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1. IntroductionThe set of feasible supplies and demands for a network 
ow prob-lem can be described by a system of linear inequalities. Wallace and Wetshave characterized the redundant inequalities in this system. The maintheorem of this thesis is an extension of the Wallace-Wets Theorem tothe case of undirected multicommodity graphs. In order to obtain theextension, a special system of inequalities is developed and several char-acteristics of this system are discussed. Following the extension, we proveseveral theorems on its usefulness.In Chapter 2 we provide technical background on network 
ows.We discuss some di�erences between single and multicommodity network
ows, as well as the pertinent literature on multicommodity 
ows. Wealso discuss the background literature for the Wallace-Wets Theorem.In Chapter 3 we present the Wallace-Wets Theorem for singlecommodity networks along with a detailed proof of the theorem.Chapters 4 and 5 contain the main results of the thesis. In Chap-ter 4 we show that the Wallace-Wets Theorem has a natural extension todirected multicommodity graphs. In Chapter 5 we consider the case ofundirected multicommodity graphs, which is not as straightforward. Asystem of inequalities which gives a necessary condition for feasible sup-plies and demands for undirected multicommodity graphs is developed,and we explore properties of this system. Next we present our extensionof the Wallace-Wets Theorem. We also present several theorems related



to using the extension and the bene�t realized.In Chapter 6 we suggest avenues for further research. This in-cludes further work related to the system of inequalities developed inChapter 5, as well as evaluating the e�ects of preclassi�cation of nodesas supply, demand, and transshipment nodes.
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2. Technical Background2.1 Terms and ConceptsLet G = [V;E] be a �nite graph with node set V and edge setE. For the problems we will consider in this thesis, there is no loss ingenerality to assume G does not contain any parallel edges. We thereforedenote an edge by its endpoints: (i; j). This is an unordered pair in thecontext of undirected graphs, but an ordered pair in the context of directedgraphs. We also assume, without loss in generality, that G is connected.For any Y � V , let � Y denote the complement of Y : � Y =fi 2 V : i 62 Y g. Then the associated cut is the edge set: < Y;� Y >=f(i; j) 2 E : i 2 Y and j 2� Y g: Note that for undirected graphs, < Y;�Y >=<� Y; Y >; but that this is not true for directed graphs. For each(i; j) 2 E there is a capacity Uij which limits total 
ow across the edge.This extends naturally to subsets of E: U(Y;� Y ) � P(i;j)2<Y;�Y > Uij :For each Y � V , we let G(Y ) denote the induced subgraph on the nodeset Y . For each i 2 V , we let the demand at node i be given by bi: Thatis, if bi > 0 then node i has a demand, if bi < 0 then node i has a supply,and if bi = 0 then node i has neither demand nor supply.In the context of multicommodity graphs, sk and tk will denotethe origin and destination, respectively, of commodity k, k = 1; 2; : : : ; p:We will let qk represent the demand for commodity k. If the origin and



destination of each commodity are not known, then bki represents the de-mand for commodity k at node i.The work in this thesis deals mainly with multicommodity graphs.It is well known that many of the \nice" properties associated with network
ow problems do not extend to the multicommodity case. A complicat-ing matter in multicommodity 
ows is that 
ows in opposite directionson an edge do not cancel if they are di�erent commodities. This leads toa variety of problems. In a single commodity network 
ow problem, themaximum 
ow is equal to the minimum cut, and given integer capacities,the maximum 
ow is guaranteed to be integer. Neither of these proper-ties extend to the general multicommodity case. Additionally, in singlecommodity network 
ow problems, the condition that the capacity of anycut is greater than or equal to the demand across the cut, is a necessaryas well as su�cient condition for feasibility of the network. That is, if q isthe required amount of 
ow to be sent through the network, the networkis feasible if and only ifq � U(Y;� Y ) 8Y � V:The analogous multicommodity conditionX(qk : Y separates sk and tk ) � U(Y;� Y ) 8Y � Vis necessary for undirected graphs, but it is not su�cient for feasibility ingeneral. Much work has been done to determine speci�c classes of graphsfor which this condition is su�cient, and we will examine several of theresults in the next section. We now present some examples of the abovestatements. 4



Example r rrr r@@@@@����������@@@@@s1 s2 = t3s3 = t4s4 = t2 t1ace bdfAssume a capacity of 1 on each edge. A maximum 
ow is givenby the following, where xi is the 
ow vector for edge i.xa = �13 ; 13 ; 13 ; 0�xb = �13 ; 13 ; 13 ; 0�xc = �13 ; 0; 13 ; 13�xd = �13 ; 0; 13 ; 13�xe = �13 ; 13 ; 0; 13�xf = �13 ; 13 ; 0; 13�The 
ow is fractional, even though the capacities are integer.Also, the value of the maximum 
ow, which is the sum of the 
ows foreach commodity, is 1 + 23 + 23 + 23 = 3: The notion of a cut in singlecommodity graphs translates to a disconnecting set in multicommoditygraphs, that is, a set of edges whose removal will disconnect the origin anddestination of each commodity. For more on disconnecting sets, see [3]. A5



minimum disconnecting set for this graph consists of the edges fa; c; d; fg.The capacity of this set is 4, which is not equal to the maximum 
ow.Example r r rr r�������������AAAAA ����� QQQQQQQQ AAAAAs2 = s4 s3 = t2 t3 = t4s1 t1a fcb deSuppose the capacity of each edge is 1, and the demand for eachcommodity is 1. That is, we wish to send one unit of commodity 1 froms1 to t1, and so on. It can be veri�ed that the cut condition,X(qk : Y separates sk and tk ) � U(Y;� Y );holds for every set Y . For example, if Y = fs1g, then < Y;� Y >=fa; b; cg, so U(Y;� Y ) = 3. The only commodity separated by Y iscommodity 1, so the left-hand-side of the cut condition is 1. Thus theinequality holds, as could be shown for every Y . However, it is not possibleto satisfy all of the demands simultaneously, so the problem is not feasible.2.2 The LiteratureAs discussed in the previous section, a central issue in the studyof multicommodity network 
ow problems is that the cut condition,X(qk : Y separates sk and tk ) � U(Y;� Y );6



is not always a su�cient condition for feasibility. Here we will presentseveral of the results which characterize graphs for which this condition issu�cient for feasibility. We refer the reader to the appropriate papers forthe proofs. As the results are very di�erent for the undirected and directedcases, we will discuss them separately, beginning with the undirected case.Some of the pioneering work on this subject was done by T.C.Hu ([16],[17]). Hu proved that the cut condition is su�cient for feasibilityif there are only two commodities. Additionally, he proved that in thetwo-commodity case, the maximum sum of the 
ows is equal to the min-imum capacity of all cuts separating the origins and destinations of bothcommodities (the minimum disconnecting set). He provided an algorithmfor constructing the 
ows. Finally, Hu showed that if the demands andthe capacities are all even integers, then a two-commodity 
ow will havethe property that the 
ows for each commodity on each edge are integer.This is commonly referred to as a half-integer property, and it arises inother cases as well.Hu's result is the only one that relies on a speci�c number ofcommodities, and it does not generalize to three or more commodities.All other results rely on the graph having special characteristics.A few de�nitions are in order before we discuss the next result.A planar graph is a graph that can be drawn in the plane so that no edgescross. Given a �xed drawing of a planar graph, we can identify variousregions, which are simply the areas enclosed by the edges of the graph. Thein�nite region is the entire region outside the graph, and the boundary ofthe in�nte region consists of the nodes and edges that separate the in�nite7



r rr r@@@@@41 32AB CFigure 2.1: A Planar Graph and Its Regionsregion from the \interior" of the graph. For example, in Figure 2.1, A isthe region enclosed by the edges (1,2), (2,3), and (1,3); B is the regionenclosed by the edges (1,3), (3,4), and (1,4); C is the in�nite region. Theboundary of the in�nite region is 1, (1,2), 2, (2,3), 3, (3,4), 4, (4,1). Notethat we could also draw the graph with edge (1,3) on the other side ofnode 2. This would still be a planar representation, but di�erent regionswould be de�ned. The boundary of the in�nite region for that drawingwould be 1, (1,3), 3, (3,4), 4, (4,1).We are now ready for the theorem of Okamura and Seymour([28]). Theorem 2.1 (Okamura and Seymour, 1981) If G is pla-nar and can be drawn in the plane so that s1; s2; : : : ; sp; t1; t2; : : : ; tp areall on the boundary of the in�nite region, thenX(qk : Y separates sk and tk ) � U(Y;� Y )is a su�cient condition for feasibility. Further, if the demands and capac-ities are all integers, then there exists a set of feasible 
ows with the 
owfor each commodity on each edge being integer.8



That is, if a graph can be drawn in the plane so that all thesources and sinks are on the boundary of the in�nite region, then the cutcondition is su�cient for feasibility. There have been some extensions ofthis theorem which relax slightly the condition of all the sources and sinksbeing on the boundary of the in�nite region. Okamura ([27]) proved thatthe cut condition is su�cient if G is a planar graph and can be drawnwith one set of sources and sinks on the boundary of any region, and theremainder of the sources and sinks on the boundary of the in�nite region,with the source and sink for any one commodity on the same boundary. Inthe same paper, it is shown that the cut condition is also su�cient if G isplanar and can be drawn with the sources and sinks for some commoditieslocated on the boundary of the in�nite region, and all other commoditiesshare the same sink, also located on the boundary of the in�nite region,but those sources may be located anywhere. Seymour ([39]) proved thatthe cut condition is su�cient if G is a planar graph and if the sourceand sink for each commodity may be joined by an edge without violatingplanarity. For a discussion of all of the above results plus algorithms for�nding planar multicommodity 
ows, the reader is referred to [26].The �nal class of undirected graphs that we will present hereactually relies on the con�guration of the sources and sinks of the com-modities. We call this con�guration the commodity graph. Given a con-nected undirected network G = [V;E] with sources s1; s2; : : : ; sp and sinkst1; t2; : : : tp, let the commodity graph, H = [T;U ]; (T � V ) be the undi-rected graph whose edges correspond the the source-sink pairs of G. Thatis, e 2 U () e = (sk; tk): Note that U is not necessarily a subset of E.9



Example Given the following graphr rrr r@@@@@����������@@@@@s1 s2 = t3s3 = t4s4 = t2 t1
we construct the commodity graph by drawing each node and then con-necting s1 to t1, s2 to t2, and so on. The resulting graph isr r r rr�����AAAAAKarzanov ([19]) presents a result of Papernov regarding the com-modity graph.Theorem 2.2 (Papernov, 1976) (1) If H is K4 (the com-plete graph on four nodes), C5 (the cycle on �ve nodes), or a unionof two stars, and if the cut condition is satis�ed, then the problem isfeasible.(2) If H is a graph which does not belong to the collection above, thenthere exists a graph G, capacities U , and demands q, such that thecut condition is satis�ed and yet the problem is not feasible.10



In other words, the cut condition can be known to be su�cientbased only on the commodity graph if and only if the commodity graph isa complete graph on four nodes, a cycle on �ve nodes, or a union of twostars. If the commodity graph is other than the graphs mentioned, thenit is possible to construct a graph which has that commodity graph andfor which the cut condition is not su�cient for feasibility.We are now ready to discuss some results on feasibility in directedgraphs. As mentioned earlier, the directed case is very di�erent from theundirected case, and it has received much less attention in the literature.Note that in the case of directed graphs, the cut condition changes slightlyto become X(qk : sk 2 Y; tk 2� Y ) � U(Y;� Y ):It is known that Hu's result for two-commodity graphs does not extend tothe multicommodity case ([21]). However, the cut condition is su�cientfor feasibility if the network is planar with all the sources on the left sideand all the sinks on the right side (a transportation network) and if thesources and sinks appear in the same order (see [29]). The main work is byNagamochi and Ibaraki, and we will give a brief overview of their results.In several papers and a Ph.D. thesis ([22], [23], [24]), Nagamochiand Ibaraki studied directed multicommodity networks. They developedthree classes of networks, capacity balanced (CB), capacity semi-balanced(CS), and capacity semi-balanced unilateral (CU). In a CB network, thecapacity is \balanced" at each node. That is, for every node, the capacityon outgoing arcs plus the demand at the node is equal to the capacity onincoming arcs plus the supply at the node. It is shown that the max-
ow11



min-cut theorem holds for multicommodity networks in CB, and also thatthe 
ows will be integer if the capacities and demands are integer. Theclass CS is shown to be a relaxation of class CB, and the same propertiesshown for CB networks also hold for CS networks. Finally, it is shownthat the properties do not extend to CU networks.For a more general survey of multicommodity network 
ows, seeeither [1] or [21].The foundations needed for the Wallace-Wets Theorem comefrom the work done by Gale and Ho�man for single-commodity network
ow problems. In [11], Gale gives a system of linear inequalities which arenecessary and su�cient for feasibility of a set of supplies and demands ina network. Ho�man ([15]) extends this result to feasible circulations. Theinequalities are those generated by considering all bipartitions of the ver-tices of the network. It is assumed that any node may be a supply node,demand node, or transshipment node. The resulting system of inequalitiesis Xi2�Y bi � U(Y;� Y )for all Y � V . This is the system which Wallace and Wets work with, andthe inequalities will be referred to as the Gale-Ho�man inequalities.
12



3. The Wallace-Wets TheoremIn [43], [44], [45], Wallace and Wets examine the system of in-equalities which describe the feasible supplies and demands for a network.The inequalities are the ones given by Gale and Ho�man, and Wallaceand Wets determine the mimimum number of inequalities needed.TheWallace-Wets Theorem gives a characterization of the redun-dant inequalities based on a connectedness criterion. The Gale-Ho�maninequalities can be generated from all possible partitions of the verticesinto two sets. Wallace and Wets prove that the resulting inequality isredundant if and only if the induced subgraph on at least one of the par-titions is not connected. Their theorem is the following.Theorem 3.1 [Wallace-Wets Theorem] For all nonempty Y �V , the associated inequality,Xi2�Y bi � U(Y;� Y )is redundant in the cut system if and only if either G(Y ) or G(� Y ) is notconnected.It is important to note that this theorem applies to the casewhere all supplies must be used and all demands must be met exactly.Thus, the cut system also includes the equation Pi2V bi = 0, or supplyequals demand. For more on this and other aspects of the Wallace-WetsTheorem, see [14].



We present a proof of the Wallace-Wets Theorem for complete-ness and to clarify several of their steps. The su�ciency part of the proofis done by construction. We assume that either G(Y ) or G(� Y ) is notconnected, and we show how to construct the dependency set for the in-equality corresponding to Y . For the necessity part of the proof, we �rstprove a lemma showing that we may restrict our consideration of the right-hand-sides to an arc membership function. We then show that the onlysets which may be used in constructing a redundant inequality are thosewhose cutset arcs are a subset of the cutset arcs of the original set. If bothG(Y ) and G(� Y ) are connected, then there are no sets which have thatcharacteristic. Thus, the original inequality is not redundant.Lemma 3.2 Let Yl de�ne a partition of the vertices. If the in-equality corresponding to Yl is redundant, then the arcs in the union of thecutsets for partitions corresponding to the inequalities in the dependencyset must be exactly the arcs in < Yl;� Yl > :Proof: Since the inequality corresponding to Yl is redundant, there exist�j ; � � 0, j = 1; 2; : : : ; 2jV j; such thatXi 2� Yl bi =Xj 6=l Xi 2� Yj �jbi � �Xi2V bi �Xj 6=l �jU(Yj ;� Yj) � U(Yl;� Yl):Let J be the set of j's such that �j > 0:First, assume there exists a 2< Yl;� Yl > such that a 62< Yj ;�Yj > 8j 2 J . Let a = (�; �) (� 2 Yl; � 2� Yl). We will derive acontradiction. For any j 2 J if � 2 Yj then � 2 Yj (or else a 2< Yj ;�Yj >. Thus, � is in at least as many sets Yj as �, so � is in at most asmany sets � Yj as �. But since � 2� Yl and � 2 Yl, we must have �14



in exactly one more set � Yj than � in order for the left-hand-side of theinequality to work out. So we have a contradiction. Thus, there does notexist a 2< Yl;� Yl > such that a 62< Yj ;� Yj > 8j 2 J . This tells usthat the arcs of the cutset from Yl are a subset of the union of all arcs inthe cutsets from Yj for j 2 J .What we have left to show is that there is no arc in any set< Yj;� Yj >; j 2 J such that the arc is not in < Yl;� Yl >. Leta 2< Yl;� Yl >; a = (�; �) where � 2 Yl; � 2� Yl. If the inequality fromYl is redundant, then the following must be true:Xj : � 2� Yj �j � � = 1Xj : � 2� Yj �j = �where the �rst equation comes from setting b� = 1 and all other bi's tozero, and the second equation comes from setting b� = 1 and all other bi'sto zero. From the two equations above, we get thatXj : � 2� Yj �j � Xj : � 2� Yj �j = 1:This can be rewritten asXj : � 2� Yj� 2 Yj �j + Xj : � 2� Yj� 2� Yj �j � X� 2� Yj� 2 Yj �j � X� 2� Yj� 2� Yj �j = 1:The second and fourth terms cancel. Since the third term is nonnegative,we have Xj:(�;�)2<Yj;�Yj> �j � 1:So the capacity of each edge in < Yl;� Yl > is added in to Pj 6=l �jU(Yj ;�Yj): Therefore, we cannot have a 2< Yj ;� Yj >; j 2 J; and a 62<15



Yl;� Yl > because that would give us Pj 6=l �jU(Yj ;� Yj) > U(Yl;� Yl):We are now ready to prove the Wallace-Wets Theorem. We re-state the theorem for convenience. Note that this theorem holds for boththe directed and undirected cases.Theorem 3.1 For all nonempty Y � V , the associated inequal-ity, Xi2�Y bi � U(Y;� Y )is redundant in the cut system if and only if either G(Y ) or G(� Y ) is notconnected.Proof: We begin with the \if" direction. First, suppose G(Y ) is notconnected. Let Y = Y1 [ Y2 where Y1 \ Y2 = ; and there are no edgesbetween Y1 and Y2 (See Figure 3.1). Since there are no edges between Y1and Y2, we know that < Y1;� Y1 > [ < Y2;� Y2 >=< Y;� Y >. Theinequality from Y isXi2�Y bi � U(Y;� Y ) = U(Y1;� Y1) + U(Y2;� Y2):The inequality from Y1 isXi2�Y1 bi = Xi2Y2 bi + Xi2�Y bi = U(Y1;� Y1):The inequality from Y2 isXi2�Y2 bi = Xi2Y1 bi + Xi2�Y bi = U(Y2;� Y2):Summing, we getXi2Y2 bi + Xi2�Y bi + Xi2Y1 bi + Xi2�Y bi =Xi2Y bi + 2 Xi2�Y bi � U(Y;� Y ):16



&%'$&%'$Y1Y2Y � YFigure 3.1: Illustration of Y and � YSubtracting Pi2V bi = 0 leaves us withXi2�Y bi � U(Y;� Y ):Therefore, the inequality from Y is redundant.Next, suppose G(� Y ) is not connected. Let � Y = Y1 [ Y2where Y1 \ Y2 = ; and there are no edges between Y1 and Y2. Thus,< Y;� Y >=<� Y1; Y1 > [ <� Y2; Y2 >. Again the inequality from Y isXi2�Y bi � U(Y;� Y ) = U(� Y1; Y1) + U(� Y2; Y2):The inequality from � Y1 isXi2Y1 bi � U(� Y1; Y1):The inequality from � Y2 isXi2Y2 bi � U(� Y2; Y2):Summing, we get Xi2Y1 bi + Xi2Y2 bi = Xi2�Y bi � U(Y;� Y ):Therefore, the inequality from Y is redundant.17



We now prove the \only if" direction. We assume that G(Yl)and G(� Yl) are both connected, and we will show that the inequalitycorresponding to Yl cannot be redundant.Let l index the set that is the complement of Yl, that is, Yl =� Yl.Let cj be the arc membership vector for the cut de�ned by Yj (cja = 1 ()a 2< Yj ;� Yj >). Also, let dj be the node membership vector for the setYj (dji = 1 () i 2 Yj). Let Jl = f1; 2; : : : ; 2jV jg n fl; lg: Let e bethe vector of ones. The term �0e will account for being able to subtractmultiples of the equation that states that total supply equals total demand.We want to show that the following system has no solution:cl = Xj 2 Jl �jcj + �lcldl = Xj 2 Jl �jdj + �ldl � �0e;�0; �l; �j � 0 8j 2 Jl:Suppose the system is feasible, and let (��; ��l; ( ��j ; j 2 Jl)) be a solution.Let J+l = fj 2 Jlj ��j > 0g:That is, J+l indexes the inequalities which are used in constructing theredundancy of inequality l.If k 62< Yl;� Yl >, then clk = 0 and so0 = Xj 2 J+l ��jcjk + ��lclk 8k 62< Yl;� Yl > :This equation tells us that cjk = 0 if k 3< Yl;� Yl > and if j 2 J+l .Written another way, this says: k 3< Yl;� Yl >! k 3< Yj ;� Yj > if18



���� ������ ��Yl YlYj��� HHH~Yj �Yj
Figure 3.2: Illustration of ~Yj and �Yjj 2 J+l If we negate the implication, we get that j 2 J+l implies k 2<Yj ;� Yj >! k 2< Yl;� Yl >. This then is the same as sayingj 2 J+l !< Yj ;� Yj >�< Yl;� Yl > :That is, we cannot use any sets whose cutset arcs are not a subset of thearcs in < Yl;� Yl >.For all Yj � V , we de�ne two new sets (see Figure 3.2):~Yj = Yj \ Yl and �Yj = Yj \ Yl:We will show that if Yj is such that either ~Yj is a proper subsetof Yl (; 6= ~Yj 6= Yl) or �Yj is a proper subset of Yl (; 6= �Yj 6= Yl) thenj 62 J+l . That is, then the inequality corresponding to Yj is not used inconstructing the redundancy of inequality l.First we will work with ~Yj. If we write the equation for dli (refer-ring back to the equation for dl) we havedli = Xj 2 Jl ��jdji + ��ldli � ��0ei:19



When i 2 Yl, dli = 1, so we have1 = Xj 2 Jl ��jdji + 0 � ��01 + ��0 = Xj 2 Jl ��jdji 8i 2 Yl:If q 2 J+l and ~Yq is a proper subset of Yl, then either there isan arc from ~Yq to Yl n ~Yq, or there is an arc from Yl n ~Yq to ~Yq. Since< Yq � Yq >�< Yl;� Yl >, there cannot be any arcs from ~Yq to Yl n ~Yq.Hence, there must be an arc from Yl n ~Yq to ~Yq. Let this arc be (i; i0).Now consider any set Yj such that i 2 Yj and j 2 J+l : Since< Yj ;� Yj >�< Yl;� Yl >; we must also have i0 2 Yj : Thus, any set Yjthat contains i must also contain i0. This means that the following mustbe true:1 + ��0 = Xj 2 J+l ��jdji < ��q + Xj 2 J+l ��jdji � Xj 2 J+l ��jdji0 = 1 + ��0;which is a contradiction. Therefore, there is no q 2 J+l with ~Yq a propersubset of Yl.The same argument is used to show that there is not q 2 J+l with�Yq a proper subset of Yl. For this case, note that i 2 Yl ) dli = 0; so wehave the equation 0 = Xj 2 J+l ��jdji + ��l � ��0��l � ��0 = Xj 2 J+l ��jdji 8i 2 Yl:If q 2 J+l and �Yq is a proper subset of Yl; then either there isan arc from �Yq to Yl n �Yq or there is an arc from Yl n �Yq to �Yq. Since20



< Yq � Yq >�< Yl;� Yl >, there cannot be any arcs from �Yq to Yl n �Yq.Hence, there must be an arc from Yl n �Yq to �Yq. Let this arc be (i; i0).Now consider any set Yj such that i 2 Yj and j 2 J+l : Since< Yj ;� Yj >�< Yl;� Yl >; we must also have i0 2 Yj : Thus, any set Yjthat contains i must also contain i0. This means that the following mustbe true:��l � ��0 = Xj 2 J+l ��jdji < ��q + Xj 2 J+l ��jdji � Xj 2 J+l ��jdji0 = ��l � ��0;which is a contradiction. Therefore, there is no q 2 J+l with �Yq a propersubset of Yl.Thus, the only index that could possibly belong to J+l is the onecorresponding to V , say Yp = V . But then we would have1 + ��0 = ��p��0 � ��l = ��p��0; ��l; ��p � 0which is not possible. Thus, J+l must be empty, but then we havedl = ��ldl � ��0e��0; ��l;� 0which is also not possible.Therefore, when G(Y ) and G(� Y ) are both connected,Xi2�Y bi � U(Y;� Y )is never redundant. 21



4. Feasibility in Directed Multicommodity Graphs4.1 PreliminariesThis thesis deals with linear multicommodity 
ows, ignoring in-teger restrictions. We begin by noting that a multicommodity networkwith multiple sources and sinks for each commodity can be transformedinto a multicommodity network that has a single source and sink for eachcommodity. This transformation is analogous to the transformation frommultiple sources/sinks to a single source/sink as given by Ford and Fulk-erson ([9]).Theorem 4.1 A capacitated multicommodity networkN = [V;E;U ] with multiple sources and multiple sinks for each com-modity can be transformed into an equivalent multicommodity networkN 0 = [V 0; E 0; U 0] that has a single source and single sink for each commod-ity.Proof: Let Sk � V and Tk � V be the indices for the set of sources andsinks, respectively, for commodity k. Let bk : V ! < be such that bki = 0for i 62 Sk [ Tk; bki < 0 for i 2 Sk; bki > 0 for i 2 Tk; and P bki = 0 for eachk. Construct N 0 as follows. V 0 = V [ fOk;Dkg; and E 0 = E [f(Ok; i : i 2 Sk); (i : i 2 Tk;Dk)g: U 0(Ok; i) = �bki for i 2 Sk; U 0(i;Dk) =bi for i 2 Tk; and U 0(e) = U(e) for e 2 E: b0Ok = Pi 2 Sk bki ; b0Dk =Pi 2 Tk bki ; b0i = 0 for i 2 V n (Sk [ Tk).



Let x be any feasible 
ow in N . We will construct a feasible
ow x0 in N 0. Let (xke)0 = xke for e 2 E; (xkOk;i)0 = U 0(Ok; i) for i 2Sk; and (xki;Dk )0 = U 0(i;Dk) for i 2 Tk: The capacity constraints aresatis�ed for all edges by de�nition. We also need 
ow conservation ateach node. Pi(xki;j)0 � Pi(xkj;i)0 = Pi xki;j � Pi xkj;i = 08k for i 2 V n(Sk [ Tk): Pi 2 Sk (xkOk;i)0 = Pi 2 Sk �bki = �b0Ok8k: Pi 2 Tk(xki;Dk)0 =Pi 2 Tk bki = b0Dk8k: Pj(xkj;i)0 �Pj(xki;j)0 = (xkOk;i)0 +Pj xkj;i �Pj xki;j =�bki + bki = 08k for i 2 Sk: Pj(xkj;i)0 � Pj(xki;j)0 = Pj xkj;i � (Pj xki;j +(xki;Dk )0) = bki � bki = 08k for i 2 Tk: Therefore, x0 is feasible in N 0:Conversely, let x0 be any feasible 
ow in N 0: We will constructa feasible 
ow x in N . Let xke = (xke)0 for e 2 E: Since U 0(e) = U(e)for e 2 E; Pk xke = Pk(xke)0 � U 0e = Ue: So the capacity constraints aresatis�ed. Pi xki;j�Pi xkj;i =Pi(xki;j)0�Pi(xkj;i)0 = 08k for i 2 V n(Sk[Tk):If i 2 Sk then Pj(xkj;i)0 � Pj(xki;j)0 = (xkOk; i)0 + Pj xkj;i � Pj xki;j = 0) Pj xkj;i �Pj xki;j = bki : If i 2 Tk then Pj(xkj;i)0 �Pj(xki;j)0 = Pj xkj;i �Pj xki;j � (xki;Dk)0 = 0 ) Pj xkj;i �Pj xki;j = bki : Therefore, x is feasible inN: We illustrate this theorem with the following example.Example The following graph illustrates the addition of super-origins andsuper-destinations for each commodity.
23
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r rr@@@@@�����@@@@@����� @@@@@@@@@@����������O2O1 D1D2s22 = 4s12 = 3s21 = 2s11 = 1 t21 = 4t11 = 3t22 = 2t12 = 1For this example, node O1 has a supply of 4 (s11 + s12) and nodeO2 has a supply of 6 (s21 + s22). Placing a capacity of 1 on edge (O1; s11)and a capacity of 3 on edge (O1; s12) will insure that nodes s11 and s12 willsend the proper amounts of commodity 1. Similarly, we place a capacityof 2 on edge (O2; s21) and a capacity of 4 on edge (O2; s22).Node D2 has a demand of 6 (t21+ t22) and node D1 has a demandof 4 (t11 + t12). Placing a capacity of 4 on edge (t21;D2) and a capacity of2 on edge (t22;D2) will insure that nodes t21 and t22 will receive the properamounts of commodity 2. Similarly, we place a capacity of 3 on edge(t11;D1) and a capacity of 1 on edge (t12;D1).Thus, we see that any 
ow that is feasible in the original networkis feasible in the new network, and vice versa.Note that this theorem holds whether the graph is directed orundirected. For the remainder of this thesis we will assume, without loss24



of generality, that each commodity has a single origin and a single desti-nation.4.2 The SystemWallace and Wets work with a system of inqualities which de�nefeasibility for a set of supplies and demands when the supply and demandnodes are not known a priori. We wish to develop an analogous systemfor the multicommodity case, and then we will characterize the redundantinequalities in that system.If the source and sink is known for each commodity, then a nec-essary condition for feasibility of a set of demands q isX(qk : 1 � k � p; sk 2 Y; tk 2� Y ) � U(Y;� Y ) 8Y � V:This condition is su�cient for the classes of graphs identi�ed by Nag-amochi and Ibaraki (see Chapter 2). In order to place this condition inthe Wallace and Wets setting, we need to generalize this condition for thecase where the supply and demand nodes are not know a priori.Looking at the system for a single commodity,Xi2�Y bi � U(Y;� Y ) 8Y � V;one might guess that the system for multicommodities can be obtained bysimply summing over each commodity. The resulting system ispXk=1 Xi2�Y bki � U(Y;� Y ) 8Y � V:The following example shows that this is not enough.25



Example g g-�b11b21b31 b12b22b32u1u2The inequalities are:Y = f1g : b12 + b22 + b32 � u1Y = f2g : b11 + b21 + b31 � u2This system allows for b11 = �1; b21 = �1; b31 = 1; b12 = 1; b22 = 1;b32 = �1; and u1 = 1; u2 = 1: However, it is easily seen that this set ofdemands and capacities are not feasible. Thus, we try a stronger system.We actually need to sum over all possible combinations of com-modities. This results inXk2K Xi2�Y bki � U(Y;� Y ) 8Y � V;8K;where K is a nonempty set of commodities. This condition gives us thedesired system.Theorem 4.2 The set of inequalitiesXk2K Xi2�Y bki � U(Y;� Y ) 8Y � V;8Kis a necessary condition for feasibility of b, the vector of demands.Proof: We start with the system of constraints for a directed multicom-modity 
ow problem,Xjj(j;i)2Axkji � Xjj(i;j)2Axkij = bki 8i26



pXk=1xkij � uij 8i; jxkij � 0 8k; i; jand we want to show that this system implies the inequalityXk2K Xi2�Y bki = U(Y;� Y ):Recall that U(Y;� Y ) = P(j;i):j2Y;i2�Y uji:We begin by working with the �rst constraint in the multicom-modity 
ow problem. First, we sum both sides of the equation over i 2� Yto obtain Xi2�Y bki = Xi2�Y ( Xjj(j;i)2Axkji � Xjj(i;j)2Axkij):We next sum both sides over k 2 K, obtainingXk2K Xi2�Y bki = Xk2K Xi2�Y ( Xjj(j;i)2Axkji � Xjj(i;j)2Axkij):= Xk2K Xi2�Y Xjj(j;i)2Axkji � Xk2K Xi2�Y Xjj(i;j)2Axkij= Xk2K(Xi2�Yj2Y xkji + Xi2�Yj2�Y xkji � Xi2�Yj2Y xkij � Xi2�Yj2�Y xkij)= Xk2K Xi2�Yj2Y xkji �Xk2K Xi2�Yj2Y xkij:Since xkij � 0, we now haveXk2K Xi2�Y bki � Xk2K Xi2�Yj2Y xkji:Now if we work with the second constraint in the multicommodity 
owproblem, again using the constraint that xkij � 0, we haveXk2K xkji � pXk=1 xkji � uji:27



This gives us Xj2Yi2�Y Xk2K xkji � Xj2Yi2�Y uji = U(Y;� Y ):This gives us our desired inequality,Xk2K Xi2�Y bki � U(Y;� Y ):The next lemma relates this system to the system of inequali-ties for a directed multicommodity graph when the sources and sinks areknown a priori.Lemma 4.3 The set of inequalitiesXk2K Xi2�Y bki � U(Y;� Y ) 8Y � V;8Kcontains the set of inequalitiesX(qk : 1 � k � p; sk 2 Y; tk 2� Y ) � U(Y;� Y ) 8Y � V:Proof: We know that qk = bktk = �bksk and bki = 0 for i 6= sk; tk for allk. We have a set of inequalities for each set of commodities; in particular,pick K 0 such that 8k 2 K 0, sk 2 Y and tk 2� Y . So our system containsthe inequalities Xk2K0 Xi2�Y bki � U(Y;� Y ) 8Y � V:The left side of this inequality has bki for i = tk and bki = 0 for all otheri 2� Y . For i = tk; bki = qk; so the summation yields Pk2K0 qk:We now have a system of linear inequalities which serve as anecessary condition for feasibility of multicommodity 
ows in a directed28



graph when the supply and demand nodes are not known a priori. In thenext section, we will extend the Wallace-Wets Theorem to this system.4.3 Redundancy TheoremThe Wallace-Wets Theorem extends quite naturally to the di-rected case. Using the system from the previous section, along with therequirement that supply equals demand for each commodity, we are ableto characterize the redundancy in the system. This characterization isthe same as the Wallace-Wets characterization for the single commoditysystem with one exception. For our system we need to separate the casesof U(Y;� Y ) = 0 and U(� Y; Y ) = 0.Theorem 4.4 [Redundancy Theorem for Directed Graphs] LetG be a connected, capacitated, directed, multicommodity graph with pcommodities, where each commodity has one origin and one destination.(1) If U(Y;� Y ) > 0 and U(� Y; Y ) > 0, then the inequality corre-sponding to the cut < Y;� Y >;Xk2K Xi2�Y bki � U(Y;� Y ) 8K;is redundant in the cut system if and only if either G(Y ) or G(� Y )is not connected.(2) If U(Y;� Y ) = 0 (connectedness of the graph then implies thatU(� Y; Y ) > 0), then all sets K with more than one element yieldredundant inequalities. The inequalitiesXi2�Y bki � U(Y;� Y ) 8k29



are redundant in the cut system if and only if either G(Y ) or G(� Y )is not connected.(3) If U(� Y; Y ) = 0 (connectedness of the graph then implies thatU(Y;� Y ) > 0), then all sets K yield redundant inequalities exceptfor K = f1; 2; : : : ; pg: The inequalitypXk=1 Xi2�Y bki � U(Y;� Y )is redundant in the cut system if and only if either G(Y ) or G(� Y )is not connected.Proof:(1) We will �rst prove the \if" direction. Assume that one of G(Y )and G(� Y ) is not connected.Case 1: G(Y ) is not connected.Let Y = Y1[Y2 where Y1\Y2 = ; and there are no edges betweenY1 and Y2.We examine the inequalitiesXk2K Xi2�Y bki � U(Y;� Y ) 8K:The inequalities from Y1 areXk2K Xi2�Y1 bki = Xk2K Xi2Y2 bki + Xk2K Xi2�Y bki � U(Y1;� Y1) 8K:The inequalities from Y2 areXk2K Xi2�Y2 bki = Xk2K Xi2Y1 bki + Xk2K Xi2�Y bki � U(Y2;� Y2) 8K:Summing these inequalities givesXk2KXi2Y bki+2Xk2K Xi2�Y bki � U(Y1;� Y1)+U(Y2;� Y2) = U(Y;� Y ) 8K:30



Subtracting Pk2KPi2V bki = 0 givesXk2K Xi2�Y bki � U(Y;� Y ) 8K:Thus, those inequalities are redundant.Case 2: G(� Y ) is not connected.Let � Y = Y1 [ Y2 where Y1 \ Y2 = ; and there are no edgesbetween Y1 and Y2. We examine the inequalitiesXk2K Xi2�Y bki � U(Y;� Y ) 8K:The inequalities from � Y1 areXk2K Xi2Y1 bki � U(� Y1; Y1) 8K:The inequalities from � Y2 areXk2K Xi2Y2 bki � U(� Y2; Y2) 8K:Summing these two inequalities givesXk2K(Xi2Y1 bki+Xi2Y2 bki ) = Xk2K Xi2�Y bki � U(� Y1; Y1)+U(� Y2; Y2) = U(Y;� Y ) 8K:Thus, the inequalities are redundant.These proofs are su�ciently general to hold for U(Y;� Y ) � 0.Thus, we have also proved the \if" direction for (2) as well.We now prove the \only if" direction. We assume that an in-equality is redundant, and we will show that at least one of thecorresponding graphs is not connected. IfXk2K0 Xi2�Yq bki � U(Yq;� Yq)31



is redundant, then it is a nonnegative combination of linear in-equalities from sets other than Yq. To see this, assume that theabove inequality is a nonnegative combination of linear inequal-ities in the cut system, some of which may be generated by theset Yq. Clearly the only way the inequality can be a nonnega-tive combination of inequalities generated only by the set Yq isif U(Y;� Y ) = 0: This exception is treated in part (2) of thetheorem. So the dependency set must contain at least one in-equality generated by a set other than Yq: However, it may notcontain any edges not in < Yq;� Yq > : We assume that G(Yq)and G(� Yq) are both connected, and we will derive a contradic-tion. First we will show that an inequality from Ys, Ys\ � Yq 6= ;;Ys\ � Yq 6=� Yq; cannot be in the dependency set. Since G(� Yq)is connected, there is an edge in < Yj;� Yq=Yj > or there isan edge in <� Yq=Yj ; Yj > : If the former is true, we are donewith this case. If the former is false, then the latter is true. Callthe edge (�; �): Sine � and � must be counted an equal numberof times, there must be some set, containing � and not contain-ing �; whose corresponding inequality is in the dependency set.But then this cutset contains the edge (�; �); which is not possi-ble. Thus, an inequality corresponding to Ys with Ys\ � Yq 6= ;;Ys\ � Yq 6=� Yq; cannot be in the dependency set. The same canbe shown for a set Yt with Yt \ Yq 6= ;; Ys \ Yq 6= Yq: The onlyremaining possibility is that an inequality corresponding to � Yqis in the dependency set. This can only occur if U(� Yq; Yq) = 0;32



which is handled in part (3) of the theorem. Thus, we have shownthat the redundant inequalityXk2K0 Xi2�Yq bki � U(Yq;� Yq)must be a nonnegative combination of linear inequalities from setsother than Yq: That is, 9� 2 <2jV j+ such thatXk2K0 Xi2�Yq bki =Xs6=q �s Xk2K0 Xi2�Ys bki = Xk2K0Xs6=q �s Xi2�Ys bki :Note that the above equation holds for all b. In particular, for anychoice of k, we can set bji to be zero for all i and for all j 6= k.Therefore, Xi2�Yq bki =Xs6=q �s Xi2Ys bkifor each k. This gives us thatXi2�Yq bki � U(Yq;� Yq)is redundant in the cut system for each commodity k. Thus, eachinequality corresponding to Yq is redundant for each commodityk. We can now apply the Wallace-Wets Theorem to conclude thateither G(Yq) or G(� Yq) is not connected.(2) Assume U(Y;� Y ) = 0: We have the inequalitiesXi2�Y bki � U(Y;� Y ) = 0 8k:Summing over k 2 K : jKj > 1 givesXk2K Xi2�Y bki � 0 = U(Y;� Y ) 8K : jKj > 1:33



Thus, the inequalitiesXk2K Xi2�Y bki � U(Y;� Y ) 8K : jKj > 1are always redundant when U(Y;� Y ) = 0.(3) Assume U(� Y; Y ) = 0: Let K 0 be any proper subset of the com-modities. We will show that the inequalityXk2K0 Xi2�Y bki � U(Y;� Y )is redundant.From the set � Y; we have the inequalitiesXk2KXi2Y bki � U(� Y; Y ) = 0 8K:In particular, if Kp is the set of all commodities, we have theinequality Xk2Kp=K0Xi2Y bki � 0:Since Pi2Y bki = �Pi2�Y bki ; this gives us� Xk2Kp=K0 Xi2�Y bki � 0:Adding this to the inequalityXk2Kp Xi2�Y bki � U(Y;� Y )results in the original inequality.We note that when p = 1 (one commodity) this system reducesto the system used by Wallace and Wets. The inequality for the set Ybecomes Pi2�Y bi � U(Y;� Y ).We proceed now to the undirected case, which is not as straight-forward as the directed case. 34



5. Feasibility in Undirected Multicommodity Graphs5.1 The Absolute Value SystemWewill now work with undirected multicommodity graphs, mean-ing that the edges are not oriented and 
ow may travel in either directionon an edge. In particular, 
ow from di�erent commodities may travel inopposite directions on the same edge. In working towards an extensionof the Wallace-Wets Theorem to the undirected multicommodity case, weneed to have a system of inequalities which is a necessary condition forfeasible demands (and which will be su�cient for the cases discussed inChapter 2). The traditional system of cut inequalities,X(qk : 1 � k � p; Y separates sk and tk) � U(Y;� Y ) 8Y � V;assumes that the origin and destination nodes for each commodity areknown a priori. We need to develop a system in which the origin anddestination nodes do not need to be known a priori. As a �rst attempt,one might try generalizing the single commodity cut system by summingover all commodities, as in the directed case. If we use the system fromthe directed case, we have: Xi2V bki = 0 8kXk2K Xi2�Y bki � U(Y;� Y ) 8Y � V;8K:However, this system is not restrictive enough in the undirectedcase. Consider the following graph.



r rub11b21 b12b22The above system would give rise to the following set of inequalities:b11 + b12 = 0b21 + b22 = 0Y = f1g : K = f1g : b12 � uK = f2g : b22 � uK = f1; 2g : b12 + b22 � uY = f2g : K = f1g : b11 � uK = f2g : b21 � uK = f1; 2g : b11 + b21 � uThis system allows for b11 = 1; b12 = �1; b21 = �1; b22 = 1; and u = 1.However, we can easily see that this set of demands, along with the givencapacity, is not feasible. In order to satisfy the demands, we would have tosend a total of 2 units of 
ow across the edge, when only 1 unit is allowed.The problem is that at each node, the demand for one commodity cancelswith the supply for the other commodity.This problem is alleviated by taking the absolute value of thesum of the bi's for each commodity. That is, we use the systemXi2V bki = 0 8k36



pXk=1 jXi2Y bki j � U(Y;� Y ) 8Y � V:Now the system for the above graph is:b11 + b12 = 0b21 + b22 = 0Y = f1g : jb12j+ jb22j � uY = f2g : jb11j+ jb21j � uWe see that the set of bki 's that was feasible in the old system is notfeasible in this system. In fact, this gives us the correct system for everymulticommodity graph, as the next theorem shows.Note that we do not need to sum over k 2 K because the in-equalities corresponding to sets K other than the full set of commoditieswill be dominated by the inequality above. For example, for the graph inthe above example, we would getY = f1g : K = f1g : jb12j � u;which is dominated by the inequality obtained by summing over all com-modities.Theorem 5.1 The set of inequalitiespXk=1 jXi2Y bki j � U(Y;� Y ) 8Y � Vis equivalent to the set of inequalitiesX(qk : 1 � k � p; Y separates sk and tk) � U(Y;� Y ) 8Y � V:37



Proof: Since qk = bktk = �bksk and bki = 0 for i 6= sk; tk for all k, we willtreat separately the cases when Y does and does not separate sk and tk.Case 1: Y does not separate sk and tk.Then sk and tk are either both in Y or both in � Y . If sk andtk are both in Y , then jXi2Y bki j = jbksk + bktkj = 0:If sk and tk are both in � Y , then bki = 0 8i 2 Y . Therefore, if sk andtk are not separated, then Pi2Y bki = 0:Case 2: Y does separate sk and tk.Then either sk 2 Y or tk 2 Y , but not both. bki = 0 for all otheri 2 Y . Then jXi2Y bki j = bktk = qk:Thus, the absolute value inequality is equivalent to limiting Yto sets that separate sk and tk, in which case the two inequalities are thesame. This system of inequalities, which we will refer to as the cutsystem, has many properties which are not common to a general systemof absolute value inequalities. First, we know that every inequality inthe cut system contains absolute values. Further, for a given inequality,the number of terms within each absolute value is the same, and it isequal to the cardinality of the set Y . So, for example, we cannot havejx1j+ jx2 + x3j � u in a cut system. Similarly, each inequality in the cutsystem has the same number of absolute value terms, which is equal tothe number of commodities. That is, we cannot have both jx1j � u and38



jx1j+jx2j � u in the same system. Additionally, a term that appears insideof one absolute value will not appear anywhere else in that inequality.That is, we cannot have jx1+ x2j+ jx2+x3j � u in a cut system. Finally,we note that the coe�cients on all terms within the absolute values, as wellas on the absolute value quantities themselves, are 0-1, and the right-handside is always nonnegative. These observations lead us to some lemmasabout the cut system.An absolute value inequality from the cut system is equivalent toa system of 2p linear inequalities. We can express the jth linear inequalityas pXk=1 �kjXi2Y bki � U(Y;� Y );where �kj 2 f�1; 1g: In the proof of the next lemma, we will simply writeU for U(Y;� Y ). To illustrate the equivalent system of linear inequalities,consider the following absolute value inequality:jx1 + x2j+ jx3 + x4j � u:The corresponding system of linear inequalities is:x1 + x2 + x3 + x4 � u�(x1 + x2) + x3 + x4 � ux1 + x2 � (x3 + x4) � u�(x1 + x2) +�(x3 + x4) � u:We will sometimes refer to this system as a family of linear inequalities.We next show that we cannot obtain an inequality in this system as anonnegative combination of only other inequalities in this system.39



Lemma 5.2 The family of linear inequalities corresponding toa given absolute value inequality from the cut system is internally nonre-dundant.Proof: Consider the jth linear inequality corresponding to a given abso-lute value inequality: pXk=1 �kjXi2Y bki � U:Reverse the sense of the inequality and make it strict:pXk=1 �kj Xi2Y bki > U:The system with this new inequality in place of the old one is feasible ifand only if the old inequality is nonredundant. We will construct a feasiblesolution to the reversed system:8i 2 Y; bki = 8>><>>: UjY j�p�1 if �kj = 1�UjY j�p�1 if �kj = �1Then pXk=1 �kjXi2Y bki = jY j � pjY j � p � 1U > U:Further, changing any �kj from 1 to -1 or from -1 to 1 decreasesthe sum by UjY j�p�1 , making it equal to U . Thus, this b satis�es all of thelinear inequalities in this family, so the jth inequality is not implied bythe others.This lemma does not hold for the linear system corresponding toa general absolute value inequality. The following example will illustratethis. 40



Example Consider the inequalityjx1j+ jx2j+ jx1 + x2j � uA partial enumeration of the corresponding linear inequalities gives:x1 + x2 + x1 + x2 � u) 2x1 + 2x2 � u�x1 + x2 + x1 + x2 � u) 2x2 � u�x1 � x2 + x1 + x2 � u) 0 � ux1 + x2 � x1 � x2 � u) 0 � uThe last two inequalities are copies of each other. Thus, this system is notinternally nonredundant.We can also make some observations about an inequality whichis known to be redundant.Lemma 5.3 A redundant linear inequality cannot be formed asa nonnegative combination of linear inequalities which are all from onefamily, di�erent from the family of the redundant linear inequality.Proof: Let aiq be the node membership function for the set Yq: aiq =1 i� i 2 Yq: Let ceq be the edge membership function for the cut de�nedby Yq: ceq = 1 i� e 2< Yq;� Yq > : We want to show thatpXk=1 �kj Xi2V aiqbki � U(Yq;� Yq) = Xe2E ceqUecannot be formed asXr �r pXk=1 �krXi2V aitbki � U(Yt;� Yt) = Xe2E cetUe; (�r � 0;Xr �r = 1; �j = 0):41



Assume the two inequalities are equal. Then ctPr �r = cq: This givesus that Pr �r = 1 and ct = cq: If the network is connected then eitherYt = Yq or Yt =� Yq: Since this is not possible, the two inequalities cannotbe equal.Lemma 5.4 If a linear inequality from the cut system is redun-dant, then it is redundant for each commodity.Proof: If pXk=1 �kj Xi2V aiqbki � U(Yq;� Yq)is redundant, then it is a nonnegative combination of linear inequalitiesfrom sets other than q. That is, 9� 2 <2p � 2jV j+ such thatpXk=1 �kj Xi2V aiqbki =Xr Xs6=q �rs pXk=1 �krXi2V aisbki = pXk=1Xr Xs6=q �rs�krXi2V aisbki :Note that the above equation holds for all b. In particular, for any choiceof k, we can set bji to be zero for all i and for all j 6= k.Therefore,�kjXi2V aiqbki =Xr Xs6=q �rs�krXi2V aisbki for each k:Which gives us that �kjXi2V aiqbki � U(Yq;� Yq)is redundant in the cut system for commodity k.5.2 Redundancy TheoremWe have seen many characteristics of single commodity 
ows thatdo not extend to the case of multicommodity 
ows. The question whichmotivated this thesis was whether the Wallace-Wets Theorem holds in the42



multicommodity case. In this section we prove that using the absolutevalue system, the Wallace-Wets Theorem can be extended to undirectedmulticommodity graphs.In what follows, we assume the cut system to bepXk=1 jXi2Y bki j � U(Y;� Y ) 8Y � VXi2V bki = 0 (k = 1; : : : ; p):Theorem 5.5 [Redundancy Theorem for Undirected Graphs]Let G be a connected, capacitated, undirected, multicommodity graphwith p commodities, where each commodity has one origin and one desti-nation.(1) Only one of the pair of inequalitiespXk=1 jXi2Y bki j � U(Y;� Y )pXk=1 j Xi2�Y bki j � U(Y;� Y )is ever necessary. That is, we need only consider the inequality fromY or � Y , but not both.(2) The inequality corresponding to the cut < Y;� Y >,pXk=1 j Xi2�Y bki j � U(Y;� Y );is redundant in the cut system if and only if either G(Y ) or G(� Y )is not connected (Y 6= ;;� Y 6= ;).43



Proof:(1) Since Pi2V bki = 0 (k = 1; : : : ; p); we have that Pi2Y bki =�Pi2�Y bki : Therefore,pXk=1 jXi2Y bki j = pXk=1 j � Xi2�Y bki j = pXk=1 j Xi2�Y bki j:So only one of each pair of inequalities is needed.(2) We will �rst prove the \if" direction. If G(Y ) and G(� Y ) are notboth connected, we may assume, without loss of generality, thatG(� Y ) is not connected. Let � Y = Y1 [ Y2 where Y1 \ Y2 = ;and there are no edges between Y1 and Y2. We will show thatthe inequality from Y is dominated by the sum of the inequalitiesfrom � Y1 and � Y2.The inequality from Y ispXk=1 j Xi2�Y bki j = pXk=1 jXi2Y1 bki+Xi2Y2 bki j � U(Y;� Y ) = U(Y; Y1)+U(Y; Y2):The inequality from � Y1 ispXk=1 jXi2Y1 bki j � U(Y1;� Y1):The inequality from � Y2 ispXk=1 jXi2Y2 bki j � U(Y2;� Y2):Summing the inequalities from � Y1 and � Y2; we getpXk=1(jXi2Y1 bki j+ jXi2Y2 bki j) � U(Y1;� Y1) + U(Y2;� Y2):However, since there are no edges between Y1 and Y2 we get thatU(Y1;� Y1) + U(Y2;� Y2) = U(Y1; Y ) + U(Y2; Y ): ThuspXk=1 j Xi2�Y bki j � pXk=1(jXi2Y1 bki j+ jXi2Y2 bki j) � U(Y;� Y ):44



We next prove the \only if" direction. If the qth inequalitypXk=1 j Xi 2� Yq bki j � U(Yq;� Yq)is redundant, then some linear inequality (of the 2p correspondingto it) is redundant. Assume it is the jth linear inequality. ByLemma 5.4, if the jth inequality is redundant, then it is redun-dant for some single commodity. At this point, we can apply theWallace and Wets Theorem (Theorem 3.1) to this inequality, andwe conclude that either G(Yq) or G(� Yq) is not connected.We note that when p = 1 (one commodity), the system of ab-solute value inequalities reduces to the same system of linear inequalitiesthat is used in the Wallace-Wets Theorem. We get that the inequalityfrom set Y is j Xi2�Y bij � U(Y;� Y ):This is equivalent to the following two linear inequalities,Xi2�Y bi � U(Y;� Y )� Xi2�Y bi =Xi2Y bi � U(Y;� Y );which are the inequalities that Wallace and Wets would generate fromthe sets Y and � Y . Thus, if p = 1, our theorem is equivalent to theWallace-Wets Theorem.
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ExampleWe illustrate the preceeding theorem using the following graph.
r rr rr���@@@ 2154 3u1u2u3u4 u5u6Assume there are p commodities. The inequalities from Y =f1; 2; 3g and Y = f1; 2; 5g, as well as others, are nonredundant. BothG(Y ) and G(� Y ) are connected. The inequality from Y = f1; 2; 3g ispXk=1 jbk4 + bk5j � u2 + u3 + u6:Y = f2; 4; 5g is an example of G(Y ) connected but G(� Y ) notconnected. The (redundant) inequality ispXk=1 jbk1 + bk3j � u1 + u3 + u5 + u6:To construct the inequalities which dominate this one, let Y1 = f1g andY2 = f3g: The inequality from � Y1 ispXk=1 jbk1j � u1 + u3:The inequality from � Y2 is pXk=1 jbk3j � u5 + u6:46



Summing these givespXk=1(jbk1j+ jbk3j) � u1 + u3 + u5 + u6which dominates the inequality from Y .Finally, Y = f3; 5g is an example of G(Y ) and G(� Y ) both notconnected, so the inequality from Y is redundant.5.3 Some Building BlocksThis section contains two types of results. The �rst several the-orems demonstrate how our knowledge of redundant inequalities for onegraph may be used to determine redundant inequalities for a related graph.The last several theorems count the number of redundant or nonredun-dant inequalities in general and for some speci�c graphs. These theoremsgive a measure of the usefulness of the Redundancy Theorem.As a corollary to the Redundancy Theorem, we see that anyinequality that is redundant in a graph is redundant in all graphs formedby removing only edges from the original graph.Theorem 5.6 [Corollary to Redundancy Theorem] IfG0 = [V;E 0]; E 0 � E; then any inequalities that are redundant for Gare redundant for G0.Proof: If either G(Y ) or G(� Y ) is not connected in G, then it is alsonot connected in G0.
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Example To illustrate, consider the following graphs G and G0:r rr r r rr r@@@@@41 32 41 32G G0We see that G and G0 have the same vertex set, and that theedge set of G0 is a subset of the edge set of G. The set Y = f1; 3g givesa redundant inequality in G because G(� Y ) is disconnected. The sameset also gives a redundant inequality in G0.However, if we allow G0 to be any subgraph of G, that is, if weallow the vertex set of G0 to be a proper subset of the vertex set of G,then the corollary is not true. To illustrate, consider the following graphsG and G0. r rr r r rr@@@@@ @@@@@41 32 41 3G G0Now the set Y = f1; 3g gives a redundant inequality for G, butnot for G0. 48



Corollary 5.7 If G = [V;E], G0 = [V;E 0]; G00 = [V;E 00]; : : : isa sequence of graphs such that E � E 0 � E 00 � : : : ; then the numberof nonredundant inequalities for G is at least as large as the number ofnonredundant inequalities for G0, which is at least as large as the numberof nonredundant inequalities for G00:Proof: By Theorem 5.6, every inequality which is redundant for G isalso redundant for G0. Every inequality which is redundant for G0 is alsoredundant for G00, and so on.In order to use the Redundancy Theorem, we must �nd all ver-tex partitions Y of V such that G(Y ) and G(� Y ) are both connected.However, if we have already done this for two graphs and we then form anew graph by joining the �rst two in a speci�c way, then we may not haveto recompute which sets give necessary inequalities. We may be able to�nd all the necessary inequalities through appropriate combinations of thesets we already have. One speci�c way of combining two graphs is with abridge, that is, an edge joining one vertex of the �rst graph to one vertexof the second graph. Then we can �nd all the necessary inequalities forthe new graph by combining the entire vertex set of each original graphwith one of the vertex partitions from the other original graph which isalready known to give a necessary inequality for that graph.Theorem 5.8 Let G1 = [V1; E1], G2 = [V2; E2] be connectedgraphs, V1 TV2 = ;. Let G = G1 SG2S(v1; v2) = [V;E], where v1 2V1 and v2 2 V2 (See Figure 5.1). Let N1 = fN11 ; N21 ; : : : ; Nn11 g be thecollection of vertex partitions which give nonredundant inequalities forthe graph G1. Let N2 = fN12 ; N22 ; : : : ; Nn22 g be the collection of vertex49



&%'$&%'$r rv1 v2G1 G2Figure 5.1: Graph with a bridgepartitions which give nonredundant inequalities for the graph G2. Thevertex partitions which give nonredundant inequalities for the graph Gare V1[fN i2 2 N2 : v2 2 N i2g andV2[fN i1 2 N1 : v1 2 N i1g and V1:Proof: By construction, the induced subgraphs on each of the sets listedabove and each of their complements are connected. We need to show thatthere are no other vertex partitions of V (Y S � Y = V; Y T � Y = ;)such that G(Y ) and G(� Y ) are both connected. We have already usedall partitions which completely contain either V1 or V2. The only otherpossibility is that Y contains a proper subset of vertices from both V1 andV2. That is, Y = Y1 SY2, where Y1 � V1; Y1 6= ;, and Y2 � V2; Y2 6= ;. Ifv1 2 Y and v2 62 Y , then G(Y ) and G(� Y ) must both be disconnectedsince neither contains the edge (v1; v2), the only edge joining vertices ofV1 and V2. The same is true if v1 62 Y and v2 2 Y: If v1; v2 2 Y then it ispossible that G(Y ) is connected, but G(� Y ) is necessarily disconnected.If v1; v2 2� Y , then it is possible that G(� Y ) is connected, but G(Y )is necessarily disconnected. Thus, there are no other partitions of G withG(Y ) and G(� Y ) both connected.50



A similar result holds if G has an articulation vertex. That is,G is the union of two graphs G1 and G2 that share a common vertex v,but no common edges. The one di�erence is that in this case V1 gives anonredundant inequality only if G2 n v is connected.Theorem 5.9 Let G1 = [V1; E1], G2 = [V2; E2] be connectedgraphs with E1TE2 = ;; V1TV2 = fvg. Let G = G1SG2. Let N1 =fN11 ; N21 ; : : : ; Nn11 g be the collection of vertex partitions which give nonre-dundant inequalities for the graph G1. Let N2 = fN12 ; N22 ; : : : ; Nn22 g bethe collection of vertex partitions which give nonredundant inequalities forthe graph G2. The vertex partitions which give nonredundant inequalitiesfor the graph G are V1[fN i2 2 N2 : v 2 N i2g andV2[fN i1 2 N1 : v 2 N i1g:Proof: By construction, the induced subgraphs on each of the sets listedabove and each of their complements are connected. We need to show thatthere are no other vertex partitions of V (Y S � Y = V; Y T � Y = ;)such that G(Y ) and G(� Y ) are both connected. We have already usedall partitions which completely contain either V1 or V2. The only otherpossibility is that Y contains a proper subset of vertices from both V1 andV2. That is, Y = Y1SY2, where Y1 � V1; Y1 6= ;, and Y2 � V2; Y2 6= ;.If v 2 Y , then G(� Y ) is necessarily disconnected. If v 62 Y , then G(Y )is necessarily disconnected. Thus, there are no other partitions of G withG(Y ) and G(� Y ) both connected.We now know that when checking the necessary conditions for51



feasibility of a multicommodity graph, we need only check inequalitiescorresponding to sets Y which have both G(Y ) and G(� Y ) connected. Dowe really see much reduction when we discard inequalities correspondingto sets Y which have either G(Y ) or G(� Y ) (or both) disconnected? Thefollowing theorem gives a lower bound on the amount of reduction.Theorem 5.10 Let G be a graph on n vertices, and let thedegree of the minimum degree vertex be �(G): Then using the RedundancyTheorem results in a reduction of at leastn�1��(G)Xi=1 0BB@ n� 1� �(G)i 1CCA = 2n�1��(G) � 1absolute value inequalities that must be checked for feasibility.Proof: We want to count the number of disconnected induced subgraphsof G. However, if G0 = [V 0; E 0] is a disconnected induced subgraph andG00 = [V 00; E 00] is also an induced subgraph, with V 00 = V n V 0; then weonly want to count one of that pair. A lower bound on this number canbe computed by forming all sets consisting of the minimum degree vertex,v, and at least one vertex not adjacent to v. We count that by takingcombinations of one or more of the n� 1� �(G) vertices that are neitherv nor adjacent to v.Corollary 5.11 If G is a complete graph, then no reduction isprovided by the Redundancy Theorem.We note that the above bound is tight for the class of graphsthat have an induced subgraph on n� 1 nodes which is complete.Sometimes it makes more sense to look at how many inequalitiesare left to be checked after applying the Redundancy Theorem, rather52



than how much reduction was realized. Note that without this theorem,we would always have to check an exponential number of inequalities. Forsome special cases, we can show that after applying the theorem, we onlyneed to check a linear number of absolute value inequalities. That is,there are a linear number of partitions of the vertices so that the inducedsubgraphs on both partitions are connected.Theorem 5.12 If G is a tree on n vertices, then n� 1 absolutevalue inequalities are needed.Proof: Removing any edge from a tree disconnects the graph. Removingany more than one edge separates the graph into more than two com-ponents. Thus, the only partitions of the vertices so that the inducedsubgraphs on both partitions are connected are those that consist of allthe vertices on one side of a particular edge. Since a tree on n verticeshas n� 1 edges, there are n� 1 partitions which meet the stated criteria.Hence, there are n� 1 necessary inequalities.We also know of a case when a quadratic number of inequalitiesneed to be checked.Theorem 5.13 If G is a cycle on n vertices, then 12n(n � 1)absolute value inequalities are needed.Proof: There are connected subgraphs on 1; 2; : : : ; n�1 nodes, and thereare n connected subgraphs of each size. The subgraph on the complementof each of these node sets is also connected. However, since we want tocount each graph and its \complement" only once, we must divide thetotal number of connected subgraphs by two. Thus, there are 12n(n � 1)53



partitions of V such that both G(Y ) and G(� Y ) are connected.If a graph contains a bridge or an articulation vertex, as in The-orem 5.8 and Theorem 5.9 then we can �nd the number of necessaryinequalities just by looking at the subgraphs on either side of the bridgeor articulation vertex.Theorem 5.14 Let G be a graph with a bridge, such as de-scribed in Theorem 5.8. The number of nonredundant inequalities isn1+n2+1, where n1 and n2 are the number of nonredundant inequalitiesfor graphs G1 and G2, respectively.Proof: In Theorem 5.8, we construct jN1j+ jN2j+ 1 vertex partitions ofG which give nonredundant inequalities. If we let jN1j = n1 and jN2j = n2then this number is n1 + n2 + 1.Theorem 5.15 Let G be a graph with an articulation vertex,such as described in Theorem 5.9. The number of nonredundant inequali-ties is n1+n2, where n1 and n2 are the number of nonredundant inequalitiesfor graphs G1 and G2, respectively.Proof: In Theorem 5.9, we construct jN1j + jN2j vertex partitions of Gwhich give nonredundant inequalities. If we let jN1j = n1 and jN2j = n2then this number is n1 + n2.Using combinations of the above theorems, we can compute thenumber of necessary inequalities for several graphs with special structures.For example, if G has a bridge, and G1 is a cycle and G2 is a tree, thenwe know that n1 = 12n0(n0 � 1) and n2 = n00 � 1, where n0 and n00 are the54



number of vertices of G1 and G2, respectively. Therefore, the number ofnonredundant inequalities for G is 12n0(n0�1)+n00�1+1 = 12n0(n0�1)+n00:
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6. Avenues for Further ResearchThis thesis opens several avenues for further research. We be-lieve that there are some further special properties of the absolute valueinequalities used in Chapter 5. We have not yet been able to �nd coun-terexamples or proofs of the following conjectures.Conjecture 6.1 The dependency set for a redundant linear in-equality contains at most one linear inequality from each family corre-sponding to a given absolute value inequality.The proof of this conjecture would lead us to a proof for the \if"direction of the following conjecture. The \only if" direction of the nextconjecture is readily apparent.Conjecture 6.2 The inequality Ppk=1 jPi2Y bki j � U(Y;� Y ) isnonredundant in the cut system if and only if the 2p linear inequalitiescorresponding to it are all nonredundant in the cut system.Another direction would be to consider the classi�cation of nodesas supply, demand, or transshipment nodes. The work in this thesis as-sumes that no node classi�cations are known a priori. Greenberg ([14])has demonstrated that the Wallace-Wets Theorem does not extend imme-diately to the situation when nodes are pre-classi�ed as supply, demand,and transshipment nodes. It is not known how the theorem must bechanged for this case. Classi�cation of nodes can also be looked at in themulticommodity setting. Additionally, one could consider the e�ects of a



partial classi�cation of the nodes, which in the multicommodity settingmay mean that di�erent nodes are classi�ed for di�erent commodities.Some further work is also possible in the area of counting thenumber of necessary inequalities for special graph structures. There aremany special cases that have not been covered in this thesis. One partic-ular possibility is to �nd a bound on the number of necessary inequalitiesfor an arbitrary l-connected graph.
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Glossaryarticulation vertex A vertex whose removal increases the number ofcomponents of the graphbridge An edge whose removal increases the number of components ofthe graphcomplete graph A graph with an edge between every pair of verticesconnected graph A graph in which there is a path between every pairof vertices.dependency set A system of inequalities which implies a redundant in-equality.feasible network A network in which the required 
ow can be shippedwithout violating the capacities of any edges.multicommodity graph A graph in which 
ow must be sent from spe-ci�c origins to speci�c destinations.redundant inequality An inequality which is implied by other inequal-ities in the system.
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