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ABSTRACTThe analyti
 
entral path for linear programming has been studiedbe
ause of its desirable 
onvergen
e properties. This dissertation presents adetailed study of the analyti
 
entral path under perturbation of both the right-hand side and 
ost ve
tors for a linear program. The analysis is divided intothree parts: extensions of results required by the 
onvergen
e analysis whenthe data is unperturbed to in
lude that 
ase of data perturbation, marginalanalysis of the analyti
 
enter solution with respe
t to linear 
hanges in theright-hand side, and parametri
 analysis of the analyti
 
entral path undersimultaneous 
hanges in both the right-hand side and 
ost ve
tors.To extend the established 
onvergen
e results when the data is �xed,it is �rst shown that the union of the elements 
omprising a portion of theperturbed analyti
 
entral paths is bounded. This guarantees the existen
e ofsubsequen
es that 
onverge, but these subsequen
es are not guaranteed to havethe same limit without further restri
tions on the data movement. SuÆ
ient
onditions are provided to insure that the limit is the analyti
 
enter of theiii



limiting polytope. Furthermore, as long at the data 
onverges and the param-eter of the path is approa
hing zero, 
ertain 
omponents of the the analyti

entral path are for
ed to zero.Sin
e the introdu
tion of the analyti
 
enter to the mathemati
al pro-gramming 
ommunity, the analyti
 
entral path has been known to be analyti
in both the right-hand side and 
ost ve
tors. However, sin
e the obje
tivefun
tion is a 
ontinuous, pie
e-wise linear fun
tion of the right-hand side, theanalyti
 
enter solution is not di�erentiable. We show that this solution is
ontinuous and is in�nitely, 
ontinuously, one-sided di�erentiable. Further-more, the analyti
 
enter solution is analyti
 if the dire
tion of right-hand side
hange is 
ontained in a parti
ular spa
e. Uniform bounds for the �rst orderderivatives are presented.The parametri
 analysis of the analyti
 
entral path follows as a 
on-sequen
e of 
hara
terizing when the parameterized analyti
 
enter 
onverges.The development allows for simultaneous 
hanges in the right-hand side and
ost ve
tors, provided the 
ost perturbation is linear. Although the analyti

enter solution is not a 
ontinuous fun
tion of the 
ost ve
tor, the analyti

entral path is 
ontinuous when viewed as a set.
This abstra
t a

urately represents the 
ontent of the 
andidate's thesis. Ire
ommend its publi
ation. Signed Harvey Greenberg
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1. Introdu
tion1.1 Sensitivity AnalysisAs de�ned in theMathemati
al Programming Glossary [30℄, sensitivityanalysis isThe 
on
ern with how the solution 
hanges if some 
hanges are made ineither the data or in some of the solution values (by �xing their value).Marginal analysis is 
on
erned with the e�e
ts of small perturbations,maybe measurable by derivatives. Parametri
 analysis is 
on
erned withlarger 
hanges in parameter values that a�e
t the data in the mathe-mati
al program, su
h as a 
ost 
oeÆ
ient or resour
e limit.The �rst papers 
on
erned with sensitivity analysis for linear programs werepublished in the middle to late 1950s. The original two papers were authoredby S. Gass and T. Saaty [20, 77℄, and the topi
 was parametri
 behavior of theobje
tive fun
tion. H. Mills published the �rst paper on marginal analysis andlinear programs in 1956 [56℄, and T. Saaty had the se
ond work on this topi
in 1959 [76℄. The �rst English monograph on the topi
 was published by T.Gal [19℄ in 1973.The study of sensitivity analysis is paramount for many reasons; twoof the most important are: 1



(1) su
h investigations provide insight into both the mathemati
al state-ment of the problem and its solution, and(2) sensitivity analysis 
onne
ts the 
ertainty of the mathemati
al modelwith the un
ertainty of the real world situation it is modeling.With regard to the latter statement, H. Zimmermann [19℄ wrote that sensitivityanalysis is \the bridge between pure dissemination of information and de
isionmaking."In the de�nition, the solution is usually interpreted as either the op-timal value of a variable, or the optimal obje
tive value. The di�eren
es instudying how the optimal obje
tive fun
tion and a optimal value rely on thedata are possibly signi�
ant. For example, suppose f(x) is the obje
tive fun
-tion and z� = f(x1) = f(x2) is the optimal obje
tive value. A data perturba-tion may 
ause x1 to remain optimal and x2 to be
ome non-optimal. In su
ha 
ase, the optimal obje
tive fun
tion value may be invariant under su
h aperturbation, but the set of optimal elements is not. Su
h dis
repan
ies leadto a plethora of questions for a pra
titioner of optimization.1.2 Basi
 NotationThe following notation is used throughout this work. A notationindex is in
luded and the Mathemati
al Programming Glossary [30℄ is useful to2



any reader when fa
ed with an unknown 
on
ept. Some de�nitions from linearalgebra [48℄ are presented �rst. Let A be an m� n matrix. The row, 
olumn,null, and leftnull spa
es of A are de�ned as follows:row(A) � fyA : y 2 IRmg
ol(A) � fAx : x 2 IRngnull(A) � fx 2 IRn : Ax = 0gleftnull(A) � fy 2 IRm : yA = 0g.It is well known [48℄ that row(A) ? null(A) and 
ol(A) ? leftnull(A). Gener-alized inverses are used to establish many results. A generalized inverse of Ais any n�m matrix, denoted A+, for whi
hAA+A = A andA+AA+ = A+.The linear system of equations Ax = b has a solution if, and only if, AA+b = b.Furthermore, the solutions have the formx = A+b+ (I � A+A)z,for any z 2 IRn. If the generalized inverse has the additional property thatAA+ and A+A are symmetri
, the generalized inverse is unique and is known3



as the Moore-Penrose generalized inverse. The Moore-Penrose generalized in-verse allows easy representations of the proje
tions onto row(A) and null(A),whi
h are needed in Chapter 4. Spe
i�
ally, the proje
tion of x 2 IRn ontorow(A) is projrow(A)x = AA+x, and the proje
tion of x 2 IRn onto null(A) isprojnull(A)x = (I�A+A)x. For any matrix A, A+ is always assumed to be theMoore-Penrose generalized inverse.Sequen
es are enumerated with supers
ripts. For example, fxk 2 Wgis a sequen
e of elements from the set W . The 
onvergen
e of su
h a sequen
eis shown by fxk 2 Wg ! x 2 V , whi
h means the sequen
e 
onverges to theelement x in V . If the elements of the sequen
e are ve
tors, the 
omponentsof the ve
tors are denoted with the 
orresponding supers
ript. For example,fzk 2 IRng = f(w; v)k 2 IRng = f(wk; vk) 2 IRng, where w and v indi
ate apartitioning of z.A polyhedron is a set of the form fx : Ax � bg, where A is an m� nmatrix and b is a ve
tor of lengthm. A bounded polyhedron is 
alled a polytope.Mu
h of this work relies on previous results. For 
ompleteness, proofsof these results are in
luded, and the author and referen
e in whi
h the resultand proof are found is 
ited in the label of the statement. If multiple resear
hersproved the same result, these referen
es are made in the few senten
es pre
lud-ing the statement of the result. 4



1.3 Thesis OutlineChapter 2 begins by establishing the major de�nitions and any neededba
kground results. The manner in whi
h these results rely on the problemdata has not been investigated, and the 
hapter pro
eeds by extending someof these results to the 
ase when 
ertain data perturbations are allowed. Anexample used to exemplify many 
on
epts is developed.Chapter 3 is 
on
erned with the marginal analysis of the analyti

enter solution and the subsequent information that this analysis yields aboutthe entire 
entral path. Sin
e di�erentiating the elements of the 
entral pathis 
ru
ial to the development of these results, a 
omplete investigation of thedi�erential properties of the 
entral path is presented. This analysis was de-veloped by G�uler [63℄ and is extended to show that the analyti
 
enter solutionis one-sided, in�nitely, 
ontinuously di�erentiable. Furthermore, a set of di-re
tions along whi
h the analyti
 
enter solution is analyti
 is 
lassi�ed. The
hapter ends by providing uniform bounds for the various derivatives.Chapter 4 
ontains an analysis of the 
entral path under simultaneous
hanges in the 
ost 
oeÆ
ients and the right-hand side. The questions answeredin this 
hapter show pre
isely how the 
entral path relies on the rim data ofthe linear program. The 
hapter begins by presenting the analysis for linear5




hanges in the 
ost 
oeÆ
ients together with arbitrary 
hanges in the right-hand side. In an attempt to extend these results to the situation of arbitrary,simultaneous 
hanges in the 
ost 
oeÆ
ients and right-hand side ve
tors, twonew types of 
onvergen
e are de�ned. These types of 
onvergen
e show that the
entral paths naturally indu
e an equivalen
e relation on the set of admissible
ost ve
tors. The 
hapter 
on
ludes by presenting results showing the diÆ
ultyof guaranteeing 
onvergen
e under arbitrary, simultaneous 
hanges in the rimdata.

6



2. Central Paths2.1 A Brief Histori
al ViewIn 1979, Kha
hiyan [42℄ showed that the 
lass of linear program-ming problems is solvable in polynomial time. The algorithm presented byKha
hiyan was an interior point algorithm, meaning that it produ
ed pointsin the relative interior of the feasible region. Although the theoreti
al, worst-
ase 
omplexity of this algorithm was provably superior to that of the simplexalgorithm, implementation showed no su
h realisti
 advantage [91℄. This wasnot the �rst interior point algorithm presented for linear programming. In 1967,Huard [36℄ suggested using a method of 
enters to solve mathemati
al programsproblems. Even though Huard proved that these algorithms 
onverge to an op-timal solution, the su

ess of Dantzig's simplex method apparently thwartedany attempt of implementation for linear programming at the time. During thesame time period in the Soviet Union, Dikin [10, 11℄ developed another interiorpoint algorithm whi
h was implemented and used to solve e
onomi
 problems.Although Dikin's method has a simple interpretation as steepest des
ent ona s
aled spa
e, the polynomality of this algorithm is still not proven and it is7



not believed to be polynomial. In 1968 the seminal book by Fia

o and M
-Cormi
k [13℄ was published and the term \interior point method" was 
oined.This text 
ontains the �rst real development of the theory and use of penaltyand barrier methods. In 1984, Karmarkar [41℄ developed another polynomialtime algorithm for linear programs and 
laimed that this algorithm would befar superior 
omputationally to the simplex algorithm. The mathemati
al pro-gramming 
ommunity was rather sho
ked by these 
laims [46℄. Some delvedinto the theory and implementation of this algorithm to investigate the validityof these 
laims. It is now understood that interior point methods are viablealgorithms and appear 
omputationally superior to simplex based approa
heswhen the problems are large [49, 50, 51, 52℄.In 1986, Sonnevend [80℄ introdu
ed the mathemati
al programming
ommunity to the 
on
ept of the analyti
 
enter. In [81, 82, 83, 84, 85℄, Son-nevend 
onne
ts this 
on
ept to Karmarkar's algorithm, develops his own al-gorithm, demonstrates appli
ations, and together with Stoer, shows several
omplexity results. It is with this idea that we begin our development.2.2 Analyti
 CentersConsider the polyhedron P = fx 2 IRn : Ax = b , x � 0g and itsstri
t interior Po = fx 2 IRn : Ax = b , x > 0g. For any positive ve
tor8



! 2 IRn, de�ne p!(x) : Po ! IR : x! nXi=1 !i ln(xi).The standard notation that 
apital letters indi
ate the diagonal matrix of the
orresponding ve
tor is employed. For example, 
 = diag(!1; !2; : : : ; !n) andX = diag(x1; x2; : : : ; xn). Sin
e, r2p!(x) = �
X�2, whi
h is negative de�nite,p!(x) is stri
tly 
on
ave. So, if P is bounded, there exists a unique maximizerof p!(x) over Po.De�nition 2.1 Let P = fx : Ax = b , x � 0g be a polytope withnon-empty relative interior, and ! 2 IRn++. The unique maximizer ofp!(x) is the omega analyti
 
enter of P. If ! = e, whi
h is the ve
tor ofones, then the omega analyti
 
enter is simply 
alled the analyti
 
enterof P. The 
on
ept of the analyti
 
enter is fundamental to algorithmi
allyattaining the known polynomality of the 
lass of linear programs. In fa
t, allknown polynomial algorithms for solving linear programs in
orporate a 
en-tering 
omponent in their sear
h dire
tions. There are interior point methodsthat do not use a 
entering 
omponent in their sear
h dire
tion, su
h as Dikin'soriginal algorithm, and the polynomality of these algorithms is not known andgenerally not believed [33℄. 9



It has been shown by Atkinson and Vaidya [3℄, Freund [15℄, GoÆnand Vial [21℄, and Roos and Hertog [72℄ that the omega analyti
 
enter 
anbe found in polynomial time. The usefulness of adjusting ! to solve linearprogramming problems and linear 
omplementarity problems is investigated in[1, 55, 57℄. The most important reason, from an algorithmi
 perspe
tive, is thatif any stri
tly interior point is known, it is possible to �nd an ! that makes thisfeasible point a \good" starting point. Furthermore, the basi
 idea of weightingthe terms of p!(x) has lead to what are known as \target following methods"for solving linear programs [37, 73℄. Another by-produ
t of the 
exibility toadjust the 
omponents of ! is found in theorem 2.2, whi
h states that everypoint in the relative interior of a polytope is representable as an omega analyti

enter.Theorem 2.2 Let P = fx : Ax = b , x � 0g be a polytope with non-emptystri
t interior, and let �x 2 Po. Then there exists ! 2 IRn++ su
h thatf�xg = argmaxfp!(x) : x 2 Pog.Proof: Let �x 2 Po. Sin
e maxfp!(x) : x 2 Pogis a 
onvex program, the Lagrange 
ondition, that there exists y satisfyingrp!(x) = !TX�1 � yA = 0,10



is ne
essary and suÆ
ient for x to be a maximizer of p! over x 2 Pob . Noti
ingthat with an appropriate 
hoi
e of !, !T �X�1 
an be any positive ve
tor, allthat must be shown is that row(A) 
ontains a stri
tly positive element. Theboundedness assumption implies there does not exist a solution to the systemAx = 0, x � 0, and x 6= 0. Hen
e, Gordon's theorem of the alternative impliesthere does exist a solution to the system yA > 0.Asso
iated with any linear program, for whi
h Po 6= ;, is a geometri
stru
ture 
alled the omega 
entral path or omega 
entral traje
tory. As is nowdeveloped, the 
entral path is an in�nitely smooth path of analyti
 
enters.Throughout, the following \standard form" linear program and its asso
iateddual are 
onsidered,LP : minf
x : Ax = b , x � 0g and LD : maxfyb : yA+ s = 
 , s � 0g,where A 2 IRm�n, m � n, 
 2 IRn, b 2 IRm, x 2 IRn, y 2 IRm, s 2 IRn and 
, y,and s are row ve
tors. The assumption that the rank(A) = m is made, whi
hhas the impli
ations that y and s are related by a one-to-one linear mappingand that the mapping x 7! Ax is onto. Be
ause y and s are related in a one-to-one fashion, a dual element may be referred to by (y; s), y, or s. The rankassumption is made without loss in generality be
ause if A did not have full11



row rank, row redu
tion 
ould be used to form an A0 and b0, su
h that A0 hasfull row rank and P = fx : A0x = b0; x � 0g. The b ve
tor is referred to asthe right-hand side ve
tor and the 
 ve
tor is referred to as the 
ost ve
tor.Together, b and 
 are 
alled the rim data for the linear programs stated above,and notationally r = (b; 
) is a rim data instan
e.De�ning z� to be the 
ommon optimal value of LP and LD, the fol-lowing set 
onventions are made:Pb � fx : Ax = b , x � 0gD
 � f(y; s) : yA+ s = 
 , s � 0gPob � fx : Ax = b , x > 0gDo
 � f(y; s) : yA+ s = 
 , s > 0gP�r � fx 2 P : 
x = z�gD�r � f(y; s) 2 D : yb = z�g.The optimality sets, P�r and D�r , have another important representation thatrelies upon the optimal partition. The optimal partition is indu
ed by a stri
tly
omplementary optimal solution to LP and LD, whi
h is any primal-dual pair,x� and (y�; s�), su
h that s�x� = 0 and (s�)T + x� > 0. Su
h solutions havebeen known to exist sin
e 1956, when Goldman and Tu
ker published thisresult in [22℄. Assuming that x� and (y�; s�) are stri
tly 
omplementary optimal12



solutions for the rim data instan
e r, de�ne the optimal partition by the indexsets B(r) and N(r): B(r) = fi : x�i (r) > 0g and (2.1)N(r) = f1; 2; 3; : : : ; ngnB(r). (2.2)The dependen
e of the optimal partition on the rim data is used only when
larity is warranted, and when the rim data instan
e is understood, the optimalpartition is denoted (BjN). Ve
tors and matri
es are often de
omposed intosub-ve
tors and sub-matri
es 
orresponding to the optimal partition. To fa
il-itate this, two standard notations are used in 
onjun
tion with set subs
ripts.First, a set subs
ript atta
hed to a ve
tor indi
ates the sub-ve
tor 
orrespond-ing to the elements 
ontained in the set. Se
ond, a set subs
ript on a matrixis used to denote the sub-matrix whose 
olumns are indi
ated by the set. Forexample, if (BjN) is the optimal partition for the rim data instan
e r,Ax = ABxB + ANxN = b.This notation and the 
omplementarity 
ondition imply thatP�r = fx 2 P : xN = 0g (2.3)= fx : ABxB = b; xB � 0; xN = 0g13



and D�r = f(y; s) 2 D : sB = 0g (2.4)= f(y; s) : yAB = 
B; yAN + sN = 
N ; sN � 0g. (2.5)For a �xed A matrix, de�ne the following sets of admissible rim data,G � fr = (b; 
) 2 IRm � IRn : Pob 6= ; , Do
 6= ;g,Gb � fb 2 IRm : Pob 6= ;g, andG
 � f
 2 IRn : Do
 6= ;g.The above de�nitions do not 
orrespond to the traditional de�nition of ad-missible, whi
h usually means that the de�ned linear programs have a �niteoptimal solution. Here the de�nition is more restri
tive, in that only rim datafor whi
h Pob and Do
 are not empty is in
luded. The next theorem establishesthat G is open. This is important be
ause this guarantees that a perturbedadmissible rim data element remains admissible.Theorem 2.3 G is an open set.Proof: Let (b̂; 
̂) 2 G. Then there exists x̂ and (ŷ; ŝ) su
h that Ax̂ = b̂,x̂ > 0, ŷA + ŝ = 
̂, and ŝ > 0. Let U be an open set in IRn whi
h 
ontainsx̂ and has the property that x 2 U implies x > 0. Sin
e the rank of A is m,the linear transformation T : IRn ! IRm : x! Ax is onto. Furthermore, sin
e14



T is a 
ontinuous mapping, the open mapping theorem [75℄ implies that T (U)is open. Let � = minfŝi : i = 1; 2; : : : ; mg, and de�ne V = f
 : k
 � 
̂k < �g.Then, (b̂; 
̂) 2 T (U)� V � G, and the result follows sin
e T (U)� V is open.The next result shows that the elements of G guarantee that theprimal and dual elements having a bounded duality gap are bounded [64, 71℄.Notationally, for any rim element r, and any M 2 IR+, de�neL(r;M) = f(x; (y; s)) 2 Pb �D
 : sx �Mg.Theorem 2.4 (Roos and Vial [74℄) Let r 2 G. Then, L(r;M) is boundedfor all M � 0.Proof: Let M 2 IR+ and (x̂; (ŷ; ŝ)) 2 Pob � Do
 . Then, for any primal anddual elements, x and s, we have x̂� x 2 null(A), ŝ� s 2 row(A), and0 = (ŝ� s)(x̂� x) = ŝx̂� sx̂� ŝx + sx. (2.6)Hen
e, if (x; (y; s)) 2 L(r;M),̂sixi � ŝx + sx̂= ŝx̂ + sx� ŝx̂ +M ,where the �rst inequality follows from non-negativity and the �rst equality fol-lows from equation 2.6. This implies that 0 � xi � ŝx̂+Mŝi . A similar argument15



shows that s is bounded.All that remains to be shown is that y is bounded. The full rankassumption of A implies y = (
� s)(AAT )�1,and jjyjj = jj(
� s)(AAT )�1jj � jj(
� s)jjjj(AAT )�1jj.The boundedness of y now follows sin
e jj(
� s)jj is bounded.Corollary 2.5 If r 2 G, then P�r and D�r are bounded.The 
onverse of theorem 2.4 is also true [53, 54℄. Hen
e, G is pre
iselythe set of rim data that guarantees the boundedness of L(r;M). Corollary2.5 implies that both P�r and D�r have omega analyti
 
enters. These omegaanalyti
 
enters are x�(r) and (y�(r); s�(r)), respe
tively, andfx�(r)g = argmax(Xi2B !i ln(xi) : x 2 P�r) andf(y�(r); s�(r))g = argmax(Xi2N !i ln(si) : (y; s) 2 D�r) .The development of the 
entral path is 
ompleted by 
onsidering thepenalized linear program,minf
x� �p!(x) : Ax = b , x > 0g: (2.7)16



Sin
e the Hessian of the obje
tive fun
tion is �
X�2, this mathemati
al pro-gram is stri
tly 
onvex. So, if a solution exists it is unique. To show that thereexists a solution for ea
h � > 0, 
onsider the fun
tionh(x) = s0x� � nXi=1 !i ln(xi) = 
x� �p!(x)� y0b,where (y0; s0) 2 D
. Elementary 
al
ulus 
al
ulations show for any � > 0, h(x)attains its global minimum over IRn++ at x = �(S0)�1!. Sin
e the obje
tivefun
tion of the mathemati
al program in 2.7 di�ers from h by a 
onstant, themathemati
al program in 2.7 has a unique solution for all � > 0.The unique solution to 2.7 has a 
hara
terization as part of the uniquesolution to a system of equations, whose only nonlinearities are the bilinear
omplementarity equations (equation 2.10 below). This system of equationsis developed by noti
ing that the ne
essary and suÆ
ient Lagrange optimality
onditions imply that the gradient of the obje
tive fun
tion is 
ontained inrow(A). Hen
e, for all � > 0, there exists a y su
h thatyA = 
� �!TX�1:Allowing s = �!TX�1, the ne
essary and suÆ
ient 
onditions for x may bewritten as: there exists y and s su
h thatAx = b (2.8)17



yA+ s = 
 (2.9)Sx = �! . (2.10)
Noti
e that equations 2.8, 2.9, and 2.10 imply that x is the unique solution ofthe mathemati
al program in 2.7 if, and only if, there exists a dual solutionthat allows the 
omponent-wise \near" 
omplementarity shown in 2.10. Animmediate impli
ation of equation 2.10 is that if the primal problem is bounded,then the dual problem is unbounded. This is be
ause equation 2.10 has asolution for all � > 0. So, if Pb is bounded, as � ! 1 the dual variablemust be
ome arbitrarily large. In fa
t, equation 2.10 implies that if the primalproblem is bounded, ea
h 
omponent of s may be
ome arbitrarily large. Also,noti
e that the full row rank assumption implies that the dual elements areunique. The goal is to use this system of equations and the full rank assump-tion of A to show that x, y, and s are analyti
 fun
tions of �, b, and 
. Thisresult follows as a dire
t 
onsequen
e of the impli
it fun
tion theorem.Theorem 2.6 (Sonnevend [80℄) Fix A 2 IRm�n,m � n, with rank(A) = m.Given r 2 G, ! 2 IRn++, and � > 0, let x, y, and s satisfy equations 2.8, 2.9,and 2.10. Then, x, y, and s are analyti
 fun
tions of (�; b; 
).18



Proof: Let �r 2 G, and �� > 0. Furthermore, let x̂ and (ŷ; ŝ) satisfy Ax̂ = �b,x̂ > 0, ŷA+ ŝ = �
, ŝ > 0, and Ŝx̂ = ��!. De�ne	 : IR3n+2m+1 ! IR2n+m : (x; y; s; �; b; 
)! 0BBBBBBBB� Ax� byA+ s� 
Xs� �!
1CCCCCCCCA .

Then, 	(x̂; ŷ; ŝ; ��;�b; �
) = 0. The Ja
obian of 	 with respe
t to x, y, and s is
rx;y;s	(x; y; s; �; b; 
) = 2666666664 A 0 00 AT IS 0 X

3777777775 ,and the rank assumption implies that this Ja
obian is non-singular.Using the fa
t that ea
h 
omponent fun
tion is analyti
, the generalform of the impli
it fun
tion theorem [12℄ implies the result.An immediate 
onsequen
e of Theorem 2.6 is that if f(�; b; 
)k 2 IR++�Gg !(��;�b; �
) 2 IR++ � G, limk!1x((�; b; 
)k) = x(��;�b; �
).Theorem 2.6 also shows that the omega 
entral path, de�ned below, is anin�nitely smooth 
urve over IR++ � G.De�nition 2.7 Let ! > 0 and r 2 G. ThenCPr � f(x(�; b; 
); y(�; b; 
); s(�; b; 
)) : � > 0g19



is 
alled the primal-dual omega 
entral path. The primal omega 
entralpath is PCPr � fx(�; b; 
) : � > 0gand the dual omega 
entral path isDCPr � f(y(�; b; 
); s(�; b; 
)) : � > 0g.The primal omega 
entral path is simply referred to as the omega 
entral pathand the primal, dual distin
tions are used only when 
larity is needed. Also,when ! = e, the primal omega 
entral path is 
alled the 
entral path.Noti
e that x(�; b; 
) is the omega analyti
 
enter of Pb Tfx : 
x =
x(�; b; 
)g, whi
h is bounded from theorem 2.4. Hen
e, the omega 
entralpath has the interpretation of being 
omposed of the omega analyti
 
enters of
onstant-
ost-sli
es of Pb. Renegar's \
on
eptual" algorithm [67℄ is based onthis perspe
tive.The omega 
entral path has many properties, and in the next se
tionit is shown that the omega 
entral path 
onverges to an optimal omega analyti

enter and that the obje
tive fun
tion is either stri
tly monotoni
 or 
onstantalong the 
entral path. Also, the spe
ial 
ase when the primal or dual 
entralpath 
ontains a single element is 
hara
terized.20



2.3 Basi
 Properties of the Omega Central Path
Mu
h more than the analyti
 property shown in theorem 2.6 is known.Properties of the 
entral path were investigated by Fia

o and M
Cormi
kfrom the perspe
tive of nonlinear programming [13℄. The important fa
t that
x(�; b; 
) is a stri
tly de
reasing fun
tion of � is proven here. Hen
e, the pre-viously mentioned 
onstant-
ost-sli
es are stri
tly monotoni
 as they approa
hthe optimal fa
e. Furthermore, as is shown in theorem 2.8, for any �xed r 2 G,the limit of x(�; b; 
), as � approa
hes zero, is the omega analyti
 
enter of theoptimal fa
e. This result is strengthened in Chapter 4, where ne
essary andsuÆ
ient 
onditions are given for x(�; b; 
) to 
onverge, even when both b and
 are 
hanging. Others have investigated limiting behavior of the derivatives,but a dis
ussion of this topi
 is postponed until 
hapter 3. Table 2.1 gives ashort guide to these and other analyti
 properties of the omega 
entral path.For our purposes, the omega 
entral path is shown to have a uniquelimit that is optimal, is stri
tly 
omplementary, and is the omega analyti

enter of the optimal set. These results are well established, and the te
hniquesof proof are originally in [53℄. The proof uses the support set of a ve
tor, whi
his de�ned as the index set, �(x) = fi : xi > 0g, for any x 2 IRn+.21



Author Type of ResultsFia

o and M
Cormi
k [13℄ barrier fun
tion 
on
ept and
onvergen
e proofsM
Linden [53℄ analyti
 
enters, 
omplementarityproblems, and properties oflimit pointsBayer and Lagarias [4, 5℄ many analyti
 properties aboutthe 
entral path and the LegendretransformationMegiddo [55℄ primal-dual properties aredeveloped through the use of thelogarithmi
 barrier fun
tionZhao and Zhu [100℄, properties for the 
urvatureand Zhao [101℄ properties for the 
urvatureintegral of the 
entral pathAdler and Monteiro [1℄ and 
onvergen
e of the �rst orderWitzgall, Boggs, and Domi
h [90℄ limiting derivativesG�uler [63℄ 
onvergen
e of higher orderderivativesRoos, Terlaky, and Vial [73℄ text on interior point algorithms;
onvergen
e rate properties of the
entral path and �rst orderderivative 
onvergen
eWright [95℄ text on interior point algorithms;
onvergen
e rate properties, andinfeasible interior point methodsbibliographies [47, 94℄ large interior point methodbibliographies on the internetTable 2.1. A synopsis of analyti
 properties of the omega 
entral path
22



Theorem 2.8 (M
Linden [53℄) Let ! 2 IRn++ and r 2 G. Then bothlim�!0+ x(�; b; 
) and lim�!0+ s(�; b; 
)exist and form a stri
tly 
omplementary optimal solution. Furthermore, theabove limits are the omega analyti
 
enters of the primal and dual optimalsets, respe
tively.Proof: Sin
e,f(x(�; b; 
); y(�; b; 
); s(�; b; 
)) : � > 0g
= f(x( �neT!; b; 
); y( �neT!; b; 
); s( �neT!; b; 
)) : � > 0g,we assume without loss of generality that eT! = n. For any � > 0, the dualitygap is s(�; b; 
)x(�; b; 
) = eTS(�; b; 
)x(�; b; 
) = �eT! = n�.Hen
e, Theorem 2.4 implies that f(x(�; b; 
); s(�; b; 
)) : 0 � � � ��g is boundedfor any �xed �� > 0. This means that there exists a sequen
e, say f�kg, su
hthat limk!1x(�k; b; 
) = x̂ and limk!1 s(�k; b; 
) = ŝ. Sin
e, x(�k; b; 
)� x̂ 2 null(A)and s(�k; b; 
)� ŝ 2 row(A),s(�k; b; 
)x(�k; b; 
) + ŝx̂ = s(�k; b; 
)x̂ + ŝx(�k; b; 
) . (2.11)23



Using that x̂ and ŝ are optimal, this is equivalent to�kn = Xi2�(x̂) si(�k; b; 
)x̂i + Xi2�(ŝ) ŝixi(�k; b; 
) . (2.12)Equation 2.10 implies that si(�k; b; 
)xi(�k; b; 
) = �k!i, whi
h means thatequation 2.12 is equivalent to,n = Xi2�(x̂) !ix̂ixi(�k; b; 
) + Xi2�(ŝ) !iŝisi(�k; b; 
) .As �k ! 0, the equality holds if, and only if, �(x̂)S�(ŝ) = f1; 2; 3; : : : ; ng.Hen
e x̂ and ŝ are stri
tly 
omplementary, and �(x̂) = B and �(ŝ) = N . So,any 
luster point of the omega 
entral path indu
es the optimal partition.The fa
t that x̂ and ŝ are the omega analyti
 
enters of P�r and D�r ,respe
tively, is now shown. The existen
e of the limits follows by the uniquenessof the analyti
 
enter. Let (x�; y�; s�) 2 P�r �D�r . Then, sin
e x(�k; b; 
)�x� 2null(A) and s(�k; b; 
) � s� 2 row(A), an analogous argument to that aboveshows n = Xi2�(x�) !ix�ix̂i + Xi2�(s�) !is�iŝi ,where the subset relations, �(x�) � �(x̂) and �(s�) � �(ŝ), are used. Afterdividing both sides by n, the arithmeti
 - geometri
 mean inequality impliesYi2�(x�)�x�îxi �!i Yi2�(s�)�s�îsi �!i � 1n 0� Xi2�(x�) x�îxi + Xi2�(s�) s�îsi1An � 1.
24



Allowing s� = ŝ yields Yi2�(x�) (x�i )!i � Yi2�(x�) (�x�i )!i ,and x̂B solves maxf Qi2B x!ii : x 2 P�r g. Sin
e this means x̂B also solvesmaxfXi2B !i ln(xi) : x 2 P�r g,x̂ is the analyti
 
enter of P�r . Upon repla
ing x� with x̂, a similar argument
ompletes the dual statement.The proof te
hnique used in theorem 2.8 is now used to show that ifeither the primal or the dual polyhedron is bounded, then as � in
reases toin�nity the omega 
entral path terminates at the omega analyti
 
enter of thepolytope.Theorem 2.9 (M
Linden [53℄) Let ! 2 IR++ and r 2 G. If Pb is boundedand �x is the omega analyti
 
enter of Pb, thenlim�!1x(�; b; 
) = �x.If D
 is bounded and (�y; �s) is the analyti
 
enter of D
, thenlim�!1(y(�; b; 
); s(�; b; 
)) = (�y; �s).Proof: Re
all that equation 2.10 implies that at most one of Pb and D
 isbounded. Assume that Pb is bounded and that �k is a sequen
e in
reasing to25



in�nity su
h that limk!1x(�k; b; 
) = ~x.Then, for any (x̂; (ŷ; ŝ)) 2 Pb�D
, the orthogonal argument used in the proofof theorem 2.8 impliesŝx̂�k + n = nXi=1 !ix̂ixi(�k; b; 
) + nXi=1 !iŝisi(�k; b; 
) ,where it is assumed that eT! = n. Allowing k !1,n = nXi=1 !ix̂i~x ,and the arithmeti
-geometri
 mean inequality impliesnYi=1(x̂i)!i � nYi=1(~xi)!i.Hen
e, ~x = �x. A similar argument follows for the dual statement.Theorem 2.9 shows that for any 
 2 G
, lim�!1x(�; b; 
) solvesmax( nXi=1 ln(xi) : x 2 Pb) ,so long as Pb is bounded and b 2 Gb. Hen
e, this limit does not depend on 
,but only on b. Similarly, when lim�!1(y(�; b; 
); s(�; b; 
)) exists, this limit doesnot depend on b, but only on 
. The \bar" notation is used to denote theselimits: �x(b) � lim�!1x(�; b; 
) and(�y(
); �s(
)) � lim�!1 (y(�; b; 
); s(�; b; 
)) ,
26



provided the limits exist.The next result shows the relationship between a 
onstant primal ob-je
tive fun
tion and the omega 
entral path. In parti
ular, this result demon-strates that the primal obje
tive fun
tion is 
onstant if, and only if, the primalomega 
entral path 
ontains a single element. The equivalen
e of the fourthstatement, whi
h shows how the 
ost ve
tor indi
ates a single element omega
entral path, for
es the in
lusion of a spe
ial 
ase in many of the results inChapter 4. This is be
ause a 
ost ve
tor may indi
ate a single element omega
entral path, while a perturbed 
ost ve
tor may not have this quality.Theorem 2.10 (Roos, Terlaky, and Vial [73℄) The following are equiva-lent for the primal problem:(1) 
x is 
onstant on Pb(2) x(�1; b; 
) = x(�2; b; 
) for all 0 < �1 < �2(3) x(�1; b; 
) = x(�2; b; 
) for some 0 < �1 < �2(4) 
 2 row(A)(5) s(�; b; 
) = �s(1; b; 
) for all 0 < �.Similarly, the following are equivalent for the dual problem:(1) yb is 
onstant on D
(2) (y(�1; b; 
); s(�1; b; 
)) = (y(�2; b; 
); s(�2; b; 
)) for all 0 < �1 < �2(3) (y(�1; b; 
); s(�1; b; 
)) = (y(�2; b; 
); s(�2; b; 
)) for some 0 < �1 < �2
27



(4) b = 0.Proof: Consider the primal statements. We begin by showing 1) 2) 3)4) 1. If 1 holds, then the obje
tive fun
tion in 2.7 is independent of both 
xand �, and 1 implies 2. The result that 2 implies 3 is obvious. Assume that 3is true. Then, be
ause s(�1; b; 
) = �1!TX�1(�1; b; 
)and s(�2; b; 
) = �2!TX�1(�2; b; 
),the dual 
onditions arey(�1; b; 
)A+ �1!TX�1(�1; b; 
) = 
 andy(�2; b; 
)A+ �2!TX�1(�2; b; 
) = 
.Sin
e !TX�1(�1; b; 
) = !TX�1(�2; b; 
), it follows that 1�1 y(�1; b; 
)� 1�2y(�2; b; 
)!A =  1�1 � 1�2! 
.So, 
 2 row(A). Assume 4 is true. Fixing x̂ 2 Pb, we have Pb�fx̂g � null(A).So, for all x 2 Pb, 
(x� x̂) = 0 and 1 follows.The equivalen
e of the �rst four statements is now established. Notethat 5) 2 follows immediately from the equality, X(�; b; 
)s(�; b; 
) = �!. To28




omplete the result, 4 ) 5 is shown. Assume that 4 is true and let ŷA = 
.Then, s(1; b; 
) 2 row(A) be
auses(1; b; 
) = 
� y(1; b; 
)A = (ŷ � y(1; b; 
))A.Therefore, 
 � �s(1; b; 
) 2 row(A) for all � 2 IR++ and there exists v� su
hthat v�A + �s(1; b; 
) = 
.Re
ognizing that (x(1; b; 
); (v�; �s(1; b; 
))) satisfy equations 2.8, 2.9, and 2.10,for all � 2 IR++, it follows that(x(1; b; 
); (v�; �s(1; b; 
))) = (x(�; b; 
); (y(�; b; 
); s(�; b; 
))).Hen
e, 5 is true.The proof of the equivalen
e of the dual statements is similar in na-ture, and we show 1 ) 2 ) 3 ) 4 ) 1. Sin
e (y(�; b; 
); s(�; b; 
)) is theunique solution tomaxfyb+ � nXi=1 !i ln(si) : yA+ s = 
; s > 0g,if yb is 
onstant, (y(�; b; 
); s(�; b; 
)) is independent of yb and �. Hen
e, 1) 2.The fa
t that 2 ) 3 is obvious. Assume that 3 is true. Then, there existsdi�erent �1 and �2 in IR++, su
h that�y(�1; b; 
); s(�1; b; 
)� = �y(�2; b; 
); s(�2; b; 
)� .29



The ne
essary and suÆ
ient Lagrange 
onditions are26664 b�1S�1(�1; b; 
)e 37775 = 26664 AI 37775 x(�1; b; 
)and 26664 b�1S�1(�2; b; 
)e 37775 = 26664 AI 37775 x(�2; b; 
).Sin
e S�1(�1; b; 
)e = S�1(�2; b; 
)e,x(�1; b; 
)�1 = x(�2; b; 
)�2 .So, b�1 = A x(�1; b; 
)�1 ! = A x(�2; b; 
)�2 ! = b�2 ,from whi
h it follows that b = 0. The fa
t that 4 implies 1 is obvious, and theproof is 
omplete.The last result of this se
tion establishes that the primal obje
tivefun
tion is monotoni
ally de
reasing along the omega 
entral path. This resultis originally found in [13℄.Theorem 2.11 (Fia

o and M
Cormi
k [13℄) 
x(�1; b; 
) < 
x(�2; b; 
), forall 0 � �1 < �2, if, and only if, 
 62 row(A). Also, y(�1; b; 
)b > y(�2; b; 
)b, forall 0 � �1 < �2, if, and only if, b 6= 0. 30



Proof: If 
x(�1; b; 
) < 
x(�2; b; 
), theorem 2.10 implies that 
 62 row(A).Assume that 
 62 row(A) and let 0 � �1 < �2. Then the stri
t 
on
avity of theobje
tive fun
tion in 2.7 implies
x(�1; b; 
)� �1 nXi=1 !i ln(xi(�1; b; 
))< 
x(�2; b; 
)� �1 nXi=1 !i ln(xi(�2; b; 
))and 
x(�2; b; 
)� �2 nXi=1 !i ln(xi(�2; b; 
))< 
x(�1; b; 
)� �2 nXi=1 !i ln(xi(�1; b; 
)).Multiplying the �rst inequality by �2, the se
ond inequality by �1, and addingthe two inequalities produ
es�2
x(�1; b; 
) + �1
x(�2; b; 
)� �2�1 nXi=1 !i ln(xi(�1; b; 
)) + �2�1 nXi=1 !i ln(xi(�2; b; 
))!< �2
x(�2; b; 
) + �1
x(�1; b; 
)� �2�1 nXi=1 !i ln(xi(�1; b; 
)) + �2�1 nXi=1 !i ln(xi(�2; b; 
))! .So, �2
x(�1; b; 
) + �1
x(�2; b; 
) < �2
x(�2; b; 
) + �1
x(�1; b; 
),whi
h implies that(�2 � �1)
x(�1; b; 
) < (�2 � �1)
x(�2; b; 
).31



The result now follows by the assumption that �2 > �1.The dual result follows from an analogous argument.
This se
tion ends with the development of a simple example that isused several times. The simpli
ity of this example allows the 
entral path to bewritten in 
losed form, whi
h is valuable when attempting to motivate results.Example 2.12 Consider the linear program minf
x : 0 � x � bg, where weassume that the 
omponents of 
 are not all the same. In
orporating the sla
kve
tor, b� x, the penalized obje
tive fun
tion, with ! = e, is
x� � nXi=1 ln(xi)� � nXi=1 ln(bi � xi). (2.13)The ith 
omponent of the gradient is
i � �xi + �bi � xi .After �nding the roots of this gradient, we see that the 
entral path is givenby xi(�; b; 
) = 8>>>>>>>><>>>>>>>>:


ibi+2��pb2i 
2i+4�22
i if 
i 6= 0bi2 if 
i = 0.
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This means thatx�i (b; 
) = lim�!0+ xi(�; b; 
) = 8>>><>>>: bi(
i�j
ij)2
i if 
i 6= 0bi2 if 
i = 0= 8>>>>>>>><>>>>>>>>: 0 if 
i > 0bi if 
i < 0bi2 if 
i = 0This example shows that x�(b; 
) is not a 
ontinuous fun
tion of 
. For example,�xing b = e,
x�i (e; 
) = 8>>>>>>>><>>>>>>>>: 0 if 
i > 01 if 
i < 012 if 
i = 0However, x�(b; 
) is a 
ontinuous fun
tion of b for this example. This propertyis in general true as shown in 
hapter 3.The 
entral path forminf10x+ y + 100z : 0 � x � 1; 0 � y � 1; 0 � z � 1gis shown in Figure 2.1. Noti
e that the 
entral path terminates at the uniqueoptimal solution. Furthermore, observe that the magnitudes of the 
omponentsof 
 a�e
t the path. Sin
e 
3 is the largest 
omponent, the path �rst attemptsto drive x3 to zero. On
e x3 be
omes suÆ
iently small, it turns to de
rease33



x1. Finally, it turns again to move x2 towards zero. This idea that the 
entralpath makes somewhat sudden turns, and that between these sudden turns itis almost linear, was re
ently proven by Vavasis and Ye [89℄. This geometri

hara
terization leads to an algorithm for whi
h the 
omplexity analysis is notdependent upon b or 
.
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Figure 2.1. A 
entral path.2.4 Analyti
 Centers and Data PerturbationsHow the 
entral path and the analyti
 
enter solution rea
t to 
hang-ing data is the topi
 of interest for the remainder of this thesis. For any r 2 G,34



de�ne Ær = (Æb; Æ
) to be a dire
tion of 
hange. Noti
e that theorem 2.3 guar-antees that for any r 2 G and any Ær, there exists �� > 0 su
h that for all� 2 [0; ��), r + �Ær 2 G. Hen
e, any dire
tion is admissible.To fa
ilitate linear 
hanges in data, de�ne for any r 2 G and any Ær,b� � b + �Æb and
� � 
+ �Æ
,where � and � are always assumed non-negative. This notation is used onlywhen a dire
tion of 
hange is understood. For general, nonlinear 
hanges inrim data, sequen
es are used. For example, if a general 
hange in b is desired,then a sequen
e, fbkg, of admissible right-hand sides is used.Dire
tions of 
hange for whi
h the optimal partition does not 
hangeon the interval [r; r + ��Ær℄, for some �� > 0, are of parti
ular interest. De�neH(r) = fÆr : there exists �� > 0 for whi
h(B(r + �Ær)jN(r + �Ær)) = (B(r)jN(r)) for all � 2 [0; ��)g,Hb(r) = fÆb : (Æb; 0) 2 H(r)g, andH
(r) = fÆ
 : (0; Æ
) 2 H(r)g.Re
ent investigations into the properties of these sets are found in [26℄, [28℄,and [31℄. The next lemma shows that the optimal partition 
hara
terizes H(r),Hb(r), and H
(r). 35



Lemma 2.13 Let r be admissible. Then,(1) Hb(r) = 
ol(AB), and(2) H
(r) = fÆ
 2 H
 : Æ
B 2 row(AB)g.Proof: For r 2 G, let x� be an asso
iated stri
tly 
omplementary optimal so-lution, and Æb 2 IRm. The optimality 
onditions de�ning the optimal partitionfor 
hanges in the right-hand side are,ABxB = b�yAB = 
ByAN < 
NxB > 0,where � is suÆ
iently small. If Æb 2 
ol(AB), then there exists x0 su
h thatAB(�x0) = �Æb. Sin
e x�B��x0 > 0 for suÆ
iently small �, the above 
onditionshold, and 
ol(AB) � Hb(r).If the optimal partition is invariant for suÆ
iently small �, then thereexists xB(�) su
h that ABxB(�) = b�. Hen
e,AB(xB(�)� x�B) = �Æb.and Æb 2 
ol(AB). 36



The argument for the se
ond statement is similar, ex
ept the opti-mality 
onditions de�ning the optimal partition areABxB = byAB = 
B + �Æ
ByAN < 
N + �Æ
NxB > 0,where � is suÆ
iently small.In addition to the 
hara
terizations in lemma 2.13 for Hb(r) and H
(r), thefollowing de
oupling prin
iple is shown in [26℄,H(r) = Hb(r)�H
(r). (2.14)The next theorem is an extension of theorem 2.4 to the 
ases whenrim data elements are allowed to 
hange. It establishes the boundedness of theunion over a 
onverging sequen
e of rim data of the primal and dual elementshaving a bounded duality gap.Theorem 2.14 Let frk 2 Gg ! r 2 G. Then, for all M 2 IR+,[k L(rk;M)is bounded. 37



Proof: For any (xk; sk) 2 Pobk � Do
k , the proof of theorem 2.4 demonstratesthat when (x; s) 2 L(rk;M), xi � M + skxkskiand si � M + skxkxki .Let �� > 0. Then, setting sk = s(��; bk; 
k) and xk = (��; bk; 
k), we have skxk =n��. Sin
e frk 2 Gg ! r 2 G, the analyti
 properties of x(�; b; 
) and s(�; b; 
)shown in theorem 2.6 imply that sk ! s(��;�b; �
) > 0 and xk ! x(��;�b; �
) > 0.This implies that there exists a natural number K su
h that ski > 12si(��;�b; �
)and xki > 12xi(��;�b; �
), for all k � K and i = 1; 2; : : : ; n. Hen
e, for all (x; y; s) 2L(rk;M) xi � M + skxkski < 2(M + n��)si(��;�b; �
)and si � M + skxkxki < 2(M + n��)xi(��;�b; �
) ,when k � K. The fa
t that y is bounded follows from the one-to-one linearrelationship between y and s. So,[k�KL(rk;M)
38



is bounded. Sin
e [k<KL(rk;M)is a �nite union of bounded sets, the result follows.Theorem 2.14 has the favorable 
onsequen
e that for any sequen
e,f(�k; rk) 2 IR++ � Gg ! (0; r) 2 f0g � G, the sequen
es fx(�k; bk; 
k)g andfs(�k; bk; 
k)g both have 
luster points. However, as is seen in 
hapter 4, thesequen
es fx(�k; bk; 
k)g and fs(�k; bk; 
k)g do not ne
essarily 
onverge. Thismeans a straight forward extension of theorem 2.8 is not available. Althoughthe sequen
es fx(�k; bk; 
k)g and fs(�k; bk; 
k)g are not guaranteed to 
onverge,the next lemma provides suÆ
ient 
onditions for sub-ve
tors of these sequen
esto 
onverge to zero.Lemma 2.15 Let frk 2 Gg ! �r 2 G. If f�k 2 IR++g ! 0,limk!1xN(�r)(�k; bk; 
k) = 0 andlimk!1 sB(�r)(�k; bk; 
k) = 0.Proof: Let f�kg and frkg be as above. Theorem 2.14 implies thatn�x(�k; bk; 
k); �y(�k; bk; 
k); s(�k; bk; 
k)��ois bounded, and hen
e there exists a 
onvergent subsequen
e. Letlimi!1 �x(�ki; bki; 
ki); �y(�ki; bki; 
ki); s(�ki; bki ; 
ki)�� = (x̂; (ŷ; ŝ)) .39



Sin
e, Ax(�ki; bki ; 
ki) = bki , x(�ki; bki; 
ki) � 0,y(�ki; bki ; 
ki)A+ s(�ki; bki; 
ki) = 
ki , s(�ki; bki; 
ki) � 0, ands(�ki; bki ; 
ki)x(�ki; bki; 
ki) = n�ki ,allowing i to go to in�nity implies that x̂ 2 P��r and (ŷ; ŝ) 2 D��r . The resultfollows be
ause P��b = fx 2 P�b : xN = 0g and D��
 = f(y; s) 2 D�
 : sB = 0g.Lemma 2.15 leaves open the question of what happens to xB(r)(�k; bk; 
k) andsN(r)(�k; bk; 
k). The results in 
hapter 4 
hara
terize the 
onditions neededto guarantee the 
onvergen
e of these 
omponents, provided the 
ost ve
torperturbation is linear.The last theorem of this 
hapter supplies suÆ
ient 
onditions forx(�; b; 
) to 
onverge to the analyti
 
enter of a polytope. Before provingthis result, we present two supporting lemmas.Lemma 2.16 For any matrix, Q 2 IRp�q, and b 2 IRq, letQb = fu : Qu = b; u � 0g.If fbkg ! b and Qb is non-empty and bounded, then[k Qbkis bounded. 40



Proof: Suppose, for the sake of attaining a 
ontradi
tion, that[k Qbkis unbounded. Then, there exists fukg su
h thatQ ukkukk = bkkukkand limk!1 kukk =1. Sin
e f ukkukkg is bounded, there exists a 
onvergent subse-quen
e, say n ukikukiko ! û. Sin
e n bkk�kiko ! 0, Qû = 0. However, sin
e �̂ > 0,this leads to the 
ontradi
tion that for any u 2 Qb and � 2 IR++, u+�û 2 Qb.Lemma 2.17 De�neQb as in lemma 2.16. Let fbkg ! b, be su
h thatQbk 6= ;,for all k, and Qb 6= ;. Then,(1) for any u 2 Qb, there exists fuk 2 Qbkg ! u, and(2) if Qob = fu : Qu = b; u > 0g 6= ;, for any u 2 Qob , there exists fuk 2 Qobk :k � Kg ! u, for some suÆ
iently large K.Proof: Let �u 2 Qb. Be
ause the following system is 
onsistent,Q(�u+ Æu) = b + (bk � b)�u+ Æu � 0,there exists Æu su
h that QÆu = bk � b41



�u+ Æu � 0.All solutions of the equation QÆu = bk � b have the formÆu = Q+(bk � b) + q,where q 2 null(Q). Hen
e, there exists q 2 null(Q) su
h that�u+ Æu = �u+Q+(bk � b) + q � 0.De�ne qk = minfkqk : q 2 null(Q); �u+ Æu � 0g, and setÆuk = Q+(bk � b) + qk anduk = �u+ Æuk.Then, uk � 0, and Quk = Q(�u+ Æuk)= Q��+QQ+(bk � b) +Qqk= b + (bk � b)= bk.So, uk 2 Qbk . Sin
e f�u+QQ+(bk � b)g ! �u � 0, fqkg ! 0, andlimk!1uk = limk!1 �u+ Æuk= limk!1 �u+QQ+(bk � b) + qk= �u. 42



This proves the �rst statement of the lemma.The se
ond statement follows be
ause if �u 2 Qob, there exists K su
hthat k � K implies �u+Q+(bk�b) > 0. Hen
e, for k � K, qk = 0 and uk 2 Qobk .
The next theorem provides suÆ
ient 
onditions for fx(�k; bk; 
k)g to
onverge to the omega analyti
 
enter of a polytope.Theorem 2.18 Let ! 2 IRn. Also let f�k 2 IR++g and frk 2 Gg be su
h that:(1) fbkg ! �b 2 Gb,(2) P�b is bounded,(3) n 
k�ko is bounded, and(4) every 
luster point of n 
k�ko is 
ontained in row(A).Then, limk!1x(�k; bk; 
k) = �x(�b).Similarly, if(1) f
kg ! �
 2 G
,(2) D�
 is bounded, and(3) n bk�ko! 0,then, limk!1 �y(�k; bk; 
k); s(�k; bk; 
k)� = (�y(�
); �s(�
))43



Proof: Let fbk 2 Gbg ! �b 2 Gb, P�b be bounded, and n 
k�ko bea bounded sequen
e su
h that every 
luster point is 
ontained in row(A).Lemma 2.16 implies that fx(�k; bk; 
k)g is bounded, so there exists a subse-quen
e su
h that limi!1x(�ki; bki ; 
ki) = x̂ andlimi!1 
ki�ki = 
̂.Sin
e, Ax(�ki ; bki; 
ki) = bki and x(�ki; bki ; 
ki) � 0, allowing i!1 implies x̂ 2P�b. For any i, the ne
essary and suÆ
ient 
onditions des
ribing x(�ki ; bki; 
ki)are Ax(�ki; bki ; 
ki) = by(�ki; bki; 
ki)A + s(�ki; bki ; 
ki) = 
kiS(�ki; bki; 
ki)x(�ki; bki ; 
ki) = �ki!x(�ki; bki ; 
ki) > 0whi
h are equivalent toAx(�ki ; bki; 
ki) = b�y(�ki; bki; 
ki)�ki A = !TX�1(�ki; bki ; 
ki)� 
ki�kix(�ki; bki; 
ki) > 0.44



The full rank assumption implies�y(�ki; bki; 
ki)�ki =  !TX�1(�ki; bki; 
ki)� 
ki�ki!AT �AAT ��1 .If we prove x̂ > 0, this last equality implies that the sequen
e n y(�ki ;bki ;
ki)�ki ohas a limit, say ŷ. Sin
e 
̂ is in row(A), this implies the existen
e of a ~y su
hthat Ax̂ = b~yA = !T X̂�1x̂ > 0.Be
ause these are the ne
essary and suÆ
ient 
onditions des
ribing �x(�b), theresult would be established. We now show that x̂ > 0.Lemma 2.17 implies the existen
e of a sequen
e, f~xi 2 Pobkig ! ~x 2Po�b . The optimality of x(�ki ; bki; 
ki) implies
ki�ki x(�ki; bki ; 
ki)� nXj=1!i ln �xj(�ki; bki ; 
ki)� � 
ki�ki ~xi � nXj=1!i ln �~xij� ,whi
h is equivalent to
ki�ki �~xi � x(�ki; bki; 
ki)�+ nXj=1!i ln �xj(�ki; bki; 
ki)� � nXj=1!i ln �~xij� . (2.15)Sin
e f~xig is bounded away from zero, the right hand side of this last inequalityis bounded below. Suppose, for the sake of attaining a 
ontradi
tion, that as45



i ! 1, xj(�ki; bki; 
ki) ! 0, for some j. The boundedness of fx(�ki; bki; 
ki)gimplies nXj=1!i ln �xj(�ki; bki ; 
ki)�! �1.Hen
e, 2.15 implies 
ki�ki �~xi � x(�ki; bki; 
ki)�!1. However, sin
e 
̂ 2 row(A)and (~x� x̂) 2 null(A),
ki�ki �~xi � x(�ki; bki; 
ki)�! 
̂(~x� x̂) = 0.Hen
e, no su
h j exists, and x̂ > 0.The dual argument is similar. Again, lemma 2.16 implies thatn�y(�k; bk; 
k); s(�k; bk; 
k)�ois bounded, and for some subsequen
elimi!1 �y(�ki; bki; 
ki); s(�ki; bki ; 
ki)� = (ŷ; ŝ) .Clearly, (ŷ; ŝ) 2 D�
. We show that (ŷ; ŝ) = (�y(�
); �s(�
)), from whi
h the resultfollows be
ause of the uniqueness of (�y(�
); �s(�
)). Similar to the primal 
ase, thene
essary and suÆ
ient 
onditions des
ribing �y(�ki; bki; 
ki); s(�ki; bki; 
ki)� arerewritten as, y(�ki; bki ; 
ki)A + s(�ki; bki; 
ki) = 
AS�1(�ki; bki ; 
ki)! = bki�kis(�ki; bki; 
ki) > 0.46



As before, the key element of the proof is showing that ŝ > 0. This is be
auseS�1(�ki; bki; 
ki)! = xi�ki , and if ŝ > 0, n xi�ki o! x̂. Hen
e,Ax̂ = 0ŷA+ ŝ = �
Ŝx̂ = !ŝ > 0whi
h implies that (ŷ; ŝ) = (�y(�
); �s(�
)). We pro
eed to show ŝ > 0.Lemma 2.17 implies there exists a sequen
e n(~yi; ~si) 2 Do
kio su
hthat, f~sig ! ~s 2 Do�
 . The optimality of �y(�ki; bki; 
ki); s(�ki; bki; 
ki)� implies~yi  bki�ki!+ nXi=1 !i ln(~si) � y(�ki; bki; 
ki) bki�ki!+ nXi=1 !i ln �si(�ki; bki; 
ki)� ,or equivalently,nXi=1 !i ln(~si) � �y(�ki; bki; 
ki)� ~yi� bki�ki!+ nXi=1 !i ln �si(�ki; bki ; 
ki)� .As before, ŝ > 0 be
ause the left-hand side of the above inequality is boundedbelow, fsi(�ki; bki ; 
ki)g is bounded, and �y(�ki; bki; 
ki)� ~yi� � bki�ki �! 0.2.5 Chapter SummaryThe omega 
entral path, primal omega 
entral path, and dual omega
entral path were de�ned, and their analyti
ity with respe
t to (�; b; 
) was47



established. This result followed from a dire
t appli
ation of the impli
it fun
-tion theorem. The traditional 
onvergen
e properties of x(�; b; 
), with b and
 �xed, were developed after the boundedness of fx(�; b; 
) : 0 < � � ��g wasshown. This result was extended in theorem 2.14 to in
lude the situation of
onverging rim data.Be
ause mu
h of what is to follow pertains to linear 
hanges in therim data, notation to a

ommodate linear 
hanges was introdu
ed. The setof dire
tions for whi
h the optimal partition is invariant, for arbitrarily smallamounts of 
hange, was 
hara
terized in lemma 2.13. Theorem 2.18 providessuÆ
ient 
onditions for a sequen
e fx(�k; bk; 
k)g to 
onverge to the omegaanalyti
 
enter of a polytope.

48



3. Marginal Analysis of The Analyti
 Center Solution3.1 Introdu
tionThis 
hapter develops the di�erential properties of the analyti
 
entersolution with respe
t to the rim data elements. Marginal properties of basi
optimal solutions are well understood [19℄, and an analogy to this analysis ismade. When dealing with a basi
 optimal solution, the marginal analysis is ofpenultimate 
on
ern for post optimal queries sin
e the solution is linear alongany given dire
tion of right-hand side 
hange. To see this, suppose that B isan optimal basis, whi
h is 
ompatible with Æb [29℄. Then, for suÆ
iently small�, this basi
 solution is x� = B�1b + �B�1Æb. (3.1)So, the rate of 
hange along Æb, for this basi
 solution, is B�1Æb. Su
h rates of
hange are useful when anti
ipating the behavior of a parti
ular solution under
u
tuations in 
onstraint levels.When the primal and dual solutions are unique, the linearity of abasi
 solution along any given dire
tion of right-hand side 
hange makes themarginal analysis important and easy to interpret. However, when the primal49



and dual solutions are not unique, a simplex based approa
h may have topivot to �nd a 
ompatible basis for the desired dire
tion of 
hange. In su
hsituations, the degenerate pivots are needed to provide a basi
 variable thata

ommodates the sought after 
hange.The analysis presented in this 
hapter deals with the analyti
 
entersolution. Sin
e this solution is unique, the analysis does not have to be dividedinto separate 
ases for unique and non-unique solutions. However, the analysisis more 
ompli
ated be
ause the linearity provided by a basi
 solution is lost.The main results of this 
hapter are:� the analyti
 
enter solution is a 
ontinuous fun
tion of its right-handside,� the analyti
 
enter solution is analyti
 almost everywhere, and� the analyti
 
enter solution is always in�nitely, 
ontinuously one-sideddi�erentiable.The se
ond property implies that the analyti
 
enter solution has a Taylorseries expansion with a non-trivial radius of 
onvergen
e, almost everywhere.Noti
ing that equation 3.1 is the Taylor expansion of a basi
 optimal solution,we see that su
h a Taylor expansion is the exa
t 
ounterpart for the analyti

enter solution. Furthermore, the Taylor expansion is easy to 
al
ulate as seenin se
tion 3.4. 50



3.2 Notation, Terminology, and Preliminary ResultsLet f be a di�erentiable univariant fun
tion de�ned on the interval[x0; x1). De�ne, f 0(x0+) � limx!x0+ f 0(x) andf 0+(x0) � limx!x0+ f(x)� f(x0)x� x0 .It is worth noting that even if f is 
ontinuous at x0, the equality f 0(x0+) =f 0+(x0), is not guaranteed. For example, take f(x) = x sin(x), for x0 = 0.The \prime" notation is not pre
ise enough when dealing with multi-variable fun
tions. To a

ommodate the notational requirements needed fordi�erentiable fun
tions from IRn ! IRm, de�ne for a di�erentiable fun
tionf : IRn ! IRm, Dkxif(x)to be the ve
tor whose jth 
omponent is�kfj(x)�xki ,where fj is the jth 
omponent fun
tion. This notation is extended for the51



right-sided limit of the derivative and the right-derivative as follows,
Dkxif(x̂+) � limxi!x̂i+Dkxif

0BBBBBBBBBBBBBBBBBBBBBBBBBBB�

x̂1...x̂i�1xix̂i+1...̂xn

1CCCCCCCCCCCCCCCCCCCCCCCCCCCAand
Dkxi+f(x̂) � limxi!x̂i+ 1jxi � x̂ij

0BBBBBBBBBBBBBBBBBBBBBBBBBBB�
Dk�1xi f

0BBBBBBBBBBBBBBBBBBBBBBBBBBB�

x̂1x̂2...xix̂i+1...̂xn

1CCCCCCCCCCCCCCCCCCCCCCCCCCCA
�Dk�1xi f(x̂)

1CCCCCCCCCCCCCCCCCCCCCCCCCCCA
.

The word lo
ally is used to distinguish between one-sided analyti
 propertiesand analyti
 properties over a neighborhood. For example, x�(b�; 
) is said tobe lo
ally di�erentiable along Æb if there exists a neighborhood about zero, sayN , su
h that D1�x�(b�; 
) exists for all � 2 N . Noti
e that to be lo
ally di�er-entiable along Æb, it is ne
essary that the dire
tional derivatives 
orresponding52



to Æb and �Æb agree when � is zero. In the next se
tion, a set of dire
tions withthis property is 
lassi�ed.The formula for the kth derivative of a 
omposition fun
tion [24℄ isused to develop several results. Let h(x) = f(g(x)), where both f : IR ! IRand g : IR! IR are in C1 on some suitable neighborhoods. Then h(k)(x) isX k!j1!j2! : : : jk! � dmfdym (g(x)) � 24 g0(x)1! !j1  g00(x)2! !j2 : : : g(k)(x)k! !jk35 , (3.2)where the sum is taken over all non-negative integer solutions to kPi=1 iji = kand kPi=1 ji = m.3.3 Di�erentiating the Central PathThe goal of this se
tion is to establish the existen
e of the the limitingderivatives of the 
entral path, with respe
t to �. The �rst order deriva-tives were addressed by Adler and Monteiro [1℄ and Witzgall, Boggs, andDomi
h [90℄. The higher order derivatives were investigated by G�uler [63℄,and this development is followed here. Although the marginal analysis of x�(r)with respe
t to b and 
 is of primary interest, the later se
tions of this 
haptershow that this analysis follows on
e the existen
e of the limiting derivatives,with respe
t to �, is established.The �rst task is to bound the derivatives with respe
t to �. Consider53



the de�ning system of equalities for the 
entral path:Ax(�; b; 
) = b (3.3)y(�; b; 
)A+ s(�; b; 
) = 
 (3.4)S(�; b; 
)x(�; b; 
) = !�. (3.5)Using Leibnitz's rule, the kth di�erential of equation 3.5 iskXi=00BBB� ki 1CCCADk�i� X(�; b; 
) �Di�s(�; b; 
) = 8>>><>>>: ! if k = 10 if k � 2, (3.6)where the `�' simply means multipli
ation. For k � 2, de�ne }k(�; b; 
) to bethe above sum without the �rst and last terms:}k(�; b; 
) = k�1Xi=1 0BBB� ki 1CCCADk�i� X(�; b; 
) �Di�s(�; b; 
).Thus, when k � 2, the kth derivatives are iteratively the unique solution toA �Dk�x(�; b; 
) = 0 (3.7)Dk�y(�; b; 
) � A+Dk�s(�; b; 
) = 0 (3.8)S(�; b; 
) �Dk�x(�; b; 
) +X(�; b; 
) �Dk�s(�; b; 
) = �}k(�; b; 
). (3.9)Sin
e 3.7 implies that Dk�x(�; b; 
) 2 null(A) and 3.8 implies thatDk�s(�; b; 
) 2 row(A), Dk�x(�; b; 
)TDk�s(�; b; 
) = 0.54



Re
alling that 
 = diag(!), the equality X(�; b; 
)S(�; b; 
) = �
 implies,(
� 12S(�; b; 
) �Dk�x(�; b; 
))T (
� 12X(�; b; 
) �Dk�s(�; b; 
))= Dk�x(�; b; 
)T � S(�; b; 
)
�1X(�; b; 
) �Dk�s(�; b; 
)= �Dk�x(�; b; 
)T �Dk�s(�; b; 
)= 0.Hen
e, 
� 12S(�; b; 
) �Dk�x(�; b; 
) and 
� 12X(�; b; 
) �Dk�s(�; b; 
) are perpen-di
ular. Now, for any two perpendi
ular ve
tors, say v and w,jjv + wjj2 = jjvjj2 + jjwjj2.This, together with 3.9, show that,jj
� 12}k(�; b; 
)jj2= jj
� 12S(�; b; 
) �Dk�x(�; b; 
) + 
� 12X(�; b; 
) �Dk�s(�; b; 
)jj2= jj
� 12S(�; b; 
) �Dk�x(�; b; 
)jj2 + jj
� 12X(�; b; 
) �Dk�s(�; b; 
)jj2.Expressing the norms in the last equality as inner produ
ts yieldsjj
� 12}k(�; b; 
)jj2 �mini f 1!ig �jjS(�; b; 
)Dk�x(�; b; 
)jj2 + jjX(�; b; 
)Dk�s(�; b; 
)jj2� .55



So, mini f 1!ig �jjS(�; b; 
)Dk�x(�; b; 
)jj2 + jjX(�; b; 
)Dk�s(�; b; 
)jj2�� jj
� 12}k(�; b; 
)jj2� jj
� 12 jj2jj}k(�; b; 
)jj2= maxi f 1!igjj}k(�; b; 
)jj2,and kS(�; b; 
)Dk�x(�; b; 
)k2 + kX(�; b; 
)Dk�s(�; b; 
)k2� mini f!igmaxi f!igk}k(�; b; 
)k2. (3.10)This last inequality implies that D1�xN (�; b; 
) and D1�sB(�; b; 
) areuniformly bounded as � ! 0+. This follows sin
e }1(�; b; 
) = !, x�B(r) > 0,s�N(r) > 0, andjjS(�; b; 
)D1�x(�; b; 
)jj2 + jjX(�; b; 
)D1�s(�; b; 
)jj2
= 








26664 SB(�; b; 
) �D1�xB(�; b; 
)SN(�; b; 
) �D1�xN (�; b; 
) 37775








2 + 








26664 XB(�; b; 
) �D1�sB(�; b; 
)XN(�; b; 
) �D1�sN(�; b; 
) 37775








2� mini f!igmaxi f!Igk!k2.The next lemma gives a representation of D1�xB(�; b; 
) in terms ofDk�xN(�; b; 
), xB(�; b; 
), and Dj�xB(�; b; 
), where j � k � 1. Su
h a repre-sentation allows the use of an indu
tion argument to establish the 
onvergen
e56



of Dk�x(�; b; 
). Before stating the needed representation of Dk�xB(�; b; 
), notethat if f(x) = 1x and g(�) = x(�), 3.2 shows that,dkf(g(�))�k= X(�1)mm! k!j1!j2! : : : jk!x(�)�m�1 kYl=1 x(l)(�)l! !jl (3.11)= �x(k)(�)x2(�) + 1x(�)hk�1 �x�m(�); x0(�); x00(�); : : : ; xk�1(�)� , (3.12)where �x(k)(�)x2(�) 
orresponds to the index (j1; j2; : : : ; jk) = (0; 0; : : : ; 0; 1), andthe fun
tion hk�1 de�ned by 3.12 is a polynomial. fun
tion.The next lemma is found in [63℄. The proof is in
luded here for
ompleteness.Lemma 3.1 (G�uler [63℄) Let r 2 G and de�ne HB(�; b; 
) = 
� 12B XB(�; b; 
).Then, for every k � 1 and � > 0,Dk�xB(�; b; 
) =�HB(�; b; 
) (ABHB(�; b; 
))+AN �Dk�xN (�; b; 
) +HB(�; b; 
) � �.where � is the proje
tion of
 12h(k�1;B) �X�mB (�; b; 
)eB; D1�xB(�; b; 
); D2�xB(�; b; 
); : : : ; Dk�1� xB(�; b; 
)� ,onto null(ABHB(�; b; 
)) and h(k�1;B) is the ve
tor valued fun
tion su
h thatthe ith 
omponent fun
tion, for i 2 B, is the polynomial in 3.12.57



Proof: Sin
e sB(�; b; 
)� 
B 2 row(AB) and 
B = 
B � s�B(r) 2 row(AB), wehave that �X�1B (�; b; 
)!B�� = sB(�; b; 
) 2 row(AB).Hen
e, X�1B (�; b; 
)eB 2 row(
�1B AB)and Dk�X�1B (�; b; 
)eB 2 row(
�1B AB),for all k � 1. Furthermore, 3.12 shows that,Dk�X�1B (�; b; 
)eB= �X�2B (�; b; 
) �Dk�xB(�; b; 
)+X�1B eBh(k�1;B) �X�mB (�; b; 
); D1�x(�; b; 
)); : : : ; Dk�1� x(�; b; 
)�2 row �
�1B AB� .Multiplying on the left by 
 12XB(�; b; 
) provides,H�1B (�; b; 
) �Dk�xB(�; b; 
)�
 12Bh(k�1;B) �X�mB (�; b; 
); D1�x(�; b; 
)); : : : ; Dk�1� x(�; b; 
)�2 row (ABHB(�; b; 
)) .For notational 
onvin
e, letV = row (ABHB(�; b; 
)) andW = null (ABHB(�; b; 
)) .58



Sin
e, V and W are perpendi
ular,projW �H�1B (�; b; 
) �Dk�xB(�; b; 
)�
 12Bh(k�1;B) �X�mB (�; b; 
); D1�x(�; b; 
)); : : : ; Dk�1� x(�; b; 
)��= projW �H�1B (�; b; 
) �Dk�(�; b; 
)��projW �
 12Bh(k�1;B) �X�mB (�; b; 
); D1�x(�; b; 
)); : : : ; Dk�1� x(�; b; 
)��= 0.Hen
e,projW �H�1B (�; b; 
) �Dk�xB(�; b; 
)� (3.13)= projW �
 12Bh(k�1;B) �X�mB (�; b; 
); D1�x(�; b; 
)); : : : ; Dk�1� x(�; b; 
)�� .To 
omplete the orthogonal de
omposition ofH�1B (�; b; 
) �Dk�xB(�; b; 
);the proje
tion of this ve
tor onto V is needed. Sin
e, equation 3.7 impliesAB �Dk�xB(�; b; 
) + AN �Dk�xN (�; b; 
) = 0,we have(ABHB) �H�1B �Dk�xB(�; b; 
)� = AB �Dk�xB(�; b; 
) = �AN �Dk�xN(�; b; 
).59



Also, sin
e (ABHB)+(ABHB) is the proje
tion operator onto V, the last equal-ity implies projV �H�1B �Dk�xB(�; b; 
)�= �(ABHB)+AN �Dk�xN(�; b; 
). (3.14)Adding 3.13 and 3.14 shows thatH�1B (�; b; 
) �Dk�xB(�; b; 
)= projW �
 12Bh(k�1;B) �X�mB (�; b; 
); D1�x(�; b; 
)); : : : ; Dk�1� x(�; b; 
)���(ABHB)+AN �Dk�xN (�; b; 
).Multiplying both sides by HB(�; b; 
) proves the result.The importan
e of lemma 3.1 lies not in the spe
i�
 representationof Dk�xB(�; b; 
), but rather that this representation requires only lower orderderivatives of x(�; b; 
) and Dk�xN (�; b; 
). This allows the use of an indu
-tion argument to show that all limiting derivatives exist. The next theoremestablishes this result and is found in [63℄.Theorem 3.2 (G�uler [63℄) Let r 2 G. Then,lim�!0+Dk�x(�; b; 
)exists for all k � 1. 60



Proof: Assume k = 1. Then, the �rst derivative of xB(�; b; 
), with respe
tto �, redu
es toD1�xB(�; b; 
) =�HB(�; b; 
) (ABHB(�; b; 
))+AN �D1�xN (�; b; 
). (3.15)As already mentioned, D1�xN(�; b; 
) is bounded as �! 0+. Furthermore, sin
ex�B(r) > 0, (ABHB(�; b; 
))+ 
onverges as � ! 0+, see [63℄. This implies thatD1�xB(�; b; 
) also remains bounded as � ! 0+. From this boundedness andthe fa
t that x�N(r) = 0 and s�B(r) = 0, we see thatlim�!0+X(�; b; 
)D1�s(�; b; 
) + S(�; b; 
)D1�x(�; b; 
)= 26664 X�B(r) �D1�+s�B(r)S�N(r) �D1�+x�N (r) 37775 = !. (3.16)So, D1�+x�N (r) = (S�N(r))�1 !N andD1�+s�B(r) = (X�B(r))�1 !B.The existen
e of lim�!0+D1�xB(�; b; 
) is now implied by 3.15.Suppose that the result is true for all j between 1 and k � 1. Sin
e}k(�; b; 
) 
ontains derivatives whose order is less than k, the indu
tion hy-pothesis implies that lim�!0+ }k(�; b; 
)61



exists. Sin
e, (x�B(r); s�N(r)) > 0, this implies thatDk�xN (�; b; 
) and Dk�sB(�; b; 
)remain bounded as � approa
hes zero. Hen
e, the representations forDk�xB(�; b; 
) and Dk�sN(�; b; 
),as found in lemma 3.1, show that these derivative also stay bounded as �! 0+.The result follows by letting � ! 0+ in 3.6, and applying the representationsfrom lemma 3.1.To illustrate theorem 3.2, 
onsider the 
entral path from example 2.12.Supposing that 
 > 0,xi(�; b; 
) = 
ibi + 2��qb2i 
2i + 4�22
i ,and lim�!0+D1�xi(�; b; 
) = lim�!0+ 1
i � �
2ir b2i4 + �2
2i= 1
i .Some higher order limiting derivatives are found in table 3.162



Order Derivative Order Derivative1 1
i 6 � 2�6!b5i 
6i2 � 2bi
2i 7 03 0 8 5�8!b7i 
8i4 4!b3i 
4i 9 05 0 10 �14�10!b9i 
10iTable 3.1. Some higher order limiting derivatives from example 2.12Now that the di�erential properties of x(�; b; 
), with respe
t to � areestablished, the next se
tion shows how to exploit these properties to obtainsimilar di�erential properties with respe
t to the right-hand side.3.4 Marginal Properties of the Analyti
 CenterSolution with Respe
t to the Right-Hand SideThis se
tion investigates the marginal properties of the analyti
 
entersolution with respe
t to linear 
hanges in the right-hand side ve
tor. It was seenin 2.3, 2.4, and lemma 2.13 that the optimal partition de�nes both the optimalsets and the 
ones of admissible dire
tions for whi
h the optimal partitionis invariant, provided the perturbation is suÆ
iently small. The �rst result ofthis se
tion establishes that the optimal partition also yields a set of right-hand63



side dire
tions along whi
h the analyti
 
enter solution is lo
ally analyti
. Themain result of this se
tion is that even when an admissible dire
tion is not alo
ally di�erentiable dire
tion, one sided derivatives still exist.Theorem 3.3 establishes the lo
al analyti
ity of the analyti
 
entersolution along dire
tions in Hb. This result is quite simple, and all that isneeded is to invoke the impli
it fun
tion theorem.Theorem 3.3 Let r 2 G. Then, if Æb 2 Hb, x�(b�; 
) is lo
ally analyti
 alongÆb.Proof: Lemma 2.13 implies Æb 2 
ol(AB). So, there exists a full rank matrixsub-matrix of A, say �AB, with rank( �AB) = m0, su
h that fx : ABxB = b +�Æbg = fx : �ABxB = �b + ��Æbg. For suÆ
iently small �, x�B(b�; 
) is de�ned bythe following system of equations,�ABxB(b�; 
) = �b + ��Æb (3.17)
(b�; 
) �AB + &(b�; 
) = 0 (3.18)XB(b�; 
)&(b; 
) = e. (3.19)Similar to the proof of theorem 2.6, de�ne
	 : IR2jBj+m0+1 ! IR2jBj+m0 : (xB; 
; &; �)! 2666666664 �ABxB � ��Æb� �b
 �AB + &XB&T � e

3777777775 .
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Then, 	 is analyti
 in an open neighborhood of (x�B(�b0; 
); 
(�b0; 
); &(�b0; 
); 0)and 	 ��x�B(�b0; 
); 
(�b0; 
); &(�b0; 
); 0�� = 0. Sin
e the Ja
obian of 	 takenwith respe
t to (xB; 
; &) and evaluated at �x�B(�b0; 
); 
(�b0; 
); &(�b0; 
); 0� is non-singular, the impli
it fun
tion theorem implies that x�B(b�; 
) is an analyti
fun
tion of � in some suÆ
iently small neighborhood of zero.Noti
e that it is important for Æb 2 Hb, sin
e if it were not, rowredu
tion 
ould not be used to form equations 3.17, 3.18, and 3.19. Theorem 3.3implies that along a dire
tion of 
hange that does not immediately alter thepartition, not only is x� (b�; 
) of 
lass C1, but x�(b�; 
) has a power seriesexpansion. Di�erentiating 3.17, 3.18 and 3.19 with respe
t to � shows,�AB �D1�x�B(b�; 
) = �ÆbD1�
(b�; 
) � �AB +D1�&(b�; 
) = 0diag (&(b�; 
)) �D1�x�B +X�B � �D1�&(b�; 
)�T = 0. (3.20)This is a non-singular system of linear equations in D1�xB(b�; 
), D1�
(b�; 
) andD1�&(b�; 
). The following are seen to hold after a some algebrai
 manipulations,D1�x�B(b�; 
) = (X�B(b�; 
))2 �ATB( �AB(X�B(b�; 
))2 �ATB)�1 �Æb, (3.21)D1�&(b�; 
) = �ATB( �AB(X�B(b�; 
))2 �ATB)�1 �Æb, andD1�
(b�; 
) = ( �AB(X�B(b�; 
))2 �ATB)�1 �Æb. (3.22)65



Equation 3.20 is used iteratively to establish the higher order derivatives. Sim-ilar to the previous se
tion, de�ne}kB(b�; 
) = k�1Xi=1 0BBB� ki 1CCCA diag�Di�&(b�; 
)� �Dk�i� x�(b�; 
).Then, for k � 2, �AB �Dk�x�B(b�; 
) = 0Dk�
(b�; 
) �AB +Dk�&(b�; 
) = 0diag (&(b�; 
)) �Dk�xB +X�B � �Dk�&(b�; 
)�T = �}kB(b�; 
),whi
h impliesDk�x�B(b�; 
)= }kB(b�; 
)� (X�B(b�; 
))2 �ATB( �AB(X�B(b�; 
))2 �ATB)�1 �AB(X�B(b�; 
))2}kB(b�; 
),Dk�&(b�; 
)= �ATB( �AB(X�B(b�; 
))2 �ATB)�1 �AB(X�B(b�; 
))2}kB(b�; 
), andDk�
(b�; 
)= �( �AB(X�B(b�; 
))2 �ATB)�1 �AB(X�B(b�; 
))2}kB(b; 
).Sin
e x�N (b�; 
) = 0 for suÆ
iently small �, Dk�x�N(b�; 
) = 0 for all k andsuÆ
iently small �. The Taylor expansion for x�(b�; 
) isx�(b�; 
) = 1Xk=0Dk�x�(b0; 
)�k.
66



The radius of 
onvergen
e of this power series still needs investigation. Cur-rently, interior point solvers are not 
apable of using this te
hnique to approx-imate a solutions behavior under right-hand side perturbation; however, the
reator of LIPSOL wishes to add these 
apabilities [99℄. Sin
e all the deriva-tives rely on the same matrix fa
torization, the Taylor expansion is relatively
heap as 
ompared to re-solving the problem for several right-hand sides.The next aim is to establish that even when Æb is not in Hb, one-sidedderivatives still exist. Four lemmas are presented in support of this aim. The�rst of these lemmas was originally shown by Berge in ?? (also see [9, 34℄),and states that the limit of any 
onvergent sequen
e in P�rk �D�rk is 
ontainedin P�r �D�r , provided frkg ! r.Lemma 3.4 (Berge [6℄) Let A be an m� n matrix, r 2 G, and 
onsider thepoint-to-set mappingX (r) = f(x; y; s) : (x; y; s) 2 P�r �D�rg.Then X is a 
losed map.Proof: Let frk 2 Gg ! r 2 G, and f(xk; yk; sk) 2 P�rk � D�rkg ! (x; y; s).Then, Axk = bkykA+ sk = 
k67



Skxk = 0xk � 0sk � 0Allowing k !1 produ
es Ax = byA+ s = 
Sx = 0x � 0s � 0,whi
h implies (x; y; s) 2 P�r �D�r .The next lemma provides a monotoni
ity for the optimal partition,with respe
t to the right-hand side. Results similar to lemma 3.5 are foundin [2, 40℄, and are used in [35℄. However, these results are only pertain to linear
hanges in the right-hand side, and not general 
hanges in b. Furthermore, theresults in both [2, 40℄ are developed from a parametri
 analysis of the obje
tivefun
tion value, while development below is a simple polyhedral argument.Lemma 3.5 Let 
 2 G
 and fbk 2 Gbg ! b 2 Gb. Furthermore, let (Bk; Nk)be the optimal partition LP(bk;
) and (BjN) be the optimal partition for LP(b;
).68



Then, for suÆ
iently large k,B � Bk and Nk � N .Proof: We prove the equivalent statement that D�(bk;
) � D�(b; 
), for suÆ-
iently large k. Suppose, for the sake of attaining a 
ontradi
tion, that for allnatural numbers K, there exists k � K su
h thatD�(bk;
) 6� D�(b; 
).Then there exists a subsequen
e fbkig ! b su
h that, for all i,D�(bki ;
) 6� D�(b; 
).Be
ause there exists T su
h that,nD�(bki ;
) : i = 1; 2; : : :o = nD�(bkt ;
) : t = 1; 2; : : : ; To ,This means there existsn(xki ; yki; ski) 2 P�(bki ;
) �D�(bki ;
)o ,whi
h 
ontains only a �nite number of distin
t elements, sayf(xp1 ; yp1; sp1); (xp2; yp2; sp2); : : : ; (xpq ; ypq ; spq)g,and for j = 1; 2; : : : ; q, (ypj ; spj) 2 D�(bkj ;
)nD�(b;
).69



Sin
e none of the 
luster points of this sequen
e are in D�(b;
), this is in 
on-tradi
tion to lemma 3.4. Hen
e, for suÆ
iently large k, D�(bk;
) � D�(b;
), whi
himplies B � Bk and Nk � N .The third lemma in support of showing that x�(r) is one-sided, in-�nitely, 
ontinuously, di�erentiable along any Æb states that x�(r) is a 
ontin-uous fun
tion of b. Continuity is the strongest analyti
 property allowed forx�(b; 
) over all b 2 Gb, when 
 is �xed. This is be
ause the obje
tive fun
tionparameterized with respe
t to the right-hand side is pie
ewise linear (see [2, 39℄for a re
ent development using the analyti
 
enter solution). This means thatthe analyti
 
enter solution is not di�erentiable at the sharp 
orners of thisparameterized obje
tive fun
tion. The 
ontinuity result found in the followinglemma is frequently used in the next 
hapter.Lemma 3.6 Let frk = (bk; 
) 2 Gg ! r 2 G. Then,limk!1x�(rk) = x�(r).Proof: We show that any 
onvergent subsequen
e of fx�(bk; 
)g 
onverges tofx�(b; 
)g. From lemma 2.14, [k P�(bk ;
) �D�(bk;
)is bounded. Without loss in generality, assume that fx�(bk; 
)g ! x̂. Let70



(BkjNk) be the optimal partition for LP(bk ;
) and (BjN) be the optimal parti-tion for LP(b;
). From lemma 3.5, B � Bk, for suÆ
iently large k. This meansx�B(bk; 
) > 0, for suÆ
iently large k. Be
ause x�B(bk; 
) is the omega analyti

enter of fxB : ABxB = bk � ANx�N (bk; 
); xB � 0g,the following equation is feasible,yAB = eT �X�B(bk; 
)��1 .Set yk = eT �X�B(bk; 
)��1A+B. Sin
e ��X�B(bk; 
)��1� 
onverges, fykg 
on-verges, say to ŷ. From lemma 2.15 fx�N(bk; 
)g ! 0. Hen
e, there exists y su
hthat ABx̂B = byAB = eT X̂�1Bx̂B > 0.These are the ne
essary and suÆ
ient Lagrange 
onditions for x�B(b; 
). So,fx�(bk; 
)g ! x�(b; 
).The last of the four supporting lemmas for theorem 3.8 provides someone-sided analyti
 properties of fun
tions and their inverses.71



Lemma 3.7 Consider the fun
tion f : [0; ��) ! [0; ��) with the followingproperties:� f ([0; ��)) = [0; ��),� f is in C1 on (0; ��),� f 0(x) > 0 for all x 2 (0; ��),� f is 
ontinuous on [0; ��),� f (k)(0+) exists for all k � 1, and� f 0(0+) > 0.Then, g = f�1 exists and has the property that g(k)(0+) exists for all k � 1.Furthermore, f (k)(0+) = f (k)+ (0) and g(k)(0+) = g(k)+ (0).Proof: Let f be as above. The general inverse fun
tion theorem [62℄ estab-lishes that g = f�1 exists and is in C1 on (0; ��). The mean value theoremguarantees that for all � 2 (0; ��), their exists t(�) 2 (0; �) su
h that,f(�)� f(0)� = f 0(t(�)).From the assumption that f 0(0+) exists,lim�!0+ �����f(�)� f(0)� � f 0(�)����� = lim�!0+ jf 0(t(�))� f 0(�)j = 0.So, f 0+(0) = f 0(0+) and f 0 is 
ontinuous at zero. Repeated use of the meanvalue theorem establishes that f is in C1 on [0; ��).72



Be
ause f is onto [0; ��) and stri
tly in
reasing on [0; ��), f(0) =g(0) = 0. Sin
e g0(�) = 1(f 0(g(�))), (3.23)for all � 2 (0; ��), the assumption that f 0(0+) > 0 immediately impliesg0(0+) = 1(f 0(0+)).Applying 3.11 to 3.23 shows that g(k)(�) is expressible in terms of f 0(g(�)),f 00(g(�)), f 000(g(�)) ... f (k)(g(�)). So g(k)(0+) exists by indu
tion.Now, suppose for the sake of attaining a 
ontradi
tion that g is not
ontinuous at 0. This means there exists a sequen
e f�k 2 [0; ��)g ! 0 su
hthat fg(�k)g 6! 0. Sin
e f is a bije
tion, there exists a unique sequen
e,fxk 2 [0; ��)g, su
h that f(xk) = �k. This means the supposition is equivalentto ff(xk)g ! 0 and fxkg 6! 0. So there exists � > 0 and natural number Ksu
h that fxk : k � Kg � (�; ��), whi
h implies ff(xk)g � f((�; ��)). Sin
e gis 
ontinuous on (0; ��) and g(f((�; ��))) = (�; ��), f((�; ��)) is open. Further-more, 0 62 f((�; ��)), and there exists Æ > 0 su
h that [0; Æ)T f((�; ��)) = ;.However, this implies the 
ontradi
tion that ff(xk)g 6! 0.Sin
e g is 
ontinuous at 0, the mean value theorem is used as beforeto show that g(k)(0+) = g(k)+ (0).
73



The tools are now in hand to prove the main result of this se
tion.Theorem 3.3 already established that x�(r) is lo
ally analyti
 along any dire
-tion of right-hand side 
hange for whi
h the optimal partition is not immedi-ately altered, and the next result shows that even when a 
hange in the optimalpartition is for
ed, one sided derivatives still exist.Theorem 3.8 Let r 2 G and Æb 62 Hb. Then, Dk�x� (b0+; 
) exists for all k andDk�+x� (b0; 
) = Dk�x� (b0+ ; 
) .Proof: Let r and Æb be as above. From [28℄, there exists �� > 0 su
h that(B ((b+ �Æb; 
)) jN ((b;+�Æb; 
))) is un
hanged for all � 2 (0; ��). Denote thisoptimal partition by (B0jN 0). Lemma 3.5 implies �B � B0nB(r) 6= ;. Ifi 2 Nn�B, x�i (b�; 
) = 0 for all � 2 [0; ��). Consider the following linearprogram whi
h has an optimal value of zero:minf� : ABzB + A�Bz�B � �Æb = b; zB � 0; z�B � 0; � � 0g.Let f(zB(�); z�B(�); �(�)) : � > 0g be the 
entral path. ThenzB(�) = x�B(b�(�); 
) , z�B(�) = x��B(b�(�); 
),and from the 
ontinuity of x�(r) in its right-hand side,zB(�)! x�B(r) > 0 , z�B(�)! x��B(r) = 0,74



as � ! 0+. Furthermore, �(�) ! 0, as � ! 0+, and the optimal partition is(Bj�B [ fjB S�Bj + 1g), where the index jB S�Bj+ 1 
orresponds to �.The proof of theorem 3.2 implies that �0+(0) > 0, and hen
e thereexists some interval, say [0; ��), where �(�) is invertible. Denote the inverseby �(�) and let the 
orresponding interval be [0; ��). Then for all � 2 (0; ��),zB(�(�)) = x�B(b�; 
) , and z�B(�(�)) = x��B(b�; 
).So, for all i 2 B S�B, equation 3.2 impliesDk�x�i (b�; 
)= X k!j1!j2! : : : jk! � dmzid�m (�(�)) � 24 �0(�)1! !j1  �00(�)2! !j2 : : : �(k)(�)k! !jk35 .Lemma 3.7 implies that �(�)! 0+ as � ! 0+, and theorem 3.2 
onsequentlyshows the existen
e of lim�!0+ dmzid�m (�(�)).Lemma 3.7 also shows the existen
e oflim�!0+ �(i)(�),for i = 1; 2; : : : ; k. So Dk�x�(b0+; 
) exists. From lemmas 3.4 and 3.6, x�(b�; 
)is a 
ontinuous fun
tion of �, from whi
h lemma 3.7 shows Dk�+x�(b0; 
) =Dk�x�(b0+ ; 
). 75



This se
tion ends with an example that demonstrates many of the results justdeveloped.Example 3.9 Consider the linear program minf�x2 : 0 � x1 � 1; 0 � x2 �1; x1 + x2 � b3g, whi
h is shown in �gure 3.1. After adding a sla
k ve
tor,
A = 2666666664 1 0 1 0 00 1 0 1 01 1 0 0 1

3777777775 , b = 0BBBBBBBB� 11b3
1CCCCCCCCA , and 
 = (0;�1; 0; 0; 0).

The analyti
 
enter solution is easily veri�ed as(x�1(r); x�2(r)) = 8>>><>>>: �13 �b3 + 2�qb23 + b3 + 7� ; 1� if b3 > 1(0; b3) if 0 � b3 � 1The optimal partitions are(f1; 2; 3; 5g; f4g), (f2; 3g; f1; 4; 5g), and (f2; 3; 4g; f1; 5g),for b3 > 1, b3 = 1, and 0 < b3 < 1, respe
tively. Furthermore, sin
elimb3!1+ 13 �b3 + 2�qb23 + b3 + 7� = 0,x�(r) is 
ontinuous in b3.Let Æb = (0; 0; 1)T . Then, Æb 2 
ol(AB) when b3 > 1 and 0 < b3 < 1. Whenb3 > 1, x�1(r) = 13 �b3 + � + 2�q(b3 + �)2 + (b3 + �) + 7� ,
76



whi
h is a lo
ally analyti
 fun
tion of � on (1 � b3; b3 � 1). Similarly, when0 < b3 < 1, x�2(r) = b3 + �,whi
h is lo
ally analyti
 on (�b3; 1� b3). Hen
e, theorem 3.3 is validated forthis example.Set b3 = 1. To illustrate the appli
ation of theorem 3.8, both limiting andone-sided derivatives need to be 
al
ulated. The limiting right-sided derivativeis lim�!0+D1b3x�(r) = lim�!0+0BBBB� 13 �1� 2�+32p�2+3�+9�0 1CCCCA = 0BBB� 160 1CCCA .Sin
e, D1�+x�2 (b + �Æb; 
) = 0 andD1�+x�1 (b + �Æb; 
)= lim�!0+ 3 + ��p�2 + 3�+ 93�= 16,the equality, D1b+3 x� (b + �Æb; 
) = D1b3x� (b + �Æb; 
), holds. In Figure 3.1, Thedarkened 
ir
les indi
ate how the analyti
 
enter solution moves as b3 de
reasesfrom in�nity to 0. When b3 = 1, the optimal partition 
hanges under anyperturbation. As just shown, the �rst order limiting derivatives agree with theone-sided derivatives when b3 = 1. 77



b     = 1.53 b    = 23b     = 13b     = 0.53

-c

Figure 3.1. An example of tra
king the analyti
 
enter and itsmarginal derivatives.
3.5 Bounding the Derivatives of the Analyti
Center SolutionThe previous se
tion showed that x�(r) is a 
ontinuous fun
tion ofb and is analyti
 along (Æb; 0) when Æb 2 
ol(AB). Furthermore, theorem 3.8established that even when x�(r) is not di�erentiable along Æb, it is one-sided,in�nitely, 
ontinuously di�erentiable. The two main results of this se
tionprovide uniform bounds on these derivatives. The �rst of these results showthat the derivatives of x�(r) along Æb are uniformly bounded. The se
ond of78



these results shows that D1�+x�(r) is uniformly bounded overfw 2 IRn++ : k!k = 1g.Both of these results use an observation due to Stewart [86℄ (see also [10, 14,87℄), whi
h is stated in lemma 3.10.De�ne D++ to be the set of positive diagonal matri
es in IRm�m. Forany D 2 D++ set AD = D 12A and PD = AA+DD 12 . The following lemma showsthat PD is uniformly bounded over D++.Lemma 3.10 (Stewart [86℄) There is a number k > 0, su
h thatsupD2D++ kPDk � k.
Proof: Let C = fu 2 
ol(A) : kuk = 1gand K = [D2D++ leftnull(DA).Denoting the 
losure of K by �K, the �rst fa
t to establish is that �K TC = ;.This would imply inf(u;v)2C�K kv � uk > 0,
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whi
h is then used to 
omplete the result. Suppose for the sake of attaininga 
ontradi
tion that �K TC 6= ;. Then there exists a sequen
e fvk 2 Kg !u 2 C. For every k there exists Dk 2 D++ su
h that vk 2 leftnull(DkA).So, (Dk) 12 vk 2 leftnull((Dk) 12A) and sin
e u 2 
ol(A), (Dk) 12u 2 
ol((Dk) 12A).Hen
e, 0 = vkDku = Xui 6=0 uidki vi.Sin
e, kuk = 1, some ui 6= 0. However, for suÆ
iently large k, uivki > 0 whenui 6= 0, whi
h implies the 
ontradi
tion that the right-hand side of the lastequality is positive. Hen
e, �K TC = ;.De�ne k � 1inf(u;v)2C�K ku� vk > 0.For any �xed D 2 D++, kPDk = maxkwk=1 kPDwk. Let kwk = 1 and w = u + v,where u 2 
ol(A) and v 2 leftnull(DA). Then kPDwk = kuk and to boundkPDk we show that kuk is bounded. Without loss of generality, it is assumedthat u 6= 0. Sin
e ukuk 2 C and vkuk 2 leftnull(DA),1kuk = kwkkuk= ku+ vkkuk= 




 ukuk + vkuk




� 1k .80



So, kPDk � k. Sin
e k is independent of D,supD2D++ kPDk � k.
The following 
orollary 
ontains the exa
t statements used to establish thedesired bounds on the derivatives.Corollary 3.11 (Stewart [86℄) If A has full 
olumn rank, there exists k su
hthat supD2D++ k(ATDA)�1ADk � kand supD2D++ k(D 12A)+D 12k � kA+kk.Proof: Sin
e the full 
olumn rank of A impliesPD = (ATDA)�1AD,the proof of the �rst inequality is immediate from lemma 3.10, Furthermore,the full 
olumn rank assumption impliesA+PD = (ATA)�1ATA(ATDA)�1ATD= (ATDA)�1ATD= (D 12A)+D 12 .81



Hen
e, supD2D++ k(D 12A)+D 12k = supD2D++ kA+PDk� kA+k supD2D++ kPDk� kA+kk.
Corollary 3.11 allows the following de�nition for any full 
olumn rank matrix,�A � supD2D++ k(ATDA)�1ADk.The next theorem establishes that the �rst order derivatives along any Æb areuniformly bounded.Theorem 3.12 Let r 2 G and Æb be �xed. Then,kD1�x(�; b�; 
)k � �AT kÆbk.Furthermore, if Æb 2 Hb, kD1�x�(b�; 
)k � � �AT k�Æbk,and if Æb 62 Hb, kD1�+x�(b0; 
)k � � �AT k�Æbk,where �A and �Æb are de�ned as in the proof of theorem 3.3.82



Proof: Let r and Æb be as stated. D1�x(�; b�; 
) is de�ned by the followingequations: AD1�x(�; b�; 
) = ÆbD1�y(�; b�; 
)A+D1�s(�; b�; 
) = 0S(�; b�; 
)D1�x(�; b�; 
) +X(�; b�; 
)D1�s(�; b�; 
) = 0,whi
h impliesD1�x(�; b�; 
) = X2(�; b�; 
)AT �AX2(�; b�; 
)AT��1 Æb.Hen
e, 
orrallary 3.11 and the assumption that A has full row rank establishthe �rst bound. Similarly, 3.21, theorem 3.8, and 
orollary 3.11 provide theremaining two bounds.In 
ontrast to theorem 3.12, whi
h provides uniform bounds on thedire
tional derivatives, the forth
oming material shows that D1�+x(�; b; 
) isuniformly bounded over f! 2 IRn++ : k!k = 1g. Re
alling from theorem 2.2that any element in the relative interior of a polytope is an omega analyti

enter, we have that su
h a result is essentially shows that the bounds providedby theorem 3.12 are independent of a spe
i�
 omega 
entral path. The resultrelies on the assumption that the dual is not degenerate. This is be
ause dualnon-degenera
y is shown in the next lemma to guarantee that AB has full row83



rank, whi
h is needed to invoke 
orollary 3.11. In the following lemma, thedimension of a set in IRn is de�ned to be the dimension of the smallest aÆnesubspa
e 
ontaining the set.Lemma 3.13 (Roos, Terlaky, and Vial [73℄) Let r 2 G. Then,dim(P�r ) = jBj � rank(AB) anddim(D�r) = m� rank(AB).Proof: Be
ause P�r = fx : ABxB = b; xB � 0; xN = 0g, the smallest aÆnesubspa
e 
ontaining P�r is fx : ABxB = b; xN = 0g. The dimension of thisaÆne spa
e is equal to the dimension of the null(AB) whi
h is jBj � rank(AB).Similarly, D�r = f(y; s) : yA+ s = 
; sB = 0; sN � 0g and the smallestaÆne subspa
e 
ontaining D�r is f(y; s) : yAB = 
B; yAN + sN = 
N ; sB = 0g.Sin
e sN is uniquely determined by any y that solves yAB = 
B, this aÆne spa
ehas the same dimension as the leftnull(AB). The proof is 
omplete be
ause thedim (leftnull(AB)) = m� rank(AB).Lemma 3.13 shows that the dual solution is unique if, and only if, AB has fullrow rank. An explanation of the required dual non-degenera
y follows. Re
allthat lemma 3.1 showed thatD1�xB(�; b; 
) = �
� 12B XB(�; b; 
)�AB
� 12B XB(�; b; 
)�+AN �D1�xN(�; b; 
).84



The �rst problem that a dual non-degenera
y assumption solves is the 
on-vergen
e of �AB
� 12B XB(�; b; 
)�+ as � ! 0+. The problem here is, that ingeneral, a sequen
e of matri
es fAkg, whi
h 
onverges to A, does not guarantee��Ak�+� ! A+. See [8℄ for an example of su
h a sequen
e. However, if ABhas full row rank,�AB
� 12B XB(�; b; 
)�+ = AB
� 12B XB(�; b; 
) �AB
�1B X2B(�; b; 
)ATB��1 .Sin
e invertible matri
es have the desired 
onvergen
e property,lim�!0+ �AB
� 12B XB(�; b; 
)�+ = �AB
� 12B X�B(r)�+ .The dual non-degenera
y assumption over
omes a se
ond problem. Be
ausedual non-degenera
y implies that AB has full row rank, this assumption allowsthe use of 
orollary 3.11. From 3.16, D1�+x�N(r) = (S�N(r))�1 !N , andD1�+x�B(r) = �
� 12B X�B(r)�AB
� 12B X�B(r)�+AN �(S�N(r))�1 !N� . (3.24)Corollary 3.11 guaranteessup(





� 12B X�B(r)�AB
� 12B X�B(r)�+




 : ! 2 IRn++; k!k = 1) � kA+Bk�ATB .So, if (S�N(r))�1 !N is uniformly bounded over f! 2 IRn++ : k!k = 1g, D1�+x�(r)is uniformly bounded over f! 2 IRn++ : k!k = 1g. The next lemma providessu
h a result, and the statement of the uniform bounds follows.85



Lemma 3.14 As in lemmas 2.16 and 2.17 letQ = fu : Qu = b; u � 0g,where here we assume that Q is bounded and has a non-empty stri
t interior.Let u(!) be the omega analyti
 
enter of Q. Then,supfk!TU�1(!)k : ! 2 IRn++; k!k = 1g <1.Proof: Sin
e k!k = 1, eT! � n. The ne
essary and suÆ
ient 
onditionsdes
ribing u(!) are the existen
e of (v(!); w(!)) su
h thatQu(!) = bv(!)Q+ w(!) = 0U(!)w(!) = !.As in the proof of theorem 2.4, let û 2 Qo and (v̂; ŵ) be su
h that v̂Q+ ŵ = 0and ŵ > 0. Then, 0 � wi(!) � ŵû+ eT!ûi � ŵû+ nûi .Sin
e wi(!) = !iui(!) and the last bound given is independent of !, the result isproven.Theorem 3.15 Let r 2 G. Then, if the dual solution is unique,sup nkD1�+x�(r)k : ! 2 IRn++; k!k = 1o <1.
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Proof: From equation 3.24,D1�+x�B(r) = �
� 12B X�B(r)�AB
� 12B X�B(r)�+AN �(S�N(r))�1 !N� .Hen
e, 


D1�+x�(r)


 � 


D1�+x�B(r)


+ 


D1�+x�N (r)


� 





� 12B X�B(r)�AB
� 12B X�B(r)�+




 kANk 


�(S�N(r))�1 !N�


+ 


�(S�N (r))�1 !N�


 .The assumption of a unique dual solution, 
orollary 3.11, and lemma 3.14 pro-vide the result.3.6 Chapter SummaryThe results of this 
hapter establish that the analyti
 
enter solutionhas the following properties:� x�(r) is a 
ontinuous fun
tion of b,� x�(r) is lo
ally analyti
 along any Æb 2 Hb, and� the one sided derivatives of x�(r), along any Æb, always exist.Furthermore, theorems 3.12 and 3.15 show that, under a dual non-degenera
yassumption, the �rst order derivatives are uniformly bounded, independent ofwhi
h omega 
entral path is of 
on
ern. Weather or not this result is truewithout the non-degenera
y assumption remains an open question.87



4. The Omega Central Path and Simultaneous RimData Perturbations4.1 Introdu
tionThis 
hapter establishes a set 
onvergen
e property for the 
losureof PCPr, denoted PCP r and de�ned as PCPr Sfx�(r)g if Pb is unbounded andPCPr Sfx�(r); �x(b)g if Pb is bounded. For any r 2 G and Æ
, de�ne PCP �(r;Æ
) �fzB(�; b; Æ
) : � > 0g to be the omega 
entral path 
orresponding tominfÆ
BzB : ABzB = b; zB � 0g, (4.1)where (BjN) is the optimal partition for the data instan
e r. For any eta 2 IR,zB(�; b; Æ
) is referred to as the � point of PCP �(r;Æ
). Be
ausefzB(�; b; Æ
) : � > 0gis an omega 
entral path, it has all the properties established in 
hapter 2. Forexample, zB(�; b; Æ
) is an analyti
 fun
tion on IR++ � Gb � IRn. The omegaanalyti
 
enter solution for 4.1 is denoted byz�B(b; Æ
) = lim�!0+ zB(�; b; Æ
). (4.2)
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Re
ognizing that f(zB; 0) : ABzB = b; zB � 0g = P�r , 
orollary 2.5 implies thatthe feasible set for 4.1 is bounded. This together with theorem 2.9 implies,�zB(b; Æ
) � lim�!1 zB(�; b; Æ
) = x�B(r). (4.3)The 
losure of PCP �(r;Æ
) is de�ned similarly to PCP r;PCP �(r;Æ
) � PCP [f�zB(b; Æ
); z�B(b; Æ
)g.Spe
i�
ally, the main result of this 
hapter is thatlim(b;�
� )!(�b;�
)PCP (b;�
) = PCP �r[�PCP �(�r;Æ
) � 0jN j� ,where 0jN j is the set 
ontaining the zero ve
tor of length jN j. This resultfollows from a parametri
 analysis of the elements in PCPr, with respe
t to �along a �xed Æ
. Surprisingly, the parametri
 analysis presented for � allowsgeneral 
hanges in the right-hand side ve
tor (noti
e that b ! �b in the abovelimit with no restri
tions on fbkg). This means that simultaneous 
hanges inthe 
ost 
oeÆ
ients and right-hand side ve
tors are allowed, so long as the 
ost
oeÆ
ient 
hange is linear. As seen in theorems 4.5 and 4.14, extensions totheorem 2.8 are possible with su
h as parametri
 analysis.4.2 Convergen
e Under Linear Cost ChangesThe fa
t that x�(r) is not a 
ontinuous fun
tion of 
 is demonstratedin example 2.12. Sin
e dis
ontinuities produ
e severe 
hanges in x�(r), one89



might believe that severe 
hanges in the 
entral path must o

ur. However,there is a 
ontinuity of 
entral paths, when 
entral paths are viewed as sets.To motivate this idea 
onsider the following example.Example 4.1 Consider the linear program,minfxj : 0 � xi � 1 , x 2 IRng.The optimal obje
tive value is zero and the analyti
 
enter solution is 12e� 12ej.Furthermore, the optimal partition isB = f1; 2; : : : ; ngnfjg andN = fjg.Let Æ
 be su
h that Æ
i 6= 0 for some i 6= j. Using equation 2.13 in Example 2.12,the 
entral path is de�ned by
xi(�; e; 
�) = 8>>>>>>>><>>>>>>>>:

�Æ
i+2��p�2Æ
2i+4�22�Æ
i if i 6= j and Æ
i 6= 012 if i 6= j and Æ
i = 01+�Æ
i+2��p(1+�Æ
i)2+4�22(1+�Æ
i) if i = j .
The question posed is, \How does xi(�; e; 
�) behave as � ! 0+?" Consider thethree 
ases,(1) � = �� , for some positive real value �,(2) � = � 2, and 90



(3) � = p� .Case 1 Let � be any positive real value. Then making the substitution � = �� ,
xi(��; e; �) = 8>>>>>>>><>>>>>>>>:

�Æ
i+2���p�2Æ
2i+4(��)22�Æ
i if i 6= j and Æ
i 6= 012 if i 6= j and Æ
i = 01+�Æ
i+2���p(1+�Æ
i)2+4(��)22(1+�Æ
i) if i = j
= 8>>>>>>>><>>>>>>>>:

Æ
i+2��pÆ
2i+4�22Æ
i if i 6= j and Æ
i 6= 012 if i 6= j and Æ
i = 01+�Æ
i+2���p(1+�Æ
i)2+4(��)22(1+�Æ
i) if i = j.Sin
e, lim�!0+ 1 + �Æ
i + 2�� �q(1 + �Æ
i)2 + 4(��)22(1 + �Æ
i) = 0,we have
x̂i = lim�!0+ xi(��; e; 
�) = 8>>>>>>>><>>>>>>>>:

Æ
i+2��pÆ
2i+4�22Æ
i if i 6= j and Æ
i 6= 012 if i 6= j and Æ
i = 00 if i = j.Noti
e that �(x̂) = B, and hen
e x̂ 2 P�. Upon examining equations des
ribingthe 
entral path forminfÆ
BxB � �Xi2B ln(xi) : ABxB = b , xB > 0g,
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x̂B is found to be the � point of PCP �(r;Æ
). Hen
e, for any f�kg ! 0 andx 2 PCP �(r;Æ
) � 0jN j, there exists fxk 2 PCP(b;
�k)g ! x.Case 2 When � = � 2,xi(� 2; e; �) = 8>>>>>>>><>>>>>>>>:
Æ
i+2��pÆ
2i+4�22Æ
i if i 6= j and Æ
i 6= 012 if i 6= j and Æ
i = 01+�Æ
i+2�2�p(1+�Æ
i)2+4�42(1+�Æ
i) if i = j.Allowing � ! 0+ produ
es,

x̂i = lim�!0+xi(� 2; e; �) =
8>>>>>>>>>>>>><>>>>>>>>>>>>>:

1 if i 6= j and Æ
i < 00 if i 6= j and Æ
i > 012 if i 6= j and Æ
i = 00 if i = j.Hen
e, in this 
ase x̂ is the analyti
 
enter solution tominf
�x : Ax = b; x � 0g,where � > 0 is suÆ
iently small. Furthermore, x̂B is the analyti
 
enter solu-tion to minfÆ
BxB : ABxB = b , xB � 0g.Case 3 If � = p� ,xi(p� ; e; �) = 8>>>>>>>><>>>>>>>>:
�Æ
i+2p��p�2Æ
2i+4�2�Æ
i if i 6= j and Æ
i 6= 012 if i 6= j and Æ
i = 01+�Æ
i+2p��p(1+�Æ
i)2+4�2(1+�Æ
i) if i = j.
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When � ! 0+, x̂ = lim�!0+ xi(p� ; e; �) = 8>>><>>>: 12 if i 6= j0 if i = j,whi
h is pre
isely the analyti
 
enter solution ofminf
x : Ax = b , x � 0g.The idea here is that the perturbed 
entral paths are 
onverging not only to the
entral path 
orresponding to the linear program with no data perturbation,but also to the 
entral path 
orresponding to the minimization of the per-turbation dire
tion over the optimal fa
e. Figure 4.1 shows the 
entral pathsfor minf�4x + �2000y + z : 0 � x � 1; 0 � y � 1; 0 � z � 1g,where � = 1; 0:8; 0:6; 0:4; 0:2 The verti
al line is the 
entral path forminfz : 0 � x � 1; 0 � y � 1; 0 � z � 1g,and the path 
ontained in the x-y plane is the 
entral path forminf14x + 12000y : 0 � x � 1; 0 � y � 1g.
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Figure 4.1. The geometry of 
entral path 
onvergen
e.The �rst lemma of this se
tion shows that 
BxB is 
onstant on thenull spa
e of AB. This fa
t is almost obvious on
e the optimal set is re
ognizedas an aÆne transformation of the null spa
e AB.Lemma 4.2 
Bu = 0 for all u 2 null(AB).Proof: If the 
olumns of AB are linearly independent, zero is the only ele-ment in null(AB) and the result is trivial. Otherwise, let uB 2 null(AB) and(u�B; 0) 2 (P�r )o. Then there exists � > 0 su
h that (u�B; 0) + �(u; 0) 2 (P�r )o.Sin
e 
B(u�B + �uB) = 
Bu�B, 0 = �
BuB = 
BuB.94



Although the primary interest in what follows is the behavior of theomega 
entral path under linear parametri
 
hanges in 
, the addition of al-lowing general 
hanges in b presents no diÆ
ulty. Histori
ally, the propertiesof a solution under simultaneous 
hanges have re
eived less attention than theproperties of a solution when only one rim data element is perturbed. A re
entex
eption to this is found in [28℄, where it was shown, using the analyti
 
en-ter solution, that the obje
tive value is a quadrati
 fun
tion of r. The abilityof allowing simultaneous 
hanges in b and 
 is a strength of the forth
ominganalysis. The next lemma demonstrates how the 
onstant-
ost-sli
es 
orre-sponding to ea
h � > 0 are modeled through right-hand side 
hanges. A
onsequen
e of this modeling is that xB(�; b; 
), for any �xed � > 0, is des
rib-able without the linear portion of the obje
tive fun
tion. This follows be
ausethe omega 
entral path's relian
e on the obje
tive fun
tion is impli
itly ex-pressed through the optimal partition. It is pre
isely this modeling s
hemethat allows for the simultaneous 
hanges in the rim data.Lemma 4.3 
BxB is 
onstant onfxB : ABxB = b� ANxN (�; b; 
�) , xB � 0g,95



and 
onsequently xB(�; b; 
� ) is the unique solution tominf�Æ
BxB � �Xi2B !i ln(xi) : ABxB = b� ANxN (�; b; 
�) , xB > 0g. (4.4)Proof: By de�nition, x(�; b; 
� ) is the unique solution tominf
x� � nXi=1 !i ln(xi) + �Æ
x : x 2 Pbg.Holding the 
omponents of xN(�; b; 
� ) 
onstant, xB(�; b; 
� ) is the unique so-lution ofminf
BxB � �Xi2B !i ln(xi) + �Æ
BxB : ABxB = b� ANxN(�; b; 
� ) , xB > 0g.So, on
e it is shown that 
BxB is 
onstant onfxB : ABxB = b� ANxN (�; b; 
�) , xB � 0g,the result follows. If the 
olumns of AB are linearly independent, the result isimmediate be
ause this set 
ontains a single element. Otherwise, let x1B andx2B be in fxB : ABxB = b� ANxN (�; b; 
�) , xB � 0g.Then x1B � x2B 2 null(AB), and lemma 4.2 implies
B(x1B � �(x2B � x1B)) = 
Bx1B,for all 0 � � � 1, whi
h proves the desired result.
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Lemma 4.3 allows the following useful 
onvergen
e result, whi
h statesthat if � 
onverges to zero, the right-hand side ve
tor 
onverges, and the 
ostve
tor is held �xed, then x(�; b; 
) 
onverges to the analyti
 
enter solution.The proof is similar to the proof of theorem 2.18.Lemma 4.4 Let �r 2 G, fbk 2 Gbg ! �b 2 Gb, and f�k 2 IR++g ! 0. Then,limk!1x(�k; bk; �
) = x�(�r).Proof: Let fbkg and f�kg be as above. From theorem 2.14, fx(�k; bk; �
)g isbounded. Let fx(�ki; bki; �
)g be a subsequen
e su
h thatlimi!1x(�ki; bki; �
) = x̂.Establishing that x̂ is x�(�r) proves the result by of the uniqueness of x�(�r).Lemma 4.3 shows that xB(�ki; bki; �
) solvesminf�Xj2B ln(xj) : ABxB = bki � ANxN (�ki; bki; �
); xB > 0g.The ne
essary and suÆ
ient 
onditions for this math program are that, for anyi, there exists yi su
h that,ABxB(�ki; bki; �
) = bki � ANxN (�ki; bki; �
)yiAB = eTX�1B (�ki; bki; �
)xB(�ki; bki; �
) > 0.97



Let yi = eTX�1B (�ki; bki; �
)A+B,so that yiAB = eTX�1B (�ki; bki; �
)A+BAB = eTX�1B (�ki; bki; �
).If x̂ > 0, fyig 
onverges, say to ŷ, and be
ause lemma 2.15 showsfxN(�ki; bki ; �
)g ! 0,we then have, Ax̂ = bŷAB = eT X̂�1Bx̂ > 0.Sin
e these are the ne
essary and suÆ
ient 
onditions des
ribing x�B(�r), theresult would follow. The fa
t that x̂ > 0 is forth
oming.Lemma 2.17 implies the existen
e of a sequen
e f~xiBg su
h that,AB~xiB = bki � ANxN (�ki; bki ; �
),~xiB > 0, andlimi!1 ~xiB = ~x > 0.The optimality of xB(�ki; bki; �
) implies thatXj2B ln(xij(�ki; bki ; �
)) � Xj2B ln(~xij).98



As i!1 the right-hand side of the above inequality 
onverges toXj2B ln(~xj).Hen
e, fx(�ki; bki; �
)g is bounded away from zero, and x̂ > 0.Lemma 4.3 leads to the following observation:xB(�; b; 
� ) = zB(�� ; b� ANxN (�; b; 
�); Æ
), (4.5)whi
h is 
ru
ial in establishing subsequent results. In words, ea
h element ofthe 
entral path is also an element of a 
entral path 
ontained in a 
onstant-
ost-sli
e and de�ned by the perturbation dire
tion. Figure 4.2 illustrates thesetwo interpretations of 
entral path elements. The verti
al line is the 
entralpath for minfz : 0 � x � 1; 0 � y � 1; 0 � z � 1g,the 
urve in the x; y-plane is the 
entral path forminfx+ 110y : 0 � x � 1; 0 � y � 1g,and the 
urve from �12 ; 12 ; 12� to (0; 0; 0) is the 
entral path forLP 1 : minfx + 110y + z : 0 � x � 1; 0 � y � 1; 0 � z � 1g.The 
onstant-
ost-sli
e is, for some �� > 0,f(x; y; z) : 0 � x � 1; 0 � y � 1; 0 � z � 1; z = z(��; b; 
)g,99



and the 
urve on this 
onstant-
ost-sli
e is the 
entral path forLP 2 : minfx+ 110y : 0 � x � 1; 0 � y � 1; z = z(��; b; 
)g.Equation 4.5 shows how the 
entral paths for LP 1 and LP 2 interse
t.
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Figure 4.2. Two di�erent interpretations of an analyti
 
enter.From theorem 2.14,fzB(�� ; b� ANxN(�; b; 
� ); Æ
) : 0 � �� � ���� g100



is bounded, for any �� > 0 and �� > 0, and hen
e has at least one 
luster point.However, if f�kg and f�kg are positive sequen
es 
onverging to 0, the sequen
ef�k�k g does not have to have a limit point. Hen
e, guaranteeing the existen
e oflim(�;b;
� )!(0;�b;�
) x(�; b; 
� ),is, in general, not possible. This means extending theorem 2.8 to in
lude shift-ing rim data is not straightforward. However, the next theorem does extendtheorem 2.8 to in
lude the 
ase of general right-hand side 
hanges and linear
ost 
oeÆ
ient 
hanges. The 
onditions stated for the extension are \nearlyne
essary and suÆ
ient", as shown in lemmas 4.6 and 4.7.Theorem 4.5 Let (��;�b; �
) 2 IR+�G and Æ
 be �xed. Also, let f�k 2 IR++g !��, f�k 2 IR++g ! 0, and fbk 2 Gbg ! �b. Then,
limk!1x(�k; bk; �
�k) =

8>>>>>>>>>>>>><>>>>>>>>>>>>>:
x(��;�b; �
) if �� > 0x�(�r) if �� = 0 and limk!1 �k�k =1(zB(�;�b; Æ
); 0) if �� = 0 and limk!1 �k�k = � > 0(z�B(�b; Æ
); 0) if �� = 0 and limk!1 �k�k = 0.Proof: The 
ase when �� > 0 is an immediate 
onsequen
e of theorem 2.6.So, assume �� = 0 and 
onsider the 
ase when,limk!1 �k�k = �� > 0.101



Lemma 2.15 implies that limk!1xN(�k; bk; �
�k) = 0.Sin
e, f�k�k g is bounded away from zero, theorem 2.6 implies thatlimk!1 zB  �k�k ; bk � ANxN (�k; bk; �
�k); Æ
! = zB ���;�b; Æ
� .Using the fa
t that xB(�k; bk; �
�k) = zB ��k�k ; bk � ANxN(�k; bk; �
�k); Æ
�,limk!1x(�k; bk; 
k) = �zB(��;�b; Æ
); 0� .The next situation 
onsidered is when,limk!1 �k�k = 0.Sin
e lemma 2.15 implies the sequen
efbk � ANxN (�k; bk; �
�k)g ! �b,lemma 4.4 implies thatlimk!1xB(�k; bk�; �
�k) = limk!1 zB(�k�k ; bk � ANxN (�k; bk; �
�k); Æ
) = z�B(�r; Æ
),whi
h establishes the result in this 
ase.Lastly, assume that limk!1 �k�k =1.102



On
e again, lemma 2.15 implies the sequen
efbk � ANxN (�k; bk; �
�k)g ! �bFurthermore, limk!1 Æ
�k�k = limk!1 �kÆ
�k = 0 2 row(AB).Sin
e 
orollary 2.5 shows that P��r is bounded, the 
onditions to apply theo-rem 2.18 are satis�ed, whi
h states thatlimk!1xB(�k; bk; �
�k) = limk!1 zB(�k�k ; bk � ANxN (�k; bk; �
�k); Æ
)= �zB(b; Æ
)= x�B(�r).
Together with de�nition ??, this last result is used to showlim(b;�
� )!(�b;�
)PCP (b;�
� ) = PCP �r[�PCP �(�r;Æ
) � 0jN j� .This means that fxk 2 PCP(bk;
�k)g ! x must implyx 2 PCP r[�PCP �(r;Æ
) � 0jN j� .If xk 2 PCP(bk;
�k), there exists �k su
h that xk = x(�k; bk; 
�k). Noti
e that
hara
terizing the 
onditions of f(�k; bk; 
�k)g, for whi
h fx(�k; bk; 
�k)g 
on-verges would be of great use. Theorem 4.5 is used to develop su
h ne
essary103



and suÆ
ient 
onditions; almost yielding enough information to state these
onditions dire
tly. The problem is that if �� = 0, not enough is shown aboutthe last three limiting values stated in theorem 4.5. The next two lemmas addthis needed information and theorem 4.8 states the ne
essary and suÆ
ient
onditions.Lemma 4.6 Let �r 2 G, Æ
 62 H
, and fbk 2 GBg ! �b. Also, let f�k 2IR++g ! 0 and f�k 2 IR++g ! 0 be su
h that the sequen
e n�k�ko does not
onverge. Furthermore, let n�ki�ki o and ��kj�kj � be two 
onvergent subsequen
es,one of whi
h possibly 
onverges to in�nity. Then,limi!1 �ki�ki 6= limj!1 �kj�kj ,implies limi!1x(�ki; bki ; 
�ki ) 6= limj!1x(�kj ; bkj ; 
�kj ).Proof: Without loss in generality, assumelimi!1 �ki�ki < limj!1 �kj�kj .Theorem 4.5 implies that
limi!1x(�ki; bki; 
�ki ) = 8>>>>>>>><>>>>>>>>: (z�B(�r; Æ
); 0) if limi!1 �ki�ki = 0(zB(�1;�b; Æ
); 0) if limi!1 �ki�ki = �1 > 0
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and
limj!1x(�kj ; bkj ; 
�kj ) = 8>>>>>>>><>>>>>>>>: (zb(�2;�b; Æ
); 0) if limj!1 �kj�kj = �2 <1x�(�r) if limj!1 �kj�kj =1.Sin
e Æ
 62 H
, lemma 2.13 implies that Æ
B 62 
ol(AB). Theorem 2.11 nowprovides that for any �1 < �2,Æ
Bz�B(�b; Æ
) < Æ
BzB(�1;�b; Æ
) < Æ
BzB(�2;�b; Æ
) < Æ
Bx�B(�r),and the result follows.Lemma 4.7 If �r 2 G and Æ
 2 H
,�zB(�b; Æ
) = zB(�;�b; Æ
) = z�B(�b; Æ
),for all � 2 IR++.Proof: Lemma 2.13 implies that Æ
B 2 row(AB) and theorem 2.10 impliesthat zB(�1;�b; Æ
) = zB(�2;�b; Æ
), for all �1 and �2 in IR++. Equalities 4.2 and 4.3imply the result.Theorem 4.8 
ontains ne
essary and suÆ
ient 
onditions to assure the
onvergen
e of fx(�k; bk; 
�k)g. 105



Theorem 4.8 Let �r 2 G. Also, let f�k 2 IR++g ! 0, f�k 2 IR++g ! 0, andfbk 2 Gbg ! �b 2 Gb. If Æ
 2 H
,limk!1x(�k; bk; �
�k) = x�(�r).If Æ
 62 H
, limk!1x(�k; bk; �
�k)exists if, and only if, n�k�k o 
onverges, possibly to in�nity.Proof: From lemma 4.7, if Æ
 2 H
,xB(�k; bk; �
�k) = zB(�k�k ; bk � ANxN(�k; bk; �
�k); Æ
)= z�B(bk � ANxN(�k; bk; �
�k); Æ
).Sin
e lemma 3.6 shows that z�B is a 
ontinuous fun
tion of its right-hand sideand lemma 2.15 shows that limk!0xN (�k; bk; �
�k) = 0,limx!1x(�k; bk; �
�k) = limx!1 �z�B(bk � ANxN(�k; bk; �
�k); Æ
); xN(�k; bk; �
�k)�= �z�B(�b; Æ
); 0�= x�(�r).Consider the 
ase when Æ
 62 H
. If n�k�k o 
onverges, even to in�nity,theorem 4.5 demonstrates that the limit exists. If n�k�k o does not 
onverge, thissequen
e has at least two 
luster points, one of whi
h may be in�nity. Hen
e,106



there exist at least two 
onvergent subsequen
es of n�k�k o, say n�ki�ki o and ��kj�kj �,one of whi
h may 
onverge to in�nity, su
h thatlimi!1 �ki�ki 6= limj!1 �kj�kj .Theorem 4.5 implies that bothlimi!1x(�ki ; bki; �
�ki )and limj!1x(�kj ; bkj ; �
�kj )exist, and lemma 4.6 implies that these limits are di�erent. So, fx(�k; bk; 
�k)gdoes not 
onverge and the result follows.The following set 
onvergen
e property is the main result of this 
hap-ter, and it shows exa
tly how the primal omega 
entral path behaves as a setunder simultaneous 
hanges in the right-hand side ve
tor and 
ost 
oeÆ
ientve
tor, provided that the 
ost 
oeÆ
ient 
hange is linear.Theorem 4.9 If �r 2 G and Æ
 is �xed,lim(b;�
� )!(�b;�
)PCP (b;�
� ) = PCP �r[�PCP �(�r;Æ
) � 0jN j� .
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Proof: Let fbk 2 Gbg ! �b 2 Gb, and f�k 2 IR++g ! 0. The �rst part of theproof establishes lim(b;�
� )!(�b;�
)PCP(b;�
� ) = PCP �r[�PCP �(�r;Æ
) � 0jN j� .Suppose the sequen
e nxk 2 PCP(bk;�
�k)o! x̂. For ea
h k, let �k be su
h thatxk = x(�k; bk; �
�k). Consider a subsequen
e of f�kg, say f�kig, that 
onverges,possibly to in�nity. To show that x̂ 2 PCP �r S�PCP �(�r;Æ
) � 0jN j�, three 
asesare 
onsidered.Case 1 If f�kig ! �� > 0, theorem 2.6 impliesx̂ = limi!1x(�ki; bki ; 
�ki ) = x(��;�b; �
).Sin
e x(��;�b; �
) 2 PCP �r, this situation is 
omplete.Case 2 Suppose f�kig ! 0. Theorem 4.8 shows that when Æ
 2 H
,x̂ = limi!1x(�ki; bki; 
�ki ) = x�(�r) 2 PCP �r.Furthermore, theorem 4.8 shows that when Æ
 62 H
, n�ki�ki o must 
onverge,possibly to in�nity. From theorem 4.5,
x̂ = limi!1x(�ki ; bki; �
�ki ) = 8>>>>>>>><>>>>>>>>: x�(�r) if limi!1 �ki�ki =1(zB(�;�b; Æ
); 0) if limi!1 �ki�ki = � > 0(z�B(�b; Æ
); 0) if limk!1 �ki�ki = 0.
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Sin
e x�(�r) 2 PCP �r, and both zB(�;�b; Æ
) and z�B(�b; Æ
) are in PCP �(�r;Æ
), this
ase is validated.Case 3 Assume f�kig ! 1. This 
ase is 
ompleted on
e theorem 2.18 isshown to apply, whi
h in turn provides thatx̂ = limi!1x(�ki; bki ; 
�ki ) = �x(�b).Sin
e fbkig ! �b and n �
�ki�ki o ! 0 2 row(A), all that is left to establish is thatP�b is bounded. Assume for the sake of attaining a 
ontradi
tion that P�b isunbounded. Then there exists a sequen
e fxi 2 Pbkig su
h that kxik ! 1 andlimi!1 xij�ki = 0, j = 1; 2; : : : ; n. The optimality of x(�ki; bki ; �
�ki ) implies�
�kix(�ki; bki; �
�ki )� �ki nXj=1!i ln(xj(�ki; bki; �
�ki )) � �
�kixi � nXj=1!i ln(xij),or equivalently�
�ki�ki �xi � x(�ki; bki; �
�ki )�+ nXj=1!i ln(xj(�ki; bki; �
�ki ) � nXj=1!i ln(xij).However, sin
e fx(�ki ; bki; �
�ki )g ! x̂ and limi!1 xij�ki = 0, the 
ontradi
tionthat the left-hand side of this inequality is bounded above implies that P�bis bounded.The proof has so far established that if a sequen
e fxk 2 PCP(bk;�
�k)g
onverges, the limit of this sequen
e is in PCP �r S�PCP �(�r;Æ
) � 0jN j�. The nextpart of the proof shows that any element in PCP �r S�PCP �(�r;Æ
) � 0jN j� is thelimit point of a sequen
e fxk 2 PCP(bk;�
�k)g.109



Let x 2 PCP �r. In the 
ase where P�b is bounded and x = �x(�b),theorem 2.18 shows that fx(k; bk; �
�k)g ! x. If x = x(�;�b; �
) or x = x�(�r),theorem 4.5 implies fx(�+ 1k ; bk; �
�k)g ! x(�;�b; �
) andfx(p�k; bk; �
�k)g ! x�(�r).Let x 2 PCP �(�r;Æ
) � 0jN j. If x is either (zB(�;�b; Æ
); 0) or (z�B(b; Æ
); 0),lemma 2.15 and theorem 4.5 implyfx(��k; bk; �
�k)g ! (zB(�;�b; Æ
); 0) andfx((�k)2; bk; �
�k)g ! (z�B(b; Æ
); 0).The possibility that x = x�(�r) is taken 
are of in the previous paragraph.The proof has now established thatlim(b;�
� )!(�b;�
)PCP(b;�
� ) = PCP �r[�PCP �(�r;Æ
) � 0jN j� .What remains to be shown is that if a 
onvergent sequen
e, fxk 2 PCP (bk;�
�k)g,
ontains in�nitely many times either x�(bk; �
�k) or, in the 
ase when P�b isbounded, �x(bk), the limit of this sequen
e is in PCP �r S�PCP �(�r;Æ
) � 0jN j�.If P�b is bounded, Pbk is bounded for suÆ
iently large k by lemma 2.16.Furthermore, lemma 3.6 shows that �x(b) is a 
ontinuous fun
tion of b (sin
e110



setting 
 = 0 implies x�(r) = �x(b)). So, if fxk 2 PCP (bk;�
�k)g ! x and 
ontains�x(bk) in�nitely many times, x = �x(�b).Suppose that fxk 2 PCP (bk ;�
�k)g ! x and that the sequen
e 
ontainsin�nitely many elements of the form x�(bk; 
�k). The �rst step in handling thissituation is to show that fxkNg ! 0. Let � > 0. By de�nition,x�N(bk; 
�k) = lim�!0+ xN (�; bk; 
�k).So, when xk = x�(bk; 
�k), there exists ��k > 0 su
h that � 2 (0; ��k) implieskxN (�; bk; �
�k)� x�N (bk; �
�k)k < �2.Let f�k 2 (0; ��k)g ! 0. Lemma 2.15 shows that fxN(�k; bk; 
�k)g ! 0. Hen
e,there exists natural number K, su
h that k � K implies kxN(�k; bk; 
�k)k < �2 .Hen
e, when k � K,kxN(bk; �
�k)k � kxN(bk; �
�k)� xN (�k; bk; 
�k)k+ kxN(�k; bk; 
�k)k< �,and fxkNg ! 0. Now, using lemmas 3.6 and 4.4 to establish the third andfourth equalities respe
tively,limk!1x�B(bk; �
�k) = limk!1 lim�!0+ xB(�; bk; �
�k)!= limk!1 lim�!0+ zB( ��k ; bk � ANxN(�; bk; �
�k); Æ
)!
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= limk!1 z�B(�b� ANx�N(bk; �
�k); Æ
)= z�B(�b; Æ
).Hen
e, if fxk 2 PCP (bk;�
�k )g ! x and 
ontains in�nitely many elements of theform x�(bk; 
�k), x = (z�B(�b; Æ
); 0) 2 PCP �r and the proof is 
omplete.The proof of theorem 4.9 does not use any dual information. Thisis be
ause it is possible that both the rim data and primal elements 
on-verge, while the dual elements diverge. For example, if 
 2 row(A) andf�kg = f1; 2; 1; 2; 1; 2; : : :g, x(�k; bk; 
�k) 
onverges to the analyti
 
enter ofP�b. However, theorem 2.10 implies that the 
orresponding dual sequen
e,fs(�k; bk; 
�k)g, has the two 
luster points s(1;�b; �
) and 2s(1;�b; �
) = s(2;�b; �
).The problem here is that the near 
omplementarity 
onstraint implies thatski = ukxki !i. The failure of the dual elements to 
onverge is now easily seen fromthe divergen
e of the sequen
e f�kg. In general, even if both f�kg and fxki g
onverge, the 
onvergen
e of the sequen
e �ukxki � is not guaranteed unlesslimk!1xki > 0.On
e the dual 
ounterparts are established in the following se
tion, exam-ple 4.19 shows exa
tly how this 
an happen. The next theorem does not
ompletely resolve this issue, but it does show when the 
onvergen
e of f�kg112



is guaranteed.Theorem 4.10 Let �r 2 G. Also, let fbk 2 Gbg ! �b 2 Gb, and f�k 2 IR++g !0. Then, the 
onvergen
e of fx(�k; bk; �
�k) 2 PCP(bk;
�k )g implies the 
onver-gen
e of f�kg (possibly to in�nity, if P�b is bounded) if, and only if, �
 62 row(A).Proof: Suppose that �
 2 row(A). Consider the situation of P�b being bounded,f�kg = f1; 2; 1; 2; : : :g, and f�kg = f 1kg. Then,limk!1 �k�k =1,and independent of whether or not Æ
 2 row(AB),limk!1x(�k; bk; �
�k) = �x(�b).Hen
e, if �
 2 row(A), the 
onvergen
e of the sequen
e fx(�k; bk; �
�k)g 
annotguarantee the 
onvergen
e of f�kg.Assume �
 62 row(A) and suppose for the sake of attaining a 
ontra-di
tion that f�kg does not 
onverge. Then there exist subsequen
es, f�kig andf�kjg, su
h that 0 � limi!1�ki < limj!1�kj � 1.If 0 < limi!1�ki = �1, theorem 2.6 implies thatlimi!1x(�ki; bki ; 
�ki ) = x(�1;�b; �
).113



Similarly, theorem 2.6 and theorem 2.9 implylimj!1x(�kj ; bkj ; �
�kj ) = 8>>>><>>>>: x(�2;�b; �
) if limj!1�kj = �2 <1�x(�r) if limj!1�kj =1.However, theorem 2.11 implies
x(�1;�b; �
) < 
x(�2;�b; �
) < 
�x(�r)for all 0 < �1 < �2, where the last inequality is in
luded only when �x exists.This is a 
ontradi
tion sin
e this implieslimi!1x(�ki; bki ; �
�ki ) 6= limj!1x(�kj ; bkj ; �
�kj ).The only situation left is when limi!1�ki = 0. However, limi!1�ki = 0, togetherwith lemma 2.15, lead to the 
ontradi
tion:0 = limi!1xN (�ki; bki; 
ki) 6= limj!1xN (�kj ; bkj ; �
�kj ).Hen
e, f�kg must 
onverge.4.3 Equivalent Dual StatementsThis se
tion presents the dual 
ounterparts of the previous se
tion.There there are no new proof te
hniques, and 
onsequently, the results of thisse
tion may be read without the proofs. Example 4.19 shows exa
tly how the
onvergen
e of both the rim data and primal elements does not guarantee the114




onvergen
e of the dual elements. The �rst Lemma is the dual statement ofLemma 4.2.Lemma 4.11 yb = 0 for all (y; s) 2 leftnull0BBB�26664 AN ABIN 0 377751CCCA.Proof: Let (ŷ; ŝN) 2 leftnull0BBB�26664 AN ABIN 0 377751CCCA and (y�; s�) 2 (D�r)o. Then(y�; (0; s�N))+�(ŷ; (0; ŝN)) 2 D�r , for suÆ
iently small �. Sin
e (y�+�ŷ)b = y�b,for suÆ
iently small �, ŷb = 0.The perpendi
ular property shown in lemma 4.11 is now used to showthat (y(�; b�; 
); sN(�; b�; 
)) is uniquely optimal on a 
ut through the dualfeasible region.Lemma 4.12 Let r 2 G and Æb be �xed. Then, yb is 
onstant onf(y; s) : yAB = 
B � sB(�; b�; 
); yAN + sN = 
N ; sN � 0g,and 
onsequently (y(�; b�; 
); sN(�; b�; 
)) is the unique solution tomaxf�yÆb+ �Xi2N !i ln(si) :yAB = 
B � sB(�; b�; 
); yAN + sN = 
N ; sN > 0g.Proof: By de�nition (y(�; b�; 
); s(�; b�; 
)) is the unique solution tomaxfyb+ �yÆb+ � nXi=1 !i ln(si) :115



yAB + sB = 
B; yAN + sN = 
N ; s > 0g.Fixing sB(�; b�; 
), (y(�; b�; 
); sN(�; b�; 
)) is the unique solution tomaxfyb+�yÆb+�Xi2N !i ln(si) : yAB = 
B�sB(�; b�; 
); yAN+sN = 
N ; sN � 0g.So, the result follows on
e it is shown that yb is 
onstant onf(y; sN) : yAB = 
B � sB(�; b�; 
); yAN + sN = 
N ; sN � 0g.If the rows of 26664 AN ABIN 0 37775are linearly independent, then the result follows sin
e this set 
ontains a singleelement. Otherwise, let (y1; s1N) and (y2; s2N) be inf(y; sN) : yAB = 
B � sB(�; b�; 
); yAN + sN = 
N ; sN � 0g.Then, (y1; s1N)� (y2; s2N) 2 leftnull0BBB�26664 AN ABIN 0 377751CCCA ,and lemma 4.11 implies (y1 � �(y1 � y2))b = y1b,for all 0 � � � 1, whi
h proves the result.
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As a dual 
ounterpart to PCP �(r;Æ
), de�neDCP �(r;Æb) � f(p(�; Æb; 
); qN(�; Æb; 
)) : � > 0gto be the 
entral path 
orresponding to the linear program,maxfpÆb : pAB = 
B; pAN + q = 
N ; q � 0g.Both DCP r and DCP �(r;Æb) are de�ned as PCP r and PCP �(r;Æb) were de�ned. Asin the previous se
tion, the needed observations provided by lemma 4.12 arethat y(�; b�; 
) = p0BBB��� ; Æb; 26664 
B � sB(�; b�; 
)
N 377751CCCA (4.6)and sN(�; b�; 
)) = qN 0BBB��� ; Æb; 26664 
B � sB(�; b�; 
)
N 377751CCCA . (4.7)Similar to lemma 4.4, the next lemma provides a useful 
onvergen
e resultwhen b is held �xed.Lemma 4.13 Let �r 2 G, f
k 2 G
g ! �
 2 G
, and f�k 2 IR++g ! 0. Then,limk!1 �y(�k;�b; 
k); s(�k;�b; 
k)� = (y�(�r); s�(�r)) .Proof: Let f
kg and f�kg be as above. Theorem 2.14 implies thatf�y(�k;�b; 
k); s(�k;�b; 
k)�g117



is bounded and hen
e 
ontains a 
onvergent subsequen
e. Letlimi!1 �y(�ki;�b; 
ki); s(�ki;�b; 
ki)� = (ŷ; ŝ) .Showing that (ŷ; ŝ) = (y�(�r); s�(�r)) proves the result by the uniqueness of(y�(�r); s�(�r)). Clearly, (ŷ; ŝ) 2 D�
. Lemma 4.12 shows that�y(�ki;�b; 
ki); sN(�ki;�b; 
ki)�solvesmax8<:Xj2N ln(sj) : yAB = 
B � sB(�ki;�b; 
ki); yAN + sN = 
N ; sN > 09=; .The ne
essary and suÆ
ient Lagrange 
onditions for this mathemati
al pro-gram are the existen
e of xi su
h thaty(�ki;�b; 
ki)AB = 
B � sB(�ki;�b; 
ki)y(�ki;�b; 
ki)AN + sN(�ki;�b; 
ki) = 
NAxi = 0xiN = S�1N (�ki;�b; 
ki)esN(�ki;�b; 
ki) > 0.If ŝN > 0, fxiNg 
onverges, say to x̂N . In this 
ase, settingxiB = �A+BANxiN ,118



implies fxiBg = f�A+BANxiNg ! �A+BAN x̂N , andAx̂ = �ABA+BAN x̂N + AN x̂N= �AN x̂N + AN x̂N= 0.Hen
e, be
ause Lemma 2.15 shows fsB(�ki;�b; 
ki)g ! 0, ŝN > 0 impliesŷAB = 
BŷAN + ŝN = 
NAx̂ = 0x̂N = Ŝ�1e,whi
h are the ne
essary and suÆ
ient 
onditions for (ŷ; ŝ) = (y�(�r); s�(�r)). Thefa
t that ŝN > 0 is now established.Lemma 2.17 guarantees the existen
e of a sequen
e f(~yi; ~siN)g that
onverges to (~y; ~sN), where ~sN > 0 and�~yi; ~siN� 2 f(y; sN) : yAB = 
B � sB(�ki;�b; 
ki); yAN + sN = 
N ; sN > 0g.The optimality of �y(�ki;�b; 
ki); sN(�ki;�b; 
ki)� implies thatXj2N ln �sj(�ki;�b; 
ki)� � Xj2N ln �~sij� .
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Sin
e the right-hand side of this inequality 
onverges to Pj2N ln (~sj), ŝN > 0,and the result follows.
The next theorem is the dual extension of theorem 2.8 to in
lude the
ase of general 
ost 
oeÆ
ient 
hanges and linear right-hand side 
hanges.Theorem 4.14 Let (��; �r) 2 IR+�G and Æb be �xed. Also, let f�k 2 IR++g !��, f�k 2 IR++g ! 0, and f
k 2 G
g ! �
. Then,
limk!1 �y(�k;�b�k ; 
k); s(�k;�b�k ; 
k)� =8>>>>>>>>>>>>><>>>>>>>>>>>>>:

�y(��;�b; �
); s(��;�b; �
)� if �� > 0(y�(�r); s�(�r)) if �� = 0 , limk!1 �k�k =1(p(�; Æb; �
); (0; qN(�; Æb; �
))) if �� = 0 , limk!1 �k�k = � > 0(p�(Æb; �
); (0; q�N(Æb; �
))) if �� = 0 , limk!1 �k�k = 0
Proof: If �� > 0, the result follows as a dire
t 
onsequen
e of theorem 2.6.Assume that �� = 0 and 
onsider the 
ase when limk!1 �k�k = � > 0. Lemma 2.15implies limk!1 sB(�k;�b�k ; 
k) = 0.120



Sin
e �k�k is bounded away from zero, theorem 2.6, together with 4.6, and 4.7imply thatlimk!1 y(�k;�b�k ; 
k) = limk!1 p0BBB��k�k ; Æb; 26664 
kB � sB(�k;�b�k ; 
k)
kN 377751CCCA= p(�; Æb; �
)and limk!1 sN(�k;�b�k ; 
k) = limk!1 qN 0BBB��k�k ; Æb; 26664 
kB � sB(�k;�b�k ; 
k)
kN 377751CCCA= q(�; Æb; �
).The next situation 
onsidered is when limk!1 �k�k = 0. Sin
e lemma 2.15implies 8>>><>>>:26664 
kB � sB(�k;�b�k ; 
k)
kN 377759>>>=>>>;! �
,lemma 4.13 implies thatlimk!1 y(�k;�b�k ; 
k) = limk!1 p0BBB��k�k ; Æb; 26664 
kB � sB(�k;�b�k ; 
k)
kN 377751CCCA= p�(Æb; �
)and limk!1 sN(�k;�b�k ; 
k) = limk!1 qN 0BBB��k�k ; Æb; 26664 
kB � sB(�k;�b�k ; 
k)
kN 377751CCCA= q�N(Æb; �
).121



The last 
ase to 
onsider is when limk!1 �k�k =1. On
e again, lemma 2.15implies that 8>>><>>>:26664 
kB � sB(�k;�b�k ; 
k)
kN 377759>>>=>>>;! �
,Furthermore, limk!1 Æb�k�k = 0.Sin
e 
orollary 2.5 shows that D��r is bounded, the 
onditions to apply theo-rem 2.18 are met, whi
h implieslimk!1 y(�k;�b�k ; 
k) = limk!1 p0BBB��k�k ; Æb; 26664 
kB � sB(�k;�b�k ; 
k)
k� 377751CCCA= y�(�r)and limk!1 sN(�k;�b�k ; 
k) = limk!1 qN 0BBB��k�k ; Æb; 26664 
kB � sB(�k;�b�k ; 
k)
kN 377751CCCA= s�N(�r).
As in the previous se
tion, the goal is to use theorem 4.14 to estab-lish ne
essary and suÆ
ient 
onditions for f(�k; b�k ; 
k)g, whi
h guarantee the122




onvergen
e of n�p(�k; b�k ; 
k); qN(�k; b�k ; 
k)�o. The next two lemmas provideenough added information to state su
h 
onditions.Lemma 4.15 Let �r 2 G, Æb 62 Hb, and f
k 2 G
g ! �
 2 G
 Also, let f�k 2IR++g ! 0 and f�k 2 IR++g ! 0 be su
h that the sequen
e f�k�k g does not
onverge. Let f�ki�ki g and f�kj�kj g be two 
onvergent subsequen
es, one of whi
hpossibly 
onverges to in�nity. Then,limi!1 �ki�ki 6= limj!1 �kj�kj ,implies limi!1 �y(�ki; b�ki ; 
ki); s(�ki; b�ki ; 
ki)�6= limj!1 �y(�kj ; b�kj ; 
kj); s(�kj ; b�kj ; 
kj)� .Proof: Assume without loss of generality thatlimi!1 �ki�ki < limj!1 �kj�kj .From theorem 4.14,limi!1 �y(�ki;�b�ki ; 
ki); s(�ki;�b�ki ; 
ki)� =8>>><>>>: (p�(Æb; �
); (0; q�N(Æb; �
))) if limi!1 �ki�ki = 0(p(�1; Æb; �
); (0; qN(�1; Æb; �
))) if limi!1 �ki�ki = �1 > 0,and limj!1 �y(�kj ;�b�kj ; 
kj); s(�kj ;�b�kj ; 
kj)� =123



8>>>><>>>>: (p(�2; Æb; �
); (0; qN(�2; Æb; �
))) if limj!1 �kj�kj = �2 > 0(y�(�r); s�(�r)) if limj!1 �kj�kj =1.Sin
e Æb 62 Hb, lemma 2.13 and theorem 2.11 imply that for any �1 < �2,p�(Æb; �
)Æb > p(�1; Æb; �
)Æb > p(�2; Æb; �
)Æb > y�(�r)Æb,whi
h proves the result.Lemma 4.16 If �r 2 G and Æb 2 Hb,(p(�; Æb; �
); (0; qN(�; Æb; �
))) = (p�(Æb; �
); (0; q�N(Æb; �
))) ,for all � 2 IR++.Proof: Lemma 2.13 implies that Æb 2 
ol(AB) and theorem 2.10 implies that(p(�1; Æb; �
); (0; qN(�1; Æb; �
))) = (p(�2; Æb; �
); (0; qN(�2; Æb; �
))) for all �1 and �2 inIR++. Sin
e(p�(Æb; �
); (0; q�(Æb; �
))) = lim�!0+ (p(�; Æb; �
); (0; qN(�; Æb; �
))) ,the proof is 
omplete.The next theorem 
hara
terizes the 
onditions for whi
h the sequen
en�y(�k; b�k ; 
k); s(�k; b�k ; 
k)�o 
onverges.124



Theorem 4.17 Let �r 2 G. Also, let f�k 2 IR++g ! 0, f�k 2 IR++g ! 0, andf
k 2 G
g ! �
 2 G
. If Æb 2 Hb,limk!1 �y(�k; b�k ; 
k); s(�k; b�k ; 
k)� = (p�(Æb; �
); (0; q�N(Æb; �
))) .If Æb 62 Hb, limk!1 �y(�k; b�k ; 
k); s(�k; b�k ; 
k)�exists if, and only if, n�k�k o 
onverges, possibly to in�nity.Proof: If Æb 2 Hb, lemma 4.16 implies thaty(�k; b�k ; 
k) = p0BBB��k�k ; Æb; 26664 
kB � sB(�k;�b�k ; 
k)
k 377751CCCA= p�0BBB�Æb; 26664 
kB � sB(�k;�b�k ; 
k)
k 377751CCCAand sN(�k; b�k ; 
k) = qN 0BBB��k�k ; Æb; 26664 
kB � sB(�k;�b�k ; 
k)
kN 377751CCCA= q�N 0BBB�Æb; 26664 
kB � sB(�k;�b�k ; 
k)
kN 377751CCCA .
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From lemma 3.6, both p� and q�N are 
ontinuous fun
tions of their right handside, and from lemma 2.15 sB(�k;�b�k ; 
k)! 0. So,limk!1 y(�k; b�k ; 
k) = limk!1 p�0BBB�Æb; 26664 
kB � sB(�k;�b�k ; 
k)
k 377751CCCA= p�(Æb; �
)and limk!1 sN(�k; b�k ; 
k) = limk!1 q�N 0BBB�Æb; 26664 
kB � sB(�k;�b�k ; 
k)
kN 377751CCCA= q�N (Æb; �
) .Assume Æb 62 Hb. If n�k�k o 
onverges, even to in�nity, then theorem 4.14shows the existen
e of limk!1 �y(�k; b�k ; 
k); s(�k; b�k ; 
k)�. If n�k�k o does not 
on-verge, then this sequen
e has at least two 
luster points, one of whi
h may bein�nity. Let n�ki�ki o and ��kj�kj � be two 
onvergent subsequen
es su
h thatlimi!1 �ki�ki 6= limj!1 �kj�kj .Theorem 4.14 implies that bothlimi!1 �y(�ki; b�ki ; 
ki); s(�ki; b�ki ; 
ki)�and limj!1 �y(�kj ; b�kj ; 
kj); s(�kj ; b�kj ; 
kj)�126



exist and lemma 4.15 implies that these limits are di�erent.The last theorem is the dual analog to theorem 4.9, and it showshow the dual omega 
entral path behaves under simultaneous perturbations inthe rim date, provided that the 
hange in b is linear. In the statement of thetheorem, DCP �(Æb;�
) � 0jBj is used to denote f(y; (0; sN)) : (y; sN) 2 DCP �(Æb;Æb)g.Theorem 4.18 If �r 2 G and Æb is �xed,lim(�b�;
)!(�b;�
)DCP (�b�;
) = DCP �r[�DCP �(Æb;�
) � 0jBj� .Proof: Let f
k 2 G
g ! �
 2 G
, and f�k 2 IR++g ! 0. The �rst part of theproof establishes lim(�b�;
)!(�b;�
)DCP(b�;
) = DCP �r[�DCP �(Æb;�
) � 0jBj� .Suppose the sequen
e n�yk; sk� 2 DCP(b�k ;
k)o 
onverges to (ŷ; ŝ). For ea
h k,let �k be su
h that (yk; sk) = �y(�k; b�k ; 
k); s(�k; b�k ; 
k)�. Consider a sub-sequen
e of f�kg, say f�kig, that 
onverges, possible to in�nity. The task ofshowing that (ŷ; ŝ) 2 DCP r S�DCP �(Æb;�
) � 0jBj� is divided into three 
ases.Case 1 If f�kig ! �� > 0, theorem 2.6 implies(ŷ; ŝ) = limi!1 �y(�ki; b�ki ; 
ki); s(�ki; b�ki ; 
ki)�= �y(��;�b; �
); s(��;�b; �
)� 2 DCP�r,127



and this 
ase is 
omplete.Case 2 Suppose f�kig ! 0. When Æb 2 Hb, theorem 4.17 shows that(ŷ; ŝ) = limi!1 �y(�ki; b�ki ; 
ki); s(�ki; b�ki ; 
ki)�= (p�(Æb; �
); (0; q�N(Æb; �
))) 2 DCP �(Æb;�
) � 0jBj.Also, when Æb 62 Hb, theorem 4.17 guarantees that n�ki�ki o 
onverges, possibly toin�nity. Then, from theorem 4.14,(ŷ; ŝ) = limi!1 �y(�ki; b�ki ; 
ki); s(�ki; b�ki ; 
ki)�= 8>>>>>>>><>>>>>>>>: (y�(�r); s�(�r)) if limk!1 �k�k =1(p(�; Æb; �
); (0; q(�; Æb; �
))) if limk!1 �k�k = � > 0(p�(Æb; �
); (0; q�(Æb; �
))) if limk!1 �k�k = 0.Sin
e (y�(�r); s�(�r)), (p(�; Æb; �
); (0; q(�; Æb; �
))), and (p�(Æb; �
); (0; q�(Æb; �
))) are allin DCP �(Æb;�
) � 0jBj, this 
ase is dismissed.Case 3 Assume f�kig ! 1. This 
ase is 
ompleted on
e it is shown thattheorem 2.18 is appli
able, whi
h in turn shows that(ŷ; ŝ) = limi!1 �y(�ki; b�ki ; 
ki); s(�ki; b�ki ; 
ki)�= (�y; �s) 2 DCP �r.Sin
e f
kg ! �
 and � b�ki�ki �! 0, all that is left to show is that D�
 is bounded.Assume for the sake of attaining a 
ontradi
tion that D�
 is unbounded. Sin
ekyk = k(
� s)AT (AAT )�1k � k
� skkAT (AAT )�1k,128



the unboundedness of D�
 means there exists a sequen
e f(yi; si) 2 D
kig su
hthat ksik ! 1 and n yi�ki o! 0. The optimality of�y(�ki; b�ki ; 
ki); s(�ki; b�ki ; 
ki)�impliesy(�ki; b�ki ; 
ki)b�ki + �ki nXj=1!i ln(sj(�ki; b�ki ; 
ki)) � yib�ki + �ki nXj=1!i ln(sij),or equivalently,�y(�ki; b�ki ; 
ki)� yi� b�ki�ki + nXj=1!i ln(sj(�ki; b�ki ; 
ki)) � nXj=1!i ln(sij).The 
ontradi
tion that the left hand side of this last inequality is boundedimplies that D�
 is bounded.So far, the proof has shown that if a sequen
e n�yk; sk� 2 DCP(b�k ;
k)o
onverges, the limit point of this sequen
e must be an element ofDCP �r[�DCP �(Æb;�
) � 0jBj� .The next pie
e of the proof shows that every element inDCP �r[�DCP �(Æb;�
) � 0jBj�is the limit of a sequen
e n�yk; sk� 2 DCP(b�k ;
k)o.Let (y; s) 2 DCP �r. From theorem 2.18, if D�
 is bounded and (y; s) =(�y; �s), n�y(k; b�k ; 
k); s(k; b�k ; 
k)�o! (y; s). Similarly, if(y; s) = �y(�;�b; �
); s(�;�b; �
)� or (y; s) = (y�(�r); s�(�r)) ,129



theorem 4.14 shows��y(�+ 1k ; b�k ; 
k); s(�+ 1k ; b�k ; 
k)��! �y(�;�b; �
); s(�;�b; �
)�and ��y(q�k; b�k ; 
k); s(q�k; b�k ; 
k)��! (y�(�r); s�(�r)) .Let (y; s) 2 DCP �(Æb;�
) � 0jBj. If (y; s) is (p(�; Æb; �
); (0; qN(�; Æb; �
)) or(p�(Æb; �
); (0; q�N(Æb; �
)), lemma 2.15 and theorem 4.14 demonstrate thatn�y(��k; b�ki ; 
k); s(��k; b�ki ; 
k)�o! (p(�; Æb; �
); (0; qN(�; Æb; �
)))and n�y((�k)2; b�ki ; 
k); s((�k)2; b�ki ; 
k)�o! (p�(Æb; �
); (0; q�N(Æb; �
))).The proof has now established thatlim(b�;
)!(�b;�
)DCP(brho;
) = DCP �r[�DCP �(Æb;�
) � 0jBj� .What remains to be shown is that if the 
onvergent sequen
e f(yk; sk) 2DCP (�b�k ;
k)g 
ontains in�nitely many of either �y�(�b�k ; 
k); s�(�b�k ; 
k)�, or inthe 
ase when D�
 is bounded, ��y(
k); �s(
k)�, the limit point of the sequen
eis 
ontained in DCP �r S�DCP �(Æb;�
) � 0jBj�. From lemma 2.16, D
k is boundedwhen D�
 is bounded. Sin
e lemma 3.6 shows that (�y(
); �s(
)) is a 
ontinuousfun
tion of 
, n(yk; sk) 2 DCP (b�k ;
k)o! (�y(�
); �s(�
)) ,130



when the sequen
e 
ontains ��y(
k); �s(
k)� in�nitely many times.Suppose n(yk; sk) 2 DCP (brhok ;
ko ! (y; s), and that the sequen
e
ontains in�nitely many elements of the form �y�(�b�k ; 
k); s�(�b�k ; 
k)�. First,the fa
t that limk!1 s�B(b�k ; 
k) = 0 is established. By de�nition,s�B(b�k ; 
k) = lim�!0+ sB(�; b�k ; 
k).So, when (yk; sk) = �y�(�b�k ; 
k); s�(�b�k ; 
k)�, there exists ��k > 0 su
h that� 2 (0; ��k) implies ks�B(b�k ; 
k)� sB(�; b�k ; 
k)k < �2.Let f�k 2 (0; ��k)g ! 0. From lemma 2.15, limk!1 sB(�k; b�k ; 
k) = 0. So, thereexists natural number K, su
h that k � K impliesksB(�k; b�k ; 
k)k < �2.Hen
e, when k � K,ks�B(b�k ; 
k)k � ks�B(b�k ; 
k)� sB(�k; b�k ; 
k)k+ ksB(�k; b�k ; 
k)k< �,and limk!1 s�B(b�k ; 
k) = 0. Now, using lemma 4.13 to establish the third equality,limk!1 �y�(�b�k ; 
k); s�N(�b�k ; 
k)� 131



= limk!1 lim�!0+ �y(�;�b�k; 
k); sN(�;�b�k ; 
k)�!= limk!10BBB� lim�!0+0BBB�p0BBB� ��k ; Æb; 26664 
kB � sB(�;�b�k ; 
k)
kN 377751CCCA ;
qN 0BBB� ��k ; Æb; 26664 
kB � sB(�;�b�k ; 
k)
kN 377751CCCA1CCCA1CCCA= limk!10BBB�p�0BBB�Æb; 26664 
kB � s�B(�b�k ; 
k)
kN 377751CCCA ; q�N 0BBB�Æb; 26664 
kB � s�B(�b�k ; 
k)
kN 377751CCCA1CCCA= (p�(Æb; �
); q�N(Æb; �
)) .Hen
e, if n(yk; sk) 2 DCP (b�k ;
k)o! (y; s), and the sequen
e 
ontains in�nitelymany elements of the form �y�(�b�k ; 
k); s�(�b�k ; 
k)�,(y; s) = (p�(Æb; �
); (0; q�N(Æb; �
))) 2 DCP �(Æb;
b) � 0jBj,and the proof is 
omplete.As in the previous se
tion, this last result did not use any primalinformation in the proof. This is be
ause the primal elements may divergeeven when both the rim data elements and � 
onverge. This se
tion ends withan example demonstrating su
h behavior.Example 4.19 Consider the linear program,minf�Æ
1x1 + �Æ
2x2 + x3 : 0 � xi � 1 + �Æb; i = 1; 2; 3g.132



From example 2.12,xi(�k; b�k ; 
�k)= 8>>><>>>: �kÆ
i(1+�kÆb)+2�k�p(�kÆ
i)2(1+�kÆb)2+(2�k)22�kÆ
i if i = 1; 2(1+�kÆb)+2�k�p(1+�kÆb)2+(2�k)22 if i = 3= 8>>><>>>: 12(1 + �kÆb) + �k�kÆ
i � 12r(1 + �kÆb)2 + � 2�k�kÆ
i�2 if i = 1; 212(1 + �kÆb) + �k � 12q(1 + �kÆb)2 + (2�k)2 if i = 3.Using that xi(�k; b�k ; 
�k)si(�k; b�k ; 
�k) = �� (the negative is needed be
ausethe primal problem is not in symmetri
 form), it follows that the 
omplemen-tary dual variables aresi(�k; b�k ; 
�k)= 8>>>><>>>>: �2�k�kÆ
i�kÆ
i(1+�kÆb)+2�k�p(�kÆ
i)2(1+�kÆb)2+(2�k)2 if i = 1; 2�2�k(1+�kÆb)+2�k�p(1+�kÆb)2+(2�k)2 if i = 3= 8>>><>>>: 2r� �k1+�kÆb�2 + (�kÆ
i)2 � 2�k1+�kÆb � �kÆ
i if i = 1; 22r� �k1+�kÆb�2 + 1� 2�k1+�kÆb � 1 if i = 3.Allowing f�kg = f1; 12 ; 14 ; 18 ; 116 ; : : :g, f�kg = f1; 1; 14 ; 14 ; 116 ; 116 ; : : :g, and f�k 2IR++g ! 0, the sequen
e fx(�k; b�k ; 
�k)g has the two 
luster points,0�12 + 1Æ
1 � 12s1 + � 2Æ
1�2; 12 + 1Æ
2 � 12s1 + � 2Æ
2�2; 01A133



and 0�12s1 + � 22Æ
1�2 � 12 � 12Æ
1 ; 12s1 + � 22Æ
1�2 � 12 � 12Æ
1 ; 01A ,while the sequen
e fs(�k; b�k ; 
�k)g has the limit, (0; 0; 1).4.4 Central Path Convergen
e Under General RimData ChangesThe previous two se
tions dis
ussed the 
onvergen
e properties of the
entral path under linear 
hanges in the obje
tive fun
tion. Chara
terizing the
onvergen
e of fx(�; b; 
)g and f(y(�; b; 
); s(�; b; 
))g was paramount in estab-lishing the results of the last two se
tions. The restri
tion of allowing only linear
hanges in the obje
tive fun
tion 
oeÆ
ients is relinquished in this se
tion. Theanalysis be
omes signi�
antly more 
hallenging, and 
hara
terizing the 
ondi-tions of f(�; b; 
)g for whi
h the primal and dual elements 
onverge remainsan open question. However, this se
tion does develop suÆ
ient 
onditions onf(�; b; 
)g to guarantee the 
onvergen
e of fx(�; b; 
)g. These 
onditions showthat the 
ost 
oeÆ
ient ve
tor need not 
onverge. An example at the end ofthis se
tion indi
ates further diÆ
ulties in the quest for establishing exa
tlywhen fx(�; b; 
)g 
onverges.The suÆ
ient 
onditions presented for f(�; b; 
)g to guarantee the 
on-vergen
e of fx(�; b; 
)g required that G
 is partitioned into equivalen
e 
lasses.134



For any b 2 Gb, we say that 
1 2 G
 and 
2 2 G
 are \A-similar", denoted
1 A� 
2, if PCP(b;
1)\PCP(b;
2) 6= ;.The �rst goal of this se
tion is to show that A� is an equivalen
e relation on G
.To show this, the property that 
entral paths may not interse
t unless theyare equal is proven. The �rst lemma gives suÆ
ient 
onditions for the primal
entral paths to be equivalent.Lemma 4.20 Let b 2 Gb, 
1 2 G
, and 
2 2 G
. De�ne
10 = projnull(A)
1 and
20 = projnull(A)
2.Then, PCP(b;
10) = PCP(b;
1) andPCP(b;
20) = PCP(b;
2).Furthermore, if 
10 = �
20, for some � 2 IR++,PCP(b;
1) = PCP(b;
2).Proof: Let b 2 Gb, 
1 2 G
, and 
2 2 G
. Also, let
1R = projrow(A)
1 and
2R = projrow(A)
2,135



so that 
1 = 
10 + 
1R and 
2 = 
20 + 
2R. Let � 2 IR++ be su
h that 
10 = �
20.Sin
e 
1R and 
2R are perpendi
ular to null(A), 
1Rx = 
2Rx = 0, for allx 2 null(A). Consequently, theorem 2.10 shows that 
1Rx and 
2Rx are 
onstanton Pb. This means that x(�; b; 
1) is the unique solution tominf
10x� � nXi=1 !i ln(xi) : x 2 Pob gand x(�; b; 
2) is the unique solution tominf
20x� � nXi=1 !i ln(xi) : x 2 Pob g.Hen
e, PCP(b;
10) = PCP(b;
1) and PCP(b;
20) = PCP(b;
2).Multiplying the obje
tive fun
tion of the �rst math program by �, shows thatx(�; b; 
1) = x(��; b; 
2), (4.8)whi
h implies, PCP(b;
1) = PCP(b;
2).
The following 
orollary is stated for future referen
e.Corollary 4.21 Let b 2 Gb, 
1 2 G
, and 
2 2 G
. Ifprojnull(A)
1 = �projnull(A)
2,136



for some � 2 IR++, thenx(�; b; 
1) = x(�; b; projnull(A)
1) = x(��; b; �projnull(A)
2) = x(��; b; 
2).Proof: The result is immediate from the proof of lemma 4.20.The next theorem establishes the result that for any polyhedron, the
entral paths de�ned in this polyhedron are either the same or disjoint. Sin
ethe de�nition of PCPr is 
on
erned only with elements 
orresponding to positive� values, this does not say that two di�erent 
entral paths may not terminateat the same point. However, it does say that two di�erent 
entral paths maynot 
ross en-route to either x�(r) or �x(b).Theorem 4.22 Let b 2 Gb, 
1 2 G
, and 
2 2 G
. If there exists �1 and �2 inIR++ su
h that x(�1; b; 
1) = x(�2; b; 
2), thenPCP(b;
1) = PCP(b;
2).Proof: Let b 2 Gb, 
1 2 G
, and 
2 2 G
. Lemma 4.20 implies that there is noloss of generality by assuming that 
1 and 
2 are in null(A). Let �1 and �2 bein IR++, su
h that x(�1; b; 
1) = x(�2; b; 
2). Then,
1 � �1eTX�1(�1; b; 
1)� y(�1; b; 
1)A = 0,and 
2 � �2eTX�1(�2; b; 
2)� y(�2; b; 
2)A = 0.137



Multiplying the �rst equation by 1�1 , the se
ond equation by 1�2 , and subtra
tingyields  1�1 
1 � 1�2 
2! =  1�1y(�1; b; 
1)� 1�2 y(�2; b; 
2)!A.Sin
e the left-hand side of the above equality is in the null(A) and the right-hand side is in the row(A), both must be zero. Hen
e,
1 = �1�2 
2,and lemma 4.20 implies PCP(b;
1) = PCP(b;
2).
Two important 
orollaries follow. The �rst is used to show that A�is an equivalen
e relation, and the se
ond is used to establish the equivalen
e
lasses asso
iated with A�.Corollary 4.23 Let b 2 Gb, 
1 2 G
, and 
2 2 G
. Then, if 
1 A� 
2,PCP(b;
1) = PCP(b;
2).Proof: Let b 2 Gb, 
1 2 G
, and 
2 2 G
. If 
1 A� 
2, there exists �1 and �2in IR++ su
h that, x(�1; b; 
1) = x(�2; b; 
2), and the result follows immediatelyfrom theorem 4.22.

138



Corollary 4.24 Let b 2 Gb, 
1 2 G
, and 
2 2 G
. Thenprojnull(A)
1 = �projnull(A)
2,for some � 2 IR++, if, and only ifPCP(b;
1) = PCP(b;
2).Proof: The suÆ
ien
y is established in lemma 4.20. The ne
essity followssin
e PCP(b;
1) = PCP(b;
2)implies that there exist �1 and �2 in IR++ su
h that x(�1; b; 
1) = x(�2; b; 
2),and the proof of theorem 4.22 shows thatprojnull(A)
1 = �projnull(A)
2,for some � 2 IR++.The next result shows that A� is indeed an equivalen
e relation.Theorem 4.25 A� is an equivalen
e relation on G
. Furthermore, the equiva-len
e 
lass of 
1 2 G
 is,[
1℄ = f
 : projnull(A)
1 = �projnull(A)
, for some � 2 IR++g.
139



Proof: Let b 2 Gb and 
1, 
2, 
3 2 G
. Clearly 
1 A� 
1, and 
1 A� 
2 implies
2 A� 
1. So A� is re
exive and symmetri
. Corollary 4.23 implies that if 
1 A� 
2and 
2 A� 
3, PCP(b;
1) = PCP(b;
2) = PCP(b;
3),whi
h implies 
1 A� 
3. Hen
e A� is transitive and is an equivalen
e relation.Theorem 4.22 and 
orollary 4.24 imply that the equivalen
e 
lasses are asstated.Noti
e that row(A) is equivalent to [0℄. This equivalen
e 
lass is problemati
as demonstrated in example 4.30.To demonstrate that the 
ost ve
tor need not 
onverge for fx(�; b; 
)gto 
onverge, two new types of 
onvergen
e are de�ned. The �rst type of new
onvergen
e is 
alled 
lass 
onvergen
e. To de�ne this 
on
ept adequately,some notation is introdu
ed. For a sequen
e fxkg, let C(fxkg) be the set of
luster points of fxkg. Furthermore, for any sequen
e f
k 2 G
g, setF �f
kg� � C �f
kg�[C ( 
kk
kk : 
k 6= 0)! .Noti
e that F 
ontains all of the limiting dire
tions of a sequen
e of 
ost ve
tors.The 
on
ept behind 
lass 
onvergen
e is that all of these limiting dire
tions are
ontained in the same equivalen
e 
lass.De�nition 4.26 The sequen
e, f
k 2 G
g, is 
lass 
onvergent to [
̂℄,140



for some 
̂ 2 G
, if F �f
kg� � [
̂℄.The de�nition of 
lass 
onvergen
e does not imply that the sequen
e f
kg a
-tually 
onverges; however, if f
kg does 
onverge then it is also 
lass 
onvergent.The se
ond type of 
onvergen
e is 
alled proportional 
onvergen
e.The idea is that the sequen
e f(�k; 
k)g is proportionately 
onvergent if thesets C �n �kk
kk : 
k 6= 0o� and C �f
kg� are, in some sense, proportional.De�nition 4.27 The sequen
e, f(�k; 
k)g � IR++ � G
, is proportion-ately 
onvergent if, whenever two subsequen
es of f
kg, say f
kig andf
kjg, have the properties that,(1) limi!1 
kik
kik = 
1,(2) limj!1 
kjk
kj k = 
2, and(3) projnull(A)
1 = �projnull(A)
2, for some � 2 IR++,we also have limi!1 �kik
kik = � limj!1 �kjk
kjk .The next lemma is a relaxation of theorem 2.14, and provides lessstringent 
onditions for the boundedness of the sequen
e fx(�; b; 
)g.Lemma 4.28 Let W be a 
losed subset of G and f(�k; rk)g � IR++�W be asequen
e with the following properties:(1) n �kk
kko is bounded, and 141



(2) fbkg 
onverges to �b 2 Gb.Then fx(�k; bk; 
k)g is bounded.Proof: Let ��� �kk
kk ��� � M . Suppose, for the sake of attaining a 
ontradi
tion,that fx(�k; bk; 
k)g is not bounded. Without loss in generality assume thatlimk!1 kx(�k; bk; 
k)k =1.Let n 
kik
kiko be a 
onvergent subsequen
e of n 
kk
kko. Be
auseS  �kik
kik ; bki; 
kik
kik!x �kik
kik ; bki; 
kik
kik! = ! �kik
kik � !M ,the following inner produ
t inequality holds:s �kik
kik ; bki; 
kik
kik!x �kik
kik ; bki; 
kik
kik! � eT!M .This implies( x �kik
kik ; bki; 
kik
kik! ; y �kik
kik ; bki; 
kik
kik! ; s �kik
kik ; bki; 
kik
kik!!!)is a subset of [ki L  bki ; 
kik
kik! ; eT!M! .By assumption, any 
luster point of n 
kk
kko is an element of G
. Hen
e, theo-rem 2.14 implies the above union is bounded. Sin
ex(�k; bk; 
k) = x �kk
kk ; bk; 
kk
kk! ,142



we have a 
ontradi
tion, and the result follows.Theorem 4.29 gives suÆ
ient 
onditions for f(�k; bk; 
k)g to guaran-tee the 
onvergen
e of fx(�k; bk; 
k)g to an element of a 
entral path. These
onditions do not in
lude that f
kg 
onverges, but instead that f
kg is 
lass
onvergent. As example 4.30 shows, this 
ondition is still too restri
tive for ne-
essity. Chara
terizing the 
onditions of f(�k; bk; 
k)g for whi
h fx(�k; bk; 
k)g
onverges remains an open question. Su
h a 
lassi�
ation is needed beforegeneralizing the set 
onvergen
e results of the previous two se
tions.Theorem 4.29 Let �r 2 G, and assume f
k 2 G
g is a sequen
e su
h thatC(f
kg) � G
nrow(A). Then fx(�k; bk; 
k)g ! x̂ 2 PCP(�b;�
) if,(1) fbk 2 Gbg ! �b 2 Gb,(2) f
k 2 G
g is 
lass 
onvergent to [�
℄,(3) f(�k; 
k) : 
k 6= 0g is proportionately 
onvergent, and(4) there exists M 2 IR++ su
h that 1M � n �kk
kko �M .Proof: Be
ause �
 62 row(A), the sequen
e f
kg 
ontains zero at most a �nitenumber of times. So, without loss in generality, zero is assumed not to be
ontained in f
kg. The result is established by showing that all 
luster points offx(�k; bk; 
k)g are equal. Sin
e C(f
kg) � G
nrow(A) and fbk 2 Gbg ! �b 2 Gb,there exists a 
losed set W � G su
h that n(
k; bk)o � W . Be
ause of the143



assumption that n �kk
kko is bounded, fx(�k; bk; 
k)g is bounded from lemma 4.28.Hen
e, there exist subsequen
es su
h thatfx(�ki; bki; 
ki)g ! x̂1,fx(�kj ; bkj ; 
kj )g ! x̂2,n 
kik
kiko! 
̂1, and� 
kjk
kj k�! 
̂2.Clearly, x̂1 and x̂2 are in P�b. The 
lass 
onvergen
e implies the existen
e of�1; �2 2 IR++ su
h that,limi!1�1projnull(A) 
kik
kik = �1projnull(A)
̂1= projnull(A)�
= �2projnull(A)
̂2= limj!1�2projnull(A) 
kjk
kjk .The proportional 
onvergen
e assumption, together with the assumption thatn �kk
kko is bounded away from zero, implies0 < �� = limi!1�1 �kik
kik = limj!1�2 �kjk
kjk .From 
orollary 4.21,x(�ki; bki; 
ki) = x �1 �kik
kik ; bki; �1projnull(A) 
kik
kik! andx(�kj ; bkj ; 
kj) = x �2 �kjk
kjk ; bkj ; �2projnull(A) 
kjk
kjk! .144



This and theorem 2.6 yield,
x̂1 = limi!1x(�ki ; bki; 
ki)= limi!1x �1 �kik
kik ; bki; �1projnull(A) 
kik
kik!= x(��;�b; �
)= limj!1x �2 �kjk
kjk ; bkj ; �2projnull(A) 
kjk
kjk!= limj!1x(�kj ; bkj ; 
kj)= x̂2.

Hen
e, fx(�k; bk; 
k)g 
onverges to an element in PCP(�b;�
).
Unlike theorems 4.5 and 4.14, the 
onditions required in theorem 4.29are mu
h too restri
tive for ne
essity. The following example has the desirableproperty that f
kg 
onverges; but, even with this property, the 
onvergen
eof fx(�; b; 
)g requires the analysis of several nested linear programs. Theexample hints at what might be required to obtain the elusive ne
essary andsuÆ
ient 
onditions.Example 4.30 Let �k = 1k , and 
onsider the following linear programming145



data for the linear program minf
x : Ax � b; x � 0g,

k = 0BBBBBBBB� 1k1pk1pk

1CCCCCCCCA , b = 0BBBBBBBB� 111
1CCCCCCCCA , and A = 2666666664 1 0 00 1 00 0 1

3777777775 .To analyze the behavior of fx(�k; b; 
k)g, a sequen
e of problems is 
onsidered.The idea is to iteratively redu
e the original problem. This is done using theresults for linear 
hanges in the 
ost 
oeÆ
ients found in se
tion 4.2, and atea
h step identifying an in
reasingly larger subset of variables that must bezero.The `root' problem uses the limiting rim data. So, zero is the 
ost ve
torof the root problem sin
e f
kg ! 0 � �
[0℄, and the root problem isminf0x : Ax � b; x � 0g.The optimal partition for the root problem is B[0℄ = f1; 2; 3g and N [0℄ = ;.To de�ne the �rst `subproblem', set�k[1℄ = k
k[0℄� �
[0℄k = p2k + 1k ,�k[1℄ = �k[0℄�k[1℄ = 1p2k + 1,bk[1℄ = b[0℄� AN [0℄xN [0℄(�k[0℄; b[0℄; 
k[0℄), and
k[1℄ = 
k[0℄� �
[0℄�k[1℄ = 1p2k + 1  1 pk pk ! ,
146



where the [0℄ indi
ates the original sequen
e data. With this notation,x(�k; b; 
k) = x(�k; b; �
[0℄ + �k[1℄
k[1℄).Noti
e that the sequen
e f
k[1℄g no longer 
onverges to zero, but ratherlimk!1 
k[1℄ = 0BBBBBBBB� 01p21p2
1CCCCCCCCA .Furthermore, fbk[1℄g ! b be
ause N [0℄ = ;. However, lemma 2.15 would implythis even when N [0℄ 6= ;. De�ninglimk!1 
k[1℄ = �
[1℄,the �rst subproblem isminf�
[1℄z[1℄ : AB[0℄z[1℄ � b; z[1℄ � 0g,or equivalentlyminf 1p2z2[1℄ + 1p2z3[1℄ : 0 � zi[1℄ � 1; i = 1; 2; 3g.The optimal partition for this problem is B[1℄ = f1g and N [1℄ = f2; 3g. Moreimportantly, analogous to 4.5,xB[0℄(�k[0℄; b[0℄; 
k[0℄) = xB[0℄(�k[0℄; b[0℄; �
[0℄ + �k[1℄
k[1℄)= z[1℄ �k[0℄�k[1℄ ; bk[1℄; 
k[1℄!= z[1℄ ��k[1℄; bk[1℄; 
k[1℄� .147



Similar to the �rst subproblem, the se
ond `subproblem' relies on�k[2℄ = k
k[1℄� �
[1℄k�k[2℄ = �k[1℄�k[2℄bk[2℄ = b[1℄� AN [1℄xN [1℄(�k[1℄; b[1℄; 
k[1℄), and
k[2℄ = 
k[1℄� �
[1℄�k[2℄ ,where f
k[2℄g is de�ned only for the elements in B[1℄ (so only the �rst 
oordi-nate of the original 
 remains for this subproblem). This notation allows,z[1℄(�k[1℄; bk[1℄; 
k[1℄) = z[1℄ ��k[1℄; bk[1℄; �
[1℄ + �k[2℄
k[2℄� .It is easily 
he
ked that limk!1�k[2℄ = 1 and�
[2℄ � limk!1 
k[2℄ = 1.The most important observation hear is that f�k[2℄g does not 
onverge to zero.The se
ond subproblem isminf�
[2℄z[2℄ : AB[1℄z[2℄ � b; z[2℄ � 0g,whi
h is same as minfz[2℄ : 0 � z[2℄ � 1g.148



Using the `z' notation re
ursively, 4.5 showsxB[1℄(�k[0℄; b[0℄; 
k[0℄) = xB[1℄(�k[0℄; b[0℄; �
[0℄� �k[1℄
k[1℄)= zB[1℄[1℄ �k[0℄�k[1℄ ; bk[1℄; 
k[1℄!= zB[1℄[1℄ ��k[1℄; bk[1℄; 
k[1℄�= zB[1℄[1℄ ��k[1℄; bk[1℄; �
[1℄ + � [2℄k
k[2℄�= z[2℄ �k[1℄�k[2℄ ; bk[2℄; 
k[2℄!= z[2℄ ��k[2℄; bk[2℄; 
k[2℄� .Be
ause ea
h of these problems are variants of example 2.12, the 
onver-gen
e of ea
h problem is easily examined. The 
entral path for the originalproblem is de�ned by
x(�k[0℄; b[0℄; 
k[0℄) = 0BBBBBBBBB�

1k+ 2k�q 1k2+ 4k22k1pk+ 2k�q 1k+ 4k22pk1pk+ 2k�q 1k+ 4k22pk
1CCCCCCCCCA = 0BBBBBBBB� 3�p521+ 2pk�p1+ 4k21+ 2pk�p1+ 4k2

1CCCCCCCCA .
Hen
e, limk!1x(�k; b; 
k) = 0BBBBBBBB� 3�p5200

1CCCCCCCCA .This seems odd sin
e the 
entral path for the �rst root problem is P(b;0) = f12eg.The problem is that f�k[0℄g = f 1kg ! 0+. If the 
hange in the 
ost 
oeÆ
ients149



had been linear, theorems 4.5 and 4.8 would have applied to dedu
e that thelimit of fx(�k[0℄; b[0℄; 
k[0℄)g is an element of a 
entral path de�ned on theoptimal fa
e of the root problem. The limit point of f
k[1℄g attempts to de�nethis 
entral path, even though the 
hange is nonlinear.Although �
[1℄ does not a
tually indi
ate this 
entral path, lemma 2.15 im-plies that any 
omponents that are zero in the solution to the �rst subprob-lem, whi
h uses �
[1℄ as the 
ost ve
tor, are also zero in any 
luster point offx(�k[0℄; b[0℄; 
k[0℄)g. The elements of the 
entral path for the �rst subproblemare
xB[0℄(�k[0℄; b[0℄; 
k[0℄) = z[1℄(�k[1℄; b[1℄; 
k[1℄)

= 0BBBBBBBBBBBB�
1p2k+1+ 2p2k+1�q 12k+1+ 42k+12p2k+11p2k+1+ 2p2k+1�q k2k+1+ 42k+12q k2k+11p2k+1+ 2p2k+1�q k2k+1+ 42k+12q k2k+1

1CCCCCCCCCCCCA
= 0BBBBBBBB� 3�p5212 �1 + 2pk �q1 + 4k�12 �1 + 2pk �q1 + 4k�

1CCCCCCCCA .
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On
e again, this shows limk!1x(�k; b; 
k) = 0BBBBBBBB� 3�p5200
1CCCCCCCCA .

However, the problem of f�k[1℄g ! 0+ re-o

urs in the �rst subproblem. Noti
ethat none of the variables be
ome zero in the root problem, and that the se
ondand third variables be
ome zero in the �rst subproblem. This is good news,sin
e these are all the variables that must be
ome zero. On
e these variablesare identi�ed, the parameter for the se
ond subproblem may not 
onverge tozero, i.e. f�k[2℄g 6! 0. Theorem 2.6 shows thatlimk!1x1(�k[0℄; bk[0℄; 
k[0℄) = limk!1 z[2℄(�k[2℄; bk[2℄; 
k[2℄)= z[2℄(1; b; �
[2℄)= z[2℄(1; b; 1)= 1 + 2�p1 + 42= 3�p52 .If the original problem were not so simple, the 
hallenge of dire
tly evaluatingthe limit point of fx(�k[0℄; b; 
k[0℄)g is substantial. However, 
al
ulating thelimit point of f
k[0℄g allows the formation of the root problem. This produ
esan optimal partition, whi
h shows some of the variables that must go to zero.151



If f�k[1℄g does not 
onverge to zero, theorem 2.6 is used to 
al
ulate the 
om-ponents that are positive. If f�k[1℄g does 
onverge to zero, the limit point off
k[1℄g is 
al
ulated, and the �rst subproblem is solved. The pro
ess repeatsuntil either all variables are for
ed to zero, or f�k[i℄g does not 
onverge to zero.4.5 Chapter SummaryThe main result 
hara
terizes whenfx(�; b; 
� )g and f(y(�; b�; 
); s(�; b�; 
))g
onverge. The generality of allowing simultaneous 
hanges in the rim data, solong as the obje
tive fun
tion perturbation is linear, is obtained from a mod-eling s
heme that shows how to model the 
hanges in both rim data elementsas only right-hand side perturbations. The new model retains Æ
BxB as a termin the obje
tive fun
tion, and as a 
onsequen
e the set 
onvergen
e propertyfor the omega 
entral path shows that the 
entral path 
onverges to the unionof the original 
entral path and a 
entral path on the optimal set de�ned byÆ
BxB. The last se
tion demonstrated the diÆ
ulty of extending these re-sults when the restri
tion of linearity is removed from the obje
tive 
hange.SuÆ
ient 
onditions are given to guarantee the 
onvergen
e of fx(�; b; 
)g, and152



these 
onditions show that it is not ne
essary for the 
ost 
oeÆ
ients to 
on-verge. In support of these suÆ
ient 
onditions, the 
olle
tion of 
entral pathswas shown to indu
e an equivalen
e relation on G
. An interesting, unansweredquestion is whether S
2G
 PCP(b;
) = Pob .Example 4.30 alludes to an algorithm that is 
apable of �nding thelimit of fx(�; b; 
)g, provided the limit exists. The algorithm is greedy in thesense that it 
reates an in
reasingly larger set of variables that are for
ed tozero. Finding 
onditions for whi
h this algorithm 
onverge seems equivalent to�nding the ne
essary 
onditions for the 
onvergen
e of fx(�; b; 
)g.
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5. Con
lusion and Avenues for Future Resear
hThe immediate question from 
hapter 3 is whether or not the uniquedual assumption is removable from theorem 3.15. This assumption essentiallyprovides a rank argument, and this assumption may be found unne
essaryupon a 
loser examination of �AB .Many questions remain open from 
hapter 4; the most intriguing be-ing the 
hara
terization of when x(�; b; 
) 
onverges. These 
onditions appearequivalent to establishing when the algorithm hinted at in example 4.30 
on-verges. Another question from this 
hapter is, \Does the 
olle
tion of 
entralpaths 
over the relative interior of the polyhedron?" If this is true, every in-terior element of a polyhedron is asso
iated with an equivalen
e 
lass of 
ostve
tors. Several results from this work are �nding themselves useful elsewhere.The parametri
 analysis has been experimentally used to �nd radiation plansin the �eld of radiation on
ology. A question that has arisen from this workis whether or not the parametri
 analysis presented here may be used to �ndminimal support sets. More re
ently, R. Caron, H. Greenberg, and A. Holder154



are working on the development of a theory of repelling 
onstraints. Severalof the te
hniques and insights gained from this work have proven themselvesworthy in this en devour.
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NOTATION INDEX� (BjN) is the optimal partition for LPr� B = fi : x�i (r) > 0g� b� = b + �Æb� C(fxkg) is the set of 
luster points of fxkg� 
ol(A) = fz : Ax = z for some xg� CPr = f(x(�; b; 
); y(�; b; 
); s(�; b; 
)) : � > 0g� CP r = PCP r �DCP r� 
� = 
+ �Æ
� DCPr = f(y(�; b; 
); s(�; b; 
)) : � > 0g� DCP r = 8>>><>>>: DCP Sf(y�(r); s�(r))g if D
 is unboundedDCP Sf(y�(r); s�(r)); (�y(r); �s(r))g if D
 is bounded� DCP �(r;Æb) = f(p(�; r; Æb); (0; q(�; r; Æb))) : � > 0g� DCP �(r;Æb) = DCP �(r;Æb) Sf(y�(r); s�(r)); (p�(r; Æb); (0; q�(r; Æb)))g� Dxif(x0) = lim�!0 f(x0+�Æx)�f(x0)� , where kÆxk = 1� Dkxif(x0) is k appli
ations of the derivative operator on f with respe
tto xi� Dkxif(x0+) = limx!x0+Dkxif(x) 156



� Dkxi+f(x0) = lim�!0+ f(x0+�Æxi)�f(x0)� , where Æxi is the ith unit ve
tor� D
 = f(y; s) : yA+ s = 
; s � 0g� Do
 = f(y; s) : yA+ s = 
; s > 0g� D�r = f(y; s) 2 D
 : yb is optimal to LDg� Æb is a dire
tion of 
hange for b in LPr� Æ
 is a dire
tion of 
hange for 
 in LPr� Ær is a dire
tion of 
hange for b and 
 in LPr� e = (1; 1; 1; : : : ; 1)T� F �f
kg� � C �f
kg�SC �n 
kk
kk : 
k 6= 0o�� G = fr : Pob 6= ;;Do
 6= ;g� Gb = fb : Pob 6= ;g� G
 = f
 : Po
 6= ;g� H = fÆr 2 H : the optimal partition is invariant on [r; r + �Ær℄for some suÆ
iently small positive �g� Hb = fÆb : (Æb; 0) 2 Hg� H
 = fÆ
 : (0; Æ
) 2 Hg� leftnull(A) = fy : yA = 0g� L(r;M) = f(x; y; s) 2 Pb �D
 : sx �Mg� LPr minf
x : Ax = b; x � 0g� LDr maxfyb : yA+ s = 
; s � 0g
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� null(A) = fx : Ax = 0g� N = fi : x�i (r) = 0g� 
 = diag(!) where ! 2 IRn� opt(b) is the optimal obje
tive fun
tion value of LP , relative to theright-hand side b� (p(�; r; Æb); q(�; r; Æb)) is the unique solution tomaxfpÆb + �Pi2N !i ln(qi) : pAB = 
B; pAN + q = 
N ; q � 0g� (�p(r); �q(r)) = lim�!1(p(�; r; Æb); q(�; r; Æb))� (p�(r; Æb); q�(r; Æb)) = lim�!0(p(�; r; Æb); q(�; r; Æb))� Pb = fx : Ax = b; x � 0g� Pob = fx : Ax = b; x > 0g� P�r = fx 2 Pb : 
x is optimal to LPg� (P�r )o = fx 2 P�r : xB > 0g� PCPr = fx(�; b; 
) : � > 0g� PCP r = 8>>><>>>: PCPr Sfx�(r)g if Pb is unboundedPCPr Sfx�(r); �x(b)g if Pb is bounded� PCP �(r;Æ
) = f(zB(�; b; Æ
); 0) : � > 0g� PCP �(r;Æ
) = PCP(r;Æ
)Sfx�(r); (z�(b; Æ
); 0)g� row(A) = fz : z = yA for some yg� IRn = f(x1; x2; x3; : : : ; xn) : xi 2 IR; i = 1; 2; 3; : : : ; ng
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� IRn+ = f(x1; x2; x3; : : : ; xn) : xi 2 IR; xi � 0; i = 1; 2; 3; : : : ; ng� IRn++ = f(x1; x2; x3; : : : ; xn) : xi 2 IR; xi > 0; i = 1; 2; 3; : : : ; ng� r = (b; 
)� S = diag(s) where s 2 IRn� �(x) = fi : xi > 0g where x 2 IRn+� X = diag(x) where x 2 IRn� x(�; b; 
) is the unique solution tominf
x� �Pni !i ln(xi) : Ax = b; x � 0g� �x(b) = lim�!1 x(�; b; 
), if Pb is bounded� x�(r) is the analyti
 
enter of P�r� (y(�; b; 
); s(�; b; 
)) is the unique solution tomaxfyb+ �Pni !i ln(si) : yA+ s = 
; s � 0g� (�y(
); �s(
)) = lim�!1(y(�; b; 
); s(�; b; 
)), if D
 is bounded� (y�(r); s�(r)) = lim�!0(y(�; b; 
); s(�; b; 
))� zB(�; b; Æ
) is the unique solution tominfÆ
BzB � �Pi2B !i ln(zi) : ABzB = b; zB � 0g� �zB(b) = lim�!1 z(�; b; Æ
)� z�B(b; Æ
) = lim�!0+ z(�; b; Æ
)
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