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ABSTRACT

In this dissertation, we introduce angles between infinite dimensional sub-

spaces in two different ways: The first definition is based on spectra of product

of orthogonal projectors and may result, e.g., in a set of angles that fills a

whole closed interval. The second definition is based on so-called s-numbers or

Courant-Fischer numbers of operators and results in a finite number of angles or

in a monotonically nondecreasing or nonincreasing countably infinite sequence

of angles. We call the second kind of angles the “discrete” angles. Such angles

appear in the literature, e.g., on functional canonical analysis in statistics.

For both definitions of angles we:

• investigate the basic properties of the angles and establish the relationships

between different sets of angles;

• introduce the concepts of principal vectors, principal subspaces and prin-

cipal invariant subspaces and investigate their properties;

Many of our definitions appear to be new in the infinite dimensional con-

text. Several properties, e.g., the relationships between the principal invariant

subspaces and principal spectral decompositions are novel.
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We investigate the changes in the angles with the change in the subspaces

and prove:

• estimates for an absolute error of cosines/sines (squared) of angles between

subspaces using the gap between the changed subspaces;

• majorization results for the absolute value of the difference of the cosines/sines

(squared) for the discrete angles.

These estimates generalize known results in the finite dimensional case.

We investigate a deep connection of the concept of angles between subspaces

with the Rayleigh-Ritz method, using a classical result of extending a selfadjoint

nonnegative contraction to an orthogonal projector. We obtain the estimates of

a proximity of the Ritz values with the changed trial subspace.

We show how the angles between subspaces can be used to analyze conver-

gence of iterative methods for solving linear systems originated from domain

decomposition methods.

We propose a new application of the angles between subspaces for microarray

data analysis.

This abstract accurately represents the content of the candidate’s thesis. I

recommend its publication.

Signed
Andrew Knyazev
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1. Introduction

1.1 Overview and Motivation

In this dissertation we focus on the following fields of research: 1) definition

and properties of angles between infinite dimensional subspaces; 2) estimates for

the proximity of the angles between different pairs of subspaces; 3) estimates

for proximity of Ritz values of a given selfadjoint operator, corresponding to

different trial subspaces; 4) angles between subspaces in analysis of convergence

of domain decomposition methods; 5) Matlab software implementation for us-

ing the angles between subspaces in microarray data analysis. The framework

for this research embodies spectral theory of bounded selfadjoint operators in

Hilbert space (infinite or finite dimensional), the Rayleigh-Ritz procedure and

majorization theory.

The concept of principal angles between subspaces is one of the classical

mathematical ideas with many applications [40]. In functional analysis, the sine

of the largest principal angle, called the gap, bounds the perturbation of a closed

linear operator by measuring the change in its graph. The smallest nontrivial

principal angle between two subspaces determines if the sum of the subspaces

is closed. In numerical analysis, principal angles appear naturally to estimate

the approximability of eigenspaces. In statistics, the cosines of principal angles

are called canonical correlations and have applications in information retrieval

and data visualization. Principal angles are very well studied in the literature,

however, mostly in the finite dimensional case. Mainly the largest and smallest

angles have been studied in the infinite dimensional case.
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In Chapter 2 we define and analyze the angles between subspaces based

on the spectra of corresponding operators. We investigate the basic properties

of the angles, principal vectors, principal (invariant) subspaces and principal

spectral decompositions. We also investigate the relationships between principal

invariant subspaces given by isometries.

In Section 2.2, we consider a known decomposition [24] of a Hilbert space

into an orthogonal sum of five subspaces determined by all possible intersections

of two given subspaces and their orthogonal complements. Then, we introduce

the corresponding decompositions of the orthogonal projectors onto the given

subspaces and investigate spectral properties of relevant operators.

In Section 2.3, we study two important mappings - the isometries of Sz.-Nagy

[62] and of Kato [37], Davis and Kahan [12]. We investigate polar decompositions

of products of orthoprojectors and these isometries.

In Section 2.4, we define the angles “from one subspace to another” and

the angles “between subspaces”. We investigate the properties of the (sets of)

angles, such as the relationships connecting the angles between the subspaces

and their orthogonal complements. The idea of definition of angles between

infinite dimensional subspaces using the operator spectral theory appears in

[26].

In Section 2.5, we observe that the projections of the initial subspaces onto

“fifth part” are in generic position. This fact allows us to conclude that the zero

and right angles may not correspond to the point spectra of the appropriate op-

erators, which automatically satisfies assumptions of several propositions, given

in Section 2.4.
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In Section 2.6, we define the principal vectors and investigate their main

properties. The cases are investgated where the properties of principal vectors

are similar to those in the finite dimensional case. Using a pair of principal

vectors of given subspaces, the pairs of principal vectors are constructed for

different pairs of subspaces. Special attention is paid to the cases, where a zero

or a right angle corresponds to the point spectra of the appropriate operators.

In Section 2.7, we generalize the definition of a pair of principal vectors to

a pair of principal subspaces. We show that the set of angles between prin-

cipal subspaces consists of one point. We prove that the principal subspaces,

corresponding to the non-right angle, have the equal dimensions. We connect

principal subspaces for the given pair of subspaces with principal subspaces for

their orthogonal complements.

In Section 2.8, we generalize the definition of a pair of principal subspaces to

a pair of principal invariant subspaces. Given a pair of principal invariant sub-

spaces of F and G, we construct principal invariant subspaces for other pairs of

subspaces, such as F and G⊥, F⊥ and G, F⊥ and G⊥. We investigate the ques-

tion of uniqueness of principal invariant subspaces. We show that the isometries

given in Section 2.3 map one subspace of a given pair of principal invariant sub-

spaces onto another, and vice versa. We find a connection between orthogonal

projectors onto the principal invariant subspaces.

In Section 2.9, we define and investigate principal spectral decompositions.

We show how the isometries introduced in Section 2.3 link the spectral families

of two products of projectors.

In Chapter 3, we introduce discrete angles between subspaces and investigate
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their properties. We give different definitions of discrete angles and show their

equivalence. We investigate discrete angles between several pairs of subspaces

and relationships between the largest and smallest discrete angles.

In Section 3.1, we describe s-numbers and their basic properties, using [22].

We show that this definition is equivalent to the Courant-Fisher max-min prin-

ciple. We study the s-numbers of relevant operators.

In Section 3.2, we give two equivalent definitions of discrete angles between

subspaces: a recursive definition and a definition based on s-numbers of the

products of orthoprojectors. Such definitions appear in the literature, e.g., on

functional canonical analysis in statistics [28]. We investigate the discrete angles

between different pairs of subspaces.

In Section 3.3, similar to the general case, we define the principal vectors,

principal (invariant) subspaces and discuss their properties. The subset of dis-

crete angles is given, for which all properties of the principal vectors and prin-

cipal subspaces from Sections 2.6 and 2.7 also hold for discrete angles. For a

pair of subspaces a necessary condition is derived such that the pair is a pair of

principal invariant subspaces.

In Chapter 4, we obtain estimates for proximity of angles. In Section 4.1,

we obtain an estimate for the distance between the spectra of absolute values

of operators. This estimate alows us to obtain an estimate for the proximity of

the sines and cosines of angles between subspaces. In Section 4.2, we estimate

a proximity of squared cosines of angles from one subspace to another.

In Chapter 5, we obtain estimates for discrete angles between subspaces.

We estimate the maximal difference between the cosines, and next we obtain
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different results on the weak majorization of the angles.

In Section 5.1, we remind the reader of the known properties of s-numbers

that are useful in the sequel. In the next two sections we generalize some results

from [40] and [42].

In Section 5.2, we estimate an absolute error of cosines/sines of the discrete

angles between two pairs of subspaces. One subspace is fixed in both pairs, and

the second one changes. We estimate these quantities by the gap (aperture)

between the inital and changed subspace. We consider the case, where both

subspaces of the initial pair are changed and we obtain an estimate, using both

gaps.

In Section 5.3, we generalize the well-known Lidskii-Mirsky-Wielandt the-

orem for matrices to the case of the Courant-Fischer numbers from the top of

bounded selfadjoint operators. We prove a majorization result for the absolute

value of the difference of s-numbers by s-numbers of the difference. We prove

that the absolute value of the difference of the cosines/sines (squared) of the

discrete angles between subspaces is weakly majorized by the sines of the angles

between the changed subspaces. The results about majorization of sines/cosines

(squared) are generalizations of corresponding results of [40], and their proofs

are also similar.

In Chapter 6, we investigate a connection between the concept of angles

between subspaces and the Rayleigh-Ritz method, based on a result of extending

a selfadjoint nonnegative contraction to an orthogonal projector. We generalize

finite dimensional estimates for a proximity of the sets of Ritz values with the

changed trial subspace to the infinite dimensional case.
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In Section 6.1, we generalize Theorem 1 [41] to Hilbert spaces. This result

provides an estimate of the proximity of Rayleigh quotients by the sine of angle

between the vectors.

In Section 6.2, we obtain a bound on the Hausdorff distance between the Ritz

values. This result has been presented at the 12th ILAS Conference, Regina,

Saskatchewan, Canada, June 26-29, 2005 (see [3]).

In Section 6.3, we prove a majorization result of the proximity of discrete

Ritz values by the sines of angles between trial subspaces. We use the technique

of extension selfadjoint nonnegative contraction to the orthogonal projector [40].

The results of this section are direct generalizations of the corresponding results

[40] to infinite dimensional case and the proofs also are similar.

In Chapter 7, we use angles between subspaces to analyze the convergence

of iterative methods for solving linear sytems originated from the domain de-

composition method. We show that in the one dimensional case, the spectra of

the error propagation operators consist of two or three points, which leads to

the finite convergence of the conjugate gradient method. We construct the pairs

of principal vectors (functions).

In Chapter 8, we discuss the canonical correlations and Affymetrix algo-

rithms for microarray data analysis. We briefly describe the canonical corre-

lation analysis and microarray technology in Section 8.1. In Section 8.2, we

descuss the algorithms that are used in Affymetrix software. In Section 8.3, we

describe our Matlab code that performs single-array and comparison analysis

for Affymetrix data. Finally, we use of angles between subspaces to analyze the

Affymetrix data in Section 8.4.
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1.2 Notation

H Hilbert space.

B(H) Banach algebra of bounded linear operators on H.

Rn Vector space of real n-tuples.

u, v Lower case Roman letters denote vectors.

A,B, ... Upper Roman letters denote operators.

F ,G Calligraphic letters denote subspaces of H.

(u, v) Hilbert space inner product.

‖u‖ Norm of vector in H.

‖T‖ Norm of operator, acting on H.

F⊥ Orthogonal complement of the subspace F .

PF Orthogonal projector onto the subspace F .

Σ(T ) Spectrum of the operator T .

Σp(T ) Point spectrum of the operator T .

Σc(T ) Continuous spectrum of the operator T .

dist(S1, S2) Hausdorff distance between the sets S1 and S2.

Θ̂(F ,G) One-directional, non-symmetric angles

from F to G.

Θ(F ,G) Angles between F and G.

Θp(F ,G) Angles that correspond to eigenvalues.

⊕ Direct sum of subspaces or operators.
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ª Intersection of the first subspace with orthogonal

complement of the second one.

gap(F ,G) The gap, aperture between the subspaces F and G.

si(T ) s-numbers of the operator T .

|T | Absolute value of an operator.

D(T ) The domain of an operator T .

N(T ) The null-space of an operator T .

R(T ) The range of an operator T .

E(λ) The spectral family of an operator.

λ↓
k(T ) The Courant-Fischer numbers from the top

of the operator T .

λ↑
k(T ) The Courant-Fischer numbers from the bottom

of the operator T .

Θ↑
d(F ,G) The set of smallest discrete angles

between subspaces F and G.

Θ↓
d(F ,G) The set of largest discrete angles

between subspaces F and G.

S(A) The sequence of non-increasingly ordered

s-numbers of bounded operator A.

r ≺w t The sequence {r} is weakly majorized

by the sequence {t}.
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Λ↓
d(A) The set of the discrete Ritz values

from the top of the operator A.

Λ↑
d(A) The set of the discrete Ritz values

from the bottom of the operator A.

H1
0 (Ω) The Sobolev space with zero trace.

PM The Perfect Match probe.

MM The MisMatch probe.
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2. Angles Between Subspaces

In this chapter, we define and analyze the angles between subspaces using

the spectra of corresponding operators. We investigate the basic properties of

angles, principal vectors, principal (invariant) subspaces and principal spectral

decompositions.

2.1 Preliminaries

Let H be a (real or complex) Hilbert space, F and G be its proper nontrivial

subspaces. A subspace is defined as a closed linear manifold. Let PF and PG be

the orthogonal projectors onto F and G, respectively. We denote by B(H) the

Banach space of bounded linear operators defined on H with a norm

‖T‖ = sup
u∈H
‖u‖=1

‖Tu‖.

For T ∈ B(H) we define |T | = (T ∗T )1/2, using the positive square root. T |U
denotes the restriction of the operator T to its invariant subspace U . Σ(T ) and

Σp(T ) denote the spectrum and point spectrum of the operator T , respectively.

Σp(T ) is defined as (see, e.g., [16], Definition 1, p. 902) the set of numbers λ in

Σ(T ), for which λI −T is not one-to-one, where I denotes the identity. In other

words, Σp(T ) consists of eigenvalues (of finite or infinite multiplicity). D(T )

denotes the domain, N(T ) denotes the null space, and R(T ) denotes the range

of the operator T . Let us mention that we do not use a Hilbert space dimension

(see, e.g., Definition 4.15, p. 17, [10]) in this dissertation. We distinguish

only the finite and infinite dimensions. If q is finite number and F is infinite
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dimensional, then we have min{q, dimF} = q and max{q, dimF} = dimF .

Also, if p = dimF = ∞ and q = dimG = ∞, then p ≤ q holds.

Some useful properties of orthogonal projectors on a Hilbert space H that

we need are the following (see, e.g., [13], Lemmas 4-7):

• P 2 = P = P ∗ ;

• The product of two projectors PF and PG is also a projector if and only if

PF and PG commute, i.e., if PFPG = PGPF . In this case

PFPG = PF∩G;

• Two subspaces F and G are orthogonal if and only if PFPG = 0;

• PFPG = PF if and only if F ⊆ G .

If we represent the space H as a direct sum of the mutually orthogonal

subspaces H = F ⊕ F⊥, then evidently PF⊥PFPGPF = PFPGPFPF⊥ = 0 and

the block representation of the operator PFPGPF will be

PFPGPF =




PFPG|F 0

0 0


 .

Consequently we consider only the restrictions of the operators PFPGPF and

PGPFPG to the subspaces F and G that are equal to the operators PFPG|F and

PGPF |G, respectively.

The following known [44] lemma introduces the spectra of operators that

play the central roles later in definitions of angles between subspaces. We provide

the most interesting parts of the proof of [44] for better exposition.
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Lemma 2.1 (Lemma 2.4, [44]) For orthogonal projectors PF and PG we have

1. Σ(PFPG) = Σ(PFPGPF) ⊂ [0, 1];

2. Σ(PF − PG) ⊂ [−1, 1];

3. If λ 6= 0,±1, then λ ∈ Σ(PF − PG) if and only if 1 − λ2 ∈ Σ(PFPG).

Proof: 1. For any complex λ, the block form of λI − PFPG with respect to to

the decomposition H = F ⊕ F⊥ is

λI − PFPG =




PF(λI − PFPGPF)PF −PFPG(I − PF)

0 λ(I − PF)


 ,

which implies that Σ(PFPG) = Σ(PFPG|F) ∪ {0}. From the equation λI −

PFPGPF = PF(λI − PFPGPF)PF + λ(I − PF) we conclude that Σ(PFPGPF) =

Σ(PFPG|F) ∪ {0}, and Σ(PFPG) = Σ(PFPGPF) follows.

2. This assertion follows from the identity (see, e.g., [2], p. 70)

‖PF − PG‖ = max{‖PFPG⊥‖, ‖PGPF⊥‖}.

3. It is enough to note that, for any complex λ,

[(λ − 1)I + PF ][λI − (PF − PG)][(λ + 1)I − PG] =

[(λ − 1)(λI + PG) + PFPG][(λ + 1)I − PG] =

(λ − 1)(λ + 1)(λI + PG) + (λ + 1)PFPG − (λ − 1)(λ + 1)PG − PFPG =

λ[(λ2 − 1)I + PFPG].

12



For subspaces F and G of H let us define the quantities c0(F ,G) and c(F ,G)

by (see, e.g., [13])

c0(F ,G) = sup{|(u, v)| | u ∈ F , ‖u‖ ≤ 1, v ∈ G, ‖v‖ ≤ 1}, (2.1)

and

c(F ,G) = sup{|(u, v)| | u ∈ F ∩ (F ∩ G)⊥, ‖u‖ ≤ 1,

v ∈ G ∩ (F ∩ G)⊥, ‖v‖ ≤ 1}, (2.2)

which are called in [13] the cosines of the “minimal angle” and “angle”, respec-

tively between subspaces F , G.

It follows directly from the definitions of c(F ,G) and c0(F ,G) that

c(F ,G) ≤ c0(F ,G). (2.3)

The following theorem, which we use later, gives the necessary and sufficient

conditions for closeness of the range of product of two bounded linear operators

in terms of these quantities.

Theorem 2.2 ([13], Theorem 22). Let A and B be bounded linear operators

on H with closed ranges R(A) = R(A) and R(B) = R(B). Then the following

statements are equivalent:

1. AB has closed range;

2. c0(R(B),N(A) ∩ [N(A) ∩ R(B)]⊥) < 1;

3. c(R(B),N(A)) < 1.

13



2.2 Five Parts of the Space

In this section we consider the decomposition of a Hilbert space into an

orthogonal sum of five subspaces. Then, based on the corresponding decom-

positions of the orthogonal projectors onto the considered subspaces, spectral

properties of some relevant operators are investigated.

It is known (see, e.g., [11], [24], [65]) that, given subspaces F and G, the

space H can be represented as an orthogonal sum of the subspaces

M00 = F ∩ G, M01 = F ∩ G⊥, M10 = F⊥ ∩ G, M11 = F⊥ ∩ G⊥ (2.4)

and “the rest” M, where

M = M0 ⊕ M1 (2.5)

with

M0 = F ª (M00 ⊕ M01),

M1 = F⊥ ª (M10 ⊕ M11), (2.6)

so that, we can write

H = M00 ⊕ M01 ⊕ M10 ⊕ M11 ⊕ (M0 ⊕ M1). (2.7)

Remark 2.3 If we define M′
0 = G ª (M00 ⊕ M10), M′

1 = G⊥ ª (M01 ⊕ M11)

and M′ = M′
0 ⊕ M′

1, then in general, M′
0 6= M0 and M′

1 6= M1, but it follows

from (2.7) that M′ = M.

Definition 2.4 ([11], [24]). We say that a pair of subspaces F and G are in

generic position if the four intersections M00,M01,M10 and M11, defined by

(2.4), are trivial, i.e. consist of the zero element only.

14



Remark 2.5 It follows directly from Definition 2.4 that the subspaces F and G

are in generic position if and only if any of the pairs F and G⊥, or F⊥ and G,

or F⊥ and G⊥ is in generic position.

Lemma 2.6 Let F and G be the subspaces of H, and a subspace M, defined by

(2.5), (2.6), be non-trivial. Then PMF and PMG, as the subspaces of M, are in

generic position.

Proof: Let us first mention that PMF = M0 = F ª (M00 ⊕ M01), PMF⊥ =

M1 = F⊥ ª (M10 ⊕ M11), PMG = M′
0, and PMG⊥ = M′

1, where

M′
0 = G ª (M00 ⊕ M10), M′

1 = G⊥ ª (M01 ⊕ M11). (2.8)

Next, we see that M0 ⊥ M1, M0 ⊕ M1 = M, and M′
0 ⊥ M′

1, M′
0 ⊕

M′
1 = M. If we assume that any pair of these four subspaces has a nontrivial

intersection, then it evidently is a subspace of one of the four subspaces M00,

M01, M10 or M11. This contradiction shows that all intersections are trivial,

and consequently, PMF and PMG are in generic position (with respect to M).

The following theorem characterizes the projectors onto subspaces that are

in generic position.

Theorem 2.7 ([24]). If F and G are subspaces in generic position in a Hilbert

space H, with respective orthogonal projectors PF and PG, then there exists a

Hilbert space Ĥ, and there exist positive selfadjoint commuting contractions S

and C on Ĥ, with S2 + C2 = 1 and N(S) = N(C) = {0}, such that PF and PG
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are unitarily equivalent to




I 0

0 0


 and




C2 CS

CS S2


 , (2.9)

respectively.

Using Theorem 2.7 it is proved (see [65]) that the projectors PF and PG

admit the following representation corresponding to the decomposition (2.4),

(2.7):

PF = I ⊕ I ⊕ 0 ⊕ 0 ⊕




I 0

0 0


 ,

PG = I ⊕ 0 ⊕ I ⊕ 0 ⊕W∗




C2 CS

CS S2


W , (2.10)

where

W =




I 0

0 W


 ,

W : M1 → M0 is an unitary operator and S =
√

PFPG⊥ |M0
, C =

√
PFPG|M0

.

The representations (2.10) show that all five parts of the space H are invari-

ant for both operators PF , PG and also for all operators, which are represented

as polynomials of these two operators. Moreover, we can see, for instance, from

the first equality of (2.10) that M00 and M01 are the eigenspaces of the operator

PF corresponding to the eigenvalue 1 and M10,M11 are the eigenspaces of the

same operator, corresponding to the eigenvalue 0.
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Lemma 2.8 The four operators PF , PG , PF⊥ and PG⊥ commute if and only if

the spectra Σ(PFPG), Σ(PFPG⊥), Σ(PF⊥PG) and Σ(PF⊥PG⊥) are the subsets of

{0} ∪ {1}.

Proof: Assume that PF and PG commute (which means that all four projectors

commute). Then

PFPG = PF∩G, PFPG⊥ = PF∩G⊥ , PF⊥PG = PF⊥∩G, PF⊥PG⊥ = PF⊥∩G⊥ .

In its turn, these equalities give then that all of the sets Σ(PFPG), Σ(PFPG⊥),

Σ(PF⊥PG) and Σ(PF⊥PG⊥) are the subsets of {0} ∪ {1}.

Assume now that all four spectra are subsets of {0}∪{1} but PFPG 6= PGPF .

In this case M = {0}, and we can represent the space H as H = M00 ⊕ M01 ⊕

M10 ⊕ M11. In this case it can be easily checked that

PFPGu = PGPFu = u

for ∀u ∈ M00 and

PFPGu = PGPFu = 0

for ∀u ∈ M01 ⊕ M10 ⊕ M11 since this equality holds separately for all three

subspaces, that is for ∀u ∈ M01, ∀u ∈ M10, ∀u ∈ M11.

Lemma 2.9 The operators PFPG|M, PFPG⊥ |M, PF⊥PG|M, and PF⊥PG⊥ |M are

positive selfadjoint contractions.

Proof: Direct calculations using (2.10) show that the operator block represen-

tations of the operators considered here are:

PFPG|M =




C2 0

0 0


 , PFPG⊥ |M =




S2 0

0 0


 , (2.11)
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and

PF⊥PG|M =




0 0

0 W ∗S2W


 , PF⊥PG⊥ |M =




0 0

0 W ∗C2W


 . (2.12)

Since S2 and consequently, also C2 = I−S2 are positive selfadjoint contractions,

and W is unitary operator, these representations show that all four considered

operators are positive selfadjoint contractions.

Similarly, the operators PGPF |M, PGPF⊥ |M, PG⊥PF |M, and PG⊥PF⊥ |M are

also self-adjoint positive contractions.

Lemma 2.10 The point spectra of the restrictions of operators PFPGPF and

PFPG⊥PF to the subspace M0 and the restrictions of the operators PF⊥PGPF⊥,

and PF⊥PG⊥PF⊥ to the subspace M1, respectively do not contain ones and zeros,

that is 0, 1 /∈ Σp(PFPG|M0
), 0, 1 /∈ Σp(PFPG⊥ |M0

) and 0, 1 /∈ Σp(PF⊥PG|M1
),

0, 1 /∈ Σp(PF⊥PG⊥ |M1
).

Proof: Using (2.11) and (2.12), we have PFPG|M0
= C2 and PF⊥PG|M1

= S2.

But then, if we assume that 1 ∈ Σp(PFPG|M0
), or 0 ∈ Σp(PF⊥PG|M1

), then we

get N(S) 6= {0}, which contradicts Theorem 2.7. Next, since C2 + S2 = I, if

1 is an eigenvalue of S, then 0 is an eigenvalue of C, and vice versa. Based on

the last fact, we see also that if 0 ∈ Σp(PFPG|M0
), or 1 ∈ Σp(PF⊥PG|M1

), then

N(C) 6= {0}. These contradictions to the properties of the operators S and C,

given in Theorem 2.7, show that the assertion is proved.

Corollary 2.11 The point spectra of the restrictions of operators PGPFPG and

PGPF⊥PG to the subspace M′
0 and the restrictions of the operators PG⊥PFPG⊥

and PG⊥PF⊥PG⊥ to the subspace M′
1, respectively do not contain ones and zeros,
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that is 0, 1 /∈ Σp(PGPF |M′

0
), 0, 1 /∈ Σp(PGPF⊥ |M′

0
), 0, 1 /∈ Σp(PG⊥PF |M′

1
) and

0, 1 /∈ Σp(PG⊥PF⊥|M′

1
).

Remark 2.12 (see Remark 4.27, p. 228, [37]). The five parts are unstable

with respect to perturbations of F and/or G and thus cannot be used in the

perturbation analysis.

The following lemma contains simple but useful facts about the first four

parts of the space. All assertions assume that corresponding subspaces M00,

M01, M10 and M11 defined by (2.4) are nontrivial.

Lemma 2.13 The following assertions are true:

• The subspace M00 is an eigenspace of the operators PFPG|F and PGPF |G,

corresponding to the eigenvalue one, and is an eigenspace of the operators

PFPG⊥ |F and PGPF⊥ |G, corresponding to the zero eigenvalue;

• The subspace M01 is an eigenspace of the operators PFPG⊥ |F and PG⊥PF |G⊥,

corresponding to the eigenvalue one, and is an eigenspace of the operators

PFPG|F and PG⊥PF⊥ |G⊥, corresponding to the zero eigenvalue;

• The subspace M10 is an eigenspace of the operators PF⊥PG|F⊥ and PGPF⊥ |G,

corresponding to an eigenvalue one, and is an eigenspace of the operators

PF⊥PG⊥ |F⊥ and PGPF |G, corresponding to the zero eigenvalue;

• The subspace M11 is an eigenspace of the operators PF⊥PG⊥ |F⊥ and

PG⊥PF⊥ |G⊥, corresponding to the eigenvalue one, and is an eigenspace of

the operators PF⊥PG|F⊥ and PG⊥PF |G⊥, corresponding to the zero eigen-

value.
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2.3 Isometries Between Subspaces

In this section we study two important mappings - the isometries of Sz.-Nagy

[62] and of Kato [37], Davis and Kahan [12]. The second mapping is the unitary

version of the first one and is called a direct rotation. It maps the subspaces F

and F⊥ onto the subspaces G and G⊥, respectively.

We assume that the inequality

‖PF − PG‖ < 1 (2.13)

holds. As we can see below (Lemma 2.36), this property is equivalent to a

property that a set of angles between F and G does not contain a right angle.

The Sz.-Nagy’s partial isometry [62] for a given subspaces F and G is defined

by following equality

W̃ = PGA−1/2PF , (2.14)

where

A = I − PF + PFPGPF = A∗. (2.15)

It follows from the assumption (2.13) that ‖PF(PG−PF)PF‖ < 1 holds, and

consequently

A = I + PF(PG − PF)PF > (1 − ‖PF − PG‖)I > 0.

Thus A−1/2 exists and is positive, bounded and selfadjoint. Furthermore, PF

commutes with A and, consequently with A−1/2 too. Based on these facts we

get [62] that

W̃ ∗W̃ = PF , W̃ W̃ ∗ = PG. (2.16)
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The relations (2.16) imply that W̃ is a partial isometry (see, e.g., [73], p.85): its

restriction to the subspace F is an isometry, that is it leaves an inner product

of the elements of F unchanged, and W̃u⊥ = 0, for ∀u⊥ ∈ F⊥.

The mapping, constructed by Kato [37], Davis and Kahan [12], is a unitary

mapping, which coincides with the mapping given by (2.14) on F :

Ŵ = [PGPF + (I − PG)(I − PF)](I − R)−1/2, (2.17)

where R = (PF −PG)2. It is easy to show that the factors in the right-hand side

of Ŵ commute. Further, ŴŴ ∗ = (I −R)−1/2(I −R)(I −R)−1/2 = I, (see [58])

so Ŵ is unitary.

Now let us explore the relations between the partial isometries in the polar

decomposition of operators and (partial) isometries considered above.

Definition 2.14 (Definition 3.10, p. 242, [10]). A partial isometry is an oper-

ator W ∈ B(H) such that for ∀u ∈ N(W )⊥, ‖Wu‖ = ‖u‖. The subspace N(W )⊥

is called the initial space of W and the subspace R(W ) is called the final space

of W .

The following fact is well known:

Lemma 2.15 (Theorem 3.11, p. 242, [10]). If T ∈ B(H), then there is a

partial isometry W with N(T )⊥ as its initial space and R(T ) as its final space

such that T = W |T |. Moreover, if T = UQ, where Q ≥ 0 and U is partial

isometry with N(U) = N(Q), then Q = |T | and U = W .

Theorem 2.16 For both choices of W = W̃ and W = Ŵ , where W̃ and Ŵ are

defined by (2.14) and (2.17), respectively PGPF = W |PGPF | holds.
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Proof: Denote B = PFPG. Then B∗ = PGPF , BB∗ = PFPGPF and B∗B =

PGPFPG. If we denote S = (BB∗)1/2, then considering the polar decomposition

(see [73], [37]), B∗ can be represented in the following form B∗ = WS (for B we

have B = SW ∗), where W is a partial isometry with initial domain F and final

domain G. Note also that B∗B = WSSW ∗ = W (BB∗)W ∗.

First let us consider the case W = W̃ , where W̃ is defined by (2.14). We

have:

W̃S = PGA−1/2PF

√
PFPGPF = PGPFA−1/2

√
PFPGPF . (2.18)

But the last multiplier in (2.18) is zero on F⊥ and A−1/2 = (PFPGPF)−1/2 on F .

This means that WS = PGPF = B∗. From this last equality we conclude that

the partial isometry used in the polar decomposition is the same as Sz.-Nagy’s

partial isometry, given by (2.14), which maps isometrically F onto G.

In the case of W = Ŵ , where Ŵ is given by the relations (2.17) we have:

ŴS = [PGPF + (I − PG)(I − PF)](I − R)−1/2
√

PFPGPF . (2.19)

But analogous to the above arguments we see that ŴSu⊥ = 0 for u⊥ ∈ F⊥.

Next, I − R = PFPGPF on F , and we conclude from the equality (2.19) that

ŴS = PGPF = B∗. And again, we see that the isometry used in the polar

decomposition can be given by (2.17).

Let us now consider a question of the unitarily equivalence of the operators

PFPGPF and PGPFPG.

Theorem 2.17 ([43]). Let F and G be subspaces of H. Then there exists a

unitary operator W ∈ B(H) such that

PFPGPF = W ∗PGPFPGW. (2.20)
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Proof: Denote T = PGPF , then T ∗ = PFPG. Using Lemma 2.15 and the

fact that N(T )⊥ = R(T ∗), we conclude that there exists a partial isometry

U : R(T ∗) → R(T ), such that T = U
√

PFPGPF holds.

It is known (see, e.g., Theorem 1, p. 126, [54]) that a partial isometry U

has a unitary extension if and only if (D(U))⊥ and (R(U))⊥ are isomorphic

(Definition 5.1, p. 19, [10]). Since D(U) = R(T ∗) and R(U) = R(T ), we

conclude that for existence of the unitary extension of U it is necessary and

sufficient N(T ∗) and N(T ) to be isomorphic. This means, that N(PFPG) and

N(PGPF) should be isomorphic. Using the decompositions (2.10), we have

N(PFPG) = M01 ⊕ M10 ⊕ M11 ⊕ N(PFPG|M),

N(PGPF) = M01 ⊕ M10 ⊕ M11 ⊕ N(PGPF |M).

These relations show that to prove that N(PFPG) and N(PGPF), it suffices

to show that N(PFPG|M) and N(PGPF |M) are isomorphic, which follows from

Theorem 1, [24]. Finally, we conclude that there exists a unitary extension of

U . Denote it by W and we have

PGPF = W
√

PFPGPF , PFPG =
√

PFPGPFW ∗.

Multiplying these equalities we obtain

PGPFPG = WPFPGPFW ∗,

which is equivalent to (2.20), since W is unitary.
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2.4 Definitions and Properties of the Angles

In this section, we define the angles “from one subspace to another one”, and

angles “between subspaces”. Next, we investigate the properties of the (sets of)

angles, such as the relationships connecting the angles between the subspaces

and and their orthogonal complements. The idea of definition of angles between

infinite dimensional subspaces using the operator spectral theory appears in [26].

Definition 2.18 A set

Θ̂(F ,G) = {θ : θ = arccos(σ), σ ≥ 0, σ2 ∈ Σ(PFPG|F)} ⊆ [0,
π

2
] (2.21)

is called the set of angles from the subspace F to the subspace G.

Definition 2.19 A set

Θ(F ,G) = Θ̂(F ,G) ∩ Θ̂(G,F) (2.22)

is called the set of angles between the subspaces F and G.

Remark 2.20 In general Θ̂(F ,G) 6= Θ̂(G,F), that is the set-valued function

Θ̂(F ,G) is non-symmetric, but Θ(F ,G) is a symmetric function.

Definition 2.21 Θ̂p(F ,G) = {θ ∈ Θ(F ,G) : cos2(θ) is an eigenvalue of

PFPG|F}.

Definition 2.22 Θp(F ,G) = Θ̂p(F ,G) ∩ Θ̂p(G,F).

The following technical lemma describes a relationship between the spectra

of operators PFPG|F and PFPG⊥ |F .
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Lemma 2.23 If σ2 ∈ Σ(PFPG|F) then µ2 = 1 − σ2 ∈ Σ(PFPG⊥ |F) and vice

versa, that is if µ2 ∈ Σ(PFPG⊥ |F) then σ2 = 1 − µ2 ∈ Σ(PFPG|F).

Proof: The proof immediately follows from the equality

PFPG|F + PFPG⊥ |F = PF |F = I|F ,

and the spectral mapping theorem (see, e.g., [77], Corollary 1, p. 227), which

states that if f is a complex-valued function, holomorphic in some neighborhood

of Σ(T ), then Σ(f(T )) = f(Σ(T )). In our case f(T ) = I − T .

Using definition 2.21 in Lemma 2.23 we can interpret this result in terms of

the angles.

Theorem 2.24 Θ̂(F ,G) = π
2
− Θ̂(F ,G⊥).

Interchanging the subspaces gives Θ̂(G,F) = π
2
− Θ̂(G,F⊥).

Using Theorem 2.24 we can introduce equivalent definition of the angles

using the sines.

Definition 2.25 The set

Θ̂(F ,G) = {θ : θ = arcsin(µ), µ ≥ 0 µ2 ∈ Σ(PFPG⊥ |F)} ⊆ [0,
π

2
] (2.23)

is called the set of angles from the subspace F to the subspace G.

Theorem 2.26

Θ̂(G,F) \ {π

2
} = Θ̂(F ,G) \ {π

2
}. (2.24)

Proof: The assertion is a particular case of a more general fact: if A,B ∈ B(H),

then non-zero elements of the spectra of operators AB and BA are the same (see,
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e.g., [64], Chapter 10, Exercise 2, or [10], Exercise 7, p. 199). Here A = PFPG

and B = PGPF .

Let us investigate where the non-symmetry of Θ̂(F ,G) comes from. Using

decompositions (2.10) for the projectors PF and PG corresponding to the five

parts of the space H, we get:

PFPG|F = IM00
⊕ 0M01

⊕ PFPG|M,

PGPF |G = IM00
⊕ 0M10

⊕ PGPF |M. (2.25)

Next, using Theorem 7.28, p. 208, [73], which states that if T ∈ B(H) is

selfadjoint and M is its invariant subspace, then the restrictions TM, TM⊥ are

selfadjoint and Σ(T ) = Σ(TM) ∪ Σ(TM⊥), we have Σ(PFPG|F) = Σ(IM00
) ∪

Σ(0M01
)∪Σ(PFPG|M) and Σ(PGPF |G) = Σ(IM00

)∪Σ(0M10
)∪Σ(PGPF |M). These

two equalities show that both sets of angles Θ̂(F ,G) and Θ̂(G,F) simultaneously

contain or do not contain the zero angle, but with the right angle the situation

is different. Namely, because of the difference in the second terms of the right-

hand sides, one of these sets may contain a right angle, when the other one does

not.

As we can see, there are eight, in general different sets of non-symmetric

angles for a given pair of subspaces. Let us investigate the relationships between

them. It is sufficient to get these relationships, for instance between Θ̂(F ,G) and

the other seven sets. The relationships between arbitrary pairs of sets of angles

can be easily gotten from these seven relations by interchanging the subspaces.

Two of these seven equalities are already given in Theorem 2.24 and Theorem

2.26. We consider first the angles from one subspace to another since they reveal
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finer details. We give here all seven relations for completeness. For symmetric

angles we obtain analogous results later in this section.

Corollary 2.27 The following relations hold for any pair of subspaces F and

G of H:

1. Θ̂(F ,G) = π
2
− Θ̂(F ,G⊥);

2. Θ̂(G,F) \ {π
2
} = Θ̂(F ,G) \ {π

2
};

3. Θ̂(F⊥,G) \ ({0} ∪ {π
2
}) = π

2
− {Θ̂(F ,G) \ ({0} ∪ {π

2
})};

4. Θ̂(F⊥,G⊥) \ ({0} ∪ {π
2
}) = Θ̂(F ,G) \ ({0} ∪ {π

2
});

5. Θ̂(G,F⊥) \ {0} = π
2
− {Θ̂(F ,G) \ {π

2
}};

6. Θ̂(G⊥,F) \ {π
2
} = π

2
− {Θ̂(F ,G) \ {0}};

7. Θ̂(G⊥,F⊥) \ {0} = Θ̂(F ,G) \ {0}.

Proof:

The first two assertions are already proven. To prove the other equalities,

we use these two relations.

3. Θ̂(F⊥,G) \ ({0} ∪ {π
2
}) = Θ̂(G,F⊥) \ ({0} ∪ {π

2
}) = {π

2
− Θ̂(G,F)} \

({0} ∪ {π
2
}) = {π

2
− {Θ̂(G,F) \ {π

2
}}} \ {π

2
} = {π

2
− Θ̂(F ,G)} \ ({0} ∪ {π

2
}) =

π
2
− {Θ̂(F ,G) \ ({0} ∪ {π

2
})}

4. Using the previous equality, we get Θ̂(F⊥,G⊥) \ ({0} ∪ {π
2
}) = {π

2
−

Θ̂(F ,G⊥)} \ ({0} ∪ {π
2
}) = Θ̂(F ,G) \ ({0} ∪ {π

2
});

5. Θ̂(G,F⊥) \ {0} = {π
2
− Θ̂(G,F)} \ {0} = π

2
− {Θ̂(G,F) \ {π

2
}} = π

2
−

{Θ̂(F ,G) \ {π
2
}};
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6. Θ̂(G⊥,F)\{π
2
} = Θ̂(F ,G⊥)\{π

2
} = {π

2
−Θ̂(F ,G)}\{π

2
} = π

2
−{Θ̂(F ,G)\

{0}};

7. Θ̂(G⊥,F⊥) \ {0} = {π
2
− Θ̂(G⊥,F)} \ {0} = π

2
− {Θ̂(F ,G⊥) \ {π

2
}} =

{π
2
− Θ̂(F ,G⊥)} \ {0} = Θ̂(F ,G) \ {0}.

Remark 2.28 Let us explain why only one of all the relationships between the

two sets of angles does not require elimination of the zero or right angles. As

we have seen in Theorem 2.24, this pair is Θ̂(F ,G) and Θ̂(F ,G⊥) (analogously,

Θ̂(G,F) and Θ̂(G,F⊥)). The key to the answer is the fact that the operators,

corresponding to these sets of angles, have the same eigenspaces outside of the

fifth part of the space H. These eigenspaces, as is shown in Lemma 2.13, are M00

and M01. They are the eigenspaces of the operator PFPG|F , corresponding to the

eigenvalues 1 and 0, respectively, and the eigenspaces of the operator PFPG⊥ |F ,

corresponding to the eigenvalues 0 and 1, respectively. The eigenspaces of other

pairs do not match, which causes a possible difference between the spectra.

To illustrate the results of Theorem 2.24 and Corollary 2.27, consider the

following example, which is similar to that considered in [42]. Let H be a real

Euclidean space R6, F be a subspace of dimension 4, spanned by the columns

of a matrix [I4, 0]
T ∈ M6,4, and G be the three dimensional subspace, spanned

by the columns of a matrix [D1, D2]
T ∈ M6,3, where D1 and D2 are diagonal

matrices, whose diagonal elements are 1/
√

1 + d2
i and di/

√
1 + d2

i , i = 1, 2, 3,

d1 = 0, and d2, d3 are non-zero real numbers. Then it can be easily seen that

the following equalities hold:

• cos(Θ̂(F ,G)) = {1; 1/
√

1 + d2
1; 1/

√
1 + d2

2; 0};
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• sin(Θ̂(F ,G⊥)) = {1; 1/
√

1 + d2
1; 1/

√
1 + d2

2; 0};

• sin(Θ̂(F⊥,G)) = {1/
√

1 + d2
1; 1/

√
1 + d2

2};

• cos(Θ̂(F⊥,G⊥)) = {1/
√

1 + d2
1; 1/

√
1 + d2

2};

• cos(Θ̂(G,F)) = {1; 1/
√

1 + d2
1; 1/

√
1 + d2

2};

• sin(Θ̂(G,F⊥)) = {1/
√

1 + d2
1; 1/

√
1 + d2

2; 0};

• sin(Θ̂(G⊥,F)) = {1; 1/
√

1 + d2
1; 1/

√
1 + d2

2};

• cos(Θ̂(G⊥,F⊥)) = {1/
√

1 + d2
1; 1/

√
1 + d2

2; 0}.

Corollary 2.29 Θ(F ,G) \ {π
2
} = Θ̂(F ,G) \ {π

2
} = Θ̂(G,F) \ {π

2
}.

Lemma 2.30 Let F and G be subspaces of H, and subspace M, be defined by

(2.5), (2.6), be non-trivial. Then Θ(F ,G)\({0}∪{ π
2
}) = Θ(PMF , PMG)\({0}∪

{π
2
}).

Proof: Using (2.25), we have Σ(PFPG|F) = Σ′∪Σ(PFPG|M) and Σ(PGPF |G) =

Σ′′ ∪ Σ(PGPF |M), where Σ′, Σ′′ ⊆ {0; 1}. But then we get cos(Θ(F ,G)) =

Σ′ ∩ Σ′′ ∩ Σ(PFPG|M) ∩ Σ(PGPF |M) = Σ′ ∩ Σ′′ ∩ cos(Θ(PMF , PMG)). Since

Σ′ ∩ Σ′′ ⊆ {0; 1}, the assertion follows from the last equality.

The following lemma describes a trivial case, when the projectors PF and

PG commute.

Lemma 2.31 If PFPG = PGPF then all sets of angles Θ̂(F ,G), Θ̂(F ,G⊥),

Θ̂(F⊥,G), Θ̂(F⊥,G⊥), Θ̂(G,F), Θ̂(G,F⊥), Θ̂(G⊥,F), Θ̂(G⊥,F⊥) are subsets

of the set {0; π
2
}, that is the only the possible angles between the subspaces F , G,

F⊥ and G⊥ are the zero and right angles.
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Proof: If PF and PG commute, then also all polynomials in PF and PG com-

mute, particularly all four projectors PF , PG, PF⊥ and PG⊥ commute. But then

(see, e.g., [2], p. 65, Theorem 1) we have PFPG = PF∩G, PFPG⊥ = PF∩G⊥ ,

PF⊥PG = PF⊥∩G, PF⊥PG⊥ = PF⊥∩G⊥ . Then the assertion follows from the fact

that the spectrum of orthogonal projector consists of two points - zero and one.

Let us now consider the relationships between the quantities defined by

(2.1), (2.2) and angles, defined in the current section.

Lemma 2.32

c0(F ,G) = sup
{

cos
(
Θ(F ,G)

)}
, (2.26)

and

c(F ,G) = sup
{

cos
(
Θ(F ,G) \ {0}

)}
. (2.27)

Proof: We have using Theorem 5.35, p.120, [73] about definition of a bounded

linear operator by bilinear form:

c0(F ,G) = sup
u∈F
‖u‖=1

sup
v∈G

‖v‖=1

|(u, v)| = sup
u∈H
‖u‖=1

sup
v∈H
‖v‖=1

|(PFu, PGv)| =

sup
u∈H
‖u‖=1

sup
v∈H
‖v‖=1

|(u, PFPGv)| = ‖PFPG‖ = sup
{

cos
(
Θ(F ,G)

)}
.

For c(F ,G) we have:

c(F ,G) = sup
u∈F∩(F∩G)⊥

‖u‖=1

sup
v∈G∩(F∩G)⊥

‖v‖=1

|(u, v)| =

sup
u∈HªM00

‖u‖=1

sup
v∈HªM00

‖v‖=1

|(PFu, PGv)| = sup
u∈HªM00

‖u‖=1

sup
v∈HªM00

‖v‖=1

|(u, PFPGv)|.
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Using the decompositions (2.10), we have

PFPG = I ⊕ 0 ⊕ 0 ⊕ 0 ⊕ PFPG|M, (2.28)

where I and 0 are the identity and zero operators on the corresponding subspaces

of H. (2.28) shows that excluding the subspace M00 from a domain of the

supremum excludes 1 from the spectrum of PFPG and we obtain (2.27).

Let us denote by gap(F ,G) a gap (aperture) between subspaces F and G

(see, e.g., [2], [22], [37]) which is defined by

gap(F ,G) = ‖PF − PG‖ = max{‖PFPG⊥‖, ‖PGPF⊥‖}. (2.29)

Theorem 2.33 Let F and G be subspaces of the Hilbert space H. Then

min{min{cos2(Θ̂(F ,G))}, min{cos2(Θ̂(G,F))}} = 1 − (gap(F ,G))2.

Proof: Let us consider both norms in the right-hand side of (2.29) separately.

We have using Corollary 2.27:

‖PFPG⊥‖2 = sup
u∈H
‖u‖=1

‖PFPG⊥u‖2 = sup
u∈H
‖u‖=1

(PFPG⊥u, PFPG⊥u) =

sup
u∈H
‖u‖=1

(PG⊥PFPG⊥u, u) = ‖PG⊥PF |G⊥‖ = max{cos2(Θ̂(G⊥,F))} =

max{sin2(Θ̂(G,F))} = 1 − min{cos2(Θ̂(G,F))}. (2.30)

We obtain similarly

‖PGPF⊥‖2 = max{cos2(Θ̂(F⊥,G))} = 1 − min{cos2(Θ̂(F ,G))}. (2.31)

Equalities (2.30), (2.31) lead to the assertion.
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Remark 2.34 Corollary 2.29 describes only the relationship between non-right

angles from F to G and from G to F . What can we say about the right angles?

There are several possibilities:

• neither Θ̂(F ,G) nor Θ̂(G,F) contain a right angle. In this case Θ(F ,G) =

Θ̂(F ,G) = Θ̂(G,F);

• one of the sets of angles contains a right angle as an isolated point, but

the other one does not;

• both of them contain a right angle; in this case the multiplicities of the

right angle can be different.

The following Theorem gives the relationships between the sets of angles

between different pairs of subspaces.

Theorem 2.35 For any subspaces F and G of H the following equalities

Θ(F ,G) \ ({0} ∪ {π

2
}) = {π

2
− Θ(F ,G⊥)} \ ({0} ∪ {π

2
}), (2.32)

Θ(F ,G) \ {0} = Θ(F⊥,G⊥) \ {0} (2.33)

and

Θ(F ,G⊥) \ {0} = Θ(F⊥,G) \ {0} (2.34)

hold.

Proof: We have using Theorem 2.24

Θ(F ,G) \ ({0} ∪ {π

2
}) = Θ̂(F ,G) − \({0} ∪ {π

2
}) =

{π

2
− Θ̂(F ,G⊥)} \ ({0} ∪ {π

2
}) = {π

2
− Θ(F ,G⊥)} \ ({0} ∪ {π

2
}).
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Using the seventh equality of Corollary 2.27 twice - first for F and G, next

for G and F , and intersecting them gives (2.33).

Interchanging G and G⊥ in (2.33) gives (2.34).

If F and G are proper subspaces of H then evidently 0 ∈ Σ(PFPG), but at

the same time Θ(F ,G) may not contain π
2
. Consequently, using Lemma 2.1, we

can write

Σ(PFPG) = cos2(Θ(F ,G)) ∪ {0}. (2.35)

Let us mention that we can also prove equality (2.33) using the following

theorem, which describes the relationship between the spectra of the product

and difference of two orthogonal projectors.

Lemma 2.36 ([57], Theorem 1. See also [44], Lemma 2.4). For any pair of

orthogonal projectors PF and PG on H the spectrum of the product PFPG lies in

the interval [0, 1] and

Σ(PG−PF)\({−1}∪{0}∪{1}) = {±(1−σ2)1/2 : σ2 ∈ Σ(PFPG)\({0}∪{1})}.

(2.36)

Using Lemma 2.36 and equation (2.35) the following theorem and corollary

are proven:

Theorem 2.37 Σ(PF − PG) \ ({−1} ∪ {0} ∪ {1}) = ± sin(Θ(F ,G)) \ ({−1} ∪

{0} ∪ {1}).

The multiplicity of an eigenvalue 1 in Σ(PG − PF) is equal to dim M10,

multiplicity of an eigenvalue −1 is equal to dim M01, and multiplicity of an

eigenvalue 0 is equal to dim M00 +dim M11, where M00, M01, M10 and M11 are

defined by (2.4).
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Proof: (2.36) is proven in [57]. To obtain the results about the multiplicity

of eigenvalues 1, −1 and 0, it suffices to make use the decomposition of these

projectors in five parts, given by (2.10).

Corollary 2.38 Σ((PF − PG)2) \ ({0} ∪ {1}) = sin2(Θ(F ,G)) \ ({0} ∪ {1}).

In many applications, such as domain decomposition algorithms, existence

of the information about the distribution of spectrum of the sum of projectors

is important. The results about spectra of sums of projectors can be found e.g.,

in [7] (See also [72], Theorem, p. 298). Using Corollary 4.9, p. 86, [7], we can

formulate the following result in terms of the angles between subspaces.

Theorem 2.39 For any nontrivial pair of orthogonal projectors PF and PG on

H the spectrum of the sum PF + PG with possible exception of point 0 lies in the

interval [1 − ‖PFPG‖, 1 + ‖PFPG‖] and

Σ(PF + PG) \ ({0} ∪ {1}) = {1 ± cos(Θ(F ,G))} \ ({0} ∪ {1}). (2.37)

2.5 Angles Between the Subspaces in Generic Position

The main observation for subspaces in the “fifth part” is that the projections

of initial subspaces onto the “fifth part” are in generic position. This fact allows

us to conclude that the zero and right angles can not belong to the set of angles

between these new subspaces (and also to the set of angles from one subspace

to another one) as isolated angles. This simplifies the assumptions of several

propositions given above in this chapter.

Lemma 2.40 Let the subspaces F and G be in generic position. Then 1 /∈

Σp(PFPG|F) and 0 /∈ Σp(PFPG|F).
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Proof: Assume first that 1 ∈ Σp(PFPG|F). Then we have PFPG|Fu = u for

some unit u ∈ F . From the last equality we conclude that u ∈ G, since otherwise

we would have ‖PGu‖ < ‖u‖ = 1, and consequently 1 = ‖u‖ = ‖PFPGu‖ ≤

‖PGu‖ < 1. This means that u ∈ G, and consequently F ∩ G 6= {0}. But this

contradicts our assumption about the generic position, that is 1 /∈ Σp(PFPG|F).

Now assume that second assertion does not hold. Then we have PFPG|Fu =

0 for some nonzero u ∈ F . Next, if PGu = 0, then F ∩ G⊥ 6= {0}. If PGu 6= 0,

denote v = PGu ∈ G and we get PFv = 0. But this means that F ∩ G⊥ 6= {0}.

The contradiction in both cases shows that 0 /∈ Σp(PFPG|F).

Corollary 2.41 If the subspaces F and G are in generic position, then 0 /∈

Θp(F ,G) and π
2

/∈ Θp(F ,G).

Proof: It sufficies to mention that the definitions of the generic position and

angles between subspaces are symmetric with respect to the subspaces.

Theorem 2.42 Let a subspace M defined by (2.5) and (2.6) be non-trivial.

Then

Θp(F ,G) \ ({0} ∪ {π

2
}) = Θp(PMF , PMG). (2.38)

Proof: By Lemma 2.30,

Θp(F ,G) \ Θp(PMF , PMG) ⊆ {0; π

2
}. (2.39)

But, following Lemma 2.10, the set of angles Θp(PMF , PMG) does not contain

zero or right angles. Consequently, (2.38) follows from (2.39).

The following theorem gives the sufficient conditions for two subspaces to

be in generic position and describes additional relationships between different
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sets of angles.

Theorem 2.43 The subspaces F and G of H are in generic position if and only

if 0, π
2

/∈ Θ̂p(F ,G) ∪ Θ̂p(G,F).

Proof: Let 0, π
2

/∈ Θ̂p(F ,G) ∪ Θ̂p(G,F). If we assume that F and G are not

in generic position, then some of the four subspaces M00, M01, M10, M11 given

by (2.4) is nontrivial. Then we have zero (or right) angle in above given set(s)

of angles. This is a contradiction to the assumptions of the theorem, and we

conclude that F and G are in generic position.

Assume now that F and G are in generic position. If 0 ∈ Θ̂p(F ,G)∪Θ̂p(G,F)

then the subspace M00 is nontrivial, which contradicts the assumptions.

If π
2
∈ Θ̂p(F ,G)∪Θ̂p(G,F) then one of the subspaces M01, M10 is nontrivial,

which also contradicts the assumptions.

The absence of the zero and right angles in the set Θ̂(F ,G) ∪ Θ̂(G,F) is

only a sufficient condition for two subspaces F and G to be in generic position.

But, evidently it is not a necessary condition. If F and G are in generic position,

then no set of angles, contains zero or right angle as the element of Θp, but these

angles may belong to the set of continuous angles, which we define now.

Definition 2.44 Θ̂c(F ,G) = Θ̂(F ,G) \ Θ̂p(F ,G).

Let us call Θ̂c(F ,G) the set of continuous angles from the subspace F to the

subspace G.

Remark 2.45 This definition of the continuous angles is based on the definition

of the continuous spectrum of selfadjoint operator (see, e.g., [16], Definition 1,

36



p. 902).

Let us mention also that since the spectrum of a selfadjoint operator con-

sists only of the eigenvalues and continuous spectrum (the residual spectrum

of selfadjoint operator is void), by Definition 2.21 and Definition 2.44 we have

defined all possible angles from the subspace F to the subspace G.

Theorem 2.46 Let θ = 0 or θ = π
2
. If θ ∈ Θ̂c(F ,G), then:

1. θ belongs also to the sets Θ̂c(F⊥,G⊥), Θ̂c(G,F) and Θ̂c(G⊥,F⊥);

2. π
2
−θ belongs to the sets Θ̂c(F ,G⊥), Θ̂c(F⊥,G), Θ̂c(G,F⊥) and Θ̂c(G⊥,F).

Proof: Since θ ∈ Θ̂c(F ,G) and θ is not an eigenvalue, there exists a sequence

{θi}∞i=1 ⊂ Θ̂(F ,G) \ ({0} ∪ {π
2
}) such that limi→∞ θi = θ. But then, from

Theorem 2.24 and Corollary 2.27 it follows that {θi}∞i=1 is a subset of all three

sets, listed in Assertion 1, and {π
2
− θi}∞i=1 is a subset of all four sets, listed in

Assertion 2.

It suffices only to mention that all sets of angles, considered here, are com-

pact sets.

From Theorem 2.43 and Theorem 2.46 we obtain the following

Corollary 2.47 If the subspaces F and G are in generic position, then

Σ(PFPG|F) = Σ(PGPF |G),

and

Θ̂(F ,G) = Θ̂(G,F).
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Remark 2.48 Using Theorem 2.43 and Theorem 2.46, we conclude that if the

subspaces F and G are in generic position, then the assertions of Theorem 2.26,

Corollary 2.27, Corollary 2.29, Lemma 2.30, Theorem 2.35 hold without exclud-

ing the zero and right angles, and the assertions of Lemma 2.36, Theorem 2.37,

Corollary 2.38, Theorem 2.39 hold without excluding {0}, {±1}.

Let us now consider the relationships between the quantities defined by

(2.1), (2.2) and angles, defined in the previus section in the case, when F and

G are in generic position.

Corollary 2.49 (of Lemma 2.32 ). If F and G are in generic position, then

c0(F ,G) = c(F ,G) = sup
{

cos
(
Θ(F ,G)

)}
. (2.40)

Proof: It suffices to mention that M00 = {0} since F and G are in generic

position, where M00 is defined by (2.4).

2.6 Principal Vectors

In this section, we define the principal vectors and investigate their main

properties. Several cases are investgated, when the properties of principal vec-

tors are similar to those of principal vectors in the finite dimensional case. Based

on a given pair of principal vectors, the pairs of principal vectors are given for

different pairs of subspaces. Special attention is paid to the cases, when the zero

or right angle is present as an isolated angle.

Definition 2.50 Normalized vectors u = u(θ) ∈ F and v = v(θ) ∈ G form

a pair of principal vectors for subspaces F and G corresponding to the angle

θ ∈ Θ(F ,G), if the equalities

PFv = cos(θ)u, PGu = cos(θ)v (2.41)
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hold.

Definition 2.51 Assume θ ∈ Θp(F ,G) \ {π
2
}. Then, the multiplicity of cos2(θ)

as an eigenvalue of the operator PFPG|F , is called the multiplicity of an angle θ.

The following auxiliary lemma shows the correctness of last definition and

is useful in the rest of this section.

Lemma 2.52 If u ∈ F is an eigenvector of an operator PFPG|F corresponding

to the eigenvalue cos2(θ), θ 6= π
2
, then v = PGu ∈ G is an eigenvector of an

operator PGPF |G corresponding to the same eigenvalue. The multiplicities of

cos2(θ), as an eigenvalue of the operators PFPG|F and PGPF |G} are the same.

Proof: First let us notice that PFPG|F is a nonnegative operator,

PFPG|F ≥ 0, since PFPGPF = (PGPF)∗PGPF , and so is PGPF |G ≥ 0. By the

lemma assumption we have PGu 6= 0 and

PFPG|Fu = cos2(θ)u. (2.42)

Then we have:

(PGPF |G)PGu = PG(PFPG|Fu) = cos2(θ)PGu. (2.43)

It is easy to show that the “converse” relation is also true: if v ∈ G is an

eigenvector of an operator PGPF |G, corresponding to a non-zero eigenvalue, then

PFv ∈ F is an eigenvector of the operator PFPG|F , corresponding to the same

eigenvalue.

To show that the multiplicities of cos2(θ) > 0 as an eigenvalue of oper-

ators PFPG|F and PGPF |G are the same, it suffices to mention the following:
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if u′, u′′ ∈ F form a pair of orthonormal eigenvectors of an operator PFPG|F ,

corresponding to cos2(θ), then PGu′/ cos(θ) and PGu′′/ cos(θ) form a pair of or-

thonormal eigenvectors of PGPF |G corresponding to the same eigenvalue and

vice versa. This means that there is a one-to-one correspondence between the

orthonormal sytems of eigenvectors of PFPG|F and PGPF |G corresponding to the

given eigenvalue i.e. the multiplicities are the same.

Remark 2.53 The equlity of multiplicities of the nonzero eigenvalues of the

operators PFPG|F and PGPF |G can also be deduced from Theorem 2.17.

Lemma 2.54 If u ∈ F and v ∈ G form a pair of principal vectors for subspaces

F and G corresponding to the angle θ ∈ Θ(F ,G), then (u, v) = cos(θ).

Proof: Using Definition 2.50 we have

(u, v) = (PFu, v) = (u, PFv) = (u, cos(θ)u) = cos(θ), (2.44)

since u is normalized.

Lemma 2.55 If u ∈ F and v ∈ G form a pair of principal vectors for subspaces

F and G corresponding to the angle θ ∈ Θ(F ,G), then u and v are the eigen-

vectors of the operators PFPG|F and PGPF |G, respectively, corresponding to the

eigenvalue cos2(θ).

Proof: Since the assertion is symmetric with respect to u and v, let us prove

it only for u. We have:

PFPG|Fu = PF(PGu) = cos(θ)PFv = cos2(θ)u.
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Theorem 2.56 Let θ ∈ Θ(F ,G) \ {π
2
} and u ∈ F be an eigenvector of the

operator PFPG|F , corresponding to the eigenvalue cos2(θ), ‖u‖ = 1. Then there

exists a unique eigenvector v ∈ G, ‖v‖ = 1, of the operator PGPF |G, correspond-

ing to the same eigenvalue, such that u and v form a pair of principal vectors,

corresponding to the angle θ.

Proof: Let v = (1/σ)PGu, where σ = cos(θ). Then v ∈ G, by Lemma 2.6

v 6= 0 and v is an eigenvector of PGPF |G, corresponding to the same eigenvalue

σ2.

We have

PFv = PF((1/σ)PGu) = (1/σ)PFPGPFu = σu.

Thus PGu = σv and PFv = σu, that is both of the equalities (2.41) hold. Also

‖v‖2 = (v, v) = (1/σ)(v, PGu) = (1/σ)(PGv, u) = (u, u) = 1. This means that u

and v form a pair of principal vectors corresponding to the angle θ.

Now let us show that v is unique. If there exist two different vectors v1 and v2

which with u form two diferent pairs of principal vectors, then we have PGu = σv1

and PGu = σv2. Subtracting these last two equalities we get σ(v1−v2) = 0. But

σ 6= 0 by the assumptions of theorem. Consequently v1 = v2.

It follows from Lemma 2.55 and Theorem 2.56 that

Theorem 2.57 There exists a pair of principal vectors for subspaces F and G

corresponding to a given angle θ ∈ Θ(F ,G)\{π
2
} if and only if θ ∈ Θp(F ,G)\{π

2
}.

Remark 2.58 If θ ∈ Θp(F ,G) \ {π
2
} is an angle of multiplicity one, then

the subspaces span{u} and span{v}, corresponding to θ are unique. If θ ∈
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Θp(F ,G) \ {π
2
} is multiple (of finite or infinite multiplicity) angle, then we have

more then one pair of principal vectors, but each principal vector is defined cor-

responding to the other vector uniquely.

Remark 2.59 If θ = π
2

in Theorem 2.56 then the vector v may not be unique.

Assume for example, H = R3, F = span{u} and G = span{v1, v2}, where

u = (1, 0, 0)T , v1 = (0, 1, 0)T and v2 = (0, 0, 1)T . Then we have PFv1 = 0 · u

and PFv2 = 0 · u.

Lemma 2.60 Let θ, φ ∈ Θp(F ,G) \ {π
2
}, and u(θ), u(φ) ∈ F , v(θ), v(φ) ∈ G

be corresponding principal vectors. Then, if θ 6= φ, the pairs of vectors u(θ) and

u(φ), v(θ) and v(φ), u(θ) and v(φ) are orthogonal. If θ = φ, then for a given

u(θ), there exists v(θ), such that (u(θ), v(θ)) = cos(θ) holds.

Proof: Orthogonality of the first two pairs follows from the fact that

eigenvectors of a selfadjoint operator corresponding to different eigenvalues, are

orthogonal (see e.g., [29]). Next, we have:

(u(θ), v(φ)) = (PFu(θ), v(φ)) = (u(θ), PFv(φ)) = cos(φ)(u(θ), u(φ)),

but the last inner product is equal to 0 if θ 6= φ and to cos(θ) if θ = φ and both

vectors in the last inner product are the same.

Corollary 2.61 A pair of principal vectors u, v spans a two dimensional sub-

space, invariant with respect to the orthogonal projectors PF , PG, I − PF and

I − PG. Such subspaces, corresponding to different θ’s are mutually orthogonal.

The following theorem describes relationships between the angles of different

pairs of subspaces.
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Theorem 2.62 Let u and v form a pair of principal vectors for subspaces F

and G, corresponding to the angle θ ∈ Θp(F ,G) \ ({0} ∪ {π
2
}). Define

u⊥ = (v − cos(θ)u)/ sin(θ), v⊥ = (u − cos(θ)v)/ sin(θ). (2.45)

Then

• u⊥, v are the principal vectors for subspaces F⊥ and G, corresponding to

the angle π
2
− θ;

• u, v⊥ are the principal vectors for subspaces F and G⊥, corresponding to

the angle π
2
− θ;

• u⊥, −v⊥ are the principal vectors for subspaces F⊥ and G⊥, corresponding

to the angle θ.

Proof: Denote σ = cos(θ) and µ = sin(θ). Evidently u⊥ ∈ F⊥, v⊥ ∈ G⊥

and

PF(I − PG)PFu = PFu − PFPGPFu = (1 − σ2)u = µ2u;

PG(I − PF)PGv = PGv − PGPFPGv = (1 − σ2)v = µ2v;

(I − PF)PG(I − PF)u⊥ = (1/µ)(v − σu − σ2(v − σu)) = µ2u⊥.

Similarly,

(I − PG)PF(I − PG)v⊥ = µ2v⊥;

(I − PF)(I − PG)(I − PF)u⊥ = σ2u⊥;

(I − PG)(I − PF)(I − PG)v⊥ = σ2v⊥.

43



Thus,

PGu⊥ = µv, (I − PF)v = µu⊥;

PFv⊥ = µu, (I − PG)u = µv⊥;

(I − PF)(−v⊥) = σu⊥, (I − PG)u⊥ = σ(−v⊥).

Remark 2.63 It is easy to see that if θ = 0, then the formulae (2.45) are

meaningless. If θ = π
2
, then the same formulae give nothing new but the same

vectors u and v. Evidently, this does not necessarily mean that we have no

principal vectors between the pairs of subspaces, corresponding to the cases θ = 0

and θ = π
2
.

The following lemma gives more details about the cases discussed in the last

remark.

Lemma 2.64 If θ = 0 ∈ Θp(F ,G), then the intersection F ∩ G is non-trivial,

and if θ = π
2
∈ Θp(F ,G) then both of the intersections F ∩ G⊥ or F⊥ ∩ G are

non-trivial.

Proof: Consider first the case θ = 0 ∈ Θp(F ,G). Then by Theorem 2.57 there

exist a pair of pricipal vectors u, v of subspaces F and G corresponding to this

angle, i.e. to the eigenvalue 1, and we have the equalities PFv = u and PGu = v.

From, for instance, the last equality we conclude that u ∈ G, since otherwise we

would have 1 = ‖v‖ = ‖PGu‖ < ‖u‖ = 1, which is a contradiction. This means

that u ∈ G, and consequently F ∩ G 6= {0}.

44



Consider now the case θ = π
2

∈ Θp(F ,G). Since 0 is an eigenvalue of

the operator PFPG|F we have PFPGu = 0 for u ∈ F , u 6= 0. Then we have

(PFPGu, u) = 0, which leads to (PGu, u) = 0. Using the property PG
2 = PG we

obtain (PGu, PGu) = 0, from where we conclude that PGu = 0. This means that

u ∈ G⊥, that is u ∈ F ∩ G⊥.

The proof of F⊥ ∩ G 6= {0} is comletely similar.

Corollary 2.65 Under the assumptions of Theorem 2.62, sin2(θ) is an eigen-

value of the operators PFPG⊥ |F , PGPF⊥ |G, PF⊥PG|F⊥ and PG⊥PF |G⊥; cos2(θ) is

an eigenvalue of the operators PF⊥PG⊥ |F⊥ and PG⊥PF⊥ |G⊥. The corresponding

eigenvectors are, respectively u, v, u⊥, v⊥, u⊥ and v⊥.

Corollary 2.66 If θ ∈ Θp(F ,G) \ ({0} ∪ {π
2
}), then:

• π
2
− θ ∈ Θp(F⊥,G) ;

• π
2
− θ ∈ Θp(F ,G⊥) ;

• θ ∈ Θp(F⊥,G⊥) .

Theorem 2.67 Under the assumptions of Theorem 2.62, sin2(θ) is an eigen-

value of the operator (PF − PG)2 with corresponding eigenvectors u + v and

u − v, where the pair u, v is the pair of principal vectors of subspaces F and G,

corresponding to the angle θ.

Proof: We have

(PF − PG)2 = PF(I − PG) + PG(I − PF). (2.46)

45



For each term of the sum on right-hand side we have, based on the Theorem

2.62,

PF(I − PG)u = sin2(θ)u (2.47)

and

PG(I − PF)v = sin2(θ)v. (2.48)

From the equalities (2.47) and (2.48) it is easy to see that [PF(I −PG)+PG(I −

PF)](u ± v) = sin2(θ)(u ± v), which based on (2.46) proves the assertion.

Let us now formulate one of the results about the eigenpairs of the sum of

projectors which are easily constructed using pairs of principal vectors.

Theorem 2.68 Let u and v form a pair of principal vectors for subspaces F

and G, corresponding to the angle θ ∈ Θp(F ,G) \ ({0} ∪ {π
2
}). Then u + v

and u − v are the eigenvectors of the operator PF + PG, corresponding to the

eigenvalues 1 + cos(θ) and 1 − cos(θ), respectively.

Proof: We have

(PF + PG)(u + v) = u + cos(θ)u + cos(θ)v + v = (1 + cos(θ))(u + v),

and

(PF + PG)(u − v) = u − cos(θ)u + cos(θ)v − v = (1 − cos(θ))(u − v).

Remark 2.69 If θ = 0 ∈ Θp(F ,G), then using Lemma 2.64, we can conclude,

that F and G have a nontrivial intersection and, consequently, any nonzero
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vector, belonging to F ∩ G, is an eigenvector of the operator PF + PG, corre-

sponding to the eigenvalue 2. Also, using the same lemma, we conclude that if

θ = π
2
∈ Θp(F ,G), then at least one of the intersections F ∩ G⊥ or F⊥ ∩ G is

non-trivial. If u ∈ F ∩ G⊥, then

PFu = u, PG⊥u = u.

From the last equality we have PGu = 0, and by adding this equality to the first

of the above two, we get (PF +PG)u = u. This means that u is an eigenvector of

the operator PF + PG, corresponding to the eigenvalue 1. The same conclusion

can be made if F⊥ ∩ G is non-trivial.

Remark 2.70 Using Theorem 2.43, we conclude that if the subspaces F and

G are in generic position, then the assertions of Lemma 2.52, Theorem 2.56,

Theorem 2.57, Lemma 2.60, Theorem 2.62, Corollary 2.66, Theorem 2.68 hold

without excluding the zero and right angles.

2.7 Principal Subspaces

In this section, we generalize the definition of a pair of principal vectors to

a pair of principal subspaces. We show that the set of angles between principal

subspaces consists of one point. We also show that the principal subspaces,

corresponding to a non-right angle, have equal dimensions. Using a given pair

of principal subspaces of F , G, the pairs of principal subspaces are constructed

for different pairs of subspaces, such as F and G⊥, F⊥ and G, F⊥ and G⊥.

Definition 2.71 A pair of subspaces U ⊆ F , V ⊆ G is called a pair of prin-

cipal subspaces for subspaces F and G corresponding to the angle θ ∈ Θ(F ,G),
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if the equalities

PFPV |F = cos2(θ)PU , PGPU |G = cos2(θ)PV (2.49)

hold.

Let us prove the following auxiliary assertion first.

Lemma 2.72 Let U ⊆ F be an eigenspace of the operator PFPG|F correspond-

ing to the eigenvalue cos2(θ), where θ ∈ Θp(F ,G) \ {π
2
}. Then V = PGU is an

eigenspace of the operator PGPF |G corresponding to the same eigenvalue, and

vice versa: If V ⊆ G is an eigenspace of the operator PGPF |G corresponding to

cos2(θ) 6= 0, then U = PFV is an eigenspace of the operator PFPG|F correspond-

ing to the same eigenvalue.

Proof: If v ∈ V = PGU , then v = PGu, u ∈ U . But then PGPF |Gv =

PG(PFPG|Fu) = cos2(θ)v. The second part is analogous.

Remark 2.73 If U ⊆ F is an eigenspace of the operator PFPG|F corresponding

to the eigenvalue 0, then V = PGU = {0}.

We now consider the relation between orthoprojectors on the eigenspaces.

Lemma 2.74 Let U ⊆ F be an eigenspace of an operator PFPG|F , correspond-

ing to the eigenvalue cos2(θ), where θ ∈ Θp(F ,G) \ {π
2
}, PU be an orthogonal

projector onto the subspace U , and V = PGU . Then the operator

PV =
1

cos2(θ)
PGPUPG (2.50)

is an orthogonal projector onto the subspace V.
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Proof: Denote σ = cos(θ). First notice that PV = PV
∗ and

PV
2 = (1/σ4)PGPFPUPFPGPFPUPFPG = (1/σ4)PGPUσ2PUPG = PV .

Now let us show that PVv = v for any v ∈ V . If v ∈ V , it is represented in

the form v = PGu for some u ∈ U based on Lemma 2.52. But then PVv =

(1/σ2)PGPUPGPGPFu = (1/σ2)PGPFPUσ2u = PGPFu = v. We need to show

now that

PVv⊥ = 0 for any v⊥ ∈ V⊥. (2.51)

Assume that PGPUPGv⊥ = v 6= 0. Evidently v ∈ V , and consequently, using

Lemma 2.72, it can be represented as v = PGu for some u ∈ U . Then we have

PG(PUPGv⊥ − u) = 0, which means that PUPGv⊥ − u ∈ G⊥. But we also have

PUPGv⊥ − u = u′ ∈ U and we get u′ ∈ U ∩ G⊥ 6= {0}. It follows from the last

equation that PFPG|Fu′ = 0 for u′ ∈ U . But this is a contradiction, since U is an

eigenspace of the operator PFPG|F , corresponding to the eigenvalue cos2(θ) 6= 0.

Consequently, we conclude that (2.51) holds.

Now we investigate some properties of principal subspaces similar to those

of principal vectors.

Theorem 2.75 Let U ⊂ F and V ⊂ G form a pair of the principal subspaces

for subspaces F and G corresponding to the angle θ ∈ Θ(F ,G). Then θ ∈

Θp(F ,G) and U and V are the eigenspaces of the operators PFPG|F and PGPF |G,

respectively correspondng to the eigenvalue cos2(θ).
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Proof: Denote σ = cos(θ). Multiplying the first equality of (2.49) by PV from

the right and the second equality by PU from the left we get:

(PFPV)2 = σ2PUPV ,

(PUPG)2 = σ2PUPV . (2.52)

From (2.52) we get

PFPV = PUPG,

PGPU = PVPF . (2.53)

Let us mention that the second equality of (2.53) is simply a conjugate of the

first one.

Now, multiplying the first equality of (2.49) by PU and the second equality

by PV from the right we get:

PFPVPFPU = σ2PU ,

PGPUPGPV = σ2PV . (2.54)

Using (2.53) in (2.54) gives

PFPG|FPU = σ2PU ,

PGPF |GPV = σ2PV , (2.55)

which means that the assertion is proved.

Theorem 2.76 Let θ ∈ Θp(F ,G) \ {π
2
} and U ⊂ F be an eigenspace of the

operator PFPG|F , corresponding to the eigenvalue cos2(θ). Then there exists a

unique eigenspace V ⊂ G of the operator PGPF |G, corresponding to the same
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eigenvalue such that U and V form a pair of principal subspaces corresponding

to the angle θ.

Proof: Consider a subspace V = PGU ⊂ G. Based on Lemma 2.72 we conclude

that V is an eigenspace of the operator PGPF |G, corresponding to the same

eigenvalue. Next, using Lemma 2.74 we have the relation

PV =
1

cos2(θ)
PGPUPG. (2.56)

To show that

PU =
1

cos2(θ)
PFPVPF ,

we write:

PFPVPF =
1

cos2(θ)
PFPGPFPUPFPGPF .

Using the fact that the operators PFPGPF and PU commute in the last equal-

ity, we get: PFPVPF = PFPGPFPU , which gives cos2(θ)PU = PFPVPF . The

last equality together with (2.56) show that U and V form a pair of principal

subspaces corresponding to the angle θ.

It remains to show that V is unique. If we assume that there exist two

different subspaces V1 and V2 with the above mentioned properties, then we

have from the second equality of (2.49): cos2(θ)(PV1
−PV2

) = 0. Since θ < π
2

we

conclude that PV1
= PV2

, which itself proves the assertion.

It follows from Theorem 2.75 and Theorem 2.76 that

Theorem 2.77 There exists a pair of principal subspaces for subspaces F and G

corresponding to a given angle θ ∈ Θ(F ,G)\{π
2
} if and only if θ ∈ Θp(F ,G)\{π

2
}.
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Theorem 2.78 If U ⊂ F and V ⊂ G form a pair of the principal subspaces

for subspaces F and G corresponding to the angle θ ∈ Θ(F ,G), then Θ(U ,V) =

Θp(U ,V) = {θ}.

Proof: Using Theorem 2.75 and equalities (2.53) we have PUPVPU =

PU(PFPV)PFPU = PUPGPFPU = PUPFPGPFPU = cos2(θ)PU . This equality

shows that U is an eigenspace of the operator PUPV |U , corresponding to the

eigenvalue cos2(θ), i.e. Σ(PUPV |U) = {cos2(θ)}, which means that

Θ̂(U ,V) = {θ}. (2.57)

Next, using the same theorem and equalities, we have PVPUPV = PV(PGPU)PGPV =

PVPFPGPV = PVPGPFPGPV = cos2(θ)PV . This equality shows that V is an

eigenspace of the operator PVPU |V , corresponding also to the eigenvalue cos2(θ),

i.e. Σ(PVPU |V) = {cos2(θ)}, which means that

Θ̂(V ,U) = {θ}. (2.58)

From (2.57), (2.58) we conclude that Θ(U ,V) = Θp(U ,V) = {θ}.

Theorem 2.79 If U ⊂ F and V ⊂ G form a pair of the principal subspaces for

subspaces F and G corresponding to the angle θ ∈ Θp(F ,G) \ {π
2
}, then U and

V are isomorphic.

Proof: If θ = 0, then the assertion is trivial. If θ ∈ Θp(F ,G) \ ({0} ∪ {π
2
}),

using Theorem 2.43, we conclude that U and V are in generic position. But

then, it follows from Theorem 1, [24] that U and V are isomorphic.
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Theorem 2.80 If U(θ),U(φ) ⊂ F , and V(θ), V(φ) ⊂ G are the principal

subspaces for subspaces F and G corresponding to the angles θ, φ ∈ Θp(F ,G) \

{π
2
}, then the following relations hold:

• PU(θ)PU(φ) = PU(θ)∩U(φ) ;

• PV(θ)PV(φ) = PV(θ)∩V(φ) ;

• PU(θ) and PV(φ) are mutually orthogonal if θ 6= φ. Otherwise, if θ = φ,

then we can choose V(θ) such that PU(θ)PV(θ) = PU(θ)PG;

• For given U(θ) we can choose V(θ) such that PV(θ)PU(θ) = PV(θ)PF .

Proof: Using Theorem 2.75 we conclude that the projectors considered in this

theorem, are orthoprojectors onto the eigenspaces of the operators PFPG|F and

PGPF |G, respectively. But then PU(θ) and PU(φ) commute, and so do PV(θ) and

PV(φ). Next, let us mention that a product of two commuting projectors is a

projector onto an intersection of their ranges, see Section 2.1. Consequently, the

first two assertions are proved.

To prove the third assertion, let us choose V(θ) = PGU(θ). Then we have

PU(θ)PV(θ) =
1

cos2(θ)
PU(θ)PGPU(θ)PG =

1

cos2(θ)
PU(θ)PFPGPFPU(θ)PG = PU(θ)PG.

The proof of the fourth assertion is similar to that of the third assertion.

Lemma 2.81 A pair U ,V of principal subspaces corresponding to a given angle

θ 6= 0 forms a subspace U+V, invariant with respect to the orthogonal projectors

PF , PG, I−PF and I−PG. Subspaces U(θ)+V(θ), corresponding to the different

θ’s, are mutually orthogonal.
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Proof: The proof follows from Definition 2.71 and Theorem 2.80

Theorem 2.82 Let U and V be the principal subspaces for subspaces F and G,

corresponding to the angle θ ∈ Θp(F ,G) \ ({0} ∪ {π
2
}). Define

U⊥ = R(PF⊥PV |F⊥), V⊥ = R(PG⊥PU |G⊥). (2.59)

Then U⊥ and V⊥ are closed and

• U⊥, V are the principal subspaces for subspaces F⊥ and G, corresponding

to the angle π
2
− θ;

• U , V⊥ are the principal subspaces for subspaces F and G⊥, corresponding

to the angle π
2
− θ;

• U⊥, V⊥ are the principal subspaces for subspaces F⊥ and G⊥, corresponding

to the angle θ.

Proof: We need to show that the ranges of the products of operators,

given by (2.59) , that is R(PF⊥PV |F⊥) and R(PG⊥PU |G⊥) are subspaces of H.

We use for this the third criterion of Theorem 2.2.

Let us consider the first of two ranges given by (2.59).

We have A = PF⊥ , B = PV , N(A) = F , and R(B) = V . Next, since

θ ∈ Θp(F ,G) \ ({0} ∪ {π
2
}), cos(Θ(U ,V)) < 1. Using Lemma 2.32 and (2.3), we

conclude that the third criterion of Theorem 2.2 holds.

We have proved with this that R(PF⊥PV |F⊥) is a subspace of H. The proof

for R(PG⊥PU |G⊥) is completely similar. Next, evidently U⊥ ∈ F⊥, V⊥ ∈ G⊥ and
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we have:

PGPF⊥PGPV = PGPV − PGPFPGPV = (1 − cos2(θ))PV = cos2(
π

2
− θ)PV ;

PF⊥PGPF⊥PU⊥
=

1

1 − cos2(θ)
PF⊥PGPF⊥PVPF⊥ =

1

sin2(θ)
PF⊥PGPF⊥PGPVPF⊥ = PF⊥PVPF⊥ = cos2(

π

2
− θ)PU⊥

;

PFPG⊥PFPU = PFPU − PFPGPFPU = (1 − cos2(θ))PU = cos2(
π

2
− θ)PU ;

PG⊥PFPG⊥PV⊥
=

1

1 − cos2(θ)
PG⊥PFPG⊥PUPG⊥ =

1

sin2(θ)
PG⊥PFPG⊥PFPUPG⊥ = PG⊥PUPG⊥ = cos2(

π

2
− θ)PV⊥

;

PF⊥PG⊥PF⊥PU⊥
= (I − PF⊥PGPF⊥)PU⊥

= cos2(θ)PU⊥
;

PG⊥PF⊥PG⊥PV⊥
= (I − PG⊥PFPG⊥)PV⊥

= cos2(θ)PV⊥
.

Thus,

PGPU⊥
|G = cos2(

π

2
− θ)PV , PF⊥PV |F⊥ = cos2(

π

2
− θ)PU⊥

;

PFPV⊥
|F = cos2(

π

2
− θ)PU , PG⊥PU |G⊥ = cos2(

π

2
− θ)PV⊥

;

PF⊥PV⊥
|F⊥ = cos2(θ)PU⊥

, PG⊥PU⊥
|G⊥ = cos2(θ)PV⊥

.

Let us investigate now a seeming difference between the formulae for the

pairs of principal vectors for different pairs of subspaces (Theorem 2.62, equal-

ities (2.45)) and pairs of principal subspaces (Theorem 2.82, equalities (2.59)).

Namely, the question is do we obtain the same result, if we construct the differ-

ent pairs of principal subspaces not based on equalities (2.59), but in a similar

way to equalities (2.45)? The following theorem gives the positive answer to

this question.
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Theorem 2.83 Let U be the set of pairs of principal vectors {u, v} of subspaces

F and G, corresponding to an angle θ ∈ Θp(F ,G) \ ({0} ∪ {π
2
}). Then

U⊥ = span{v − cos(θ)u, {u, v} ∈ U},

V⊥ = span{u − cos(θ)v, {u, v} ∈ U}, (2.60)

where U⊥ and V⊥ are defined by (2.59).

Proof: Because of symmetry, we need to prove only the first of the two

asserted equalities. As we have seen from Theorem 2.62, for a given pair {u, v}

the vectors {u⊥, v} (we can consider also two other pairs: {u, v⊥} and {u⊥, v⊥}),

where u⊥ = (v−cos(θ)u)/ sin(θ), are the eigenvectors of the operators PF⊥PG|F⊥

and PGPF⊥ |G, respectively, corresponding to the eigenvalue sin2(θ). Then from

Lemma 2.72, we conclude that span{v−cos(θ)u, {u, v} ∈ U} = PF⊥V . Finally,

using Lemma 2.74 we get PU⊥
= 1

sin2(θ)
PF⊥PVPF⊥ , which means that assertion

is proved.

Lemma 2.84 Let θ ∈ Θp(F ,G) \ {π
2
} and PU and PV be the orthogonal projec-

tors on the principal subspaces U and V of the subspaces F and G, respectively

corresponding to the angle θ. Then the equality

(PF − PG)2(PU ± PV) = sin2(θ)(PU ± PV)

holds.

Proof: We have from Theorem 2.82:

PFPG⊥PU = sin2(θ)PU , PGPF⊥PV = sin2(θ)PV . (2.61)

Next, using equation (2.46), and the relations PFPG⊥PV = 0 and PGPF⊥PU = 0,

the assertion follows directly from (2.61).
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Remark 2.85 Using Theorem 2.43, we conclude that if the subspaces F and G

are in generic position, then the assertions of Lemma 2.72, Lemma 2.74, Theo-

rem 2.76, Theorem 2.77, Theorem 2.80, Theorem 2.82, Theorem 2.83, Lemma

2.84 hold without excluding the zero and right angles.

2.8 Principal Invariant Subspaces

In this section, we generalize the definition of a pair of principal subspaces to

a pair of principal invariant subspaces. Using a given pair of principal invariant

subspaces of F , G, we construct the pairs of principal invariant subspaces for

different pairs of subspaces, such as F and G⊥, F⊥ and G, F⊥ and G⊥. We

investigate the question of uniqueness of the principal invariant subspaces. We

also investigate the properties of isometries, given in Section 2.3. Namely, we

show that these isometries map one subspace of a given pair of principal invariant

subspaces onto another, and vice versa. We give also the relations between

orthogonal projectors onto the principal invariant subspaces.

Definition 2.86 A pair of subspaces U ⊆ F , V ⊆ G is called a pair of prin-

cipal invariant subspaces for subspaces F and G, if the equalities

PFV = U , PGU = V . (2.62)

hold.

Now let us prove some auxiliary results.

Lemma 2.87 Let U ⊆ F be an invariant subspace of the operator PFPG|F .

Then V = PGU ⊆ G is an invarinat subspace of the operator PGPF |G. Next, if
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an operator PFPG|U is invertible and its inverse is bounded, then the equality

PFPG|FU = U holds. If PGPF |V is invertible and its inverse is bounded, then

also the equality PGPF |GV = V holds.

Proof: Since U is an invariant subspace of the operator PFPG|F we have

PFPG|FU ⊆ U . From this relation we get PGPF(PGU) ⊆ PGU , that is, V = PGU

is an invariant subspace of the operator PGPF |G. Next, since PFPG|U is invertible

and the inverse operator is bounded, we conclude that PFPG|FU = U . Similarly,

if PGPF |V is invertible and its inverse is bounded, then we have PGPF |GV = V .

The following lemma gives a generalization of the relation (2.50) for invariant

subspaces.

Lemma 2.88 Let U be an invariant subspace of the operator PFPG|F and PU

be an orthogonal projector on this subspace. Further assume that the operator

PFPG|U is invertible and its inverse is bounded. Then the orthogonal projector

PV on the invariant subspace V = PGU of the operator PGPF |G is given by

PV = PGPU(PFPG|U)−1PUPG. (2.63)

Proof: First notice that PV = PV
∗ and

PV
2 = PGPU(PFPGPF)−1PUPGPGPU(PFPGPF)−1PUPG =

PGPU(PFPGPF)−1PFPGPFPU
2(PFPGPF)−1PUPG =

PGPU(PFPGPF)−1PUPG = PV .
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Further, if v ∈ V then it is represented in the form v = PGu, where u ∈ U . We

have:

PVv = PGPU(PFPGPF)−1PUPG(PGPFu) =

PGPU(PFPGPF)−1PFPGPFPUu = PGPUu = PGu = v.

We need to show now that PVv⊥ = 0 for any v⊥ ∈ V⊥. Assume that

PGPU(PFPG|U)−1PUPGv⊥ = v 6= 0. Evidently v ∈ V , and consequently, it can be

represented as v = PGu for some u ∈ U . Then we have PG(PU(PFPG|U)−1PUPGv⊥−

u) = 0, which means that PU(PFPG|U)−1PUPGv⊥ − u ∈ G⊥. But we also have

PU(PFPG|U)−1PUPGv⊥ − u = u′ ∈ U and we get u′ ∈ U ∩ G⊥ 6= {0}. But this is

a contradiction, since the inverse of the operator PFPG|U is not bounded.

Lemma 2.89 If U ⊂ F and V ⊂ G form a pair of the principal invariant

subspaces for subspaces F , G and π
2

/∈ Θ(U ,V), then the operators PFPG|U ,

PGPF |V are invertible and their inverses are bounded.

Proof: We have 0 /∈ Σ(PUPV |U) and 0 /∈ Σ(PVPU |V). Using the same argument

is in the proof of Theorem 2.33, we conclude that Σ(PUPV |U) = Σ(PVPU |V) is

a compact subset of [0, 1], separated from 0. This means that there exists an

m > 0 such that ‖PFPG|Fu‖ ≥ m‖u‖ for every u ∈ F and ‖PGPF |Gv‖ ≥ m‖v‖

for every v ∈ G. Finally, using Corollary 3 ([77], p. 43), which states that an

operator T ∈ B(H) admits a continuous inverse T−1 if and only if there exists

a positive constant γ such that ‖Tu‖ ≥ γ‖u‖ for every u from the domain of T

we conclude that the assertion is proved.

The following lemma provides other relations between the invariant and

principal invariant subspaces.
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Lemma 2.90 Let U ⊆ F be an invariant subspace of the operator PFPG|F ,

V = PGU , and π
2

/∈ Θ(U ,V). Then U and V form a pair of principal invariant

subspaces for subspaces F and G. For the given subspace U , the corresponding

subspace V is unique.

Proof: From Lemma 2.89 we conclude that the operators PFPG|U , PGPF |V are

invertible and their inverses are bounded. Then, using Lemma 2.87, we have

PFPG|FU = U , which means PFV = U . Similarly, we get PGU = V . Finally,

we conclude that U and V form a pair of principal invariant subspaces. The

uniqueness of V follows from the equality V = (PFPG|U)−1U .

Now we investigate some properties of principal invariant subspaces similar

to those of principal subspaces.

Theorem 2.91 If U ⊂ F and V ⊂ G form a pair of the principal invariant

subspaces for subspaces F and G, then U and V are invariant subspaces of the

operators PFPG|F and PGPF |G, respectively.

Proof: We have using Definition 2.86:

PFPG|FU = PF(PGU) = PFV = U ;

PGPF |GV = PG(PFV) = PGU = V .

Theorem 2.92 Let U and V be the principal invariant subspaces for subspaces

F and G and 0, π
2

/∈ Θ(U ,V). Define

U⊥ = R(PF⊥PV |F⊥), V⊥ = R(PG⊥PU |G⊥). (2.64)
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Then

• U⊥, V are the principal invariant subspaces for subspaces F⊥ and G;

• U , V⊥ are the principal invariant subspaces for subspaces F and G⊥;

• U⊥, V⊥ are the principal invariant subspaces for subspaces F⊥ and G⊥.

Proof: We have max{cos(Θ(U ,V))} < 1, since by the assumptions 0, π
2

/∈

Θ(U ,V). Consequently, using Lemma 2.32 and (2.3), we conclude that the third

criterion of Theorem 2.2 holds. The remaining part of a proof is similar to that

of Theorem 2.82.

The following assertions connect the sets of angles between a given pair of

subspaces and a pair of their principal invariant subspaces.

Lemma 2.93 If U ⊂ F and V ⊂ G form a pair of principal invariant subspaces

for subspaces F and G, then

Θ(U ,V) ⊆ Θ(F ,G).

Proof: Using Theorem 2.91, we conclude that U is an invariant subspace of

the operator PFPG|F and V is an invariant subspace of the operator PGPF |G.

Then we have the decompositions

PFPG|F = PUPV |U ⊕ PFªUPGªV |FªU

and

PGPF |G = PVPU |V ⊕ PGªVPFªU |GªV .

61



From these equalities, using Theorem 7.28, p. 208, [73], mentioned in Section

2.4, we get

Σ(PFPG|F) = Σ(PUPV |U) ∪ Σ(PFªUPGªV |FªU)

and

Σ(PGPF |G) = Σ(PVPU |V) ∪ Σ(PGªVPFªU |GªV),

that imply Θ̂(U ,V) ⊆ Θ̂(F ,G) and Θ̂(V ,U) ⊆ Θ̂(G,V). These two inclusions

prove the assertion.

Lemma 2.94 Let U ⊂ F and V ⊂ G be a pair of principal invariant subspaces

for subspaces F and G, and U ⊂ U , V ⊂ V be a pair of the principal invari-

ant subspaces for subspaces U and V. Then U , V form a pair of the principal

invariant subspaces for subspaces F , G, and

Θ(U ,V) ⊆ Θ(U ,V) ⊆ Θ(F ,G).

Proof: The proof follows directly from Definition 2.86 and Lemma 2.93.

Now, let us investigate the relationships between principal invariant sub-

spaces provided by (partial) isometries from Section 2.3. In the following theo-

rem we use the fact of existence of a polar decomposition which is guaranteed

by Lemma 2.15.

Theorem 2.95 Let {U ,V} be a pair of principal invariant subspaces of the

subspaces F ,G, and PU , PV be the orthogonal projectors on these subspaces,

respectively. Assume also that

PGPF = W
√

PFPGPF (2.65)
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is the polar decomposition of the operator PGPF , with W (partial) isometry.

Then:

1. V = WU ; U = W ∗V ;

2. PV = WPUW ∗; PU = W ∗PVW .

Proof: We prove only the first parts of the both assertions; the second parts

are analogous.

It follows directly from Definition 2.86 that PFPGPFU = U (see also The-

orem 2.91). From this equality we obtain that
√

PFPGPFU = U . Multiplying

both sides of (2.65) by U and using Definition 2.86 again, we have:

V = PGU = PGPFU = W
√

PFPGPFU = WU .

From the equality PGPU = PVPF we have PGPFPU = PVPGPF . Next, using

(2.65), we have

W
√

PFPGPFPU = PVW
√

PFPGPF . (2.66)

Using Theorem 2.91 again, U is an invariant subspace for
√

PFPGPF , and con-

sequently
√

PFPGPFPU = PU

√
PFPGPF . Then we have from (2.66)

WPU = PVW,

multiplying both sides of which by W ∗ from the right and using the fact that

WW ∗ is a projector onto the subspace of G, which contains V as a subspace,

leads to the first part of the second assertion.

Remark 2.96 Using Theorem 2.16, we conclude that if the inequality (2.13)

holds, then the assertions of Theorem 2.95 hold for both choices of W = W̃ and

W = Ŵ , where W̃ and Ŵ are defined by (2.14) and (2.17), respectively.
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2.9 Principal Spectral Decompositions

Before we investigate principal spectral decompositions of interesting oper-

ators, we formulate the definitions and basic properties of the spectral family

and a spectral measure corresponding to a given selfadjoint operator. Next, we

give Lemma 2.88 in terms of a principal spectral decomposition. We also show

how the isometries given in Section 2.3 link the spectral families of two products

of projectors.

Definition 2.97 ([37, 62]). A one-parameter family of orthogonal projectors

depending on a real parameter λ with properties

• a) E(λ) ≤ E(µ), or equivalently, E(λ)E(µ) = E(λ) for λ ≤ µ;

• b) E(λ + 0) = E(λ);

• c) E(λ) = 0, λ < m and E(λ) = I, λ ≥ M for some given pair of real

numbers m ≤ M

is called a spectral family.

Definition 2.98 (Definition C.10, p. 380, [10]). Let X be a compact subset

of real line. The set of the smallest σ-algebra of subsets of X that contains all

open sets is called a Borel set.

Theorem 2.99 ([62]). Every selfadjoint transformation T in Hilbert space,

with greatest lower and least upper bounds of Σ(T ) equal to m and M , uniquely
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defines a spectral family such that

T =

∫ M

m−0

λE(dλ) (2.67)

holds.

Let us now describe in a nutshell a method of constructing a spectral measure

from a spectral family, e.g., [37]. First, for any semiclosed interval J = (λ′, λ′′] we

set E(J) = E(λ′′)−E(λ′), which is the orthogonal projector onto the subspace

R(E(λ′′)) ª R(E(λ′)). Evidently, E(J ′)E(J ′′) = E(J ′′)E(J ′) = 0 for disjoint

J ′, J ′′. For any real λ, we set P (λ) = E(λ) − E(λ − 0), which is a projector

onto the subspace R(E(λ)) ª R(E(λ − 0)). If δ is the union of a finite number

of intervals (open, closed or semiclosed) on the real line, δ can be expressed as

the union of disjoint semiclosed intervals and points {λ}. Let us define E(δ)

as the sum of the corresponding E(J) or P (λ). Then E(δ) is called a spectral

measure on the class of all sets δ described above. This measure E(δ) can

then be extended to the class of all Borel sets of the real line by a standard

measure-theoretic construction, e.g., [16].

The properties of the resulting spectral measure are given by the following

relations, where δ, δ′ and δ′′ are arbitrary Borel sets:

1. E(δ′ ∩ δ′′) = E(δ′)E(δ′′);

2. E(δ′ ∪ δ′′) = E(δ′) + E(δ′′) − E(δ′)E(δ′′);

3. E(Σ(T )) = I;

4. E(∅) = 0;
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5. E(δ)T = TE(δ);

6. Σ(Tδ) ⊆ δ̄, where Tδ = T |E(δ)H is the restriction of T to the subspace

Hδ = E(δ)H, and δ̄ denotes the closure of δ;

7.
∑∞

i=1 E(δi)x = E(∪∞
i=1δi)x, ∀x ∈ H.

The first four properties are the general properties of orthogonal projectors.

The last three properties determine the corresponding to T spectral measure.

We can summarize the above construction of a spectral measure by the

following assertions:

Lemma 2.100 ([16], p. 897, Corollary 4). A bounded selfadjoint operator T

uniquely determines a countably additive spectral measure E on the Borel sets of

the real line which vanishes on the resolvent set of T and has the property that

f(T ) =

∫

Σ(T )

f(λ)E(dλ), f ∈ C(Σ(T )),

where C(Σ(T )) is the space of continuous functions on Σ(T ).

Definition 2.101 ([16]). The uniquely defined spectral measure, associated in

Lemma 2.100 with the selfadjoint operator T , is called the resolution of the

identity for T .

Lemma 2.102 ([16], p. 898, Corollary 7). Let E be a countably additive spec-

tral measure defined on the Borel sets of the real line. Then E is the resolution

of the identity for the bounded selfadjoint operator T if and only if the equality

T =

∫

Σ(T )

λE(dλ).

holds.
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Lemma 2.103 ([10]). If T =
∫

Σ(T )
λE(dλ) is a spectral decomposition of a

selfadjoint operator T , then E(δ)H is a invariant subspace for every Borel set

δ.

Using Lemma 2.103, we can introduce following

Definition 2.104 Let Θ ⊆ Θ(F ,G) be a Borel set, and {E1}, {E2} be the

spectral measures corresponding to the operators PFPGPF and PGPFPG, respec-

tively. Then U(Θ) = E1(cos(Θ))H and V(Θ) = E2(cos(Θ))H are called a pair

of principal invariant subspaces corresponding to the set of angles Θ.

Now let Θ ⊆ Θ(F ,G) be a Borel set and denote by PU(Θ) and PV(Θ) the or-

thogonal projectors onto the invariant subspaces U(Θ) and V(Θ) corresponding

to Θ.

The following lemma and theorem give a generalization of the results of

Lemma 2.54 and Lemma 2.60.

Lemma 2.105 Let Θ′, Θ′′ ⊆ Θ(F ,G)\{π
2
} be the Borel sets. Then the following

equality

PU(Θ′)PU(Θ′′) = PU(Θ′∩Θ′′) (2.68)

holds.

Proof: Denote by {E} a spectral measure of the operator PFPGPF . Then,

using Lemma 2.103 we have U(Θ′) = E(cos(Θ′))H and U(Θ′′) = E(cos(Θ′′))H.

But then, using the first property of spectral measure, we get:

PU(Θ′)PU(Θ′′) = E(cos(Θ′))E(cos(Θ′′)) = E(cos(Θ′) ∩ cos(Θ′′)) = PU(Θ′∩Θ′′),

which is (2.68).
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Theorem 2.106 Under assumptions of Lemma 2.105 the following relation

PU(Θ′)PV(Θ′′) = PU(Θ′∩Θ′′)PG (2.69)

holds.

Proof: Based on Lemma 2.88 and on Lemma 2.105 we have:

PU(Θ′)PV(Θ′′) = PU(Θ′)PGPU(Θ′′)(PFPG|U(Θ′′))
−1PU(Θ′′)PG =

PU(Θ′)(PFPG|U(Θ′′))PU(Θ′′)(PFPG|U(Θ′′))
−1PU(Θ′′)PG =

PU(Θ′)PU(Θ′′)PG = PU(Θ′∩Θ′′)PG.

Corollary 2.107 If for Borel sets Θ′ and Θ′′, Θ′ ∩ Θ′′ = ∅ then

PU(Θ′)PV(Θ′′) = 0,

that is, we have byorthogonal projectors.

The following theorem gives the result of Lemma 2.88 in terms of a principal

spectral decomposition.

Theorem 2.108 Let {E1} and {E2} be the spectral measures of the operators

PFPG|F and PGPF |G, respectively. Further, let Θ ⊆ Θ(F ,G) \ {π
2
} be the Borel

set, PU(Θ) =
∫
cos(Θ)

E1(dλ) and PV(Θ) =
∫
cos(Θ)

E2(dλ). Then the following rela-

tion

PV(Θ) = PG

{∫

cos(Θ)

1

λ
E1(dλ)

}
PG (2.70)

holds.
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Proof: We have using Lemma 2.100

∫

cos(Θ)

1

λ
E1(dλ) = {PFPG|U(Θ)}−1 = PU(Θ){PFPG|U(Θ)}−1PU(Θ).

Based on this equality and on Lemma 2.88 we conclude that equality (2.70)

holds.

Now we obtain a result which generalizes the relation between orthogonal

projectors onto the principal invariant subspaces of subspaces F , G obtained in

Theorem 2.95.

Theorem 2.109 Let E1(s) and E2(s) be the spectral families of the operators

PFPGPF and PGPFPG, respectively, and the polar decomposition of the operator

PGPF is given by (2.65). Then the relationship between the spectral families

E1(s) and E2(s) is given by

E2(s) = WE1(s)W
∗. (2.71)

Proof: Denote F (s) = WE1(s)W
∗. We need to show that {F (s), s ∈ R} is a

spectral family and that

PGPFPG =

∫

R

sF (ds). (2.72)

To show that {F (s), s ∈ R} is a spectral family, we need to prove the following:

• F (s) is an orthogonal projector for any s ∈ R. We have: (F (s))∗ =

F (s) and (F (s))2 = WE1(s)W
∗WE1(s)W

∗. The product W ∗W in the

last expression is equal to PF or to the identity. In both cases we have

(F (s))2 = W (E1(s))
2W ∗ = WE1(s)W

∗ = F (s);
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• F (s)F (t) = F (s) if s ≤ t. For this we have: F (s)F (t) = WE1(s)E1(t)W
∗ =

WE1(s)W
∗ = F (s).

• F (s + 0) = F (s) for s ∈ R; this is evident, because E1(s + 0) = E1(s);

• lims→−∞ F (s) = 0 and lims→∞ F (s) = I. These relations are also immedi-

ate consequences of the relations lims→−∞ E1(s) = 0 and lims→∞ E1(s) =

I.

It remains to show that (2.72) is true. For W = W̃ we have:

∫

R

sF (ds) = W

∫

R

sE1(ds)W ∗ = WPFPGPFW ∗ =

W
√

PFPGPF(W
√

PFPGPF)∗ = PGPF(PGPF)∗ = PGPFPG. (2.73)

Remark 2.110 Using Theorem 2.16, we conclude that if inequality (2.13)

holds, the assertion of Theorem 2.109 holds for both choices of W = W̃ and

W = Ŵ , where W̃ and Ŵ are defined by (2.14) and (2.17), respectively.
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3. Discrete Angles Between Subspaces

In this chapter, we formulate the definition and basic properties of s-numbers

of bounded operators on Hilbert space following [22] and define the discrete an-

gles between subspaces using s-numbers. Similar to the general case of Chapter

2, we introduce principal angles, principal (invariant) subspaces, and investigate

their properties for discrete angles. Discrete angles are the subset of angles of

Chapter 2, characterized by variational principles.

3.1 Definition and Basic Properties of s-Numbers

In this section, we remind the reader of the definition of s-numbers, and

give their basic properties, following [22]. We show that s-numbers can be

equivalently obtained by Courant-Fisher max-min principle. We also provide

some relations between the s-numbers of different operators that we need later.

Let H be a Hilbert space and A ∈ B(H) be a bounded linear operator

defined on H. Let us present here the known definitions and results related to

s-numbers, e.g., [22, 61].

Definition 3.1 [22]. A point of the spectrum of selfadjoint operator T ∈ B(H)

is called a point of the condensed spectrum, if it is either an accumulation point

of the spectrum of T or an eigenvalue of T of infinite multiplicity.

Remark 3.2 The above definition is the same as definition of an essential spec-

trum of selfadjoint operator, see e.g., [73], p. 202. Consequently, we denote this

subset of Σ(T ) by Σe(T ).
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Denote by µ the supremum of the spectrum of T ∈ B(H). If the point µ

belongs to Σe(T ), we set

λj(T ) = µ, j = 1, 2, . . . .

If the point µ does not belong to Σe(T ), then it is an eigenvalue of finite multi-

plicity and in this case we set

λj(T ) = µ, j = 1, 2, . . . , p,

where p is the multiplicity of the eigenvalue µ. In the latter case the subsequent

numbers λj(T ), j = p + 1, . . . are defined by

λp+j(T ) = λj(T1), j = 1, 2, . . . ,

where the operator T1 is given by

T1 = T − µP,

and P is the orthogonal projector onto the eigenspace of the operator T corre-

sponding to the eigenvalue µ.

Definition 3.3 The s-numbers of an operator A ∈ B(H) are defined by

sj(A) = λj(
√

A∗A), j = 1, 2, . . . , (3.1)

and λj(T ) are obtained by the above described procedure with T =
√

A∗A.

According to Definition 3.3, the sequence of s-numbers {sj(A)}∞1 of an ar-

bitrary operator A ∈ B(H) is nonincreasing and

lim
j→∞

sj(A) = s∞(A), (3.2)
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where s∞(A) denotes the number λ∞(T ) = sup{λ | λ ∈ Σe(T )} (see [22], p.

60).

Also, from the definition of s-numbers it follows (see [22], p. 61) that for

any operator A ∈ B(H)

sj(A) = sj(A
∗), j = 1, 2, . . . (3.3)

and for any scalar c

sj(cA) = |c|sj(A), j = 1, 2, . . . . (3.4)

The following lemma shows that the above described procedure for obtaining

λj(T ), j = 1, 2, . . . gives us the Courant-Fischer values, e.g., [31, 36, 39, 61], of

an operator T .

Lemma 3.4 Let U be an eigenspace of a selfadjoint operator T ∈ B(H) corre-

sponding to an eigenvalue λ, and PU be the orthogonal projector onto U . Then

the following equalities

T − λPU = (I − PU)T (I − PU) = (I − PU)T = T (I − PU)

hold.

Proof: Since T = T ∗ and U is an eigenspace of T , then U is an invariant

subspace, e.g., [10] for the operator T and we have

TPU = PUT = PUTPU = λPU . (3.5)

But then T − λPU = T (I − PU) and the assertion follows from the fact that T

commutes also with I − PU .
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Let us now consider the Courant-Fischer principle and the properties of the

corresponding extremal values for bounded operators. First, we consider the

Courant-Fischer values for a bounded selfadjoint operator A from the top:

λ↓
k(T ) = sup

Hk⊂H
dimHk=k

inf
u∈Hk

‖u‖=1

(u, Tu), k = 1, 2, . . . . (3.6)

The resulting sequence Λ↓(T ) is ordered nonincreasingly:

λ↓
1(T ) ≥ λ↓

2(T ) ≥ . . . .

Second, we consider the Courant-Fischer values from the bottom:

λ↑
k(T ) = inf

Hk⊂H
dimHk=k

sup
u∈Hk

‖u‖=1

(u, Tu), k = 1, 2, . . . . (3.7)

The resulting sequence Λ↑(T ) is ordered nondecreasingly:

λ↑
1(T ) ≤ λ↑

2(T ) ≤ . . . .

It is known, e.g., [61], Theorem XIII.1, p. 76, that for the Courant-Fischer

values from the top(bottom) there exist only two possibilities. For each fixed k

either:

• there are k eigenvalues (counting the multiplicities) above(below) the

top(bottom) of the essential spectrum, and λ↓
k(T ) (λ↑

k(T )) is the kth eigen-

value counting multiplicity;

• λ↓
k(T ) (λ↑

k(T )) is the top(bottom) of the essential spectrum, that is λ↓
k(T ) =

sup{λ | λ ∈ Σe(T )} (λ↑
k(T ) = inf{λ | λ ∈ Σe(T )}) and in that case

λ↓
k(T ) = λ↓

k+1(T ) = . . . (λ↑
k(T ) = λ↑

k+1(T ) = . . . ) and there are at most

k − 1 eigenvalues (counting multiplicity) above(below) λ↓
k(T ) (λ↑

k(T )).
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Lemma 3.5 Let T ∈ B(H) be selfadjoint, and α be a real number. Then the

following equality

λ↑
k(T ) = α − λ↓

k(αI − T ) (3.8)

holds.

Proof: We have:

α − λ↓
k(αI − T ) = α − sup

Hk⊂H
dimHk=k

inf
u∈Hk

‖u‖=1

(u, (αI − T )u) =

α − sup
Hk⊂H

dimHk=k

inf
u∈Hk

‖u‖=1

[α − (u, Tu)] = α − sup
Hk⊂H

dimHk=k

[α − sup
u∈Hk

‖u‖=1

(u, Tu)] =

inf
Hk⊂H

dimHk=k

sup
u∈Hk

‖u‖=1

(u, Tu) = λ↑
k(T ).

Corollary 3.6 Let T ∈ B(H) be selfadjoint, and α be a real number. Then the

following equality

λ↓
k(T ) = α − λ↑

k(αI − T ) (3.9)

holds.

Corollary 3.7 If T ∈ B(H) is selfadjoint, then

λ↓
k(T ) = −λ↑

k(−T ), k = 1, 2, . . . . (3.10)

The following lemma gives a relation between the Courant-Fischer values of

two interesting operators.

Lemma 3.8 For any k = 1, 2, . . . the following equality

λ↑
k(PFPG⊥ |F) = 1 − λ↓

k(PFPG|F) (3.11)

holds.

75



Proof: The proof of this lemma follows from Corollary 3.6 with α = 1,

T = PFPG|F and PFPG⊥ |F + PFPG|F = PF |F = IF .

3.2 Discrete Angles Between Subspaces

Here we give two equivalent definitions of discrete angles between subspaces.

The first definition is recursive, and the second one is based on Courant-Fischer

numbers of some relevant operators. We consider sequences of discrete angles

between different pairs of subspaces.

Let F and G be proper nontrivial subspaces of H, and PF and PG be the

orthogonal projectors onto F and G, respectively.

Definition 3.9 Denote q = min{dimF , dimG}. The smallest discrete principal

angles θ1, . . . , θq ∈ [0, π/2] between F and G are defined recursively for k =

1, . . . , q by

cos(θk) = sup
u∈F

sup
v∈G

|(u, v)| = |(uk, vk)| (3.12)

subject to

‖u‖ = ‖v‖ = 1, (u, ui) = (v, vi) = 0, i = 1, . . . , k − 1,

provided that the pair of vectors uk, vk exists. If for some k = n the pair uk, vk

does not exist, we set θk = θn for all k > n.

If q = ∞, we have a sequence of discrete angles θ1, θ2, . . . .

Theorem 3.10 Let F and G be the subspaces of a Hilbert space H, PF , PG be the

orthogonal projectors onto these subspaces, respectively, and θk, k = 1, 2, . . . , q

be defined by (3.12). Then θk = arccos(sk(PFPG)), k = 1, 2, . . . , q.
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Proof: First let us prove that

cos(θ1) = s1(PFPG) = ‖PFPG‖ = sup
u∈F
‖u‖=1

sup
v∈G

‖v‖=1

|(u, v)|. (3.13)

We use for the proof a bilinear form representation of an operator (see, e.g., [73],

Theorem 5.35, p. 120). Then we have:

‖PFPG‖ = sup
u∈H
‖u‖=1

sup
v∈H
‖v‖=1

|(u, PFPGv)| = sup
u∈H
‖u‖=1

sup
v∈H
‖v‖=1

|(PFu, PGv)| =

sup
u∈F
‖u‖=1

sup
v∈G

‖v‖=1

|(PFu, PGv)| = sup
u∈F
‖u‖=1

sup
v∈G

‖v‖=1

|(u, v)|.

Next, using Lemma 3.4 we get:

cos(θk) = sk(PFPG) = sup
u∈H
‖u‖=1

u⊥Uk−1

|(u, |PGPF |u)| =

sup
u∈H
‖u‖=1

|(u, (I − PVk−1
)|PGPF |(I − PUk−1

)u)| =

sup
u∈H
‖u‖=1

|((I − PVk−1
)u, PGPF(I − PUk−1

)u)| =

sup
u∈H
‖u‖=1

|(PG(I − PVk−1
)u, PF(I − PUk−1

)u)| =

sup
u∈H
‖u‖=1

|(PGªVk−1
u, PFªUk−1

u)| =

sup
u∈F
‖u‖=1

u⊥Uk−1

sup
v∈G

‖v‖=1
v⊥Vk−1

|(u, v)| = (uk, vk) = cos(θk).

Since the s-numbers are defined by (3.1), using the assertion of Theorem

3.10, we can introduce the following definition, equivalent to Definition 3.9.

Definition 3.11 The sequence

Θ↑
d(F ,G) =

{
θk : θk = arccos

(√
λ↓

k(PFPG|F)
)
, k = 1, 2, . . . , q

}
(3.14)
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where λ↓
k(PFPG|F) are the Courant-Fischer numbers of the operator PFPG|F ,

given by (3.6), is called the sequence of smallest discrete principal angles between

subspaces F and G.

To define the sequence of largest discrete angles we need the intersec-

tion of two sequences, which we define in the following way. Assume that

we have two sequences of real numbers, one of which contains in the begin-

ning a finite number of terms that do not belong to other sequence. Remain-

ing parts are the same. If we denote the sequences by {ri}∞i=1 and {ti}∞i=1,

then there exists minimal positive integer k such that {r1, . . . rk, t1, t2, . . . } =

{r1, r2, . . . }, or {t1, . . . tk, r1, r2, . . . } = {t1, t2, . . . }. If there exists such k for

the first equality, then we call {ti}∞i=1 = {ti}∞i=1 ∩ {ri}∞i=1. Otherwise we set

{ri}∞i=1 = {ti}∞i=1 ∩ {ri}∞i=1.

Definition 3.12 The sequence

Θ↓
d(F ,G) =

{
θk : θk = arcsin

(√
λ↓

k(PFPG⊥ |F)
)
, k = 1, . . . , dimF

}

∩
{

θk : θk = arcsin
(√

λ↓
k(PGPF⊥ |G)

)
, k = 1, 2, . . . , dimG

}
(3.15)

where λ↓
k(PFPG⊥ |F) and λ↓

k(PGPF⊥ |G)are the Courant-Fischer numbers from the

top of the operators PFPG⊥ |F and PGPF⊥ |G, respectively, given by (3.6), is called

the sequence of largest discrete principal angles between subspaces F and G.

It follows from Definition 3.11 that Θ↑
d(F ,G) = Θ↑

d(G,F) and this fact is

discussed in detail in Theorem 3.14. If we defined the largest discrete angles

using only one product of projectors, the result would not be symmetric with

respect to the subspaces. To make it symmetric, we consider the intersection of

the sequences.
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Remark 3.13 Let us consider the sequence of discrete angles as the set of its

components. Then we have the following relationships between these sets and the

sets of angles defined in general case by Definition 2.19: Θ↑
d(F ,G) ⊆ Θ(F ,G),

Θ↓
d(F ,G) ⊆ Θ(F ,G). If q < ∞, then Θ↑

d(F ,G) = Θ↓
d(F ,G).

The following theorem provides a detailed description of the sequences of

discrete angles. For reader’s convenience, we repeat here the notation of sub-

spaces, that are used in decompositions of the space, (2.4), (2.5), (2.6), (2.8).

Theorem 3.14 Let F and G be subspaces of H, M00 = F ∩G, M01 = F ∩G⊥,

M10 = F⊥ ∩ G, M11 = F⊥ ∩ G⊥, M = M0 ⊕ M1, M0 = F ª (M00 ⊕ M01),

M1 = F⊥ ª (M10 ⊕M11), M′
0 = G ª (M00 ⊕M10). Denote for transparency of

the correspondence by F = M0 and G = M′
0. Then:

1.

Θ↑
d(F ,G) = (0, . . . , 0, Θ↑

d(F,G),
π

2
, . . . ,

π

2
), (3.16)

where number of 0s is equal to dim M00, number of angles in Θ↑
d(F,G) is

equal to dim F = dimG, number of π
2
s is equal to

min{dim M01, dim M10}.

If any of M00 or F are infinite dimensional, then the next part does not

appear in the sequence.

2. Θ↑
d(G,F) = Θ↑

d(F ,G);

3.

Θ↓
d(F ,G) = (

π

2
, . . . ,

π

2
, Θ↓

d(F,G), 0, . . . , 0), (3.17)
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where number of π
2
s is equal to

min{dim M01, dim M10},

number of 0s is equal to dim M00. If any of previous subspaces is infinite

dimensional, then the next part does not appear in the sequence.

4. Θ↓
d(G,F) = Θ↓

d(F ,G);

5.

Θ↑
d(F ,G⊥) = (0, . . . , 0,

π

2
− Θ↓

d(F,G),
π

2
, . . . ,

π

2
), (3.18)

where number of 0s is equal to dim M01, number of π
2
s is equal to

min{dim M00, dim M11}.

If any of previous subspaces is infinite dimensional, then the next part does

not appear in the sequence.

6.

Θ↓
d(F ,G⊥) = (

π

2
, . . . ,

π

2
,

π

2
− Θ↑

d(F,G), 0, . . . , 0), (3.19)

where number of π
2
s is equal to

min{dim M00, dim M11},

number of 0s is equal to dim M01. If any of previous subspaces is infinite

dimensional, then the next part does not appear in the sequence.

7.

Θ↑
d(F⊥,G⊥) = (0, . . . , 0, Θ↑

d(F,G),
π

2
, . . . ,

π

2
), (3.20)
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where number of 0s is equal to dim M11, number of π
2
s is equal to

min{dim M10, dim M01}.

If any of previous subspaces is infinite dimensional, then the next part does

not appear in the sequence.

8.

Θ↓
d(F⊥,G⊥) = (

π

2
, . . . ,

π

2
, Θ↓

d(F,G), 0, . . . , 0), (3.21)

where number of π
2
s is equal to

min{dim M10, dim M01},

number of 0s is equal to dim M11. If any of previous subspaces is infinite

dimensional, then the next part does not appear in the sequence.

Proof: Let us prove only the first assertion. The proof of other assertions is

similar. Following Defininition 3.11, we need to consider the Courant-Fischer

numbers of the operator PFPG|F from the top. Let us consider the decomposi-

tions (2.10) not only for PFPG|F , but also for PGPF |G. We have:

PFPG|F = PFPG|M00
⊕ PFPG|M01

⊕ PFPG|M = I|M00
⊕ 0|M01

⊕ PFPG|M,

PGPF |F = PGPF |M00
⊕ PGPF |M10

⊕ PGPF |M = I|M00
⊕ 0|M10

⊕ PFPG|M.

The first parts I|M00
give the cosines equal to 1, that is the zero angles and

their number is equal to dim M00. The second parts 0|M01
and 0|M10

, give

the cosines equal to 0, that is the right angles and their number is equal to

min{dim M01, dim M10}. The third parts both give the angles Θ↑
d(F,G), and
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their number is equal to dim F = dimG. If we consider only one decomposition,

that is if we follow to Definition 3.11, then we consider only k = 1, 2, . . . , q

angles, which results in the same sequence of the angles. Because of this we do

not need to consider the intersection of the sequences for the smallest angles.

3.3 Principal Vectors, Principal Subspaces and Principal Invariant

Subspaces Corresponding to the Discrete Angles

In this section, we define, similar to the general case of Chapter 2, the prin-

cipal vectors, principal (invariant) subspaces and discuss their properties. The

subset of discrete angles is determined, for which all properties of the princi-

pal vectors and principal subspaces from the general case also hold for discrete

angles. The set of principal invariant subspaces in case of discrete angles is

described.

The definitions of principal vectors and principal subspaces are similar to

Definition 2.50 and Definition 2.71.

Definition 3.15 Normalized vectors u = u(θ) ∈ F and v = v(θ) ∈ G form

a pair of principal vectors for subspaces F and G corresponding to the angle

θ ∈ Θd(F ,G), if the equalities

PFv = cos(θ)u, PGu = cos(θ)v (3.22)

hold.

Definition 3.16 A pair of subspaces U ⊆ F , V ⊆ G is called a pair of prin-

cipal subspaces for subspaces F and G corresponding to the angle θ ∈ Θd(F ,G),

if the equalities

PFPV |F = cos2(θ)PU , PGPU |G = cos2(θ)PV (3.23)
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hold.

In Chapter 2 we have shown in Theorem 2.57 that there exists a pair of

principal vectors for subspaces F and G corresponding to a given angle θ ∈

Θ(F ,G) \ {π
2
} if and only if θ ∈ Θp(F ,G) \ {π

2
}; and in Theorem 2.77 that there

exists a pair of principal subspaces for subspaces F and G corresponding to a

given angle θ ∈ Θ(F ,G) \ {π
2
} if and only if θ ∈ Θp(F ,G) \ {π

2
}.

Let us consider the set

Θdp(F ,G) = {Θ↓
d(F ,G) ∪ Θ↑

d(F ,G)} ∩ Θp(F ,G) (3.24)

of all discrete angles, cosines of which also are the eigenvalues of the correspond-

ing operators. Then it follows directly from Theorem 2.57 that

Theorem 3.17 There exists a pair of principal vectors for subspaces F and G

corresponding to a given angle θ ∈ Θd(F ,G) \ {π
2
} if and only if θ ∈ Θdp(F ,G) \

{π
2
}.

It follows directly from Theorem 2.77 that

Theorem 3.18 There exists a pair of principal subspaces for subspaces F and G

corresponding to a given angle θ ∈ Θd(F ,G) \ {π
2
} if and only if θ ∈ Θdp(F ,G) \

{π
2
}.

For the angles belonging to Θdp(F ,G) defined by (3.24), all properties of

principal vectors and principal subspaces given in Section 2.6 and Section 2.7,

hold.

Let us consider now the principal invariant subspaces in the discrete case.

We need to mention here the following: Θdp(F ,G) can be empty, finite, or
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countably infinite.

Definition 3.19 A pair of subspaces U ⊆ F , V ⊆ G is called a pair of principal

invariant subspaces for subspaces F and G, if at least one of them is spanned by

an arbitrary subset of the discrete principal vectors of the corresponding subspace,

corresponding to a subset of Θdp(F ,G) \ {π
2
} and the equalities

PFV = U , PGU = V (3.25)

hold.

Theorem 3.20 Let U ⊆ F be spanned by the set of discrete principal vectors

{uj}, 1 ≤ j ≤ J , where J ≤ ∞, and uj corresponds to a discrete angle θj ∈

Θdp(F ,G)\{π
2
}. Then the subspace V ⊆ G which with U forms a pair of principal

invariant subspaces, is spanned by {vj}, 1 ≤ j ≤ J , where {uj, vj} form a pair

of principal vectors, corresponding to the angles θj, 1 ≤ j ≤ J .

Proof: Consider a set of vectors {vj} with vj = (1/ cos(θj))PGuj, 1 ≤ j ≤

J . Using Theorem 2.56, {uj, vj} form a pair of (discrete) principal vectors,

corresponding to θj, 1 ≤ j ≤ J . For arbitrary v ∈ V , based on Definition 3.19,

there exists u ∈ U such that v = PGu. If u =
∑J

j=1 ξjuj, then v =
∑J

j=1 ξj
′vj,

where ξj
′ = ξj cos(θj).
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4. Estimates for Angles Between Subspaces

In this chapter, we prove an estimate for Hausdorff distance between the

spectra of absolute values of bounded linear operators. This estimate can be used

for getting other estimates for the proximity s-numbers of bounded operators.

Next, we obtain the estimates for the proximity of squared cosines of the angles.

4.1 Perturbation Bound for the Spectrum of an Absolute Value of a

linear Operator

As we have seen in Section 3.1, the s-numbers of an operator are defined

using the absolute value of the operator. Next, based on s-numbers, we defined

the discrete angles in Section 3.2. On the other hand, there exists an estimate

for the distance between the spectra of two selfadjoint operators, which is given

below. Consequently, having the estimate of the distance between the spectra of

the absolute values of the relevant operators, is one possible way of estimating

the proximity of the sets of angles between subspaces. We obtain an estimate

of this kind here.

By dist(S1, S2) we denote a Hausdorff distance, e.g., [37] between the sets

S1 and S2 on a real line, which is defined by

dist(S1, S2) = max{sup
u∈S1

d(u, S2), sup
v∈S2

d(v, S1)},

and d(u, S) = infv∈S |u − v| is the distance between a point u and a set S.

Let A,B ∈ B(H) be the linear bounded operators. It is known (see, e.g.,

[37], [59]) that if A and B are selfadjoint operators, then the following inequality
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holds:

dist(Σ(A), Σ(B)) ≤ ‖A − B‖. (4.1)

The aim of the next theorem is to get a bound on the spectral perturbation

for an absolute value of a linear bounded operator.

Theorem 4.1 Assume A and B are linear bounded operators on a Hilbert space

H and the equalities Σ(AA∗) = Σ(A∗A) and Σ(BB∗) = Σ(B∗B) hold. Then the

following inequality holds:

dist(Σ(|A|), Σ(|B|)) ≤ ‖A − B‖. (4.2)

Proof: Consider an operator

Â =




0 A

A∗ 0


 (4.3)

acting on H ⊕ H. First let us show that the spectrum of the operator Â is a

symmetric subset of the real axis, that is if σ ∈ Σ(Â) then also −σ ∈ Σ(Â).

That Σ(Â) is real follows from the fact that Â is selfadjoint. Next, let us assume

that σ ∈ P (Â), where P (Â) is the resolvent set and show that −σ ∈ P (Â). If

σ ∈ P (Â) then there exists (Â − σIH⊕H)−1. Denote this inverse operator by



−E C

D −F


 .

Direct multiplication shows that then the operator




E C

D F
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is the inverse to the operator (Â + σIH⊕H). Direct multiplication also shows

that

Â2 =




AA∗ 0

0 A∗A


 ,

or Â2 = AA∗ ⊕A∗A, which is the same. This equality gives Σ(Â2) = Σ(AA∗) ∪

Σ(A∗A) = Σ(AA∗) = Σ(A∗A).

Since |A|2 = AA∗ we conclude that if σ ∈ Σ(|A|), σ > 0, then σ2 ∈ Σ(AA∗)

and vice versa. On the other hand we have Σ(Â) = Σ(|A|) ∪ {−Σ(|A|)}. Next,

based on similar conclusions for B and the fact that the operators Â and

B̂ =




0 B

B∗ 0




are selfadjoint, from (4.1) we conclude that the inequality

dist(Σ(Â), Σ(B̂)) ≤ ‖Â − B̂‖ (4.4)

holds. It remains to mention that symmetricity of the sets Σ(Â) and Σ(B̂) gives

dist(Σ(Â), Σ(B̂)) = dist(Σ(|A|), Σ(|B|)) and that ‖Â − B̂‖ = ‖A − B‖.

Remark 4.2 The operator (4.3) is widely used. According to [70] its present

popularity is due to Wielandt (see [18], p. 113) and Lanczos [45].

4.2 Estimate for Proximity of The Angles

In this section we give an estimate for the proximity of squared cosines of

angles from one subspace to another.

The following theorem gives us an estimate for the proximity of the set of

squares of cosines of Θ̂(F ,G) and the set of squares of cosines of Θ̂(F , G̃), where

F , G and G̃ are nontrivial proper subspaces of H.
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Theorem 4.3 Let F , G and G̃ be the subspaces of a Hilbert space H. Then the

following inequality holds:

dist(cos2(Θ̂(F ,G)), cos2(Θ̂(F , G̃))) ≤ gap(G, G̃). (4.5)

Proof: By definition, cos2(Θ̂(F ,G)) = Σ(PFPG|F) and cos2(Θ̂(F , G̃)) =

Σ(PFPG̃|F). Both operators PFPG|F and PFPG̃|F are selfadjoint. Therefore

using (4.1), we have

dist(Σ(PFPG|F), Σ(PFPG̃|F)) ≤ ‖PFPG|F − PFPG̃|F‖.

But

‖PFPG|F − PFPG̃|F‖ = ‖(PFPGPF − PFPG̃PF)|F‖

≤ ‖PFPGPF − PFPG̃PF‖ ≤ ‖PF‖‖PG − PG̃‖‖PF‖ ≤ gap(G, G̃),

and the assertion is proved.
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5. Estimates for Discrete Angles Between Subspaces

In this chapter we derive the estimates for discrete angles between subspaces.

In the first section we generalize some results from [40] and [42]. First, we esti-

mate the maximum of the difference of cosines of the angles between subspaces,

and next we obtain different results on the weak majorization of the angles.

5.1 Some Properties of s-Numbers that Are Useful in Obtaining

Estimates

In this section, we give some known properties of s-numbers of a bounded

operator that are generalizations of similar properties of singular values of ma-

trices. For these properties see, e.g., [5, 32, 33]. For majorization see, e.g.,

[5, 33, 53].

As we already mentioned above, from the definition of s-numbers it follows

(see [22], p. 61) that for any operator A ∈ B(H)

sj(A) = sj(A
∗), j = 1, 2, . . . (5.1)

and for any scalar c

sj(cA) = |c|sj(A), j = 1, 2, . . . . (5.2)

The well-known result on an approximation property of the s-numbers of

completely continuous operators can be extended to the s-numbers of bounded

operator. Namely, the following theorem and its corollaries are true:
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Theorem 5.1 ([22], Theorem 7.1, p. 61). Let A ∈ B(H). Then for any

j = 1, 2, . . .

sj(A) = min
K∈Lj−1

‖A − K‖, (5.3)

where Lj−1, j = 1, 2, . . . denotes the set of all finite dimensional operators of

rank ≤ j − 1.

Corollary 5.2 ([22], Corollary 2.2, p. 29 and p. 62). Assume A,B ∈ B(H).

Then for any i, j = 1, 2, . . . the following inequalities

si+j−1(A + B) ≤ si(A) + sj(B) (5.4)

and

si+j−1(AB) ≤ si(A)sj(B) (5.5)

hold.

The following inequalities are also true for all A,B ∈ B(H) and for all

n = 1, 2, . . . , (see, e.g., [22], p. 63):

n∑

j=1

sj(A + B) ≤
n∑

j=1

sj(A) +
n∑

j=1

sj(B) (5.6)

and
n∑

j=1

sj(AB) ≤
n∑

j=1

sj(A)sj(B).

For j = 1 and i = 1, 2, . . . we get from (5.4) and (5.5):

sj(A + B) ≤ sj(A) + ‖B‖ (5.7)

and

sj(AB) ≤ sj(A)‖B‖. (5.8)
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5.2 Estimates of Absolute Error of Sines and Cosines

Here we estimate an absolute error of cosines/sines of the discrete angles be-

tween two pairs of subspaces. One subspace is fixed in both pairs, and the other

one changes. We estimate these quantities by the gap (aperture) between the

initial and changed subspace. Next, we consider the case, when both subspaces

of the initial pair are changed and we get the estimate, using both gaps.

Let us denote by gap(F ,G) a gap (aperture) between subspaces F and G

(see, e.g., [2], [22], [37]) which is defined by

gap(F ,G) = ‖PF − PG‖ = max{‖PF(I − PG)‖, ‖PG(I − PF)‖}. (5.9)

The following lemma gives an estimate for the proximity of cosines of the

smallest angles when only one subspace is changed:

Lemma 5.3 Let θ↑k and θ̂↑k be the k-th smallest discrete angles between the sub-

spaces F and G, F and G̃, respectively, k = 1, . . . , q = min{dimF , dimG}.

Then for k = 1, . . . , q,

| cos(θ↑k) − cos(θ̂↑k)| ≤ κ2 · gap(G, G̃), (5.10)

where

κ2 = max{cos(θmin{(G + G̃) ª G,F}); cos(θmin{(G + G̃) ª G̃,F})}. (5.11)

Proof: The proof is based on using the inequalities (5.7), (5.8) for the identity

PFPG̃ = PFPGPG̃ + PF(I − PG)PG̃, (5.12)

where I is identity operator on H (see [42]).
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(5.7) and (5.12) give:

cos(θ̂↑k) = sk(PFPG̃) ≤ sk(PFPGPG̃) + ‖PF(I − PG)PG̃‖. (5.13)

But PF(I − PG)PG̃ = PFP
(G+G̃)ªG

(I − PG)PG̃ and we have

‖PF(I − PG)PG̃‖ ≤ ‖PFP
(G+G̃)ªG

‖‖(I − PG)PG̃‖. (5.14)

Using the equality (5.9) we get from (5.14):

‖PF(I − PG)PG̃‖ ≤ ‖PFP
(G+G̃)ªG

‖gap(G, G̃). (5.15)

Next, using the inequality (5.8) for the first term of the sum in (5.13) we get:

sk(PFPGPG̃) ≤ sk(PFPG)‖PG̃‖ ≤ sk(PFPG) = cos(θ↑k). (5.16)

From (5.13), (5.14), (5.15) and (5.16) the inequality

cos(θ̂↑k) ≤ cos(θ↑k) + ‖PFP
(G+G̃)ªG

‖gap(G, G̃) (5.17)

follows.

Changing the places of PG and PG̃ we get instead of (5.17)

cos(θ↑k) ≤ cos(θ̂↑k) + ‖PFP
(G+G̃)ªG̃

‖gap(G, G̃). (5.18)

From the definitions of s-numbers and angles between subspaces we con-

clude that ‖PFP
(G+G̃)ªG

‖ = s1(PFP
(G+G̃)ªG

) = cos(θmin{(G + G̃) ª G,F}) and

‖PFP
(G+G̃)ªG̃

‖ = s1(PFP
(G+G̃)ªG̃

) = cos(θmin{(G + G̃)ªG̃,F}). These two equal-

ities together with (5.17), (5.18) and (5.11) give (5.10).

An estimate for the proximity of cosines of the smallest angles between the

subspaces when both of them are changed is given by the following theorem:
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Theorem 5.4 Let θ↑k and θ̃↑k be the k-th smallest discrete angles between the

subspaces F and G, F̃ and G̃, respectively, k = 1, . . . , q. Then for k = 1, . . . , q,

| cos(θ↑k) − cos(θ̃↑k)| ≤ κ1 · gap(F , F̃) + κ2 · gap(G, G̃), (5.19)

where κ2 is given by (5.11) and

κ1 = max{cos(θmin{(F + F̃) ªF ,G}); cos(θmin{(F + F̃) ª F̃ ,G})}. (5.20)

Proof: By Lemma 5.3 we have for k = 1, 2, . . . :

| cos(θ↑k) − cos(θ̂↑k)| ≤ κ2 · gap(G, G̃).

Using the same lemma for the operators PFPG̃ and PF̃PG̃ with (5.20) gives

| cos(θ̃↑k) − cos(θ̂↑k)| ≤ κ1 · gap(F , F̃).

It remains only to use the triangle inequality to get (5.19).

For the sines of largest discrete angles we have analogous results.

Lemma 5.5 Let θ↓k and θ̂↓k be the k-th largest discrete angles between the sub-

spaces F and G, F and G̃, respectively, k = 1, . . . , q. Assume also that

dimF ∩ G⊥ = dimF ∩ G̃⊥ < ∞ and dimF⊥ ∩ G = dimF⊥ ∩ G̃ < ∞. Then for

k = 1, . . . , q,

| sin(θ↓k) − sin(θ̂↓k)| ≤ κ2 · gap(G, G̃), (5.21)

where κ2 is given by (5.11)

Proof: We transform the problem of estimating sines to the problem of es-

timating cosines, which we already have solved. For this we use (3.17) and

(3.18). These relationships show, that if dimF ∩ G⊥ < dimF⊥ ∩ G then the
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number of 1s does not change, and if the opposite inequality holds, the the num-

ber of 1s increases by dimF ∩ G⊥ − dimF⊥ ∩ G, when we exchange Θ↓
d(F ,G)

with π
2
− Θ↑

d(F ,G⊥). The same happens for the pair F and G̃. This menas,

that if the assumptions of theorem hold, then after these transformations we

have the same changes in the numbers of 1s for both pairs. They get can-

celled and only cos(θ↑k(F ,G⊥)) and cos(θ↑k(F , G̃⊥)) remain. Using the identity

gap(G, G̃) = gap(G⊥, G̃⊥), the proof immediately follows from Lemma 5.3.

Theorem 5.6 Let θ↓k and θ̃↓k be the k-th largest discrete angles between the

subspaces F and G, F̃ and G̃, respectively, k = 1, . . . , q. Assume also that

dimF ∩G⊥ = dimF ∩ G̃⊥ < ∞, dimF⊥ ∩G = dimF⊥ ∩ G̃ < ∞, dim F̃ ∩G⊥ =

dim F̃ ∩ G̃⊥ < ∞ and dim F̃⊥ ∩ G = dim F̃⊥ ∩ G̃ < ∞. Then for k = 1, . . . , q,

| sin(θ↓k) − sin(θ̃↓k)| ≤ κ1 · gap(F , F̃) + κ2 · gap(G, G̃), (5.22)

where κ1 and κ2 are given by (5.20) and (5.11), respectively.

Proof: See the proof of Theorem 5.4.

Conjecture 5.7 The analogous results to Theorem 5.4 for the largest discrete

angles and to Theorem 5.6 for the smallest discrete angles can be proved.

Remark 5.8 Using Theorems 5.4 and 5.6 with exchanging the considered sub-

spaces for their orthogonal complements does not lead to the results mentioned

in Conjecture 5.7.
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5.3 Majorization for Discrete Angles Between Subspaces

In this section, we generalize the well-known Lidskii-Mirsky-Wielandt the-

orem for the case of the Courant-Fischer numbers from the top of bounded

selfadjoint operators. We also prove a result about majorization of the abso-

lute value of difference of s-numbers by s-numbers of the difference. We prove

that the absolute value of the difference of the cosines/sines (squared) of the

discrete angles between subspaces is weakly majorized by the sines of the angles

between the changed subspaces. The results about majorization of sines/cosines

(squared) are generalizations of corresponding results of [40], and their proofs

are also similar.

For a definition and the basic properties of majorization e.g., [1, 5, 27, 53].

Definition 5.9 ([53], p. 16). Assume that r = (r1, r2, . . . ) and t = (t1, t2, . . . )

are (finite or infinite) bounded sequences of real numbers. We say that t weakly

majorizes r and write r ≺w t, if

sup
π

k∑

i=1

rπi
≤ sup

π

k∑

j=1

tπj
, (5.23)

where the suprema are taken over all k-element sums of corresponding sets,

π = π(k) = {(π1, π2, . . . , πk) | 1 ≤ π1 < π2 · · · < πk}, k = 1, 2, . . . .

For given sequences r = (r1, r2, . . . ) and t = (t1, t2, . . . ) of real numbers

denote by r ∪ t a sequence, terms of which are all terms of r and t in any

arbitrary order. The finite dimensional version of the following lemma is given,

e.g., [5], Corollary II.1.4, p. 31.
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Lemma 5.10 Let p, r, s, t be given bounded sequences of real numbers and

p ≺w r, s ≺w t hold. Then

p ∪ s ≺w r ∪ t. (5.24)

Proof: Let k = k′ + k′′, with k ≥ 1 and k′, k′′ nonnegative. Then

{ k∑

j=1

ξij | ξij ∈ r ∪ t
}
⊃
{{ k′∑

j′=1

rij′

}
+
{ k′′∑

j′′=1

tij′′

}}
. (5.25)

Let us explain in detail (5.25). In the left-hand side we have a set of all possible

k-term sums of the sequence (set) r ∪ t. In the right-hand side we have a sum

of two sets, which is understood as

X + Y = {x + y | ∀x ∈ X, ∀y ∈ Y }.

The two sets in the right-hand side are: a set of all possible k ′-term sums of the

sequence r and a set of all possible k′′-term sums of the sequence t.

It follows from (5.25) that

sup
{ k∑

j=1

ξij | ξij ∈ r ∪ t
}
≥ sup

{{ k′∑

j′=1

rij′

}
+
{ k′′∑

j′′=1

tij′′

}}
=

sup
{ k′∑

j′=1

rij′

}
+ sup

{ k′′∑

j′′=1

tij′′

}
. (5.26)

Consider now an arbitrary sum of k terms of left-hand side sequence of

(5.24)
k∑

j=1

ζij , ζij ∈ p ∪ s.

This sum can be split into two parts - k′-term sum of p and k′′-term sum of s

with k′ + k′′ = k, that is

k∑

j=1

ζij =
k′∑

j′=1

pij′
+

k′′∑

j′′=1

sij′′
. (5.27)
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Using p ≺w r, s ≺w t and (5.26) in (5.27) give

k∑

j=1

ζij ≤ sup
{ k′∑

j′=1

rij′

}
+ sup

{ k′′∑

j′′=1

tij′′

}
≤ sup

{ k∑

j=1

ξij | ξij ∈ r ∪ t
}

.

Taking the supremum in the left-hand side proves the assertion.

One of the basic tools in majorization is the so-called Lidskii-Mirsky-

Wielandt theorem, which has many different proofs because of its importance

(see, e.g., [5, 30, 46, 47, 48, 52, 63, 67, 75]). This theorem states the following:

Theorem 5.11 (see, e.g., [5], Theorem III.4.1, p. 69). Let A and B be Her-

mitian operators on an n dimensional Eucledian space. Then for any choice of

indices 1 ≤ i1 < · · · < ik ≤ n, for any k ≤ n,

k∑

j=1

λ↓
ij
(A + B) ≤

k∑

j=1

λ↓
ij
(A) +

k∑

j=1

λ↓
j(B). (5.28)

We need to generalize this result for Courant-Fischer numbers of a bounded

operators. As we already mentioned in Section 3.1, the Courant-Fischer numbers

from the top of a selfadjoint operator T ∈ B(H) are given by (3.6), which we

repeat here for the reader’s convenience:

λ↓
k(T ) = sup

Hk⊂H
dimHk=k

inf
u∈Hk

‖u‖=1

(u, Tu), k = 1, 2, . . . . (5.29)

Theorem 5.12 Let A,B ∈ B(H) be selfadjoint operators on H, and λ↓(A),

λ↓(B), λ↓(A+B) be the sequences of the Courant-Fischer numbers from the top

defined by (5.29), of corresponding operators. Then for any choice of indices

1 ≤ i1 < · · · < ik, for any k ≥ 1

k∑

j=1

λ↓
ij
(A + B) ≤

k∑

j=1

λ↓
ij
(A) +

k∑

j=1

λ↓
j(B). (5.30)
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Proof: We can assume without loss of generality that A, B are nonnegative

operators. Otherwise, we can consider shifted operators A′ = A + |m|I and

B′ = B + |m|I, where I is an identity operator, and

m = min

{
min
u∈H
u6=0

(u,Au)

(u, u)
, min

u∈H
u6=0

(u,Bu)

(u, u)

}
.

With this transformation both sides of inequality (5.30) increase by 2|m|k, and

we get an inequality, equivalent to (5.30). For nonnegative selfadjoint operators

A and B we have λ↓(A) = S(A), λ↓(B) = S(B), and λ↓(A + B) = S(A + B),

where S(T ) denotes the sequence of s-numbers of the operator T .

Let us denote n = ik and consider first a case when the Courant-Fischer

numbers λ↓
1(A + B), λ↓

2(A + B), . . . , λ↓
n(A + B) are the eigenvalues of A + B,

counting the multiplicity. Denote the corresponding eigenvectors by w1, . . . , wn

and let Mn = span{w1, . . . , wn}, AMn
= PMn

A|Mn
, BMn

= PMn
B|Mn

, where

PMn
is the orthogonal projector onto Mn.

Since AMn
, BMn

are Hermitian operators on Mn, we have for any k ≤ n

using Theorem 5.11 that

k∑

j=1

λ↓
ij
(AMn

+ BMn
) ≤

k∑

j=1

λ↓
ij
(AMn

) +
k∑

j=1

λ↓
j(BMn

). (5.31)

Mn is an invariant subspace of A + B, which spans all eigenvectors of A + B,

corresponding to the eigenvalues λ↓
1(A + B), . . . , λ↓

n(A + B), and n = ik, so we

have

λ↓
ij
(A + B) = λ↓

ij
(AMn

+ BMn
), j = 1, . . . , k. (5.32)

On the right-hand side of (5.31), we have Ritz values of the operators A and B,

corresponding to the trial subspace Mn ⊂ H, thus (see also Theorem XIII.3, p.
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82, [61])

λ↓
l (AMn

) = sup
Hl⊂Mn

dimHl=l

inf
u∈Hl

‖u‖=1

(u,AMn
u) = sup

Hl⊂Mn

dimHl=l

inf
u∈Hl

‖u‖=1

(u,Au) ≤

sup
Hl⊂H

dimHl=l

inf
u∈Hl

‖u‖=1

(u,Au) = λ↓
l (A), l = 1, . . . , n.

Using the above inequality and similar relations for B we conclude that

λ↓
l (AMn

) ≤ λ↓
l (A), λ↓

l (BMn
) ≤ λ↓

l (B),

for all l = 1, . . . , n. In particular,

λ↓
ij
(AMn

) ≤ λ↓
ij
(A), λ↓

j(BMn
) ≤ λ↓

j(B), j = 1, . . . , k.

Using these inequalities and (5.32) in (5.31) leads to (5.30).

The proof above is based on the existence of “enough” eigenvalues of A+B.

Consider now a general case, that is assume that the number of eigenvectors of

A + B corresponding to the largest eigenvalues is equal to n ≥ 0 and n < ik.

Assume that k0 is the maximal index, for which ik0
≤ n. Since ik0+1 > n,

and

λ↓
n+1(A + B) = λ↓

n+2(A + B) = . . . , (5.33)

(see Section 3.1) we can write the estimate (5.30) that we need to prove in the

following equivalent form:

k0∑

j=1

λ↓
ij
(A + B) +

k∑

j=k0+1

λ↓
n+1(A + B) ≤

k0∑

j=1

λ↓
ij
(A) +

k∑

j=k0+1

λ↓
ij
(A) +

k0∑

j=1

λ↓
j(B) +

k∑

j=k0+1

λ↓
j(B). (5.34)
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Using the particular case which we have already proven, we conclude that

k0∑

j=1

λ↓
ij
(A + B) ≤

k0∑

j=1

λ↓
ij
(A) +

k0∑

j=1

λ↓
j(B) (5.35)

inequality holds.

Using again (5.33), we have

k∑

j=k0+1

λ↓
n+1(A + B) =

k∑

j=k0+1

λ↓
ij+j−1(A + B). (5.36)

Next, using the inequality (see [22], p. 30)

sm+n−1(A + B) ≤ sm(A) + sn(B), m, n = 1, 2, . . . ,

in (5.36), we have

k∑

j=k0+1

λ↓
ij+j−1(A + B) ≤

k∑

j=k0+1

λ↓
ij
(A) +

k∑

j=k0+1

λ↓
j(B).

Finally, using this inequality and (5.35) in (5.34), gives (5.30).

Corollary 5.13 Under the assumptions of Theorem 5.12,

λ↓(A + B) − λ↓(A) ≺w λ↓(B),

λ↓(A) − λ↓(B) ≺w λ↓(A − B), (5.37)

λ↑(A) − λ↑(B) ≺w λ↓(A − B).

Proof: For any k = 1, 2, . . . ,

sup
k∑

j=1

λ↓
ij
(B) =

k∑

j=1

λ↓
j(B).
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Using the previous theorem, we have

k∑

j=1

λ↓
ij
(A + B) −

k∑

j=1

λ↓
ij
(A) ≤

k∑

j=1

λ↓
j(B).

Since this inequality holds for any choice of indices ij, we conclude that (5.23)

holds with s = λ↓(A + B)− λ↓(A) and t = λ↓(B). This gives the first assertion.

The second assertion follows from the first one exchanging A + B with A and

A with B. The third assertion follows from the second one exchanging A with

−B and B with −A.

Let us consider now a problem of weak majorization of s-numbers of bounded

operators (not necessarily selfadjoint). We need to generalize the so-called

Mirsky’s theorem about majorization of the absolute value of difference of sin-

gular values with singular values of the difference of corresponding operators.

For the finite dimensional case and for compact operators the theorem can be

found in, e.g., [5, 32, 33, 52, 53, 55, 63].

Theorem 5.14 Let A,B ∈ B(H). Then

|S(A) − S(B)| ≺w S(A − B) (5.38)

holds, where S(A), S(B) and S(A − B) are the sequences of s-numbers of cor-

responding operators.

Proof: The proof is based on using Jordan’s transformation, (see, e.g., [33], p.

135 and Theorem 3.4.5, p. 198) which we have already used in Section 4.1, and

Corollary 5.13. Consider the operators

Â =




0 A

A∗ 0


 , B̂ =




0 B

B∗ 0


 ,
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acting on H⊕H. Using (5.37), we have

λ↓(Â) − λ↓(B̂) ≺w λ↓(Â − B̂), (5.39)

and

λ↓(B̂) − λ↓(Â) ≺w −λ↑(Â − B̂). (5.40)

Now we use the following relations, which we have already shown in Theorem

4.1:

Σ(Â) \ {0} = Σ(|A|) ∪ (−Σ(|A|)) \ {0},

Σ(B̂) \ {0} = Σ(|B|) ∪ (−Σ(|B|)) \ {0},

Σ(Â − B̂) \ {0} = Σ(|A − B|) ∪ (−Σ(|A − B|)) \ {0}.

Denote by s1(A) ≥ s2(A) ≥ . . . , s1(B) ≥ s2(B) ≥ . . . , and s1(A − B) ≥

s2(A − B) ≥ . . . (decreasingly ordered) s-numbers of corresponding operators.

Then, using (5.39), (5.40), we get:

(s1(A) − s1(B), s2(A) − s2(B), . . . ) ≺w S(A − B),

and

(s1(B) − s1(A), s2(B) − s2(A), . . . ) ≺w −S(A − B).

Now we use Lemma 5.10 for these two majorization relations to obtain

(±(s1(A)− s1(B)),±(s2(A)− s2(B)), . . . ) ≺w S(A−B)∪ (−S(A−B)). (5.41)

By Definition 5.9, it follows from (5.41) that |S(A) − S(B)| ≺w S(A − B).

Before we consider a problem of majorization of sines and cosines, let us

remind the reader of the following known result.
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In what follows until the end of this section, we assume that

‖PG − PG̃‖ < 1 (5.42)

holds.

Let us now describe the structure of s-numbers of the difference of two

orthogonal projectors. For reader’s convenience, we repeat here the equality

from Theorem 2.37 which describes the connection between the spectrum of

a difference of two projectors and sines of angles between the corresponding

subspaces:

Σ(PF −PG) \ ({−1}∪{0}∪{1}) = ± sin(Θ(F ,G)) \ ({−1}∪{0}∪{1}). (5.43)

Using Theorem 2.37 and [40], we conclude that the following cases are pos-

sible:

1. If dim F and dim G both are finite, then this structure is completely de-

scribed in [40] and in this case

(S(PG − PF), 0, . . . , 0) =

(1, . . . , 1, (sin(Θ↓(F ,G)), sin(Θ↓(F ,G)))↓, 0, . . . , 0), (5.44)

where there are | dim F − dim G| extra 1s upfront; the set sin(Θ↓(F ,G))

is repeated twice and ordered, and extra 0s at the end may need to be

added on either side to match the sizes;

2. The both dimensions dim F and dim G are infinite. In this case we have

S(PG − PF) = (1, . . . , 1, sin(θ↓1(F ,G)), sin(θ↓1(F ,G)),

sin(θ↓2(F ,G)), sin(θ↓2(F ,G)), . . . ), (5.45)
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where the number of extra 1s upfront is equal to

max{dimF ∩ G⊥, dimF⊥ ∩ G}.

If max{dimF ∩ G⊥, dimF⊥ ∩ G} is infinite than S(PG − PF) consists of

only 1s.

Using (5.42), we have

S(PG − PG̃) = (sin(θ↓1(G, G̃)), sin(θ↓1(G, G̃)), sin(θ↓2(G, G̃)), sin(θ↓2(G, G̃)), . . . ).

Let us now prove the majorization results involving sines and cosines and

their squares of discrete angles. These results are generalizations to the infinite

dimensional case of corresponding results of [40], and their proofs are also similar.

Theorem 5.15 Let F , G, G̃ be subspaces of H, and (5.42) holds. Assume also

that max{dimF∩G⊥, dimF⊥∩G} = max{dimF∩G̃⊥, dimF⊥∩G̃} < ∞. Then

| sin Θ↓
d(F ,G) − sin Θ↓

d(F , G̃)| ≺w sin Θ↓
d(G, G̃) (5.46)

holds, where Θ↓
d(F ,G), Θ↓

d(F , G̃) and Θ↓
d(G, G̃) are the sequences of largest dis-

crete angles between corresponding subspaces.

Proof: Using the following identity (see [40])

(PG − PF) − (PG̃ − PF) = PG − PG̃,

and Theorem 5.14, we get

|S(PG − PF) − S(PG̃ − PF)| ≺w S(PG − PG̃).
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As we mentioned above, two cases are possible for S(PG −PF) and S(PG̃ −PF).

In the first case, using (5.44), we conclude that there are the same number of

extra 1s upfront in S(PG − PF) and in S(PG̃ − PF). They get canceled and the

set of nonzero entries of |S(PG−PF)−S(PG̃−PF)| consists of nonzero entries of

| sin Θ↓
d(F ,G)− sin Θ↓

d(F , G̃)| repeated twice. In the second case, we have (5.45)

and, as in the previous case, the set of nonzero entries of |S(PG −PF)−S(PG̃ −

PF)| consists of nonzero entries of | sin Θ↓
d(F ,G)− sin Θ↓

d(F , G̃)| repeated twice.

Also, the nonzero entries of S(PG − PG̃) are the nonzero entries of sin Θ↓
d(G, G̃)

repeated twice, and we conclude that (5.46) holds.

Corollary 5.16 Let F , G, G̃ be subspaces of H, and (5.42) holds. Assume also

that dimF ∩ G < ∞, dimF ∩ G̃ < ∞,

dimF⊥ ∩ G⊥ = dimF⊥ ∩ G̃⊥ < ∞.

Then

| cos Θ↑
d(F ,G) − cos Θ↑

d(F , G̃)| ≺w sin Θ↓
d(G, G̃), (5.47)

holds, where Θ↑
d(F ,G) and Θ↑

d(F , G̃) are the sequences of smallest discrete angles

and Θ↓
d(G, G̃) is the sequence of largest discrete angles between corresponding

subspaces.

Proof: It follows from (5.42) that ‖PG⊥−PG̃⊥‖ < 1. We use (3.19) to transform

the left-hand side of (5.47), and (3.21) to transform the right-hand side of (5.47)

into the following form

| sin Θ↓
d(F ,G⊥) − sin Θ↓

d(F , G̃⊥)| ≺w sin Θ↓
d(G⊥, G̃⊥), (5.48)

and then use Theorem 5.15 for the last relation.
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In this way, we need to compare the number of 1s in the beginning of the

sequences twice: first, when we exchange the cosines of smallest angles with the

sines of largest angles. We can see from (3.16) and (3.19) that in cosines of

cos Θ↑
d(F ,G) the number of 1s is equal to dimF ∩ G, and in sines of Θ↓

d(F ,G⊥)

the number of 1s is equal to min{dimF ∩ G, dimF⊥ ∩ G⊥}. The difference

between these quantities, dimF ∩ G − min{dimF ∩ G, dimF⊥ ∩ G⊥} causes

change of the number of 1s on this step - the number of 1s decreases by the

quantity max{0; dimF ∩ G − dimF⊥ ∩ G⊥}.

Using (5.45) gives extra 1s, number of which (for the subspaces F and G⊥)

is equal to max{dimF ∩G, dimF⊥∩G⊥} < ∞. Finally, as a result of these two

steps, we have the increase of the number of 1s by

max{dimF ∩ G, dimF⊥ ∩ G⊥} − max{0; dimF ∩ G − dimF⊥ ∩ G⊥}.

This difference must be the same for the terms involving G and G̃. As we can

see, if dimF⊥ ∩ G⊥ = dimF⊥ ∩ G̃⊥, these differences are the same. The extra

1s get cancelled and we obtain the left-hand side of (5.48). For the right-hand

side the problem of 1s does not appear, since (5.42) holds.

Remark 5.17 It is possible to obtain this result by changing F with F⊥ and

again using Theorem 5.15.

Remark 5.18 Using the identity

PG − PG̃ = PG̃⊥ − PG⊥ = (PG̃⊥ − PF) − (PG⊥ − PF)

instead of that used in the proof of Theorem 5.15 does not allow to prove the

majorization results for the sines of the smallest angles or for the cosines of the
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largest angles.

Let us now consider a problem of majorization of the squares of sines and

cosines. We need to prove the so-called “pinching inequality” (e.g., [5], Problem

II.5.5, p. 50 for singular values of finite dimensional operators, and, e.g., [22],

Theorem 5.1, pp. 52-54 for compact operators) for the s-numbers of bounded

operators. We use (5.6), which we write now in terms of weak majorization

S(A ± B) ≺w S(A) + S(B). (5.49)

We need to prove two simple technical statements:

Lemma 5.19 Let A and B be selfadjoint bounded operators on H and

A =




C F

F ∗ D


 , B =




C −F

−F ∗ D


 ,

with respect to a decomposition of the space H. Then Σ(A) = Σ(B), and the

eigenvalues of A and B and their multiplicities are the same.

Proof: Easily can be checked that B = U ∗AU with

U =




I 0

0 −I


 ,

where I is the identity operator of corresponding subspace, which means that A

and B are unitarily equivalent. Then the assertion follows from unitary equiva-

lence.

Lemma 5.20 Let A and B be bounded operators on H and

A =




C D

F G


 , B =




C −D

−F G


 ,
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with respect to a decomposition of the space H. Then Σ(A∗A) = Σ(B∗B), and

the eigenvalues of A∗A and B∗B and their multiplicities are the same.

Proof: Easily can be checked that if we represent A∗A and B∗B in the block

form corresponding to the same decomposition of the space, then the difference

between them is only in the signs of non-diagonal blocks, that is the assumptions

of Lemma 5.19 hold for these pair of operators. Using Lemma 5.19 leads to the

asserted.

Lemma 5.21 Let A ∈ B(H), and P be an orthogonal projector onto a subspace

of H. Then

S(PAP ± (I − P )A(I − P )) ≺w S(A). (5.50)

Proof: The idea of the proof comes from Problem II.5.4, p. 50, [5]. Let

us represent the operator A in the following block form, corresponding to the

decomposition of the space H = PH⊕ (I − P )H:

A =




PAP PA(I − P )

(I − P )AP (I − P )A(I − P )


 ,

and consider also an operator

B =




PAP −PA(I − P )

−(I − P )AP (I − P )A(I − P )


 .

Using Lemma 5.20 we conclude that

S(A) = S(B). (5.51)

We have 2(PAP + (I − P )A(I − P )) = A + B. Using (5.49) and (5.51) in this

equality gives

S(PAP + (I − P )A(I − P )) ≺w S(A).
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To obtain the second majorization relation

S(PAP − (I − P )A(I − P )) ≺w S(A)

it suffices to mention that

S(PAP − (I − P )A(I − P )) = S(PAP + (I − P )A(I − P )),

which is easily obtained from an equality

(PAP − (I − P )A(I − P ))∗(PAP − (I − P )A(I − P )) =

(PAP + (I − P )A(I − P ))∗(PAP + (I − P )A(I − P )).

Theorem 5.22 Under the assumptions and notation of Theorem 5.15,

| sin2 Θ↓
d(F ,G) − sin2 Θ↓

d(F , G̃)| ≺w sin Θ↓
d(G, G̃), (5.52)

| cos2 Θ↓
d(F ,G) − cos2 Θ↓

d(F , G̃)| ≺w sin Θ↓
d(G, G̃), (5.53)

and under the assumptions and notation of Corollary 5.16,

| cos2 Θ↑
d(F ,G) − cos2 Θ↑

d(F , G̃)| ≺w sin Θ↓
d(G, G̃), (5.54)

| sin2 Θ↑
d(F ,G) − sin2 Θ↑

d(F , G̃)| ≺w sin Θ↓
d(G, G̃), (5.55)

Proof:

We have

(PF − PG)2 − (PF − PG̃)2 = PF⊥(PG − PG̃)PF⊥ − PF(PG − PG̃)PF .
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Using Theorem 5.14, we get

|S((PF − PG)2) − S((PF − PG̃)2)| ≺w S(PF⊥(PG − PG̃)PF⊥ − PF(PG − PG̃)PF).

For the left-hand side terms we use the equalities (5.44) or (5.45) squared. For

the right-hand side we use the pinching inequality (5.50) and we get

S(PF⊥(PG − PG̃)PF⊥ − PF(PG − PG̃)PF) ≺w S(PG − PG̃).

There are two posssible cases for S((PF − PG)2) and S((PF − PG̃)2) that are

identical to the cases for S(PG − PF) and S(PG̃ − PF) in Theorem 5.15. Using

(5.44) squared, we conclude that there are the same number of extra 1s upfront

in S((PF − PG)2) and in S((PF − PG̃)2). They get canceled and the set of

nonzero entries of |S((PF − PG)2) − S((PF − PG̃)2)| consists of nonzero entries

of | sin2 Θ↓
d(F ,G)− sin2 Θ↓

d(F , G̃)| repeated twice. If we use (5.45) squared, then

again the set of nonzero entries of |S((PF − PG)2) − S((PF − PG̃)2)| consists

of nonzero entries of | sin2 Θ↓
d(F ,G) − sin2 Θ↓

d(F , G̃)| repeated twice. Also, the

nonzero entries of S(PG − PG̃) are the nonzero entries of sin Θ↓
d(G, G̃) repeated

twice, and we conclude that (5.52) holds.

The proof of (5.54) is completely similar to the proof of Corollary 5.16. Only

the difference is that we transformed there the problem of majorization of the

cosines to the problem of majorization of the sines. Here we transform in the

same way the problem of majorization of the cosines squared to the problem of

majorization of the sines squared, that is to (5.52).

The proof of (5.53) follows from (5.52) using the identity

(| cos2 Θ↓
d(F ,G) − cos2 Θ↓

d(F , G̃)|)↓ = (| sin2 Θ↓
d(F ,G) − sin2 Θ↓

d(F , G̃)|)↓,
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and the proof of (5.55) follows from (5.54) using the identity

(| cos2 Θ↑
d(F ,G) − cos2 Θ↑

d(F , G̃)|)↓ = (| sin2 Θ↑
d(F ,G) − sin2 Θ↑

d(F , G̃)|)↓.
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6. Estimates for Proximity of Ritz Values

In this chapter we prove the estimates for proximity of Ritz values. Based

on the approach of extending a given positive contraction to a projector, used

in [40], we estimate the Hausdorff distance between the sets of Ritz values. We

define the discrete Ritz values using the Courant-Fischer numbers, and estimate

the proximity of the discrete Ritz values with respect to the change of the trial

subspace in the Rayleigh-Ritz method. These results for finite dimensional case

are proved in [40, 41].

6.1 The Basic Estimate

In this section, we give a generalization of Theorem 1 of the paper [41] to

Hilbert spaces.

Let A ∈ B(H) be a selfadjoint operator on a real Hilbert space H. Denote

by λ(u), u 6= 0 a Rayleigh quotient

λ(u) =
(u,Au)

(u, u)
.

Denote also by m and M the greatest lower and least upper bounds of the

spectrum of the operator A [62]:

m = inf
u6=0

λ(u), M = sup
u6=0

λ(u). (6.1)

The following is a generalization of Theorem 1 [41] for Hilbert spaces:

Theorem 6.1 Let A ∈ B(H) be a selfadjoint operator on a real Hilbert space

H and u, v ∈ H with u, v 6= 0. Then the following inequality

|λ(u) − λ(v)| ≤ (M − m) sin(∠{u, v}) (6.2)

112



holds.

Proof: The proof is identical to that of Theorem 1 [41]. Without loss of

generality, assume that ‖u‖ = ‖v‖ = 1. Let

As = A − M + m

2
I. (6.3)

Then ‖As‖ =
M − m

2
. Since the difference λ(u)−λ(v) is independent of a shift

considered here, we get

|λ(u) − λ(v)| = |(u,Asu) − (v, Asv)| = |(As(u − v), u + v)|.

Then by Cauchy-Schwarz inequality

|(As(u − v), u + v)| ≤ ‖As‖‖u − v‖‖u + v‖ = (M − m) sin(∠{u, v}).

Remark 6.2 ([41]). The constant in estimate (6.2) can be improved if we have

more information about the vectors u and v. Let us mention that the operator

A appears in the proof of the above theorem only within the scalar products of

u and v and their linear combinations. Consequently we can change A in the

proof with its projection on the subspace span{u, v}. Then the constant M − m

in the estimate (6.2) will be replaced by

sup
w∈span{u,v}

‖w‖=1

(w,Aw) − inf
w∈span{u,v}

‖w‖=1

(w,Aw),

which may in some cases be significantly less than M − m.
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6.2 Estimates for Proximity of Sets of Ritz Values

Here we prove an estimate for proximity of Ritz values in Hilbert spaces.

Definition 6.3 Let X ⊂ H be a subspace of the Hilbert space H. Then

Σ(PXA|X ) is called the set of Ritz values of an operator A with respect to the

trial subspace X .

Let X ⊂ H and Y ⊂ H be the subspaces of H. It is not possible to use the

technique of the proof of Theorem 4.5 to estimate the proximity of Σ(PXA|X )

and Σ(PYA|Y), since we have the restrictions to the different subspaces. We

prove here a weaker result.

Theorem 6.4 Let A ∈ B(H) be a selfadjoint operator and X ,Y be subspaces of

H. Then the following inequality

dist(Σ(PXAPX ), Σ(PYAPY)) ≤ (M − m)‖PX − PY‖ (6.4)

holds, where m and M are defined by (6.1).

The proof is analogous to that of Theorem 5.4 [40] and consists of several steps.

Lemma 6.5 Let A be an orthogonal projector on some subspace of H and X ,Y

be the subspaces of H. Then

dist(Σ(PXAPX ), Σ(PYAPY)) ≤ ‖PX − PY‖. (6.5)

Proof: Since all subspaces considered here are the proper subspaces, we have

Σ(PXAPX ) = Σ(APXA), Σ(PYAPY) = Σ(APYA), since the non-zero parts of
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the spectra of AB and BA are the same (see the proof of Theorem 2.26) and

zero is in all spectra since the subspaces are proper. Using Theorem 4.10 [37]

we get:

dist(Σ(PXAPX ), Σ(PYAPY)) = dist(Σ(APXA), Σ(APYA))

≤ ‖APXA − APYA‖ ≤ ‖A‖‖PX − PY‖‖A‖ ≤ ‖PX − PY‖, (6.6)

since A is an orthogonal projector.

The following lemma shows that any selfadjoint nonnegative contraction [62]

can be extended to an orthogonal projector.

Lemma 6.6 (see [11], [24]). For any selfadjoint nonnegative contraction A

defined on a Hilbert space H, an operator Â defined on H⊕H given by

Â =




A
√

A(I − A)
√

A(I − A) I − A


 (6.7)

is an orthogonal projector.

Proof: Direct calculations show that Â2 = Â = Â∗ and we conclude that Â is

an orthogonal projector.

Lemma 6.7 Let X be a subspace of H, PX be an orthogonal projector on X

and PX̂ defined on H⊕H be given by

PX̂ =




PX 0

0 0


 . (6.8)

Under the assumptions of Lemma 6.6,

Σ(PXAPX ) = Σ(PX̂ ÂPX̂ ) (6.9)
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equality holds.

Proof: Direct multiplications give

PX̂ ÂPX̂ =




PXAPX 0

0 0


 .

But then we have Σ(PX̂ ÂPX̂ ) = Σ(PXAPX ) ∪ {0} = Σ(PXAPX ).

Lemma 6.8 Let A ∈ B(H) be a selfadjoint nonnegative contraction and X ,Y

be the subspaces of H. Then the inequality (6.4) holds with the constants m = 0

and M = 1.

Proof: Using Lemma 6.7 and Lemma 6.5 we get

dist(Σ(PXAPX ), Σ(PYAPY)) = dist(Σ(PX̂ ÂPX̂ ), Σ(PŶÂPŶ))

≤ ‖PX̂ − PŶ‖ = ‖PX − PY‖. (6.10)

For S ⊂ R and α, β ∈ R, α > 0, denote by Ŝ(S, α, β) a set

Ŝ(S, α, β) = {α(x − β), x ∈ S}. (6.11)

Lemma 6.9 Let S1, S2 be sets of real numbers and α, β ∈ R, α > 0. Then

the following equality

dist(Ŝ(S1, α, β), Ŝ(S2, α, β)) = α · dist(S1, S2) (6.12)

holds, where Ŝ(S1, α, β), Ŝ(S2, α, β) are defined by (6.11).
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Proof: By the definition of a Hausdorff distance we have

dist(Ŝ(S1, α, β), Ŝ(S2, α, β)) =

max{ sup
x̂∈Ŝ(S1,α,β)

d(x̂, Ŝ(S2, α, β)), sup
ŷ∈Ŝ(S2,α,β)

d(ŷ, Ŝ(S1, α, β))}

= max{ sup
x̂∈Ŝ(S1,α,β)

inf
ŷ∈Ŝ(S2,α,β)

|x̂ − ŷ|, sup
ŷ∈Ŝ(S2,α,β)

inf
x̂∈Ŝ(S1,α,β)

|ŷ − x̂|}

= max{sup
x∈S1

inf
y∈S2

|α(x − β) − α(y − β)|, sup
y∈S2

inf
x∈S1

|α(y − β) − α(x − β)|}

= α · max{sup
x∈S1

inf
y∈S2

|x − y|, sup
y∈S2

inf
x∈S1

|x − y|}

= α · max{sup
x∈S1

d(x, S2), sup
y∈S2

d(y, S1)} = α · dist(S1, S2).

Now we are ready to prove Theorem 6.4. Define the operator Ā by

Ā =
A − mI

M − m
.

Then Σ(Ā) = α · (Σ(A) − m) ⊂ [0; 1], Σ(PX ĀPX ) = α · (Σ(PXAPX ) − m),

Σ(PYĀPY) = α · (Σ(PYAPY) − m), where α = 1/(M − m), and using Lemma

6.9 and Lemma 6.8 we get:

dist(Σ(PX ĀPX ), Σ(PYĀPY)) = α · dist(Σ(PXAPX ), Σ(PYAPY)) ≤ ‖PX − PY‖.

Substituting α = 1/(M − m) in the last inequality gives (6.4).

Remark 6.10 [41]. The constant in estimate (6.4) in Theorem 6.4 can be

improved in the same manner as in Remark 6.2 the constant in (6.2) has been

improved. Namely, the constant M − m can be replaced by a constant

sup
w∈X+Y
‖w‖=1

(w,Aw) − inf
w∈X+Y
‖w‖=1

(w,Aw),

which also may in some cases be significantly less than M − m.
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6.3 Estimates for Proximity of Ritz Values in Discrete case

In this section, we prove a majorization result of the proximity of discrete

Ritz values by the sines of angles between trial subspaces. We use the technique

of extension selfadjoint nonnegative contraction to the orthogonal projector [40].

The results of this section are direct generalizations of the corresponding results

[40] to infinite dimensional case and the proofs also are similar.

We need to introduce a definition of the discrete Ritz values for a bounded

selfadjoint operator.

Definition 6.11 Let A ∈ B(H) be selfadjoint and X be a subspace of H. The

set of Courant-Fischer numbers Λ↓(PXA|X ) defined by (3.6) is called a set of

the discrete Ritz values from the top of the operator A with respect to the trial

subspace X .

Definition 6.12 Let A ∈ B(H) be selfadjoint and X be a subspace of H. The

set of Courant-Fischer numbers Λ↑(PXA|X ) defined by (3.7) is called a set of the

discrete Ritz values from the bottom of the operator A with respect to the trial

subspace X .

The following lemma gives a connection between the sets of discrete Ritz

values of the operator and its extension to the orthogonal projector.

Lemma 6.13 (For the finite dimensional case see Corollary 4.1, [40]). Let A

be a nonnegative selfadjoint contraction and Â be its extension to an orthogonal

projector given by (6.7). Then the set of the discrete Ritz values from the top
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(bottom) of the operator A with respect to the trial subspace X is equal to the set

of the discrete Ritz values from the top (bottom) of the operator Â with respect

to the trial subspace X̂ , where

X̂ =



X

0


 ⊂ Ĥ =



H

0


 ⊂ H2. (6.13)

Proof: The proof is identical to the proof of finite dimensional case of [40]. Let

PĤ : H2 → H2 be an orthogonal projector on the subspace Ĥ and PX̂ : H2 → H2

be an orthogonal projector on the subspace X̂ . We use the equality sign to

denote the trivial isomorphism between H and Ĥ, i.e. we simply write H = Ĥ

and X = X̂ .

In this notation, we first observe that A = PĤÂ|Ĥ, i.e. the operator A itself

can be viewed as a result of the Rayleigh-Ritz method applied to the operator Â

in the trial subspace Ĥ. Second, we use the fact that a recursive application of

the Rayleigh-Ritz method on a system of enclosed subspaces is equivalent to a

direct single application of the Rayleigh-Ritz method to the smallest subspace,

indeed, in our notation, PĤPX̂ = PX̂PĤ = PX̂ since X̂ ⊂ Ĥ, thus

PXA|X =
(
PX̂PĤÂ|Ĥ

)∣∣
X̂

= PX̂ Â|X̂ .

Remark 6.14 Using the fact that dimX = dim X̂ , the assertion of the previous

lemma can be also obtained from (6.9).

Next we reveal that the Rayleigh-Ritz method applied to an orthogonal

projector produces discrete Ritz values from the bottom, which are nothing but
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the cosines squared of the largest principal discrete angles between the range of

the projector and the trial subspace.

Lemma 6.15 (For finite dimensional case see Lemma 4.2, [40]). Let the

Rayleigh-Ritz method be applied to A = PZ , where PZ is an orthogonal pro-

jector onto a subspace Z, and let X be the trial subspace in the Rayleigh-Ritz

method. Assume also that

X ∩ Z⊥ = {0}.

Then the set of the discrete Ritz values from the bottom is

Λ↑(PXPZ |X ) = (cos2 Θ↓
d(X ,Z)).

Proof: The assertion directly follows from Definition 3.12, Definition 6.12 and

the equalities PXPZ |X = IX − PXPZ
⊥|X , PZPX |Z = IZ − PZPX

⊥|Z .

Let us now prove the main result of this section.

Theorem 6.16 (For finite dimensional case see Theorem 4.3, [40]). Let A ∈

B(H) be selfadjoint and X and Y be subspaces of H and codimX = codimY <

∞. Then

|Λ↑(PXA|X ) − Λ↑(PYA|Y)| ≺w (M − m) sin Θ↓
d(X ,Y), (6.14)

|Λ↓(PXA|X ) − Λ↓(PYA|Y)| ≺w (M − m) sin Θ↓
d(X ,Y), (6.15)

where m and M are the greatest lower and least upper bounds of Σ(A).

Proof: We prove this theorem in two steps. First we show that we can assume

that A is a positive definite contraction without loosing generality. Second,

under these assumptions we extend the operator A to an orthogonal projector
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by Lemma 6.6 and use the facts that such an extension does not affect the

discrete Ritz values by Lemma 6.13 and that the discrete Ritz values of an

orthogonal projector can be interpreted as cosine squared of discrete principle

angles between subspaces by Lemma 6.15, thus, reducing the problem to the

already established result on weak majorization of the cosine squared Theorem

5.22.

We observe that the statement of the theorem is invariant with respect to

a shift and a scaling, indeed, for real α and β if the operator A is replaced with

β(A − αI) and m and M are correspondingly updated, both sides of the (6.15)

just get multiplied by β and (6.15) is thus invariant with respect to α and β (we

have already used this kind of transformation in the proof of Theorem 6.4 and

Lemma 6.9).

Choosing α = (m− ε(M + m))/(1− 2ε), and β = (1− 2ε)/(M −m), where

ε is arbitrarily small positive, the transformed operator is selfadjoint positive

contraction, moreover, εI ≤ A ≤ (1 − ε)I. Thus, the statement (6.15) of the

theorem can be equivalently rewritten as

|Λ↑(PXA|X ) − Λ↑(PYA|Y)| ≺w (1 − 2ε) sin Θ↓
d(X ,Y). (6.16)

The positive parameter ε is arbitrarily small and both sides of (6.16) depend

continuously on ε. Therefore, (6.16) is equivalent to

|Λ↑(PXA|X ) − Λ↑(PYA|Y)| ≺w sin Θ↓
d(X ,Y). (6.17)

The second step of the proof is to recast the problem into an equivalent problem

for an orthogonal projector with the same discrete Ritz values from the bottom

and largest discrete principal angles. By Lemma 6.6 we can extend the positive
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selfadjoint contraction A to an orthogonal projector PẐ , where Ẑ is a subspace

of H2. Denote

C =
√

A, S =
√

I − A, T = C−1S. (6.18)

Since εI ≤ A ≤ (1− ε)I, operator T is bounded and its inverse is also bounded.

It is known (see, e.g., [24]) that

Ẑ =

{


u

Tu


 ∀u ∈ H,




u

Tu


 ∈ H2

}
. (6.19)

Using (6.19) it is easy to show that

Ẑ⊥ =

{

−Tv

v


 ∀v ∈ H,



−Tv

v


 ∈ H2

}
. (6.20)

It follows from (6.13) that

X̂⊥ =

{


x

v


 x ∈ X⊥, v ∈ H,




x

v


 ∈ H2

}
. (6.21)

We can check directly that

X̂ ∩ Ẑ⊥ = {0}, dim X̂⊥ ∩ Ẑ = codimX < ∞. (6.22)

PẐ has by Lemma 6.13 the same discrete Ritz values with respect to trial

subspaces

X̂ =



X

0


 ⊂ Ĥ =



H

0


 ⊂ H2 and Ŷ =



Y

0


 ⊂ Ĥ =



H

0


 ⊂ H2 (6.23)

as A has with respect to the trial subspaces X and Y . By Lemma 6.15, these

discrete Ritz values from the bottom are equal to the cosines squared of the
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largest discrete principal angles between Ẑ and the trial subspace X̂ or Ŷ , since

X̂ ∩ Ẑ⊥ = {0}, Ŷ ∩ Ẑ⊥ = {0}. Moreover, the largest discrete principal angles

between X̂ and Ŷ in H2 are clearly the same as those between X and Y in H.

Thus, (6.17) can be equivalently reformulated as

| cos2 Θ↓
d(X̂ , Ẑ) − cos2 Θ↓

d(Ŷ , Ẑ)| ≺w sin Θ↓
d(X̂ , Ŷ). (6.24)

Here we notice that (6.24) is already proved in Theorem 5.22, since dim X̂⊥∩Ẑ =

codimX = dim Ŷ⊥ ∩ Ẑ = codimY < ∞. This completes the proof of (6.14).

(6.15) follows from (6.14) using an identity Λ↓(PXA|X ) = −Λ↑(−PXA|X ).
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7. Using the Angles Between Subspaces for Analysis of the

Convergence of the Domain Decomposition Algorithms

In this chapter we describe an application of angles between subspaces in the

analysis of convergence of iterative methods for solving linear systems, originated

from domain decomposition method.

7.1 Domain Decomposition Algorithms and the Related Error

Propagation Equations

Domain decomposition methods have a long history dating back over one

hundred years. In the famous paper [66], Schwarz proposed his domain de-

composition algorithm, based on computing the solution of two overlapping

subproblems in an alternating way. Such algorithms became a major tool in

numerical analysis of partial differential equations during the last decades. For

a list of references to this field see, e.g., [60, 71]. For a method of alternating

projections see, e.g., [4, 13, 19, 25, 38, 56, 76].

We follow here [6, 7, 14, 15, 49, 74]. The classical (multiplicative) domain

decomposition method proceeds by computing the solution sequentially on sub-

domains. There exist also so-called additive algorithms. The rate of convergence

of these methods is determined by properties of the spectrum of the error prop-

agation operator. We investigate here the relationships between the spectrum

of the error propagation operator and angles between appropriate subspaces.

Consider the following elliptic problem

a(u, v) = f(v), ∀v ∈ H = H1
0 (Ω), (7.1)
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where

a(u, v) =

∫

Ω

∇u · ∇vdx,

and the solution u ∈ H1
0 (Ω), the Sobolev space with the norm squared ‖u‖2

H1 =

a(u, u) and the zero trace on a polygonal domain Ω.

Denote H = H1
0 (Ω). Next, assume that Ω = Ω1 ∪ Ω2 and all domains are

polygonal. Assume also that Ω1 and Ω2 have an overlap. If we define

F = {u ∈ H | supp(u) ∈ Ω1},

G = {v ∈ H | supp(v) ∈ Ω2}, (7.2)

then H = F + G. We can think of F as a set of functions in H1
0 (Ω1) extended

by zero to Ω. Denote by PF and PG the orthogonal in H projectors onto the

subspaces F , G.

Let us consider first the multiplicative (sequential) method. For two subdo-

mains each iteration of the algorithm uk 7→ uk+1 can be considered as a result of

two fractional steps. In the first fractional step, we find a correction δ1u
k ∈ F

of the current approximation uk of the solution by solving

a(δ1u
k, v) = f(v) − a(uk, v) = a(u∗ − uk, v), ∀v ∈ F . (7.3)

Here u∗ ∈ F+G is the solution of the given problem (7.1). The second fractional

step comprises a computation of the second correction δ2u
k ∈ G of the current

approximation by solving

a(δ2u
k, v) = f(v) − a(uk + δ1u

k, v) = a(u∗ − (uk + δ1u
k), v), ∀v ∈ G. (7.4)

This step completes the current iteration.
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We have from (7.3)

a((u∗ − uk) − δ1u
k, v) = 0, ∀v ∈ F .

Using the projection theorem (see, e.g., [73], Theorem 3.2, p. 31), we conclude

from this equality

δ1u
k = PF(u∗ − uk).

Similarly, we have from (7.4)

a((u∗ − (uk + δ1u
k)) − δ2u

k, v) = 0, ∀v ∈ G,

and obtain the following relation

δ2u
k = PG(u∗ − uk − δ1u

k) = PG(I − PF)(u∗ − uk),

Finally, we obtain an error propagation equation

uk+1 − u∗ = (I − PG)(I − PF)(uk − u∗). (7.5)

If we denote ek = u∗−uk, k = 0, 1, . . . then (7.5) can be written in the following

form

ek+1 = PG⊥PF⊥ek, k = 0, 1, . . . (7.6)

where PF⊥ and PG⊥ are orthogonal projectors onto the subspaces F⊥ and G⊥,

respectively.

In a certain sense Schwarz’s method can be considered therefore as a

straightforward iterative method of solving the linear equation

(PF + PG − PGPF)u = g, (7.7)
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with an appropriate right hand side g.

Let us mention that projectors do not commute generally, so the product

PGPF is not selfadjoint. If we wish to have a symmetric expression in the

operators given here, which allows us to accelerate the convergence by using the

conjugate gradient method, we can perform one more fractional step for δ1u
k.

Since P 2
G⊥ = PG⊥ we can write the resulting operator as

I − PF⊥PG⊥PF⊥ = I − TT ∗,

where T = PF⊥PG⊥ .

The product term PGPF in (7.7) prevents a straightforward parallel imple-

mentation of this algorithm, although many subdomain computations can be

performed simultaneously in the case where the classical algorithm is general-

ized to many subdomains. Following [6], we can obtain additive form of Schwarz

method, more suitable for parallel computing, simply by removing the product

term from (7.7). Then we have instead of (7.7), the following equation:

(PF + PG)u = g. (7.8)

In this case we have the following equation for the error propagation:

ek+1 = [I − (PF + PG)]ek, k = 0, 1, . . . . (7.9)

Let us consider a construction of (7.8), (7.9) in more details. We need to

solve (7.1) by an additive version of the Schwarz alternating method.

We represent the space H as a sum of subspaces H = F + G. For PF and

PG the following equalities

a(PFu, v) = a(u, v), ∀v ∈ F ,
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a(PGu, v) = a(u, v), ∀v ∈ G

hold. Define the operator P = PF + PG. Then we can replace the problem (7.1)

by the following one:

Pu = g, g = g′ + g′′, (7.10)

g′ = PFu, g′′ = PGu. (7.11)

By construction, (7.1) and (7.10) have the same solution. We mention that g ′

and g′′ can be computed, without knowledge of u, since we can find them by

solving

a(g′, v) = a(u, v) = f(v), ∀v ∈ F ,

a(g′′, v) = a(u, v) = f(v), ∀v ∈ G.

The operator P is positive definite and selfadjoint. We can use therefore the

conjugate gradient method for solving (7.10).

7.2 The Convergence of Conjugate Gradient Method for the

Equations Corresponding to Domain Decomposition Algorithm

The analysis of convergence of considered iterative methods leads to the

problem of investigation of spectral properties of the error propagation oper-

ators, given by (7.6) and (7.9), or the operators given by (7.7), (7.8). Let us

investigate now their spectra.

The convergence rate of conjugate gradient method is determined by the

spectrum of the appropriate operator, which in our case is determined by the

set of angles between subspaces F and G. We investigate how the angles between

these subspaces depend on the size of the overlap.

We use the following relations from Chapter 2:
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• Based on Definition 2.19 we conclude that

Σ(PG⊥PF⊥ |G⊥) \ {0} = cos2(Θ(F⊥,G⊥) \ {π

2
}); (7.12)

• Theorem 2.39 about the spectrum of sum of projectors (see Corollary 4.9,

[7]; see also [72]).

We consider here the one dimensional case in detail for simplicity and trans-

parency. Then we have a particular case of (7.1):

a(u, v) =

∫ 1

0

u′v′dx = f(v), v ∈ H = H1
0 (Ω), (7.13)

where Ω = [0, 1], Ω1 = [0, α], Ω2 = [β, 1], with 0 < β < α < 1 and with an

overlap [β, α]. Then

F = {u ∈ H1
0 ([0, 1]) | u(x) = 0, x ∈ [α, 1]},

G = {v ∈ H1
0 ([0, 1]) | v(x) = 0, x ∈ [0, β]}. (7.14)

Let us construct now the orthogonal projectors onto the orthogonal com-

plements F⊥, G⊥ of the subspaces F and G, respectively. Consider first the

subspace F⊥ and an operator PF⊥ : H → H, which is defined as follows:

(PF⊥u)(x) =





u(α)
α

x if x ∈ [0, α];

u(x) if x ∈ (α, 1].

(7.15)

In other words, the operator PF⊥ linearizes the x ∈ [0, α] part of a function u,

and leaves unchanged its x ∈ [α, 1] part.

Theorem 7.1 The operator PF⊥ defined by (7.15) is the orthogonal projector

onto the subspace F⊥.

129



Proof: To prove that PF⊥ is an orthogonal projector, we need to show that

PF⊥ is a linear operator such that PF⊥ = P ∗
F⊥ = P 2

F⊥ . Next, we need to show

that R(PF⊥) = F⊥.

That PF⊥ is linear and PF⊥ = P 2
F⊥ is evident from its construction. Let us

show that PF⊥ = P ∗
F⊥ .

We have:

(PF⊥u, v)H1 =

∫ 1

0

(PF⊥u)′v′dx =

∫ α

0

u(α)

α
v′dx +

∫ 1

α

u′v′dx =

u(α)v(α)

α
+

∫ 1

α

u′v′dx =

∫ α

0

u′(PF⊥v)′dx +

∫ 1

α

u′v′dx =

∫ 1

0

u′(PF⊥v)′dx = (u, PF⊥v)H1 .

Now, assume that u ∈ F , v ∈ R(PF⊥) and show that (u, v)H1 = 0. We have

using the definition (7.14) of the subspace F :

(u, v)H1 =

∫ 1

0

u′v′dx =

∫ α

0

u′v′dx = v′u|α0 −
∫ α

0

uv′′dx = 0.

Assume now that v ∈ H and (u, v)H1 = 0 for arbitrary u ∈ F . Then we

have:

(u, v)H1 =

∫ 1

0

u′v′dx =

∫ α

0

u′v′dx = −
∫ α

0

uv′′dx = 0,

for arbitrary u ∈ F . From this relation we conclude that u′′(x) = 0 on [0, α],

that is v is linear on the interval [0, α]. This means that v ∈ R(PF⊥).

We obtain similarly to (7.15) that the orthogonal projector onto the subspace

G⊥ is given by

(PG⊥v)(x) =





v(x) if x ∈ [0, β];

v(β)
β−1

(x − 1) if x ∈ (β, 1].

(7.16)
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Summarizing the results of the above theorem, we conclude that the sub-

space F⊥ consists of the functions of H that are linear on [0, α] and are arbitrary

on [α, 1]. We conclude also similarly that G⊥ is the subspace of the functions of

H that are linear on the segment [β, 1], and are arbitrary on [0, β].

Let us investigate now the angles between the subspaces F⊥ and G⊥. Define

the following two functions:

ū(x) =





√
1−α

α
x if x ∈ [0, α];

−√ α
1−α

(x − 1) if x ∈ (α, 1],

(7.17)

and

v̄(x) =





√
1−β

β
x if x ∈ [0, β];

−
√

β
1−β

(x − 1) if x ∈ (β, 1].

(7.18)

Theorem 7.2 The functions ū and v̄, defined by (7.17), (7.18) form a pair of

principal vectors for the subspaces F⊥ and G⊥, corresponding to the angle

θ = arccos

(√
β(1 − α)

α(1 − β)

)
. (7.19)

Proof: Following Definition 2.50, we need to show that ū and v̄ are normalized

vectors, and that the equalities

PF⊥ v̄ = cos(θ)ū, PG⊥ū = cos(θ)v̄

hold. We have:

‖ū‖2
H1 =

∫ 1

0

(ū′)2dx =
1 − α

α
α +

α

1 − α
(1 − α) = 1,

and

‖v̄‖2
H1 =

∫ 1

0

(v̄′)2dx =
1 − β

β
β +

β

1 − β
(1 − β) = 1.
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Next, based on the construction of the operators PF⊥ and PG⊥ , we get from

(7.17), (7.18):

(PF⊥ v̄)(x) = cos(θ)ū(x) =





1−α
α

√
β

1−β
x if x ∈ [0, α];

−
√

β
1−β

(x − 1) if x ∈ (α, 1],

(7.20)

and

(PG⊥ū)(x) = cos(θ)v̄(x) =





√
1−α

α
x if x ∈ [0, β];

β
β−1

√
1−α

α
(x − 1) if x ∈ (β, 1].

(7.21)

The equalities (7.20) and (7.21) show that (2.41) hold.

Remark 7.3 Dividing the segment [0, 1] into corresponding three parts, we eas-

ily check that (2.44) holds:

(u, v) = cos(θ) =

√
β(1 − α)

α(1 − β)
. (7.22)

After finding this one pair of principal vectors, let us show that remaining

parts of the subspaces F⊥ and G⊥ are orthogonal.

Theorem 7.4

{F⊥ ª span{ū}} ⊥ {G⊥ ª span{v̄}}.

Proof: If u ∈ F⊥ and u ⊥ ū then we have

(u, ū)H1 =

∫ 1

0

u′ū′dx =

∫ α

0

√
1 − α

α
u′dx +

∫ 1

α

(
−
√

α

1 − α

)
u′dx = 0.

From this equality follows

u(α)

(√
1 − α

α
+

√
α

1 − α

)
= 0,
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from which we conclude that u(α) = 0. But, since u ∈ F⊥, it is linear on the

interval [0, α], and consequently u(x) = 0 for all x ∈ [0, α].

We show similarly that if v ∈ G⊥ and v ⊥ v̄ then v(x) = 0 for all x ∈ [β, 1].

Since 0 < β < α < 1, we have supp(u) ∩ supp(v) = ∅, that is (u, v)H1 = 0.

Corollary 7.5

Θ(F⊥,G⊥) =
{

θ
}
∪
{π

2

}
, (7.23)

where θ is given by (7.19).

Let us mention that since 0 < β < α < 1, the inequality 0 < β(1−α)
α(1−β)

< 1

holds.

Corollary 7.6

Σ(I − PG⊥PF⊥) =
{ α − β

α(1 − β)

}
∪
{

1
}

. (7.24)

To investigate the spectrum of operator I −PG⊥PF⊥ , we could use Theorem

2.35, and consequently study the angles between the subspaces F and G instead

of F⊥ and G⊥. Let us proceed this way.

Define the linear operators PF and PG, acting on H by

(PFu)(x) =





u(x) − u(α)
α

x if x ∈ [0, α];

0 if x ∈ (α, 1]

(7.25)

and

(PGv)(x) =





0 if x ∈ [0, β];

v(x) + v(β)
1−β

(x − 1) if x ∈ (β, 1].

(7.26)
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Theorem 7.7 The operators PF and PG defined by (7.25), (7.26) are orthogonal

projectors onto the subspaces F and G, respectively.

Proof: The proof is similar to that of the Theorem 7.1.

Define the following two functions:

û(x) =





√
α−β
αβ

x if x ∈ [0, β];

√
β

α(α−β)
(α − x) if x ∈ (β, α];

0 if x ∈ (α, 1],

(7.27)

and

v̂(x) =





0 if x ∈ [0, β];

√
1−α

(α−β)(1−β)
(β − x) if x ∈ (β, α];

√
α−β

(1−α)(1−β)
(x − 1) if x ∈ (α, 1].

(7.28)

Theorem 7.8 The functions û and v̂, defined by (7.27), (7.28) form a pair of

principal vectors for the subspaces F and G, corresponding to the angle θ, given

by (7.19).

Proof: The proof is similar to that of Theorem 7.2.

Theorem 7.9

Θ(F ª span{û},G ª span{v̂}) =
{

0
}
∪
{π

2

}
.

Proof: Let us mention first that if u ∈ H, ‖u‖ = 1, supp(u) ⊂ [0, β] then

u ∈ F ª span{û}. Similarly, if v ∈ H, ‖v‖ = 1, supp(u) ⊂ [α, 1] then v ∈

G ª span{v̂}. We have

PFv = 0 · u, PGu = 0 · v,
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that is u and v form a pair of principal vectors corresponding to the angle π
2
.

Finally, we conclude that π
2
∈ Θ(F ª span{û},G ª span{v̂}).

Next, it is not difficult to show that if u ∈ F and u ⊥ û, then u(β) = 0.

Similarly, if v ∈ G and v ⊥ v̂, then v(α) = 0. Then we have

(PGu)(x) =





0 if x ∈ [0, β] ∪ [α, 1];

u(x) if x ∈ (β, α)

(7.29)

and

(PFv)(x) =





0 if x ∈ [0, β] ∪ [α, 1];

v(x) if x ∈ (β, α).

(7.30)

If u, v form a pair of principal vectors corresponding to angle θ ∈ Θ(F ,G) \ { π
2
}

then we have

PGu = cos(θ)v, PFv = cos(θ)u. (7.31)

These relations together with (7.29), (7.30), give

u(x) = v(x) = 0, ∀x ∈ [0, β] ∪ [α, 1].

Then we obtain from (7.31) u = cos2(θ)u and since u is not a zero function, we

conclude that θ = 0.

Let us also mention that

F ∩ G = {u | supp(u) ⊆ [β, α]}.

Now, let us investigate the spectrum of the operator PF + PG, which acts in

(7.8).
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Theorem 7.10

Σ(PF + PG) = {1, 1 ± cos(θ), 2}, (7.32)

where θ = Θ(F ,G) \ ({0} ∪ {π
2
}).

Proof: (PF +PG)u = u for ∀u with supp(u) ⊆ [0, β] and for ∀u with supp(u) ⊆

[α, 1], and we conclude that 1 ∈ Σ(PF + PG). Next, if supp(u) ⊆ [β, α], then

(PF + PG)u = 2u, and consequently 2 ∈ Σ(PF + PG).

Following [7, 72], the spectrum of PF + PG consists of 1, 2, and 1 ± cos(θ)

with θ ∈ Θ(F ,G) \ ({0} ∪ {π
2
}). Using (2.33), we have Θ(F ,G) \ ({0} ∪ { π

2
}) =

Θ(F⊥,G⊥) \ ({0} ∪ {π
2
}) = arccos

(√
β(1−α)
α(1−β)

)
. This completes the proof of the

assertion.

Remark 7.11 Based on (7.24) and (7.32), we conclude that for equation (7.7)

the conjugate gradint method converges in two iterations, and for equation (7.8)

it converges in four iterations. The results (7.24) and (7.32) are apparently

known in the domain decomposition community. Similar to (7.24) and (7.32)

results are known for a discrete case, when the additive Schwarz and so-called

restricted additive Schwarz methods are used as preconditioners [17].

The results (7.24) and (7.32) are specifically one dimensional. In two or

more dimensional case we have no finite convergence and the convergence rate

decreases with the relative size of the overlap, e.g., [8, 9, 15, 20, 21, 51, 68, 71].
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8. Application of Angles Between Subspaces in Microarray Data

Analysis

In this chapter, we describe our work in microarray data analysis as an

application of the angles between subspaces. We give a short introduction to

the canonical correlation analysis and microarray technology in Section 8.1. In

Section 8.2, we discuss the algorithms that are used in Affymetrix MAS 5 and

GCOS 1.2 software. In Section 8.3, we propose our Matlab code, which performs

single-array and comparison analysis for Affymetrix data given by CEL and CDF

files and creates corresponding CHP data structures. Finally, we discuss the use

of angles between subspaces to analyze the Affymetrix data in Section 8.4.

8.1 Basics of Canonical Correlation Analysis and Microarray Data

Analysis

Proposed by H. Hotelling [34], the Canonical Correlation Analysis (CCA)

seeks to identify and quantify the associations between two sets of variables.

CCA focuses on the correlation between a linear combination of the variables in

one set and a linear combination of the variables in another set.

The idea is to determine:

• at the first step, the pair of linear combinations having the largest corre-

lation (first canonical variate pair);

• at the k-th step, the k-th canonical variate pair, which maximize the cor-

relation among all choices uncorrelated with the previous k − 1 canonical

variate pairs.
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CCA can be considered as the problem of finding basis vectors for two sets of

variables such that the correlation between the projections of the variables onto

these basis vectors is maximized. The standard correlation analysis is dependent

on the coordinate system in which the variables are described. Consequently,

even if there is a very strong linear relationship between two sets of multidi-

mensional variables, depending on the coordinate system used, this relationship

might not be visible as a correlation. An important property of canonical cor-

relations is that they are invariant with respect to affine transformations of the

variables.

The absolute value of the correlation between two vectors is an inner product

of these vectors, and it can be shown, e.g., [23, 35] for finite dimensional case,

Theorem 5.1 [28], Theorem 3.10 of this dissertation for the infinite dimensional

case, that the canonical variate pairs obtained by the described above recursive

procedure are the same as principal vectors in Definition 3.9. The correlation

between k-th pair of canonical variates is called the k-th canonical correlation

and is equal to the cosine of k-th principal discrete angle from the bottom

between corresponding subspaces.

There are various ways of formulating the canonical correlations, which are

all equivalent [23] in finite dimensional case. They shed insights on the problem

from different perspectives. The applications of the canonical correlations are

enormous, e.g., in system identification, information retrieval, statistics, econo-

metrics, psychology, educational research, anthropology and botany.

Microarrays provide scientists with a powerful new tool for simultaneously

analyzing the expression of many thousands of genes. The most known type of
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microarrays is the Affymetrix GeneChip [69], which have short (25-mer) oligonu-

cleotides synthesized directly on the glass. There are some other variants, such

as specialized ink-jet printers that can be used to synthesize oligos directly on

a solid support, but they are not yet wide spread.

The Affymetrix microarrays have a number of advantages. First, the features

(DNA spots) are extremely uniform and very close together. As a consequence,

a single GeneChip can contain more than 400,000 different DNA spots, which

allows these commercial chips to contain a large number of controls and mul-

tiple (16-20) spots for each gene. Each probe cell contains a unique probe. A

microarray works by exploiting the ability of a given mRNA molecule to bind

specifically to, or hybridize to, the DNA template from which it originated. The

expression levels of genes within a cell are measured by scanning of intensities.

Probes are tiled in probe pairs as a Perfect Match (PM) and a Mismatch (MM).

The sequence for PM and MM are the same, except for a change to the so-called

Watson-Crick complement in the middle of the MM probe sequence.

8.2 Affymetrix Data Analysis Algorithms

The statistical algorithms provide the following data outputs:

Signal A measure of the abundance of a transcript .

Detection Call indicating whether the transcript was

Present (P) or Absent (A), or Marginal (M).
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Detection p-value p-value indicating the significance of the

Detection call.

Change Call indicating a change in transcript level

between a baseline array and an experiment array

[i.e. Increase (I), Decrease (D), Marginal Increase

(MI), Marginal Decrease (MD), No Change (NC)].

Change p-value p-value indicating the significance

of the Change call .

Signal Log Ratio The change in expression level for

a transcript between a baseline and an experiment

array. This change is expressed as the log2 ratio.

Affymetrix uses several types of data files. Among them CEL files that

contain information about the expression levels of of the individual probes (PM

and MM intensities), CHP files that contain information about probe sets, and

CDF files that contain information about which probes belong to which probe

sets.

Using together CEL and CDF files gives a possibility to capture all probe

pairs, belonging to the given probe set. Next, based on the individual intensities

compute the needed quantities or calls.

We describe the Affymetrix algorithms following [69].

I. Expression value (SIGNAL) calculation.

Signal is calculated as follows:

1. Cell intensities are preprocessed for the global background;
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2. An ideal mismatch value is calculated and subtracted to adjust the PM

intensity;

3. The adjusted PM intensities are log-transformed to stabilize the variance;

4. The One-Step Tukey’s Biweight Algorithm is used to provide a robust

mean of the resulting values. Signal is output as the antilog (exponent) of

the resulting value;

5. Finally, the signal is scaled using a trimmed mean

IDEAL MISMATCH. The reason for including an MM probe is to provide

a value that comprises most of the background cross-hybridization and stray

signal affecting the PM probe. It also contains a portion of the true target

signal. If the MM value is less than PM value, it is a physically feasible estimate

for the background, and can be directly used.

If the MM value is larger than the PM value, it is a physically impossible

estimate for the amount of stray signal in the PM intensity. Instead, an idealized

value can be estimated based on our knowledge of the whole probe set or on

the behavior of probes in general. Specifically, this estimate is based either on

the average ratio between PM and MM, or (if that measure is itself too small)

a value slightly smaller than PM.

For every probe set calculate:

SB = Tbi(log2(PMi) − log2(MMi));

IMi =





MMi if MMi < PMi;

PMi

2SB if MMi ≥ PMi and SB > contrastτ ;

PM/2
contrastτ

1+
contrastτ−SB

scaleτ if MMi ≥ PMi and SB ≤ contrastτ.
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Defaults: contrastτ = 0.03, scaleτ = 10.

Next, we calculate

Vi = max(PMi − IMi, δ),

where default δ = 2−20. Next

PVi = log2(Vi);

SignalLogV alue = Tbi(PV1, . . . PVn);

ReportedV alue = nf ∗ sf ∗ 2SignalLogV alue,

where nf and sf are some coefficients.

8.3 Matlab Software for the Analysis of Affymetrix Data

We attempt to reproduce and efficiently implement in Matlab publicly avail-

able methods of Affymetrix MAS 5 and GCOS 1.2 software that perform single-

array and comparison analysis for Affymetrix data given by CEL and CDF files

and create corresponding CHP data structures:

1. CHP data structure is constructed based on given CEL and CDF files.

Detection p-values, and Signals are computed and Detection Calls are

assigned.

2. CHP comparison analysis data structure is constructed based on two given

CEL files: the baseline and the experiment. Change p-values and Signal

Log Ratios are computed and Change Calls are assigned.

3. cdfCel2chp is a vectorized version of Matlab Bioinformatics toolbox func-

tion “probesetvalues” that efficiently reads Affymetrix data from CDF and

CEL structures.
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Here we give a brief overview of the Matlab functions that we have written

and we refer the reader to the Appendix 2 for the complete codes. The codes

are publicly available at the URL

http : //www.mathworks.com/matlabcentral/fileexchange/.

The Matlab functions we have created are:

1. function

p = changeV alueMatrix(x1, y1, x2, y2, varargin)

- Wilcoxon’s one-sided signed rank test for zero median of the difference

between experiment and baseline.

P = CHANGEV ALUEMATRIX(X1, Y 1, X2, Y 2) returns the vector

of comparative detection (change) p-values. The algorithm is based on

comparison of the differences between perfect match and mismatch inten-

sities and between perfect match intensities and background for baseline

and experiment Affymetrix data. The one-sided Wilcoxon’s signed rank

test is used for calculating of p-values. X1, Y 1, X2 and Y 2 are the matri-

ces of the equal sizes and the function acts on the pairs of corresponding

columns. Calculated values are used to assign Increase, Marginally In-

crease, No Change, Marginally Decrease and Decrease calls to the given

probe sets.

2. function

[bM, nM ] = backgrNoise(intensMatrix, varargin)

calculates the background and noise values for each cell.
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[BM,NM ] = BACKGRNOISE(INTENSMATRIX) calculates the

BACKGROUND and NOISE values for each cell of the chip using

smoothing adjustment based on the distances between given cell and cen-

ters of the zones.

3. function

newChpStruct = buildChpStruct(celF ileName, libDir, varargin)

creates a CHP structure based on CEL and CDF structures. The whole

process of construction of the resulting structure consists of the following

steps:

• Find the set of different numbers of probe pairs;

• Extract the IDs of probe sets with given numbers of probe pairs;

• Create corresponding matrix of X and Y coordinates of PM and MM

pairs from cdfStruct data;

• Create the matrix of intensities for PM and MM pairs;

• Compute Signals, DetectionPValues and assign Detections.

4. function

comparChpStruct = buildComparChpStruct(baseCelF ileName,

expCelF ileName, libDir, varargin)

creates a CHP structure based on two CEL and CDF structures. The

whole process of construction of the resulting structure consists of the

following steps:
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• Find the set of different numbers of probe pairs;

• Extract the IDs of probe sets with given numbers of probe pairs;

• Create corresponding matrix of X and Y coordinates of PM and MM

pairs from cdfStruct data (for both - baseline and experiment);

• Create the matrix of intensities for PM and MM pairs;

• Compute Signal Log Ratios, ChangePValues and assign Changes.

5. function

probevalues = cdfCel2chp(celStruct, cdfStruct, theID)

extracts the probe sets values from CDF and CEL structures.

PROBEV ALUES = CDFCEL2CHP (CELSTRUCT,

CDFSTRUCT, THEID)

returns the matrix of size numPairs x 18. Its columns are ProbeSet-

Number, ProbePairNumber, PMPosX, PMPosY, PMIntensity, PMStDev,

PMPixels, PMOutlier, PMMasked, MMPosX, MMPosY, MMIntensity,

MMStDev,MMPixels, MMOutlier and MMMasked values for each probe

pair.

This function is a vectorized version of MATLAB function PROBESET-

VALUES.

6. function

intensities = celIntens(celStruct, cdfStruct, theID)
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extracts the intensity values from CDF and CEL structures. It returns the

matrix of size numPairs×2. Its columns are PMIntensity and MMInten-

sity.

7. function

[bZ, nZ] = zoneBackground(intensMatrix, varargin)

calculates the zone values for rectangular parts of chip. Returns the mean

values of the lower part of intensities and their standard deviations for

each zone.

8. function

mAverage = modAverage(x, varargin)

calculates the average of the components of a vector distances from which

to the mean of vector is less than n ∗ std(x). Returns the row vector of

modified averages of the columns of matrix X. Modified average is equal to

the mean value of components which belong to the segment [MEAN(X)−

N ∗ STD(X),MEAN(X) + N ∗ STD(X)].

9. function

factor = scalingFactor(x, varargin)

returns the factor multiplying on which makes a trimmed mean equal to

the given target.

FACTOR = SCALINGFACTOR(X) calculates the row vector of coeffi-

cients, multiplying on which gives all equal trimmed means for the columns

of a matrix X.
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10. function

x = signalCalcMatrix(x, y, varargin)

calculates the signals for Affymetrix probe sets.

X = SIGNALCALC(X,Y ) returns the vector of expression values

(SIGNAL) for given sets of PM X and MM Y .

11. function

x1 = signalLogRatio(x1, y1, x2, y2, varargin)

calculates the relative expression values for Affymetrix data.

X1 = SIGNALLOGRATIO(X1, Y 1, X2, Y 2) returns the vector of rela-

tive expression values (LOG RATIOS) for given experiment and baseline

arrays. X1, Y 1 and X2, Y 2 are corresponding (baseline and experiment)

matrices of perfect match and mismatch intensities.

12. function

p = singleDetectV alMatrix(x, y, varargin)

- Wilcoxon’s one-sided signed rank test for zero median of the difference

of discrimination score and given threshold.

P = SINGLEDETECTIONV ALUE(X,Y ) calculates the vector of p-

values for the null hypothesis. The algorithm is based on comparison of

so-called discrimination scores with a given threshold TAU. The one-sided

Wilcoxon’s signed rank test is used for calculating of p-values. X and

Y are the matrices of the equal sizes and the function acts on the pairs

of corresponding columns. Each of these pairs of columns represent the
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vectors of intensities of PM and MM probe sets. Calculated values are

called detection p-values. They are used to assign Present, Marginal or

Absent detection calls to the given probe sets of Affymetrix data.

13. function

t = tukey1stepBiweight(x, varargin)

calculates a robust average unaffected by outliers.

T = TUKEY 1STEPBIWEIGHT (X) returns the vector of one-step

biweight Tukey averages of the columns of a given matrix X.

8.4 Using Angles Between Subspaces in Affymetrix Data Analysis

We use the CCA (angles between subspaces) for microarray data analysis.

We consider two groups of baseline and experiment data (.CEL files). After

performing the comparison analysis using our Matlab software for the analysis

of Affymetrix data, we obtain a matrix of Signal Log Ratio quantities. We

perform next the single array analysis and construct a matrix of Detection Call

quantities. Using the Signal Log Ratio matrix we construct a Fold Change

matrix. Next, we proceed filtering of genes using three criteria: the first is

presence of genes in all single array analysis; the second criterion is similar

behaviuor of genes in the groups of duplicates. This means that the genes are

excluded which have simultaneously increase and decrease change calls in the

same group of duplicates; the third criterion is setting lower bound (denote by

τ) on the absolute values of the fold changes. If τ ≥ 1.12 no one gene is left

after filtering; if τ ∈ [1.03, 1.11], the number of remaining genes is in the range
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[1, 66]. Since we have 66 vectors (42 in first group and 24 in the second), the

number of vectors becomes larger than dimension of a space and consequently,

this case is not interesting from a point of view of angles. For τ ≤ 1.024 we

obtain the genes, number of which ≥ 127. We have calculated the angles for

several cases, e.g., 127 genes (τ = 1.024), 360 genes (τ = 1.015). The magnitude

of angles between subspaces spanned by the components of genes, which remain

(“survive”) in data after filtering show that there is no correlation between the

behaviour of genes in the given two groups.
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Appendix A. Description of the used data and materials

We carried out 66 comparison analysis between baseline data and experiment

data. The baseline files in the first group are:

A1, A2, M3, M4, M7, M8, H1, H2, NC1-5, NC2-6, N13-1, N13-2, N17-1,

N17-2.

The experiment files in the first group are:

A3, A4, A5, A6, A7, A8, M1, M2, M5, M6, H3, H4, H5, F1-1, F2-2,

FC1-3, FC2-4, E13-1, E13-2, E17-1, E17-2

The baseline files in the second group are:

B-1, B-2, 1a, 2a, 3a, 4a.

The experiment files in the second group are:

B-3, B-4, B-5, B-6, B-7, B-8, B-9, B10, 1b, 2b, 3b, 4b.

We carried out 53 single array analysis to determine the genes which are

presented. These .CEL files for which we made this analysis are:

A1, A2, A3, A4, A5, A6, A7, A8, M1, M2, M3, M4, M5, M6, M7, M8, H1,

H2, H3, H4, H5, NC1-5, NC2-6, F1-1, F2-2, FC1-3, FC2-4, N13-1,

N13-2, N17-1, N17-2, E13-1, E13-2, E17-1, E17-2, B-1, B-2, B-3,

B-4, B-5, B-6, B-7, B-8, B-9, B10, 1a, 2a, 3a, 4a, 1b, 2b, 3b, 4b.
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All of these single array analysis resulted in so-called .CHP structures, from

which we used the detection calls to define the presented genes.

For computation of angles between subspaces we used the Matlab function

subspacea.m of A. Knyazev and M. Argentati.

Data description is given below:

Materials and methods.

Worms were maintained on agar plated seeded with E. coli (OP50) as

a source of food. Unless stated differently worms were maintained

at 20’C. The RNAi feeding was performed as described (Kamath et

all, 2001: available at

http://genomebiology.com/2000/2/1/RESEARCH/0002). Control plates

contained E. coli HT115 strain transformed with empty vector,

pPD129.36.

Mairoarray data was obtained with the total genome C. elegans chips

(Affymetrix) and total RNA isolated from the control and experimental

worms according to the standard Trizol protocol. Hybridization was

performed according to the manufacturer’ protocol (Affymetrix) in the

Microarray facility at University of Michigan.

Sample description.

GROUP I
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A1-A8 series: One young wild type (N2) adult animal was plated on

control and RNAi plates. Mixed population of warms was collected on

day 4 (mostly adults and L2--L4 larvae). The targeted genes were

uncharacterized genes putatively involved in FA metabolism.

A1 and A2 -- control

A3 and A4 -- RuvB-like (RNAi).

A5 and A6 -- pnk-1(RNAi)

A7 and A8 -- nhr-49(RNAi)

M1 -- M8 series: One young wild type (N2) adult animal was plated

on control and RNAi plates. Mixed population of warms was collected

on day 3 (adults, eggs, L1 and L2). The targeted genes were genes

putatively

involved in lipid metabolism.

M1 and M2 -- spt-1(RNAi)

M3 and M4 -- control for spt-1(RNAi)

M5 and M6 -- lpd-1(RNAi)

M7 and M8 -- control to lpd-1(RNAi)

H1 -- H5 series: One young wild type (N2) adult animal was plated on

control and RNAi plates. Mixed population of warms was collected on

day 4. The targeted genes were genes involved in FA biosynthesis.

H1 and H2 -- control
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H3 -- elo-2(RNAi)

H4 and H5 -- elo-5(RNAi)

NC-FC-F series: Wild type eggs were plated on control and RNAi

plates. Grown synchronized animals were collected when just

started to lay eggs. The targeted genes were genes involved in

branched chain FA biosynthesis.

NC1 and NC2 -- control animals supplemented with C13ISO

F1 and F2 -- acs-1(RNAi)

FC1 and FC2 -- acs-1(RNAi) supplemented with C13ISO

E13_14 -- NC13_17 series: Wild type eggs were plated on control

and RNAi plates. Mixed population of worms was collected on day

3 + (adults and mostly eggs and L1). The targeted genes were

genes involved in branched chain FA biosynthesis.

E13-1 and E13- 2 -- elo-5(RNAi) supplemented with C13ISO

E17-1 and E17-2 -- elo-5(RNAi) supplemented with C17ISO

NC13-1 and NC13-2 -- N2 supplemented with C13ISO

NC17-1 and NC17-2 -- N2 supplemented with C17ISO

GROUP II

B1 -- B10 series: Eggs were plated and progeny was collected at larval

stages L2 and L3. Worms strains: N2 (wild type), lin-8, lin-35, lin-8;
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lin-35, and lin-15. All mutant animals have loss-of-function mutations

in genes regulating cell lineage and organogenesis.

B1 and B2 -- N2

B3 and B4 - lin-8

B5 and B6 -- lin-35

B7 and B8 -- lin-8;lin-35

B9 and B10 -- lin-15

1ab -- 4ab series: Eggs of wild type N2 and nhr-25(ku217) were

plated and maintained at different temperatures. The animals

were collected as early L1 larvae

a-- N2

b -- ku217

1 and 2 -- 25’C

3 and 4 -- 15’C
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Appendix B. Matlab Microarray Analysis Script

The script given below performs single array and comparison analysis, con-

structs the corresponding data structures, filters genes and computes the angles

between two subspaces corresponding to two groups of experiments.

%% anglesMicroarrays.m CONSTRUCTING SINGLE ARRAY AND COMPARISON ANALYSIS

%% STRUCTURES, FILTERING RESULTING DATA USING APPROPRIATE CRITERIA AND

%% COMPUTING THE ANGLES BETWEEN SUBSPACES OF TWO GROUPS OF EXPERIMENTS

%%

%% Comparison Analysis (66 analysis)

%%

libDir=pwd;

nGenes=22625;

nCompar=66;

all_log_ratio_matrix=zeros(nGenes,nCompar);

change_call_matrix=zeros(nGenes,nCompar);

%%

%% groupA

groupA_base={’A1’ ’A2’};

groupA_exp={’A3’ ’A4’ ’A5’ ’A6’ ’A7’ ’A8’};

k=6;

for i=1:2

for j=1:k

baseCelFileName=char(groupA_base(i));

expCelFileName=char(groupA_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelFileName,libDir);

all_log_ratio_matrix(:,(i-1)*k+j)=[structure.ProbeSets(1:nGenes).SignalLogRatio]’;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},’Increase’)+...

strcmp({structure.ProbeSets(1:nGenes).Change},’Decrease’)*(-1);

change_call_matrix(:,(i-1)*k+j)=zz’;

end

end
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%%

%% groupM

groupM_1_base={’M3’ ’M4’};

groupM_1_exp={’M1’ ’M2’};

groupM_2_base={’M7’ ’M8’};

groupM_2_exp={’M5’ ’M6’};

k=2;

for i=1:2

for j=1:k

baseCelFileName=char(groupM_1_base(i));

expCelFileName=char(groupM_1_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelFileName,libDir);

all_log_ratio_matrix(:,12+(i-1)*k+j)=[structure.ProbeSets(1:nGenes).SignalLogRatio]’;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},’Increase’)+...

strcmp({structure.ProbeSets(1:nGenes).Change},’Decrease’)*(-1);

change_call_matrix(:,12+(i-1)*k+j)=zz’;

end

end

%%

k=2;

for i=1:2

for j=1:k

baseCelFileName=char(groupM_2_base(i));

expCelFileName=char(groupM_2_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelFileName,libDir);

all_log_ratio_matrix(:,16+(i-1)*k+j)=[structure.ProbeSets(1:nGenes).SignalLogRatio]’;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},’Increase’)+...

strcmp({structure.ProbeSets(1:nGenes).Change},’Decrease’)*(-1);

change_call_matrix(:,16+(i-1)*k+j)=zz’;

end

end

%%

%% groupH

groupH_1_base={’H1’ ’H2’};

groupH_1_exp={’H3’};

groupH_2_base={’M3’ ’M4’};
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groupH_2_exp={’H4’ ’H5’};

k=1;

for i=1:2

for j=1:k

baseCelFileName=char(groupH_1_base(i));

expCelFileName=char(groupH_1_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelFileName,libDir);

all_log_ratio_matrix(:,20+(i-1)*k+j)=[structure.ProbeSets(1:nGenes).SignalLogRatio]’;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},’Increase’)+...

strcmp({structure.ProbeSets(1:nGenes).Change},’Decrease’)*(-1);

change_call_matrix(:,20+(i-1)*k+j)=zz’;

end

end

%%

k=2;

for i=1:2

for j=1:k

baseCelFileName=char(groupH_2_base(i));

expCelFileName=char(groupH_2_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelFileName,libDir);

all_log_ratio_matrix(:,22+(i-1)*k+j)=[structure.ProbeSets(1:nGenes).SignalLogRatio]’;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},’Increase’)+...

strcmp({structure.ProbeSets(1:nGenes).Change},’Decrease’)*(-1);

change_call_matrix(:,22+(i-1)*k+j)=zz’;

end

end

%%

%% groupF_FC_NC

groupF_FC_NC_base={’NC1-5’ ’NC2-6’};

groupF_FC_NC_exp={’F1-1’ ’F2-2’ ’FC1-3’ ’FC2-4’};

k=4;

for i=1:2

for j=1:k

baseCelFileName=char(groupF_FC_NC_base(i));

expCelFileName=char(groupF_FC_NC_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelFileName,libDir);
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all_log_ratio_matrix(:,26+(i-1)*k+j)=[structure.ProbeSets(1:nGenes).SignalLogRatio]’;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},’Increase’)+...

strcmp({structure.ProbeSets(1:nGenes).Change},’Decrease’)*(-1);

change_call_matrix(:,26+(i-1)*k+j)=zz’;

end

end

%%

%% groupE-N

groupE_N_1_base={’N13-1’ ’N13-2’};

groupE_N_1_exp={’E13-1’ ’E13-2’};

groupE_N_2_base={’N17-1’ ’N17-2’};

groupE_N_2_exp={’E17-1’ ’E17-2’};

k=2;

for i=1:2

for j=1:k

baseCelFileName=char(groupE_N_1_base(i));

expCelFileName=char(groupE_N_1_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelFileName,libDir);

all_log_ratio_matrix(:,34+(i-1)*k+j)=[structure.ProbeSets(1:nGenes).SignalLogRatio]’;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},’Increase’)+...

strcmp({structure.ProbeSets(1:nGenes).Change},’Decrease’)*(-1);

change_call_matrix(:,34+(i-1)*k+j)=zz’;

end

end

%%

k=2;

for i=1:2

for j=1:k

baseCelFileName=char(groupE_N_2_base(i));

expCelFileName=char(groupE_N_2_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelFileName,libDir);

all_log_ratio_matrix(:,38+(i-1)*k+j)=[structure.ProbeSets(1:nGenes).SignalLogRatio]’;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},’Increase’)+...

strcmp({structure.ProbeSets(1:nGenes).Change},’Decrease’)*(-1);

change_call_matrix(:,38+(i-1)*k+j)=zz’;

end
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end

%%

%% groupB

groupB_base={’B-1’ ’B-2’};

groupB_exp={’B-3’ ’B-4’ ’B-5’ ’B-6’ ’B-7’ ’B-8’ ’B-9’ ’B10’};

k=8;

for i=1:2

for j=1:k

baseCelFileName=char(groupB_base(i));

expCelFileName=char(groupB_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelFileName,libDir);

all_log_ratio_matrix(:,42+(i-1)*k+j)=[structure.ProbeSets(1:nGenes).SignalLogRatio]’;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},’Increase’)+...

strcmp({structure.ProbeSets(1:nGenes).Change},’Decrease’)*(-1);

change_call_matrix(:,42+(i-1)*k+j)=zz’;

end

end

%%

%% group_ab

group_ab1_base={’1a’ ’2a’};

group_ab1_exp={’1b’ ’2b’};

group_ab3_base={’3a’ ’4a’};

group_ab3_exp={’3b’ ’4b’};

k=2;

for i=1:2

for j=1:k

baseCelFileName=char(group_ab1_base(i));

expCelFileName=char(group_ab1_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelFileName,libDir);

all_log_ratio_matrix(:,58+(i-1)*k+j)=[structure.ProbeSets(1:nGenes).SignalLogRatio]’;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},’Increase’)+...

strcmp({structure.ProbeSets(1:nGenes).Change},’Decrease’)*(-1);

change_call_matrix(:,58+(i-1)*k+j)=zz’;

end

end

%%
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for i=1:2

for j=1:k

baseCelFileName=char(group_ab3_base(i));

expCelFileName=char(group_ab3_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelFileName,libDir);

all_log_ratio_matrix(:,62+(i-1)*k+j)=[structure.ProbeSets(1:nGenes).SignalLogRatio]’;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},’Increase’)+...

strcmp({structure.ProbeSets(1:nGenes).Change},’Decrease’)*(-1);

change_call_matrix(:,62+(i-1)*k+j)=zz’;

end

end

%%

%% Reorder the columns of matrices with respect to the groups of duplicates

order=[1 2 7 8 3 4 9 10 5 6 11:28 31 32 29 30 33:44 ...

51 52 45 46 53 54 47 48 55 56 49 50 57:66];

%%

all_log_ratio_matrix=all_log_ratio_matrix(:,order);

change_call_matrix=change_call_matrix(:,order);

%% End of Comparison Analysis

%%

%% Single Array Analysis

%%

global intensMatrix adjustIntensMatr backgroundMatrix celStruct cdfStruct

all_cel_files={’A1’ ’A2’ ’A3’ ’A4’ ’A5’ ’A6’ ’A7’ ’A8’ ’M1’ ’M2’ ’M3’ ’M4’ ...

’M5’ ’M6’ ’M7’ ’M8’ ’H1’ ’H2’ ’H3’ ’H4’ ’H5’ ’NC1-5’ ’NC2-6’...

’F1-1’ ’F2-2’ ’FC1-3’ ’FC2-4’ ’N13-1’ ’N13-2’ ’N17-1’ ’N17-2’...

’E13-1’ ’E13-2’ ’E17-1’ ’E17-2’ ’B-1’ ’B-2’ ’B-3’ ’B-4’ ’B-5’...

’B-6’ ’B-7’ ’B-8’ ’B-9’ ’B10’ ’1a’ ’2a’ ’3a’ ’4a’ ...

’1b’ ’2b’ ’3b’ ’4b’};

%%

nCels=53;

detection_call_matrix=zeros(nGenes,nCels);

%%

for k=1:nCels

celFileName=char(all_cel_files(k));
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%%

fileNameCell=strcat(celFileName,’.’,’cel’);

celStruct=affyread(fileNameCell,libDir);

cdfFileName=celStruct.ChipType;

fileNameCDF=strcat(cdfFileName,’.’,’cdf’);

cdfStruct=affyread(fileNameCDF,libDir);

nrc=cdfStruct.Cols;

noiseFrac=0.5;

intensMatrix=zeros(nrc);

indexMatrix=vertcat(cdfStruct.ProbeSets.ProbePairs);

indexMatrix=[[indexMatrix(:,3);indexMatrix(:,5)] [indexMatrix(:,4);...

indexMatrix(:,6)]];

intensMatrix([indexMatrix(:,2)*nrc+indexMatrix(:,1)+1])=...

celStruct.Probes([indexMatrix(:,2)*nrc+indexMatrix(:,1)+1],3);

[backgroundMatrix,noiseMatrix]=affyBackgrNoise(intensMatrix);

adjustIntensMatr=max(intensMatrix-backgroundMatrix,noiseFrac*noiseMatrix);

%%

single_structure=affyBuildChpStruct(celFileName,libDir);

zz=zeros(1,nGenes);

%%

zz=strcmp({single_structure.ProbeSets(1:nGenes).Detection},’Present’);

detection_call_matrix(:,k)=zz’;

end

%%

%% End of Single Array Analysis

%%

%% Checking the detection calls (presence of the genes)

rows_sum_present=zeros(nGenes,1);

rows_sum_present=sum(detection_call_matrix(:,1:nCels),2);

%%

indic_present=(rows_sum_present==nCels);

%%

%% Checking the change calls in the groups of duplicates (17 groups)

indic_change=((sum(change_call_matrix(:,1:4) >=0, 2)==4 | ...

sum(change_call_matrix(:,1:4) <=0, 2)==4) & ...

(sum(change_call_matrix(:,5:8) >=0, 2)==4 | ...
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sum(change_call_matrix(:,5:8) <=0, 2)==4) & ...

(sum(change_call_matrix(:,9:12) >=0, 2)==4 | ...

sum(change_call_matrix(:,9:12) <=0, 2)==4) & ...

(sum(change_call_matrix(:,13:16) >=0, 2)==4 | ...

sum(change_call_matrix(:,13:16) <=0, 2)==4) & ...

(sum(change_call_matrix(:,17:20) >=0, 2)==4 | ...

sum(change_call_matrix(:,17:20) <=0, 2)==4) & ...

(sum(change_call_matrix(:,21:22) >=0, 2)==2 | ...

sum(change_call_matrix(:,21:22) <=0, 2)==2) & ...

(sum(change_call_matrix(:,23:26) >=0, 2)==4 | ...

sum(change_call_matrix(:,23:26) <=0, 2)==4) & ...

(sum(change_call_matrix(:,27:30) >=0, 2)==4 | ...

sum(change_call_matrix(:,27:30) <=0, 2)==4) & ...

(sum(change_call_matrix(:,31:34) >=0, 2)==4 | ...

sum(change_call_matrix(:,31:34) <=0, 2)==4) & ...

(sum(change_call_matrix(:,35:38) >=0, 2)==4 | ...

sum(change_call_matrix(:,35:38) <=0, 2)==4) & ...

(sum(change_call_matrix(:,39:42) >=0, 2)==4 | ...

sum(change_call_matrix(:,39:42) <=0, 2)==4) & ...

(sum(change_call_matrix(:,43:46) >=0, 2)==4 | ...

sum(change_call_matrix(:,43:46) <=0, 2)==4) & ...

(sum(change_call_matrix(:,47:50) >=0, 2)==4 | ...

sum(change_call_matrix(:,47:50) <=0, 2)==4) & ...

(sum(change_call_matrix(:,51:54) >=0, 2)==4 | ...

sum(change_call_matrix(:,51:54) <=0, 2)==4) & ...

(sum(change_call_matrix(:,55:58) >=0, 2)==4 | ...

sum(change_call_matrix(:,55:58) <=0, 2)==4) & ...

(sum(change_call_matrix(:,59:62) >=0, 2)==4 | ...

sum(change_call_matrix(:,59:62) <=0, 2)==4) & ...

(sum(change_call_matrix(:,63:66) >=0, 2)==4 | ...

sum(change_call_matrix(:,63:66) <=0, 2)==4));

%%

%% Find the genes which are presented and properly changed in the groups of

%% duplicates

indic_present_change=indic_change.*indic_present;

index=find(indic_present_change);
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%%

%% Finding the genes absolute values of fold changes of which are greater

%% than a given threshold

fold_change_matrix=(sign(all_log_ratio_matrix)).*2.^(abs(all_log_ratio_matrix));

fold_change_index=find(sum(abs(fold_change_matrix) > 1.024, 2)==66);

%%

%% Finding the genes which satisfy all three criteria

intersection=[];

for i=1:size(fold_change_index,1)

t=find(index==fold_change_index(i));

if size(t,1) > 0

intersection=[intersection t];

end

end

intersection=intersection’;

final_index=index(intersection);

%%

%% The part of log ratio matrix corresponding to the chosen genes

cluster_matr=all_log_ratio_matrix(final_index,:);

%%

%% Computing the angles between subspaces

F=cluster_matr(:,1:42);

G=cluster_matr(:,43:66);

theta=subspacea(F,G);

%%

%% End of the analysis
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