

Together with definition 77, this last result is used to show

lim  PCPy,,) = PCP; | J (PCP(; 5, x O™) .

(b,cr)—(b,6)

This means that {z* € PCP .y} — & must imply

v € PP, |J (PCP, 5y x ON1) .

It ¥ € POPyy . ), there exists p* such that «¥ = x(p*, b, ¢,x). Notice that

k)

characterizing the conditions of {(u*,b* c,+)}, for which {z(u*,b* c.+)} con-

verges would be of great use. Theorem 4.5 is used to develop such necessary
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and sufficient conditions; almost yielding enough information to state these
conditions directly. The problem is that if z = 0, not enough is shown about
the last three limiting values stated in theorem 4.5. The next two lemmas add
this needed information and theorem 4.8 states the necessary and sufficient
conditions.

Lemma 4.6 Let 7 € G, & ¢ H,., and {b* € G} — b. Also, let {u* €
R,,} — 0and {7 € R,,.} — 0 be such that the sequence {‘T‘—Z} does not
converge. Furthermore, let {%} and {‘T‘%} be two convergent subsequences,

one of which possibly converges to infinity. Then,

implies

lim z(p®, 0%, cn) # lim a(uh, 0%, ¢ 4;).
1—00 j—00

Proof: Without loss in generality, assume

) ki ) Mk]-
lim < lim —.
i—00 Tki J—00 Tkj

Theorem 4.5 implies that

(25(7,0¢),0) if lim 4 =0

i—00

. k k
lim z(p" 0% e ) =
71— 00

(ZB(n]JbJ &);0) lf llm /sz — 'r]] > 0

\ i—oo T

104



and

(07, b,&),0) if lim &2 = < o
Jim (0 c,) =

Since & € H., lemma 2.13 implies that &g ¢ col(Ap). Theorem 2.11 now

provides that for any n' < n?,

&BZ*B(BJ &) < (SCBZB(TIIJBJ (SC) < &BZB(U2J Ea (SC) < &B-/E*B(f);

and the result follows. ]

Lemma 4.7 If r € G and & € H,.,

Zp(b, &) = 2 (1. b, &c) = (b, &),

for all p € R4 5.
Proof: Lemma 2.13 implies that &g € row(Ap) and theorem 2.10 implies
that zp(n', b, &) = z5(n%, b, &), for all ' and n? in R,,. Equalities 4.2 and 4.3

imply the result. ]

Theorem 4.8 contains necessary and sufficient conditions to assure the

convergence of {z(uk, b* c.x)}.
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Theorem 4.8 Let 7 € G. Also, let {u* € Ry} — 0, {7F € R, .} — 0, and

{bF € G} = be Gy If &c € He,

lim 2(p*, 0%, ¢.0) = 2*(7).
k—o00

If c & H,,
lim z(p*, 0%, ¢,0)
k—o00
exists if, and only if, {‘T‘—:} converges, possibly to infinity.

Proof: From lemma 4.7, if &c € H,,

k
'Z‘B(/’Lkibkié’rk) = ZB(%:bk_ANJ:N(,U/kakJETk)J&)

= 250" — Ayan(pF, 05, c), &).

Since lemma 3.6 shows that 2} is a continuous function of its right-hand side

and lemma 2.15 shows that Ilcln(ll oy (pk bk ) =0,
%

}i_)rglom(uk,bk,@k) = lim (z’;?(bk — ANmN(uk,bk,ETk),&),mN(,uk,bk,ETk))

Consider the case when & ¢ H,.. If {‘T‘—:} converges, even to infinity,
theorem 4.5 demonstrates that the limit exists. If {‘T‘—:} does not converge, this

sequence has at least two cluster points, one of which may be infinity. Hence,
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ki

there exist at least two convergent subsequences of {‘T‘—:}, say {“kl } and {%},

one of which may converge to infinity, such that

ki

k;
lim # lim i

isoo Tki 7§00 TR

Theorem 4.5 implies that both

. k. k; —
lim (™, b, ¢ x, )
71— 00

and

i ki pki ¢
']lirglox(u NN

exist, and lemma 4.6 implies that these limits are different. So, {z(u*,b*, c )}

does not converge and the result follows. [

The following set convergence property is the main result of this chap-
ter, and it shows exactly how the primal omega central path behaves as a set
under simultaneous changes in the right-hand side vector and cost coefficient

vector, provided that the cost coefficient change is linear.

Theorem 4.9 If ¥ € G and d& is fixed,

lim  PCPy,.,) = PCP; | J (PCP(; 5, x O™) .

(b,e7)—(b,c)
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Proof: Let {V* € G,} = b€ Gy, and {7% € R, } — 0. The first part of the
proof establishes

lim  PCPq,) = PCP; ] (PCP(; 5, x 0M) |

(b,er)—(b,c)

Suppose the sequence {Tk € PCPy ¢ k)} — #. For each k, let 1* be such that

aF = z(pk, b*, ¢.+). Consider a subsequence of {uF}, say {uFi}, that converges,

possibly to infinity. To show that 2 € PCP; U (PCPZﬁ&:) X O‘N‘), three cases

are considered.

Case 1 If {y*} — i > 0, theorem 2.6 implies

&= lim z(p*, b% ¢ +,) = x(f1, b, ).

) T
71— 00

Since x(ji, b, ¢) € PCP;, this situation is complete.

Case 2 Suppose {p*} — 0. Theorem 4.8 shows that when & € H..,

&= lim (", 0% ¢ ) = 2*(7) € PCP;.

i—00

Furthermore, theorem 4.8 shows that when & ¢ H., {’T‘I;} must converge,

possibly to infinity. From theorem 4.5,

(

x*(r) if ile ‘T‘f: = 0oc
f:ilirgx(ﬂki,bki,éTki) = (23(77,6,(5(3),0) if }LI& LTLZZ =n>0
| (z5(0.®),0) if lim e = 0.
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Since x*(r) € PCP;, and both z(n,b, &) and 25 (b, &) are in PCPZ;,&:)’ this
case is validated.
Case 3 Assume {ufi} — oo. This case is completed once theorem 2.18 is

shown to apply, which in turn provides that

&= lim z(p*, 6% c +,) = z(b).
71— 00

Since {b*} — b and {i:,f;

} — 0 € row(A), all that is left to establish is that
P is bounded. Assume for the sake of attaining a contradiction that Pj is

unbounded. Then there exists a sequence {z* € Py, } such that ||z'|] — oc and

lim - =0, j=1,2,...,n. The optimality of z(u*, b* ¢ x,) implies

) e
n n
j=1 j=1

or equivalently

_ . )
T (o = 6 ) Y I (0,85, ) 2 Y In().
. i=1 j=1

However, since {xz(p*, 0%, )} — & and lim I;Z = 0, the contradiction

i—o00 H

that the left-hand side of this inequality is bounded above implies that P;
is bounded.

The proof has so far established that if a sequence {z* € PCPyi; )}

converges, the limit of this sequence is in PCPz|J (PCPEMC) X O‘N‘). The next

part of the proof shows that any element in PCP;J (]DC’PEF,&:) X O‘N‘) is the

limit point of a sequence {z* € PCPyi e 0}
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Let + € PCP;. In the case where P; is bounded and z = Z(b),
theorem 2.18 shows that {z(k,b*,¢x)} — z. If 2 = x(p, b,¢) or x = z*(7),

theorem 4.5 implies

1 _
fa(p+ 705,000} = w(b,0) and

{z(VTk BF e)) — ot ().

Let x € PCPZ?,&:) x OV If @ is either (z5(n, b, o), 0) or (25(b, &), 0),

lemma 2.15 and theorem 4.5 imply
{a(r 0, e)} = (25(n, b, &), 0) and
(8, 60)) = (255, ®),0).

The possibility that 2 = z*(7) is taken care of in the previous paragraph.

The proof has now established that

lim  PCP,) = POP: | J (PCP; ) x 0M) |

(b,er)—(b,e)

What remains to be shown is that if a convergent sequence, {z* € PC’P(,,k,ETk)},

contains infinitely many times either x*(b* ¢,x) or, in the case when P is

bounded, z(b*), the limit of this sequence is in PCP; | (PC’PEMC) X O‘N‘).
If P; is bounded, Py« is bounded for sufficiently large k£ by lemma 2.16.

Furthermore, lemma 3.6 shows that z(b) is a continuous function of b (since
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setting ¢ = 0 implies *(r) = Z(b)). So, if {a* € PCPy, )} — « and contains
z(b*) infinitely many times, x = z(b).

Suppose that {z* € W(bkyérk)} — x and that the sequence contains
infinitely many elements of the form z*(b*, ¢.+). The first step in handling this

situation is to show that {z%} — 0. Let € > 0. By definition,

2y (0%, ce) = lim 2y (p, 0%, cpn).
u—0+

So, when zF = 2*(b*, c.+), there exists g* > 0 such that u € (0, z*) implies

€

||'7"N(Ma bkaETk) 7T*]<\7(bk767'k)|| < 9

Let {u* € (0, 7*)} — 0. Lemma 2.15 shows that {xy(u*,b*, c,x)} — 0. Hence,
there exists natural number K, such that k& > K implies |lzy (1", 0¥, c,0)|| < §.

Hence, when k£ > K,

||',I;N(bkaé7'k)|| < ||'7"N(bk’é’rk) - mN(Mkabkach)|| + ||.73N(Mk,bk,(j7_k)||

< €,

and {z%} — 0. Now, using lemmas 3.6 and 4.4 to establish the third and

fourth equalities respectively,

k—oc k—oo \ p—0+

lim 2%(b*,¢4) = lim (lim xp(, b’ﬂw))

= lim (lim z;q(ﬂ V' — Axan(p, bk,ch),&)>

k—oo \ p—0+ Tk ’
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= lim 25(b — Ayay (b", e, &)
k—o00

= 23(b, &).

Hence, if {z¥ € PCP . .} — x and contains infinitely many elements of the

form z*(b*, c.+), © = (2%(b, &), 0) € PCP; and the proof is complete. u

The proof of theorem 4.9 does not use any dual information. This
is because it is possible that both the rim data and primal elements con-
verge, while the dual elements diverge. For example, if ¢ € row(A) and
{pk} = {1,2,1,2,1,2,...}, z(u*, b* c,x) converges to the analytic center of
P;. However, theorem 2.10 implies that the corresponding dual sequence,
{s(u¥, 0%, c.x)}, has the two cluster points s(1,b,¢) and 2s(1,b,¢) = s(2,b,¢).
The problem here is that the near complementarity constraint implies that

k

s; = “zw;. The failure of the dual elements to converge is now easily seen from

the divergence of the sequence {y*}. In general, even if both {y*} and {2%}

k .
converge, the convergence of the sequence {’;—k} is not guaranteed unless

lim zF > 0.
k—oo

Once the dual counterparts are established in the following section, exam-
ple 4.19 shows exactly how this can happen. The next theorem does not

completely resolve this issue, but it does show when the convergence of {u*}
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is guaranteed.

Theorem 4.10 Let 7 € G. Also, let {V* € Gy} = b€ Gy, and {7F € Ry} —
0. Then, the convergence of {x(u* b* ¢.) € PCPyy . )} implies the conver-
gence of {1*} (possibly to infinity, if P; is bounded) if, and only if, ¢ & row(A).
Proof: Suppose that ¢ € row(A). Consider the situation of P; being bounded,

{pF} ={1,2,1,2,...}, and {7*} = {%} Then,

and independent of whether or not & € row(Ag),

lim z(pf, 0%, ¢.) = z(b).

k—o0

Hence, if ¢ € row(A), the convergence of the sequence {xz(u*,b* ¢,+)} cannot
guarantee the convergence of {u*}.
Assume ¢ ¢ row(A) and suppose for the sake of attaining a contra-

diction that {u*} does not converge. Then there exist subsequences, {z*i} and

{pki}, such that

0 < lim p* < lim p% < oo.

i—00 j—00

If 0 < lim p* = p', theorem 2.6 implies that
71— 00

lim 2 (™, 0% ¢ ) = x(p', b, ¢).

i—00
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Similarly, theorem 2.6 and theorem 2.9 imply

x(MQ,B, 6) lf llm /,ij = ,LL2 < o0

hm x(MIw 7 bkj 7 ET’C]' ) — j—oo

j—o0

z(T) if  lim pb = oo,
j—o0

However, theorem 2.11 implies

cx(p',b,¢) < cx(u®,b,e) < cx(r)

for all 0 < p' < p?, where the last inequality is included only when Z exists.

This is a contradiction since this implies

. k k _ . k k —
Jim 2 (u™, 0%, €0 ) # lim x(u™, 6%, 8;).

The only situation left is when lim p* = 0. However, lim p% = 0, together

1—0Q 1— 00

with lemma 2.15, lead to the contradiction:

0= lim 2y (p", 0%, ") # lim ay (uh, 0%, ¢ ;).
i—00 j—00

Hence, {¢*} must converge. |

4.3 Equivalent Dual Statements

This section presents the dual counterparts of the previous section.
There there are no new proof techniques, and consequently, the results of this
section may be read without the proofs. Example 4.19 shows exactly how the

convergence of both the rim data and primal elements does not guarantee the
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convergence of the dual elements. The first Lemma is the dual statement of

Lemma 4.2.

Ay Ap
Lemma 4.11 yb =0 for all (y, s) € leftnull
Iy 0
Ay Ap
Proof: Let (7,5y) € leftnull and (y*,s*) € (D;)°. Then
Iy 0

(y*, (0, s%))+0(7, (0,5x)) € D, for sufficiently small §. Since (y*+079)b = y*b,

for sufficiently small 6, yb = 0. [ ]

The perpendicular property shown in lemma 4.11 is now used to show
that (y(u,b,, ¢), sn(,b,,c)) is uniquely optimal on a cut through the dual
feasible region.

Lemma 4.12 Let r € G and & be fixed. Then, yb is constant on

{(yas) : UAB =CBp — SB(MJ prC)JyAN + SN = CN, SN Z 0}7

and consequently (y(u,b,, ¢), sn(p, by, €)) is the unique solution to

max{pyd + p > w;In(s;) :
i€N

yAp = cp — SB(,U; bp: C); YAN + Sy =cn, Sy > 0}-

Proof: By definition (y(u,b,,¢), s(4, b,, ¢)) is the unique solution to

max{yb + py® + 1> _ w;In(s;) :

=1
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yAp +sp = cp,yAx + sy = cn, 5 > 0}
Fixing sp(p, by, ¢), (y(i, by, ), sy (i, by, ¢)) is the unique solution to

max{yb-+pyd+p Yy wiln(s;) : yAp = cp—sp(1, by, ¢), yAn+sy = cn, 55 > 0}
IEN

So, the result follows once it is shown that yb is constant on

{(?/;SN) cyAp =cp — SB(,U; prC)JyAN + Sy =cCn, SN 2 0}-
If the rows of
Ax Ap

Iy 0

are linearly independent, then the result follows since this set contains a single

element. Otherwise, let (y!, sk) and (y?, s%) be in
{(?/;SN) cyAp =cp — SB(,U; prC)JyAN + Sy =c¢n, Sy = 0}-
Then,

- Av Ap
(y', sn) — (v%, s%) € leftnull :

Iy O

and lemma 4.11 implies

(y' = a(y' —y?)b=y'b,

for all 0 < a < 1, which proves the result. [ ]
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As a dual counterpart to PCP 4, define
mp{;,&)) = {(P(Ua &)7 C): QN(UJ (Y), C)) Ln > 0}
to be the central path corresponding to the linear program,

max{pd : pAp = cp, pAy + ¢ = cn,q > 0}.

Both DOP, and DCP,, 5, are defined as PCP, and PCP?T’&,) were defined. As

in the previous section, the needed observations provided by lemma 4.12 are

that
[ cg — sp(H, by, €)
U(:U’J bpac) =p ;7&): (46)
CN
and
Cp — SB (M: bpa C)
sn (b, ) = ax % &, . (4.7)

CN

Similar to lemma 4.4, the next lemma provides a useful convergence result
when b is held fixed.

Lemma 4.13 Let 7 € G, {¢* € G.} - ¢ € G,, and {y*F € R, ,} — 0. Then,

lim (y(uF,b, %), s(u*, b, ) = (" (1), 5"(7)).

k—oo
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is bounded and hence contains a convergent subsequence. Let

lim (y(u¥, b, *), s(u¥, b, ) = (3, 5).

i—00

Showing that (7,5) = (y*(7),s*(F)) proves the result by the uniqueness of

(y*(r), s*(7)). Clearly, (7, 5) € D.. Lemma 4.12 shows that

(. 5. ), s (1,0, )

solves

max{z In(s;) : yAp = cp — sp(p™,b, ), yAn + sy = ey, sy > 0} )

JEN
The necessary and sufficient Lagrange conditions for this mathematical pro-

gram are the existence of 2’ such that

y(:ukivbacki)AB = CB*SB(Mkiabvcki)

U(Mkla BJ Cki)AN + SN(MkiJ 67 Cki) = CnN
A" = 0
ahy = Sy'(u" b, Fi)e

sn(pFi b, k) > 0.

If 55 > 0, {2%} converges, say to . In this case, setting

i __ + [

118



implies {z}} = {—AJFAyaYy} - —AZAniy, and

A = —AgAhAnin + Anin

= *AN.’%N + ANJA/‘N

Hence, because Lemma 2.15 shows {sg(u*, b, c*)} — 0, 55 > 0 implies

9Ap = cp
AN + 5y = cn
Az = 0
Iy = S’”e,

which are the necessary and sufficient conditions for (g, §) = (y*(r), s*(7)). The
fact that Sy > 0 is now established.
Lemma 2.17 guarantees the existence of a sequence {(7,5%)} that

converges to (7, Sy), where 5y > 0 and

(gji,fél}v) c {(y,sn) : yAp = cg — sp(p™, b, "), yAx + sy = cn, sy > 0}.

The optimality of (y(,uki, b, ¢k, sy (pki, b, ('kl)) implies that

> In (sj(,uki, b, ('kl)) > > In (5;) .

JEN JEN
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Since the right-hand side of this inequality converges to 3=,y In (5;), 55 > 0,

and the result follows. ]

The next theorem is the dual extension of theorem 2.8 to include the

case of general cost coefficient changes and linear right-hand side changes.

Theorem 4.14 Let (1,7) € R, x G and & be fixed. Also, let {u* € R, } —

i, {pf € Ry} — 0, and {c* € G.} — ¢. Then,

k—o0
(y(7.b. ), s(ja. b)) it >0
(y*(7), s*(T)) if p=0, klggo;‘_’,j — o0
(p(n, ®,¢), (0, qn(n,d,¢)) if p=0, lergo’;—: — >0
| " (®,0), (0, q5(®,0)))  if p=0, klggog—’; =0

Proof: If i1 > 0, the result follows as a direct consequence of theorem 2.6.

Assume that g = 0 and consider the case when kli % =1 > 0. Lemma 2.15
—0Q

hS)

implies
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Since % is bounded away from zero, theorem 2.6, together with 4.6, and 4.7

o
imply that
B k ch — sk, b, ck)
. k k . . 7] B B s Yph
Jim y(p", byr, ) = lim p ?,5[),
k
N
= p(n,d,¢)
and
. P k . Mk C% - SB(Mkagpkack)
klgrolo SN(M prkac ) = kIL%QN EJ(Y)J
k
CN
= q(n,®d,¢).
The next situation considered is when klim ’;—: = (0. Since lemma 2.15
—0Q
implies

—C,
el
lemma 4.13 implies that
_ k CB_SB(:U’kakJCk)
lim y(uk,bpk,ck) = limp 'u—,(Y), ’
k—oo k—o0 pk &
N
= p' (&)7 E)
and
. P k _ . ,u,_k Cp — SB(:U’kJBkaCk)
lim sy (p", by, c”) = lim gy | =, &,
k—oo k—o0 p &
[ & J
= qN((Yjv E)
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The last case to consider is when klim % = 00. Once again, lemma 2.15
—

o

A

implies that

Furthermore,

k—oo

o
ra

Since corollary 2.5 shows that D; is bounded, the conditions to apply theo-

rem 2.18 are met, which implies

. k k - . u_ B B 5 Opk,
kh—goloy(u ,bpk,(,‘ ) o kll)ngOp pk’&)’ .
C’T
and
k k _ k7 k
lim sy (p®, by, c®) = lim gy B9 ¢y — sp(p", byr, c”)
k—oc 1o ko0 pka ) .
CN
= sy(r)

As in the previous section, the goal is to use theorem 4.14 to estab-

lish necessary and sufficient conditions for {(u*, b, c*)}, which guarantee the
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convergence of {(p(,uk, by ), an (¥, b, (’k)) } The next two lemmas provide

enough added information to state such conditions.

Lemma 4.15 Let 7 € G, & ¢ Hy, and {c* € G.} — ¢ € G, Also, let {u* €
R,;} — 0and {p¥ € R ;} — 0 be such that the sequence {‘p‘—:} does not
converge. Let {‘p‘%} and {;‘%} be two convergent subsequences, one of which

possibly converges to infinity. Then,

ki k;
. :
lim

1—00 pki J—00 pkj

implies

hm (U(/’Lkla bp’“i ) Cki): S(:U’kia bpki ’ Ckl))

1—00
7é }ggo (U(Mk7= bpkj ) ij): S(:U’kj: bpkj ) ij )) .
Proof: Assume without loss of generality that
ki k;
lim — < lim ,u_kf
i—oo phki j—oo pFi
From theorem 4.14,
llir{.é (U(:U’kla bpki I Cki)a S(/'Lkia Bpki I Ckl)) -
_ % _ . . ki
(p>s<((Y)7 C)7 (07 qN((Y), C))) if llirg} i:kz =0
. . k;
(p(n]a&)a E)a(oan(T]]a&)a E))) if }LI& Zkl - 77] > 07

and
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(p(n?, ,2), (0, qn(n?, ,2))) if lim &2 =% >0

j—oo pd

k.
(y*(r), s*(7)) if lim 4 = oc.
Since & ¢ H;, lemma 2.13 and theorem 2.11 imply that for any n' < 7?,

p* (b, e)b > p(nl, », )b > p(nQ, &b, ¢)db > y* (7)d,

which proves the result. [

Lemma 4.16 If r € G and & € H,,

(p(n, &, €), (0, gn (1, &, €))) = (p"(D €), (0, gn (b, €))) ,

for all n € R, ..

Proof: Lemma 2.13 implies that & € col(Ap) and theorem 2.10 implies that

(p(n',®,¢). (0,qn(n". @, 2))) = (p(n? d,¢), (0,qn (n*, &, €))) for all n' and * in

R, .. Since

(p*(®, ), (0,¢"(d, €))) = lim_(p(n, ®, ¢), (0, qn (1, b, ))),

n—0+

the proof is complete. [

The next theorem characterizes the conditions for which the sequence

{ (y(,uk, b, ), (¥, b, ck)) } converges.
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Theorem 4.17 Let 7 € G. Also, let {y* € Ry} =0, {p* € R, .} — 0, and

{cFeG.} »ceg. If e Hy,

lim (y(u*, by, b, s (¥, by, ) = (07 (@, 0), (0, ax (B, 0))).-

k—o0

It &b & H,,

lim(( b, ), s(pF, by, ))

exists if, and only if, {‘p‘—:} converges, possibly to infinity.

Proof: If & € Hy, lemma 4.16 implies that

k Ck — S (Mk B k Ck)
17 B B y Upk s
( I bka Ck) p pk ) éb:

= p"| b,
ok
and
o 1k chy — sp(pF, by, c¥)
SN ( prkac) = 4N _kJ(Y)J
p ok
°N
. chy — sp(pk, by, c¥)
- QN (y)a
ck
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From lemma 3.6, both p* and ¢} are continuous functions of their right hand

side, and from lemma 2.15 sp(pF, Bpk, c*) — 0. So,

C% - SB(Mka Bpka Ck)

: k k _ : *
Jim y(u, by, %) = lim p* | &,
o
= p(®0)
and
. . . o [ ch :eg(uk,i)pk,ck) -I
lim sy (p”, b, c”) = lim gy | &, ‘
k—o00 k—o00
k
Cn
= gy (d,c).

Assume & € H,. If {ZL_:} converges, even to infinity, then theorem 4.14

shows the existence of lim (y(u’“, by, ), s(pF, b, c’“)) If {%} does not con-
k—o00 p

verge, then this sequence has at least two cluster points, one of which may be

. k;
infinity. Let {sz} and {:‘Tj} be two convergent subsequences such that

ki kj
lim # lim iy

imoo pki 7 jooo phi

Theorem 4.14 implies that both

hm (y(iukla bpki ’ Cki)v S(Mkia bpki ) Cki))

1—00
and

hm (y(lu’kja bpkj ) ij)a S(Mkja bpkj ) ij))

J—00
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exist and lemma 4.15 implies that these limits are different. [ ]

The last theorem is the dual analog to theorem 4.9, and it shows
how the dual omega central path behaves under simultaneous perturbations in
the rim date, provided that the change in b is linear. In the statement of the

theorem, mP?&)’E) x 018l is used to denote {(y, (0,sn)) : (y,5x5) € m’P?&,’&))}.

Theorem 4.18 If 7 € G and & is fixed,

lim DCP, ., = DOP;|J (DCP g ) x 0/71).

(bp.c)—(b.2)

Proof: Let {c* € G.} — ¢ € G., and {p* € R} — 0. The first part of the

proof establishes

lim  DCPy, ) = DOP; | J (DCP 4 ) x 0/71).

(b ,c)=(b,c)

Suppose the sequence {(yk, sk) e DCP, Mk)} converges to (i, 5). For each k,
P

let % be such that (y*,s¥) = (y(,uk,b k ck),s(uk,bpk,ck)). Consider a sub-

pr

sequence of {uF}, say {u*}, that converges, possible to infinity. The task of

showing that (g, ) € DCP, U (DOPZ&E) X O‘B‘) is divided into three cases.

Case 1 If {y*} — 1 > 0, theorem 2.6 implies

(g’ §) = hm (y(ﬂk’a bpk7 ) Cki)ﬂ S()ukia bp’“ia Ckz))

1—>00

= (y(@.b.¢), (1. b,2)) € DCP;,
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and this case is complete.

Case 2 Suppose {p*} — 0. When & € H,, theorem 4.17 shows that

(5,8) = Jim (y(u", by, ), s(u¥, b, )

= (p"(&,0), (0, qx(,0))) € DOP g x 07

kg

Also, when & &€ H,, theorem 4.17 guarantees that {“k,

pri

} converges, possibly to

infinity. Then, from theorem 4.14,

(5,8) = lim (y(u¥, b, ), (45 byie, M)

(
(y*(r), s*(7)) i lim ﬁf_: —
= 3 (e, d,¢),(0,q(n,d,¢))) if kllrﬁlo’;_: — >0
= * — . k
L (p*(&)ic)a(oaq (&;C))) if kli)m g—k =0

Since (y*(7), 5° (7)), (01, &, 2), (0, g(17, B, ))), and (5* (&, ), (0, ¢*(, ©))) are all
in DC’P ) X 0/P! this case is dismissed.
Case 3 Assume {p*} — oo. This case is completed once it is shown that

theorem 2.18 is applicable, which in turn shows that

(§,8) = lim(( ey ), s (it bph,,z))

1—0Q

= (y,5) € DCP;.

Since {c*} — ¢ and {b } — 0, all that is left to show is that D; is bounded.

Assume for the sake of attaining a contradiction that D, is unbounded. Since

lyll = 11(c — ) AT(AAT) M| < fle — s[|[|AT(AAT) 7],
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the unboundedness of D, means there exists a sequence {(y’,s') € D, } such

that ||s’|| — oc and { } — 0. The optimality of

(w1, by, ), (¥ b i, )

implies
( bpk,, i)bpk —|—,u Zw, In( s](u 7bpk” )) > ?Jibpk,- _"_uki Zwi 1n(5§-),
7= j=1
or equivalently,

n

Z lnsjlu’apz; ZZ

( ( bkaJ ) - y1)
The contradiction that the left hand side of this last inequality is bounded
implies that D; is bounded.

So far, the proof has shown that if a sequence {(yk, sk) € DCP, kyck)}
P

converges, the limit point of this sequence must be an element of

DCP; | (DCPg, x 0/7) .

The next piece of the proof shows that every element in

DCP; | J (DCP,, x 07)

is the limit of a sequence {(yk, sk) € DCP(,,pkyck)}.

Let (y,s) € DCP;. From theorem 2.18, if D, is bounded and (y, s) =

(9, 5), {( (ky by, c®), s(k, by, ))} — (y,s). Similarly, if

(v, 9) = (y(1. 5, 0), 5(1,5,0)) or (y.5) = (y'(7), 5°(r)) ,
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theorem 4.14 shows

{(y(u+ ,t,bp (), s+ ;,bpk,ck)>} = (1.5, 0), 5(11,b,0))

and

{0 b ) s b ) | = 7057 (0)).
Let (y,s) € WI&,E) x OB If (y,s) is (p(n, ®,¢), (0,qn(n, &, ) or

(p*(dh, €), (0, g5 (b, €)), lemma 2.15 and theorem 4.14 demonstrate that

{0 by, ), s(mpk by )} = (00, @, €), (0, an (0, B, 0))

and

{(U(( )prkza )7 (( )pr’“w ))}%(p*(&,é),(o,qjv(&),é))).

The proof has now established that

li DCP, c :lx’P17 DOP. . . % O‘B‘ .
(bp,C)gl(i),é) (brhosc) U ( (9,e) )

What remains to be shown is that if the convergent sequence {(y*,s*) €

DC’P(;,pk,ck)} contains infinitely many of either (y*(bpk,ck) s*(bpk,ck)), or in

the case when D; is bounded, (gj(ck), §(ck)), the limit point of the sequence

is contained in DCP:J (mPZ&E) X O‘B‘). From lemma 2.16, D, is bounded

when D; is bounded. Since lemma 3.6 shows that (y(c), §(¢)) is a continuous

function of ¢,
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when the sequence contains (gj(ck), s(ck)) infinitely many times.
Suppose {(y’“,s’“) € DCP, | k(,k} — (y,s), and that the sequence

contains infinitely many elements of the form (y*(l;pk, ), 5% (b, c’“)) First,

the fact that klim s3(byi, ) = 0 is established. By definition,
—00

Sg(bpk’ Ck) = ulironJr SB(Na bp’“a Ck)'

So, when (y*,s*) = (y*(bpk,ck),s*(l;pk,c’“)), there exists p* > 0 such that

p € (0, zF) implies
. €
I b 4) = sl e, )] <

s Yphs

Let {u* € (0,*)} — 0. From lemma 2.15, klim sg(pk, by, c*) = 0. So, there
—00

exists natural number K, such that £ > K implies
k k €
||SB(M ,bpk,C )H < 5
Hence, when k£ > K,

s (e NI < Mlsi Oy, ) = sm(u" bpe, )+ [Is5(1", by, )|

< €

and lim s7(byx, c*) = 0. Now, using lemma 4.13 to establish the third equality,

k—o0

lim (y* (g, c*), s (b, )

k—o0
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= lim (lim (y(u, Bpk,ck),SN(/,L, bpk,ck))>

k—oc \ p—0+

. . 7] CIIC? - SB(M: Epka Ck)
= lim | im |p|—, &,

k—oo ‘u~)0+ p &
CN
ook
il Cp — SB(Na bpkap )
gn _ka&a
p k
CN
k po ok k Pk
. . cp — sp(by, c*) . cp — sy, c”)
= lim | p* | &, Jqn | O,
k—o0 & ©
N CN

= (p"(d,¢),qx(d, ).

Hence, if {(yk, sk) e DCPy, , Ck)} — (y, s), and the sequence contains infinitely
ok

many elements of the form (y*(Bpk, ), % (b, ck)),
(4. 5) = (1" (3, ), (0,45 (D, 0))) € DCP g, x 0F,

and the proof is complete. [ ]

As in the previous section, this last result did not use any primal
information in the proof. This is because the primal elements may diverge
even when both the rim data elements and p converge. This section ends with
an example demonstrating such behavior.

Example 4.19 Consider the linear program,

min{’T&}]ﬂ?] +7'&2.?72 + x3: 0 S r; S 1+p&7,7 = 1,2,3}
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From example 2.12,

i (1", bk, Co)

Thac; (1+p @) 42" —\/(Thae))2(1+pF ®)2+(2u0)2 .. .
P if 1=1,2

L4+pk @) +2u* — /(14 pk )2+ (2pk)2 o
(p)u2(p)(u) if i—3

2
%\/(1+pk&)2+(fk“;i) if i=1,2

L1+ @) + pf — L /(1 + ph®)2 + (2uk)?  if i =3,

k
s (14 pk®) + H5 —

T

Using that ;(u*, be, ¢.x)si(pF, byr, c;x) = —p (the negative is needed because
the primal problem is not in symmetric form), it follows that the complemen-

tary dual variables are

si(1", bk, k)

s Yphs

(

o k_ ks.. . .
21k if 1=1,2
TR de; (14+pk M) +2uk —/(Thde;) 2 (1+ph )2+ (2pk )2

—2ut .
L (1+pk&,)+2uk,\/ Ltk )2+ (200)2 if 1=3

k . .
2\/ 1+p,% + (Thie;)” — 2 — TRy if i=1,2

1+pk

k k . .
2 (Hp,%) +1-— 1+pk&, —1 if 7 =3.

AllOWIHg {ILL } = {17274’ 87 167' } {Tk} = {17]"4’47 16 167' } and {p 6

R4} — 0, the sequence {z(p*, by, ¢ )} has the two cluster points,
1+1 11+<2>21+1 11+<2>20
& 2 &) 2 by 2 dcy)
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and

1/1+<2>2 11 1/1+<2>2 L1y
2 26c4 2 20 2 26c4 2 20, ]’
while the sequence {s(p*,b,x,c,+)} has the limit, (0,0, 1).

4.4 Central Path Convergence Under General Rim
Data Changes

The previous two sections discussed the convergence properties of the
central path under linear changes in the objective function. Characterizing the
convergence of {x(u,b,c)} and {(y(u,b,c), s(u, b, c))} was paramount in estab-
lishing the results of the last two sections. The restriction of allowing only linear
changes in the objective function coefficients is relinquished in this section. The
analysis becomes significantly more challenging, and characterizing the condi-
tions of {(u,b,c)} for which the primal and dual elements converge remains
an open question. However, this section does develop sufficient conditions on
{(p,b,¢)} to guarantee the convergence of {x(u,b,c)}. These conditions show
that the cost coefficient vector need not converge. An example at the end of
this section indicates further difficulties in the quest for establishing exactly
when {x(u,b,c)} converges.

The sufficient conditions presented for { (1, b, ¢)} to guarantee the con-

vergence of {x(u, b, ¢)} required that G, is partitioned into equivalence classes.
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For any b € G,, we say that ¢' € G, and ¢* € G, are “A-similar”’, denoted

A .
ct ~ 2 if

PCPy 1) ﬂ PCP 02 # 0.
The first goal of this section is to show that 2 s an equivalence relation on G..
To show this, the property that central paths may not intersect unless they
are equal is proven. The first lemma gives sufficient conditions for the primal
central paths to be equivalent.
Lemma 4.20 Let b € Gy, ¢! € G., and ¢® € G,. Define
c = projnuH(A)c1 and
G = projnull(A)CQ'
Then,
PCP(,,’CEJ) = PCPy,1y and
PPy = PCPpe.
Furthermore, if ¢} = ac?, for some a € Ry,
PCPy, 1y = PCP o).

Proof: Let be G, ¢! € G,, and ¢® € G,. Also, let

Cp = proerW(A)C] and

Ch = Projrow(A)CQ;
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so that ¢! = ¢) + ¢j, and ¢ = 2 + ¢%. Let @ € R, be such that ¢ = ac}.
Since ¢k and ¢% are perpendicular to null(A), ¢z = ckz = 0, for all

2 € null(A4). Consequently, theorem 2.10 shows that cLa and cka are constant

on Py. This means that x(u, b, c') is the unique solution to

min{cyr — p Y w;In(z;) : x € Py}

i=1

and z(u, b, ¢?) is the unique solution to

min{cjz — p Y w;In(z;) : z € PP}
i—1

Hence,

PC'P(,,’CE)) = PC’P(bv(ﬂ) and PC'P(,,’C%) = PC'P(b’Cz).

Multiplying the objective function of the first math program by «, shows that
(b, ') = w(ap, b, c?), (4.8)

which implies,

POPy 1y = POPy 2.

The following corollary is stated for future reference.

Corollary 4.21 Let b€ G;, ¢! € G,, and ¢? € G,.. If

. 1 . 2
PIOjnull(a)© = OPTOInyll(a)©
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for some aw € R, then

T(Ma b, C]) = T(Ma b, projnu]](A)c]) = T(O/Ma b, aprojnu]](A)CQ) = T((]M, b, 62)'

Proof: The result is immediate from the proof of lemma 4.20. [

The next theorem establishes the result that for any polyhedron, the
central paths defined in this polyhedron are either the same or disjoint. Since
the definition of PCP, is concerned only with elements corresponding to positive
u values, this does not say that two different central paths may not terminate
at the same point. However, it does say that two different central paths may
not cross en-route to either x*(r) or z(b).

Theorem 4.22 Let b € Gy, ¢! € G, and ¢® € G,.. If there exists u! and p? in

R, such that x(u', b, c') = z(u?, b, ¢?), then
PC'P(b,Cg - .P(jp(b,CZ).

Proof: Let b e G, ¢! € G,, and ¢ € G,. Lemma 4.20 implies that there is no
loss of generality by assuming that ¢! and ¢? are in null(A). Let u! and p? be

in R, such that z(p',b,c') = z(u?, b, ¢*). Then,
C] - NleTXi] (Nlaba Cl) o y(u]ﬂba C])A = Oa

and

& — p?e" XN (b, c?) — y(p b, ?)A = 0.
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Multiplying the first equation by ﬁ, the second equation by #, and subtracting

yields

Ly 1o, 1 1 1 1 2 3 2
(EC - EC > = (EU(:U’ ,b, c ) - EU(:U’ JbJ c ) A.
Since the left-hand side of the above equality is in the null(A) and the right-

hand side is in the row(A), both must be zero. Hence,

and lemma 4.20 implies

. . . A

Two important corollaries follow. The first is used to show that ~

is an equivalence relation, and the second is used to establish the equivalence
. o A
classes associated with ~.

Corollary 4.23 Let b € G;, ¢! € G,, and ¢® € G.. Then, if ¢! 2 c?,
PCPyo1) = PCPy ).

Proof: Let b€ G,, c¢' € G,, and ¢ € G,. If ¢! 2 2, there exists p! and p?
in R, ; such that, x(u', b, c") = z(p?, b, ¢?), and the result follows immediately

from theorem 4.22. m
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Corollary 4.24 Let b€ G, ¢! € G,, and ¢® € G,.. Then
pro-jnull(A)C] = aprojnull(A)CQ=
for some a € R, , if, and only if
PCPy, 01y = PCPy 2.

Proof: The sufficiency is established in lemma 4.20. The necessity follows

since

PCPy, .1y = PCPy )

implies that there exist u' and p? in Ry, such that z(u', b, c') = z(u?,b, ),

and the proof of theorem 4.22 shows that

. 1 : 2
PTOJnull4)¢ = APTOlpylla)€ >

for some v € R . ]

A .. . .
The next result shows that ~ is indeed an equivalence relation.
A . . . .
Theorem 4.25 ~ is an equivalence relation on G.. Furthermore, the equiva-

lence class of ¢! € G, is,

[c'] = {c: projnuH(A)c1 = aprojpyj )¢, for some o € Ry}
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Proof: Let b € G, and c', ¢, ¢ € G,. Clearly ¢! 2 ¢!, and ¢! L2 implies

22 ¢!, So & s reflexive and symmetric. Corollary 4.23 implies that if ¢! L e

and 2 & 3,
PCPy, 1y = PCPy, 2y = PCPy .3,

A . o . . .
3. Hence ~ is transitive and is an equivalence relation.

which implies ¢! 2 ¢
Theorem 4.22 and corollary 4.24 imply that the equivalence classes are as
stated. ]
Notice that row(A) is equivalent to [0]. This equivalence class is problematic
as demonstrated in example 4.30.

To demonstrate that the cost vector need not converge for {x(u, b, c)}
to converge, two new types of convergence are defined. The first type of new
convergence is called class convergence. To define this concept adequately,

some notation is introduced. For a sequence {z*}, let C({z*}) be the set of

cluster points of {z*}. Furthermore, for any sequence {c* € G.}, set

F{) =c(i¢)Uc ({% s 0}> '

Notice that F contains all of the limiting directions of a sequence of cost vectors.
The concept behind class convergence is that all of these limiting directions are

contained in the same equivalence class.

Definition 4.26 The sequence, {cf € G.}, is class convergent to [¢],
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for some ¢ € G, if F ({(‘k}) C [¢].

The definition of class convergence does not imply that the sequence {c*} ac-

tually converges; however, if {cF} does converge then it is also class convergent.

The second type of convergence is called proportional convergence.

The idea is that the sequence {(u*,c*)} is proportionately convergent if the

sets C ({ﬁ : ek £ 0}) and C ({ck}) are, in some sense, proportional.

Definition 4.27 The sequence, {(u*,c*)} € R, x G,, is proportion-
ately convergent if, whenever two subsequences of {c*}, say {c¥i} and

{c*i}, have the properties that,

ey
(1) lim -5— = ¢,
i—oo [l
k.
(2) lim 5%~ = ¢?, and
j—oo [[€7]]

(3) projnuH(A)c] = aprojnuH(A)CQ, for some a € R, 4,

we also have

k; kj

lim L a lim
Y Y )

The next lemma is a relaxation of theorem 2.14, and provides less

stringent conditions for the boundedness of the sequence {x(u, b, c)}.

Lemma 4.28 Let W be a closed subset of G and {(u*,7%)} C R, x W be a

sequence with the following properties:

(1) {ﬁ} is bounded, and
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(2) {b*} converges to b € G,
Then {z(u*,b*, *)} is bounded.

Proof: Let ‘ﬁ

< M. Suppose, for the sake of attaining a contradiction,

that {x(u*,b*, c*)} is not bounded. Without loss in generality assume that

lim [l (i, B, )] = 0.
k—o0

Let { } be a convergent subsequence of { oF ”}. Because

ki ki k,‘ ki ki
s(“, L — >x<“ ok C >:w“v < whM,

the following inner product inequality holds:

S<|u- b|—><|u Lt v )SGT‘”M‘

This implies
{<x<||uk-i ’bk“ncmi )’(”(nuk-i ”’k’*n(}kz: )’S<||Hk-i ”’k’*n(}kz: >>>}

is a subset of
ki
e (0 i) 7m).

By assumption, any cluster point of {ﬁ} is an element of G.. Hence, theo-

rem 2.14 implies the above union is bounded. Since

k k
kE 1k U E €

T b ) = b

o B = (II(”“II ’ ||C’“||> ’
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we have a contradiction, and the result follows. [

Theorem 4.29 gives sufficient conditions for {(u*,b*, c*)} to guaran-
tee the convergence of {x(u*, b, c*)} to an element of a central path. These
conditions do not include that {c¥} converges, but instead that {c*} is class
convergent. As example 4.30 shows, this condition is still too restrictive for ne-
cessity. Characterizing the conditions of {(u*, b*, c¥)} for which {x(u*, b%, c*)}
converges remains an open question. Such a classification is needed before
generalizing the set convergence results of the previous two sections.
Theorem 4.29 Let 7 € G, and assume {c* € G.} is a sequence such that
C({c*}) € G \row(A). Then {x(u*, b*, ")} — & € POPy, if,

(1) {v* € Go} = be G,
(2) {c* € G.} is class convergent to [c],
(3) {(u*,ck): ck # 0} is proportionately convergent, and

(4) there exists M € Ry such that -~ < {L} < M.

lle*l

Proof: Because ¢ ¢ row(A), the sequence {c*} contains zero at most a finite
number of times. So, without loss in generality, zero is assumed not to be
contained in {¢*}. The result is established by showing that all cluster points of
{x (¥, bk, *)} are equal. Since C({c*}) C G \row(A) and {b* € G,} — b € Gy,

there exists a closed set W C G such that {(ck,bk)} C W. Because of the
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assumption that {H "H} is bounded, {z(u*, b*, ¢*)} is bounded from lemma 4.28.
Hence, there exist subsequences such that

{a(ph, b, cF)} — 3t

{a(phr 0%, )} — a2,

ki ~
{CT} — ¢!, and

l[e¥]]

k<
c'l ~2
{nc’“f} -

Clearly, ' and #? are in P;. The class convergence implies the existence of

o', a? € R, such that,

k.
c . 1 . ~1
llim ol PrOjnyll(a Nk @ PrOJnull(a)©
= pm-jnull(A)é
= ()‘2pr0jnull(A)62
ki
— hm a? prOJnull ||("“7||

The proportional convergence assumption, together with the assumption that

{—Hl:’“H} is bounded away from zero, implies

ki kj
0<ﬂ:‘limalu i 2 1

i—00 | Jj—00 ||ij || )

From corollary 4.21,

Mki (’ki
a(phi oF M) = a (al AN PrOJpylla ) and
(‘ 2

k; k;
ok ks w c
m(u’“,bk], ij) = 7 ((12 = bk ()/ prOJnull ||(’k7 ||>
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This and theorem 2.6 yield,

i‘l — hm .Z'(/,Lkl, bki7 C’Ci)
1—00
k. ki
o . 1 lu ! ki 1 3 —C '
= Ear (”‘ e Pl ok )
= /I,'(/j[,, B, F)
kj kj
L 2 B ok o 7
TR (”’ g P iy ||c'ff||>
= lim x(ph, bk ki)
= 32
Hence, {z(u*, b, ¢*)} converges to an element in PCP . u

Unlike theorems 4.5 and 4.14, the conditions required in theorem 4.29
are much too restrictive for necessity. The following example has the desirable
property that {c*} converges; but, even with this property, the convergence
of {z(u,b,c)} requires the analysis of several nested linear programs. The
example hints at what might be required to obtain the elusive necessary and

sufficient conditions.

Example 4.30 Let pf = %, and consider the following linear programming
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data for the linear program min{cz : Az < b,z > 0},

1
P’ 1 1 0 0
k: 1 b: dA:
c 7| 1 |,an 010
1
VE 1 00 1

To analyze the behavior of {x(u*, b, ¢¥)}, a sequence of problems is considered.
The idea is to iteratively reduce the original problem. This is done using the
results for linear changes in the cost coefficients found in section 4.2, and at
each step identifying an increasingly larger subset of variables that must be

7€10.
The ‘root’ problem uses the limiting rim data. So, zero is the cost vector
of the root problem since {¢*} — 0 = ¢[0], and the root problem is

min{0z : Az < b,z > 0}.

The optimal partition for the root problem is B[0] = {1,2,3} and N[0] = 0.

To define the first ‘subproblem’, set

)= o] — o)) = 2R
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where the [0] indicates the original sequence data. With this notation,
w(p, b, F) = x(uF, b, e0] + TF[1)cM[1)).

Notice that the sequence {c*[1]} no longer converges to zero, but rather

0
lim ck[l] =] L
k—oc V2
1
V2

Furthermore, {b¥[1]} — b because N[0] = (). However, lemma 2.15 would imply

this even when NJ[0] # ). Defining

lim c*[1] = ¢[1],

k— o0

the first subproblem is

min{c[1]z[1] : Appj2[1] < b, 2[1] > 0},

or equivalently
1
V2

The optimal partition for this problem is B[1] = {1} and N[1] = {2,3}. More

1]+ —=23[1]: 0 < z[1] < 1,i=1,2,3}.

g
mingy —=z
V2

importantly, analogous to 4.5,

2101 (1*[0], 0[0], ¢*[0]) = 2oy (1"[0], B[0], €[0] + T*[1]e[1])
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Similar to the first subproblem, the second ‘subproblem’ relies on

2] = [|c*[1] - 1]
k _ (1]

c*[1] — ¢[1]
T*[2]

where {c*[2]} is defined only for the elements in B[1] (so only the first coordi-

nate of the original ¢ remains for this subproblem). This notation allows,
A1) (uF 1], B, F1) = 21 (1), 0], 1] + 7420 2))

It is easily checked that

lim p*[2] = 1and
k—oc
cl2] = lim 2] = 1.

The most important observation hear is that {u*[2]} does not converge to zero.

The second subproblem is

min{¢c[2|z(2] : Appj2[2] < b,2[2] > 0},

which is same as

min{z[2] : 0 < 2[2] < 1},
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Using the ‘7z’ notation recursively, 4.5 shows

) (100, BIOL, H10)) = g (410 10], 0] — P [1Je4(1)

- (‘;:Fﬂ bk[l],ck[1]>
] 1), ¢ )
] 1], e

| +7[2)*(2)

k

(A2
1] (1.
1] (1.0

Because each of these problems are variants of example 2.12, the conver-
gence of each problem is easily examined. The central path for the original

problem is defined by

k2 ' k2
pl 272‘/5
k
1 2 1 4 .
k k _ | wmTEEte | | - /1+3
Vk
1 2 1 4 2 4
W‘FE* T35z 1+ﬁ* 1+
Z 2
Vk
Hence,
3—v5
2
lim z(u*,b,¢") =1 ¢

This seems odd since the central path for the first root problem is P, ) = {%e}.

The problem is that {p*[0]} = {£} — 0. If the change in the cost coefficients



had been linear, theorems 4.5 and 4.8 would have applied to deduce that the
limit of {x(u*[0],b[0],c*[0])} is an element of a central path defined on the
optimal face of the root problem. The limit point of {¢*[1]} attempts to define

this central path, even though the change is nonlinear.

Although ¢[1] does not actually indicate this central path, lemma 2.15 im-
plies that any components that are zero in the solution to the first subprob-
lem, which uses ¢[1] as the cost vector, are also zero in any cluster point of
{z(pk[0], b[0], ¢*[0])}. The elements of the central path for the first subproblem

are

2 p10) (1°10], 0[0], *[0]) = 2[1] (1" [1], b[1], ¢*[1])
211C+1 + 2i+1 B 2k1+1 +2ki1
2i+1
211C+1 +\/212cﬁ7 2klf|-1+2ki1
- e
1 2 k 4
\/WJF\/W 2k+1 +2k+1
Ve
3-V5
2
= 1 2 4
Li+Z -1+
1 2 4
Lo+ & -1+
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Once again, this shows

3-v5
2
lim z(u*,b,¢") = | ¢
k—o0
0

However, the problem of {y*[1]} — 07 re-occurs in the first subproblem. Notice
that none of the variables become zero in the root problem, and that the second
and third variables become zero in the first subproblem. This is good news,
since these are all the variables that must become zero. Once these variables
are identified, the parameter for the second subproblem may not converge to

zero, i.e. {pF[2]} 4 0. Theorem 2.6 shows that

lim , (440], 0410, £[0]) = Tim 2[2](u*[2], 521, *[2))

k—o0 k—oo

— 2[2(L.b,c2])

= z[2](1,b,1)

1+2-v1+4
2

3—vV5
>

If the original problem were not so simple, the challenge of directly evaluating
the limit point of {x(u*[0],b,c*[0])} is substantial. However, calculating the
limit point of {c*[0]} allows the formation of the root problem. This produces

an optimal partition, which shows some of the variables that must go to zero.
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If {u*[1]} does not converge to zero, theorem 2.6 is used to calculate the com-
ponents that are positive. If {1*[1]} does converge to zero, the limit point of
{cF[1]} is calculated, and the first subproblem is solved. The process repeats

until either all variables are forced to zero, or {u*[i]} does not converge to zero.

4.5 Chapter Summary

The main result characterizes when

{2, b, )} and {(y(1, b, €), 5(1, bps ) }

converge. The generality of allowing simultaneous changes in the rim data, so
long as the objective function perturbation is linear, is obtained from a mod-
eling scheme that shows how to model the changes in both rim data elements
as only right-hand side perturbations. The new model retains dcgrp as a term
in the objective function, and as a consequence the set convergence property
for the omega central path shows that the central path converges to the union
of the original central path and a central path on the optimal set defined by

(SCB.Z'B.

The last section demonstrated the difficulty of extending these re-
sults when the restriction of linearity is removed from the objective change.

Sufficient conditions are given to guarantee the convergence of {z(u, b, ¢)}, and
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these conditions show that it is not necessary for the cost coefficients to con-
verge. In support of these sufficient conditions, the collection of central paths
was shown to induce an equivalence relation on G.. An interesting, unanswered
question is whether é_Jg PCPy,) = Py.
cCYc

Example 4.30 alludes to an algorithm that is capable of finding the
limit of {x(u,b,c)}, provided the limit exists. The algorithm is greedy in the
sense that it creates an increasingly larger set of variables that are forced to

zero. Finding conditions for which this algorithm converge seems equivalent to

finding the necessary conditions for the convergence of {z(u,b,c)}.
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5. Conclusion and Avenues for Future Research

The immediate question from chapter 3 is whether or not the unique
dual assumption is removable from theorem 3.15. This assumption essentially
provides a rank argument, and this assumption may be found unnecessary

upon a closer examination of x4,,.

Many questions remain open from chapter 4; the most intriguing be-
ing the characterization of when z(u, b, ¢) converges. These conditions appear
equivalent to establishing when the algorithm hinted at in example 4.30 con-
verges. Another question from this chapter is, “Does the collection of central
paths cover the relative interior of the polyhedron?” If this is true, every in-
terior element of a polyhedron is associated with an equivalence class of cost

vectors.

Several results from this work are finding themselves useful elsewhere.
The parametric analysis has been experimentally used to find radiation plans
in the field of radiation oncology. A question that has arisen from this work
is whether or not the parametric analysis presented here may be used to find

minimal support sets. More recently, R. Caron, H. Greenberg, and A. Holder
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are working on the development of a theory of repelling constraints. Several
of the techniques and insights gained from this work have proven themselves

worthy in this en devour.
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NOTATION INDEX

(B|N) is the optimal partition for LP,

B ={i:z(r) >0}

b, =b+ pdh

C({x*}) is the set of cluster points of {z*}
col(A) = {z: Az = z for some x}

CP, = {(x(p. b, ¢),y(p, b, ¢), s(p, b, ¢)) : pp > 0}

CP, = PCP, x DCP,

DCP, = (y(:uv b, C)’ S(:ua b, C)) Cp> 0}

o DCPU{(y*(r), s*(r))} if D, is unbounded
DCP, =

DCPU{(y*(r), s*(r)), (y(r),s(r))} if D, is bounded
wp(*r,&)) = {(p(na r, (Y))a (an(na r, b )) in > 0}

wpz(r,&)) = mp(*r,&)) U{(y*(r)’ S*(T))a (p*(ra (Y))a (07 q*(ra &))))}
D, f(a?) = lim LRI where ||dr]| = 1

D’jlf(rﬂ) is k applications of the derivative operator on f with respect

to ZT;

Dfi,f(x0+) = lim D’;Zf(aj)

z—204
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Dt f(az%) = 01_i>r51+ w, where dr; is the ith unit vector
D.={(y,s) :yA+s=1¢,s >0}

D ={(y,s):yA+s=¢,s >0}

D: ={(y,s) € D.: ybis optimal to LD}

& is a direction of change for b in LP,

dc is a direction of change for ¢ in LP,

or is a direction of change for b and ¢ in LP,

e=(1,1,1,...,1)7

F (i) = ({*)uc ({am o £ 0f)
G={r: Py #0,D7# 0}

Gy ={b: Py # 0}

Ge = {c: P2 # 0}

H = {or € H : the optimal partition is invariant on [r,r + 60r]
for some sufficiently small positive 0}

Hy = {d: (0,0) € H}

He={dk:(0,&) € H}

leftnull(A) = {y : yA = 0}

L(r,M) ={(z,y,s) € Pyx D, :sx < M}

LP, min{cx : Ax = b,z > 0}

LD, max{yb:yA+s=rc,s>0}
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null(A) = {z : Az =0}

N = {i:ai(r) = 0}

Q) = diag(w) where w € R"

opt(b) is the optimal objective function value of LP, relative to the
right-hand side b

(p(n,r,®),q(n,r,d)) is the unique solution to

max{p® + 1 > ;cyw;In(q;) : pAp = ¢, PAN + ¢ =cn,q > 0}
(p(r), a(r)) = lim (p(n, 7, &), q(n, 7, &)

(p" (r, ), " (r, ) = lim(p(n, 7, &), (1,7, b))
Py={z:Ax =b,z > 0}

P ={x: Az =b,x > 0}

Pr={x € Py: cxis optimal to LP}

(P¥)’ ={x € P}:uxp >0}

PCP, = {xz(u,b,¢) : p> 0}

PCP, U{z*(r)} if P, is unbounded
PCP, =

PCP.J{z*(r),z(b)} if 7P, is bounded
]DC’P(X;",&’) = {(ZB("?, b: &)7 0) in > 0}

PC’PE;’&) = PCP, sy U{2*(7), (2* (b, &c),0)}
row(A) = {z: z = yA for some y}

R" = {(x1, 29, 23,...,2,) r2; E R,i=1,2,3,...,n}
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R = {(z1, 29, 23,. ... 0p) 1 2; € Ry2; > 0,i=1,2,3, ...
R}, = {(z1,20,25,....0,) s, € Ry, > 0,0 =1,2,3, ...
r = (b,c)

S = diag(s) where s € R"

o(x) = {i:2z; >0} where 2z € R",

X = diag(z) where z € R"

x(u, b, ¢) is the unique solution to

min{cx — p> " w;In(x;) : Az = b,z > 0}

z(b) = ulgg@ z(p, b, ¢), if Py is bounded

x*(r) is the analytic center of P*

(y(p, b, ¢), s(p, b, ¢)) is the unique solution to
max{yb+ p 3" w;ln(s;) 1 yA+s=1¢,s >0}

(y(c),s(c)) = lim (y(p,b,c), s(u, b, c)), if D, is bounded

Hn—0o0

(y*(r), s*(r)) = lim(y(u, b, ), 5(u, b, c))

u—0
zg(n, b, &c) is the unique solution to
min{dpzg — N cpwiln(z;) : Agzp = b, 25 > 0}
25(0) = Tim =(.b, &)

2p(b,0) = lim 2(n, b, &)

n—0+
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