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1. Introduction

The set of feasible supplies and demands for a network flow prob-
lem can be described by a system of linear inequalities. Wallace and Wets
have characterized the redundant inequalities in this system. The main
theorem of this thesis is an extension of the Wallace-Wets Theorem to
the case of undirected multicommodity graphs. In order to obtain the
extension, a special system of inequalities is developed and several char-
acteristics of this system are discussed. Following the extension, we prove
several theorems on its usefulness.

In Chapter 2 we provide technical background on network flows.
We discuss some differences between single and multicommodity network
flows, as well as the pertinent literature on multicommodity flows. We
also discuss the background literature for the Wallace-Wets Theorem.

In Chapter 3 we present the Wallace-Wets Theorem for single
commodity networks along with a detailed proof of the theorem.

Chapters 4 and 5 contain the main results of the thesis. In Chap-
ter 4 we show that the Wallace-Wets Theorem has a natural extension to
directed multicommodity graphs. In Chapter 5 we consider the case of
undirected multicommodity graphs, which is not as straightforward. A
system of inequalities which gives a necessary condition for feasible sup-
plies and demands for undirected multicommodity graphs is developed,
and we explore properties of this system. Next we present our extension

of the Wallace-Wets Theorem. We also present several theorems related



to using the extension and the benefit realized.

In Chapter 6 we suggest avenues for further research. This in-
cludes further work related to the system of inequalities developed in
Chapter 5, as well as evaluating the effects of preclassification of nodes

as supply, demand, and transshipment nodes.



2. Technical Background

2.1 Terms and Concepts

Let G = [V, E] be a finite graph with node set V and edge set
E. For the problems we will consider in this thesis, there is no loss in
generality to assume G does not contain any parallel edges. We therefore
denote an edge by its endpoints: (¢,7). This is an unordered pair in the
context of undirected graphs, but an ordered pair in the context of directed
graphs. We also assume, without loss in generality, that G is connected.

For any Y C V, let ~ Y denote the complement of Y: ~ Y =
{i € V:1 € Y}. Then the associated cut is the edge set: < Y,~ Y >=
{(3,j) € E:1 €Y and j €~ Y}. Note that for undirected graphs, < Y, ~
Y >=<~Y,Y >, but that this is not true for directed graphs. For each
(i,7) € E there is a capacity U;; which limits total flow across the edge.
This extends naturally to subsets of E: U(Y,~ Y) = ¥(; jecv~y > Uij-
For each Y C V, we let G(Y) denote the induced subgraph on the node
set Y.

For each : € V, we let the demand at node 7 be given by b;. That
is, if b; > 0 then node 7 has a demand, if b; < 0 then node 7 has a supply,
and if b; = 0 then node ¢ has neither demand nor supply.

In the context of multicommodity graphs, s; and ¢; will denote
the origin and destination, respectively, of commodity &k, & = 1,2,...,p.

We will let g represent the demand for commodity k. If the origin and



destination of each commodity are not known, then b represents the de-
mand for commodity k at node «.

The work in this thesis deals mainly with multicommodity graphs.
It is well known that many of the “nice” properties associated with network
flow problems do not extend to the multicommodity case. A complicat-
ing matter in multicommodity flows is that flows in opposite directions
on an edge do not cancel if they are different commodities. This leads to
a variety of problems. In a single commodity network flow problem, the
maximum flow is equal to the minimum cut, and given integer capacities,
the maximum flow is guaranteed to be integer. Neither of these proper-
ties extend to the general multicommodity case. Additionally, in single
commodity network flow problems, the condition that the capacity of any
cut is greater than or equal to the demand across the cut, is a necessary
as well as sufficient condition for feasibility of the network. That is, if ¢ is
the required amount of flow to be sent through the network, the network

is feasible if and only if
g<UlY,~Y) VYCV.
The analogous multicommodity condition
Z(qk : Y separates s and t ) < U(Y,~Y) VY CV

is necessary for undirected graphs, but it is not sufficient for feasibility in
general. Much work has been done to determine specific classes of graphs
for which this condition is sufficient, and we will examine several of the
results in the next section. We now present some examples of the above

statements.



Example

Assume a capacity of 1 on each edge. A maximum flow is given

by the following, where z; is the flow vector for edge 2.

111
{333
= {1110
3'3°3
1 11
mc:{g’“’g’g}
111
”—{5"”5’5}
11 1
me:{g’g’“’g}
111
mf—{g’g"”g}

The flow is fractional, even though the capacities are integer.
Also, the value of the maximum flow, which is the sum of the flows for
each commodity, is 1 + % + % + % = 3. The notion of a cut in single
commodity graphs translates to a disconnecting set in multicommodity
graphs, that is, a set of edges whose removal will disconnect the origin and

destination of each commodity. For more on disconnecting sets, see [3]. A



minimum disconnecting set for this graph consists of the edges {a,c,d, f}.

The capacity of this set is 4, which is not equal to the maximum flow.

Example

Suppose the capacity of each edge is 1, and the demand for each
commodity is 1. That is, we wish to send one unit of commodity 1 from

s1 to ti, and so on. It can be verified that the cut condition,
> (g : Y separates s, and ¢ ) < U(Y,~Y),

holds for every set Y. For example, if Y = {s;}, then < Y,~ Y >=
{a,b,c}, so U(Y,~ Y) = 3. The only commodity separated by Y is
commodity 1, so the left-hand-side of the cut condition is 1. Thus the
inequality holds, as could be shown for every Y. However, it is not possible

to satisfy all of the demands simultaneously, so the problem is not feasible.

2.2 The Literature
As discussed in the previous section, a central issue in the study

of multicommodity network flow problems is that the cut condition,

> (g : Y separates s, and ¢ ) < U(Y,~Y),



is not always a sufficient condition for feasibility. Here we will present
several of the results which characterize graphs for which this condition is
sufficient for feasibility. We refer the reader to the appropriate papers for
the proofs. As the results are very different for the undirected and directed
cases, we will discuss them separately, beginning with the undirected case.

Some of the pioneering work on this subject was done by T.C.
Hu ([16],[17]). Hu proved that the cut condition is sufficient for feasibility
if there are only two commodities. Additionally, he proved that in the
two-commodity case, the maximum sum of the flows is equal to the min-
imum capacity of all cuts separating the origins and destinations of both
commodities (the minimum disconnecting set). He provided an algorithm
for constructing the flows. Finally, Hu showed that if the demands and
the capacities are all even integers, then a two-commodity flow will have
the property that the flows for each commodity on each edge are integer.
This is commonly referred to as a half-integer property, and it arises in
other cases as well.

Hu’s result is the only one that relies on a specific number of
commodities, and it does not generalize to three or more commodities.
All other results rely on the graph having special characteristics.

A few definitions are in order before we discuss the next result.
A planar graph is a graph that can be drawn in the plane so that no edges
cross. Given a fixed drawing of a planar graph, we can identify various
regions, which are simply the areas enclosed by the edges of the graph. The
infinite region is the entire region outside the graph, and the boundary of

the infinte region consists of the nodes and edges that separate the infinite



Figure 2.1: A Planar Graph and Its Regions

region from the “interior” of the graph. For example, in Figure 2.1, A is
the region enclosed by the edges (1,2), (2,3), and (1,3); B is the region
enclosed by the edges (1,3), (3,4), and (1,4); C is the infinite region. The
boundary of the infinite region is 1, (1,2), 2, (2,3), 3, (3,4), 4, (4,1). Note
that we could also draw the graph with edge (1,3) on the other side of
node 2. This would still be a planar representation, but different regions
would be defined. The boundary of the infinite region for that drawing
would be 1, (1,3), 3, (3,4), 4, (4,1).

We are now ready for the theorem of Okamura and Seymour
(128)).

Theorem 2.1 (Okamura and Seymour, 1981) If G is pla-
nar and can be drawn in the plane so that si,ss2,...,58p,t1,%2,...,%, are

all on the boundary of the infinite region, then
Z(Qk : Y separates sy and t ) < U(Y,~Y)

is a sufficient condition for feasibility. Further, if the demands and capac-
ities are all integers, then there exists a set of feasible flows with the flow

for each commodity on each edge being integer.



That is, if a graph can be drawn in the plane so that all the
sources and sinks are on the boundary of the infinite region, then the cut
condition is sufficient for feasibility. There have been some extensions of
this theorem which relax slightly the condition of all the sources and sinks
being on the boundary of the infinite region. Okamura ([27]) proved that
the cut condition is sufficient if G is a planar graph and can be drawn
with one set of sources and sinks on the boundary of any region, and the
remainder of the sources and sinks on the boundary of the infinite region,
with the source and sink for any one commodity on the same boundary. In
the same paper, it is shown that the cut condition is also sufficient if G is
planar and can be drawn with the sources and sinks for some commodities
located on the boundary of the infinite region, and all other commodities
share the same sink, also located on the boundary of the infinite region,
but those sources may be located anywhere. Seymour ([39]) proved that
the cut condition is sufficient if G is a planar graph and if the source
and sink for each commodity may be joined by an edge without violating
planarity. For a discussion of all of the above results plus algorithms for
finding planar multicommodity flows, the reader is referred to [26].

The final class of undirected graphs that we will present here
actually relies on the configuration of the sources and sinks of the com-
modities. We call this configuration the commodity graph. Given a con-
nected undirected network G = [V, E] with sources s1, s3,. .., s, and sinks
t1,t2,...tp, let the commodity graph, H = [T,U],(T C V) be the undi-
rected graph whose edges correspond the the source-sink pairs of G. That

is, e € U <= e = (8k,tr). Note that U is not necessarily a subset of E.



Example Given the following graph

S9 = t3
83 = t4

81 t
S84 = tz

we construct the commodity graph by drawing each node and then con-

necting s; to t;, sy to £y, and so on. The resulting graph is

Karzanov ([19]) presents a result of Papernov regarding the com-

modity graph.

Theorem 2.2 (Papernov, 1976) (1) If H is K, (the com-
plete graph on four nodes), Cs (the cycle on five nodes), or a union
of two stars, and if the cut condition is satisfied, then the problem is
feasible.

(2) If H is a graph which does not belong to the collection above, then
there exists a graph G, capacities U, and demands g, such that the

cut condition is satisfied and yet the problem is not feasible.

10



In other words, the cut condition can be known to be sufficient
based only on the commodity graph if and only if the commodity graph is
a complete graph on four nodes, a cycle on five nodes, or a union of two
stars. If the commodity graph is other than the graphs mentioned, then
it is possible to construct a graph which has that commodity graph and
for which the cut condition is not sufficient for feasibility.

We are now ready to discuss some results on feasibility in directed
graphs. As mentioned earlier, the directed case is very different from the
undirected case, and it has received much less attention in the literature.
Note that in the case of directed graphs, the cut condition changes slightly
to become

d(gp:se €Yyt e~ Y)<U(Y,~Y).

It is known that Hu’s result for two-commodity graphs does not extend to
the multicommodity case ([21]). However, the cut condition is sufficient
for feasibility if the network is planar with all the sources on the left side
and all the sinks on the right side (a transportation network) and if the
sources and sinks appear in the same order (see [29]). The main work is by
Nagamochi and Ibaraki, and we will give a brief overview of their results.

In several papers and a Ph.D. thesis ([22], [23], [24]), Nagamochi
and Ibaraki studied directed multicommodity networks. They developed
three classes of networks, capacity balanced (CB), capacity semi-balanced
(CS), and capacity semi-balanced unilateral (CU). In a CB network, the
capacity is “balanced” at each node. That is, for every node, the capacity
on outgoing arcs plus the demand at the node is equal to the capacity on

incoming arcs plus the supply at the node. It is shown that the max-flow

11



min-cut theorem holds for multicommodity networks in CB, and also that
the flows will be integer if the capacities and demands are integer. The
class CS is shown to be a relaxation of class CB, and the same properties
shown for CB networks also hold for CS networks. Finally, it is shown
that the properties do not extend to CU networks.

For a more general survey of multicommodity network flows, see
either [1] or [21].

The foundations needed for the Wallace-Wets Theorem come
from the work done by Gale and Hoffman for single-commodity network
flow problems. In [11], Gale gives a system of linear inequalities which are
necessary and sufficient for feasibility of a set of supplies and demands in
a network. Hoffman ([15]) extends this result to feasible circulations. The
inequalities are those generated by considering all bipartitions of the ver-
tices of the network. It is assumed that any node may be a supply node,
demand node, or transshipment node. The resulting system of inequalities
is

Z b; < U(YaN Y)

iE~nY
for all Y C V. This is the system which Wallace and Wets work with, and

the inequalities will be referred to as the Gale-Hoffman inequalities.

12



3. The Wallace-Wets Theorem

In [43], [44], [45], Wallace and Wets examine the system of in-
equalities which describe the feasible supplies and demands for a network.
The inequalities are the ones given by Gale and Hoffman, and Wallace
and Wets determine the mimimum number of inequalities needed.

The Wallace-Wets Theorem gives a characterization of the redun-
dant inequalities based on a connectedness criterion. The Gale-Hoffman
inequalities can be generated from all possible partitions of the vertices
into two sets. Wallace and Wets prove that the resulting inequality is
redundant if and only if the induced subgraph on at least one of the par-

titions is not connected. Their theorem is the following.

Theorem 3.1 [Wallace-Wets Theorem| For all nonempty ¥ C

V', the associated inequality,

Y b <UY,~Y)

iE~nY
is redundant in the cut system if and only if either G(Y') or G(~ Y) is not
connected.

It is important to note that this theorem applies to the case
where all supplies must be used and all demands must be met exactly.
Thus, the cut system also includes the equation > ;cy b; = 0, or supply
equals demand. For more on this and other aspects of the Wallace-Wets

Theorem, see [14].



We present a proof of the Wallace-Wets Theorem for complete-
ness and to clarify several of their steps. The sufficiency part of the proof
is done by construction. We assume that either G(Y') or G(~ Y') is not
connected, and we show how to construct the dependency set for the in-
equality corresponding to Y. For the necessity part of the proof, we first
prove a lemma showing that we may restrict our consideration of the right-
hand-sides to an arc membership function. We then show that the only
sets which may be used in constructing a redundant inequality are those
whose cutset arcs are a subset of the cutset arcs of the original set. If both
G(Y) and G(~ Y) are connected, then there are no sets which have that

characteristic. Thus, the original inequality is not redundant.

Lemma 3.2 Let Y, define a partition of the vertices. If the in-
equality corresponding to Y; is redundant, then the arcs in the union of the
cutsets for partitions corresponding to the inequalities in the dependency
set must be exactly the arcs in < ¥;,~ Y; > .

Proof: Since the inequality corresponding to Y; is redundant, there exist
A, A>0,5=1,2,...,2"l such that

Doobi=3 > Nbi—AY bi<) AU, ~Y;) UYL~ Y.
1E~Y] #lie~Y; eV j#l
Let J be the set of j’s such that A; > 0.

First, assume there exists a €< Y}, ~ Y; > such that a ¢< Y;,~
Y, >Vj e J. Leta=(a,p) (a €Y,8€~Y). We will derive a
contradiction. For any 7 € J if @ € Y; then 8 € Y; (or else a €< Y, ~
Y; >. Thus, B is in at least as many sets Y; as o, so 8 is in at most as

many sets ~ Y; as a. But since § €~ Y, and a € Y, we must have g

14



in exactly one more set ~ Y; than « in order for the left-hand-side of the
inequality to work out. So we have a contradiction. Thus, there does not
exist a €< Y;,~ Y; > such that ¢ €< Y;,~ Y; > Vj € J. This tells us
that the arcs of the cutset from Y] are a subset of the union of all arcs in
the cutsets from Y; for 5 € J.

What we have left to show is that there is no arc in any set
< Y;,~Y; >,j € J such that the arc is not in < ¥;,~ Y, >. Let
a €<Y,~Y > a=(a,pB) where a € Y},8 €~ Y. If the inequality from
Y, is redundant, then the following must be true:

> Aj—A=1
j:B e~y

YA =2

Jjrae~Yy;
where the first equation comes from setting bg = 1 and all other b;’s to
zero, and the second equation comes from setting b, = 1 and all other b;’s
to zero. From the two equations above, we get that
D D D
jiBe~Y,  jiae~y
This can be rewritten as
DO YE D D D DR A DDV §
jiBe~Y;  jife~Y, aénY; ae~y
acy, ae~Y;  BeY,  Be~Y,

The second and fourth terms cancel. Since the third term is nonnegative,

we have

> Aj > 1.

Ji(e,B)ELY;,~Y; >
So the capacity of each edge in < ¥}, ~ Y; > is added in to Y, A;U(Yj, ~

Y;). Therefore, we cannot have a €< Y;,~ Y; >,57 € J, and a ¢<

15



Yi,~ Y7 > because that would give us 35, A;U(Y;,~ Y;) > U(Y},~ V7).
|

We are now ready to prove the Wallace-Wets Theorem. We re-
state the theorem for convenience. Note that this theorem holds for both

the directed and undirected cases.

Theorem 3.1 For all nonempty Y C V, the associated inequal-
ity,
Y b <UY,~Y)

iE~nY
is redundant in the cut system if and only if either G(Y') or G(~ Y) is not

connected.
Proof: We begin with the “if” direction. First, suppose G(Y) is not
connected. Let Y = Y; UY, where Y1 NY; = () and there are no edges
between Y; and Y (See Figure 3.1). Since there are no edges between Y;
and Y,, we know that < Y1,~Y; > U < Y3,~ Y, >=<Y,~Y >. The
inequality from Y is
S b S UY~Y) = U¥i,~ Yi) + U(Ya,~ Ya).
iE~nY
The inequality from Y is
Yobi=> b+ Y, b=U(Y,~Y).
iE~Y; i€Y> ie~Y

The inequality from Y is

Yobi=> b+ Y bi=U(Ys,~Y,).

1E~nYs €Yy iE~nY

Summing, we get

Db+ D b+ > b+ > b=>b5+2> b <UY,~Y).

i€Ys ie~Y €Y ie~Y €Y ie~Y

16



& O

Y ~Y

Figure 3.1: Illustration of Y and ~ Y

Subtracting > ;cy b; = 0 leaves us with
Y b <UY,~Y).
iE~nY

Therefore, the inequality from Y is redundant.

Next, suppose G(~ Y) is not connected. Let ~ Y = Y, UY,
where Y; N Y, = (0 and there are no edges between Y; and Y,. Thus,
<Y,~Y >=<~Y,Y1 >U<~Y,, Y, >. Again the inequality from Y is

o b <UY,~Y)=U(~Y,Y1)+U(~ Ys,Y5).
iE~nY
The inequality from ~ Y is
1:€Y1
The inequality from ~ Y is
1:€Y2
Summing, we get
S b+ Y b= Y b < UY,~Y).
i€Y; €Y, ie~nY

Therefore, the inequality from Y is redundant.

17



We now prove the “only if” direction. We assume that G(Y;)
and G(~ Y;) are both connected, and we will show that the inequality
corresponding to Y; cannot be redundant.

Let [ index the set that is the complement of Y}, that is, ¥; =~ Y.
Let ¢/ be the arc membership vector for the cut defined by Y; (¢! =1 <
a €< Y;,~Y; >). Also, let & be the node membership vector for the set
Y; (& =1 < ieV;). LetJ = {1,2,...,2VI}\ {[,1}. Let e be
the vector of ones. The term Age will account for being able to subtract
multiples of the equation that states that total supply equals total demand.
We want to show that the following system has no solution:

d = Z )\jcj + )\LCL
7€ Ji
d= > XNd + Nd— e,
7€ Ji
Ao, A, A >0 Vj e Ji.
Suppose the system is feasible, and let (A, Ay, (A;,5 € Ji)) be a solution.

Let
Jl+ = {_] S J1|Xj > 0}

That is, J;" indexes the inequalities which are used in constructing the

redundancy of inequality .

If k €< Y;,~ Y; >, then ¢, = 0 and so

0= Y XN +hd Vekg<Vi,~Yi>.
jedt
This equation tells us that ci =0if k 5< Y,~ Y, > and if j € J; .

Written another way, this says: £k 3< Y;,~ Y, >— k 3< Y;,~ Y; > if

18



X
N
\/

!

Figure 3.2: Illustration of 17} and Y;

j € J;" If we negate the implication, we get that 7 € J; implies k €<

Y;,~Y; >> k €<Y;,~ Y >. This then is the same as saying
jeJ o<Y;,~Y; >C<Y,~ Y >
That is, we cannot use any sets whose cutset arcs are not a subset of the

arcs in < Y;,~ Y} >.
For all Y; C V, we define two new sets (see Figure 3.2):
V;=Y;NnYand ¥; =Y;NY,.

We will show that if Y; is such that either 17} is a proper subset
of Vi (0 # Y; # Y}) or Y; is a proper subset of ¥; (0 # Y; # Y;) then
j € J;". That is, then the inequality corresponding to Y; is not used in
constructing the redundancy of inequality .

First we will work with 17} If we write the equation for d. (refer-

ring back to the equation for d') we have

Z )\ —I-)\l )\_061'.
7€ Ji

19



When i € Y}, di = 1, so we have

1= Y Nd+0-X
7€ Ji

1+d= Y Nd& Vicy.
7€ Ji

If ¢ € J;f and Y; is a proper subset of Y;, then either there is
an arc from l;; to Y7 \ 17;, or there is an arc from Y; \ l;; to 17;. Since
<Y, ~Y, >C< Y;,~ Y] >, there cannot be any arcs from Y, to ¥} \ Y.
Hence, there must be an arc from Y} \ l;; to 17;. Let this arc be (z,7').

Now consider any set Y; such that 4 € Y; and j € J;. Since
<Y;,~Y; >C< Y,~ Y, >, we must also have ¢’ € Y;. Thus, any set Y;
that contains ¢ must also contain 7. This means that the following must
be true:

1+Xo= Y Nd<h+ Y Nd< Y Nd=1+,
jed;’ jed;’ jed;’
which is a contradiction. Therefore, there is no q € J;" with 17; a proper
subset of Y;.

The same argument is used to show that there is not ¢ € J;" with

Y, a proper subset of ¥;. For this case, note that i € ¥, = d: = 0, so we

have the equation
0= Z dez + XL — )\_0
jed’
MN-X= Y XNd Viey
jed’
If ¢ € J;' and Y, is a proper subset of Yj, then either there is

an arc from Y, to ¥; \ Y, or there is an arc from Y; \ Y, to Y,. Since

20



<Y, ~Y, >C< Y,~ Y] >, there cannot be any arcs from Y, to ¥; \ Y,.
Hence, there must be an arc from Y} \ Y, to Y,. Let this arc be (i,7).
Now consider any set Y; such that i € Y; and j € J;'. Since
<Y;,~Y; >C< Y,~ Y, >, we must also have ¢’ € Y;. Thus, any set Y;
that contains ¢ must also contain 7. This means that the following must
be true:
A=do= 3 Ndl <A+ Y Nd < Y Ndh=X -,
jed’ jed’ jed
which is a contradiction. Therefore, there is no ¢ € J;' with Y, a proper
subset of Y}.
Thus, the only index that could possibly belong to J;" is the one

corresponding to V, say Y, = V. But then we would have

1—|—)\_0 :)‘_p
Yo— A =X
Aos A Ap > 0

which is not possible. Thus, J;” must be empty, but then we have
d = Nd-— Ae

Ao, A, > 0

which is also not possible.

Therefore, when G(Y') and G(~ Y') are both connected,

Y b <UY,~Y)

ieE~nY

is never redundant. [ |
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4. Feasibility in Directed Multicommodity Graphs

4.1 Preliminaries

This thesis deals with linear multicommodity flows, ignoring in-
teger restrictions. We begin by noting that a multicommodity network
with multiple sources and sinks for each commodity can be transformed
into a multicommodity network that has a single source and sink for each
commodity. This transformation is analogous to the transformation from
multiple sources/sinks to a single source/sink as given by Ford and Fulk-
erson ([9]).

Theorem 4.1 A  capacitated  multicommodity  network
N = [V, E,U] with multiple sources and multiple sinks for each com-
modity can be transformed into an equivalent multicommodity network
N' =[V',E',U’] that has a single source and single sink for each commod-
ity.
Proof: Let S, C V and T, C V be the indices for the set of sources and
sinks, respectively, for commodity k. Let b* : V — R be such that ¥ = 0
for i & S, U Ty, b¥ < 0 for i € Sk, b¥ > 0 for i € T}, and Y b¥ = 0 for each
k.

Construct N’ as follows. V' = V U {O* D*}, and E' = E U
{(OF,i:i € Sk),(i:1 € Ty, D*)}. U'(O*,4) = —bF for i € Sy, U'(3, D*) =
b; for © € Ty, and U'(e) = U(e) for e € E. ¥ i€ S, [

Ok ~ » Opk
YieT b b =0foricV\ (S UT).



Let = be any feasible flow in N. We will construct a feasible
flow ' in N'. Let (zF) = z* for e € E, (kakz)l = U'(OF,3) for i €
Sk, and (mka)' = U'(i, D¥) for i € Ty. The capacity constraints are
satisfied for all edges by definition. We also need flow conservation at
each node. Ez(mfj)' — Ez(mfz)' = mej — mez = O0Vk for 1 € V' \
(SkUTk). X Sk(mkokﬂ.)l =Yic s, U=tk X ¢ Tk(mka)l =
Yi e m b = Uprvh Xy(e5) — X(el;) = (e ) + Xy 5 — Xjel; =
—bi-“ + bi-“ = O0VEk for 7 € S;. EJ(J:?Z)' — Ej(mﬁj)' = Jmfz —( jmf’j +
(mka )) = b¥ — b¥ = 0VEk for i € T}. Therefore, z' is feasible in N'.

Conversely, let ' be any feasible flow in N’. We will construct
a feasible flow z in N. Let z*¥ = (z¥)’ for e € E. Since U'(e) = U(e)
for e € E, Y, z% = 3, (2F) < U! = U.. So the capacity constraints are
satisfied. ; mﬁj— mez = Ez(mfj)'—zz(mfz)' = 0Vk fort € V\(SpUTg).
If i € Si then X(e5,) — Bs(afy)' = (eg ) + Xj e — Eyef; = 0
= ¥ji — iz = b i € Ty then Yj(a5;) — Xj(=;) = X, 25, —

i%ii

k. (mek)' =0= 3,25 — 3, 2F = bF. Therefore, z is feasible in

N. |
We illustrate this theorem with the following example.

Example
The following graph illustrates the addition of super-origins and

super-destinations for each commodity.
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t2 =4

For this example, node O has a supply of 4 (s] + s3) and node
O? has a supply of 6 (s? + s2). Placing a capacity of 1 on edge (O, s])
and a capacity of 3 on edge (O, s}) will insure that nodes s] and s; will
send the proper amounts of commodity 1. Similarly, we place a capacity
of 2 on edge (O?,s?) and a capacity of 4 on edge (O?, s2).

Node D? has a demand of 6 (¢} 4 ¢2) and node D' has a demand
of 4 (¢1 +t3). Placing a capacity of 4 on edge (¢3, D?) and a capacity of
2 on edge (t3, D?) will insure that nodes ¢? and ¢2 will receive the proper
amounts of commodity 2. Similarly, we place a capacity of 3 on edge
(t1, D') and a capacity of 1 on edge (¢3, D).

Thus, we see that any flow that is feasible in the original network

is feasible in the new network, and vice versa.

Note that this theorem holds whether the graph is directed or

undirected. For the remainder of this thesis we will assume, without loss
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of generality, that each commodity has a single origin and a single desti-

nation.

4.2 The System

Wallace and Wets work with a system of inqualities which define
feasibility for a set of supplies and demands when the supply and demand
nodes are not known a priori. We wish to develop an analogous system
for the multicommodity case, and then we will characterize the redundant
inequalities in that system.

If the source and sink is known for each commodity, then a nec-

essary condition for feasibility of a set of demands ¢ is
d(gp:1<k<ps €Yt e~Y)<UY,~Y) VYCW

This condition is sufficient for the classes of graphs identified by Nag-
amochi and Ibaraki (see Chapter 2). In order to place this condition in
the Wallace and Wets setting, we need to generalize this condition for the
case where the supply and demand nodes are not know a priori.
Looking at the system for a single commodity,
Y b <UY,~Y) VY CV,
1E~NY
one might guess that the system for multicommodities can be obtained by
simply summing over each commodity. The resulting system is
P
NN E<UY,~Y) VYCV.

The following example shows that this is not enough.
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Example

By, b
Ci% v %
b2 b2

The inequalities are:
Y:{l}:b;+b§+b§§u1
Y = {2} :b; + b2+ b3 < uy

This system allows for b1 = —1, 82 = —1, 83 =1, b; =1, b2 =1,
b3 = —1, and w; = 1, uy = 1. However, it is easily seen that this set of
demands and capacities are not feasible. Thus, we try a stronger system.

We actually need to sum over all possible combinations of com-

modities. This results in

o N ¥<UY,~Y) VY CV,VK,

keK ie~Y

where K is a nonempty set of commodities. This condition gives us the

desired system.

Theorem 4.2 The set of inequalities

MY <UY,~Y) VYCV,VK

k€K ie~Y

is a necessary condition for feasibility of b, the vector of demands.
Proof: We start with the system of constraints for a directed multicom-

modity flow problem,

> m?z-— > mfj:bf Vi

il(7i)ed jl(i,5)eA
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P

k . .
Z T < U Vi, J
k=1

x5, >0 Vk,i,j
and we want to show that this system implies the inequality
o M tE=U(y,~Y).
kEK ie~Y
Recall that U(Y, ~ Y) == E(j,i):jEY,iENY Ui

We begin by working with the first constraint in the multicom-

modity flow problem. First, we sum both sides of the equation overz e~ Y

to obtain

D=2 03w > )

ie~Y ie~Y jl(j,4)€d 7l(z.9)eA

We next sum both sides over k € K, obtaining

X bk=3 Y (X e X )

k€K ie~nY keK ie~nY j|(4,5)€4A il(,5)eA
DI ED DI INE
k€K ie~Y j|(ji)eA kEK ic~Y j|(1,5)eA
=Y (D ah+ D> 2h— Y el Y ah)
kcK ie~Y ie~nY ie~nY ie~nY
JjeY JENY jeY je~Y
=Y Y-y Yk
k€K ic~Y k€K ie~Y
JjeY JjeY

Since mi-“j > 0, we now have

)IDIL DI IE
keK ie~Y k€K ie~Y
jey
Now if we work with the second constraint in the multicommodity flow

problem, again using the constraint that mi-“j > 0, we have

p
ke K k=1
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This gives us

Yo X2k < Y up=U(Y,~Y).

ji€Y keK JjeYy
1e~nY 1e~nY

This gives us our desired inequality,

Y ¥ <UY,~Y).

k€K ie~Y

The next lemma relates this system to the system of inequali-
ties for a directed multicommodity graph when the sources and sinks are

known a priori.

Lemma 4.3 The set of inequalities

N MY E<U(Y,~Y) VYCVVK

k€K ie~Y

contains the set of inequalities
d(gp:1<k<ps€Y,t,e~Y)<UY,~Y) VYCVW

Proof: We know that g, = b’zk = —bgk and bi-“ = 0 for 7 # s, for all
k. We have a set of inequalities for each set of commodities; in particular,
pick K’ such that Vk € K', sy, € Y and t; €~ Y. So our system contains

the inequalities

Y <UY,~Y) VYCV.

keK' ie~nY
The left side of this inequality has b* for i = #; and b* = 0 for all other

i €~ Y. For i = 3, b¥ = g, so the summation yields 3 jcx gx- |

We now have a system of linear inequalities which serve as a

necessary condition for feasibility of multicommodity flows in a directed
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graph when the supply and demand nodes are not known a priori. In the

next section, we will extend the Wallace-Wets Theorem to this system.

4.3 Redundancy Theorem

The Wallace-Wets Theorem extends quite naturally to the di-
rected case. Using the system from the previous section, along with the
requirement that supply equals demand for each commodity, we are able
to characterize the redundancy in the system. This characterization is
the same as the Wallace-Wets characterization for the single commodity

system with one exception. For our system we need to separate the cases

of U(Y,~Y)=0and U(~Y,Y)=0.

Theorem 4.4 [Redundancy Theorem for Directed Graphs] Let
G be a connected, capacitated, directed, multicommodity graph with p
commodities, where each commodity has one origin and one destination.
(1) X U(Y,~Y) > 0 and U(~ Y,Y) > 0, then the inequality corre-
sponding to the cut <Y, ~Y >,
> Y <UY,~Y) VK,
keEK ie~Y
is redundant in the cut system if and only if either G(Y') or G(~ Y)
is not connected.
(2) If U(Y,~ Y) = 0 (connectedness of the graph then implies that
U(~ Y,Y) > 0), then all sets K with more than one element yield
redundant inequalities. The inequalities

Y E<UY,~Y) Vk

ieE~nY
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are redundant in the cut system if and only if either G(Y) or G(~ Y')
is not connected.

(3) If U(~ Y,Y) = 0 (connectedness of the graph then implies that
U(Y,~Y) > 0), then all sets K yield redundant inequalities except

for K = {1,2,...,p}. The inequality

p

k=1lie~Y
is redundant in the cut system if and only if either G(Y') or G(~ Y)
is not connected.
Proof:
(1) We will first prove the “if” direction. Assume that one of G(Y)
and G(~ Y) is not connected.
Case 1: G(Y) is not connected.
Let Y = Y, UY; where Y; NY; = () and there are no edges between
Y, and Y5.
We examine the inequalities

o M E<U(Y,~Y) VK.

kEK ie~Y

The inequalities from Y; are
Y Y =S S+ Y Y E<UW,~Y) VK.
kEK ie~Y, kEK €Y, keEK ie~Y

The inequalities from Y, are
ISDILEDIPILEDIPILELCIDONENES
keK ic~Y, keK il keK ie~Y

Summing these inequalities gives

Y Y2 Y Y < U, ~ Vi)+U(Yay,~ Vo) = U(Y,~Y) VK.

keK i€Y keK ie~NY
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Subtracting Y pex Sucv bF = 0 gives
o M E<U(Y,~Y) VK.
kEK ie~Y

Thus, those inequalities are redundant.

Case 2: G(~ Y) is not connected.

Let ~Y = Y, UY; where Y1 NY; = () and there are no edges

between Y; and Y,. We examine the inequalities
o M E<U(Y,~Y) VK.
kEK ie~Y

The inequalities from ~ Y; are
Y Y E<U(~n,Y) VK.
kEK i€Y;

The inequalities from ~ Y, are
N <U(~ YY) VK.
kEK 1€Y,

Summing these two inequalities gives

S )= 3 < U(~ Y, V) HU(~ Yo, V) = U(Y,~ Y)

k€K i1€Y; i€Y> keEK ie~Y

Thus, the inequalities are redundant.

These proofs are sufficiently general to hold for U(Y,~ Y) > 0.
Thus, we have also proved the “if” direction for (2) as well.

We now prove the “only if” direction. We assume that an in-
equality is redundant, and we will show that at least one of the
corresponding graphs is not connected. If

Yo < U(Y,~Y)

keK'ie~Yy
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is redundant, then it is a nonnegative combination of linear in-
equalities from sets other than Y;. To see this, assume that the
above inequality is a nonnegative combination of linear inequal-
ities in the cut system, some of which may be generated by the
set Y,;. Clearly the only way the inequality can be a nonnega-
tive combination of inequalities generated only by the set Y is
if U(Y,~ Y) = 0. This exception is treated in part (2) of the
theorem. So the dependency set must contain at least one in-
equality generated by a set other than Y,. However, it may not
contain any edges not in < Y,,~ Y, > . We assume that G(Y;)
and G(~ Y,) are both connected, and we will derive a contradic-
tion. First we will show that an inequality from Y;, Y,N ~ Y, # 0,
Y.N ~ Y, #~Y,, cannot be in the dependency set. Since G(~ Y;)
is connected, there is an edge in < Y;,~ Y,/Y; > or there is
an edge in <~ Y,/Y;,Y; > . If the former is true, we are done
with this case. If the former is false, then the latter is true. Call
the edge (a, ). Sine o and B must be counted an equal number
of times, there must be some set, containing « and not contain-
ing 3, whose corresponding inequality is in the dependency set.
But then this cutset contains the edge («,3), which is not possi-
ble. Thus, an inequality corresponding to Y, with Y,N ~ Y, # 0,
Y.N ~ Y, #~Y,, cannot be in the dependency set. The same can
be shown for a set Y¥; with ¥, NY, # 0, Y; NY, # Y,. The only
remaining possibility is that an inequality corresponding to ~ Y,

is in the dependency set. This can only occur if U(~ Y,,Y;) = 0,
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which is handled in part (3) of the theorem. Thus, we have shown
that the redundant inequality

> > B U~ Y)

kEK'ie~nY,
must be a nonnegative combination of linear inequalities from sets

other than Y,. That is, 3A € §R_2|_|V| such that
)P ED I DI I EDIDIPHD I 4
keK'ie~Y, s£q keK'ienY, keK' s£q ie~nY,

Note that the above equation holds for all . In particular, for any

choice of k, we can set b to be zero for all 7 and for all j # k.

Therefore,

DoH=2 A

1E~Y, s£q 1€Y,

for each k. This gives us that
> b < U(Yy,~ Y
ie~Y,

is redundant in the cut system for each commodity k. Thus, each
inequality corresponding to Y; is redundant for each commodity
k. We can now apply the Wallace-Wets Theorem to conclude that
either G(Y;) or G(~ Y,) is not connected.
Assume U(Y,~ Y) = 0. We have the inequalities

Y E<U(Y,~Y)=0 Vk.

iE~nY
Summing over k € K : |[K| > 1 gives

o MY E<o=U,~Y) VK:|K|>1

k€K ie~Y
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Thus, the inequalities

N E<UY,~Y) VK:|K|>1

kEK ienY
are always redundant when U(Y,~Y) = 0.

(3) Assume U(~ Y,Y) = 0. Let K’ be any proper subset of the com-

modities. We will show that the inequality

kEK'ie~Y

is redundant.

From the set ~ Y, we have the inequalities

N <U(~Y,Y)=0 VK.

kEK icY

In particular, if K? is the set of all commodities, we have the

inequality
> oS E<o.
keK?/K'i€Y
Since Y ey bF = — Y;cy bF, this gives us

- Y Y <o

keKP /K ic~Y
Adding this to the inequality

kEKP ie~nY

results in the original inequality.

We note that when p = 1 (one commodity) this system reduces
to the system used by Wallace and Wets. The inequality for the set Y
becomes > ;c.y b; < U(Y,~Y).

We proceed now to the undirected case, which is not as straight-

forward as the directed case.
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5. Feasibility in Undirected Multicommodity Graphs

5.1 The Absolute Value System

We will now work with undirected multicommodity graphs, mean-
ing that the edges are not oriented and flow may travel in either direction
on an edge. In particular, flow from different commodities may travel in
opposite directions on the same edge. In working towards an extension
of the Wallace-Wets Theorem to the undirected multicommodity case, we
need to have a system of inequalities which is a necessary condition for
feasible demands (and which will be sufficient for the cases discussed in

Chapter 2). The traditional system of cut inequalities,
Z(Qk :1 <k <p,Y separates s, and t;) < U(Y,~ Y) VY CV,

assumes that the origin and destination nodes for each commodity are
known a priori. We need to develop a system in which the origin and
destination nodes do not need to be known a priori. As a first attempt,
one might try generalizing the single commodity cut system by summing
over all commodities, as in the directed case. If we use the system from

the directed case, we have:

YbE=0 Vk
eV
Y BE<U(Y,~Y) VY CV,VK.

k€K ie~Y

However, this system is not restrictive enough in the undirected

case. Consider the following graph.



b} u b

b b;

The above system would give rise to the following set of inequalities:
B+ bl =0
B2+ b2 = 0
Y={1}: K={1}: b <u

K={2}: bB<u
K={1,2}: by+b3<u
Y={2}: K={1}: b <u
K={2}: ®¥<u
K={1,2}: b +b2<u
This system allows for b1 = 1,6} = —1,02 = —1,b2 = 1, and v = 1.

However, we can easily see that this set of demands, along with the given
capacity, is not feasible. In order to satisfy the demands, we would have to
send a total of 2 units of flow across the edge, when only 1 unit is allowed.
The problem is that at each node, the demand for one commodity cancels
with the supply for the other commodity.

This problem is alleviated by taking the absolute value of the
sum of the b;’s for each commodity. That is, we use the system

YbE=0 Vk

eV

36



b
NI I <UY,~Y) VYcW

k=1 i€Y

Now the system for the above graph is:

by +b; =0

b2 4+b=0
Y = {1} : |by] + [b3] < w
Y ={2}:[by| + [b]] < w

We see that the set of b¥’s that was feasible in the old system is not
feasible in this system. In fact, this gives us the correct system for every
multicommodity graph, as the next theorem shows.

Note that we do not need to sum over k¥ € K because the in-
equalities corresponding to sets K other than the full set of commodities
will be dominated by the inequality above. For example, for the graph in

the above example, we would get
Y= {1}: K = {1}: B} <=,

which is dominated by the inequality obtained by summing over all com-

modities.
Theorem 5.1 The set of inequalities
b
SIS H<UX~Y) WCv
k=1 €Y

is equivalent to the set of inequalities

Z(qk :1 <k <p,Y separates s, and t;) < U(Y,~ Y) YY C V.
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Proof: Since g, = b’zk = —bgk and b = 0 for i # s, 1t for all k, we will
treat separately the cases when Y does and does not separate s; and t.
Case 1: Y does not separate s and t.
Then s; and ¢ are either both in Y or both in ~ Y. If s and
tr are both in Y, then
|be| = |b§k + b’zk| =0.
€Y
If s; and ¢z are both in ~ Y, then bi-“ =0 VieY. Therefore, if s; and
t are not separated, then ¥ ;.y bF = 0.
Case 2: Y does separate s; and .
Then either s € Y or tx € Y, but not both. bi-“ = 0 for all other

1 €Y. Then

| > bE = bf, = i

€Y
Thus, the absolute value inequality is equivalent to limiting Y

to sets that separate s and ¢z, in which case the two inequalities are the

same. [ |

This system of inequalities, which we will refer to as the cut
system, has many properties which are not common to a general system
of absolute value inequalities. First, we know that every inequality in
the cut system contains absolute values. Further, for a given inequality,
the number of terms within each absolute value is the same, and it is
equal to the cardinality of the set Y. So, for example, we cannot have
|z1| 4+ |22 + 23| < u in a cut system. Similarly, each inequality in the cut
system has the same number of absolute value terms, which is equal to

the number of commodities. That is, we cannot have both |z;| < u and
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|z1|+|22] < win the same system. Additionally, a term that appears inside
of one absolute value will not appear anywhere else in that inequality.
That is, we cannot have |z; + 25| + |22 + 23| < u in a cut system. Finally,
we note that the coeflicients on all terms within the absolute values, as well
as on the absolute value quantities themselves, are 0-1, and the right-hand
side is always nonnegative. These observations lead us to some lemmas
about the cut system.

An absolute value inequality from the cut system is equivalent to
a system of 2P linear inequalities. We can express the jth linear inequality

as

r
Y 6k > b <U(Y,~Y),

k=1 €Y

where 8; € {—1,1}. In the proof of the next lemma, we will simply write
U for U(Y,~ Y). Toillustrate the equivalent system of linear inequalities,

consider the following absolute value inequality:
|21 + @a| + |23 + 24| < u.
The corresponding system of linear inequalities is:
Tyt Tyt ezt <u
—(z1 4+ @)tz + s <
1+ 2y — (23 +24) < u

—(z1 + z2) + —(z3 + z4) < w.

We will sometimes refer to this system as a family of linear inequalities.
We next show that we cannot obtain an inequality in this system as a

nonnegative combination of only other inequalities in this system.

39



Lemma 5.2 The family of linear inequalities corresponding to
a given absolute value inequality from the cut system is internally nonre-
dundant.
Proof: Consider the jth linear inequality corresponding to a given abso-

lute value inequality:

p
> 6k > bE<U.

k=1 €Y

Reverse the sense of the inequality and make it strict:
P
k=1 €Y
The system with this new inequality in place of the old one is feasible if
and only if the old inequality is nonredundant. We will construct a feasible

solution to the reversed system:

U . _
Vi€ Y, bk = Flp 0k =1
Tt i Ok = —1
Then
y Y|-p
’; Jz'eg; Y[-p—1

Further, changing any ;; from 1 to -1 or from -1 to 1 decreases
the sum by IYI-%’ making it equal to U. Thus, this b satisfies all of the
linear inequalities in this family, so the jth inequality is not implied by

the others. [ |

This lemma does not hold for the linear system corresponding to
a general absolute value inequality. The following example will illustrate

this.
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Example

Consider the inequality
21| + 22| + |21 + 22| < w0
A partial enumeration of the corresponding linear inequalities gives:
i+ zot 2tz <u=2z +2z;<u

—z1+t 2yt etz <u=2z,<u
—z1— 2yttt <u=0<u
L1+t 2y —2— sy <u=>0<u

The last two inequalities are copies of each other. Thus, this system is not
internally nonredundant.
We can also make some observations about an inequality which

is known to be redundant.

Lemma 5.3 A redundant linear inequality cannot be formed as

a nonnegative combination of linear inequalities which are all from one
family, different from the family of the redundant linear inequality.
Proof: Let a;; be the node membership function for the set Y;: a;q =
1iff 2 € Y,. Let ¢, be the edge membership function for the cut defined
by Y,: ceq =1iff e €< Y,,~ Y, > . We want to show that

P

Z Ok Z aighf <U(Yy,~Yy) = Z ceqUe

k=1 i€V ecE
cannot be formed as

b
Z)\r 25]" Zaﬂitbf < U(Y;‘aN Y;.‘) = Z cetUea()‘r > Oaz)‘r = ]-a)‘j = 0)

T k=1 i€V ecE T
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Assume the two inequalities are equal. Then ¢;> . A, = ¢;. This gives
us that >, A, = 1 and ¢; = ¢;. If the network is connected then either
Y, =Y, or Y; =~ Y. Since this is not possible, the two inequalities cannot

be equal. |

Lemma 5.4 If a linear inequality from the cut system is redun-

dant, then it is redundant for each commodity.

Proof: If

r
Y ki > aighf < U(Yg,~ Yy)

k=1 eV

is redundant, then it is a nonnegative combination of linear inequalities
. M % 2|V|
from sets other than ¢g. That is, 3IX € RY such that
P P P
Z 6k] Z a/iqbi'c = Z Z )‘rs Z 5k1' Z a/isbi'c = Z Z Z )‘rsakr Z a/isbi'c-
k=1 eV T s#gq k=1 i€V k=1 T s#q €V
Note that the above equation holds for all b. In particular, for any choice
of k, we can set b7 to be zero for all 7 and for all j # k.
Therefore,
ki D @ighf = D) Ayir Y ai,bf for each k.
eV T s#tq i€V
Which gives us that
bk > aight < U(Yy,~ Y,)

i€V

is redundant in the cut system for commodity k.

5.2 Redundancy Theorem
We have seen many characteristics of single commodity flows that

do not extend to the case of multicommodity flows. The question which

motivated this thesis was whether the Wallace-Wets Theorem holds in the

42



multicommodity case. In this section we prove that using the absolute
value system, the Wallace-Wets Theorem can be extended to undirected
multicommodity graphs.

In what follows, we assume the cut system to be

p
MY HI<UY,~Y) VYCV

k=1 i€Y

Yobk=0 (k=1,...,p).

i€V
Theorem 5.5 [Redundancy Theorem for Undirected Graphs]
Let G be a connected, capacitated, undirected, multicommodity graph
with p commodities, where each commodity has one origin and one desti-
nation.

(1) Only one of the pair of inequalities

SIS < UV~ Y)

k=1 €Y

r

oI Y B <UY,~Y)
k=1 1e~Y

is ever necessary. That is, we need only consider the inequality from
Y or ~ Y, but not both.
(2) The inequality corresponding to the cut < Y,~Y >,
S k
> X HI< U, ~Y),
k=1 ie~Y
is redundant in the cut system if and only if either G(Y') or G(~ Y)

is not connected (Y # 0,~Y # 0).
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Proof:
(1)

Since Y ;cy bi'c =0 (k = 1,...,p), we have that ),y bi.“ =
— Yic~y bF. Therefore,

SIS =3 - X H =33 #

k=1 i€Y k=1 iE~nY k=1 ie~Y

So only one of each pair of inequalities is needed.

We will first prove the “if” direction. If G(Y') and G(~ Y') are not
both connected, we may assume, without loss of generality, that
G(~Y) is not connected. Let ~Y =Y, UY, where Y1 NY, =0
and there are no edges between Y; and Y,. We will show that
the inequality from Y is dominated by the sum of the inequalities
from ~ Y; and ~ V5.

The inequality from Y is

Ep: | > b= Ep: IS B+ B < U(Y,~ Y) = UV, Y1)4U(Y, Ya).

k=1 1e~Y k=1 ZEYl ZEYZ

The inequality from ~ Y; is

p
Y B < UV, ~ 1),

k=1 i€Y;

The inequality from ~ Y is

p
Y B<U(Ys,~ V).

k=1 icY,
Summing the inequalities from ~ ¥; and ~ Y3, we get

p

S B+ X ) <UL, ~ V) + U(Ye,~ Vo).

k=1 ZEYl ZEYZ

However, since there are no edges between Y; and Y, we get that

U(Ys,~ Y1)+ U(Ys,~ V) = U(Y3,Y) + U(Y3,Y). Thus

S B < 1Y 4| #]) < U(Y~ V).

k=1 1e~Y k=1 ZEYl ZEYZ
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We next prove the “only if” direction. If the gth inequality

P

) SRR ARSUC AL A

k=1 3 €~ Y,
is redundant, then some linear inequality (of the 27 corresponding
to it) is redundant. Assume it is the jth linear inequality. By
Lemma 5.4, if the jth inequality is redundant, then it is redun-
dant for some single commodity. At this point, we can apply the
Wallace and Wets Theorem (Theorem 3.1) to this inequality, and

we conclude that either G(Y;) or G(~ Y;) is not connected. |

We note that when p = 1 (one commodity), the system of ab-
solute value inequalities reduces to the same system of linear inequalities
that is used in the Wallace-Wets Theorem. We get that the inequality
from set Y is

| D b < UY,~Y).

ieE~nY

This is equivalent to the following two linear inequalities,

Z b; < U(YaN Y)

ie~Y
— > bi=> b<UY,~Y),
ie~Y ieY

which are the inequalities that Wallace and Wets would generate from
the sets Y and ~ Y. Thus, if p = 1, our theorem is equivalent to the
Wallace-Wets Theorem.

45



Example

We illustrate the preceeding theorem using the following graph.

1
Ug U
) 2
U2
Uy Uy
4 Ug 3

Assume there are p commodities. The inequalities from Y =
{1,2,3} and Y = {1,2,5}, as well as others, are nonredundant. Both
G(Y) and G(~ Y) are connected. The inequality from ¥ = {1,2,3} is
P
Z|b’;—|—b’;| < uz + us + ue.
k=1
Y = {2,4,5} is an example of G(Y) connected but G(~ Y) not
connected. The (redundant) inequality is
P
D7 1BF + b5 < up + us + us + us.
k=1
To construct the inequalities which dominate this one, let ¥; = {1} and
Y, = {3}. The inequality from ~ Y] is
P
k=1
The inequality from ~ Y is

p

k=1
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Summing these gives
P
> (185 + [B5]) < ua + ug +us + ug
k=1
which dominates the inequality from Y.

Finally, Y = {3,5} is an example of G(Y') and G(~ Y') both not

connected, so the inequality from Y is redundant.

5.3 Some Building Blocks

This section contains two types of results. The first several the-
orems demonstrate how our knowledge of redundant inequalities for one
graph may be used to determine redundant inequalities for a related graph.
The last several theorems count the number of redundant or nonredun-
dant inequalities in general and for some specific graphs. These theorems
give a measure of the usefulness of the Redundancy Theorem.

As a corollary to the Redundancy Theorem, we see that any
inequality that is redundant in a graph is redundant in all graphs formed

by removing only edges from the original graph.

Theorem 5.6 [Corollary to Redundancy Theorem| If
G' = [V,E'], E' C E, then any inequalities that are redundant for G
are redundant for G'.
Proof: If either G(Y) or G(~ Y) is not connected in G, then it is also

not connected in G'. |
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Example To illustrate, consider the following graphs G and G'.

1 2 1 2

G G’

We see that G and G’ have the same vertex set, and that the
edge set of G' is a subset of the edge set of G. The set Y = {1,3} gives
a redundant inequality in G because G(~ Y) is disconnected. The same
set also gives a redundant inequality in G'.

However, if we allow G’ to be any subgraph of G, that is, if we
allow the vertex set of G' to be a proper subset of the vertex set of G,

then the corollary is not true. To illustrate, consider the following graphs

G and G'.

G G’

Now the set Y = {1, 3} gives a redundant inequality for G, but

not for G'.
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Corollary 5.7 If G = [V, E], G = [V, E'],G" = [V,E"],... is
a sequence of graphs such that £ D E’' D E” O ..., then the number
of nonredundant inequalities for G is at least as large as the number of
nonredundant inequalities for G’, which is at least as large as the number
of nonredundant inequalities for G".
Proof: By Theorem 5.6, every inequality which is redundant for G is
also redundant for G'. Every inequality which is redundant for G’ is also

redundant for G”, and so on. [ |

In order to use the Redundancy Theorem, we must find all ver-
tex partitions Y of V such that G(Y) and G(~ Y) are both connected.
However, if we have already done this for two graphs and we then form a
new graph by joining the first two in a specific way, then we may not have
to recompute which sets give necessary inequalities. We may be able to
find all the necessary inequalities through appropriate combinations of the
sets we already have. One specific way of combining two graphs is with a
bridge, that is, an edge joining one vertex of the first graph to one vertex
of the second graph. Then we can find all the necessary inequalities for
the new graph by combining the entire vertex set of each original graph
with one of the vertex partitions from the other original graph which is

already known to give a necessary inequality for that graph.

Theorem 5.8 Let Gy = [Vi, E1], G; = [Va, E,] be connected
graphs, ViNV, = 0. Let G = G1UG2U(v1,v2) = [V, E], where v; €
Vi and vy € V, (See Figure 5.1). Let N} = {N],NZ ...,N"} be the
collection of vertex partitions which give nonredundant inequalities for

the graph G;. Let Ny = {N;,NZ,...,N;?} be the collection of vertex
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Figure 5.1: Graph with a bridge

partitions which give nonredundant inequalities for the graph G5. The
vertex partitions which give nonredundant inequalities for the graph G

are

VilU{N; € M3 : v, € N;} and
Va | J{IN; € N :v; € Nj} and V4.

Proof: By construction, the induced subgraphs on each of the sets listed
above and each of their complements are connected. We need to show that
there are no other vertex partitions of V. (YU~ Y =V, YN ~Y = 0)
such that G(Y) and G(~ Y) are both connected. We have already used
all partitions which completely contain either Vi or V,. The only other
possibility is that Y contains a proper subset of vertices from both V; and
Va. That is, Y = Y, UYs, where Y; C V4,Y; #0,and Y, C Vo, Y, # 0. If
v; €Y and vy € Y, then G(Y) and G(~ Y) must both be disconnected
since neither contains the edge (v1,v2), the only edge joining vertices of
V1 and V3. The same is true if v; € Y and vy € Y. If v1,v; € Y then it is
possible that G(Y) is connected, but G(~ Y') is necessarily disconnected.
If v1,vs €~ Y, then it is possible that G(~ Y) is connected, but G(Y)
is necessarily disconnected. Thus, there are no other partitions of G with

G(Y) and G(~ Y) both connected. [ |
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A similar result holds if G has an articulation vertex. That is,
G is the union of two graphs G; and G5 that share a common vertex v,
but no common edges. The one difference is that in this case V; gives a

nonredundant inequality only if G \ v is connected.

Theorem 5.9 Let Gy = [Vi, E1], G; = [V, E,] be connected
graphs with EsNE, = 0, ViNVa = {v}. Let G = G1UG;. Let N; =
{N$,NZ,..., N} be the collection of vertex partitions which give nonre-
dundant inequalities for the graph G;. Let Ny = {N}, NZ,...,N;*} be
the collection of vertex partitions which give nonredundant inequalities for
the graph GG3. The vertex partitions which give nonredundant inequalities

for the graph G are
VilU{N; € N3 :v € N;} and

Vo | J{N;i € M1 :v € Nj}

Proof: By construction, the induced subgraphs on each of the sets listed
above and each of their complements are connected. We need to show that
there are no other vertex partitions of V. (YU~Y =V, YN ~Y = 0)
such that G(Y) and G(~ Y) are both connected. We have already used
all partitions which completely contain either Vi or V,. The only other
possibility is that Y contains a proper subset of vertices from both V; and
Vo. That is, Y = Y1 UY,, where V7 C V4,Y; # 0, and Y, C V5,Y, # 0.
If v €Y, then G(~ Y) is necessarily disconnected. If v ¢ Y, then G(Y)
is necessarily disconnected. Thus, there are no other partitions of G with

G(Y) and G(~ Y) both connected. [ |

We now know that when checking the necessary conditions for
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feasibility of a multicommodity graph, we need only check inequalities
corresponding to sets Y which have both G(Y) and G(~ Y') connected. Do
we really see much reduction when we discard inequalities corresponding

to sets Y which have either G(Y) or G(~ Y) (or both) disconnected? The

following theorem gives a lower bound on the amount of reduction.

Theorem 5.10 Let G be a graph on n vertices, and let the
degree of the minimum degree vertex be §(G). Then using the Redundancy

Theorem results in a reduction of at least
@ n-1-6(6) _ 9n-1-6(G) _ 1
o1 i

absolute value inequalities that must be checked for feasibility.

Proof: We want to count the number of disconnected induced subgraphs
of G. However, if G' = [V', E’] is a disconnected induced subgraph and
G" = [V",E"] is also an induced subgraph, with V" = V' \ V', then we
only want to count one of that pair. A lower bound on this number can
be computed by forming all sets consisting of the minimum degree vertex,
v, and at least one vertex not adjacent to v. We count that by taking

combinations of one or more of the n — 1 — §(G) vertices that are neither

v nor adjacent to v. |

Corollary 5.11 If G is a complete graph, then no reduction is

provided by the Redundancy Theorem.

We note that the above bound is tight for the class of graphs
that have an induced subgraph on n — 1 nodes which is complete.
Sometimes it makes more sense to look at how many inequalities

are left to be checked after applying the Redundancy Theorem, rather
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than how much reduction was realized. Note that without this theorem,
we would always have to check an exponential number of inequalities. For
some special cases, we can show that after applying the theorem, we only
need to check a linear number of absolute value inequalities. That is,
there are a linear number of partitions of the vertices so that the induced

subgraphs on both partitions are connected.

Theorem 5.12 If G is a tree on n vertices, then n — 1 absolute
value inequalities are needed.
Proof: Removing any edge from a tree disconnects the graph. Removing
any more than one edge separates the graph into more than two com-
ponents. Thus, the only partitions of the vertices so that the induced
subgraphs on both partitions are connected are those that consist of all
the vertices on one side of a particular edge. Since a tree on n vertices
has n — 1 edges, there are n — 1 partitions which meet the stated criteria.

Hence, there are n — 1 necessary inequalities. =

We also know of a case when a quadratic number of inequalities

need to be checked.

Theorem 5.13 If G is a cycle on n vertices, then in(n — 1)
absolute value inequalities are needed.
Proof: There are connected subgraphs on 1,2,...,n — 1 nodes, and there
are n connected subgraphs of each size. The subgraph on the complement
of each of these node sets is also connected. However, since we want to

count each graph and its “complement” only once, we must divide the

total number of connected subgraphs by two. Thus, there are %n(n - 1)
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partitions of V such that both G(Y') and G(~ Y') are connected. |

If a graph contains a bridge or an articulation vertex, as in The-
orem 5.8 and Theorem 5.9 then we can find the number of necessary
inequalities just by looking at the subgraphs on either side of the bridge

or articulation vertex.

Theorem 5.14 Let G be a graph with a bridge, such as de-
scribed in Theorem 5.8. The number of nonredundant inequalities is
ni +ny + 1, where n; and n, are the number of nonredundant inequalities
for graphs G; and G, respectively.

Proof: In Theorem 5.8, we construct |A;| + |[ANV3| + 1 vertex partitions of
G which give nonredundant inequalities. If we let |AV;| = n; and |N3| = n,

then this number is ny + ny 4+ 1. [ ]

Theorem 5.15 Let G be a graph with an articulation vertex,
such as described in Theorem 5.9. The number of nonredundant inequali-
ties is n;+mnq, where n; and n, are the number of nonredundant inequalities
for graphs G; and G, respectively.

Proof: In Theorem 5.9, we construct |A;| + |A3| vertex partitions of G
which give nonredundant inequalities. If we let |A;| = n; and |N3| = ny

then this number is n; + n,. [ |

Using combinations of the above theorems, we can compute the
number of necessary inequalities for several graphs with special structures.

For example, if G has a bridge, and G is a cycle and G, is a tree, then

we know that n, = %n'(n

"—1) and ny = n” — 1, where n’ and n” are the
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number of vertices of G; and G, respectively. Therefore, the number of

nonredundant inequalities for G is %n'(n'— D+n"—141= %n'(n'— L)+n".
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6. Avenues for Further Research

This thesis opens several avenues for further research. We be-
lieve that there are some further special properties of the absolute value
inequalities used in Chapter 5. We have not yet been able to find coun-

terexamples or proofs of the following conjectures.

Conjecture 6.1 The dependency set for a redundant linear in-
equality contains at most one linear inequality from each family corre-
sponding to a given absolute value inequality.

The proof of this conjecture would lead us to a proof for the “if”
direction of the following conjecture. The “only if” direction of the next

conjecture is readily apparent.

Conjecture 6.2 The inequality >5_, | 3y 05| < U(Y,~ Y) is
nonredundant in the cut system if and only if the 2 linear inequalities
corresponding to it are all nonredundant in the cut system.

Another direction would be to consider the classification of nodes
as supply, demand, or transshipment nodes. The work in this thesis as-
sumes that no node classifications are known a priori. Greenberg ([14])
has demonstrated that the Wallace-Wets Theorem does not extend imme-
diately to the situation when nodes are pre-classified as supply, demand,
and transshipment nodes. It is not known how the theorem must be
changed for this case. Classification of nodes can also be looked at in the

multicommodity setting. Additionally, one could consider the effects of a



partial classification of the nodes, which in the multicommodity setting
may mean that different nodes are classified for different commodities.
Some further work is also possible in the area of counting the
number of necessary inequalities for special graph structures. There are
many special cases that have not been covered in this thesis. One partic-
ular possibility is to find a bound on the number of necessary inequalities

for an arbitrary l-connected graph.
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Glossary

articulation vertex A vertex whose removal increases the number of
components of the graph

bridge An edge whose removal increases the number of components of
the graph

complete graph A graph with an edge between every pair of vertices

connected graph A graph in which there is a path between every pair
of vertices.

dependency set A system of inequalities which implies a redundant in-
equality.

feasible network A network in which the required flow can be shipped
without violating the capacities of any edges.

multicommodity graph A graph in which flow must be sent from spe-
cific origins to specific destinations.

redundant inequality An inequality which is implied by other inequal-

ities in the system.
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