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1. ELLAM1.1 Introdu
tionSolute transport in 
owing ground-water has been intensively studiedin re
ent years in an e�ort to predi
t long-term e�e
ts of 
ontamination, andto design strategies for remediation. Conve
tive and di�usive pro
esses bothmove 
ontaminant through saturated subsurfa
e media. Therefore, adve
tion-di�usion transport equations, important in many areas of applied s
ien
e andengineering, are of parti
ular 
on
ern to groundwater hydrologists a
tive in theassessment of aquifer 
ontamination.Solution of an adve
tion-di�usion transport equation may pose diÆ-
ult 
hallenges to a numeri
al method. While di�usion equations tend to betra
table using standard �nite di�eren
e or �nite element methods with a levelof dis
retization 
ost-e�e
tive for appli
ation to large systems over extensivetime periods, admitting an adve
tive 
omponent to the equation may requireprohibitively �ne dis
retizations. Consider a one-dimensional prototypi
al so-lute transport equation, �
�t + v �
�x �D �2
�xx = 0; (1.1)where 
 is 
on
entration, v is velo
ity, and D is di�usion. De�ne the dimen-sionless Pe
let number by Pe = vLD ;where L is a 
hara
teristi
 length of the system, and the grid Pe
let numberby Peg = v�xD ;where �x is the mesh size of the grid. For mesh density su
h that �x satis�esPeg � 21



standard Eulerian numeri
al methods, su
h as 
entered �nite di�eren
es orGalerkin �nite elements, perform well. These methods produ
e nonphysi
al os-
illations in 
on
entration with larger grid Pe
let number. Su
h os
illations areoften avoided by using an upstream �nite di�eren
e or �nite element method,whi
h e�e
tively in
reases D enough to make Peg � 2. The resulting 
on
en-tration pro�les, however, are damped relative to their physi
al 
ounterparts,and also involve a grid orientation e�e
t due to the introdu
tion of a largenumeri
al dispersion term whi
h is not rotationally invariant [83℄. A solutionwith neither spurious os
illations nor numeri
al dispersion indeed requires thatPeg � 2, meaning nx = L�x � Pe2 ; (1.2)�x � 2LPe; (1.3)where nx is the number of grid 
ells in the length L. Enfor
ement of (1.2) inthree dimensions is often impra
ti
al, sin
e Pe
let numbers in the hundreds are
ommon in �eld problems [℄.The need for the s
ale (1.3) is a
tually an artifa
t of the numeri
almethods and not the result of a physi
al pro
ess. A moving front solutionof (1.1) with a step fun
tion as the initial 
on
entration pro�le, has the form
(x; t) = erf  x� vtp4Dt! ;where erf is the error fun
tion. The width of this front is proportional to pD,hen
e to 1pPe . Eulerian methods need a number of 
ells proportional to pPeon a front to satisfy �x proportional to 1Pe . Thus the number of 
ells on amoving front must in
rease as a problem be
omes more adve
tion dominated.A method requiring �x proportional to 1pPe would require a 
onstant numberof 
ells on a front, regardless of its width. This would be pra
ti
al in threedimensions, even with large Pe.Eulerian methods also tend to su�er from large time trun
ation errorswhen applied to adve
tion dominated problems. These errors will be propor-tional to a power of �t multiplied by a higher time derivative of the analyti
2



solution 
, depending on the parti
ular time stepping pro
edure. Errors will belarge when a steep front passes, unless time steps are very small. Time step-ping in a way whi
h follows the 
ow, would permit larger time steps withoutdegradation of a

ura
y.Subsurfa
e 
ontaminant transport problems involve steep, but notdis
ontinuous fronts be
ause of the 
ombined e�e
ts of adve
tion and disper-sion. Problems may be adve
tion- or dispersion-dominated, often varying indi�erent parts of the spa
e-time 
omputational domain. Methods are soughtwhi
h are e�e
tive with these 
ombined e�e
ts.Eulerian and 
hara
teristi
 methods are both being advan
ed to a
-
urately and eÆ
iently solve adve
tion-di�usion transport equations. Eulerianmethods are 
hara
terized by the use of a �xed spatial grid. Petrov-Galerkinte
hniques [77, 16, 98, 22℄, optimal test fun
tions [15, 25, 28, 10, 8℄, total varia-tion diminishing s
heme [29℄, stabilized �nite elements [46℄, and the streamlinedi�usion �nite element method [39, 63, 20, 64, 62, 51, 67, 66, 69, 68, 74, 102,103℄, are alternatives to 
lassi
al di�eren
e or element methods on �xed grids.Ea
h in
orporates some strategy to minimize or to tune spa
e or time trun
a-tion error in order to avoid os
illations, while introdu
ing as little numeri
aldispersion as possible. They tend to need restri
ted size of the time steps forgood a

ura
y.Chara
teristi
 methods treat separately the adve
tive and di�usive
omponents of the transport equation, tra
king along 
hara
teristi
s of the
ow, then solving a di�usion equation on a �xed grid. These methods in-
lude the method of 
hara
teristi
s [48, 78, 11, 59℄, modi�ed method of 
har-a
teristi
s [65, 42℄, 
hara
teristi
 Galerkin method [32, 93℄, transport-di�usionmethod [79℄, 
hara
teristi
-mixed �nite-element method [2, 101, 3℄, operatorsplitting method of [40, 100, 30℄, the Lagrangian-Galerkin method [76℄, andEulerian-Lagrangian methods as dis
ussed below. These methods o�er redu
edtime trun
ation error 
ompared to Eulerian methods, and 
an use larger timesteps. Primary drawba
ks are diÆ
ulties in mass 
onservation and in rigorousformulation of boundary 
ux. 3



The Eulerian-Lagrangian lo
alized adjoint method (ELLAM) main-tains mass 
onservation and provides a framework for treatment of generalboundary 
onditions. ELLAM was introdu
ed by Celia et al. [26℄, Russell [81℄,and Herrera et al. [58℄ for 
onstant-
oeÆ
ient one-dimensional equations, thenextended to one-dimensional variable-
oeÆ
ient 
ases by Russell and Tru-jillo [82℄, Wang [94℄, and Wang, Ewing, and Russell [96℄. Celia and Fer-rand [24℄ and Healy and Russell [55℄ extended ELLAM to a one-dimensional�nite-volume setting. One-dimensional nonlinear adve
tion-di�usion equationshave been treated by Ewing [33℄ and Dahle, Ewing, and Russell [31℄. Addi-tional work has been done on ELLAM s
hemes for one-dimensional transportequations involving rea
tion [34, 43, 35, 27, 36, 37, 85, 41, 95, 38℄.Implementation of ELLAM s
hemes in multiple spatial dimensionsinvolves additional 
on
erns relative to the one-dimensional 
ase [82℄. Varioustwo-dimensional ELLAM s
hemes have been developed [94, 43, 35, 97, 12,13, 56℄, in
luding one with optimal order error estimates proved by Wang.Celia [23℄ explores a three-dimensional ELLAM in a framework within whi
hall 
hara
teristi
 methods 
an be viewed.In this thesis, a three-dimensional ELLAM implementation is de-s
ribed, and numeri
al results are provided. A forward tra
king approa
h istaken to adve
tion, and dispersion is treated by an impli
it formulation in time.The method's apparent robustness is dis
ussed in a one-dimensional 
ontext.1.2 Three-Dimensional ELLAMA three-dimensional �nite-volume Eulerian-Lagrangian lo
alized ad-joint method (FVELLAM, [55℄) 
ode has been developed to simulate three-dimensional solute transport in 
owing ground water for a single dissolved
hemi
al 
onstituent and represents the pro
esses of adve
tive transport, hy-drodynami
 dispersion (in
luding both me
hani
al dispersion and di�usion),mixing (or dilution) from 
uid sour
es, and simple 
hemi
al rea
tions (in-
luding linear sorption and de
ay). This 
ode has been implemented as analternative algorithm within the U.S. Geologi
al Survey (MOC3D) transportmodel. It is integrated into the MOC3D model, whi
h is itself integrated with4



MODFLOW-96, the USGS three-dimensional, �nite-di�eren
e, ground-water
ow model [52℄, [54℄, [53℄. The 
ode is written in FORTRAN-77.ELLAM [26℄ solves an integral form of the solute-transport equation.The 
ode uses an impli
it method for dispersion 
al
ulations, whi
h allowsfor large time steps without stability 
onstraints. The Eulerian-Lagrangianapproa
h involves tra
king mass through time, then solving a dispersion equa-tion on a �xed-in-spa
e grid. This is parti
ularly advantageous for adve
tion-dominated problems, as are typi
al of many �eld problems involving ground-water 
ontamination, sin
e Eulerian-Lagrangian approa
hes tend to generateless numeri
al dispersion than standard Eulerian �nite-di�eren
e or �nite-element methods.1.2.1 Governing Equation for Solute TransportThe solute transport equation is the same as presented in Konikowand others ([71℄, equation 6):�("C)�t + �(%b �C)�t + ��xi ("CVi)� ��xi �"Dij �C�xj��PC 0W+�("C + %b �C)= 0 (1.4)(summation over repeated indi
es is understood), where C is volumetri
 
on-
entration (mass of solute per unit volume of 
uid, ML�3), %b is the bulkdensity of the aquifer material (mass of unit solids per unit volume of aquifer,ML�3), �C is the mass 
on
entration of solute sorbed on or 
ontained withinthe solid aquifer material (mass of solute per mass of aquifer material,MM�1)," is the e�e
tive porosity (dimensionless), V is a ve
tor of interstitial 
uid ve-lo
ity 
omponents (LT�1), D is a se
ond-rank tensor of dispersion 
oeÆ
ients(L2T�1), W is a volumetri
 
uid sink (W < 0) or 
uid sour
e (W > 0) rateper unit volume of aquifer (T�1), C 0 is the volumetri
 
on
entration in thesink/sour
e 
uid (ML�3), � is the rea
tive de
ay rate (T�1), t is time (T ), andxi are the Cartesian 
oordinates (L). Porosity is the ratio of pore volume to5



the bulk volume of the porous medium. Interstitial velo
ity is the velo
ity that
uid moves through the pores of the subsurfa
e medium to a
hieve a given 
owrate a
ross the fa
es of a volume of the saturated medium.The terms 
ontrolling sorption are 
ombined into a single parameter,the retardation fa
tor (Rf ), assumed to be 
onstant in time, sin
e we 
onsidera linear phase-equilibrium relationship in whi
h �C is proportional to C. Theretardation fa
tor is de�ned as:Rf = 1 + %b �C"C :An integral form of the solute-transport equation, whi
h is a state-ment of 
onservation of mass over the domain of integration, is the governingequation for this �nite-volume ELLAM approa
h. Equation (1.4) is integratedagainst a spa
e-time test fun
tion to provide the formulation, in
luding treat-ment of (
ell or subdomain) boundary 
onditions and solute de
ay.The test fun
tion e�e
tively spe
i�es the domain of integration for thetransport equation by the portion of the spa
e-time domain where its value isnonzero. On a subdomain of integration, the test fun
tion 
an be seen as anintegration weight at ea
h point. Varying the weight along streamlines of the
ow is a 
onvenient me
hanism to provide solute (growth or) de
ay.Divide (1.4) by Rf , multiply by a test fun
tion u(x; t) and integrateover time and spa
e. Assuming Rf is 
onstant in time, we have:Z
 Z T0  u�("C)�t + uRfr � ("CV� "DrC)� uRf XC 0W + u�"C! dtdx = 0;(1.5)where 
 is the entire spatial transport subdomain, and T is the end of the sim-ulation time period starting at time zero. Integrate equation (1.5) is integratedby parts using u�("C)�t = �(u"C)�t � �u�t "CanduRfr � ("CV� "DrC) = 1Rfr � (u"CV� u"DrC)� 1Rfru � ("CV� "DrC)6



to yield the global equation,Z
 Z T0  �(u"C)�t + 1Rfr � (u"CV� u"DrC) + 1Rfru � "DrC� uRf XC 0W � "C(�u�t + VRf � ru� �u)!dtdx = 0: (1.6)
The Eulerian-Lagrangian aspe
ts of the method derive from the re-quirement that the test fun
tion satisfy the adjoint equation, �u�t + VRf � ru��u = 0 Thus, for the time step from tn to tn+1, we 
hoose u of the formu(x; t) = f(x; t)e��(tn+1�t), where �f�t + VRf � rf = 0, so that f is 
onstantalong 
hara
teristi
s of the retarded interstitial velo
ity �eld. Note that withu = e��(tn+1�t) (that is, f = 1) in the following, we arrive at a statement ofglobal 
onservation of mass over the time step:R
(u"C)n+1dx� R
(u"C)ndx+ R
 R tn+1tn 1Rfr � (u"CV� u"DrC) + 1Rfru � "DrC� uRf PC 0W dtdx= 0:To obtain a system of equations, ea
h representing mass 
onservationon a 
ell, we use u = Pl ul where l is the index for the �nite-di�eren
e 
ells
l in the transport subdomain, and lo
al spa
e-time test fun
tions are de�nedwith fl(x; tn+1) = 1 on 
l and fl(x; tn+1) = 0 elsewhere:ul = 8>>><>>>: e��(tn+1�t) on 
hara
teristi
s from any (x; t) 2 
� (tn; tn+1)into 
l at time level n + 10 otherwise. (1.7)

7



We thus arrive at a system of lo
al ELLAM equations,R
l("C)n+1dx� e���t R
�l ("C)n dx+ RRsuppul\�n+1 e��(tn+1�t)Rf ("CV� "DrC) � n dtds� R tn+1tn R�suppul e��(tn+1�t)Rf ("DrC) � n dtds� RRsuppul\suppW e��(tn+1�t)Rf PC 0W dtdx= 0 (1.8)
where �� signi�es the spatial boundary of the argument; supp� denotes thesupport of a fun
tion, that is, the 
losure of the part of its domain where afun
tion assumes a nonzero value; n is the unit outward normal ve
tor on thespe
i�ed boundary; 
�l is the pre-image at time tn under adve
tion of 
ell 
l attime tn+1; �n+1 � �
�(tn; tn+1) is the spa
e-time boundary at time step n+1;t denotes time, and dx and ds signify di�erential volume and area, respe
tively.Note that equations (1.8) appear as spa
e-time integrals of di�usionequations. ELLAM 
an be viewed as a method of 
hara
teristi
s, tra
kingmass along streamlines of the 
ow to a

umulate data to the right-hand sideof the system of equations.1.3 Formulation of ELLAM equationsELLAM approa
hes the hyperboli
-paraboli
 nature of the solutetransport equation by 
ombining a method of 
hara
teristi
s te
hnique foradve
tion, with a ba
kward Euler in time and 
entered di�eren
es in spa
esolution to a di�usion equation. The details of these approximations dependon the evaluations of the integrals in (1.8).ELLAM requires knowledge of 
uid velo
ity everywhere within thedomain of the transport problem. Consequently, a 
ow equation is solved ona potentially larger domain, and output is used to solve the solute transportequation on a subdomain. The 
ow equation is an ellipti
 or paraboli
 pressure(groundwater 
ow) equation, whi
h is solved using the USGS �nite-di�eren
e
ode, MODFLOW. 8



This ELLAM method approximates total solute 
ux a
ross the trans-port subdomain boundary by adve
tive 
ux. It should be noted that thisapproximation is not demanded by ELLAM methods, in general, but is a fea-ture of this parti
ular implementation. This approximation means that bound-ary fa
e 
on
entrations are not 
oupled to 
ell 
enter 
on
entrations throughthe numeri
al derivative (
on
entration gradient). All mass moving into andout of the transport subdomain 
an be tra
ked using the adve
tive algorithm.Mass tra
ked a
ross out
ow boundaries provides data for a system of out
owboundary equations de
oupled from the 
ell equations. User-input in
ow 
on-
entrations, together with the out
ow solutions, then appear on the right-handside of the system of 
ell equations representing lo
al statements of mass 
on-servation. These 
ell integral equations are solved for Cn+1, 
on
entration atthe new n + 1 time level at ea
h 
ell 
enter.1.3.1 Cell Integral EquationsTake the 
onservation of mass equations for ea
h 
ell (1.8), approxi-mate the total boundary 
ux with adve
tive 
ux, the dispersion time integralwith a ba
kward Euler formulation, and then rearrange terms. The system ofequations to be solved is then,R
l("C)n+1 dx��t R�
l 1Rf ("DrC)n+1 � n ds = e���t R
�l ("C)n dx� RRsuppul\�n+1 e��(tn+1�t)"Cinflow VRf � n dtds+ RRsuppul\suppW e��(tn+1�t)PC 0 WRf dtdx; (1.9)where 
�l means the pre-image in the spatial domain at tn of 
l at tn+1, �n+1 ��
 � (tn; tn+1) is the spa
e-time boundary at time step n + 1, n is the unitoutward normal ve
tor, and supp f � fxjf(x) 6= 0g. Note that the right-hand side of (1.9) 
onsists of adve
tive mass 
ontributions from storage, in
owboundary, and sour
es. (The term "storage" will refer to solute mass alreadyin the transport system at the end of the last time step.) Figure 1.1 illustratesthe possibility of all of these mass 
ontributions being nonzero.
9



t^n

t^n+1

1 2 3 4 5 6 7 8 9 10
sourceFigure 1.1. Cell 7 re
eives adve
ted mass from in
ow, sour
e in 
ell 1, andstorage in 
ell 1.1.3.2 Out
ow Boundary EquationsThe term in (1.7) expressing mass 
rossing the transport subdomainboundary during a time step is:R
 1Rf R tn+1tn r � (u"CV� u"DrC) dtdx =R tn+1tn R�
 1Rf (u"CV� u"DrC) � n dsdt:Considering just the out
ow portion of the boundary, this be
omes,R tn+1tn R(�
)outflow 1Rf (u"CV� u"DrC) � n dsdt �R(�
)outflow R tn+1tn (u"Coutflow VRf ) � n dtds; (1.10)where total 
ux a
ross the boundary is now approximated by adve
tive 
ux.We index the out
ow boundary fa
es with ll and de�ne the followingtest fun
tions:ull = 8>>><>>>: e��(tn+1�t) on 
hara
teristi
s from 
 at time level ninto boundary area (�
)ll at any time during time step0 otherwise. (1.11)The mass a
ross out
ow boundary fa
e ll is the mass stored at the previoustime level whi
h 
ows a
ross the fa
e, together with any in
ow and sour
emass that both enters the transport subdomain, and leaves through 
ell fa
e llduring the time step, as illustrated in �gure 1.2, is given by,R(�
)ll R tn+1tn e��(tn+1�t)"Coutflow VRf � n dtds = (1.12)10



t^n

t^n+1

1 2 3 4 5 6 7 8 9 10
sourceFigure 1.2. Out
ow boundary re
eives adve
ted mass from in
ow, sour
e in
ell 1, and storage in all 
ells.e���t R(�
)�ll("C)n dx� RRsuppull\�
inflow�(tn;tn+1) e��(tn+1�t)"Cinflow VRf � n dtds+ RRsuppull\suppW�(tn;tn+1) e��(tn+1�t)PC 0 WRf dtdx;where (�
)ll is a boundary fa
e, and (�
)�ll is the preimage at time tn of(�
)ll � [tn; tn+1℄. This system of equations will be solved for Coutflow.1.3.3 AssumptionsAs des
ribed by Konikow and others [71℄, a number of assumptionshave been made in the development of the governing equations for a 
oupledsystem modeling 
ow and transport. For the derivation of the transport equa-tion, we assume:� Chemi
al rea
tions do not a�e
t the 
uid or aquifer properties.� The dispersivity 
oeÆ
ients are 
onstant over a 
ow time step, and theaquifer isisotropi
 with respe
t to longitudinal dispersivity.1.4 Numeri
al MethodsThe groundwater velo
ity �eld needed for solution of the transportequation is obtained using the USGS MODFLOW 
ode. This impli
it �nite-di�eren
e 
ode yields a head (pressure) distribution whi
h is 
al
ulated for agiven time step or steady-state 
ow 
ondition. The spe
i�
 dis
harge, or 
ow11



rate per unit area, a
ross ea
h fa
e of every �nite-di�eren
e 
ell within thetransport subgrid is 
al
ulated and used to �nd the interstitial velo
ity at anypoint using an interpolated value of the spe
i�
 dis
harge, divided by porosity.1.4.1 Mass Tra
kingFor ea
h 
ell in the �xed �nite-di�eren
e grid, the integrals on theright-hand side of equation (1.9) represent solute mass adve
ted into the 
ellduring the time step from storage, the transport subdomain boundary, or a
uid sour
e, respe
tively. These integrals are formed by a

umulating masstra
ked forward along 
hara
teristi
 
urves of the velo
ity �eld, determinedfrom the MODFLOW solution as des
ribed above. Velo
ity at any point isdetermined by linearly interpolating between 
ell fa
es in the dire
tion of the
omponent of interest, and pie
ewise-
onstant interpolation in the other twodire
tions.A system of three ordinary di�erential equations is solved to �nd the
hara
teristi
 
urves [x = x(t); y = y(t); z = z(t)℄ along whi
h the 
uid isadve
ted: dxdt = VxRf (1.13)dydt = VyRf (1.14)dzdt = VzRf (1.15)This is a

omplished by introdu
ing a set of moving points that 
an betra
ed within the stationary 
oordinates of a �nite-di�eren
e grid. Ea
h point
orresponds to one 
hara
teristi
 
urve, and values of x, y, and z are obtainedas fun
tions of t for ea
h 
hara
teristi
 [47℄. Ea
h point moves through the
ow �eld by the 
ow velo
ity a
ting along its traje
tory.The ELLAM equations, (1.9) and (1.12) suggest that mass is tra
kedba
kwards along 
hara
teristi
s to the pre-image of ea
h 
ell or boundary fa
e.It is not possible to exa
tly lo
ate all of the mass at the previous time levelby ba
ktra
king a �nite number of points, however. In order to a
hieve massbalan
e, the known mass distribution at the old time level is tra
ked forward12



to the new time level. (See �gure 1.3.) This approa
h ensures that mass willnot be lost or gained in adve
tion from one time level to the next, but doesn'tguarantee an a

urate mass distribution at the new time.ELLAM tra
ks points whi
h are the 
enters of volumes of 
uid. Thusmass in a 
uid volume is tra
ked under adve
tion during a time step, dis-tributed among destination 
ells, and a

umulated to the right-hand side stor-age, in
ow, or sour
e integral for ea
h 
ell.1.4.2 Numeri
al IntegrationWe will now dis
uss the numeri
al treatment of (1.9) and (1.12). Thej; i; k subs
ripts for a 
ell 
l will denote the spatial �nite-di�eren
e grid in-dexing, with this index order indi
ating an x; y; z sequen
ing. A right-handed
oordinate system, with the verti
al index in
reasing from top to bottom isused. The equations are �rst divided through by porosity, whi
h is repre-sented by a pie
ewise 
onstant fun
tion in spa
e and time. Ea
h individualterm will now be dis
ussed.1.4.3 DispersionTime integration is a

omplished using a one point in time ba
kwardEuler rule. Spatially, a one point integration rule with a seven point sten
il isused: �t Z�
l 1"Rf ("DrC)n+1 � n ds = (1.16)�t(Rf )k("b)n+1j;i;k ("�"bD1m �C�xm�n+1j+ 12 ;i;k � �"bD1m �C�xm�n+1j� 12 ;i;k# �yibn+1j;i;k+ "�"bD2m �C�xm�n+1j;i+ 12 ;k � �"bD2m �C�xm�n+1j;i� 12 ;k#�xjbn+1j;i;k+ "�"bD3m �C�xm�n+1j;i;k+ 12 � �"bD3m �C�xm�n+1j;i;k� 12#�xj�yi)where m = 1; 2; 3 is the summation index for the dispersion term. Finite-di�eren
e approximations to the spa
e derivatives in the dispersion integral13



Advection of known mass distribution to new time level (Courant=1).

t^n+1

t^n

t

Ω

Ω

n

j

j

*

tn+1

Figure 1.3. Preimage of 
ell may be irregularly shaped and not easily de-limited by ba
ktra
king. Instead, the known mass distribution at time tn istra
ked forward along streamlines of the adve
tive 
ow to time tn+1:
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are 
al
ulated using 
entered di�eren
es as in MOC3D, generalized for varyinggrid dimensions. (See [71℄, page 64, for the form of the "bDm �C�xm expansions.)1.4.4 Storage at New Time LevelThe quantity mass/porosity in a 
ell at the new time level tn+1 isexpressed using the trapezoidal rule for integration, formulated over ea
h 
ello
tant. Con
entrations at o
tant 
orners are weighted averages of neighboringnode 
on
entrations, determined by trilinear interpolation.For ea
h o
tant,massporosity = 164�xj�yibn+1j;i;kP8
orner=1C
orner= 164�xj�yibn+1j;i;kP8
orner=1P8nbr=1(weight)nbrCnbr; (1.17)where for an interior o
tant, nbr is one of the eight neighboring grid nodesbetween whi
h 
on
entration varies trilinearly. In 
ase of a boundary o
tant, aboundary fa
e value is needed for 
al
ulation, and is taken to be the following:� In
ow - user input;� No 
ow - same as asso
iated interior node;� Out
ow - 
al
ulated using 
ell parameters, boundary 
ow rate, andmass tra
ked a
ross boundary during transport time step.CoeÆ
ients 
al
ulated by (1=8) � o
tant volume � nodal weight for all nodesneighboring a 
ell 
omprise the storage matrix entries for the equation for ea
h
ell. Boundary terms are put on the right-hand side of the equation be
ause allboundary fa
e 
on
entrations are determined before the solution of the interiorequations.It should be noted that linear interpolation is approximate in the
ase where adja
ent 
ells in the same layer of the the transport subdomainhave varying thi
knesses, as is allowed by MODFLOW. Extreme variations
ould adversely a�e
t a

ura
y of the solution.For an interior 
ell with all neighbors a
tive and of the same thi
kness,using b values at time n+ 1:Z
l Cn+1 dx = (( �xj�xj�1 +�xj ) + ( �xj�xj+1 +�xj )� 4)
15



� (( �yi�yi�1 +�yi ) + ( �yi�yi+1 +�yi )� 4)� (( bj;i;kbj;i;k + bj;i;k�1 ) + ( bj;i;kbj;i;k + bj;i;k+1 )� 4)Cj;i;k� (( �xj�xj�1 +�xj )( �yi�yi�1 +�yi )( bj;i;kbj;i;k + bj;i;k�1 )Cj�1;i�1;k�1+ ( �xj�xj�1 +�xj )( �yi�yi�1 +�yi )( bj;i;kbj;i;k + bj;i;k+1 )Cj�1;i�1;k+1+ ( �xj�xj�1 +�xj )( �yi�yi+1 +�yi )( bj;i;kbj;i;k + bj;i;k+1 )Cj�1;i+1;k+1+ ( �xj�xj�1 +�xj )( �yi�yi+1 +�yi )( bj;i;kbj;i;k + bj;i;k�1 )Cj�1;i+1;k�1+ ( �yi�yi�1 +�yi )( �xj�xj+1 +�xj )( bj;i;kbj;i;k + bj;i;k�1 )Cj+1;i�1;k�1+ ( �yi�yi�1 +�yi )( �xj�xj+1 +�xj )( bj;i;kbj;i;k + bj;i;k+1 )Cj+1;i�1;k+1+ ( �xj�xj+1 +�xj )( �yi�yi+1 +�yi )( bj;i;kbj;i;k + bj;i;k�1 )Cj+1;i+1;k�1+ ( �xj�xj+1 +�xj )( �yi�yi+1 +�yi )( bj;i;kbj;i;k + bj;i;k+1 )Cj+1;i+1;k+1)+ (( �xj�xj�1 +�xj ) + ( �xj�xj+1 +�xj )� 4)� (( �yi�yi�1 +�yi )( bj;i;kbj;i;k + bj;i;k�1 )Cj;i�1;k�1+ ( �yi�yi�1 +�yi )( bj;i;kbj;i;k + bj;i;k+1 )Cj;i�1;k+1+ ( �yi�yi+1 +�yi )( bj;i;kbj;i;k + bj;i;k�1 )Cj;i+1;k�1+ ( �yi�yi+1 +�yi )( bj;i;kbj;i;k + bj;i;k+1 )Cj;i+1;k+1)+ (( �yi�yi�1 +�yi ) + ( �yi�yi+1 +�yi )� 4)� (( �xj�xj�1 +�xj )( bj;i;kbj;i;k + bj;i;k+1 )Cj�1;i;k+1+ ( �xj�xj+1 +�xj )( bj;i;kbj;i;k + bj;i;k�1 )Cj+1;i;k�1
16



+ ( �xj�xj+1 +�xj )( bj;i;kbj;i;k + bj;i;k+1 )Cj+1;i;k+1+ ( �xj�xj�1 +�xj )( bj;i;kbj;i;k + bj;i;k�1 )Cj�1;i;k�1)+ (( bj;i;kbj;i;k + bj;i;k�1 ) + ( bj;i;kbj;i;k + bj;i;k+1 )� 4)� (( �yi�yi�1 +�yi )( �xj�xj+1 +�xj )Cj+1;i�1;k+ ( �xj�xj+1 +�xj )( �yi�yi+1 +�yi )Cj+1;i+1;k+ ( �xj�xj�1 +�xj )( �yi�yi�1 +�yi )Cj�1;i�1;k+ ( �xj�xj�1 +�xj )( �yi�yi+1 +�yi )Cj�1;i+1;k)� ( bj;i;kbj;i;k + bj;i;k�1 )(( �xj�xj�1 +�xj )� (( �yi�yi�1 +�yi ) + ( �yi�yi+1 +�yi )� 4)+ ( �yi�yi�1 +�yi )(( �xj�xj+1 +�xj )� 4)+ ( �xj�xj+1 +�xj )(( �yi�yi+1 +�yi )� 4)� 4(( �yi�yi+1 +�yi )� 4))Cj;i;k�1� ( bj;i;kbj;i;k + bj;i;k+1 )(( �xj�xj�1 +�xj )� (( �yi�yi�1 +�yi ) + ( �yi�yi+1 +�yi )� 4)+ ( �yi�yi�1 +�yi )(( �xj�xj+1 +�xj )� 4)+ ( �xj�xj+1 +�xj )(( �yi�yi+1 +�yi )� 4)� 4(( �yi�yi+1 +�yi )� 4))Cj;i;k+1� (( bj;i;kbj;i;k + bj;i;k�1 ) + ( bj;i;kbj;i;k + bj;i;k+1 )� 4)
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�((( �xj�xj�1 +�xj ) + ( �xj�xj+1 +�xj )� 4)(( �yi�yi�1 +�yi )Cj;i�1;k+ ( �yi�yi+1 +�yi )Cj;i+1;k)(( �yi�yi�1 +�yi ) + ( �yi�yi+1 +�yi )� 4)� (( �xj�xj�1 +�xj )Cj�1;i�1;k + ( �xj�xj+1 +�xj )Cj+1;i;k)):1.4.5 Mass Storage at Old Time LevelThe total mass adve
ted into ea
h 
ell during a transport time stepthat was already stored within the system at the old time level is needed forthe right-hand side of the ELLAM equation. Numeri
ally, this is a

omplishedby tra
king mass forward from the old time level, tn, along 
hara
teristi
s.Ea
h 
ell is divided into sub
ells determined by parameters NSC, NSR, andNSL, spe
ifying the number of sub
ells in the 
olumn, row, and layer dire
tion,respe
tively. The 
enter of ea
h sub
ell is tra
ked through the time step underadve
tion. Depending on the exa
t lo
ation of this point in the destination 
ellat the new time, all of the mass in the sub
ell may or may not also be foundin that destination 
ell. In order to mitigate the e�e
ts of unwarranted masslumping, sub
ell mass is distributed among 
ells neighboring the destination
ell using the \approximate test fun
tions", wl, des
ribed below. The value ofwl at the sub
ell 
enter destination point is the fra
tion of sub
ell mass to bedistributed to 
ell 
l.This yields the formulation,e���t R
�l Cn dx = e���tXj;i;k Xp=sub
ell
enter �xj�yibj;i;k(NSC)(NSR)(NSL)wl(pf)C(p) (1.18)where summation runs through all sub
ells of ea
h 
ell in the transport sub-domain, and pf is the image of p under forward tra
king to the new time level.1.4.6 Approximate Test Fun
tionsFor ea
h a
tive 
ell, an approximate test fun
tion is de�ned for thepurpose of distributing adve
ted mass from the old time level among neighbor-ing 
ells at the new time level. The designation \approximate test fun
tion"18



1

Figure 1.4. Approximate test fun
tions in one dire
tion on a uniform grid,with NS=2.is given sin
e the graph of this fun
tion looks like a 
hara
teristi
 (indi
ator)fun
tion with slant sides extending into adja
ent 
ells, while the test fun
tionsdes
ribed in the derivation of the governing equation are exa
tly 
hara
ter-isti
 fun
tions at time tn+1. An approximate test fun
tion is determined byNSC, NSR, and NSL, the proximity of the transport subdomain boundary, andthe a
tive status of neighboring 
ells. Mass is not split a
ross the transportboundary or into ina
tive 
ells.An approximate test fun
tion asso
iated with interior 
ell 
j is theprodu
t of a one-dimensional approximate test fun
tion in ea
h dire
tion:wjik(x̂; ŷ; ẑ) = f(x̂)g(ŷ)h(ẑ):On a uniform grid, we de�ne referen
e 
oordinates x̂; ŷ; ẑ with respe
tto a 
ell 
l with node indi
es j; i; k byx̂ = x� xj�xj ;and similarly for ŷ and ẑ. For an interior 
ell on a uniform grid with allsurrounding 
ells a
tive,
f(x̂) = 8>>>>>>>>><>>>>>>>>>:

0 x̂ � �12 � 12NSCNSCx̂ + 12(NSC + 1) �12 � 12NSC < x̂ < �12 + 12NSC1 �12 + 12NSC � x̂ � 12 � 12NSC�NSCx̂ + 12(NSC + 1) 12 � 12NSC < x̂ < 12 + 12NSC0 12 + 12NSC � x̂and similarly for g and h. These fun
tions are shown graphi
ally in �gures 1.4and 1.5. 19



1

Figure 1.5. Approximate test fun
tions in one dire
tion on a uniform grid,with NS=4.On a nonuniform grid, test fun
tions are s
aled by grid ratios. Inone dire
tion on a nonuniform grid, with neighboring 
ells a
tive, approximatetest fun
tions 
orresponding to f de�ned above are illustrated graphi
ally in�gure 1.6.For a point in 
l with referen
e 
oordinates x̂; ŷ; ẑ 2 [�12 ; 12 ℄, f isde�ned generally, on a potentially nonuniform grid by,f(x̂)=8>>><>>>:2NSC(1�( �xj�xj�1+�xj ))x̂+( �xj�xj�1+�xj )+NSC(1�( �xj�xj�1+�xj )) � 12�x̂<� 12+ 12NSC1 � 12+ 12NSC�x̂� 12� 12NSC2NSC(( �xj�xj+1+�xj )�1)x̂+( �xj�xj+1+�xj )+NSC(1�( �xj�xj+1+�xj )) 12� 12NSC<x̂< 12 (1.19)and similarly for g and h. There are seven more test fun
tions whi
h may benonzero at any given point in 
ell j; i; k. If x̂; ŷ; ẑ > 0 their values given by,wj+1;ij = (1� f(x̂)) g(ŷ) h(ẑ);wj;i+1;k = f(x̂) (1� g(ŷ)) h(ẑ);wji;k+1 = f(x̂) g(ŷ) (1� h(ẑ));wj+1;i+1;k = (1� f(x̂)) (1� g(ŷ)) h(ẑ);wj;i+1;k+1 = f(x̂) (1� g(ŷ)) (1� h(ẑ));wj+1;i;k+1 = (1� f(x̂)) g(ŷ) (1� h(ẑ));wj+1;i+1;k+1 = (1� f(x̂)) (1� g(ŷ)) (1� h(ẑ)):
1

0.5Figure 1.6. Approximate test fun
tions in one dire
tion on a nonuniform grid,with NS=2. 20



For x̂; ŷ; ẑ in any other o
tant of the 
ell, there are also eight potentially nonzerotest fun
tions evaluated similarly. Thus equations of the form (1.19) for f; g; h,de�ned expli
itly for referen
e 
oordinates in the interval [�12 ; 12 ℄, are suÆ
ientto evaluate all test fun
tions at any point, and serve as a global de�nition.The sum of the values of the test fun
tions at any point in the trans-port domain is one, thus 
onserving mass for the integral equation.The test fun
tion 
omponent in the dire
tion normal to the boundaryextends from the 
enter of a boundary 
ell to the boundary fa
e with the valueof one. Thus there is no splitting of mass a
ross the boundary.There is no test fun
tion asso
iated with an ina
tive 
ell. In a 
elladja
ent to an ina
tive 
ell, the value of the test fun
tion that would normallybe assigned to the ina
tive 
ell is distributed proportionally to other test fun
-tions that are nonzero at that point. All test fun
tions are zero in ina
tive
ells. Extreme variation in 
ell thi
kness among neighboring 
ells in a layermay adversely a�e
t model results. In this 
ase, linear interpolation of 
on
en-tration or approximate distribution of adve
ted mass may be ina

urate.1.4.7 Sour
e IntegralThe last term in (1.9) pertains to sour
es and sinks within the trans-port subdomain. ELLAM assumes a sour
e or sink a
ts uniformly over theentire 
ell surrounding a sour
e or sink node.To treat a sour
e, a single time step is dis
retized into a number ofsub-time steps determined by parameter NT, and the 
omposite trapezoidalintegration rule is applied in time. This time dis
retization evens the spatialdistribution of in
oming mass: Mass is tra
ked to varying lo
ations withinthe transport subgrid depending on when in the transport time step the massenters the system. At ea
h sub-time step, in
ow mass is spatially dis
retized,tra
ked, and a

umulated just like mass already in the system at the start ofthe transport time step, but for the shorter interval.Mass from sour
es is a

umulated to the right-hand side of the lo
al
onservation of mass equation for 
ell 
l with the following integration. The21



domain of integration is all sour
es whi
h interse
t the spa
e-time test fun
tionfor 
ell 
l, so that all sour
e mass that 
ows into 
l during a time step isintegrated. Multiple sour
es within a sour
e 
ell are summed.
RRsuppul\suppW e��(tn+1�t) 1" PC 0 WRf dtdx� 1"j;i;k Xallsour
es Xp=sour
esub
ell
enter NTXm=0 e��(tn+1�tm) �TmNSC NSR NSLwl(pf) Xs=sour
ein
ell C 0sQsRf (1.20)

where summation runs through all sour
es in all sub
ells of every sour
e 
ellin the transport subdomain; pf is the image of p under forward tra
king to thenew time level; Qs is the 
ow rate of sour
e s in the sour
e 
ell; �T = �tNT ,or �t2NT if m = 0 or NT ; and tm = tn + mNT�t represents the time during timestep at whi
h dis
retized sour
e mass enters the system.1.4.8 Sink IntegralAnalyti
ally, the domain of integration is the support of the spa
e-time test fun
tion for a 
ell 
l, interse
ted with any sink 
ells. To approximate,this term is formulated only if 
l is a sink, and sink 
on
entration is assumedto be the average nodal 
on
entration for the transport time step, with the ex-
eption of a sink due to evapotranspiration, where sink 
on
entration is takento be zero. Integration rules are a one point in spa
e and a one point ba
kwardEuler in time. The averaging of 
on
entration results in this integral approx-imatation 
ontributing to both the left- and right-hand sides of the equationfor sink 
ell 
l with 
oordinates j; i; k. This gives22



RRsuppul\suppW e��(tn+1�t) 1" PC 0 WRf dtdx= �t R
sink 1"(CaveP WRf + CetWetRf ) dx� �t"j;i;k (Cn+1+Cn)2 0BBBBB�Cet QetRf +Xs=sinkin
ell QsRf 1CCCCCA ; (1.21)
where Q is sink 
ow rate; et refers to evapotranspirative 
ux; and multiplesinks in a sink 
ell are summed.1.4.9 In
ow Boundary IntegralFor an in
ow boundary integral as for a sour
e, a single time step isdis
retized into a number of sub-time steps determined by parameter NT. The
omposite trapezoidal rule is applied in time. At ea
h sub-time step, in
owmass is spatially dis
retized, tra
ked, and a

umulated just like mass already inthe system at the start of the transport time step, but for the shorter interval.The only di�eren
e in the treatment of the in
ow boundary from the treatmentof the sour
e is that only the two-dimensional boundary fa
e is dis
retized,while for a sour
e, the entire 
ell is dis
retized. For a 
ell 
l, the integrationis performed over the interse
tion of the spa
e-time test fun
tion for that 
elland the transport subdomain boundary; that is, all mass entering through theboundary and adve
ted to 
l during the time step is a

umulated to the right-hand side of lo
al equation l. Mass adve
ted into 
l during a time step fromthe in
ow portion of the transport subdomain boundary is give by,RRsuppul\�n+1 e��(tn+1�t)Cinflow VRf � n dtds� Xallinflowfa
es Xp=fa
esubarea
enter NTXm=1 e��(tn+1�tm) �Tmref areawl(pf )CinflowQ (1.22)

23



where ref area = NSC NSR; NSC NSL; :::; depending on plane of fa
e;pf is the image of p under forward tra
king to the new time level; Q is in
owrate; tm = tn+ mNT�t represents the time during time step at whi
h dis
retizedsour
e mass enters the system; and �T = �tNT , or �t2NT if m = 1 or NT .Summation runs over ea
h p on the transport subdomain in
ow boundary,with the approximate test fun
tion wl used to sele
t mass adve
ted to 
l.1.4.10 Out
ow IntegralsCon
entration is 
al
ulated at ea
h out
ow boundary fa
e using 
ellparameters, velo
ity information from MODFLOW, and the amount of masstra
ked a
ross the 
ell boundary determined by ELLAM.On the left hand side of the system of boundary equations (1.24) is anintegral approximated using a one point in spa
e, one point ba
kward Euler intime formulation. This time approximation eliminates the exponential fa
tor,and yields, R(�
)ll R tn+1tn e��(tn+1�t)Coutflow VRf � n dtds� �t R(�
)ll Coutflow VRf � n ds� �tQll Coutflow (1.23)where ll is the index for boundary fa
es; and Qll is the out
ow rate a
rossboundary fa
e ll, determined using the out
ow velo
ity 
al
ulated from MOD-FLOW output and 
ell parameters. The 
on
entration on fa
e ll is the un-known in the boundary equation.The right-hand side boundary integrals are 
onstru
ted from the mass
ontributions tra
ked a
ross the boundary from interior 
ells, sour
es, andin
ow boundaries during the transport time step. All mass asso
iated witha tra
ked point that rea
hes the out
ow boundary at any time during thetime step is 
onsidered to leave the transport subdomain. Test fun
tions areevaluated to distribute mass among neighboring boundary out
ow fa
es.Numeri
ally, the right-hand side of (1.12) is a

omplished using atrapezoidal in time, midpoint on sub
ell in spa
e approximation:24



RRsuppull\�n+1 e��(tn+1�t)C VRf � n dtds� e���tXj;i;k Xp=sub
ell
enter �xj�yibj;i;k(NSC)(NSR)(NSL)wll(pf)C(p)
+ Xallinflowfa
es Xp=fa
esubarea
enter NTXm=0 e��(tn+1�tm) �Tref areawll(pf )CinflowQ
+ 1"j;i;k Xallsour
es Xp=sour
esub
ell
enter NTXm=0 e��(tn+1�tm) �TmNSC NSR NSLwl(pf ) Xs=sour
ein
ell C 0sQsRf

(1.24)
where the approximations to the integrals of stored, in
ow, and sour
e massare as in (1.18), (1.22), and (1.20), ex
ept that the approximate test fun
tionfor 
ell 
l has been repla
ed by wll, the approximate test fun
tion for boundaryfa
e ll. Boundary fa
e test fun
tions are de�ned analogously to those asso
iatedwith 
ells, but only using fa
tors in the two dire
tions parallel to the boundaryfa
e. No mass is distributed to a neighboring boundary fa
e whi
h is not partof the out
ow boundary.We thus have a system of equations represented by a diagonal matrix,to be solved for Coutflow.1.4.11 De
ayWhen simulating linear de
ay, all mass in the system at the beginningof ea
h transport time step is de
ayed by a fa
tor e��t, where � is the de
ayrate. In
ow and sour
e mass are de
ayed in the same way, where the timeinterval is now not the entire time step, but the portion of it during whi
h newmass is in the transport subdomain. This de
ay algorithm has no numeri
alstability restri
tions asso
iated with it. If the half-life is on the order of orsmaller than the transport time step, however, some a

ura
y will be lost.25



When a solute subje
t to de
ay enters the aquifer through a 
uidsour
e, it is assumed that the 
uid sour
e 
ontains the solute in the 
on
entra-tion spe
i�ed by C 0. The ELLAM simulator allows de
ay to o

ur only withinthe ground-water system, and not within the sour
e reservoir. In other words,for a given stress period, C 0 remains 
onstant in time.1.4.12 AssumptionsImpli
it in the above numeri
al treatment of the terms of the integralequations are the following assumptions:� Con
entration at an out
ow boundary fa
e at the new time level iswell approximated by the mass 
rossing the fa
e during the time stepdivided by the 
uid volume a
ross the fa
e.� Mass in or out of the transport subdomain during a time step via asour
e or sink 
ellis well approximated by the average nodal 
on
en-tration during the time step times the 
uid volume through the sour
eor sink.� Cell thi
knesses are smoothly varying within a verti
al layer.� Transport subgrid boundaries are assumed to be far enough from theplume that any errors in the treatment of the boundaries will not havea signi�
ant e�e
t on the solution. The boundary 
ondition is thatthe normal 
omponent of the 
on
entration gradient on the boundaryis zero, so there is no dispersive 
ux a
ross the transport subdomainboundary.1.5 Test ProblemsThe three-dimensional ELLAM 
ode was tested by running the samesuite of test 
ases as was applied to the USGS three-dimensional method of
hara
teristi
s 
ode, MOC3D. These tests were �rst used by Konikow andothers [71℄ to evaluate the MOC3D Version 1 implementation in
orporating anexpli
it formulation of the dispersion equation, then by Kipp and others [70℄for MOC3D Version 2, an impli
it method. These ben
hmark problems areused to evaluate features of a solute transport 
ode with relevan
e to �eld26



appli
ations.1.5.1 One-Dimensional FlowThe �rst test 
ase is a simple one-dimensional system involving solutetransport in a �nite-length aquifer with 
ow of 
onstant velo
ity. Boundary
onditons are third-type, although ELLAM approximates total 
ux bound-ary 
onditions using adve
tive 
ux. The numeri
al results are 
ompared to asolution by Wexler [99℄. Parameters for the model are spe
i�ed in table 1.5.1.A low dispersion and a high dispersion 
ase are presented here. Inboth 
ases, ELLAM results for CELDIS = 12 (241 time steps), NSC = 4, NSR= NSL = 2, NT = 128 are essentially identi
al to the analyti
al results, and soare not plotted. Instead, the results for substantially fewer time in
rements areshown. For the low dispersion 
ase, Dxx = 0:01, or �L = 0:1
m. The analyti
solution and two ELLAM solutions are graphed in �gure 1.7. For CELDIS= 1, whi
h requires 121 time steps, there is a very 
lose mat
h between theanalyti
al and numeri
al solutions, using NSC = 32, NSR = NSL = 2, NT =128. Setting NSC = 4 results in a slightly low 
on
entration at the �rst gridnode, but quite a

urate values elsewhere. The NSC = 4 solution is 
omputedin about a quarter of the time used for the �ner, NSC = 32, dis
retizationon a Data General Unix workstation [57℄ (4 min 20 se
 for NSC = 32, and 1min 0 se
 for NSC = 4). For CELDIS = 10.1 (12 time in
rements, simulationtime, 15 se
 [57℄), NSC = 4, NSR = NSL = 2, and NT = 128, 
on
entrationsat early times and short distan
es are somewhat low, but the results are goodelsewhere. Thus, ELLAM 
ompares favorably with expli
it MOC3D whi
hneeded 2401 time steps to satisfy stability 
riteria, and with impli
it MOC3Dwhi
h required 241 time in
rements. In the high dispersion 
ase, Dxx = 0:1,or �L = 1:0
m. The analyti
al solution, and 
on
entrations for CELDIS = 1(121 time steps) and CELDIS = 10.1 (12 time steps) are plotted in �gure 1.8.The CELDIS = 1 results are very 
lose to the analyti
al solution, and withoutthe os
illations produ
ed by MOC3D at short distan
es. The solution usingfewer time steps has 
on
entrations whi
h are somewhat low near the in
owboundary, and high near the out
ow boundary.27



Parameter ValueTxx = Tyy 0.01 
m2/s" 0.1�L 0.1 
m�TH = �TV 0.1 
mPERLEN (length of stress period) 120 se
Vx 0.1 
m/sVy = Vz 0.0 
m/sInitial 
on
entration (C0) 0.0Sour
e 
on
entration (C 0) 1.0Number of rows 1Number of 
olumns 122Number of layers 1DELR (�x) 0.1 
mDELC (�y) 0.1 
mThi
kness (b) 1.0 
mTable 1.1. Parameters used in ELLAM simulation of solute transport in aone-dimensional, steady-state 
ow system.
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Figure 1.7. Plots of 
on
entration as a fun
tion of 
ell node for one-dimen-sional 
ow with a 
onstant velo
ity �eld and low dispersion. Shown are theanalyti
al solution (lowest graph), ELLAM results using CELDIS = 1 (121time steps), NSC = 32, NSR = NSL = 2, NT = 128, and ELLAM results usingCELDIS = 10.1 (12 time steps), NSC = 4, NSR = NSL = 2, NT = 128 (uppergraph). Results for CELDIS = 1 are virtually identi
al to the analyti
al.
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Figure 1.8. Plots of 
on
entration as a fun
tion of 
ell node for one-dimen-sional 
ow with a 
onstant velo
ity �eld and high dispersion. Shown are theanalyti
al solution (lowest graph), ELLAM results using CELDIS = 1 (121time steps), NSC = 32, NSR = NSL = 2, NT = 128, and ELLAM results usingCELDIS = 10.1 (12 time steps), NSC = 4, NSR = NSL = 2, NT = 128 (uppergraph). Results using CELDIS = 1 are virtually identi
al to the analyti
al.
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Various other tests were performed, in
luding runs with a retardationfa
tor of other than one. Con
entration pro�les in spa
e at various times werealso evaluated. Results 
omparable to the above were obtained. Even in theextreme 
ase shown in �gure 1.9 of CELDIS = 61 (two time steps), NSC =4, NSR = NSL = 2, NT = 128, qualitativity good results were 
al
ulated,ex
ept near the out
ow fa
e. This demonstrates the apparent robustness ofthe method.The low dispersion, no sorption problem was also used to test theway the method handles nonzero de
ay. Figure 1.10 exhibits results for � =0:01 se
�1, CELDIS = 1, NSC = 32, NSR = NSL = 2, NT = 128 whi
hare in ex
ellent agreement with the analyti
al solution. As in the 
ase of node
ay, NSC = 4 (not shown) yields a slightly low 
on
entration near the in
owboundary.In all 
ases des
ribed above, the mass balan
e error was less than0.001 per
ent, in 
ontrast to method-of-
hara
teristi
s 
ode, whi
h is not mass
onservative. Expli
it and impli
it MOC3D, for example, yielded mass balan
eerrors of up to a few per
ent in some 
ases reported above.1.5.2 Uniform, Three-Dimensional FlowNext, ELLAM results were 
ompared with the analyti
al solutiondeveloped by Wexler [99℄ for three-dimensional solute transport from a 
ontin-uous point sour
e in a steady, uniform 
ow �eld in a homogeneous aquifer ofin�nite extent. The problem and analyti
al solution are des
ribed in detail byKonikow and others in [71℄, and spe
i�
 parameter values for the test 
ase areshown in �gure 1.5.2.Sin
e the 
ow velo
ity is aligned with the grid and dispersive 
ux
ross-terms are zero, this problem provides a test of the a

ura
y of dispersive
ux 
al
ulations in three dire
tions [71℄. It also o�ers a test of the sour
e massalgorithm, and its use in representing the e�e
ts of a spe
i�ed 
ux boundary
ondition.Analyti
al results are shown in �gure 1.11, and ELLAM results areplotted in �gures 1.12, 1.13, and 1.14 for the xy plane passing through the31
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Figure 1.9. Con
entration vs. 
ell node plot with CELDIS = 61 (two timesteps), NSC = 4, NSR = NSL = 2, NT = 128.
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Figure 1.10. Plots of 
on
entration as a fun
tion of 
ell node for de
ay
onstant � = 0:01 se
�1. Shown are the analyti
al solution (lower graph)and ELLAM results using CELDIS = 1 (121 time steps), NSC = 32, NSR =NSL = 2, NT = 128.
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Parameter ValueTxx = Tyy 0.0125 m2/day" 0.25�L 0.6 m�TH 0.03 m�TV 0.006 mPERLEN (length of stress period) 400 daysVx 0.1 m/dayVy = Vz 0.0 m/dayInitial 
on
entration (C0) 0.0Sour
e 
on
entration (C 0) 2.5106 g/m3Q (at well) 1.010-6 m3/dSour
e lo
ation row 8,
olumn 1,layer 11Number of rows 30Number of 
olumns 12Number of layers 40DELR (�x) 0.5 mDELC (�y) 3 mThi
kness (b) 0.05 mTable 1.2. Parameters used in ELLAM simulation of transport from a 
on-tinuous point sour
e in a three-dimensional, uniform, steady-state 
ow system.
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point sour
e. For 1.12, CELDIS = 7 (two time steps), NSC = NSR = NSL= 4, NT = 16; for 1.13, CELDIS = 1 (14 time steps), NSC = NSR = NSL= 4, NT = 4; and for 1.14, CELDIS = 0.1 (134 time steps), NSC = NSL =4, NSR = 8, NT = 16. MOC3D reports, [71℄ and [70℄ dis
uss the greaterspreading in numeri
al models than the analyti
al solution, and note that thisis partially explained by the appli
ation of the sour
e over an entire grid 
ellin the models, while the analyti
al solution portrays a point sour
e.Figure 1.12 
an be interpreted as demonstrating that more than twotime steps are needed to adequately resolve dispersion. As seen in �gure 1.13,ELLAM results with 14 time steps a

urately 
hara
terize the dispersive 
ux,without the spreading upstream that is produ
ed by MOC3D. With 134 timein
rements, ELLAM produ
es yet less upstream spreading; so little, however,that the solution manifests the numeri
al os
illations typi
al where 
on
entra-tion gradient is too steep relative to grid mesh density.Graphs in verti
al planes parallel and perpendi
ular to the 
ow di-re
tion are 
omparable to the above, in terms of the proximity of the ELLAMresults to the analyti
al.1.5.3 Two-Dimensional Radial FlowThe ELLAM solution was 
ompared to the analyti
al solution giveby Hsieh [61℄ to a radial 
ow and dispersion problem with a �nite-radius wellin an in�nite aquifer of two-dimensions. There is 
ow from a single inje
tionwell, with velo
ities inversely related to distan
e from the well.The parameters for the problem are given in table 1.5.3. More detailsabout the problem are presented in [71℄ and [70℄. Due to symmetry, the problem
an be modelled on one quadrant of the radial 
ow �eld.The analyti
al solution is plotted in 1.15, along with four ELLAMsolutions in �gures 1.16- 1.19. Ea
h ELLAM solution 
aptures the salientqualitative features of the analyti
al solution, with the ex
eption of the high
on
entration 
ontour of 1.16, whi
h has an arti
ulated rather than a smoothshape. The two time step run graphed in �gure 1.16 uses CELDIS = 75,34
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entration 
ontours in the horizontal plane 
ontaining the so-lute sour
e (layer 1) for three-dimensional solute transport in a uniform steady
ow problem with CELDIS = 0.1 (134 time steps), NSC = NSL = 4, NSR =8, NT = 16.
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Parameter ValueTxx = Tyy 3.6 m2/hour" 0.2�L 10.0 m�TH = �TV 10.0 mPERLEN (length of stress period) 1000 hoursQ (at well) 56.25 m3/hourSour
e 
on
entration (C0) 1.0Number of rows 30Number of 
olumns 30Number of layers 1DELR (�x) = DELC (�y) 10.0 mThi
kness (b) 10.0 mTable 1.3. Parameters used in ELLAM simulation oftwo-dimensional, steady-state, radial 
ow 
ase.
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Figure 1.15. Contour plot of analyti
al solution for two dimensional radial
ow problem.
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Figure 1.16. Contour plot of 
on
entration for run with two time steps usingCELDIS = 75, NSC = NSR = 4, NSL = 2, NT = 16.
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NSC = NSR = 4, NSL = 2, NT = 16. The high 
on
entration 
ontour hasnon-physi
al os
illations, whi
h 
annot be entirely eliminated even with higherNS and NT values. The 29 time step run shown in �gure 1.17 uses CELDIS= 5, NSC = NSR = 4, NSL = 2, NT = 4. Although the high 
on
entration
ontour is somewhat 
at, it is a 
lose approximation to the analyti
al solution.The advisability of using higher NS values when modeling with many timesteps is illustrated in �gures 1.18 and 1.19, where 563 time steps are used.Parameter values NSC = NSR = 4, NSL = 2, NT = 4 produ
e a rather 
at setof 
ontours, whereas NSC = NSR = 8, NSL = 2, NT = 4 yield a mu
h bettermat
h to the analyti
al solution.Both versions of MOC3D produ
e 
lose to analyti
al results for thisproblem. For 
omparison, expli
it MOC3D needed 596 time steps and 12 min30 s of 
pu time; impli
it MOC3D used 282 time steps and 7 min 25 s of 
putime; and ELLAM runs dis
ussed above needed 2 min 18 s, 33 min 10 s, and96 min 20 s, respe
tively, all on a UNIX workstation [57℄.1.5.4 Initial Condition in Uniform FlowA problem of three-dimensional solute transport from an instanta-neous point sour
e in a 
ow �eld with uniform velo
ity was also 
onsidered.Wexler [99℄ presents an analyti
al solution for a 
ontinuous point sour
e in ahomogeneous aquifer of in�nite extent, whi
h was modi�ed to yield quantita-tive analyti
al results for the instantaneous problem.This initial 
ondition is represented numeri
ally by a nonzero 
on
en-tration in a single �nite-di�eren
e 
ell. For MOC3D, this signi�es a 
onstant
on
entration distributed evenly a
ross a 
ell. For ELLAM, with its assump-tion of 
on
entrations varying pie
ewise trilinearly between 
ell nodes, thissigni�es initial mass in 27 
ells. Furthermore, ELLAM is known to be ill-equipped to handle adve
tion of fronts dis
retized with fewer than four nodes(see se
tion 1.6.5), so that ELLAM is expe
ted to have diÆ
ulty propagatingeven this dispersed point sour
e.However, a nonzero initial 
on
entration in one 
ell, with a uniform39
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Figure 1.17. Contour plot of 
on
entration for run with 29 time steps usingCELDIS = 5, NSC = NSR = 4, NSL = 2, NT = 4.
5 10 15 20 25 30

5

10

15

20

25

30

5 10 15 20 25 30

5

10

15

20

25

30

0.9

0.7
0.5

0.3

0.1

Figure 1.18. Contour plot of 
on
entration for run with 563 time steps usingCELDIS = 0.25, NSC = NSR = 4, NSL = 2, NT = 4. Con
entration maximumis 1.019.
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Figure 1.19. Contour plot of 
on
entration for run with 563 time steps usingCELDIS = 5, NSC = NSR = 8, NSL = 2, NT = 4. Con
entration maximumis 1.0056.
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velo
ity �eld, has been tested, and results are 
ompared to the analyti
al solu-tion of a problem with an instanteneous point sour
e. Also, to better test theELLAM 
ode, this analyti
al solution has been allowed to develop over time,and the smoothed 
on
entration distribution is used as an initial 
ondition forELLAM. The uniform 
ow problem with this se
ond initial 
ondition, is alsosolved with two di�erent velo
ity �elds to test for grid orientation e�e
ts on thedispersion 
al
ulations. Parameters for the problem are given in table 1.5.4.For the 
ase of 
ow in the x dire
tion only, Vx = 1:0275, and Vy =Vz = 0. For 
ow at 45 degrees to the grid, Vx = Vy = 1:0275, and Vz = 0.So the distan
e the 
enter of the plume moves in the x dire
tion is the samefor both 
ases, for equal simulation times, but the magnitude of the velo
ityis greater for the 
ow at 45 degrees, introdu
ing more dispersion. For all runsreported below, CELDIS = 5 (six time steps), NSC = NSR = NSL = 4, NT= 2. All graphs are 
on
entration 
ontours in the plane of the initial sour
eof solute, and of movement. In �gure 1.20 the analyti
al solution using aninitial point sour
e is plotted, and in �gure 1.21, the ELLAM solution. Thenumeri
al results show some spreading relative to the analyti
al, in both thetransverse and longitudinal dire
tions. In
reasing the number of time stepsdoes not 
ompletely eliminate the spreading, and 
auses some loss of peak
on
entration, even with in
reased NS values. In 
ontrast to both versions ofMOC3D, ELLAM results exhibit the symmetry of the analyti
al solution. In�gure 1.22 the analyti
al solution using an initial dispersed sour
e is plotted,and in �gure 1.23, the ELLAM solution. These solutions resemble ea
h othermore 
losely, although the ELLAM solution is still somewhat dispersed.The analogous results with a dispersed initial 
ondition are plottedfor 
ow at 45 degrees to the grid. In �gure 1.24 is the analyti
al solution,and in �gure 1.25 the ELLAM solution is plotted. The 
hara
teristi
 symme-try of the analyti
 solution is 
aptured by ELLAM, but there is longitudinalspreading, and some distortion of the shape of the plume. This narrowing is
hara
teristi
 of a grid-orientaion e�e
t 
aused primarily by o�-diagonal termsof the dispersion tensor. 42



Parameter ValueTxx = Tyy 10.0 m2/day" 0.1�L 1.0 m�TH = �TV 0.1 mPERLEN (length of stress period) 90 daysVx 1.0 m/dayVy = Vz 0.0 m/day*Initial 
on
entration at sour
e 1 x 106Sour
e lo
ation 
olumn 11,in transport row 36,subgrid layer 4Number of rows 72Number of 
olumns 72Number of layers 24DELR (�x) 3.33 mDELC (�y) 3.33 mThi
kness (b) 10.0 m* For 
ow at 45 degress to x� and y� axes, Vy = 1:0275m/day.Table 1.4. Parameters used in ELLAM simulation of three-dimensionaltransport from a point sour
e with 
ow in the x-dire
tion and 
ow at 45degrees to x- and y-axes.
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al soluionof Dira
 problem at t = 90. Con
entration maximum is 25195.
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Figure 1.21. Contour plot showing log of 
on
entrations for spike initial
ondition, and CELDIS = 5, NSC = NSR = NSL = 4, NT = 2. Con
entrationmaximum is 15160.
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entrations in analyti
al soluionof Dira
 problem at t = 130. Con
entration maximum is 14539.
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Figure 1.23. Contour plot showing log of 
on
entrations for dispersed initial
ondition, and CELDIS = 5, NSC = NSR = NSL = 4, NT = 2. Con
entrationmaximum is 16909.
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Figure 1.24. Contour plot showing log of 
on
entrations of analyti
al solutionto Dira
 problem at t = 130. Con
entration maximum is 8645.
10 20 30 40 50 60 70

10

20

30

40

50

60

70

1
2

3

Figure 1.25. Contour plot showing log of 
on
entrations for dispersed initial
ondition, and CELDIS = 5, NSC = NSR = NSL = 4, NT = 2 at t = 130.Con
entration maximum is 8167.
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Figure 1.26. Contour plot showing 
on
entrations of a two-dimensional �niteelement solution of the Burnett and Frind problem. Contours shown are 0.1to 0.9.1.5.5 Constant Sour
e in Nonuniform FlowA problem having a 
onstant sour
e of solute over a �nite area at thesurfa
e of a homogeneous aquifer with boundary 
onditons produ
ing nonuni-form 
ow was introdu
ed by Burnett and Frind [21℄. They used an alternating-dire
tion Galerkin �nite element method to solve the 
ow and transport equa-tions in two and three dimensions. This Burnett and Frind problem has beenused as a test 
ase to evaluate both versions of MOC3D, with the �nite ele-ment results as the ben
hmark. It is a 
omplex problem, in
luding a variabledispersion 
oeÆ
ient. Konikow and others [71℄ present a detailed des
iptionof the problem geometry in
luding a dis
ussion of the di�eren
es between the�nite element grid and the 
ell-
entered �nite-di�eren
e grid. Parameters usedfor the ELLAM simulation are given in table 1.5.5.The ELLAM simulator was used on the two dimensional 
ase, usingCELDIS = 30 (seven time steps), NSC = NSR =NSL = 4, NT = 32. The plume
al
ulated by Burnett and Frind is shown in �gure 1.26, and the ELLAM resultsin �gure 1.27. The 
ontours are very similar, although the high 
on
entration
ontour from ELLAM doesn't extend as far downgradient as that of Burnettand Frind, while the lowest 
on
entration 
urve extends further. Nevertheless,the ELLAM solution provides a 
loser mat
h to the Burnett and Frind 
ontoursthan do MOC3D results using 381, 1901, or 4218 time steps [70℄. In
reasingthe number of time in
rements yields a solution with a greater downgradientextent, but still short of the Burnett and Frind results.Fourteen rows were added to the two-dimensional grid in order toexpand it to three dimensions. Transport results for a verti
al plane at the47



Parameter ValueK 1.0 m/day" 0.35�L 3.0 m�TH 0.10 m�TV 0.01 mPERLEN (length of stress 12,000 daysperiod)Q (at well) 56.25 m3/hourSour
e 
on
entration(C 0) 1.0Number of rows 1Number of 
olumns1 141Number of layers1 91DELR (�x) 1.425 mDELC (�y) 1.0 mThi
kness (b) 0.2222-0.2333 m1 One row and layer were allo
ated to de�ning boundary 
onditions, so
on
entrations 
al
ulated in only 140 
olumns and 90 layers were used for
omparision.Table 1.5. Parameters used for ELLAM simulation of transport in a verti-
al plane from a 
ontinuous point sour
e in a nonuniform, steady-state, two-dimensional 
ow system (des
ribed by Burnett and Frind, 1987).
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Figure 1.28. Contour plot showing 
on
entrations of a three-dimensional�nite element solution of the Burnett and Frind problem. Contours shown are0.1 to 0.9.middle of the plume are plotted for runs with lower and higher dispersion.Figure 1.28 shows Burnett and Frind results for the low dispersion 
ase where�TV = 0:01m and �TH = 0:1m, while ELLAM are given in �gure 1.29. TheELLAM plume extends slightly further downstream with low 
on
entrationsof solute than the Burnett and Frind. Again, the ELLAM solution is a 
losermat
h to the Burnett and Frind than any MOC3D solution.With verti
al transverse dispersivity in
reased by a fa
tor of ten sothat �TV = �TH = 0:1m, the results of simulation were again 
ompared. TheELLAM solution using CELDIS = 30 had noti
ably low 
on
entrations nearthe sour
e. Plotted in �gures 1.30 and 1.31 are the Burnett and Frind solutionfor higher dispersion, and an ELLAM solution using CELDIS = 21 (10 timesteps), respe
tively. The 
ontours are in 
lose agreement.1.6 One-Dimensional ELLAMConsider a one-dimensional problem with " = Rf = 1, and D � 0,and assume, for simpli
ity, a uniform grid and v = 
onstant > 0. Also, foregothe use of "approximate test fun
tions," that is, letwjik(x̂; ŷ; ẑ) = f(x̂)g(ŷ)h(ẑ)where f(x) = 8>>><>>>: 0 x � �121 �12 < x � 120 12 < x ;and g � h � 1: 50
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900Figure 1.29. Contour plot showing 
on
entrations of ELLAM solution to lowdispersion Burnett and Frind problem using CELDIS = 30, NSC = NSR =NSL = 4, NT = 32. Contours shown are 0.1 to 0.9.

Figure 1.30. Contour plot showing 
on
entrations of a three-dimensional�nite element solution of the Burnett and Frind problem with high verti
altransverse dispersivity. Contours shown are 0.1 to 0.9.
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Negle
ting sour
es and in
ow, whi
h do not a�e
t stability, the systemof ELLAM 
ell equations 
an be expressed(A +M)
n+1 = B
n (1.25)where A is the 
oeÆ
ent matrix for integration of 
on
entration at the newtime level; M is the matrix of di�usion 
oeÆ
ients obtained from a ba
kwardEuler in time and 
entered di�eren
es in spa
e approximation to the di�usionterm of the 
ontinuous equation; B is the 
oeÆ
ient matrix for 
on
entrationfrom the old time level, in
orporating an integration to determine mass in a
ell, followed by a shift operation to represent adve
tion; and 
 is the ve
tor ofnodal 
on
entration values at the time level denoted by the supers
ript. Dueto the assumption of a uniform grid, dependen
e of the numeri
al integrals on
ell length has been divided out.Using the trapezoidal rule to integrate the unknown pie
ewise lin-ear 
on
entration fun
tion, and using zero Diri
hlet boundary 
onditions forsimpli
ity, the A matrix is tridiagonal withA = 18[1; 6; 1℄ (1.26)denoting the sub-, main, and super-diagonal entries, respe
tively.The matrixM of 
entered di�eren
e 
oeÆ
ients at the new time levelis M = �t k[�1; 2;�1℄; (1.27)where for di�usion 
oeÆ
ient D > 0, k = D�t(�x)2 . Note that A+M is symmetri
positive de�nate for all k � 0, so (A+M)�1 exists.The matrix B depends on Courant number, de�ned by Cr = v�x�t :The matrix 
onsidered here is for a 
onstant Courant number, 0 � Cr � 12 . To
onstru
t a B whi
h aportions the 
orre
t mass to ea
h 
ell at tn+1, integrateexa
tly at the old time level using integration points at 
ell 
enters and pre-images at the old time level of 
ell boundaries at the new time, as shown in�gure 1.32. Denoting by x� the position at the old time level of a point x at53
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Figure 1.32. Mass at old time level is integrated exa
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ell 
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tn+1, and interpolating 
on
entration values between nodes, the trapezoid onthe left has area, ��x2 + Cr�x�0�C(x�i� 12 ) + Ci2 1A ;and the area on the right is,��x2 � Cr�x�0�Ci + C(x�i+ 12 )2 1A :Sin
e C(x�i� 12 ) = �12 + Cr�Ci�1 + �12 � Cr�Ciand C(x�i+ 12 ) = �12 + Cr�Ci + �12 � Cr�Ci+1;the mass in 
ell i at the new time level is�x h�(12 + Cr)(14 + Cr2 �Ci�1+ �(12 + Cr)(34 � Cr2 ) + (12 � Cr)(34 + Cr2 )�Ci+ �(12 � Cr)(14 � Cr2 �Ci+1i :Thus, disregarding boundary 
onditions, the B matrix is tridiagonal withB = 18[1; 6; 1℄ + Cr2 [1; 0;�1℄ + Cr22 [1;�2; 1℄; (1.28)denoting the sub-, main, and super-diagonal entries, respe
tively. In the 
aseof Cr = 12 , B is singular. The more general 
ase of arbitrary, still 
onstant,Courant number is 
onsidered analogously: the Courant number is de
omposedinto the sum the nearest integer, and a fra
tional part with jfra
tional partj �12 . In (1.28), Cr in the se
ond two terms is repla
ed by the fra
tional part, andthe entire matrix sum is diagonal-shifted by minus the integer nearest to theCourant number. For simpli
ity, only the 
ase 0 � Cr � 12 is treated here.The integration points and rule used in the above 
onstru
tion di�erfrom those in the three-dimensional ELLAM implementation. Appli
ation ofthe three-dimensional 
ode to a one-dimensional problem on a uniform grid55



with Courant number a multiple of 12n ; n = 1; 2; 3; : : : likewise tra
ks and inte-grates adve
ted mass exa
tly, and yields a solution identi
al to that produ
edby A�1B, up to treatment of boundary 
onditions.Convergen
e of the method (1.25) will follow from its 
onsisten
y andstability. The exa
t solution, 
(�; t) satis�es(A+M)
(�; tn+1) = B
(�; tn) + �te
; (1.29)where e
 denotes the ve
tor of trun
ation (
onsisten
y) errors at ea
h node.Letting en denote the error 
n � 
(�; tn), and subtra
ting (1.29) from (1.25),we have the error propogation(A+M)en+1 = Ben +�te
:Be
ause A+M � 12I is nonnegative de�nate, this impliesen+1 = (A+M)�1Ben +�te
;with a di�erent 
onstant in
orporated into e
. This leads toen+1 = nXj=0((A+M)�1B)j�te
 + ((A +M)�1B)n+1e0;where e0 denotes any initial error. For stability we then require,k((A+M)�1B)nk � Kin some norm, for 0 � n�t � T , where the 
onstant K is independent of �t,and T is simulation time. Then ken+1k � O(K)ke
k, and 
onsisten
y yields
onvergen
e as �x;�t! 0.Stability depends on the properties of the matrix (A+M)�1B whi
hoperates expli
itly upon a error ve
tor at the old time level to yield error atthe new time.1.6.1 Limiting Case of No Adve
tionIn the limiting 
ase of nonzero di�usion, but no adve
tion,A+M = [18 � k; 68 + 2k; 18 � k℄: (1.30)56



The right-hand side matrix B be
omesB = 18[1; 6; 1℄; (1.31)sin
e with no adve
tion, Cr = 0.Lemma 1.1 In the limiting 
ase of no adve
tion, the method given by equa-tion (1.25), using (1.30), and (1.31) is 
onsistent, with error of order,�t
e = O(�x2�t+�t2):Proof: We use standard �nite di�eren
e arguments.First note that integrating the Taylor expansion of a fun
tion f gives,Z xi+1=2xi�1=2 f(x) dx= R xi+1=2xi�1=2 f(xi) + f 0(xi)(x� xi) + 12f 00(xi)(x� xi)2 +O((x� xi)3 dx= �xf(xi) + 0 + 12f 00(xi) R xi+1=2xi�1=2 (x� xi)2 dx+ 0= �xf(xi) + �x38 f 00(xi) +O(�x3);where it is useful to separate the �x38 and O(�x3) terms. Then, we haveR tn+1tn R xi+1=2xi�1=2 
t(x; t) dxdt= �x R tn+1tn 
t(xi; t) + �x28 �2�x2 
t(xi; t) +O(�x2) dt= �x R tn+1tn 
t(xi; t) + �x28 �
t(xi�1�2
t(xi;t)+
t(xi+1;t);t)�x2 +O(�x2)�+O(�x2) dt= �x �
n+1i � 
ni + 18 h
n+1i�1 � 
ni�1 � 2(
n+1i � 
ni ) + 
n+1i+1 � 
ni+1i+O(�t�x4) +O(�t�x2))= �x �18(
n+1i�1 � 
ni�1) + 68(
n+1i � 
ni ) + 18(
n+1i+1 � 
ni+1) +O(�t�x2)� :Also,
xx = 
xx(x; tn+1)� Z n+1t 
xxt(x; s) ds= 
xx(xi; tn+1) + 
xxx(xi; tn+1)(x� xi) +O(�x2)� Z tn+1t 
xxt(x; s) ds= 
n+1i�1 � 2
n+1i + 
n+1i�1(�x)2 + 
xxx(xi; tn+1)(x� xi) +O(�x2)� Z tn+1t 
xxt(x; s) ds: 57



Integrating then gives Z xi+1=2xi�1=2 
xx(x; t) dx= �x� 
n+1i�1 �2
n+1i +
n+1i+1(�x)2 � +O(�x3)� R xi+1=2xi�1=2 R tn+1t 
xxt(x; s) dsdx;and Z xi+1=2xi�1=2 Z tn+1tn �D
xx(x; t) dtdx= �xD�t�x2 (�
n+1i�1 + 2
n+1i � 
n+1i+1 ) + R tn+1tn R xi+1=2xi�1=2 R tn+1t 
xxt(x; s) dsdxdt= �xD�t�x2 (�
n+1i�1 + 2
n+1i � 
n+1i+1 ) +O(�x3�t) +O(�x�t2):Combining terms gives the estimate,R tn+1tn R xi+1=2xi�1=2 
t(x; t) dxdt� R tn+1tn R xi+1=2xi�1=2 D
xx(x; t) dxdt= �x �18(
n+1i�1 � 
ni�1) + 68(
n+1i � 
ni ) + 18(
n+1i+1 � 
ni+1) +O(�t�x2)��xD�t�x2 (�
n+1i�1 + 2
n+1i � 
n+1i+1 ) +O(�x3�t) +O(�x�t2):Dividing by �x to re
e
t (1.25) 
ompletes the proof.Lemma 1.2 In the 
ase of no adve
tion, the method given by (1.25) is un
on-ditionally stable in the l2 norm, independent of the meshsize.Proof: Write (1.30) asA+M = I + (k � 18)[�1; 2;�1℄and (1.31) as B = I � 18[�1; 2;�1℄where I is the identity matrix. The matrix (A+M)�1B has eigenvalues1� 18�1 + (k � 18)�58



where � is an eigenvalue of [�1; 2;�1℄. Sin
e 0 � � � 4, (A +M)�1B hasnonnegative eigenvalues less than or equal to one for any k � 0. Be
ause(A+M)�1B is normal, this gives k(A+M)�1Bk2 � 1. Therefore, the methodis stable.Convergen
e follows dire
tly from 
onsisten
y and stability.Theorem 1.3 In the 
ase of no adve
tion, the method given by (1.25) is 
on-vergent, independent of the meshsize.It is interesting to note that for k � 18 , A�1B satis�es a dis
retemaximum prin
iple. For 0 < k < 18 , however, the operator need not satisfy amaximum prin
iple; 
onsider, for example, 3� 3 A�1B with k = 116 . Here,A�1B = 4679 0BBB� 272114 �14 1�14 196 �141 �14 195 1CCCA0BBB� 68 18 018 68 180 18 68 1CCCA= 4679 0BBB� 16130112 1559112 �1914 5744 564�1 564 5784 1CCCAThe absolute row sum of the se
ond row is 686679 . Sin
e this is greater than 1,the matrix does not satisfy a maximum prin
iple.1.6.2 Limiting Case of No Di�usionConsisten
y analysis for the purely hyperboli
 problem has been doneby Stynes and Russell [84℄. Consisten
y error of O((�x)2+�t) for the interiorof the domain, and O(�x+�t) near an in
ow boundary is established.Theorem 1.4 In the 
ase of no di�usion, the method given by (1.25) is stablein the l2 norm, for any �xed meshsize.Proof: Sin
e for no di�usion, k = 0,(A +M)�1B = A�1B= I + A�1 �Cr2 [1; 0;�1℄ + Cr22 [1;�2; 1℄�= I + Cr2 A�1 ([1; 0;�1℄ + Cr[1;�2; 1℄) :59



Then, sin
e 0 � Cr � 12 ,k(A+M)�1Bk2 = kA�1Bk2� 1 + Cr2 kA�1k2 (k[1; 0;�1℄k2 + Crk[1;�2; 1℄k2)� 1 + Cr2 kA�1k2(2 + 4Cr)� 1 + 2CrkA�1k2� 1 + 4v�t�x= 1 +O(�t) for �xed �x.We have k(A�1B) T�tk2 � kA�1Bk T�t2� (1 +O(�t)) T�t� e 4v�xT ;where T is the total simulation time. Thus the method is stable for �xedmeshsize.Convergen
e again follows from 
onsisten
y and stability.
Theorem 1.5 In the 
ase of no di�usion, the method given by (1.25) is 
on-vergent, for �xed meshsize.1.6.3 In�nite Spatial DomainAn in�nite spatial domain is used in order to eliminate boundarye�e
ts. Here, both the left-hand side (1.26) and right-hand side (1.28) operatorsare Laurent and �x > 0. For an introdu
tion to the theory of Laurent matri
es,see [14℄, whi
h serves as a referen
e for the following dis
ussion. We will showthat in the 
ase of an in�nite spatial domain, that A�1B is a Laurent matrixwith norm of one, and note properites of its spe
trum.Given a sequen
e fz�ng1n=�1 of 
omplex numbers, a doubly-in�nite60



matrix with z�n along the nth diagonal is 
alled a Laurent matrix:0BBBBBBBBBBBBBBB�
: : : : : : : : : : : : : : : : : : : : :: : : z0 z�1 z�2 z�3 z�4 : : :: : : z1 z0 z�1 z�2 z�3 : : :: : : z2 z1 z0 z�1 z�2 : : :: : : z3 z2 z1 z0 z�1 : : :: : : z4 z3 z2 z1 z0 : : :: : : : : : : : : : : : : : : : : : : : :

1CCCCCCCCCCCCCCCA (1.32)
The following theorem is well-known:Theorem 1.6 (B�ott
her and Silberman [14℄, Theorem 1.1) The Laurent ma-trix (1.32) generates a bounded linear operator on l2(Z) if and only if there is afun
tion z 2 L1(T) su
h that fzng1n=�1 is the sequen
e of Fourier 
oeÆ
ientsof z: zn = 1p2� Z 2�0 z(ein�)e�in�d� (n 2 Z);where Z means the integers, and T is the 
omplex unit 
ir
le.Should a Laurent matrix indeed represent a bounded linear operator,denote the matrix and the operator by L(z). Let L1 := L1(T) and L2 :=L2(T). Laurent matri
es represent multipli
ation operators on L2 with re-spe
t to the orthonormal basis( 1p2�ein�)n2Z :De�ne M(z) : L2 ! L2; f 7! zf:This multipli
ation operator is bounded if and only if z 2 L1, in whi
h 
ase,kM(z)k = kzk1: (1.33)61



Consider the operator whi
h maps a fun
tion to the sequen
e of itsFourier 
oeÆ
ients, � : L2 ! l2(Z); f 7! ffngn2Z:The operator � is bije
tive and k�fk2 = kfk2 (1.34)for f 2 L2. Then L(z) = �M(z)��1; (1.35)and properties of L 
an be established by determining the analogous propertyofM.Theorem 1.7 For the 
ase of no di�usion and an in�nite spatial domain,A�1B = L(a�1b); (1.36)witha�1b = 43 + 
os(�)  �Cr � 12�2 
os(�) + Cr ei� + 34 � Cr2! 2 L1;(1.37)and kL(a�1b)k = 1 for any Courant number Cr 2 [0; 12 ℄.Proof: The 
ontinuous fun
tion a 2 L1(T) with Fourier 
oeÆ
ients 
om-posing the diagonals of (1.26) is given bya(�) = 18p2� (e�i� + 6 + ei�)= 14p2� (3 + 
os(�)):The 
ontinuous fun
tion b 2 L1(T) with Fourier 
oeÆ
ients 
omposing thediagonals of (1.28) is given byb(�) = 1p2� h�18 � Cr2 + Cr22 � e�i� + �68 � Cr2�+ �18 + Cr2 + Cr22 � ei�i= 1p2� ��Cr � 12�2 
os(�) + Cr ei� + 34 � Cr2� : (1.38)
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We thus have L(a) and L(b). Furthermore, sin
e zero is not in the range of a,the inverse of L(a) is L(a�1), (see [14℄, Theorem 1.2), wherea�1 = 4p2�3 + 
os(�) : (1.39)From (1.35), it follows thatL(z1)L(z2) = L(z1z2) for all z1; z2 2 L1: (1.40)So L(a�1)L(b) = L(a�1b): Multiplying 
ontinuous fun
tions (1.39) and (1.38),we get the bounded linear Laurent operator on an in�nite domain,A�1B = L(a�1b);with a�1b given by (1.37).From (1.35), (1.34), and (1.33), it follows thatkL(z)k = kzk1 for all z 2 L1: (1.41)Thus, to determine the norm of L(a�1b), we �nd the maximum mod-ulus of the 
ontinuous fun
tion a�1b. Forp = (4Cr2 � 1)2;q = 2(4Cr2 + 1)(3� 4Cr2);r = 16Cr4 � 8Cr2 + 9;we have ja�1bj2 = p 
os2(�) + q 
os(�) + r(3 + 
os(�))2 :Then �ja�1bj2�� = sin(�)(3+
os(�))3 [2r � 3q + (q + 6p) 
os(�)℄= sin(�)(3+
os(�))3 (64Cr2(2Cr2 � 1)) (
os(�)� 1)= 0for � su
h that sin(�) = 0 or 
os(�) = 1: Thus the 
riti
al points for ja�1bj2 are0 and � when � 2 [0; 2�). By (1.37), for � = 0,a�1b = 1;63



and for � = �, a�1b = 1� 4Cr2 2 [0; 1℄:Thus the maximum modulus o

urs at � = 0 and is equal to 1. Then (1.41)gives kL(a�1b)k = 1 for any Courant number Cr 2 [0; 12 ℄, where the operatornorm is that indu
ed by the l2 norm.For an element z in a Bana
h algebra, de�ne the spe
trum of z asthe set spz := f� 2 C : z � �e is not invertible in the algebrag;where e is the algebra identity element.For z 2 L1, further de�ne the essential range of z as the setR(z) := f� 2 C : meas(t 2 T : jz(t)� �j < "g) > 0 for every " > 0g;where meas means the Lebesgue measure. The essential range of z is thespe
trum of z as an element of the Bana
h algebra L1, and equivalently,the spe
trum of the multipli
ation operator M(z) on L2 as an element of theBana
h algebra of bounded linear operators on L2. It then follows from (1.35)that spL(z) = R(z), whenever z 2 L1.We 
an now 
onsider features of the spe
trum of L(a�1b) as an elementof the Bana
h algebra of bounded linear operators on the 
omplex Bana
h spa
el2. We note that this de�nition of spe
trum 
oin
ides with the usual de�nitionfor the spe
trum of a linear operator de�ned on a domain in a 
omplex, normedspa
e (see Kreyszig [72℄ pg 397).Sin
e ja�1bj = 1, the spe
trum of L(a�1b) is 
ontained in the 
losed,
omplex unit disk. Sin
e a�1b is not (globally or lo
ally) a 
omplex 
onstant,L(a�1b) has no eigenvalues. The entire spe
trum is seen to be 
ontinuous.Also, 0 2 sp(a�1b) only for a Courant number of 12 :Lemma 1.8 For a�1b given by (1.37) and Cr 2 [0; 12 ℄,0 2 sp(a�1b) if and only if Cr = 12 . 64



Proof: We have a�1b = 0 if and only if0 = 
os(�) �Cr2 � Cr + 14�+ Cr ei� � Cr2 + 34= (
os(�)� 1)Cr2 + (ei� � 
os(�))Cr + 14 
os(�) + 34 : (1.42)For � 6= 0, using the quadrati
 theorem,Cr = 
os(�)�ei��pe2i��2 
os(�)ei�+
os2(�)�(
os(�)�1)(
os(�)+3)2(
os(�)�1)= 
os(�)�ei��2 sin( �2)�4sin2( �2) :Sin
e Courant number is real, this is satis�ed if and only if,i sin(�) = 0;so sin(�) must be identi
ally zero. Sin
e � 2 [0; 2�), this means � = 0 or � = �.If � = 0, substitution into (1.42) yields 0 = 1, hen
e no solutions. For � = �,we have Cr = 12 .1.6.4 Stability Independent of MeshsizeIn Se
tion 1.6.2, stability of the method was demonstrated for a �xedmeshsize on a �nite spatial domain with zero Diri
hlet boundary 
onditions.A bound of kA�1Bk � 1 using the l2; A, or other norm equivalent to k �k2 independent of matrix size would guarantee stability independent of �x.Shown in table 1.6.4 are MATLAB 
al
ulations, for various Courant numbersand problem sizes, of the Eu
lidean and A norms of A�1B. Here, we 
onsiderboth the tridiagonal A�1B, and A�1B 
onstru
ted with A1;1 = An;n = 78 tore
e
t Neumann boundary 
onditions. In all examples, kA�1BkA is bounded byone for the tridiagonal 
ase 
orresponding to the Diri
hlet boundary 
ondition.Numeri
al study of the eigenvalues of A�1B, with A as in (1.26) andB given by (1.28), suggests the moduli of the eigenvalues of this matrix arebounded by one for any order of the matrix. If this is indeed the 
ase, and theinequality is stri
t, then the existen
e of a matrix norm with a value less thanor equal to one is assured:
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n kA�1Bk kA�1Bk kA�1BkA kA�1BkA| | tridiagonal A1;1 = An;n = 78 tridiagonal A1;1 = An;n = 785 0.99798782758721 1.02731655221192 0.99367278911431 1.0457262939213110 0.99984912202045 1.02646524138853 0.99945791347173 1.0422045411354750 0.99999971570515 1.02646524324671 0.99999884309114 1.04216137329937100 0.99999998183770 1.02646524324671 0.99999992482548 1.04216137329937200 0.99999999885218 1.02646524324671 0.99999999520802 1.04216137329937300 0.99999999977242 1.02646524324671 0.99999999904715 1.042161373299375 0.99911499209546 0.99811477727258 0.99578523861235 0.9936501076840710 0.99998979236483 0.99994432525461 0.99962924605506 0.9994844412603350 1.00002196618037 1.00001117880143 0.99999920055886 0.99999912922811100 1.00002196618549 1.00001117886019 0.99999994803407 0.99999994570318200 1.00002196618549 1.00001117886019 0.99999999668714 0.99999999661270300 1.00002196618549 1.00001117886019 0.99999999934125 0.999999999331385 1.00154201321822 1.00009454693413 0.99998843721148 0.9999602169262710 1.00154201699366 1.00009495089198 0.99999896202120 0.9999980968899650 1.00154201699366 1.00009495089972 0.99999999774353 0.99999999745662100 1.00154201699366 1.00009495089972 0.99999999985328 0.99999999984424200 1.00154201699366 1.00009495089972 0.99999999999065 0.99999999999036300 1.00154201699366 1.00009495089972 0.99999999999814 0.999999999998105 1.00023639568756 1.00003687264714 0.99999981047593 0.9999993399955410 1.00023639647505 1.00003687289972 0.99999998298590 0.9999999686839850 1.00023639647505 1.00003687289972 0.99999999996301 0.99999999995829100 1.00023639647505 1.00003687289972 0.99999999999760 0.99999999999745200 1.00023639647505 1.00003687289972 0.99999999999985 0.99999999999984300 1.00023639647505 1.00003687289973 0.99999999999997 0.999999999999975 1.00006026622643 1.00001031695580 0.99999998815467 0.9999999586955610 1.00006026665609 1.00001031868571 0.99999999893661 0.9999999980419150 1.00006026665609 1.00001031868571 0.99999999999769 0.99999999999739100 1.00006026665608 1.00001031868571 0.99999999999985 0.99999999999984200 1.00006026665608 1.00001031868571 0.99999999999999 0.99999999999999300 1.00006026665609 1.00001031868571 1.00000000000000 1.000000000000005 0.99799236275199 1.02487950575327 0.99368383249979 1.0414744327389010 0.99984936308447 1.02391532781825 0.99945833836339 1.0382925696843450 0.99999971662918 1.02391531969142 0.99999884356986 1.03823646002098100 0.99999998194544 1.02391531969142 0.99999992485559 1.03823646002098200 0.99999999886528 1.02391531969141 0.99999999520993 1.03823646002098300 0.99999999977629 1.02391531969141 0.99999999904753 1.03823646002098Table 1.6. Se
tions represent Courant numbers, Cr = 1/2, 1/3, 1/64,1/500, 1/2000, 99/200, respe
tively.
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Lemma 1.9 (Horn and Johnson [60℄, Lemma 5.6.10) Let A be an n� n 
om-plex matrix and " > 0 be given. There is a matrix norm k � k su
h that%(A) � kAk � %(A) + ".The equivalen
e of the unknown norm to the l2 norm may be related to theorder of the matrix, however.Various attempts to prove the bound on the moduli of the eigenvalueshave failed: Bounds on the numeri
al radius have been studied (see Gustafsonand Duggirala [49℄). The generalized eigenvalue problem, Ax = �Bx, has beensolved to express an eigenvalue in terms of a 
omponent of its (s
aled) eigen-ve
tor. The inverse matrix of (1.26) has been expressed expli
itly (see [73℄),reformulated in terms of exponentials, and applied to B of (1.28). In no 
asehave eigenvalue bounds of one been forth
oming.Sharp bounds onkA�1Bk2 = %((A�1B)TA�1B)and kA�1BkA = %(A 12BTA�1BA� 12 ) = %((BA�1)TA�1B);where % is the spe
tral radius, have not been analyti
ally established.It is easy to see that the matrix equation A
n+1 = B
n, with A givenin (1.26), and B de�ned by (1.28), results from a forward di�eren
e in time,
entered di�eren
e in spa
e dis
retization of the equation,Ct + (�x)28 Cxxt � Cr�x�t Cx � Cr2(�x)22�t Cxx = 0;where the 
oeÆ
ients are taken to be 
onstant. With the opposite sign on thespa
e-time derivative, this would be an equation of the Sobolev, or pseudo-paraboli
, type. Disregarding the Cx term, this 
ontinuous operator has eigen-values greater than 1.1.6.5 Numeri
al Dispersion and Os
illationsIt is well-known (
f. [83℄) that ELLAM methods, in general, requiresuÆ
ient mesh-density for about four grid nodes on a front for a

urate model-ing of adve
ted 
on
entration. (Compare with Eulerian methods where number67
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Figure 1.33. Initial and adve
ted peaks with Cr = 10.of nodes on a front must in
rease as the front sharpens, as dis
ussed in Se
-tion 1.1.) Sin
e an arbitrary 
on
entration distribution is a linear 
ombinationof 
hapeau fun
tions, the behavior of an initial 
ondition of nonzero 
on
entra-tion at one node only under repeated appli
ation of the no-di�usion operatorwas studied. Qualitative features of the solution are independent of the problemsize. The following represent results for the one-dimensional problem 
urrentlyunder dis
ussion.In ea
h of �gures 1.33, 1.34, 1.35, 1.36, and 1.37, an initial 
onditionof one at node four is plotted. Also plotted is the solution after time T = 180under pure adve
tion, with v = 1 and Courant number as indi
ated. Withtime dis
retization to yield an integer Courant number, the peak is adve
tedwithout distortion as shown in �gure 1.33. If Cr = 12 , symmetri
 numeri
aldispersion is evident, as shown in �gure 1.34. An nonsymmetri
, os
illatorygraph is produ
ed for Cr 2 (�12 ; 12). As Cr ! 0, the maximum de
reases andthe os
illations be
ome more extensive. This behavior is shown is �gures 1.35and 1.36. The train of os
illations extends primarily to the right of the max-imum for Cr < 0 and to the left for positive Courant number. Figure 1.37illustrates the advisability of using large time steps: fewer appli
ations of the68
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Figure 1.34. Initial and adve
ted peaks with Cr = 12 .
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Figure 1.35. Initial and adve
ted peaks with Cr = 14 .
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Figure 1.36. Initial and adve
ted peaks with Cr = 132
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Figure 1.37. Initial and adve
ted peaks with Cr = 10 132 .
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operator with noninteger Courant number results better preservation of theinitial 
ontour.This behaviour 
an be 
onsidered in light of the eigensystem of the re-lated operator S(A�1B) 1Cr in 
ases where Cr = 1integer . Here, S is the diagonal-shift by �1 operator, S = [1; 0; 0℄:Disregarding boundary e�e
ts, appli
ation of (S(A�1B) 1Cr )T results in a 
on-
entration distribution with the same form as the adve
ted solution, but sta-tionary. The shifted matrix a
ts repeatedly on a linear 
ombination of its eigen-ve
tors, and the solution evolves a

ordingly. Ideally, if the initial 
onditionwere adve
ted without distortion, this matrix would be the identity. Considerthe 10 � 10 problem with an initial 
ondition of one at node seven, v = 1,and Cr = 18 . All eigenve
tors of S(A�1B) 1Cr are plotted in 1.38. The pla
e-ment of entries with largest modulus near the beginning of any eigenve
tor is afeature that 
hara
terizes matri
es (S(A�1B) 1Cr ) of various sizes. (This is alsoseen for ((A�1B) 1CrS, whi
h �rst shifts, then adve
ts; and also (S(i)(A�1B) iCr )and ((A�1B) iCrS(i)), with adve
tion and shifting of i 
ells.) The eigenve
tor
orresponding to the maximum eigenvalue is the smoothest ve
tor, with itsminimum at node three. Eigenvalues, and 
oeÆ
ients of their respe
tive eigen-ve
tors to produ
e the initial 
ondition are shown in table 1.6.5. (The matrixis singular, due to the shift.) The initial 
ondition holds large 
ontributionsfrom eigenve
tors with small eigenvalues, so dimunition and 
hange of shapeof the solution is to be expe
ted under repeated matrix appli
ation. Indeed,this is observed. The initial 
ondition is plotted along with the solution afterdi�erent elapsed times (number of matrix appli
ations). Shown in �gure 1.39are graphs for T = 1, T = 10, T = 100, and T = 1000, 
orresponding tothe 
urves with highest, se
ond highest, next, and smallest peaks, respe
tively.The eigenve
tor of the maximum eigenvalue is seen to emerge as predominate.As the size of the problem in
reases, the system of eigenve
tors be-
omes in
reasingly ill-
onditioned. The entries with largest modulus remainnear the beginning of any eigenve
tor. It is not possible to approximate the71
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Figure 1.38. Eigenve
tors of 10� 10 S(A�1B) 1Cr with Cr = 18 .
eigenvalues 
oeÆ
ients0.02512380295106 11.084552315271360.14348830209936 17.997380312827000.34537563664597 -6.219495678022370.56442393631698 -5.064049515159800.74559736660795 6.996804983091640.87006283785412 -2.971733484569300.99708068200960 -0.763617096371090.94405857162778 0.712866318653210.98197582016563 -1.506536752132810 0Table 1.7. Eigenvalue and 
oeÆ
ient of the respe
tive eigenve
tor in eigen-ve
tor de
omposition of spike initial 
ondition at node seven on 10� 10 grid.
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Figure 1.39. Initial 
ondition and results using 10� 10 (S(A�1B) 1Cr )T withT = 1; 10; 100; 1000 and Cr = 18 .
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initial 
ondition very well without using many of the eigenve
tors. The largesteigenvalues approa
h one (from below) in modulus. The eigenve
tor 
orre-sponding to the maximum eigenvalue remains the smoothest eigenve
tor.A system with 40 unknowns is still small enough to �nd reasonableapproximations to the 
oeÆ
ients for an eigenve
tor expansion of the initial
ondition, in spite of ill-
onditioning of the matrix of eigenve
tors. The ini-tial 
ondition and the results of 1; 10; 100; 1000, and 100000 appli
ations ofS(A�1B) 1Cr are shown is �gure 1.40. Again, the emergen
e of the dominanteigenve
tor 
an be tra
ed. Analogous results are plotted in �gure 1.41 for asystem of order 200. The matrix of eigenve
tors is too ill-
onditioned for MAT-LAB to �nd 
oeÆ
ients for an eigenve
tor expansion of the initial 
ondition,but the eigenvalues are numeri
ally 
learly distin
t, so presumably a full setof eigenve
tors exists. Figure 1.41 would then be understood as showing theemergen
e of eigenve
tor 
omponents of eigenvalues 
lose to one. The single,smooth mode visible for T = 10000 in the smaller systems still is not isolatedin the 200 � 200 system. The 
ase of Cr = 12 is anomolous: The nonzeroentries of the eigenve
tor are periodi
ally distributed evenly a
ross the domain.Next shown are graphs of the initial 
ondition, and the 
on
entrationpro�le after T = 1, and T = 100 for Cr = 18 for the 40 � 40 system withtwo (�gure 1.42), three (�gure 1.43), four (�gure 1.44), and �ve (�gure 1.45)nodes a
ross a front or peak. Superposition of the os
illatory 
ontours fromthe spikes 
omposing the smoothed initial 
ondition yields an adve
ted 
on
en-tration pro�le mu
h 
loser to the original for the single spike initial 
ondition.The peak maximum initially may in
rease slightly with respe
t to the initial
ondition. Still, with enough time steps, the peak tends to smooth, os
illate,and be displa
ed upstream, as would be expe
ted 
onsidering the underlyingeigensystem. Thus, even with well-dis
retized fronts, using few (large) timesteps may be advisable with respe
t to the adve
tion algorithm.Note that the forgoing dis
ussion applies ex
lusively to the 
onsid-eration of �ner time dis
retization, without a

ompanying re�nement of thespatial grid. In �gures 1.46 and 1.47 are shown superimposed plots illustrating74
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Figure 1.40. Initial 
ondition and results using 40� 40 (S(A�1B) 1Cr )T withT = 1; 10; 100; 1000; 10000 and Cr = 18 .
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Figure 1.41. Initial 
ondition and results using 200�200 (S(A�1B) 1Cr )T withT = 1; 10; 100; 1000; 10000 and Cr = 18 .
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Figure 1.42. Initial 
ondition with 2 nodes on a front, and results using40� 40 (S(A�1B) 1Cr )T with T = 1; 100 and Cr = 18 .
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Figure 1.43. Initial 
ondition with 3 nodes on a front, and results using40� 40 (S(A�1B) 1Cr )T with T = 1; 100 and Cr = 18 .
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Figure 1.44. Initial 
ondition with 4 nodes on a front, and results using40� 40 (S(A�1B) 1Cr )T with T = 1; 100 and Cr = 18 .
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Figure 1.45. Initial 
ondition with 5 nodes on a front, and results using40� 40 (S(A�1B) 1Cr )T with T = 1; 100 and Cr = 18 .
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the 
onvergen
e of the method as both �x and �t approa
h zero. A spikeinitial 
ondition on a 5� 5 grid is adve
ted two 
ells under a uniform velo
ity�eld. The grid is re�ned four times, ea
h time by a fa
tor of three. Simulationtime and Courant number are 
onstant for ea
h �gure, meaning a �ner timedis
retization with ea
h spatial re�nement. In
reasing height of peak height
orresponds to progressively more re�ned grids of 5 � 5, 15 � 15, 45 � 45,135� 135, and 405� 405.1.7 Con
lusionThe ELLAM algorithm for solution of the adve
tion-di�usion equa-tion 
an simulate the transient, three-dimensional transport of a solute subje
tto de
ay and retardation. The a

ura
y of the ELLAM numeri
al results weretested and evaluated by 
omparision to analyti
al and numeri
al solutions to aset of test problems. These tests indi
ate that ELLAM 
an a

urately simulatethree-dimensional transport and dispersion of a solute in 
owing ground water.The method appears robust, with demonstrated stability in a variety of testsituations. It 
ompares favorably to the method of 
hara
teristi
s 
odes usedas ben
hmarks, in some 
ases. To avoid non-physi
al os
illations and loss ofpeak 
on
entrations, 
are must be taken to use a grid with suÆ
ient mesh den-sity to adequately resolve sharp fronts. ELLAM is globally and lo
ally mass
onservative, and 
an provide good solutions using large time steps.1.8 Further Resear
hWith regard to an analysis of the one-dimensional ELLAM meth-od (1.25), a proof of stability independent of the problem size remains to bea

omplished. In
orporation of various boundary 
onditions into a stabilityproof is another dire
tion for further e�ort. Generalization of 
onvergen
e re-sults to higher dimensional problems remains to be done. With respe
t to anELLAM implementation, the possibility of spe
ifying di�erent spatial subdis-
retization for mass tra
king (NS values) in di�erent parts of the 
omputa-tional grid, might result in greater eÆ
ien
y of 
omputation. In
orporation ofa ba
ktra
king s
heme to identify the preimage at the old time level of a �nite78
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Figure 1.46. Superposition of results showing initial 
ondition and adve
tedpeak using Cr = 12 . Grids are 5 � 5, and 4 re�nements, ea
h by a fa
tor ofthree. Initial 
ondition is a spike on 5�5 grid. Adve
ted peaks show in
reasingheight with de
reasing �x.
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Figure 1.47. Superposition of results showing initial 
ondition and adve
tedpeak using Cr = 49 . Grids are 5 � 5, and 4 re�nements, ea
h by a fa
tor ofthree. Initial 
ondition is a spike on 5�5 grid. Adve
ted peaks show in
reasingheight with de
reasing �x.
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di�eren
e 
ell at the new time level, 
ould lead to improvements in a

ura
yand eÆ
ien
y.
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2. Smoothed Aggregations Algebrai
 Multigrid2.1 Introdu
tionIn engineering pra
ti
e, problems are often en
ountered in whi
h thematerial properties 
hange by orders of magnitude from one part of the modelto the next. Su
h 
hanges usually adversely a�e
t the 
onditioning of thelinear algebrai
 systems obtained from dis
retization of these problems, andpose a 
hallenge to the methods used for solving these systems. Similar e�e
tsmay result from dis
retizations using lo
ally-re�ned meshes. Adding to thediÆ
ulty, the problems are often dis
retized using unstru
tured meshes. Thisrenders 
lassi
al multilevel methods impra
ti
al. Algebrai
 multilevel s
hemeshave been designed spe
i�
ally to deal with the problems dis
retized over un-stru
tured grids [18, 80, 86℄.EÆ
ient methods have been sought to handle algebrai
 systems aris-ing from dis
retization of se
ond order partial di�erential equations havingsubregions with markedly larger 
oeÆ
ients than the rest of the domain. Sev-eral non-multigrid methods are studied in [7, 4, 5, 6℄. We present a variantof algebrai
 multigrid (AMG) designed for this purpose. This work is a jointe�ort with Petr Van�ek and Marian Brezina.Aggregation-based multilevel methods [45, 44℄ using plain aggregationinvolve low 
omputational 
omplexity. In this 
hapter, we present an algebrai
multilevel method of smoothed aggregation 
lass. Su
h methods have previ-ously been proposed in [86, 91, 87, 19, 92℄, and have proved e�e
tive in solvinga variety of problems ranging from linear elasti
ity to the Helmholtz problem.The 
lassi
al aggregation method is a variational multigrid [9℄, i.e.,the restri
tion operator is the transpose of the prolongation in whi
h the pro-longation operator P ll+1 from the 
oarse level l+1 to �ne level l is 
onstru
tedbased on the de
omposition of �ne-level nodes into disjoint sets, 
alled aggre-gates. The aggregates then determine the nonzero stru
ture of the prolongation81



operator from the 
oarse level to the �ne level. Ea
h �ne-level aggregate 
or-responds to a single node on the 
oarse grid. As the aggregates are disjoint,so is the nonzero stru
ture of the 
olumns of the prolongation operator 
orre-sponding to distin
t aggregates. Given the �nest level matrix A1, the 
oarseproblems are 
onstru
ted by the re
urren
e Al+1 = (P ll+1)TAlP ll+1.For illustration, we 
onsider the simplest example of the tentativeprolongator for the one-dimensional Lapla
e equation dis
retized on a mesh
onsisting of n1 = 3L�1nL nodes:
P ll+1 = 1p3

0BBBBBBBBBBBBBBBBBBBBBBBBBBBB�

1 �1 �1 �1 �1 �1 �� � � �� � � �� � � �� 1� 1� 1

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCA
:

Ea
h 
olumn 
orresponds to disaggregation of one IRnl+1 variable into threeIRnl variables, nl = 3nl+1. So, P ll+1 
an be thought of as a dis
rete pie
ewise
onstant interpolation.Sin
e the matrix A1 = A is tridiagonal, the aggregated 
oarse-levelmatri
es Al; l = 2; : : : ; L are tridiagonal as well.The 
onstru
tion of aggregates in 2D or 3D [19℄ 
an be 
arried outby a straightforward generalization of the above example. A typi
al rate ofnodal 
oarsening in aggregation will be by a fa
tor of 3d, where d denotes thedimension of the problem.Sin
e the aggregates 
an be very inexpensively 
onstru
ted by purelyalgebrai
 means, based solely on the 
onne
tivity in �ne-level matrix, aggre-gation suggests itself as a natural way to 
onstru
t AMG methods. Note that82



for s
alar problems, the prolongation operator from 
oarse level of dimensionm to �ne-level of dimension n stores exa
ly n nonzero entries. This sparsity ofthe transfer operators, together with a fast rate of 
oarsening, leads to solverswith very low algebrai
 and geometri
 
omplexities, as de�ned in [80℄. Thesemethods, as well as improvements based on them, 
an be easily generalizedto solving both high order [87℄ and nons
alar [90℄ problems. This is a
hievedby asso
iating more than one 
olumn with ea
h aggregate, and the resultingmethod is referred to as the generalized aggregation method.Unfortunately, the pri
e for simpli
ity of aggregation methods is thattheir multilevel 
onvergen
e is suboptimal, as observed in pra
ti
al 
omputa-tion. It is now understood that the reason for this suboptimality is thatthe disaggregated 
oarse-level basis fun
tions possess large energy. This un-derstanding has lead to development of the smoothed aggregation methods,whi
h address the above de�
ien
y. Chara
teristi
 for the smoothed aggrega-tion methods is that their prolongation operators are 
onstru
ted in two steps.First, a so-
alled tentative prolongator P ll+1 is 
onstru
ted as in the general-ized aggregation methods. As noted above, this operator has a simple sparsitystru
ture. A smoothing operator Sl is then applied to obtain the �nal prolon-gator I ll+1 = SlP ll+1 used in the method. The hierar
hy of 
oarse problems isthen 
onstru
ted by the re
urren
eAl+1 = (I ll+1)TAlI ll+1: (2.1)The prolongation smoothing improves energeti
 properties of the 
oarse spa
ebasis fun
tions and allows for approximation property (2.2) with 
onstantsuniform with respe
t to the level.Re
ently, multilevel 
onvergen
e result has been presented by Van�ek,Brezina and Mandel in [89℄ for a smoothed aggregation method applied toH1-equivalent problems, in
luding nons
alar equations of linear elasti
ity dis-
retized on unstru
tured meshes. The key assumption of that theory is satis-fa
tion on all levels of the so-
alled weak approximation property, whi
h 
an83



be formulated as8u 2 V1 9v 2 Vl : ku� P 1l+1vk � Cq%(Al)kukA: (2.2)Although the method greatly bene�ts from utilization of the smoothed transferoperators I ll+1, note that the approximation property under whi
h 
onvergen
eis proved is formulated in terms of the properties of the tentative prolongators,and the smoothing Sl involved in the de�nition of I ll+1 is present only in right-hand side in the form of the spe
tral radius %(Al). This makes veri�
ationof (2.2) easy in pra
ti
e [89℄.In this work we take advantage of the lo
al nature of aggregation basisfun
tions in treatment of problems with 
oeÆ
ient dis
ontinuities. Our algo-rithm uses a 
oarsening strategy that respe
ts boundaries of high-
oeÆ
ientsubdomains. As a result, 
oarsening in the high-
oeÆ
ient regions will be per-formed independently of the rest of the domain. Eventually, a high-
oeÆ
ientregion may be represented by a single node on one of the 
oarse levels. Su
hnode will subsequently be eliminated from the system and no longer 
onsid-ered in the 
oarsening. In order to a

ommodate this elimination pro
ess, theprolongation smoother Sl has to be 
arefully designed. We introdu
e 
hangesto the prolongation smoother 
onsidered in [89℄, whi
h will allow us to retaingood 
omputational 
omplexity, and allow us to prove for the problems with
oeÆ
ient dis
ontinuities the same asymptoti
 rate of 
onvergen
e as provedin [89℄ for problems with uniformly H1-equivalent forms.In our analysis, we will fo
us mainly on the 
ase of a single high-
oeÆ
ient region. The method is �rst presented in an abstra
t setting, andanalyzed for the 
ase of a s
alar ellipti
 problem. Theory appli
able to prob-lems with multiple high-
oeÆ
ient regions is then developed in se
tion 2.8. Thekey assumption of our theory in se
tions 2.7 and 2.8 is a modi�ed weak approx-imation property, whi
h in
ludes prolongator smoother Sl in its left-hand side.We show at the end of se
tion 2.8 that our de�nition of Sl allows easy veri�
a-tion, in spite of the presen
e of the smoother Sl in the left-hand side. Finally,se
tion 2.9 
on
ludes with numeri
al experiments demonstrating the eÆ
a
y84



of our smoothed aggregation method applied to several model problems.2.2 Abstra
t Convergen
e TheoryIn this se
tion we present modi�
ation of the abstra
t theory usedin [89℄ suitable for later appli
ation in the analysis of the problems with 
oef-�
ient dis
ontinuities.Given a �nest level n1�n1 symmetri
 and positive de�nite matrix A1and re
alling the de�nition of the prolongators of the form I ll+1 = SlP ll+1, oneiteration of the smoothed aggregation multigrid x MG(x;b), solvingA1x = b; (2.3)is des
ribed in abstra
t terms as the following variational multigrid algorithm.Algorithm 2.1 Let Rl : IRnl ! IRnl; l = 1; : : : ; L � 1 be given smoothersand �; 
 > 0 be a given smoothing and 
y
le parameter, respe
tively. SetMG =MG1, where MGl(�; �); l = 1; : : : ; L� 1 is de�ned by:
Pre-smoothing: Perform � iterations of xl (I �RlAl)xl +Rlbl.Coarse grid 
orre
tion:� Set bl+1 = (SlP ll+1)T (bl � Alxl),� If l + 1 = L, solve Al+1xl+1 = bl+1 by a dire
t method, otherwiseset xl+1 = 0 and perform 
 iterations of xl+1  MGl+1(xl+1;bl+1),� Corre
t the solution on level l by xl xl + SlP ll+1xl+1.Post-smoothing: Perform � iterations of xl (I � RlAl)xl +Rlbl.As noted in se
tion 2.1, 
olumns of the tentative prolongaror P ll+1 willhave disjoint nonzero stru
ture. Here and in the following se
tions we assume85



that the 
olumns of P ll+1 have been normalized, so that P ll+1 : IRnl+1 ! IRnl,n1 � ord(A) > n2 > : : : > nL is a full-rank orthogonal matrix,(P ll+1)TP ll+1 = I; l = 1; : : : ; L� 1: (2.4)Given a prolongator smoother Sl : IRnl ! IRnl , the hierar
hy of
oarse-level problems are 
onstru
ted by the re
urren
e (2.1), so we haveAl+1 = (SlP ll+1)TAlSlP ll+1: (2.5)Following the proof by Van�ek, et al. in [89℄, we state an abstra
t
onvergen
e result for an AMG method based on smoothed aggregation withprolongator smoothers and tentative prolongators satisfying the requisite prop-erties. The earlier result stipulated a weak approximation property to be sat-is�ed only by the (unsmoothed) tentative prolongators. Here, we in
orporatethe prolongator smoother into the weak approximation property, noting thatthe smoother may indeed have a nontrivial kernel. In fa
t, we will take advan-tage of this in our analysis. The prolongation smoother will be 
onstru
ted ina way whi
h renders irrelevant for approximation sele
ted entries of a 
oarseve
tor. We now introdu
e some notation. De�ne the 
omposite tentativeprolongator, P 1l : IRnl ! IRn1, byP 1l = P 12 : : : P l�1l ; P 11 = I;and the smoothed 
omposite prolongator I1l : IRnl ! IRn1 byI1l = S1P 12 � � �Sl�1P l�1l ; I11 = I:The transfer operators I1l de�ne a hierar
hy of 
oarse spa
es UL � UL�1 �: : : � U1 by Ul = Range I1l , with the norm on Ul indu
ed by the IRnl-normkxkIRnl = (xTx)1=2, kukl = minfkxkIRnl : u = I1l xg;86



and the asso
iated inner produ
t (u;v)l = (x;y)IRnl : Note that by the 
on-stru
tion of 
oarse problems (2.1),kI1l xkA = kxkAl: (2.6)Our estimates are based on an abstra
t regularity-free 
onvergen
eresult proved in [17℄. It 
an be written in our notation as follows:Lemma 2.2 (Bramble, Pas
iak, Wang, Xu [17℄, Theorem 1). Assume thereare linear mappings Ql : U1 7! Ul; Q1 = I and 
onstants 
1; 
2 > 0 su
h that� for all u 2 U1 and every level l = 1; : : : ; LkQlukA � 
1kukA: (2.7)� for all u 2 U1 and every level l = 1; : : : ; L� 1k(Ql �Ql+1)ukl � 
2q%(Al)kukA: (2.8)Further assume that Rl are symmetri
 positive de�nite matri
es satisfying�min(I �RlAl) � 0 and �min(Rl) � 1
2R %(Al) (2.9)with a 
onstant 
R > 0 independent of the level.Then, Algorithm 2.1 satis�eskx̂�MG(x;b)kA �  1� 1
0(L)! kx̂� xkA 8x 2 U1;where x̂ is the solution of (2.3), and 
0(L) = (1+ 
1+ 
2
R)2(L�1). Moreover,the pre
onditioner P de�ned by the a
tion of MG(0; �) is symmetri
 withrespe
t to (�; �)IRn1 and 
ond(A; P ) � 
0(L):In the following lemma, Assumptions (2.7) and (2.8) of Lemma 2.2are veri�ed from the properties of Sl and P ll+1.
87



Lemma 2.3 Let for every l = 1; : : : ; L� 1, ��l � %(Al) and~Ql : U1 ! IRnl; ~Q1 = I; Sl : IRnl ! IRnlbe given linear operators. Assume that for some C1; C2 > 0 and all l =1; : : : ; L� 1,kSl( ~Ql � P ll+1 ~Ql+1)uk2IRnl � C21��l kuk2A 8u 2 IRn1; (2.10)(P ll+1)TP ll+1 = 1; (2.11)kSlkAl � 1; (2.12)k(I � Sl)xk2IRnl � C22%(Al)kxk2Al 8x 2 IRnl: (2.13)Then, for every u 2 U1, the mappings Ql = I1l ~Ql satisfykQlukA � 
1(l)kukA; l = 1; : : : ; L; (2.14)with 
1(l) = 1 + C1(l � 1), andk(Ql �Ql+1)ukl � 
2(l)%(Al)�1=2kukA; l = 1; : : : ; L� 1 (2.15)with 
2(l) = C1 + C2
1(l).Proof: Let u 2 U1. From the de�nitions of Ql+1 and I1l+1, and (2.6),kQl+1ukA = kI1l+1 ~Ql+1ukA = kI1l SlP ll+1 ~Ql+1ukA = kSlP ll+1 ~Ql+1ukAl:Then, using (2.12), (2.10), and (2.6), we havekQl+1ukA � kSl( ~Ql � P ll+1 ~Ql+1)ukAl + kSl ~QlukAl� %1=2(Al)kSl( ~Ql � P ll+1 ~Ql)ukIRnl + k ~QlukAl� %1=2(Al)C1���1=2l kukA + kQlukA� C1kukA + kQlukAEstimate (2.14) follows by indu
tion with Q1 = I.88



To prove (2.15), use the de�nition of the l-norm, (2.14), (2.13),and (2.6) to getk(Ql �Ql+1)ukl � k( ~Ql � SlP ll+1 ~Ql+1ukIRnl= kSl( ~Ql � P ll+1 ~Ql+1)u+ (I � Sl) ~QlukIRnl� kSl( ~Ql � P ll+1 ~Ql+1)ukIRnl + k(I � Sl) ~QlukIRnl� C1��1=2l kukA + C2%1=2(Al)k ~QlukAl�  C1 + C2kQlkA%1=2(Al) ! kukA:Using (2.14) to see kQlkA � 
1(l), we get (2.15).The following 
onvergen
e result is immediate from above Lemmas 2.2and 2.3.Theorem 2.4 Let for every l = 1; : : : ; L� 1, ��l � %(Al) and~Ql : U1 ! IRnl; ~Q1 = I; Sl : IRnl ! IRnlbe given linear operators. Assume that for some C1; C2 > 0 and all l =1; : : : ; L� 1,kSl( ~Ql � P ll+1 ~Ql+1)uk2IRnl � C21��l kuk2A 8u 2 IRn1;(P ll+1)TP ll+1 = 1;kSlkAl � 1;k(I � Sl)xk2IRnl � C22%(Al)kxk2Al 8x 2 IRnl:Then, with Rl satisfying (2.9), Algorithm 2.1 satis�eskx̂�MG(x;b)kA �  1� 1
0(L)! kx̂� xkA 8x 2 U1;where x̂ is the solution of (2.3), with 
1(l) = 1+C1(l�1), 
2(l) = C1+C2
1(l),and 
0(L) = (1 + 
1 + 
2
R)2(L� 1). 89



Moreover, the pre
onditioner P de�ned by the a
tion ofMG(0; �) is symmetri
with respe
t to (�; �)IRn1 and 
ond(A; P ) � 
0(L):2.3 Model ProblemFor 
larity, we �rst present and analyze the AMG algorithm in the
ontext of a s
alar ellipti
 model problem with a single high-
oeÆ
ient region.Consider the se
ond order s
alar ellipti
 problem,Find u 2 Vh su
h that a(u; v) = f(v) for every v 2 Vh: (2.16)Here 
 � IRd; d = 2; 3 is a bounded domain; f 2 H�1(
); and a(�; �) is a
oer
ive and bounded bilinear form on H1(
) where a high 
oeÆ
ient applieson a single simply 
onne
ted subdomain, 
":a(u; v) = Z
0 ru � rv dx+ 1"2 Z
" ru � rv dx;with 
0 = 
 n 
" and "� 1.For 
on
reteness, we assume a �nite element dis
retization, with �h aquasiuniform �nite element mesh on 
, and Vh a P1 or Q1 �nite element spa
easso
iated with �h. At some of the boundary nodes, a zero Diri
hlet boundary
ondition is imposed for fun
tions in Vh. We assume the standard s
aling ofthe �nite element basis, k'ikL1 = 1. This yields a linear system, Ax = b.We will then 
onsider the 
ase where high 
oeÆ
ients apply over anumber of simply 
onne
ted subdomains 
"k indexed by k.2.4 AlgorithmThe algorithm depends upon the smoothed aggregations 
on
ept. LetL designate the 
oarsest level. On ea
h level l; l = 1; : : : ; L � 1, nodes areorganized in small, disjoint 
lusters 
alled aggregates, fAlignl+1i=1 where nl+1 isthe number of aggregates on level l, or equivalently, the number of nodes onlevel l + 1. On the �nest level, these 
lusters have to be spe
i�ed, e.g., asthe sets of degrees of freedom asso
iated with the �nite element verti
es, while90



the 
oarse-level aggregates are 
reated by our aggregation algorithm. A simplegreedy algorithm for generating aggregates based on the stru
ture of the 
oarse-level matrix is given in [87℄.We introdu
e the 
omposite aggregate ~Ali whi
h is the aggregate Ali,understood as the 
orresponding set of degrees of freedom on the �nest level.Formally, ~Ali is de�ned by~Ali = Al;1i ; where Al;li = Ali; Al;j�1i = [k2Al;ji Aj�1k : (2.17)De�ne the dis
rete l2�(semi)norm of the ve
tor x 2 IRn1 given bykxkl2( ~Ali) = 0B� Xdofs k of ~Ali x2k1CA1=2 :Note that sin
e aggregates on ea
h level make a disjoint 
overing of the nodes,kxk2IRn1 = nlXi=1 kxk2l2( ~Al�1i ): (2.18)Let the jth node on level l be denoted !l;j = ~Al�1j ; j = 1; : : : ; nl.The algorithm requires as input the kernel of the sti�ness matrixobtained from the �nite element model with no essential boundary 
onditions.Assume that we are given the system to solve, Ax = b, and therepresentation B of the zero-energy mode(s) of the bilinear form with respe
tto the �nite element basis. For se
ond order s
alar problems dis
retized bystandard linear Lagrange �nite elements, B = 1, a ve
tor of ones.In order to fa
ilitate the analysis for problems with jumps in 
o-eÆ
ients, instead of the original system Ax = b, we 
onsider the equiva-lent problem with diagonally-s
aled �nest-level matrix A1x = D�1=2b, whereD = diag(A) and A1 = D�1=2AD�1=2. We note that as a 
onsequen
e ofthis transformation, the representation of the zero-energy modes 
hanges toB1 = D1=2B.Our 
oarsening algorithm starts by aggregating separately in the high-
oeÆ
ient region. The generalized aggregation 
oarsening method 
an be de-s
ribed as follows. 91



Coarse-level representations of B1 and of the tentative prolongatorsP ll+1 
an be 
onstru
ted simultaneously by the following re
ursive pro
edure,starting from A1; B1: Based on the 
urrent level matrix Al, the nodes arede
omposed into disjoint aggregates. The aggregates determine the nonzerostru
ture of the tentative prolongator P ll+1. Using the knowledge of Bl andthe disjoint nonzero stru
ture of P ll+1, the values of P ll+1 are 
omputed si-multaneously with the 
oarse-grid representation of the kernel, Bl+1 by there
urren
e [89℄ P ll+1Bl+1 = Bl:This 
onstru
tion is unique due to the normalization (2.4).As a result of separate 
oarsening of a high-
oeÆ
ent region, thisregion will eventually be represented by a single node on one of the 
oarse levels.At �ner levels, be
ause of the diagonal s
aling and separate treatment of high-
oeÆ
ient subregions, the tentative prolongators P ll+1 obtained are identi
al tothose in the uniform 
oeÆ
ient 
ase.After the level where the high-
oeÆ
ient area is �rst represented bya single node, the separate 
oarsening for
es us to 
onsider the node as aseparate one-node aggregate. This is undesirable for two reasons. Applyingprolongator smoother to a tentative prolongator with a single-node aggregateleads to extensive overlapping of 
oarse grid basis fun
tions whi
h mean 
oarseproblem �ll-in. Also, the presen
e of many high-
oeÆ
ient regions might leadto a proportionately large 
oarsest grid size. To avoid this situation, single-node aggregates will be eliminated from the system.These issues also for
e us to 
onsider a modi�ed prolongator smootheroperator. While [89℄ 
onsiders prolongator smoothers of the formSl = I � 43%(Al)Al; (2.19)we generalize here to a prolongator smoother of the formSl = (I � PAl;Ul) I � 43��VlPVlAl! (I � PAl;Ul) (2.20)
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where PAl;Ul denotes a proje
tion onto Ul orthogonal with respe
t to the Al-inner produ
t, and PV denote proje
tion onto Vl orthogonal with respe
t tothe Eu
lidean inner produ
t.In order to des
ribe this modi�
ation, we introdu
e for ea
h levelsubspa
es Ul of nodes to be eliminated and Vl of nodes to be smoothed over.Thus, if there is a node j� that represents a single-node aggregate, we setVl = fx 2 IRnl : xj� = 0g. This 
hoi
e makes PVl serve as a �lter, and willguarantee that the value of xj� will not be 
hanged by prolongator smoothing.This averts extensive overlapping of 
oarse-level basis fun
tions whi
h wouldotherwise result.If j� is a node to be eliminated, we set Ul = spanf�ej�; � 2 IRg. Withthis 
hoi
e, the prolongator smoother performs a simple harmoni
 extensioninto a node being eliminated from its neighbors. This is ne
essary to guaranteethat we 
an interpolate into all �ne-level nodes after the node elimination.Appli
ation of this 
oarsening-smoothing strategy also requires an-other 
on
ern be taken into a

ount: we must guarantee that the energeti
proje
tion is stable in the Eu
lidean norm. The diagonal s
aling implies thatthe 
oarse-level basis fun
tion 
orresponding to the single-node aggregate hasvery little energy. Be
ause of this low energy, the 
orresponding diagonal entryin the 
oarse level matrix is small, and the Eu
lidean norm of the energeti
proje
tion may be large. To assure the stability of the energeti
 proje
tion,provision is made to move a single-node aggregate to 
oarser levels, indepen-dent of smoothing over the rest of the domain. The proje
tion PVl serves topreserve the diagonal value 
orresponding to the one-node aggregate. Mean-while, the spe
tral radius of the 
oarse-level matri
es are de
reasing. When thespe
tral radius of the 
oarse-level matrix is 
omparable to the small diagonalentry asso
iated with the single-node aggregate, the high-
oeÆ
ient node iseliminated.
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2.4.1 Stages of Pro
essingThe pro
essing of a node asso
iated with a high-
oeÆ
ient subdomainis at one of four stages at ea
h level l of 
oarsening. The 
reation of aggregates,the spa
e Vl whi
h is smoothed, and the spa
e Ul of nodes to be eliminated atthe 
urrent level, all depend on the stage of pro
essing of ea
h high-
oeÆ
ientregion. Spa
es Vl and Ul are used to formalize the des
ription of 
arrying, theneliminating, nodes, and generalize easily to the 
ase of multiple high-
oeÆ
ientsubdomains.Stage 1. Separate 
oarsening in 
" and in 
n
"; standard smoothingover the entire spa
e.� Aggregates Alj are 
reated so that if ~Alj 
ontains a node of 
", all nodesof ~Alj are in 
".� Ul = ;; Vl = IRnl.Ends when there is a j su
h that ~Alj 
ontains all nodes in �
", the
losure of 
" in 
. Assume j = nl+1 for 
onvenien
e.Stage 2. Single node representing 
" 
arried to 
oarser levels by meansof single-node aggregate; extensive �ll-in of 
oarse-level matri
es prevented bymeans of "�lter" PVl .� Create aggregates fAljgnl+1j=1 
overing the nodes 1; : : : ; nl � 1 (i.e. skipthe node whi
h 
orresponds to 
".)� Set nl+1 = nl+1 + 1� Alnl+1 = fnlg (the "last aggregate", for 
onvenien
e)� Ul = ;; Vl = fx 2 IRnl : xnl = 0g to disable smoothing over fnlg.Ends when (Al+1)nl+1;nl+1 � 
L��Vl+1 , where 
L is a spe
i�ed parameter.Stage 3. Coarsening eliminates single node aggregate representing 
";smooth over entire spa
e but with smoother kernel equal to the high-
oeÆ
ientsubspa
e on level l.� Create aggregates fAljgnl+1j=1 
overing the nodes 1; : : : ; nl � 1 (i.e. skipthe node whi
h 
orresponds to 
".)94



� Ul = f�enl; � 2 IRg; Vl = IRnlStage at single level only.Stage 4. Standard 
oarsening; standard smoothing.� Partition nodes into non-overlapping aggregates fAlignl+1i=1 .� Ul = ;; Vl = IRnlEnds at 
oarsest level, L.Algorithm 2.5 Set A1 = D�1=2AD�1=2; B1 = D1=2B.Set l = 1Repeat:(1) Partition the a
tive nodes into non-overlapping aggregates fAlignl+1i=1 .(2) De�ne an nl � nl+1 matrix P ll+1(P ll+1)ij = 8<: (Bl)i if i 2 Alj0 otherwise: (2.21)(3) S
ale P ll+1 
olumnwise and 
reate Bl+1:For j = 1; : : : ; nl+1� Set �j = k
ol j (P ll+1)k� Update 
ol j (P ll+1) 1�j 
ol j (P ll+1)� Set (Bl+1)j = �jEnd for(4) De�ne spa
es Ul; Vl � IRnl and setSl = (I � PAl;Ul)(I � 43��VlPVlAl)(I � PAl;Ul); (2.22)where PAl;Ul is the Al-orthogonal proje
tor onto Ul, PVl is the proje
toronto Vl whi
h is orthogonal in the Eu
lidian inner produ
t, and ��Vl is anupper bound on the spe
tral radius of PVlAlPVl (see Remark 2.8).(5) Create Al+1  (SlP ll+1)TAlSlP ll+1.(6) Set l l + 1.Repeat until nl is small enough for Al to be treated by dire
t solver.95



We next show that the prolongator smoothers (2.22) and tentativeprolongators (2.21) are su
h that the assumptions of Lemma 2.3 are satis�ed.2.5 Smoother propertiesProlongator smoother (2.22) is simply of form (2.19) in 
ase all pro-
essing is in Stage 1 or Stage 4. The form (2.22) a

ommodates Stage 2 
arryinga high-
oeÆ
ient node to a 
oarser level without smoothing and the Stage 3elimination of a high-
oeÆ
ient node. Stage 2 redu
es %(Al) while maintainingany diagonal entry asso
iated with a single-node high-
oeÆ
ient region.The following lemmas regarding prolongator smoothers (2.22) arestated and proved in suÆ
ient generality for the 
ase of multiple high-
oeÆ
ientsubdomains.Lemma 2.6 Let A be an n � n symmetri
 positive semide�nite matrix andU; V subspa
es of IRn.Set ! = 4=3 and, S = (I � PU;A)�I � !�� V PVA� (I � PU;A); (2.23)where PU;A is the proje
tion onto U whi
h is orthogonal in the Hilbert spa
efIRn; hA � ; �ig, PV is the proje
tion onto V orthogonal in fIRn; h � ; �ig and��V � %(PVAPV ).Then kSkA � 1; (2.24)%(PV STASPV ) � 19��V : (2.25)If, in addition, U is nonempty andminx2U hAx ; xikxk2 � C2��V ; (2.26)for some C > 0, thenk(I � S)xk � 1q��V 24 1C + 43 %(A)��V 0�vuut ��V%(A) + 1C1A35 kxkA (2.27)
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for all x 2 IRn and,kSk �  1 + 43 %(A)��V !0�1 + 1Cs%(A)��V 1A : (2.28)If U is empty, then (2.27) and (2.28) hold with 1C = 0.Proof: Set SA = I � !���1V PVA and P?U;A = I � PU;A: Sin
e P?U;A isan A�orthogonal proje
tion, norm submultipli
ativity giveskSkA � kP?U;Ak2A � kSAkA = kSAkA: (2.29)Let x 2 IRn. From the properties of the proje
tion PV we have hAx ; PVAxi =kPVAxk2 and kPVAxk2A � ��V kPVAxk2. Hen
ekSAxk2A = kxk2A � 2 !��V hAx ; PVAxi+ � !��V �2 kPVAxk2A� kxk2A � 2 !��V kPVAxk2 + !2�V kPVAxk2= kxk2A � !��V (2� !) kPVAxk2 � kxk2A:The statement (2.24) now follows by (2.29).Next we prove (2.25). Let x 2 V . The well-known properties oforthogonal proje
tions AP?U;A = (P?U;A)TAP?U;A, PV x = x, P 2V = PV and P TV =PV yieldhSTAS x;xi = kP?U;A �I � !���1V PV A� P?U;A xk2A= kP?U;A �I � !���1V PV (P?U;A)TAP?U;A� xk2A= kP?U;A PV �I � !���1V PV (P?U;A)TAP?U;APV � x k2A= ��V h p( ~A)x ; xi; (2.30)where p is a polynomial p(t) = (1� 43 t)2 t (2.31)and ~A is a proje
ted and s
aled matrix~A = 1��V PV (P?U;A)TAP?U;APV : (2.32)
97



Further,%( ~A) = 1��V maxx2IRn DAP?U;APV x ; P?U;APV xEkPV xk2 + kP?V xk2 � 1��V maxx2V hAx ; xikxk2 � 1:Denoting by �( ~A) the spe
trum of ~A, and using %( ~A) � 1, the spe
tral mappingtheorem gives% �p( ~A)� = maxt2�( ~A)�1� 43 t�2t � maxt2[0;1℄�1� 43 t�2t = 19 : (2.33)Substituting (2.33) into (2.30) one gets%(PV STASPV ) = maxx2V hASx ; Sxikxk2 � 19��V ; (2.34)proving (2.25)To prove (2.27) for nonempty U , we use the identity (I � PU;A)2 =I � PU;A, rewrite S asS = I � PU;A � !��V (I � PU;A)PV A (I � PU;A)and estimate for x 2 IRn,k(I � S)xk � kPU;A xk + !��V (1 + kPU;Ak) kPV k kA1=2k k(I � PU;A)xkA� kPU;A xk + ! %(A)��V 1q%(A) (1 + kPU;Ak) kxkA: (2.35)By (2.26), it follows that for x 2 IRn,kPU;A xk2 � 1C2��V hAPU;A x ; PU;A x i � 1C2��V kxk2A;and, by kxk2A � %(A)kxk2, one further getskPU;Ak � 1Cs%(A)��V :Substituting two estimates above into (2.35) 
ompletes the proof of (2.27).98



The statement (2.28) follows from (2.27) using inequalitieskSxk � kxk+ k(I � S)xk; kxkA � q%(A)kxk; x 2 IRn:If U is empty, then I � PU;A = I and both (2.27) and (2.28) again hold with1C = 0.Remark 2.7 We will see from the bounds (2.27) and (2.28) that the parameter
L in the Stage 2 stopping 
ondition must be 
hosen to balan
e 
on
i
tingrequirements. If this parameter is extremely small, the 
onstant C in (2.26)- (2.28) will be 
lose to zero; but a very large parameter value allows a largervalue of the ratio %(A)��V . Elimination of a single-node aggregate representinga high 
oeÆ
ient region may have to be postponed in order to stabilize theenergeti
 proje
tion whi
h depends on 1C .The following lemma asserts how to 
al
ulate ��Vl used in the Stage 2stopping 
riterion based on the value of ��V1 . In order to show that prolongatorsmoothers and tentative prolongators satisfy 
onvergen
e assumptions, �l mustbe related to ��Vl. Remark 2.9 dis
usses how properties of the 
oarse levelmatri
es, together with the Stage 2 stopping 
ondition provide the ne
essary
ontrol over submatrix eigenvalues. Bounds on �l are then formulated in alemma.Lemma 2.8 For ��Vl 
hosen as��Vl := �19�l�1 ��V1; (2.36)where ��V1 is a given upper bound of %(PV1A1PV1), satis�es��Vl � %(PVlAlPVl): (2.37)Proof: By 
onstru
tion, P ll+1 of Algorithm 2.5 maps Vl+1 into Vland (P ll+1)TP ll+1 = I. We have P ll+1PVl+1x = PVlP ll+1PVl+1x and therefore,(PVl+1Al+1PVl+1x;x) = (STl AlSlP ll+1PVl+1x; P ll+1PVl+1x)99



= (PVlSTl AlSlPVlP ll+1PVl+1x; P ll+1PVl+1x)� %(PVlSTl AlSlPVl)kP ll+1PVl+1xk2; (2.38)where kP ll+1PVl+1xk2 = ((P ll+1)TP ll+1PVl+1x; PVl+1x)= kPVl+1xk2� kxk2:Substituting this estimate into (2.38) gives,%(PVl+1Al+1PVl+1) � %(PVlSlTAlSlPVl): (2.39)The inequality (2.37) follows from (2.39) and (2.25) by indu
tion.Remark 2.9 Let AV ?l and AUl be the nonempty blo
ks of matrix Al de�nedby (I�PVl)Al(I�PVl) and PUlAlPUl, respe
tively. The purpose of the stopping
ondition in Stage 2 is to assure that on every level,��V ?l � C 0��Vl (if V ?l 6= ;) (2.40)and at the same time,�min(AUl) � 
2��Vl (if Ul 6= ;): (2.41)In 
ase of a single high-
oeÆ
ient subdomain, AV ?l is a 1 x 1 matrix if V ?l 6= ;,and AUl is a 1 x 1 matrix if Ul 6= ;. Hen
e (2.40) and (2.41) are satis�edtrivially.In the 
ase of multiple high-
oeÆ
ient subdomains, a straightforward gen-eralization of Algorithm 2.5 applies the stopping 
riterion to ea
h diagonalentry in AV ?l independently, resulting in a AUl+1 whi
h is a submatrix ofAV ?l , with all of its diagonal entries approximately equal. Sin
e AV ?l andAUl 
orrespond to mutual intera
tions of high-
oeÆ
ient subdomains, theyare typi
ally diagonal or sparse, and AUl is well-
onditioned. Sin
e AV ?l is100



Gram, the Gershgorin Theorem and the Cau
hy-S
hwarz Inequality togetherwith the Stage 2 stopping 
ondition guarantee (2.40) with C 0 = C
L. For�min(AUl) � Cmini(AUl)ii � C
L��Vl, we have (2.41). Note that the stopping
ondition will be satis�ed eventually for any 
L > 0 sin
e ��Vl de
reases by afa
tor of 9 ea
h level. To enfor
e (2.40) and (2.41) without indire
t assump-tions would require modi�
ation of Algorithm 2.5 and theory for AUl to alwaysbe diagonal.Lemma 2.10 The largest eigenvalue of a 
oarse level matrix is related to thebound on the spe
tral radius of submatrix AVl by�l � (1 + C 0)2��Vl (2.42)and �l � 19l�1 (1 + C 0)2��V1 � C 09l�1 (2.43)for some positive 
onstant C 0 dependent on A, the Stage 2 stopping 
ondition,and �nally, in (2.43), ��V1:Proof: For any x 2 IRnl ,(Alx;x)1=2 � (AlPVlx; PVlx)1=2 + (AlPV ?l x; PV ?l x)1=2;so �1=2l � ��1=2Vl + ��1=2V ?l :The bound (2.42) follows using (2.40). Substituting �rst (2.36), then then ��V1into (2.42), one gets (2.43). Assuming no single node aggregates on the �nestlevel, ��V1 = %(A1).Lemma 2.11 Prolongator smoother (2.22) of Algorithm 2.5 given bySl = (I � PAl;U)(I � !��lPVlAl)(I � PAl;U);for l = 1; : : : ; L � 1 satis�es 
onvergen
e Lemma 2.3 
onditions (2.12)- (2.13)on the prolongator smoother. 101



Proof: On ea
h level l = 1; : : : ; L� 1, (2.22) is a smoother to whi
hLemma 2.6 applies. Then, for every level l = 1; : : : ; L� 1 (2.24) assures (2.12).Also, Algorithm 2.5 produ
es spa
es Ul and Vl with the followingspe
tral properties (see Remark 2.9, (2.41), and (2.42)): , either Ul = ;, or�min(Ul) � 
2��l;either Vl = IRnl and %(A)��V � 1; or Vl 6= IRnl and %(A)��V � (1 + C 0)2:So if Ul 6= ;, (2.26) applies with 1C = 1
 in (2.27). If Ul = ;, 1C = 0 in (2.27).Then for any Ul and Vl, (2.27) and (2.42) give (2.13) withC2 = (1 + C 0) �1
 + 43 (1 + C 0)2 � 11 + C 0 + 1
�� :Here, C 0 and 
 are the positive 
onstants from (2.40) and (2.41), respe
tively.
2.6 Tentative ProlongatorCondition (2.11) of Lemma 2.3 on the tentative prolongator is satis�edby 
onstru
tion. The remaining 
ondition (2.10) is also satis�ed merely by theproperties of the aggregates, or equivalently, the tentative prolongator.Be
ause of the separate 
oarsening in the high- and low-
oeÆ
ientregions, all �nest level nodes of !l;i are either in the high-
oeÆ
ient subdomainor in a low-
oeÆ
ient region if pro
essing is at Stage 1 or Stage 2 on level l,in whi
h 
ase the 
oeÆ
ient applied to 
oarse-level basis fun
tions to yield thematrix entry is 1"2 or 1. If at Stage 3 or Stage 4 on level l, then the high-
oeÆ
ient region is being eliminated or has already been eliminated, so the
oeÆ
ient asso
iated with all nodes involved in 
oarsening is 1.Algorithm 2.5 yields aggregates satisfying the following assumptions:2.6.1 Assumptions on aggregates.For every level l and aggregate Ali, there exists a ball Bli su
h that(1) All nodes of ~Ali are lo
ated within Bli.(2) Every x 2 
 belongs to at most � balls Bli.102



(3) For ea
h ball Bli diam(Bli) � Ch3l�1; (2.44)where h is the 
hara
teristi
 diameter of the quasiuniform �nite elementmesh �h.To dis
uss further properties of the aggregates, the following de�nitionis required.De�nition 2.12 We say that 
 � IRd is a shape-regular domain of
hara
teristi
 diameter H if 
 
an be mapped onto unit ball B � IRdusing a W 1;1-di�eomorphism F su
h that9 C1; C2 > 0 : C1H kxk � k(�F (~x)) � xk � C2H kxk (2.45)almost everywhere on 
. Here, �F (~x) denotes the Ja
obian of F at~x 2 
:Remark 2.13 The shape-regularity 
ondition (2.45) is equivalent to Lips
hitz
onditions kF (x)� F (y)k � C2H kx� yk 8x;y 2 
and kF�1(x̂)� F�1(ŷ)k � HC1kx̂� ŷk 8x̂; ŷ 2 B;or C1H kx� yk � kF (x)� F (y)k � C2H kx� yk 8x;y 2 
:Proof: Follows by the mean value theorem for a C1-di�eomorphism, and itsextension for a W 1;1-di�eomorphism using the density of C1 in W 1;1.Algorithm 2.5 assures aggregates are one of the following two kinds:103



2.6.2 Kinds of aggregates(1) All nodes of ~Ali belong to shape-regular Bli \ 
".(2) All nodes of ~Ali are 
ontained in 
0. The domain Bli \ 
0 is shape-regular.The shape-regularity assumption on these subdomains provides foruse of the s
aled Poin
ar�e inequality, stated as follows:Lemma 2.14 Let 
 be a shape-regular domain of 
hara
teristi
 diameter H:Then, for every u 2 H1(
) there is a 
onstant q 2 IR su
h thatku� qkL2(
) � CpHjujH1(
); 8 u 2 H1(
); (2.46)where Cp depends only on shape-regularity 
onstants in (2.45).Proof: Sin
e 
 is shape-regular, every u 2 H1(
) 
an be written asu(x) = û(F (x)), where F is a W 1;1-di�eomorphism satisfying (2.45). Hen
e,for every u 2 H1(
),kuk2H1(
) = ZB k(�F )rûk2IRddet(�F�1) dB: (2.47)Letting x be an eigenve
tor of �F , it follows from (2.45) that all eigenvalues� 2 �(�F ) satisfy j�j 2 hC1H C2H i, hen
e(det�F )�1 = det(�F )�1 2 "�HC2�d ;�HC1�d# :Substituting the last estimate into (2.47) and using (2.45) again gives
Hd�2jûj2H1(B) � juj2H1(
) � CHd�2jûj2H1(B); (2.48)with 
onstants 
; C > 0 that depend ex
lusively on C1 and C2 in (2.45). Bythe same argument, one also getsCHdkû� qk2L2(B) � ku� qk2L2(
)= ZB(û� q)2det(�F�1) dB� CHdkû� qk2L2(B) 8 q 2 IR: (2.49)104



The proof is now 
ompleted using the Poin
ar�e inequality for a unit ball B[1℄:8û 2 H1(B) 9 q̂ 2 IR : kû� q̂kL2(B) � CjûjH1(B); (2.50)where C is a Poin
ar�e 
onstant for the unit ball. Indeed, setting q̂ = q andsubstituting (2.48) and (2.49) into (2.50) gives (2.46).Remark 2.15 The expression on the left-hand side of (2.46) attains its mini-mum when q is an L2(
)-orthogonal proje
tion of u onto the spa
e of 
onstantfun
tions. By well-known arguments this proje
tion is given byqmin = (u; 1)L2(
)k1kL2(
) = 1meas(
) Z
 u d
: (2.51)We re
all several more well-known 
on
epts used in the followingproofs.For the set of �nite element basis fun
tions f'ig, de�ne the �nite element in-terpolation operator � : IRn ! Vh, as �v = Pni=1 vi'i. Then, for sti�nessmatrix Ai;j = a('j; 'i), j�vka(
) = kvkA: (2.52)Over a domain 
 with quasiuniform �nite element triangulation �h with 
hara
-teristi
 mesh parameter h, the dis
rete and 
ontinuous L2 norms are equivalent,with 
h�dk�vkL2(
) � kvkl2(IRn) � Ch�dk�vkL2(
): (2.53)2.7 Single subdomain with high-
oeÆ
ientFor the 
ase of a single high-
oeÆ
ient region with the single-nodeaggregate being eliminated at level l̂, de�ne a �lter on level l̂ by a diagonalmatrix Nl̂ su
h that (Nl̂)ii = 8<: 0 if i = nl̂1 otherwise : (2.54)
105



Sin
e B = 1 for the model problem,B1 = D1=21: (2.55)Also by 
onstru
tion, sin
e the tentative prolongator P ll+1 formed when thereis a high-
oeÆ
ient area represented by a single-node aggregate at Stage 3 atlevel l has no 
olumn 
orresponding to that node, P l̂kBk = Nl̂B l̂ for every k > l̂.This means that P 1kBk = P 1̂l P l̂kBk = P 1̂l Nl̂B l̂ whenever k > l̂, or(P 1kBk)i = 8<: (B1)i for node i in low-
oeÆ
ient region0 otherwise: (2.56)In the 
ase of a single high-
oeÆ
ient subdomain, we will now showthat the tentative prolongators and prolongator smoothers 
onstru
ted usingAlgorithm 2.5 on the model problem together satisfy the weak approxima-tion property (2.10). The result is given in two lemmas: one showing theapproximation properties of disaggregated 
oarse-level ve
tors over regions notbeing eliminated, satis�ed using only assumptions on the aggregation; a se
-ond showing that the smoothed disaggregated ve
tors indeed satisfy the weakapproximation property.Lemma 2.16 For the single region of high-
oeÆ
ient 
ase, under Assump-tions 2.6.1 and 2.6.2 on aggregates, for every u 2 IRn1, l = 1; : : : ; L � 1 wehave, kNl( ~Ql � P ll+1 ~Ql+1)uk2IRnl � CA��l kuk2D�1=2AD�1=2 :with Nl de�ned by (2.54), and ~Ql = (P 1l )TProof: Sin
e P 1l is orthogonal, the jth 
olumn of P 1l asso
iates thejth degree of freedom on level l with the nodes of ~Al�1j ; and Nl is the identityex
ept on spanfenlg if it is the kernel of Nl, we havekNl( ~Ql � P ll+1 ~Ql+1)uk2IRnl = kP 1l Nl( ~Ql � P ll+1 ~Ql+1)uk2IRn1= nlXj=1 kP 1l Nl( ~Ql � P ll+1 ~Ql+1)uk2l2(!l;j)
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= MXj=1 k(P 1l ~Ql � P 1l+1 ~Ql+1)uk2l2(!l;j);where M = 8<: nl if Nl = Inl � 1 otherwise:Sin
e P 1l ~Ql is the orthogonal proje
tor onto Range P 1l , and Range P 1l+1 �Range P 1l ;kNl( ~Ql � P ll+1 ~Ql+1)uk2IRnl � MXj=1(ku� P 1l ~Qluk2l2(!l;j)+k(P 1l ~Ql � P 1l+1 ~Ql+1)uk2l2(!l;j))= MXj=1 ku� P 1l+1 ~Ql+1uk2l2(!l;j):Using the minimization property of orthogonal proje
tion and (2.55), and let-ting v = D�1=2u,kNl( ~Ql � P ll+1 ~Ql+1)uk2IRnl � MXj=1minri ku� riB1k2l2(!l;j)= MXj=1minri kD1=2(v� ri1)k2l2(!l;j):The quasiuniformity of �h implies thatDii = Aii � Caihd�2 where h is the 
har-a
teristi
 mesh diameter, and ai = 8<: 1"2 if !l;i is in high-
oeÆ
ient region1 otherwise:Then we havekNl( ~Ql � P ll+1 ~Ql+1)uk2IRnl � C MXj=1minri aihd�2kv � ri1k2l2(!l;j):If � is the �nite element proje
tor, using (2.53), (2.46), and (2.44), we havekNl( ~Ql � P ll+1 ~Ql+1)uk2IRnl � C MXj=1 aih�2k�v � rik2L2(Blj\
0)� MXj=1 9l�1Ciaij�vj2H1(Blj\
0)� MXj=1 9l�1Cij�vj2a(Blj\
0):107



Finally, the assumption of a bounded number of interse
tions 2.6.1- 2, (2.52),and (2.43) givekNl( ~Ql � P ll+1 ~Ql+1)uk2IRnl � C9l�1j�vj2a(
)� C9l�1kvk2A� CA��l kvk2A= CA��l kuk2D�1=2AD�1=2;
on
luding the proof.Lemma 2.17 Assumption (2.10) of 
onvergen
e Lemma 2.3 is satis�ed usingtentative prolongators P ll+1 and prolongator smoothers (2.22) 
onstru
ted usingAlgorithm 2.5 on the model problem, with ~Ql = (P 1l )T :Proof: Inequality (2.28) holds for the prolongator smoothers (2.22)with the 
onstant dependent on Ul. Using (2.42) and (2.41), we have for any(empty or nonempty) Ul 
onstru
ted by Algorithm 2.5,kSlk � �1 + 43 (1 + C 0)2��1 + 1
 (1 + C 0)� :where C 0 and 
 are 
onstants from (2.40) and (2.41), respe
tively.By 
onstru
tion, Nl = I ex
ept on Ker (Sl). Thus, using Lemma 2.16,kSl( ~Ql � P ll+1 ~Ql+1)uk2IRnl = kSlNl( ~Ql � P ll+1 ~Ql+1)uk2IRnl� kSlk2 kNl( ~Ql � P ll+1 ~Ql+1)uk2IRnl� C21��l kuk2A1 ;with C1 = pCA �1 + 43 (1 + C 0)2� �1 + 1
 (1 + C 0)� :Convergen
e of the method for the model problem now follows fromLemmas 2.11, 2.17, and orthogonality of the tentative prolongator, by theabstra
t 
onvergen
e Theorem 2.4.
108



Theorem 2.18 When used to solve the model problem on a domain with asingle high-
oeÆ
ient region, with 
omponents 
onstru
ted by Algorithm 2.5,and using appropriate Rl, Algorithm 2.1 
onverges, and satis�eskx̂�MG(x;b)kA1 �  1� 1
0(L)! kx̂� xkA1 8x 2 V1;where A1 = D�1=2AD�1=2, and x̂ is the solution of (2.3), with 
1(l) = 1 +C1(l� 1), 
2(l) = C1+C2
1(l), and 
0(L) = (1+ 
1 + 
2
R)2(L� 1), for MG asin Algorithm 2.1.Moreover, the pre
onditioner P de�ned by the a
tion ofMG(0; �) is symmetri
with respe
t to (�; �)IRn1 and 
ond(A1; P ) � 
0(L):2.8 Multiple subdomains with high-
oeÆ
ientsAs suggested in Remark 2.9, in the 
ase of multiple subdomains withhigh-
oeÆ
ients 
"k ea
h subdomain is treated independently by Algorithm 2.5.That is, when an individual subdomain is represented by a single node, it ispro
essed without smoothing until its respe
tive diagonal entry in Al is largeenough in 
omparision to the (de
reasing with 
oarsening) spe
tral radius ofAVl. The node is then eliminated. The subspa
es and V ?l and Ul are nowpotentially multi-dimensional.De�ne the index set of nodes eliminated at level l byHdofl = fj : !l;j at Stage 3.gAsso
iated with a Hdofl , de�ne the index set of high-
oeÆ
ient areas eliminatedat level l, by H
l = fk : �
"k is represented by the single node !l;j for some j 2Hdofl g. Algorithm 2.5 should yield aggregates with the property: For everyj 2 Hdofl , there is a k 62 H
l0 ; l0 < l su
h that all nodes of ~Aji belong to �
"k. Thedomain Blj \ 
"k is shape-regular.Lemmas 2.6 and 2.11 are formulated to in
lude the possibility of mul-tiple high-
oeÆ
ient subdomains. It remains to be shown that the tentativeprolongators provide the needed approximation properties. As with a single109



high-
oeÆ
ient subdomain, the weak approximation property 
an be satis-�ed without referen
e to eliminated high-
oeÆ
ient regions, as Lemmas 2.19and 2.20 will demonstrate.To eliminate a high-
oeÆ
ient node, de�ne a �lter on level l by adiagonal matrix Nl, where(Nl)ii = 8<: 0 if i 2 Hdofl1 otherwise (2.57)Algorithm 2.5 applied to the model problem with multiple regions ofhigh-
oeÆ
ient yields the following environment:P ll+1Bl+1 = NlBl (2.58)P ll+1 = NlP ll+1 (2.59)P 1l = N1P 12 � � �Nl�1P l�1l : (2.60)These attributes of the tentative prolongator are used below to showan approximation property of the 
oarse spa
es with respe
t to the energy normof the s
aled matrix A1. The bound is without referen
e to high-
oeÆ
ientregions 
orresponding to eliminated nodes.Lemma 2.19 Assume there is a positive 
onstant CA su
h that for everyv 2 IRn1 and all levels l = 1; : : : ; L� 1.nl+1Xi=1 minri kD1=2(v � riB)k2l2( ~Alin!"l ) � CA��l kvk2A; (2.61)where !"l � f[k;j !k;j; k = 1; : : : ; l; j 2 Hdofk g:Then there is a sequen
e of linear mappings~Ql : IRn1 ! IRnl ; l = 1; : : : ; L; ~Q1 = I;110



su
h that kNl( ~Ql � P ll+1 ~Ql+1)uk2IRnl � C��lkuk2D�1=2AD�1=2 (2.62)holds for all u 2 IRn1 ; l = 1; : : : ; L� 1.Proof: For every level l = 1; : : : ; L, de�ne an n1�n1 diagonal matrix~Nl by ( ~Nl)ii = 8<: 0 for i 2 !l;k; k 2 Hdofl1 otherwise:Clearly, ~N1 = N1. Further, we show thatP 1l Nl = ~NlP 1l : (2.63)By the de�nition of Nl one gets for every x 2 IRnl,P 1l Nlx =Xj P 1l ejxj; j 62 Hdofl ;where ej is the jth 
anoni
al basis ve
tor of IRnl.The nonzero stru
ture of P 1l then gives(P 1l Nlx)i = 0 for all i 2 !l;k; k 2 Hdofl ;proving (2.63).To determine the range of P 1l , we �rst use (2.58) and (2.63):P 1l Bl = P 1l�1P l�1l Bl = P 1l�1Nl�1Bl�1 = ~Nl�1(P 1l�1Bl�1):Hen
e, by indu
tion with ~N1 = N1, it follows thatP 1l Bl = ~N1 : : : ~Nl�1B1: (2.64)The produ
t ~N1 : : : ~Nl�1 is an n1 � n1 diagonal matrix,( ~N1 : : : ~Nl�1)ii = 8<: 0 for i 2 !"l�11 otherwise: (2.65)
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Similarly, the zero stru
ture of the rows of P 1l is apparent fromP 1l = ~N1 : : : ~Nl�1P 1l : (2.66)This is shown using (2.59) and (2.63) to give,P 1l = P 1l�1P l�1l = P 1l�1Nl�1P l�1l = ~Nl�1P 1l�1P l�1l ;where by the same argument,P 1l�1 = ~Nl�2P 1l�2P l�2l�1 ; et
. and P 11 = I:For ea
h 
omposite aggregate ~Al�1i , de�ne a ve
tor wl;i 2 IRn1 bywl;i = 8<: ( ~N1 : : : ~Nl�1B1)k for k 2 ~Al�1i0 otherwise: (2.67)Set Wl to be an n1 � nl matrix 
onsisting of the 
olumns wl;i; i = 1 : : : ; nl.Then P 1l ei is the ith 
olumn of P 1l , and from (2.67), (2.64) and the nonzerostru
ture of P 1l , one gets (P 1l ei)Bli = wl;i:Hen
e, Range Wl � Range P 1l (2.68)For ea
h level l < L, introdu
e a seminormj � j ~N;l : x 2 IRn1 7! k ~N1 : : : ~NlxkIRn1 :Sin
e D1=2B = B1 by 
onstru
tion, and setting u = D1=2v, we have from (2.65)and (2.67), for every r = (r1; : : : ; rn1)Tnl+1Xi=1 kD1=2(v � riB)k2l2( ~Alin!"l ) = nl+1Xi=1 k( ~N1 : : : ~Nl)(u� riB1)k2l2( ~Ali)= nl+1Xi=1 k( ~N1 : : : ~Nl)(u� riwl+1;i)k2l2( ~Ali)= ju�Wl+1rj2~N;l112



So, from (2.68) and (2.66)nl+1Xi=1 minri kD1=2(v � riB)k2l2( ~Alin!"l ) = minr2IRn1 ju�Wl+1rj2~N;l� minr2IRnl+1 ju� P 1l+1rj2~N;l= minr2IRnl+1 k( ~N1 : : : ~Nl)u� P 1l+1rk2IRn1 :(2.69)Let us set ~Ql = (P 1l )T ; l = 1; : : : L. Sin
e (P 1l )TP 1l = I, the mappings P 1l ~Qlare proje
tions onto Range P 1l , orthogonal with respe
t to the Eu
lidean innerprodu
t. We now estimate using (2.69), well-known properties of orthogonalproje
tions, Range P 1l+1 � Range P 1l , and (2.66), (2.63), and (2.59):nl+1Xi=1 minri kD1=2(v � riB)k2l2( ~Alin!"l ) � k(I � P 1l+1 ~Ql+1) ~N1 : : : ~Nluk2IRn1= k(I � P 1l ~Ql) ~N1 : : : ~Nluk2IRn1+kP 1l ( ~Ql � P ll+1 ~Ql+1) ~N1 : : : ~Nluk2IRn1� kP 1l [( ~N1 : : : ~NlP 1l )T�P ll+1( ~N1 : : : ~NlP 1l+1)T ℄uk2IRn1= kP 1l [(P 1l Nl)T �NlP ll+1(P 1l+1)T ℄uk2IRn1= kP 1l Nl( ~Ql � P ll+1 ~Ql+1)uk2IRn1= kNl( ~Ql � P ll+1 ~Ql+1)uk2IRn1 :Sin
e kvk2A = kuk2D�1=2AD�1=2, the 
on
lusion now follows.For the model problem, the relevant kernel 
onsists of the ve
tor ofones. Algorithm 2.5 
onstru
ts tentative prolongators whi
h satisfy the as-sumption of the pre
eeding Lemma 2.19.Lemma 2.20 Under Assumptions 2.6.1 and 2.6.2, there is a 
onstant C > 0su
h that for every u 2 IRn1 and every level l = 1; : : : ; L� 1 it holds thatnl+1Xi=1 minri kD1=2(v � ri1)k2l2( ~Alin!"l ) � CCA��l kvk2A:113



Proof: Let Ali be an aggregate of the �rst kind. Then, there is adomain 
"k with 
oeÆ
ient "k su
h that all nodes of ~Ali belong to 
"k. Hen
eDjj � C"�2k hd�2 for all j 2 ~Ali n !"l = ~Ali and,kD1=2(v� ri1)k2l2( ~Alin!"l ) = kD1=2(v � ri1)k2l2( ~Ali)� C"�2k hd�2kv � rik2l2( ~Ali)� C"�2k h�2k�v � rik2L2(Bli\
"k):Choosing ri to be an integral average of �v over Bli \ 
"k,ri = 1meas(Bli \ 
0) ZBli\
0(�v)dx;the s
aled Poin
ar�e inequality (2.46) together with Assumption 2.6.1- 3 givesk�v� rik2L2(Bli\
"k) � C9l�1h2j�vj2H1(Bli\
"k):Therefore,minri kD1=2(v � ri1)k2l2( ~Alin!"l ) � C9l�1"�2k j�vj2H1(Bli\
"k)� C9l�1j�vj2a(Bli\
"k): (2.70)If ~Ali is an aggregate of the se
ond kind, all nodes j 2 ~Ali n !"l arelo
ated inside the part of 
 where the 
oeÆ
ient is equal to one. Hen
e,kD1=2(v � ri1)k2l2( ~Alin!"l ) � Chd�2kv � ri1k2l2( ~Ali)� Ch�2k�v � rik2L2(Bli\
0):Again setting ri to be an integral average of �v over Bli \ 
"k, usingthe s
aled Poin
ar�e inequality (2.46), and Assumption 2.6.1- 3, we getminri kD1=2(v � ri1)k2l2( ~Alin!"l ) � C9l�1j�vj2H1(Bli\
0)� C9l�1j�vj2a(Bli\
0): (2.71)From (2.70) and (2.71), the 
on
lusion follows from the bounded in-terse
tions of the balls 2.6.1- 2, (2.52), and (2.43).
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Lemma 2.17 is seen to hold for the multiple region of high-
oeÆ
ient
ase, although Nl 
an now have a multidimensional kernel. As for the 
aseof the single high-
oeÆ
ient subdomain, 
onvergen
e of Algorithm 2.1 for themodel problem now follows from Lemmas 2.11, 2.17, and orthogonality of thetentative prolongator, using abstra
t 
onvergen
e Theorem 2.4. Thus we have:Theorem 2.21 When used to solve the model problem on a domain with mul-tiple high-
oeÆ
ient regions, using 
omponents 
onstru
ted by Algorithm 2.5and appropriate Rl, Algorithm 2.1 
onverges, satisfyingkx̂�MG(x;b)kA1 �  1� 1
0(L)! kx̂� xkA1 8x 2 V1;where A1 = D�1=2AD�1=2, and x̂ is the solution of (2.3), with 
1(l) = 1 +C1(l� 1), 
2(l) = C1+C2
1(l), and 
0(L) = (1+ 
1 + 
2
R)2(L� 1), for MG asin Algorithm 2.1.Moreover, the pre
onditioner P de�ned by the a
tion ofMG(0; �) is symmetri
with respe
t to (�; �)IRn1 and 
ond(A1; P ) � 
0(L):2.9 Computational ExperimentsIn this se
tion, we attempt to demonstrate on several model examplesthe eÆ
a
y of the multilevel method based on the smoothed aggregation ap-proa
h. The problem solved is (2.16) with domain 
 a unit 
ube. A Diri
hletboundary 
ondition will be 
onsidered over the x = 0 fa
e of the 
ube.All experiments were run using V-
y
les. The iteration of the methodwas terminated when the Eu
lidean norm of the initial residual had been re-du
ed by " = 10�12. In order to observe the behavior of the true error, zeroright-hand side and a random initial approximation were 
hosen. All problemswere dis
retized on 125 subdomains.We show results for AMG used as a solver, and as a pre
onditioner.The meshsize is varied so that in ea
h table, ea
h experiment is shown using20 � 20 � 20, 40 � 40 � 40, and 80 � 80 � 80 elements. Experiments areshown with 
oeÆ
ients varying from 10�� to 10� for ea
h problem size, with115



Table 2.1. Che
kerboard pattern, 
oeÆ
ients 10�, 10��.dof. � iter 
onv. ratio iter PCG 
onv. ratio9; 261 0 12 8.847e-02 10 5.991e-029; 261 3 11 7.026e-02 11 6.169e-029; 261 6 14 1.335e-01 12 9.377e-0268; 921 0 15 1.429e-01 10 5.301e-0268; 921 3 12 8.551e-02 10 5.783e-0268; 921 6 13 1.130e-01 13 1.110e-01531; 441 0 15 1.462e-01 10 5.980e-02531; 441 3 14 1.328e-01 12 8.281e-02531; 441 6 18 2.104e-01 18 1.913e-01the Lapla
e problem, � = 0, listed �rst in ea
h 
ase. The pattern of the
oeÆ
ients is a 
he
kerboard in table 2.1, 
ubes tou
hing at a node in table 2.2,and randomly distributed in table 2.3. Convergen
e rates are the average ofthe rates measured on ea
h level.We note that the method pra
ti
ally used did not stri
tly adhere toall the assumptions of the theory. The method tends to 
oarsen separately overregions with very di�erent 
oeÆ
ients, although this is not expli
itly enfor
ed.
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Table 2.2. Two 
ubes tou
hing at a node. CoeÆ
ient=10� in dark subregions(see Figure 2.1).dof. � iter 
onv. ratio iter PCG 
onv. ratio9; 261 0 12 8.847e-02 10 5.991e-029; 261 3 13 1.066e-01 11 6.619e-029; 261 6 14 1.344e-01 11 7.493e-0268; 921 0 15 1.429e-01 10 5.301e-0268; 921 3 16 1.670e-01 11 6.354e-0268; 921 6 16 1.720e-01 11 6.255e-02531; 441 0 15 1.462e-01 10 5.980e-02531; 441 3 15 1.440e-01 11 7.639e-02531; 441 6 15 1.444e-01 11 7.874e-02
2.10 Con
lusionThe variant of smoothed aggregation AMG des
ribed here is shown to
onverge for the s
alar model problem with a single high-
oeÆ
ient subdomain.The method is also demonstrated to 
onverge when applied to the problemwith multiple high-
oeÆ
ient subdomains, under 
ertain assumptions. Com-putational results are given, indi
ating that even without stri
t enfor
ement ofthe strategies presented here, smoothed aggregations AMG 
an perform wellon problems with dis
ontinuous 
oeÆ
ients.
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Figure 2.1. Con�guration with two high-
oeÆ
ient subregions tou
hing at asingle node.
Table 2.3. Element 
oeÆ
ients random in (10��; 10�).dof. � iter 
onv. ratio iter PCG 
onv. ratio9; 261 0 12 8.847e-02 10 5.991e-029; 261 3 12 9.871e-02 11 6.415e-029; 261 6 12 9.871e-02 11 6.430e-0268; 921 0 15 1.429e-01 10 5.301e-0268; 921 3 15 1.511e-01 10 5.506e-0268; 921 6 15 1.511e-01 10 5.530e-02531; 441 0 15 1.462e-01 10 5.980e-02531; 441 3 15 1.440e-01 11 7.365e-02531; 441 6 16 1.624e-01 11 6.921e-02
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