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1. Introdu
tionWe approximate the adve
tive-di�usive equation in this work. Thereare a lot of appli
ations in 
uid dynami
s using this model as well as in thesemi
ondu
tor industry. For the adve
tive-di�usive equation, the behavior ofthe solution depends on the magnitude of the velo
ity �eld and the di�usivity
oeÆ
ient.Let us de�ne the mesh-Pe
let number as Pe = jajh2� . Here, a is thevelo
ity �eld, h is the mesh size and � is the di�usivity 
oeÆ
ient. Whenthis number is large, we say the model is adve
tive dominated; otherwise, itis di�usive dominated. In the �nite element literature, it is well known thatthe standard Galerkin method using pie
ewise linears performs poorly for theadve
tive dominated model. Spurious os
illations are frequently dete
ted inthe solution.In order to over
ome this diÆ
ulty, stabilized �nite element methodshave been introdu
ed [3, 5, 10℄, and one version was denoted by the Galerkinleast-squares method (GLS). The GLS method adds an 'arti�
ial' term to thevariational formulation. This additional term not only improves the numeri
alstability of the Galerkin method but also preserves good a

ura
y.1



On the other hand, it is not hopeless to apply the standard Galerkinmethod to solve this problem. Herein we are interested in approximating theresidual-free bubble (RFB) method using the Galerkin method. The bubblefun
tion is 
hosen so that the 
omputed solution satis�es the original di�eren-tial equation in the interior of ea
h element and vanishes on the boundary ofea
h element.In [1℄ a relationship is established between the stabilized �nite ele-ment method and the Galerkin method using pie
ewise linears enri
hed withone bubble per element for the adve
tive-di�usive model. Therein these twomethods are shown to be equivalent for di�usive dominated models and ap-propriately de�ned element parameters hk. Later Brezzi, Fran
a and Russo[2℄ proved the 
oer
ivity /stability inequality for a limiting 
ase of the RFBmethod. Further progress has been made by Fran
a, Nesliturk and Stynes in[7℄, where they obtained the desired stability 
ondition for positive but smalldi�usivity parameters under some hypotheses that the 
ow velo
ity is 
onstant,the triangulation is regular, and the edges of triangulation are bounded awayfrom the dire
tion of 
ow.A 
hallenge for the RFB method is to determine the residual freebubble fun
tions in a higher dimensional situation. The two-level �nite elementmethod (TLFEM) is a general framework to resolve this task. This method2



was �rst su

essfully used for solving the Helmholtz equation [6℄. In [7℄, thenumeri
al results for the adve
tion-di�usion problem showed that the TLFEMperformed as well as GLS and that there is no major qualitative di�eren
ebetween these two methods. The TLFEM 
onsists in partitioning the mesh intosubmeshes, and an appropriate numeri
al method is then used to approximatethe PDE's governing the residual-free bubble basis fun
tions instead of solvinganalyti
ally for the residual-free bubble fun
tions. We 
an partition ea
h meshinto di�erent submeshes arbitrarily. For simpli
ity of implementation, uniformsubmeshes are 
onsidered �rst. However, due to the 
hoi
e of bubble fun
tions,there might be boundary layers near out
ow boundaries for the bubble shapefun
tions. Therefore, it seems more appropriate to 
hoose a new submesh whi
his able to 
apture the layer to produ
e more a

urate approximate residual-freebubble shape fun
tions.The purpose of this thesis is to introdu
e the new nonuniform sub-meshes depending on the dire
tion of the 
ow, and 
ompare numeri
al solutionsof the TLFEM for adve
tion-di�usion with uniform submeshes to see if we 
anget any improvement on the numeri
al solutions under the same global mesh.This thesis is organized as follows: In the next 
hapter, we review theresidual-free bubble method for the general boundary value problem. Then,3



in 
hapter 3, we dis
uss the two-level �nite element method for the adve
tive-di�usive equation derived from the RFB method ; In 
hapter 4, the algorithmfor generating non-uniform submesh is developed. Finally, numeri
al resultsand 
on
lusions are presented in 
hapter 5 and 
hapter 6 respe
tively.
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2. The review of RFB for boundaryvalue problemsLet us 
onsider 
 to be an open bounded domain in R2 with boundary�
. For simpli
ity, we assume that �
 is a polynomial 
urve in whi
h 
ase wesay that 
 is a polynomial domain. (If �
 is a 
urve, we 
an approximate itwith a polynomial).First, we 
onsider the general boundary value problem8>>><>>>: Lu = f in 
u = 0 on �
 (2.1)where L is a linear di�erential operator, e.g. L may be the adve
tive-di�usiveoperator, u is the unknown s
alar fun
tion and f is a given sour
e fun
tion.We also assume that this problem is well posed.The abstra
t variational formulation of (2.1) is as follows: Find as
alar variable u 2 V su
h thata(u; v) = (f; v) 8 v 2 V; (2.2)where V is a Hilbert spa
e, a(�; �) is a bilinear form from V � V to R and (�; �)is the usual s
alar produ
t in L2(
).To spe
ify the standard Galerkin �nite element for (2.1), we partition the5



domain 
 into several pie
es K (e.g. triangles, quadrilaterals et
.) in the stan-dard way, whi
h forbids overlapping or any vertex on the edge of a neighboringelement, and so on. Thus,
 = [K2ThK = K1 [K2 [ : : : [Km (2.3)where Th is a partition of 
.We introdu
e the mesh parameterh = maxK2Th diam(K), diam(K)= diameter of K (2.4)We now de�ne Vh as a �nite-dimensional spa
e, whi
h is a subspa
e of V . Thenthe standard Galerkin �nite element method is: Find uh 2 Vh su
h thata(uh; vh) = (f; vh) 8 vh 2 Vh (2.5)Now, we de
ompose the spa
e Vh su
h that Vh=V1 +B, where V1 is the spa
eof 
ontinuous pie
ewise linear or bilinear polynomials and B is the spa
e ofresidual-free bubbles . We will de�ne the spa
e B expli
itly later. Then everyuh 2 Vh 
an be written in the form of uh = u1 + ub, where u1 2 V1 andub 2 B. For the residual-free bubble spa
e, we require the bubble 
omponentub of ea
h vh to vanish on �K of ea
h K and require ea
h vh to satisfy theoriginal di�erential equations strongly, i.e.L(u1 + ub) = f in K (2.6)6



or Lub = �(Lu1 � f) in K (2.7)subje
t to zero Diri
hlet boundary 
ondition on the element boundary, i.e.ub = 0 on �K: (2.8)By the 
lassi
al stati
 
ondensation pro
edure, �rst we set vh = vb;K in K andvh = 0 elsewhere in (2.5) to havea(u1 + ub; vb;K)K = (f; vb;K)K 8vb;K 2 B (2.9)where a(�; �)K and (�; �)K indi
ate that integration is restri
ted to the elementK.Then, taking vh = v1 in (2.5), we obtaina(uh; v1) = (f; v1) (2.10)or a(u1 + ub; v1) = (f; v1) (2.11)
The formulation (2.9) is automati
ally true due to our 
hoi
e of bubble fun
-tions. In fa
t, this equation is also the variational formulation of (2.6) usingvb as test fun
tion restri
ted to ea
h element K. Furthermore, the equation(2.11) is the method to 
ompute an improved bilinear or linear approximationdue to the residual-free bubbles e�e
t. To �nd the residual-free bubble partof the solution, we need to solve (2.5) whi
h depends on the linear part of the7



solution u1. Instead, bubble shape fun
tions with i varying from one to thenumber of element nodes (Nen) 
an be obtained by the following auxiliaryproblems:(i) For ea
h i=1, 2, ..... Nen, �nd �i;K su
h thatL�i;K = �L i;K in K (2.12)�i;K = 0 on �K (2.13)where the  i;K are lo
al basis fun
tion for u1 and(ii) �nd �f;K su
h thatL�f;K = f in K (2.14)�f;K = 0 on �K (2.15)Thus if u1 = NenXi=1 
i;K�i;K (2.16)then ub = NenXi=1 
i;K i;K +  f;K (2.17)with the same 
oeÆ
ient 
i;K.Furthermore, we have the following representation:uh;K = NenXi=1 
i;K( i;K + �i;K) + �f;K: (2.18)
8



Hen
e, we 
an de�ne the residual-free bubble spa
e BK asBK = spanf�1;K; : : : ; �Nen;K; �fg (2.19)and B = XK2ThBK (2.20)Therefore, we 
an restate the RFB method for general boundary value problemas the following:8>>>>>>>><>>>>>>>>: Find uh = u1 + ub 2 Vh = V1 +B su
h thata(uh; v1) = (f; v1) 8v1 2 V1a(uh; vb;K)K = (f; vb;K)K 8K 2 Th and vb;K 2 BK (2.21)or we 
an eliminate ub;K in (2.21) and obtain an equation whi
h only involvesu1: 8>>><>>>: Find u1 2 V1 su
h thata(u1; v1) +PK2Th a(ub;K; v1)K = (f; v1) 8v1 2 V1 (2.22)
To get ub;K as a fun
tion of u1 and f requires solving equations (2.12)-(2.15),whi
h is as 
ompli
ated as solving the original di�erential equation, unless wehave spe
ial 
ases su
h as re
tangular elements su
h that we 
an employ 
las-si
al analyti
al tools to get an exa
t solution within ea
h element. Hen
eforthour strategy is to approximate the bubble shape fun
tions  i;K and  f;K by an-other appropriate �nite element method. In other words, at the global level we9



use the standard Galerkin method with pie
ewise linears for the original prob-lem. At the element level, we partition ea
h element into a �ner submesh andthen utilize non-standard �nite element methods to solve the bubble problems.This is why we 
alled this method a two-level �nite element method (TLFEM).In this work, instead of GLS, we apply the improved Unusual Stabilized FiniteElement Method (the improved US-FEM) [8℄ to approximate the bubble shapefun
tions. We dis
uss TLFEM in more detail in the next se
tion.

10



3. The TLFEM for the adve
tive-di�usive problemIn the present se
tion we develop the TLFEM based on the RFBmethod and dis
uss its appli
ation to the adve
tive-di�usive problem. Thisapproa
h is general, and 
an be applied to an arbitrarily shaped domain with-out any diÆ
ulty. For the adve
tive-di�usive problem, we setL = ��4+ a � r (3.1)Here a is the given velo
ity �eld, assumed to be 
onstant in ea
h element, and� is the given positive 
onstant di�usivity 
oeÆ
ient. We are interested in theadve
tive-dominated 
ase, i.e. when �� jaj . The asso
iated bilinear form is
a(u; v) = �(ru;rv) + (a � ru; v) (3.2)

At the global level, we rewrite equation (2.11) for the adve
tive-di�usive prob-lem:
�(ru1;rv1) + �(rub;rv1) + (a � ru1; v1) + (a � rub; v1) = (f; v1) (3.3)11



Then, let us 
onsider the se
ond term above:�(rub;rv1) = XK �(rub;rv1)K= XK � ZK rub � rv1 dx= XK (� Z�K ubrv1 � n ds� � ZK ub4v1 dx);
where n is an unit normal ve
tor. The last equality is obtained by integration-by-parts. Sin
e the residual-free bubble fun
tion ub's are zero on elementboundaries and v1 is bilinear inside re
tangular elements, we 
on
lude that�(rub;rv1) = 0.Therefore, equation (3.3) simpli�es to�(ru1;rv1) + (aru1; v1) + (a � rub; v1) = (f; v1) (3.4)Substituting (2.18) into (3.4) and setting v1 =  j enables us to write the ma-trix problem: Find the 
oeÆ
ient 
i's su
h thatXi 
i[(�r i;r j)+(a �r i;  j)+(a �r�i;  j)℄ = (f;  j)�(a �r�f ;  j) (3.5)
i runs over all unknown interior nodes in the elements, say through N .12



At the lo
al element level, (2.12)-(2.15) for the adve
tive-di�usive problemreads:(i) for i = 1; � � � ; Nen,a � r�i;K � �4�i;K = �a � r i;K in K (3.6)�i;K = 0 on �K (3.7)(ii) a � r�f;K � �4�f;K = f in K (3.8)�f;K = 0 on �K (3.9)For ea
h element K, let �K� = f x 2 �K : a � n(x) < 0g be itsin
ow boundary and �K+ = f x 2 �K : a�n(x) � 0g be its out
ow boundary,where n is the outward normal unit ve
tor to �K. Assume that a � n(x) isbounded away from zero; then we have �K = �K� S �K+.For small di�usivity we wish to 
onsider the 
orresponding redu
ed problemsobtained by setting � =0:(i) for i = 1; � � � ; Nen,a � r�i;K = �a � r i;K in K (3.10)�i;K = 0 on �K� (3.11)
13



(ii) a � r�f;K = f in K (3.12)�f;K = 0 on �K� (3.13)
The 
hara
teristi
s of the redu
ed problems (3.10) and (3.12) are straight linesparallel to the velo
ity �eld a.Let us state some basi
 fa
ts 
on
erning the exa
t solutions of (3.6), (3.7), (3.8)and (3.9):(i) If we 
onsider that the in
ow boundary data of the redu
ed problem is adis
ontinuous fun
tion g instead of the zero fun
tion, then the solution of theredu
ed problem may be dis
ontinuous with a jump a
ross the 
hara
teristi
.In the full problem, the solution is 
ontinuous inK and the jump will be spreadout in a small region around the 
hara
teristi
.(ii) If the values attained by the redu
ed problems on �K+ do not 
oin
idewith the boundary values des
ribed in the full problems, then solutions of thelatter problems will have a boundary layer at �K+; i.e. at a very narrow regionnear the out
ow boundary of the element, where the solution and its derivative
hange abruptly.For a given unit ve
tor v with 
omponents (v1; v2), the dire
tional derivative14



of u is de�ned by v�ru = Dvu (3.14)
In other word, Dvu is the 
omponent of ru is the dire
tion of v . Hen
e,a � r�i;K 
an be viewed as the dire
tional derivative of �i;K in the streamlinedire
tion multiplied by jaj , similarly for a � r i;K and a � r�f;K. Therefore,the analyti
al solution of (3.10) and (3.11) 
an be obtained simply by takingintegrals from x� to x at both sides of the equations along the streamline di-re
tion and then applying the fundamental theorem of 
al
ulus. The solutionof (3.10) and (3.11) is given by:�i;K(x) = � i;K(x) +  i;K(x�) (3.15)
and similarly the solution of (3.12) and (3.13) is:�f;K(x) = 1jaj Z xx� f ds (3.16)
where x� is the interse
tion of a line parallel to a passing through the pointx in (3.15) with the in
ow boundary �K�. In addition, we de�ne x+ as the15




oordinate of the point on the out
ow boundary �K+, aligned with the pointx+ in the streamline dire
tion. (See Figure 3.1)
a

x xx

K

K
K

+

-e

e

- +

Figure 3.1. Obtaining x� and x+ from any x 2 KTo get the general idea of the behavior of the residual-free bubble shape fun
-tion, let us 
onsider a simple example:Let K be an unit square element de�ned in [0,1℄� [0,1℄ with an uniform velo
-ity �eld of size one forming a 45o with the horizontal axis. (See Figure 3.2)We assume the nodal points are labeled in as
ending order in the 
ounter
lo
k-wise dire
tion and let Side(1) be the edge joining the nodal points 1 and 2, theSide(2) is the edge joining the nodal point 2 and 3 and so on. (See Figue 3.3).
16
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45 OFigure 3.2. Problem statement
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Figure 3.3. Nodal points and sides numbering
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It 
an be easily seen that Side(1) and Side(4) are in
ow boundaries and Side(2)and Side(3) are out
ow boundaries for this example. Then, we 
an de�ne thelo
al shape fun
tion  i(x)'s expli
itly.
 1(x; y) = (1� x)(1� y) 2(x; y) = x(1� y) 3(x; y) = xy 4(x; y) = (1� x)y

By formula (3.15), the values of ea
h bubble shape fun
tion on the out
owboundary �K+ 
an be evaluated by:
�1(x; y) = 8>>><>>>: 1� x : on Side(2)1� y : on Side(3)�2(x; y) = 0�3(x; y) = 8>>><>>>: �y : on Side(2)�x : on Side(3)�4(x; y) = 0

For bubble fun
tions �1 and �3, the values on �K+ are di�erent from the18



boundary values pres
ribed in the full problems. It turns out that we areexpe
ting there may be an out
ow boundary layer for these bubble shapefun
tions. This example gives us a general idea of how to 
hoose the optimalsubmesh (a mesh de�ned for ea
h element) whi
h is able to 
apture a jumpdis
ontinuity of the exa
t solution in a thin numeri
al layer. Our strategy is touse the nonuniform submesh whi
h is more re�ned near the out
ow boundariesdepending on the dire
tion of the velo
ity �eld. Figure 3.4 illustrates this idea.
K

+

-e

e

K

a

Figure 3.4. Submesh re�nes on out
ow boundariesWe begin to approximate residual-free bubble shape fun
tions by partitioningea
h element K into the 
oarse submesh K� (a mesh de�ned for ea
h element)with diameter h� and denote by  �l the basis fun
tion for a pie
ewise linearinterpolation on the submesh. 19



Therefore, our unknown bubble basis fun
tion 
an be approximated by�h�i = N�Xl 
(i)l  �l (3.17)Here N� is the number of all unknown interior node in the submesh. The indexi refers to spe
i�
 bubble fun
tion that we are trying to 
ompute.Similarly, under the presen
e of a sour
e term f , the other bubble shape fun
-tion is given by: �h�f = N�Xl 
fl  �l (3.18)Then we 
an formulate the improved US-FEM [8℄ for the 
ase in whi
h therea
tive term is equal to zero in the matrix formulation for (3.6) and (3.7) as:for ea
h i (from 1 to Nen) �nd 
(i)l , su
h thatXl 
(i)l [(a � r �l ;  �m) + (�r �l ;r �m) + (a � r �l ; �a �  �m)℄= (�a � r i;K ;  �m + �a � r �m) (3.19)In addition, the matrix formulation for (3.8)-(3.9) is given by: �nd 
fl , su
hthatXl 
fl [(a � r �l ;  �m)+ (�r �l ;r �m)+ (a � r �l ; �a � �m)℄ = (f;  �m+ �a � r �m)(3.20)We use the stability � suggested in [8℄ as�(x; PeK(x)) = h�K26�+ 6��(PeK(x)) ; (3.21)
20



PeK(x) = ja(x)j2h�K3�(x) ; (3.22)�(x) = 8>>><>>>: 1 ; if 0 � x < 1;x ; if x � 1; (3.23)ja(x)j2 = 2Xi=1(jai(x)2j)1=2: (3.24)And the element parameter h�K is 
omputed by using the largest streamlinedistan
e of elements. See Figure 3.5.
hK

a
*

a

hK
*

hK

a

*

Figure 3.5. The element parameter 
omputationOn
e the 
onstants 
(i)l and 
fl are determined, we substitute them in (3.17)and (3.18) respe
tively to get the approximate residual basis fun
tion  h�i and h�f .For a pra
ti
al problem su
h as the 
ow over an airfoil or an automobile, thedire
tion of the 
ow varies element-wise. Therefore, it is ne
essary for us todesign a subroutine in our 
omputer program to generate the non-uniform sub-mesh automati
ally. Before pro
eeding to dis
uss the algorithm for a submesh21



generator, let us list all 
ombinations of out
ow and in
ow boundary segmentsof elements and indi
ate the submeshes whi
h are used for ea
h di�erent 
ase.Other permutations are not listed, sin
e they are 
overed by all 
ombinationslisted in Figure 3.6.
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OFigure 3.6. Submesh used for di�erent 
ases: 'I' indi
ates 'in
ow boundary'and 'O' indi
ates 'out
ow' boundary.
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4. The algorithm for nonuniform submesh generatorWe begin our study of this subje
t with the algorithm for very sim-ple meshes in one dimension and pro
eed to generalize to more sophisti
atednonuniform irregular mesh generation s
hemes for the two dimensional 
ase.An algorithm for an uniform mesh on interval (a; b) is easily 
onstru
ted:STEP 1 Set h = 1n ;: n=number of elementsSTEP 2 For i = 1; � � � ; n:Set �i = (i�1)h. Then ��i = a+(b�a)g1(�i) de�nes the node lo
ation,where g1(�) = �.For our nonuniform mesh, we 
an de�ne two mappings:� = g2(�) = �2 (4.1)� = g3(�) = (1� �)2: (4.2)Repla
ing g1(�) by g2(�) in the STEP 2, the mapping g2(�) will takethe uniform mesh in � to a quadrati
ally graded mesh from left to right in ��.(See �gure 4.1) Conversely, the mapping g3(�) will take the uniform mesh in� to a quadrati
ally graded mesh from right to left in ��, if we rewrite STEP2 as: 24



For i = 1; � � � ; n:Set �i = (i � 1)h. Then ��i = b � (b � a)g3(�i) de�ned the nodelo
ation.Or if we wish to produ
e a mesh that is graded into both ends �� = a and �� = b,we 
an 
ombine these two mappings g2(�) and g3(�) and de�neg4(�) = 8>>><>>>: �2 ; 0 � � < 0:5(1� �)2 ; 0:5 � � � 1 (4.3)

 }
i

α

i

g 2 (α)=α 2

 Equispaced  {  α

Q
ua

dr
at

ic
al

ly
 s

pa
ce

d 
{ξ

 } 
   

   
 ξ

Figure 4.1. Mesh grading from left to right: a quadrati
 transformationNow, let us generalize this idea to a two dimensional irregular mesh.Let K be a quadrilateral element de�ned by lo
ations of its four nodal points25



xKa ; a = 1 � � � ; 4 in the physi
al domain R2 and 
e = [0; 1℄ � [0; 1℄ be a 
orre-sponding biunit square in the 
omputational domain. The nodal points andsides of elements either in the physi
al or the 
omputational domain are labeledin as
ending 
ounter
lo
kwise dire
tion. See Figure 4.2.The 
oordinates of a point (�; �) in the biunit square 
e are related to the
oordinates of a point (x; y) in K by the transformations:x(�; �) = 4Xa=1Na(�; �)xea (4.4)y(�; �) = 4Xa=1Na(�; �)yea; (4.5)where N1(�; �) = 14(1� �)(1� �); N2(�; �) = 14(1 + �)(1� �);N3(�; �) = 14(1 + �)(1 + �); N4(�; �) = 14(1� �)(1 + �):
Let us introdu
e some notations used in the algorithm.1. Nsd: number of spa
e dimensions (Here Nsd=2),2. N�es: number of elements for submesh (N�es = n�m),3. N�np: number of nodal points for submesh,4. a: lo
al node number for mesh (1 � a � 4)5. a�: lo
al node number for submesh (1 � a� � 4),6. A� global node number for submesh (1 � A� � N�np),26
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Figure 4.2. Lo
al node and side ordering7. i: spatial index (1 � i � Nsd),8. e� : element number for submesh (1 � i� � N�es),9. ID�(A�): destination matrix for submesh.10. IEN�(a�; e�): lo
ation matrix for submesh.11. xK(a; i): 
oordinates of nodal points for mesh12. xK�(A�; i) 
oordinates of global node number for submeshSimilarly to the global level, three data pro
essing arrays, IEN�, ID� andxK�(A�; i�) are needed as input data. For more detailed dis
ussion see [9℄.Here is the algorithm for the irregular mesh generator:INPUT: xK(a; i), m;nOUTPUT: ID�(A�), LM�(a�,e�), xK�(A�; i)27



STEP 1 Determine whether ea
h boundary of element K is 'in
ow 'or 'out-
ow' by the de�nition and then properly label ea
h 
orresponding segment ofthe biunit square 
e.STEP 2 Set h = 2n , k = 2m .STEP 3 Compute the horizontal 
oordinates of the submesh for the biunitsquare 
e:De�ne the following mapping:f1(x) = x3 (4.6)f2(x) = (1� x)3 (4.7)f3(x) = x (4.8)
Note: The domains of these three fun
tions are [0,1℄.Case 1: Side(2) and Side(4) both are 'in
ow' boundary segmentsFor i = 1; � � � ; n+ 1:Set �i = (i� 1)h. Then ��i = �1 + 2f3(�i);Case 2: Side(2) and Side(4) both are 'out
ow' boundary segmentsFor i = 1; � � � ; [n=2℄:Set �i = (i� 1)h. Then ��i = �1 + 2f1(�i) andfor i = [n=2 + 1℄; � � � ; n+ 1: 28



Set �i = (i� 1)h. Then ��i = 1� 2f2(�i);Case 3: Side(2) is 'in
ow' and Side(4) is 'out
ow' boundary segmentFor i = 1; � � � ; n:Set �i = (i� 1)h. Then ��i = �1 + 2f1(�i);Case 4: Side(2) is 'out
ow' and side(4) is 'in
ow' boundary segmentFor i = 1; � � � ; n:Set �i = (i� 1)h. Then ��i = 1� 2f2(�i);STEP 4 Compute the verti
al 
oordinates of the submesh for biunit square
e. Similar to STEP 3, now we 
onsider Side(1) and Side(3) of 
e.STEP 5 Set ID�(A�)=0 on the boundary nodes and eq=1;STEP 6 For i = 1; � � � ; n; j = 1; : : : ; m: do STEP 7 - STEP 10STEP 7 Constru
t ID�(A�) for submeshSet A� = (i� 1) � (n+ 1) + j, A� � (i; j);If ID�(A�) 6= 0 then ID(A�)=eq and set eq=eq+1;STEP 8 Constru
t IEN�(a�; e�) for submesh:Set e� = (i� 1) � (n+ 1) + j;Then IEN�(1,e�)=A�, IEN�(2,e�)=A�+1,IEN�(3,e�)=A� + n+2, IEN�(4,e�)=A� + n+1.29



STEP 9 Compute the 
oordinate of node points (node A�):�A� = ��i�A� = ��j (4.9)
STEP 10 Map the 
oordinates of node points (�A�; �A�) from the 
omputa-tional domain to the physi
al domain by the transformations (4.4) and (4.5).
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5. Numeri
al resultsIn this 
hapter, we will report three series of experiments for theadve
tion-di�usion problem with TLFEM using the new non-uniform submeshintrodu
ed in the previous se
tion. In the following numeri
al results, we il-lustrate the appli
ability of the method for singularly perturbed problems, i.e.for small values of the di�usivity � 
ompared with the adve
tion �eld .5.1 A problem with dis
ontinuousboundary 
onditionIn the �rst two experiments, let us 
onsider a unit square domain
 with dis
ontinuous boundary values at (0.5,0) and (0,1). The di�usivity is� = 10�6, and we will test our methods for two di�erent angles of the uniformvelo
ity �eld of size one with the horizontal axis. The �rst 
ase is 45o and these
ond one is 60o. (see Figure 5.1 for problem statements).In these problems, a dis
ontinuous data at the in
ow boundary is propagat-ed into the domain whi
h 
auses an internal layer along the 
hara
teristi
 ofthe problem starting at point(0.5,0). In addition, the problems are subje
tedto homogeneous Diri
hlet boundary 
onditions at the out
ow boundary whi
h
reate the out
ow boundaries. 31
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For both 
ases, we employ an 20� 20 uniform mesh for the TLFEM and theGLS methods. First, we 
ompare the di�erent submesh partition strategiesfor the TLFEM, say 10�10 uniform submesh and nonuniform submesh( SeeFigure 5.2) For bubble shape fun
tion analysis, we pi
k one element to plot

1 2

4
K

3 +

a

e

1 2

4
K

3 +

a

e

Figure 5.2. Two di�erent 10x10 submeshes used for TLFEM: uniform (left)and nonuniform (right).four shape bubble fun
tions. The 
omparison of bubble shape fun
tions by us-ing uniform and nonuniform submesh for 45o 
ase is shown in Figure 5.3, andfor 60o is shown in Figure 5.4. For both 
ases, it is obvious that nonuniformsubmeshes are su

essful to 
apture the out
ow boundary layers, and produ
emore a

urate residual free shape fun
tions. Meanwhile, the nonuniform sub-mesh yields slightly better performan
e in the global solutions for both 
ases.(see Figure 5.5 and 5.6.) In Figure 5.7 and Figure 5.8, both the TLFEM andthe GLS perform similarly ex
ept in the 
rosswind internal boundary layer.TLFEM performs better than GLS therein.33
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5.2 Thermal boundary layer problemLet us 
onsider a re
tangular domain of sides 1.0 and 0.5. subje
t tothe boundary 
onditions presented in Figure 5.9. The velo
ity �eld is given bya = (2y; 0) and di�usivity � = 7 � 10�4. This problem 
an be viewed as thesimulation of the development of a thermal boundary layer on a fully devel-oped 
ow between two parallel plates, where the top plate is moving with thevelo
ity equal to one and the bottom plate is �xed.
0 1

0.5

x

y

u=1 u=2 y

u=1

u=0

Velocity:

a
 1

= 2
    2y  a =0.0

Figure 5.9. Problem statement for the thermal boundary layer problemThe non-homogeneous mesh for GLS and TLFEM methods 
onsists 21 equallyspa
ed nodes in the x-dire
tion, 11 nodes uniformly distributed in the interval[0,0.1℄ and 11 nodes equally spa
ed on [0.1,0.5℄ in the y-dire
tion. (see Figure5.10)We wish to 
ompare TLFEM by using the di�erent submeshes, say 10 � 10uniform and nonuniform submesh (see Figure 5.11).
38



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

X−axis

Y
−

ax
is

Figure 5.10. Mesh used for the thermal boundary layer problem
uniform nonuniform

Figure 5.11. Submesh used for the thermal boundary layer problem
39



Be
ause the 
ow velo
ity in
reases along the y-dire
tion, the 
hara
teristi
s ofsolutions in the domain 
an be divided into two regions: for the bottom of thedomain, we have a di�usive dominated 
ase ; for the top of the domain, wehave the adve
tive dominated 
ase.We �nd out that the uniform submesh performs better than the nonuniformmesh for the di�usive dominated 
ase. On the other hand, the nonuniformsubmesh still does a good job for the adve
tive dominated 
ase (See Figures5.13 and 5.14). The global solutions for the two di�erent submeshes are almostthe same (See Figure 5.12).
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Next we 
hange to a smaller di�usivity � = 10�6 and rerun TLFEM by usingthe same meshes and submeshes and 
ompare it with the GLS method (SeeFigures 5.15 and 5.16 for the bubble shape fun
tions 
omparison). Taking thetop plate velo
ity as the 
hara
teristi
 
ow velo
ity, we have the mesh-Pe
letnumber Pe = jajh2� = 25000. This means that the entire domain is adve
-tively dominated. The numeri
al results show that the nonuniform submeshperforms slightly better than the uniform one (See Figure 5.17). Meanwhile,the TLFEM performs better than the GLS (See Figure 5.18). There are someos
illations near the out
ow boundary.
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tions approximated by two di�erent submesh-es for the bottom region: uniform (left) and nonuniform (right)
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5.3 Bubble ramp problemNow, let us 
onsider an L-shaped domain with external sour
e f=1,� = 10�6, and homogeneous Diri
hlet 
onditions depi
ted in Figure 5.16
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Figure 5.19. Problem statement for the bubble ramp problemA uniform partition into 300 elements are employed for the global mesh andtwo kinds of 10�10 submeshes are used for TLFEM. Be
ause of the presen
e ofthe external for
e, the additional residual free bubble shape fun
tion �f needsto be determined. The 
omparison of these approximated solutions using twodi�erent submeshes are shown in Figure 5.20, where the nonuniform submeshperforms better than the uniform one.
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Y−axisFigure 5.20. Comparison of bubble shape fun
tion �f by using two di�erentsubmesh for the bubble ramp problem: uniform(left) and nonuniform (right)
The solution exhibits a strong out
ow boundary layer along x=1.5, two 
ross-wind boundary layers along y=1 and y=0, and a 
rosswind internal layer alongy=0.5. Thus, it is one of the most stringent tests for the adve
tive di�usiveproblem. We �nd out that there are some improvements near out
ow bound-aries in the numeri
al solutions for the TLFEM due to the new submesh we
hoose. Meanwhile, the numeri
al results of the GLS and the TLFEM usingnonuniform submeshes are almost indistinguishable (See Figure 5.21).
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6. Con
lusionIn this work, we formulated the two-level �nite element method basedon the standard Galerkin method using pie
ewise linears in the original mesh,and the usual stabilized �nite element method was used to approximate thepartial di�erential equations governing the residual free bubble fun
tions. On
ethese residual free bubble fun
tions are determined, we 
an substitute theminto the Galerkin formulation to improve the a

ura
y of the global numeri
alsolution. The main advantage of this method is that we do not have to solvethese partial di�erential equations analyti
ally. Therefore, it is suitable for the�nite element 
omputation in a pra
ti
al problem.Due to the 
hoi
e of bubble fun
tions, the boundary layers o

urat out
ow boundaries for the adve
tive-dominated 
ase. The new submeshstrategy was introdu
ed to 
ure this problem. The numeri
al experiments
on�rm our idea that non-uniform submeshes are able to 
apture the layer ofresidual free bubble shape fun
tions. The result display some improvementsin the solution of the adve
tive-di�usive problem, and the TLFEM solutionsperform better than the GLS method in some 
ases. We note that the idea ofthe new submesh strategy 
an be applied to other problems in 
uid dynami
s,50



su
h as the in
ompressible Naiver-Stokes equations. Non-uniform submeshdepending on the dire
tion of the 
ow 
an approximate the solution of thepressure term more a

urately. See [12℄ for its appli
ation.
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