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1. Introduction and OverviewSuppose a decision maker (DM) is interested in optimizing (in somesense) the function f(x) = a2x� b (1.1)where a and b are �xed but unknown (uncertain) parameters. How does theDM model the unknown parameters a and b? Given the model, how doesthe DM evaluate and interpret f(x)=a2x� b? How is a decision reached? Twocommon techniques for estimating the parameters a and b are interval analysisand probability theory. In this thesis we will consider a third technique, calledpossibility theory.The advantage of interval analysis is that the interval solution is guar-anteed to contain all solutions (see Moore [32]). Interval analysis also o�ersthe advantage of being computationally tractable. It is often straightforward toevaluate the function using the known methods of interval arithmetic (Moore[32]). For example, if a2 [1; 3] and b2 [4; 6] thenf(1) 2 [1; 3]2 � [4; 6] = [1; 9]� [4; 6] = [�5; 5]: (1.2)1



The evaluation gives an interval which represents the range of possible val-ues of the function, though most often this range is overestimated (see Moore[32]). The DM is then faced with the problem of optimizing an interval val-ued function, i.e. the DM must decide on an ordering of the set of intervals.One approach is to assume a uniform probability distribution over any giveninterval and optimize the expected value, i.e. optimize the midpoint of theinterval. For example, f(2)2[1,3]22 � [4; 6] =[2,18]-[4,6]=[-4,14] would be con-sidered greater than f(1)2 [�5; 5] since the midpoint (14-4)/2=5 is greaterthan the midpoint (5-5)/2=0. A disadvantage of interval analysis is that itgives the worst case and interval solutions can be large (useless) if care andcomputationally intensive approaches are not used. Another disadvantage isthat it gives no consideration to the likelihood of a particular outcome. It onlyconsiders the range of all possible outcomes.Probability theory considers not only the range of possible outcomesbut the likelihood a particular outcome may occur. For example, suppose aand b are modeled as the independent random variables X and Y with thefollowing probability density functions:fX(x) = 8>>><>>>: x� 1 for x 2 [1; 2]3� x for x 2 [2; 3] and fY (y) = 8>>><>>>: y�4 for y2 [4; 5]6 � y for y2 [5; 6] : (1.3)Then the probability density function for the random variable Z=f(1)=X2�Y2



is the following:fZ(z) =8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:
Rp6+z1 (w � 1)(6 � w2 + z)dw z2[-5,-4]Rp6+zp5+z (w � 1)(6 � w2 + z)dw + Rp5+z1 (w � 1)(w2 � z � 4)dw z2[-4,-3]Rp6+zp5+z (w � 1)(6 � w2 + z)dw + Rp5+zp4+z (w � 1)(w2 � z � 4)dw z2[-3,-2]R 2p5+z(w � 1)(6 � w2 + z)dw + Rp6+z2 (3 � w)(6� w2 + z)dw+ Rp5+zp4+z (w � 1)(w2 � z � 4)dw z2[-2,-1]Rp6+zp5+z (3 �w)(6 � w2 + z)dw + R 2p4+z(w � 1)((w2 � z)� 4)dw+ Rp5+z2 (3 � w)(w2 � z � 4)dw z2[-1,0]Rp6+zp5+z (3 � w)(6� w2 + z)dw + Rp5+zp4+z (3 � w)(w2 � z � 4)dw z2[0,3]R 3p5+z(3 �w)(6 � w2 + z)dw + Rp5+zp4+z (3 � w)(w2 � z � 4)dw z2[3,4]R 3p4+z(3 �w)(w2 � z � 4)dw z2[4,5]Using this approach, the DM might seek to optimize the expected value of f(x).For example, the expected value of Z=f(1), E(Z), is -.8333. A disadvantage ofthis approach is that it may be impossible, di�cult and/or impractical toobtain the probability distribution for the random variable f(x) for each x tobe considered in the optimization problem. In addition, some problems donot admit to a probabilistic formulation (e.g. locating a tumor for radiationtherapy).In this thesis we examine a third approach called possibility theory.3



It is argued that possibility theory is a compromise between interval analysisand probability theory. In essence, we perform interval arithmetic over familiesof intervals where the families of intervals are parameterized by a probabilitydistribution. The result is a family of intervals representing the possible valuesof f(x) that preserves some of the characteristics of the probability distribu-tion. There are two principle advantages to be gained from this approach. Oneadvantage is that problems formulated in possibilitistic terms are more com-putationally tractable. Another advantage is that possibility theory allows forcomputations with imprecise probabilities. For example, a possibility distribu-tion can be formulated from a family of con�dence intervals. These advantageswill become clear in the sequel.Consider the example above where a and b were modeled as indepen-dent random variables X and Y with density functions given in (1.3). We willshow that two parameterized families of intervals can be constructed for X andY to arrive at the following:XL� = 8>>><>>>: [1; 2 �q12p1� ��+ 1] for � 2 [:75; 1][1; 2�1� 12r�2� 2q(��+ 1)��+ 1] for � 2 [0; :75]and Y L� = 8>>><>>>: h4; 2 �q12p1� ��+ 4i for � 2 [:75; 1]�4; 2�1 � 12r�2 � 2q(��+ 1)��+ 4� for � 2 [0; :75] :4



and XR� = 8>>><>>>: [3� 2 �q12p1� �� ; 3] for � 2 [:75; 1][3� 2�1� 12r�2� 2q(��+ 1)�� ; 3] for � 2 [0; :75]and Y R� = 8>>><>>>: �6� 2�1 � 12r�2 � 2q(�� + 1)�� ; 6� for � 2 [:75; 1]h6 � 2 �q12p1� �� ; 6i for � 2 [0; :75] :Then two parameterized families of intervals can be constructed for Z=f(1)using interval arithmetic as follows:ZR� =8>>>>>>>>>><>>>>>>>>>>: [�3 � 2q12p1� ��2 � �2q12p1 � �+ 4� ; 5] for � 2 [:75; 1]24 3 � 2 1 � 12r2� 2q(��+ 1)!!2� 2 1 � 12r2� 2q(��+ 1)!+ 4! ; 5] for � 2 [0; :75]andZL�= 8>>>>>>>>><>>>>>>>>>: [�5; �2 �q12p1� ��+ 1�2 � �6� 2q12p1 � ��] for � 2 [:75; 1]"�5;�2�1� 12r�2� 2q(��+ 1)��+ 1�2� 6 � 2 1 � 12r2� 2q(��+ 1)!!] for � 2 [0; :75]The DM must now rank these families of intervals in order to reach adecision. We will show that in general these two families of intervals provide an5



upper and a lower bound for the cumulative probability distribution functionof Z = f(1). If the goal of the DM is to optimize the expected value, thischaracterization allows for the calculation of an estimated expected value (inthis case an actual value). For this example, the calculation of the estimatedexpected value of Z, which we denote as EE(Z), is as follows:EE(Z)= 12[Z 1:750B@0@3� 2s12p1� �1A2 �0@2s12p1� �+ 41A1CA d�+ Z :750 0@ 3� 2 1� 12r2� 2q(��+ 1)!!2�  2 1 � 12r2 � 2q(�� + 1)!+ 4!! d�+ Z 1:750B@0@20@s12p1 � �1A+ 11A2 � 0@6� 2s12p1 � �1A1CA d�+ Z :750 0@ 2 1� 12s�2 � 2q(�� + 1)�!+ 1!2�  6� 2 1 � 12r2� 2q(��+ 1)!!! d�]= �0:83333.The focus of this thesis is to explore the application of possibilitytheory to the problem of incorporating uncertainty into math modeling, par-ticularly problems in optimization. The thesis will examine the use of possibil-ity distributions as a method of modeling unknown parameters in real valued6



functions. The contributions of this work to the mathematical foundation andapplication of possibility theory include (i) a formulation of possibility theorywithin the framework of probability theory (ii) a method for selecting amongfamilies of possibility distributions over the real line based on an estimate ofthe expected value (iii) a norm on the space of fuzzy numbers based on thisestimated expected value (iv) an isometry between this normed spaced andthe subspace of L1[0; 1] (Lebesgue integrable functions on the interval [0,1])consisting of functions of bounded variation (v) convergence properties of thisnormed space (vi) a new de�nition of a fuzzy function and several implicationsof this de�nition and (vii) an approach to linear programming problems wherethe coe�cients are stated in terms of fuzzy numbers. Many of these resultsare a compilation and continuation of research that will appear in publicationsJamison&Lodwick [16], Jamison [17] and Jamison&Lodwick [15]. Additionalaspects of this research have appeared in Lodwick&Jamison [28] and Lod-wick&Jamison [29].1.1 OverviewThe second chapter of this paper develops topics in possibility theoryas used here. The chapter begins with known de�nitions and basic implicationsfrom possibility theory. Then it is shown that a possibility distribution can be7



interpreted as a cumulative probability distribution. Several results are pre-sented showing how the image of a possibility distribution under an arbitraryfunction is de�ned and how the resulting possibility distribution is interpreted.Chapter three focuses on possibility distributions over the real line.Of particular interest are fuzzy numbers, i.e. unknown numbers characterizedby possibility distributions. There are possibilistic distributions over linguisticvariables but these are not examined here. The mathematics of fuzzy numbersis presented. It is shown how fuzzy numbers can be added, subtracted, multi-plied, etc. An equivalence relation on the space of fuzzy numbers is presentedand it is shown that this results in a vector space. A norm on this space isde�ned. This norm is motivated from an estimated expected value functional.The convergence properties in this normed space are examined.In chapter four, applications to certain optimization problems are ex-amined. First, the concept of a fuzzy function between �nite dimensional vectorspaces is discussed. A fuzzy function is de�ned as a possibility distribution,satisfying certain properties, over the space of bounded functions. The imageof a fuzzy function is shown to be a fuzzy vector. In particular, if the rangespace is the real line, the image is a fuzzy number.Second, the case of minimizing an unconstrained fuzzy real-valuedconvex function is examined. The minimum of a fuzzy function is de�ned8



and it is shown to be a fuzzy number. The minimizer of a fuzzy function isde�ned. It is shown that the possibility distribution for the minimizer has aconnectedness property. A minimization approach is examined based on theestimated expected value functional of chapter two. It is called the method ofminimum regrets, and seeks to minimize the estimated expected value of thepossible error.In chapter �ve, the theory and methods of chapters two, three andfour are applied to the linear programming problem where all of the coe�cientsare replaced by fuzzy numbers. The problem is �rst formulated in possibilisticterms and converted to a problem of maximizing the estimated expected valueof an unconstrained fuzzy function. It is shown that the resulting problem isconcave. Conditions to insure a bounded solution are developed and an upperbound on the decision variables is determined. An algorithm is provided.Chapter six concludes by summarizing the results of this thesis andsuggesting areas of future research.
9



2. Possibility TheoryL. Zadeh [48] introduced the concept of a fuzzy set in the 1960's.The basic idea is to extend the notion of set membership to include degreesof partial membership. This is generally characterised by a membershipfunction which is a mapping from the universe of discourse into the unitinterval. For example, if A is a fuzzy subset of set X, the membership functionfor A is �A : X ! [0; 1]: For x2 X; �A(x) is called the membership value ofx and is interpreted as the degree to which x is a member of fuzzy set A where1 represents full membership and 0 represents complete lack of membership.If �A(x) = 0 or 1 for all x, A is called a crisp set (in this case �A is just thecharacteristic function of set A). Zadeh de�ned a set of rules of combination forfuzzy sets, each of which is a generalization of the same concepts for crisp sets.So, for example, the standard union, intersection and complement operationsfor fuzzy sets A and B, de�ned in terms of their membership functions are�A[B(x) = max(�A(x); �B(x)), �A\B(x) = min(�A(x); �B(x)), and �Ac(x) =1 � �A(x) where Ac is the complement of A. Note that these are the usualoperations if A and B are crisp sets. 10



Possibility theory, also introduced by L. Zadeh [49], is a natural ex-tension of his work with fuzzy sets. As a tool in optimization problems thatinvolve uncertainty, the basic idea is to consider the set of all possible alter-natives for an unknown parameter of the problem. But the set of possiblealternatives may not be well de�ned. Thus, a fuzzy set of alternatives is used.To do this, each element in the universal set is assigned a membership value(or possibility level) in the interval [0,1]. In possibility theory, as formulatedby Zaden, the membership value of an element is interpreted as the degree ofpossibility that the parameter is that element. If the membership value is zero,it is impossible that the parameter is the element. If the membership value isone the element is considered a possible value of the parameter without reser-vation. Membership values produce an ordering on the universal set in termsof each elements acceptability as a possible value of the unknown parameter.The mapping of each member of the universal set to its membership value iscalled a possibility distribution function for the unknown parameter.The typical process for utilizing possibility theory in optimizing afunction with ill-de�ned parameters is as follows: First, each unknown param-eter of the function is represented using a possibility distribution. Second, fora given point in the decision space the function is evaluated over the set ofpossible parameter values using the rules of combination of possibility theory.11



This produces a possibility distribution for the function evaluation. Third, thepossibility distribution is assigned a value. The process of assigning a valueto a possibility distribution is called defuzzi�cation (taken from fuzzy settheory). Fourth, this value is used to order the possibility distributions so thatan optimal decision can be made. It is the second of these steps that makespossibility theory an interesting alternative to probability theory in modelinguncertainty. For many problems, it is fairly straight forward to calculate theimage of a function of possibility distributions, where it may be very di�cultif probability distributions are used.The process just described is controversial. The basic problem is thatmembership values have not been well de�ned except as a tool for orderingthe universal set. Very di�erent membership values can be used to arriveat the same ordering. But most defuzzi�cation methods are dependent onthe membership values. Thus the decision derived from the process may bearbitrary, since it depends on what membership values were assigned. Also, it isdi�cult to interpret the meaning of the number derived from defuzzi�cation. In[12], Dubois&Prade state \...when we scan the fuzzy set literature, includingZadeh's own papers, there is no uniformity in the interpretation of what amembership grade means. This situation has caused many a critique by fuzzyset opponents, and also many a misunderstanding within the �eld itself. Most12



negative statements expressed in the literature turn around the question ofinterpreting and eliciting membership grades."This thesis begins with an interpretation of membership values basedon probability theory. The fundamental properties of possibility theory arethen examined from this perspective. The advantage of this approach is thatit gives a concrete meaning to membership values and the value derived fromthe defuzzi�cation method proposed.2.1 Possibility Measures and PossibilityDistribution FunctionsBefore introducing the probabilistic interpretation of membership val-ues, the formal de�nitions and resulting implications from possibility theory areprovided. Note that the basis for selecting membership values is not discussedin this section.De�nition 1 (Klir&Yuan [21]) Given a universal set X and a nonempty familyC of subsets of X, a fuzzy measure on hX;Ci is a functiong : C ! [0; 1] (2.1)that satis�es the following requirements:(g1) g(;) = 0 and g(X)=1 (boundary condition)(g2) 8 A,B2 C; if A� B then g(A)� g(B) (monotonicity)13



(g3) for any increasing sequence A1 � A2 � ::: in C, if S1i=1Ai 2 C, thenlimi!1 g(Ai) = g( 1[i=1Ai) (2.2)(continuity from below)(g4) for any decreasing sequence A1 � A2 � ::: in C, if T1i=1Ai 2 C, thenlimi!1 g(Ai) = g( 1\i=1Ai) (2.3)(continuity from above).An immediate consequence of this de�nition is that if A;B;A[B andA \B 2 C, then every fuzzy measure satis�es the inequalities,g(A\B) � min(g(A); g(B)) and g(A[B) � max(g(A); g(B)): (2.4)Fuzzy measures include probability measures as well as belief andplausibility measures of evidence theory (see Klir&Yuan [21]). Possibility the-ory is based on the following two fuzzy measures.De�nition 2 (Klir&Yuan [21]) Let nec denote a fuzzy measure of hX;Ci.Then nec is called a necessity measure i�nec0@ \k2KAk1A = infk2K nec (Ak) (2.5)for any family fAk j k 2 Kg in C such that Tk2K Ak 2 C; where K is anarbitrary index set. 14



De�nition 3 (Klir&Yuan [21]) Let pos denote a fuzzy measure of hX;Ci.Then pos is called a possibility measure i�pos0@ [k2KAk1A = supk2K pos (Ak) (2.6)for any family fAk j k 2 Kg in C such that Sk2K Ak 2 C; where K is anarbitrary index set.When C = P(X), the power set of X, possibility and necessity mea-sures occur in pairs.Theorem 1 (Klir&Yuan [21]) If pos is a possibility measure on P(X). Thenits dual set function nec, which is de�ned bynec(A) = 1 � pos(Ac) (2.7)is a necessity measure called the necessity measure associated with pos.De�nition 4 (Klir&Yuan [21]) Given a possibility measure pos on power setP(X), the function � : X ! [0; 1] such that �(x) = pos (fxg) for all x2 X iscalled the possibility distribution function associated with pos and �(x)is called the possibility level or membership value of x.Theorem 2 (Klir&Yuan [21]) Every possibility measure pos on a power setP(X) is uniquely determined, for each A 2 P(X), by the associated possibilitydistribution function via the formulapos(A) = supx2A�(x). (2.8)15



Theorem 3 (Wang&Klir [46]) If � is a possibility distribution function forpossibility measure pos then supx2X�(x) = 1: (2.9)Conversely, if a function � : X ! [0; 1] satis�es (2.9), then � can determine apossibility measure pos uniquely, and � is the possibility distribution functionof pos.De�nition 5 (Dubois&Prade [10]) A possibility distribution is called normalif 9a 2 X such that pos(fag)=1.2.2 Membership Values as Cumulative ProbabilitiesGiven a possibility distribution function, there are various ways mem-bership values have been interpreted. For example, membership values havebeen interpreted as probabilities over nested sets as in Dubois&Prade [11] oras upper bounds on probability distributions as in Dubois&Prade [9]. A goodoverview of the various interpretations of membership grades in fuzzy set theoryas well as possibility theory can be found in Dubois&Prade [12]. In this thesiswe adopt an interpretation that is closely related to the random set interpreta-tion and the interpretation as the upper bounds on probability distributions.This interpretation provides a straight forward method for constructing pos-sibility distributions. This interpretation will give context to the operations16



proposed in this thesis. The need for a concrete interpretation of membershipvalues was discussed in the introduction to this chapter.The prototype for the following discussion is a parameterized realvalued function where the parameters are not known with precision. However,other applications of possibility theory will be considered.De�nition 6 Let X be a space and ex a random vector on X. A possibilitynest for ex is a relation �p on X �X such that(1) �p is a linear ordering of X with the property that 8 x; y 2 X eitherx >p y; y >p x or x =p y and(2) 8x 2 X, fy 2 X j y �p xg is measurable with respect to the probabilitymeasure for ex and(3) 8B � X; 9 an at most countable subset C �B with the property that8x 2 B 9xn; xm 2 C such that xn �p x �p xm:This third property requires some examination. The assumption isnot trivial since there exists an unbounded in�nite well ordered set that hasthe property that every countable subset is bounded above (see the set S
 inMunkres [33]). However, the following theorem shows that the assumption isnot too restrictive.Theorem 4 Let B � [0; 1]. Then 9 an at most countable subset C � B withthe property that 8x 2 B 9xn; xm 2 C such that xn � x � xm.17



Proof:We �rst show that there is a countable dense subset of B. Foreach q 2 Q \ [0; 1] (where Q is the set of rational numbers). Let S(q; 1n ) =nx 2 [0; 1] j jx� qj < 1no. Let bq;n 2 S(q; 1n) \ B if S(q; 1n) \ B 6= ; otherwiseset bq;n = b0, an arbitrary element of B: Let D = Sq2Q\[0;1] fbq;n j n = 1; ::::g.Then D is at most countable since it is a countable union of countable sets. Letb 2 B. Pick n > 0. Since the rationals are dense in [0; 1] 9q rational such thatjq � bj < 12n . Then b 2 S(q; 12n) so S(q; 12n)\B 6= ; which means 9bq;2n inD suchthat jq � bq;2nj < 12n . But then jb� bq;2nj < jb� qj+ jq � bq;2nj = 12n + 12n = 1n .Hence D is dense in B:Let C = D [ (supD \B) [ (infD \B). We claim C has the desired propertyof the theorem. Assume not. Then without loss of generality, assume 9b 2 Bsuch that 8c 2 C, c < b. Since D is dense in B 9 fdn 2 D j n = 1; :::g suchthat dn ! b. But then by assumption on b, b = supD thus b 2 C.2We motivate the naming possibility nest by noting that any suchordering produces a nested family of measurable subsets of X.De�nition 7 Let �p be a possibility nest for ex. De�ne x to be possible ifx�p ex and impossible otherwise.The following theorem provides some of the motivation behind thesede�nitions. 18



Theorem 5 Let � = fA� j � 2 �g be a nested family of con�dence intervalsfor random variable ex where � = prob (ex 2 A�). Then � de�nes a possibilitynest for ex:Proof:De�ne an ordering on R by setting x >p y if supf1 � �jx 2 A�g >supf1 � �jy 2 A�g where sup; � 0. This clearly establishes a linear orderingon R since every two elements are comparable and the relation is transitive.For given x 2 R let 1 � 
 = supf1 � �jx 2 A�g. We claim thatfyjy �p xg = 8>>><>>>: \�2�j�>
A� if inff� 2 �j� > 
g = 
\�2�j�>
A� otherwise.(�) Let z = fyjy �p xg then z �p x so supf1��jz 2 A�g � 1� 
. Sincethe sets are neseted and indexed by a probability measure it must hold that� > � ) A� � A� or equivalently 1 � � < 1 � � ) A� � A�. Thereforesupf1 � �jz 2 A�g � 1 � 
 means z 2 A� 8� > 
 since otherwise 9� > 
 forwhich z 62 A� but then z 62 A� 8� � � and hence supf1��jz 2 A�g � 1�� <1 � 
 which is a contradiction. Therefore, in all cases z 2 \�2�j�>
A�.Assume inff� 2 �j� > 
g = � > 
. If 
 2 � and if z 62 A
 thenz 62 A� 8� < � and supf1��jz 2 A�g � 1�� < 1�
 which is a contradiction.Therefore z 2 \�2�j��
A�. If 
 62 � then \�2�j��
A� = \�2�j�>
A� and the19



prior case holds.(�) Assume inff� 2 �j� > 
g = 
. Let z 2 \�>
A�. Then supf1��jz 2A�g � 1 � 
 and z 2 fyjy �p xg.Assume inff� 2 �j� > 
g = � > 
. If z 2 \�2�j��
A� then inparticular if 
 2 � then z 2 A
 so supf1��jz 2 A�g � 1� 
 and z 2 fyjy �pxg. But it must be that 
 2 � since otherwise 1 � 
 = supf1 � �jx 2 A�gwould imply that inff� 2 �j� > 
g = 
 contradicting our assumption.The third property of the de�nition of possibility nest follows from theprior theorem and the fact that � � [0,1]. It remains to show that \�2�j�>
A�and \�2�j��
A� are measurable. But by assumption, 9 at most countable sub-sets C and D of � such that \�2�j�>
A� = \c2CAc and \�2�j��
A� = \d2DAdand both of these latter sets are measurable since each A� is measureable byassumption. 2We are interested in functions of multiple random vectors. Therefore,we extend the notion of a possibility nest to a �nite collection of random vectorsas follows:De�nition 8 Let X be a space and fX = fexi j i = 1 to Ng be a �nite set ofsymbols representing random vectors on X. Let 	 = fX � X: A possibilitynest in the context of fX is de�ned to be a relation, �c; on 	�	 such that20



(1) �c is an linear ordering of 	 with the property that 8(exi; a); (exj; b) 2 	either (exi; a) >c (exj; b); (exj; b) >c (exi; a) or (exi; a) =c (exj; b) and(2) 8 a 2 X and 1� i, j � N , fb 2 X j (exi; b) � (exj; a)g is measurable withrespect to the probability measure associated with random vector exi and(3) 8B � 	; 9 an at most countable subset C �B with the property that8 (exi; a) 2 B, 9(exj; an); (exk; am) 2 C such that (exj; an) �c (exi; a) �c (exk; am):A possibility nest for exi in the context of fX is de�ned to be the relation�p on X �X which is the restriction of �c to X by setting b �p a if (exi; b) �c(exi; a): Note that the properties of �c ensure that �p satis�es the propertiesof De�nition 6.In a little while we will construct contextual possibility distributionsfrom contexual possibility nests. One can think of contextual possibility dis-tributions as interim distributions on the way to constructing a possibilitydistribution for a function of the random vectors in fX. Examples of orderingson 	 and its usefulness are given throughout the rest of this chapter.From this point forward, we will use (X; fX;�c) or (X; ex;�p) to denotepossibility nests. Note that (X; fX;�c) includes the special case (X; ex;�p). 	will always be used to represent fX �X:For each i, the symbol exi represents an unknown element of X. Forsome unique Xi 2 X; exi = Xi, i.e. Xi is the realization of exi. For purposes of21



the following de�nition we will distinguish between the symbol for the randomvariable, exi and the actual value of the random variable Xi. We will drop thisdistinction after this de�nition.De�nition 9 Given �X; fX;�c� ; let ! = minf(exi;Xi) j i = 1 to Ng wheremin is with respect to the ordering �c. Given (exi; a) 2 	, call exi = a possiblein the context of fX if (exi; a) �c ! and impossible in the context of fXotherwise.When fX consists of a single variable, (ex1;X1) = ! then a is possiblein the context of fX i� a �p X1, i.e. a is possible. In this case the ordering isa possibilty nest for ex and the reference to the context is dropped.Given �X; fX;�c�, let	
 = f 2 	 j  >c 
g (2.10)and let �i(	
) = na 2 X j (exi; a) 2 	
o : (2.11)For 
 2 	; if 
 �c ! then for some i, exi =2 �i(	
). Recall that ! =minf(exi; xi)j1 = 1; � � � ; Ng. We will show ! has the cumulative probabilitydistribution characterized by:F!(
) = 1 � prob(ex1 2 �1(	
) j ex2 2 �2(	
);� � � ; exN 2 �N (	
)) � � � prob(exN 2 �N (	
)); (2.12)22



where F!(
) = prob(
 �c !). If the exi's are independent this reduces toF!(
) = 1� prob(ex1 2 �1(	
)) � � � prob(exN 2 �N(	
)): (2.13)Thus F!(
) is the probability that 
 is possible in the context of fX . Then thestatement \the probability is � that exi = a is possible in the context of fX"has this speci�c meaning, namely that prob((exi; a) �c !) = �.Theorem 6 Given �X; fX;�c�, ! is a random element of 	 and F! is thecumulative distribution function for ! relative to the ordering �c.Proof:The ��field of subsets and probability measure follow from the def-inition of possibility nest in the context of fX and F! is clearly the distributionfunction.2Note that if (exi; r) �c ! then this is also true for any (exj; s) �c (exi; r):For this situation,prob �(exi; r) �c ! and (exj; s) �c !� = prob �(exi; r) �c !� (2.14)and prob �(exi; r) �c ! or (exj; s) �c !� = prob �(exj; s) �c !� : (2.15)Furthermore, prob �(exi; r) <c ! and (exj; s) <c !� (2.16)23



= 1� prob �(exj; s) �c !� = prob �(exj; s) <c !� .and �nally, prob �(exi; r) <c ! or (exj; s) <c !� (2.17)= 1 � prob �(exi; r) �c !� = prob �(exi; r) <c !� .Note also that (exj; s) �c (exi; r) implies thatprob �(exj; s) �c !� � prob �(exi; r) �c !� (2.18)and prob �(exj; s) <c !� � prob �(exi; r) <c !� : (2.19)These observations generalize as follows.Theorem 7 Given �X; fX;�c� ; the following identities hold 8 B� 	 withB6= ;;prob( _(exi ;r)2B(exi; r) �c !) = supnprob((exi; r) �c !) j (exi; r) 2 Bo (2.20)and prob( ^(exi;r)2B(exi; r) �c !) = inf nprob((exi; r) �c !) j (exi; r) 2 Bo (2.21)24



and prob( ^(exi ;r)2B(exi; r) < c!) = inf nprob((exi; r) <c !) j (exi; r) 2 Bo (2.22)= 1 � supnprob((exi; r) �c !) j (exi; r) 2 Boand prob( _(exi ;r)2B(exi; r) < c!) = sup nprob((exi; r) <c !) j (exi; r) 2 Bo (2.23)= 1� inf nprob((exi; r) �c !) j (exi; r) 2 BoProof:For the �rst identity, note that0@ _(exi;r)2B(exi; r) �c !1A = [(exi;r)2B �(exi; r) �c !�and the events ((exi; r) �c !) are nested because of the linear ordering �c :By de�nition, 9 an at most countable subset C �B with the property that8(exi; a) 2 B 9(exj; an); (exk; am) 2 C such that (exj; an) �c (exi; a) �c (exk; am):This with the nested property imply that[(exi;r)2B �(exi; r) �c !� = [n2C �(exi; rn) �c !�and prob �! 2 S(exi;r)2B ((exi; r) �c !)� = supn2C fprob ((exi; rn) �c !)g= sup(exi;r)2B fprob ((exi; r) �c !)g :25



The other identies are similarly proven along with the fact thatinf fprob((exi; r) <c !) j (exi; r) 2 Bg= inf f1� prob((exi; r) �c !) j (exi; r) 2 Bg= 1� sup f(exi; r) �c !) j (exi; r) 2 Bgwith a similar result using sup in place of inf.22.3 Possibility Distributions when MembershipValues are Cumulative ProbabilitiesIn this section it is shown that possibility distributions can be formu-lated from the cumulative probability distribution of ! as a random element of	. This gives a probabilistic interpretation to membership values and to thepossibility and necessity measures and other measures of possibility theory aswill be shown.Given �X; fX;�c� ; for (exi; a) 2 	; de�ne a function �exi(a); by theequation �exi(a) = prob((exi; a) �c !): (2.24)In other words, �exi(a) is the probability that exi = a is possible in the contextof fX (or ex = a is possible, when fX = fexg).Thus �exi(a) = F!((exi; a)) where F!((exi; a)) (see (2.12)) is the cumu-lative distribution function for the distribution of ! when ! is considered arandom element of 	. 26



Theorem 8 Given �X; fX;�c� ; for exi 2 fX; the function �exi is a possibilitydistribution function.Proof:By de�nition, �exi : X ! [0; 1]: Alsosupx2X�exi (x) = supx2X prob ��exi; x� �c !� :By de�nition 9 an at most countable set C � X with the property thatsupx2X prob ��exi; x� �c !�= supx2C prob ��exi; x� �c !�= prob [x2C �exi; x� �c !!= prob [x2X �exi; x� �c !! = 1since (exi;Xi) �c ! by de�nition.2With this interpretation of membership values, it is clear that possi-bility distributions are context dependent in the following sense. If additionalrandom vectors are added to fX and/or removed from fX, then the possibil-ity distribution for exi will change. It will also change if the ordering of 	 ischanged. In fact, for a given collection of random vectors, fX; there is a set ofpossibility distributions (one for each ordering of 	).27



The next theorem is a construction theorem for the case where therandom vectors in fX are independent. It is straightforward to construct apossibility distribution for a random vector ex if fX contains only the singletonex: In this case ! = (ex1;X1) and the possibility nest forms a nested sequenceof subsets of X (the sets �(	(ex;a)), see (2.11)). Then �ex(a) = 1 � prob(ex 2�(	(ex;a))) = prob(a �p exi). For example, in Theorem 5 we saw that a nestedsequence of con�dence intervals can be a possibility nest for a real valuedrandom variable. Once possibility distributions have been constructed in thismanner for a collection of independent random variables, the following theoremshows how the possibility distributions can be combined to produce contextualpossibility distributions for each of the variables. By contextual we mean thepossibility distributions produced by an ordering on 	 when fX is the set ofrandom variables of interest.Theorem 9 Let fX = fexi j i = 1 to Ng be a collection of independent randomvectors on space X. Let n�iexi j i = 1 to No be possibility distribution functionsconstructed for each exi alone. In other words, for each i, an ordering has beenimposed on X such that �iexi(a) = prob(a �p exi) with respect to this ordering.Then an order, �c can be imposed on the 	 = fX�X by setting (exi; a) >c (exj; b)if �iexi(a) > �jexj (b) and (exi; a) =c (exj; b) if �iexi(a) = �jexj (b): For �xed a2 X and28



i2 f1; 2; :::; Ng ; and for each j=1,2,...,N let�j = 1 � supn�jexj (b) j b 2 X and �iexi(a) � �jexj (b)o : (2.25)Then with respect to �c; �exi(a) = 1 � NYj=1�j (2.26)is a possibility distribution function for exi in the context of fX:Proof:From (2.13)�exi(a) = 1� prob(ex1 2 �1(	(exi;a))) � � � prob(exN 2 �N(	(exi;a)))where 	
 = f 2 	 j  >c 
g and �i(	
) = fa 2 X j (exi; a) 2 	
g : But fromthe order imposed,	(exi;a)=n(exj; b) j �jexj(b) > �iexi(a)o and �j(	(exi;a)) =nb 2 X j �jexj(b) > �iexi(a)oand thus prob(exj 2 �j(	(exi;a)))= prob �exj 2 nb 2 X j �jexj(b) > �iexi(a)o�= 1 � prob �exj 2 nb 2 X j �jexj(b) � �iexi(a)o� :29



But the event (exj 2 nb 2 X j �jexj(b) � �iexi(a)o) = [�jexj (b)��iexi(a)(b � exj). Sincethese events are nested, and using property three of the de�ntion of a possi-bility nest, we have prob�[�jexj (b)��iexi (a)(b � exj)� = supfprob(b � exj)j�jexj(b) ��iexi(a)g. But prob(b � exj) = �jexj (b). Therefore 1 � prob(exj 2 fb 2 Xj�jexj (b) ��iexi(a)g) = 1� supf�jexj(b)jb 2 Xj�jexj (b) � �iexi(a)g. 2Corollary 1 If in addition to the other assumptions, the possibility distribu-tion function �iexi in Theorem 9 maps onto the interval (0,1) for each i = 1 toN then �exi(a) = 1� �1� �iexi(a)�N (2.27)is a possibility distribution function for exi in the context of fX:Proof: Given �iexi(a) 2 (0; 1), by assumption 9b 2 X such that�jexj (b) = �iexi(a). Therefore �iexi(a) = sup n�jexj (b) j b 2 X and �jexj (b) � �iexi(a)o.If �iexi(a) = 1 we know from the de�nition of a possibility distribution functionthatsup n�jexj(b) j b 2 X and �jexj(b) � 1o = 1.If �iexi(a) = 0, sup n�jexj (b) j b 2 X and �jexj (b) � 1o = 0 since either 9b such that�jexj (b) = 0 or n�jexj (b) j b 2 X and �jexj (b) � 1o = ; and we de�ned sup ; = 0.2 Let Fi : R! [0; 1] be the cumulative distribution function for random30



variable exi (i.e. Fi(x) = prob (exi � x)). In addition, let Gi(x) = prob (x � exi).These functions map R into the interval [0,1] and satisfy the property thatsup fFi (x) j x 2 Rg = sup fGi (x) j x 2 Rg = 1. Therefore these are possi-bility distribution functions for the case fX = fexig and the ordering on Ris either the natural ordering or the reverse of the natural ordering: Then�iexi(x) = prob (x is possible) = prob (x �p exi) = prob (x � exi) = Fi(x) or�iexi(x) = prob (x is possible) = prob (x �p exi) = prob (x � exi) = Gi(x): Whenthese functions satisfy the conditions of the previous corollary, they can beused directly to construct contextual possibility distributions. These specialpossibility distributions will be useful later when we examine the probabilisticinformation that can be derived from a possibility distribution.Corollary 2 If fX consists of random variables and for each element of fX thedistribution functions Fi and Gi map onto the interval (0; 1) (for example, ifeach exi is a continuous random variable), then selection of one each of Fi or Giinduces an ordering of 	 determined as in Theorem 9 and for each i = 1 to N�exi(a) = 1 � (1�Hi(a))N (2.28)is a possibility distribution for exi in the context of fX where Hi = Fi or Gi:Proof:Apply the previous corollary. 231



Note that when fX=fexg, this reduces to �ex(a)=F (a) or �ex(a)=G(a).These distributions concentrate the possibility distributions to the leftor right hand side of the real line.Example 1 Constructing Possibility Distributions-Application ofTheorem 9. In this example we will construct contextual possibility distri-bution functions. The �rst step is to construct possibility distribution functionsfor each random variable separately. Second, we use these distributions to con-struct the set 	 = fX �X as in Theorem 9. Third, for each element of the set	 we construct the cumulative distribution function for !, F!. Finally, usingF!, the contextual possibility distribution functions for each element of fX areconstructed.Let ex1; ex2 be independent discrete random variables over the setX = f1; 2; 3; 4;5g where the distributions of ex1 and ex2 are:r P(ex1 = r) P(ex2 = r)1 .25 .32 .5 .53 .125 .24 .125 05 0 0We will construct two possibility distributions in the context of fX = fex1; ex2g,32



one concentrating possibility to the left and one to the right side of the realline. We will denote these using superscripts L and R. Construct possibilitydistributions for each variable separately. Recall that �(x) = prob((ex; x) �c !)which reduces to prob(x �p ex) when fX consists of the single variable ex. Forex1, the ordering for the left distribution is 1 >p 2 >p 3 >p 4 >p 5 and forthe right distribution, 4 >p 3 >p 2 >p 1 >p 5. For ex2, the ordering forthe left distribution is 1>p 2 >p 3 >p 4 =p 5 and for the right distribution,3 >p 2 >p 1 >p 4 =p 5.r L�1ex1(r) L�2ex2(r)1 1 12 .75 .73 .25 .24 .125 05 0 0
r R�1ex1(r) R�2ex2(r)1 .25 .32 .75 .83 .875 14 1 05 0 0We can combine one distribution for each of the random variables. We willcombine L�1ex1(r) with L�2ex2(r) and R�1ex1(r) with R�2ex2(r) to get two sets ofpossibility distributions. As in Theorem 9, we construct an order on 	 =fex1; ex2g �X, by setting (exi; a) >c (exj; b) if �iexi(a) > �jexj(b) and set �exi(a) =1 � QNj=1 �j where �j = 1 � supn�jexj (b) j b 2 X and �iexi(a) � �jexj (b)o. Theresult is shown below with the elements of 	 listed from highest to lowest in33



the ordering along with prob(
 �c !) = 1 � prob(
 <c !):	 for L�1ex1(r) with L�2ex2(r) 1-prob((exi; x) <c !)(ex1; 1) =c (ex2; 1) 1 � (1� 1)(1 � 1) = 1:0(ex1; 2) 1 � (1� :75)(1� :7) = : 925(ex2; 2) 1 � (1� :25)(1� :7) = : 775(ex1; 3) 1� (1� :25)(1 � :2) = : 4(ex2; 3) 1 � (1� :125)(1 � :2) = : 3(ex1; 4) 1� (1 � :125)(1 � 0) = : 125(ex1; 5) =c (ex2; 4) =c (ex2; 5) 1 � (1� 0)(1 � 0) = 0	 for R�1ex1(r) with R�2ex2(r) 1-prob((exi; x) < !)(ex1; 4) = (ex2; 3) 1 � (1 � 1)(1� 1) = 1:0(ex1; 3) 1� (1 � :875)(1 � :8) = : 975(ex2; 2) 1 � (1� :75)(1� :8) = : 95(ex1; 2) 1 � (1 � :75)(1� :3) = : 825(ex2; 1) 1 � (1 � :25)(1� :3) = : 475(ex1; 1) 1� (1 � :25)(1� 0) = : 25(ex1; 5) = (ex2; 4) = (ex2; 5) 1 � (1 � 0)(1� 0) = 0The later table gives us the following information:P(ex1 = 4 and ex2 = 3) = 1 � :975 = :0 25P(ex1 = 3 or 4 and ex2 = 3) = 1 � :95 = :0 534



P((ex1 = 3 or 4 and ex2 = 2 or 3) = 1� :825 = : 175P(ex1 = 2; 3; or 4 and ex2 = 2 or 3)=1 � :475 = : 525P(ex1 = 1; 2; 3 or 4 and ex2 = 2 or 3)=1 � :25 = : 75P(ex1 = 1; 2; 3 or 4 and ex2 = 1; 2 or 3)=1 � 0 = 1The left and right possibility distributions for ex1 and ex2 in the context of fXare: r L�ex1(r) L�ex2(r)1 1 12 .925 .7753 :4 .34 .125 05 0 0
r R�ex1(r) R�ex2(r)1 .25 .4752 .825 .953 :975 14 1 05 0 0Example 2 The continuous Case - Application of Corollary 2 Let ex1and ex2 be independent random variables with density functionsf1(x) = 8>>><>>>: x� 1 for x 2 [1; 2]3� x for x 2 [2; 3] and f2(x) = 8>>><>>>: x� 4 for x 2 [4; 5]6� x for x 2 [5; 6] (2.29)so the cumulative distribution functions are:F1(x) = 8>>><>>>: 12x2 � x+ 12 for x 2 [1; 2]3x� 12x2 � 3:5 for x 2 [2; 3]35



and F2(x) = 8>>><>>>: 12x2 � 4x+ 8 for x 2 [4; 5]�17:0 + 6x� 12x2 for x 2 [5; 6]and the distribution functions from the left (where G(x) = prob(x � ex) are:G1(x) = 8>>><>>>: : 5� 12x2 + x for x 2 [1; 2]92 � 3x+ 12x2 for x 2 [2; 3]and G2(x) = 8>>><>>>: �7:0� 12x2 + 4x for x 2 [4; 5]18 � 6x+ 12x2 for x 2 [5; 6] (2.30)For this example, the combination rules of corollary 2 apply so R�exi(x) =1 � (1� Fi(x))2 and L�exi(x) = 1� (1 �Gi(x))2. For example,R�ex1(x) = 8>>>>>>>><>>>>>>>>: 1 � �1 � 12x2 � x+ 12�2 x2 [1; 2]1 � �1 � 3x � 12x2 � 3:5�2 x2 [2; 3]0 otherwise (2.31)is a right possibility distribution function for ex1 in the context of fX. A leftpossibility distribution is constructed similarly but using Gi.2.4 Set RepresentationsBefore examining functions of possibility distributions we consider amethod for representing a possibility distribution by a family of nested sets.36



These representations, called set representations, will be useful when func-tions of possibility distributions are examined. They are useful for computa-tional as well as theoretical purposes. We will show in the next section thatthe possibility distribution, of a function of random variables represented bypossibility distributions, can be determined by evaluating the function over theset representations of the possibility distributions of the random variables.Recall that possibility theory can be viewed as a subset of fuzzy settheory. In both theories, membership functions and possibility distributionfunctions are represented by the symbol � and in both theories � maps theuniversal set X to the unit interval. We begin this section with two de�nitionsfrom fuzzy set theory that are also used in possibility theory.De�nition 10 (Kaufmann&Gupta [20]) Given a fuzzy set ex it's �-cut isequal, ex� = fy 2 X j �ex(y) � �g for � 2 [0; 1] (2.32)and it's strong �� cut is equal,ex�+ = fy 2 X j �ex(y) > �g for � 2 [0; 1] (2.33)De�nition 11 ~(Kaufmann&Gupta [20]) Given a fuzzy set ex, the set ex0+ =fa j �ex(a) > 0g is called the support of ex.The �-cut for a possibility distribution constructed using the methods37



of this thesis consists of all elements whose probability of being possible is atleast �. The support of such a possibility distribution consists of all elementsthat have non-zero probability of being possible.��cuts are used to form a representation for a possibility distributionas a nested family of sets fex�g�2[0;1]. These and similar representations will beused quite extensively in the sequel. This notion can be extended.De�nition 12 (Kruse et al. [23]) The nested family of subsets fA�g�2[0;1] iscalled a set representation for a possibility distribution �ex for ex if 8a 2 X;�ex(a) = sup f� j a 2 A�g (2.34)where by de�nition sup; = 0:Set representations have continuity properties.Theorem 10 (Kruse et al. [23]) Let (A�)�2[0;1] be a set representation for apossibility distribution �ex for ~x. Then 8� 2 (0; 1] ~x� = \
<�A
 and 8� 2 [0; 1)~x�+=[
>�A
.Set representations are bounded above and below by the ��cuts andstrong �� cuts of a possibility distribution.Theorem 11 (Kruse et. al. [23]) The family of sets (A�)�2(0,1) is a setrepresentation for a possibility distribution �ex for ~x if and only if it holds that~x�+ � A� � ~x� 8� 2 (0; 1). 38



Example 3 For Example 1, the set representations for L�ex1 formed by � �cuts and strong � � cuts are as follows, where Lex1� represents the � � cut ofthe possibility distribution for ex when the possibility distribution for ex in thecontext of fex1; ex2g is L�ex1 :� Lex1�:925 < � � 1 f1g:4 < � � :925 f1; 2g:25 < � � :4 f1; 2; 3g0 < � � :25 f1; 2; 3; 4g� = 0 f1; 2; 3; 4; 5g
� Lex1�+� = 1 ;:925 � � < 1 f1g:4 � � < :925 f1; 2g:25 � � < :4 f1; 2; 3g0 � � < :25 f1; 2; 3; 4gExample 4 Constructing Set Representations For Example 2, we willform the set representations using the � � cuts: Rather than using the possi-bility distribution functions developed earlier, we will create the set represen-tations from �rst principles. We begin with the set representations for the leftdistributions.Let Lex1� = [1; 2� + 1] and Lex2� = [4; 2� + 4] for � 2 [0; 1]: (2.35)Then the subscript, � as a function of �, can be determined. Noting that the39



two distributions are identical except for a linear shift, observe thatprob(exi 2L exi�) = 8>>><>>>: R 2�+11 (x� 1)dx = 2�2 for i=1,2 and � 2 [0; :5]12 + R 2�+12 (3� x)dx = �1 + 4� � 2�2 for � 2 [:5; 1] :(2.36)Then from (2.13) and (2.24),� = 1 � P (ex1 2L ex1�)P (ex2 2L ex2�) = 8>>><>>>: 1� (2�2)2 for i=1,2 and � 2 [0; :5]1� (�1 + 4� � 2�2)2 for � 2 [:5; 1] :Suppose � = 1� (2�2)2, then � = q12p1 � � for � 2 [1; :75]:Suppose � = 1 � (�1 + 4� � 2�2)2, then � = 1 � 12r�2 � 2q(��+ 1)� for� 2 [:75; 0]: Thus a set representation for the left possibility distributions forex1 and ex2 in the context of fex1; ex2gare given by:Lex1� = 8>>><>>>: [1; 2 �q12p1� ��+ 1] for � 2 [1; :75][1; 2�1� 12r�2� 2q(��+ 1)��+ 1] for � 2 [:75; 0]and Lex2� = 8>>><>>>: h4; 2 �q12p1 � ��+ 4i for � 2 [1; :75]�4; 2�1� 12r�2 � 2q(��+ 1)��+ 4� for � 2 [:75; 0] :Now let Rex1� = [3� 2�; 3] and Rex2� = [6� 2�; 6] for � 2 [0; 1]: (2.37)Using the same reasoning as above to determine the subscript � as a function40



of � we get:Rex1� = 8>>><>>>: [3� 2 �q12p1� �� ; 3] for � 2 [1; :75][3� 2�1� 12r�2� 2q(��+ 1)�� ; 3] for � 2 [:75; 0]and Rex2� = 8>>><>>>: h6� 2 �q12p1 � �� ; 6i for � 2 [0; :75]�6 � 2�1� 12r�2� 2q(��+ 1)�� ; 6� for � 2 [:75; 1] :An alterative construction is to form the �� cuts that concentrate the proba-bility mass. We will use the left superscript U to distinguish this distribution,meaning the points with higher probability density are concentrated in the� � cuts with higher values of �: LetU ex1� = [1 + 2�; 3� 2�] and U ex2� = [4 + 2�; 6� 2�] for � 2 [0; :5]: (2.38)Then the subscript, � as a function of �, can be determined. Noting againthat the two distributions are identical except for a linear shift, observe thatprob(exi 2U exi�) = 2 Z 21+2�(x� 1)dx = 1 � 4�2 for � 2 [0; :5]: (2.39)Then from (2.13) and (2.24),� = 1 � P (ex1 2U ex1�)P (Xi 2U ex2�) = 1� (1 � 4�2)2 for � 2 [0; :5]:Let � = 1� (1� 4�2)2, then � = 12q1 �p1 � � for � 2 [0; 1]:Thus set representations for the possibility distributions for ex1 and ex2 in the41



context of fex1; ex2g are given by:U ex1� = �1 +q1 �p1� �; 3�q1 �p1� �� for � 2 [0; 1]and U ex2� = �4 +q1 �p1 � �; 6�q1 �p1 � �� for � 2 [0; 1]:2.5 Functions of Possibilitity Distributions -Extension PrinciplesSuppose there are two possibility distributions for unknown elementsof the real line, ex and ey and the decision maker is interested in the unknownelement ex + ey: In particular, how can the possibility distribution for the sumbe determined from the distributions for ex and ey? This section shows how thisis done in terms of the contextual possibility distributions. It is also shownhow set representations can be used to arrive at the same result. In particular,by applying the operation as a set function on the set representations of eachdistribution, a set representation for the combined distribution is derived.The most important property of possibility theory is the ease withwhich di�erent possibility distributions can be combined. Zadeh provided theformula for constructing the possibility distribution for the function of a pos-sibility distribution as follows: 42



De�nition 13 (Extension Principle) (Zadeh [48]) Let f : X ! Y be an arbi-trary function and let ex be a fuzzy set over X. De�ne a fuzzy set over Y whichwe denote f(ex), by setting �f(ex)(b) = supb=f(a)�ex(a):The cumulative probability interpretation of membership values givesjusti�cation for this de�nition. Recall from Theorem 7 that for B � 	,prob( _(exi;a)2B(exi; a) � !) = supn�exi(a) j (exi; a) 2 Bo (2.40)and prob( ^(exi ;a)2B(exi; a) � !) = inf n�exi(a) j (exi; a) 2 Bo : (2.41)In words, the probability that at least one element of set B is possi-ble is the supremum over the probability that any particular element in B ispossible and the probability that all elements of B are possible is the in�mumover the probability that any particular element of B is possible.De�nition 14 Given �X; fX;�c� where fX = fexi j i = 1; � � � ; Ng and a mea-surable function f : XN ! Y . Call y2 Y possible in the context offX if 9QNi= ai 2 XN such that each ai is possible in the context of fX andy = f �QNi= ai� :This de�nition provides a basis for a probabilistic interpretation ofthe extension principle. 43



Theorem 12 Given �X; fX;�c� where fX = fexi j i = 1; � � � ; Ng then a mea-surable function f : XN ! Y induces a possibility nest �p on Y for the randomvectorf(QNi=1 exi) over Y with contextual possibility distribution function givenby the extension principle, i.e. 8y 2 Y�f(QNi=1 exi)(y) = supy=f(QNi= ai) mini=1 to N(�exi(ai)) (2.42)where �f(QNi=1 exi)(y) = prob(y is possible in the context of fX):Proof:Let W = f �XN�. 8 y;w 2 W c and 8z 2 W set y =p w <p z: De�nea point to set mapping f : 	! P (Y) byf ((exi; a)) = 8>>>>>>>><>>>>>>>>: y 2 Y j 9QNi= ai 2 XN with f �QNi= ai� = yand(exi; a) �c minf(exj; aj) j j = 1 to Ng 9>>>>>>>>=>>>>>>>>;Since 	 is linearly ordered, nf((exi; a)) j (exi; a) 2 	o is nested and thus linearlyorders Y. Let �p be this linear ordering. For each y 2 Y , f�1(fw �p yg) =f�1 �f((exi; a))� for some (exi; a) 2 	. For this (exi; a);QNj=1 aj 2 f�1 �f((exi; a))�if and only if (exi; a) �c minf(exj; aj) j j = 1 to Ng . Thus f�1(fw �p yg) =QNj=1 faj j (exj; a) �c (exi; ai)g and each set in this product is measurable withrespect to the random vector exi by assumption on �c. Therefore fw �p yg isa measurable set in Y. 44



Let ey = g(QNi=1 exi). Recall that ! = minf(exi;Xi) j i = 1; � � � ; Ng.Then prob(y �p ey) = prob(9 NQi=1 ai j f  NQi=1 ai! = y and 8 i = 1; � � � ; N; ! �c(exi; ai)). In words, prob (y �p ey) is the probability that there is an QNi=1 ai inXN such that each ai is a possible candidate for exi in the context of fX and suchthat y = g(QNi=1 exi), i.e. it is the probability that g(QNi=1 exi) = y is possible.But the probability that each ai is a possible candidate for exi in the context offX is equal to mini=1 to N(�exi(ai)). Also prob �9QNi=1 ai j f �QNi=1 ai� = y and8 i = 1 : : : N; ! �c (exi; ai)) = prob( SNQi=1 aijf(QNi=1 ai)=y f! �c (exi; ai) 8i = 1; � � � ; Ng).And these events are nested by the linear ordering of 	. Therefore, using prop-erty three from the de�nition of a contextual possibility nestprob�SQNi=1 aijf(QNi=1 ai)=y f! �c (exi; ai) 8i = 1 to Ng�= sup �f! �c (exi; ai) 8i = 1 to Ng j f �QNi=1 ai� = y�= supy=g(QNi= ai)mini=1 to N(�exi(ai)): 2The usefulness of set representations is demonstrated by the followingtheorem.Theorem 13 Given �X; fX;�c� where fX = fexi j i = 1; Ng. Let fAi�g�2[0;1]be a set representation for a possibility distribution for random vector exiover X in the context of fX and let g : XN ! Y be measurable. Then45



(g( NQi=1 ai) where ai 2 Ai� 8 i = 1; � � � ; N)�2[0;1] is a set representation for thepossibilistic variable g(QNi=1 exi) as de�ned in Theorem 12:Proof:Since �g( NQi=1exi)(y) = supy=g( NQi=1 ai)mini=1;N (�exi(ai)); we need to showthat 8y 2 Y;supy=g(QNi=1 ai) mini=1;N(�exi(ai))= sup8<:� j y 2 8<:g( Yi=1;N ai) where ai 2 Ai� 8i = 1 � � �N9=;9=; (2.43)We consider two cases.Case one:Let y 2 Y . Assume supn� j y 2 ng(Qi=1;N ai) where ai 2 Ai� 8i = 1; Noo =� > 0. Then 8
 < �; y 2 ng(Qi=1;N ai) where ai 2 Ai
 8i = 1 to No sincethe Ai
's are nested. So 9QNi=1 ai such that y = g(QNi=1 ai) and ai 2 Ai
: Thus�exi(ai) � 
 8i = 1; N (de�nition 2.34) so mini=1;N(�exi(ai)) � 
: But this is true8
 < � so supy=g(QNi=1 ai)mini=1;N (�exi(ai)) � �: On the other hand, if � > �then y =2 ng(Qi=1;N ai) where ai 2 Ai� 8i = 1 to No. This means that 8QNi=1 aisuch that y = g(QNi=1 ai); for some j; aj =2 Aj�: Therefore for this j �exj (aj) � �which implies that mini=1;N(�exi(ai)) � �. Since this is true 8� > �; it mustbe that mini=1;N(�exi(ai)) � � . Thus supy=g(QNi=1 ai)mini=1;N(�exi(ai)) � � andequality follows. 46



Case two:Let y 2 Y . Assume supn� j y 2 ng(Qi=1;N ai) where ai 2 Ai� 8i = 1; Noo =0: By the previous argument, supy=g(QNi=1 ai)mini=1;N (�exi(ai)) � 0: But byde�nition of �; supy=g(QNi=1 ai)mini=1;N (�exi(ai)) � 0.2This is an important result. It tells us that to evaluate a functionof possibility distributions we don't have to evaluate the supremum over theminimums of the membership values. Instead, we can evaluate the functionover the � � cuts of the possibility distributions. For some problems, thissimpli�es to performing interval arithmetic using the ��cuts of each possibilitydistribution.
Example 5 Consider the random variable ey=ex1+ex2 where ex1 and ex2 are asgiven in Example 1. This variable is monotonic in each variable ex1 and ex2:Therefore, we can calculate the set representations formed by the ��cuts forthe left and right possibility distributions for ey from the � � cuts for the leftand right possibility distributions for ex1 and ex2 respectively. The �-cuts for47



the left possibility distribution are:� Lex1� Lex2� Ley�:925 < � � 1 f1g f1g f2g:775 < � � :925 f1; 2g f1g f2; 3g:4 < � � :775 f1; 2g f1; 2g f2; 3; 4g:3 < � � :4 f1; 2; 3g f1; 2g f2; 3; 4; 5g:125 < � � :3 f1; 2; 3g f1; 2; 3g f2; 3; 4; 5; 6g0 < � � :125 f1; 2; 3; 4g f1; 2; 3g f2; 3; 4; 5; 6; 7gThis has the following meaning;7.5% of the time (1 � :925), ey=2 is the only possible value for ey,22.5% of the time (1� :775); ey=2 or 3 are the only possible values for ey,60% of the time (1� :4), ey=2,3, or 4 are the only possible values for ey,70% of the time (1� :3) ; ey=2,3,4 or 5 are the only possible values of ey,87.5% of the time (1 � :125); ey = 2; 3; 4; 5 or 6 are the only possible values ofey;and 100% of the time ey=2,3,4,5,6 or 7 are the only values for ey.48



The �-cuts for the right possibility distribution are:� Rex1� Rex2� Rey�:975 < � � 1 f4g f3g f7g:95 < � � :975 f4; 3g f3g f6; 7g:825 < � � :95 f4; 3g f3; 2g f5; 6; 7g:475 < � � :825 f4; 3; 2g f3; 2g f4; 5; 6; 7g:25 < � � :475 f4; 3; 2g f3; 2; 1g f3; 4; 5; 6; 7g0 < � � :25 f4; 3; 2; 1g f3; 2; 1g f2; 3; 4; 5; 6; 7gExample 6 For the set representations from Example 5, consider ey = (ex1)2�ex2. To construct the right possibility distribution for ey, we note that overthe support of ex1; ey increases as ex1 increases and over the support of ex2, ey isincreases as ex2 decreases. Therefore, to construct a set representation for theright distribution for ey, we apply interval arithmetic to the set representationfor the right distribution for ex1 and the left distribution for ex2. This results in:
49



Rey�= 8>>>>>>>>><>>>>>>>>>: [�3� 2q12p1 � ��2 � �2q12p1� � + 4� ; 5] for � 2 [1; :75][ 3� 2 1� 12r2 � 2q(�� + 1)!!2� 2 1 � 12r2 � 2q(��+ 1)!+ 4! ; 5] for � 2 [:75; 0]andLey�= 8>>>>>>>>><>>>>>>>>>: [�5; �2 �q12p1� ��+ 1�2 � �6� 2q12p1 � ��] for � 2 [1; :75][�5;�2�1� 12r�2� 2q(��+ 1)��+ 1�2� 6 � 2 1 � 12r2� 2q(��+ 1)!!] for � 2 [:75; 0]Using the upper possibility distribution a set representation for another possi-bility distribution for ey is:U ey� = [�1 +q1 �p1� ��2 � �6 �q1�p1� �� ;�3�q1�p1� ��2 � �4 +q1�p1� ��] for � 2 [0; 1]A graph of the upper possibility distribution versus the probability densityfunction for ey is shown in Figure 2.1. A graph of the upper possibility distri-butions for ex1; ex2 and ey is shown in Figure 2.2.50
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Figure 2.1. Graph of the upper possibility distribution function and proba-bility density function for ey = (ex1)2 � ex2.
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Figure 2.2. Graph of upper possibility distributions for ex1, ex2, and ey =(ex1)2 � ex2. 51



2.6 Probabilistic Based Possibility Distributionsfor Random VectorsWe consolidate the possibility distributions constructed in the pre-ceding de�nitions into a single de�nition.De�nition 15 Let Y be a space and ey a random vector. We will call �ey aprobabilistic based possibility distribution for ey if there exists a contex-tual possibility nest �X; fX;�c� and a measurable function f : XN ! Y suchthat ey = f(QNi=1 exi) and �ey(a) = prob �ey = a is possible in the context of fX�.Note that this de�nition includes all of the possibility distributionfunctions constructed earlier. For example, if fX = fexg and Y = X andf(x) � x (i.e. the identity map) then we have the possibility distributionwith membership function �ex(a) = prob (a �p ex) (where �p is the restrictionof �c) and if fX = fexi j i = 1 to Ng and f(x) � x (i.e. the identity map)then we have the possibility distributions with membership functions �exi(a) =prob ((exi; a) �c !) : With this in mind, from this point forward we drop thephrase \in the context of fX" from our de�nition of possibility since it willalways be understood to exist.Using the above de�nition, we can interpret the measures of possibilitytheory from a probabilistic point of view.52



Theorem 14 Let ex be a random vector with probablistic based possibilitydistribution function �ex. The function posex : P(X)! [0,1] given by:posex(A) = prob _a2A (a is possible)! (2.44)is the possibility measure associated with the possibility distribution function�ex (2.24).Proof:From Theorem 12 (using the linear ordering of the events (a is possi-ble) and the fact that the probability of the union is the sup of the probabili-ties from the third property of a possibility nest), prob (Wa2A (a is possible)) =prob (Sa2A (a is possible)) = supa2A fprob(a is possible)g = supa2A f�ex(a)gand the theorem follows from De�nition 3. 2In other words, pos(A) is the probability that at least one element ofA is possible.Theorem 15 Let ex be a random vector with probablistic based possibilitydistribution �ex. The function necex : P(X)![0,1] given by:necex(A) = prob ^a2Ac (a is impossible)! (2.45)is the necessity measure associated with the possibility distribution function�ex: 53



Proof:Again, from Theorem 12,prob ^a2Ac (a is impossible)!= 1� prob _a2Ac (a is possible)!= 1� supa2Ac f�ex(a)g= 1� posex(Ac).Then (2.7) applies.2In other words, necex(A) is the probability that every element that isin Ac is impossible, i.e. ex must be in A.Two other set functions found in the literature on possibility theoryalso have probabilistic interpretations.The function 4ex : P(X )! [0,1] is called an uncertainty measureand is de�ned as (see Kruse et.al. [23]),4ex(A) = inf f�ex(a) j a 2 Ag = prob â2A (a is possible)! :That is, every element of A has at least probability 4ex(A) of being a possiblecandidate for ex. 54



The function 5ex : P(X )! [0,1] is called a guaranteed possibilitymeasure and is de�ned as (see Kruse et.al. [23]),5ex(A) = 1�4ex(Ac) = prob _a2Ac (a is impossible)! : (2.46)Thus, every element that is not in A has probability less than 5ex of being apossible candidate for ex; or every element with probability at least 5ex(A) ofbeing a possible candidate for ex is in A.2.7 The Information Contained in aProbabilistic Based Possibility DistributionGiven a probablistic based possibility distribution for a random vari-able, what can be deduced about the probability distribution of the variable?How can the possibility distribution be used to the advantage of a decisionmaker? This section examines these questions for the case were fX consists of a�nite collection of random variables and where we are interested in the randomvariable consisting of a function of these random variables.Let Fey be the cumulative distribution function (c.d.f) for randomvariable ex. We will denote the support of Fey by supp(Fey), i.e.supp(Fey) = nx 2 R j dFey(x) > 0o .We will use E(ex) to denote the expected value of ex, i.e. E(ex) = R1�1 xdFey(x)if it exists. 55



Theorem 16 Let ey be a random variable with probabilistic based possibilitydistribution function �ey. Let Fey be the c.d.f. for ey. Then 9fF�j� 2 (0; 1)gwhere F�(1) F� is a c.d.f.(2) supp(F�) � ey�(3) if ey� = ey� then F� = F�(4) Fey(y) = R 10 F�(y) d� and(5) for all A measurable RA dFey = R 10 RA dF� d�.Proof:Associated with ey is the contextual possibility nest �X; fX;�c�. LetF! be the cumulative distribution function for ! as a random vector on 	 (see( 2.12)).(1)Let F�(y) = Fey (y j! = 
(�)) where 
(�) =c inf f(exi; x) 2	 j F! (exi; x) > �gand inf is with respect to the ordering �c (note, if F! is continuous then
(�) = F�1! (�)). This is well de�ned since F! is right continuous implies thatthe inf is achieved for some 
 (�) 2 	. We also know that the set is non-emptysince F! ! 1. We also know that this c.d.f. exists from Proposition 4.32 of [2].56



(2) Recall thatey� = ny 2 R j �ey(y) � �o = fy 2 R j prob(y is possible) � �g= (y j 9 NYi= ai 2 XN 3 y = f  NYi= ai! and 8i prob((exi; ai) �c !) � �)= (y j 9 NYi= ai 2 XN 3 y = f  NYi= ai! and 8i F!((exi; ai)) � �) .If z =2 ey� then 6 9QNi= ai 2 XN such that z = f �QNi= ai� and 8i F!((exi; ai)) � �.But thenz =2 8>>><>>>: y j 9QNi= ai 2 XN such that y = f �QNi= ai� and8i (exi; ai) �c 
(�) and for some j (exj; aj) =c 
(�) 9>>>=>>>;= fy j ! = 
(�)g where ! = minn(exi;Xi) j i = 1 to Noso if y =2 ey� then y 6= ey and dFey (y j ! = 
(�)) = 0:(3) If ey� = ey� then 
(�) = 
(�) so F� = F�:(4) Note that if � is uniformly distributed over (0,1), then the random ele-ment 
(�) of 	 has the distribution of !: To see this consider F! (
 (�)) =prob (! �c 
 (�)). But(! �c 
 (�)) = \(exi;x)jF!(exi;x)>� �! �c �exi; x��so by applying property three of a possibility nest we haveprob (! �c 
 (�)) = inf(exi;x)jF!(exi;x)>� prob �! �c �exi; x��57



= inf(exi;x)jF!(exi;x)>�F! �exi; x�= infF!(
)>�F! (
) :Let � = infF!(
)>� F! (
) = F! (
 (�)). Then prob (� 2 [0; �]) = F! (
 (�)).Therefore, conditioning on !;Fey(y) = Z	 Fey(y j !)dF! = Z 10 Fey(y j 
(�))d� = Z 10 F�(y)d�:(5) For any set A measurable, conditioning on !, RA dFey = R	 RA dFeyj!dF! =R 10 RA dF�d�.2Example 7 Consider the left possibility distribution constructed for ey = ex1+ex2 in Example 5. The conditional probabilities are as follows:Table of F�(r)� r = 2 3 4 5 6 7:925 < � � 1 1 1 1 1 1 1:775 < � � :925 0 1 1 1 1 1:4 < � � :775 0 .3333 1 1 1 1:3 < � � :4 0 0 .3750 1 1 1:125 < � � :3 0 0 .2857 .8571 1 10 < � � :125 0 0 0 .3000 .8000 1R 10 F�(r)d� .0750 .3500 .6875 .8875 .9750 158



This representation of the cumulative distribution function for ey as aparametrized family of conditional probability distributions allows us to esti-mate various functions of the underlying probability distribution. The followingtheorem shows that the measures pos and nec provide upper and lower boundsfor the probability measure.Theorem 17 Let pos and nec be the possibility measure and it's associatednecessity measure for a probabilistic based possibility distribution for randomvariable ex. Let A � X be a measurable set. Thennec(A) � prob(A) � pos(A): (2.47)Proof:Consider the set f� 2 (0; 1] j AT ex� 6= ;g where ex� is the ��cut withrespect to the possibility distribution. The case when this set is empty is trivialsince, then nec(A) = prob(A) = pos(A) = 0. Assume the set is not empty.We �rst prove that prob(A) � pos(A). Let 
 = sup f� 2 (0; 1] j AT ex� 6= ;g.From Theorem 16 prob(A) = RA dFey = R 10 RA dF�d� and supp(F�) � ex�. So ifAT ex� = ; then RA dF� = 0. Then prob(A) = R 
0 RA dF�d�. This integral ismaximized if 8� < 
; supp(F�) � A in which case RA dF� = 1 and prob(A) =R 
0 d� = 
. Therefore prob(A) � 
. But59



pos(A) = sup f�(a) j a 2 Ag= sup fsup f� j � 2 ex�g j a 2 Ag= sup n� j A\ ex� 6= ;o= 
We now show that nec(A) � prob(A). Let 
 = 1�sup f� j AcT ex� 6= ;g :Usingsimilar arguments as above, the probability of A is minimized if 8� such thatAc T ex� 6= ; then supp(F�)TA = ; where Ac is the complement of A. ThenRA dF (x) = R 10 RA dF�(x)d� = R 11�
 d� = 1�(1�
) = 
: Therefore 
 � prob(A).But nec(A) = 1 � pos(Ac) = 1� sup f� j AcT ex� 6= ;g = 
:2This bound can be tightened.Corollary 3 Let ex be a random variable for which 9 a probabilistic basedpossibility distribution. Let �X; fX;�c� be the associated possibility nest. If� is the set of all probabilistic based possibility distributions corresponding toall orderings �c0 of fX �X resulting in a possibility nest thensup�2� nec�(A) � prob(A) � inf�2� pos�(A): (2.48)where pos� and nec� are the possibility measure and its associated necessitymeasure for the possibility distribution �.60



We can use a probabilistic based possibility distribution to calculatea bound on the expected value of the random variable as follows.Theorem 18 Let ex be a random variable with probabilistic based possibilitydistribution �ex with �-cut ex� and c.d.f. Fex for which supp(Fex) is bounded.Then E(ex) = Z 10 E�(ex)d� (2.49)and Z 10 inf ex�d� � E(ex) � Z 10 sup ex�d� (2.50)where E�(ex) is the expected value of a random variable ex with c.d.f. F� ofTheorem 15.Proof:For the �rst result, by conditioning on ! as a random element of	 and using the results of Theorem 16, we have E(ex) = E(E(ex j !)) =R	 �R1�1 exdFeyj!� dF! = R 10 �R1�1 exdF�� d�.For the second result, note �rst that the integrals are well de�ned becauseinf ex� and sup ex� are bounded (supp(Fex) is assumed bounded) and each ismonotonic as functions of �. Then since supp(F�) � ex�, it must hold that8� inf ex� � E�(ex) � supex�:2The following theorem is useful for estimating the variance of the61



distribution. If ex is a random variable let Var(ex) be the variance of ex.Theorem 19 Let ex be a random variable with c.d.f. Fex for which supp (Fex) isbounded. Assume 9 a probabilistic based possibility distribution for ex. ThenV ar(ex) = Z 10 E�(ex2)d�� �Z 10 E�(ex)d��2 (2.51)where E�(ex) is the expected value of a random variable ex with c.d.f. F� ofTheorem 16.Proof:Conditioning on ! as a random element of 	 and using the results ofTheorem 16 we haveE(ex2) = E(E(ex2 j !)) = R	 �R1�1 ex2dFeyj!� dF!= R 10 �R1�1 ex2dF�� d� = R 10 E�(x2)d�:Then since V ar(ex) = E (ex2) � E (ex)2 = R 10 E�(ex2)d� � �R 10 E�(ex)d��2 thetheorem follows. 2For any given �; we may not wish to calculate or may not be able tocalculate the probability distribution F�: Instead, an approximate distributioncan be used. A simple approximation for F� is to assume it is uniformlydistributed over ex�: For example, assume that ex� = [ex�� ; ex+� ], a closed intervalon the real line. Then the expected value of ex can be approximated asE(ex) = Z 10 E�(ex)d� � 12 Z 10 (~x�� + ~x+� )d� (2.52)62



and the variance can be approximated asV ar(ex) � 13 Z 10 ((ex�� )2 + ex+� ex�� + (ex+� )2)d� � 14 �Z 10 (~x�� + ~x+� )d��2 (2.53)where we used the fact that ex uniformly distributed over [ex�� ; ex+� ] implies thatE(ex2) = 13((ex�� )2+ex+� ex��+(ex+� )2) and E(ex) = 12(~x��+~x+� ) and V ar(ex) = E(ex2)�(E(ex))2. We will not examine the estimates of the variance using possibilitydistributions further in this thesis. This is an area for future research. From(2.50), we see that this estimate of the expected value is simply the midpointof the upper and lower bound on the expected value that can be determinedfrom the possibility distribution.Given a single possibility distribution for a random variable, the es-timate of the expected value in (2.52) suggests the following functional.De�nition 16 Let ex be a random variable with bounded support. Let ex� bethe �-cut for a possibility distribution for ex. De�ne the expected average ofex to be the functional EA(ex) = 12 Z 10 (~x�� + ~x+� )d�: (2.54)Note that every ordering of  that satis�es the property of a pos-sibility nest will produce a di�erent possibility distribution for ex and eachpossibility distribution for ex produces a closed interval bounding the expected63



value of ex (2.50). Therefore, the bound on E(ex) can be tightened.Let ey be the random variable f( NQi=1 exi). If � is the set of all probabilis-tic based possibility distributions corresponding to all orderings �c of fX �Xresulting in a possibility nest, thenE(ey) 2 \�2�[Z 10 inf (�ex�) d�; Z 10 sup (�ex�) d�]: (2.55)This will suggest another functional estimate of the expected value,but �rst some additional theory is needed. In the examples presented earlier,we developed left, right possibility distributions. We saw that the possibilitymeasure and its associated necessity measure give upper and lower boundson the probability measure. In the next theorem, we show that left, rightprobabilistic based possibility distributions for a random variable give an upperand lower bound on the c.d.f. for the random variable.De�nition 17 Let ex be a real valued random variable with bounded support.A left possibility distribution for ex is a possibility distribution L�ex suchthat 8x; y 2 R;x < y implies L�ex(x) � L�ex(y) (i.e. L�ex(x) is nonincreasing).A right possibility distribution for ex is a possibility distribution R�ex suchthat 8x; y 2 R;x < y implies R�ex(x) � R�ex(y) (i.e. R�ex(x) is nondecreasing).Theorem 20 For any closed interval [a; b], pos L�~x([a; b]) = L�~x(a) and posR�~x([a; b]) = R�~x(b). 64



Proof: This is clear since (for example) posL�~x([a; b]) = supfL�~x(x)jx 2 [a; b]g and L�~x nonincreasing implies L�~x(a) is an upper bound on this set.2Theorem 21 Let L�ex and R�ex be probabilistic based possibility distributionsfor random variable ex with c.d.f. Fex, where supp(Fex) is bounded. Then1�L �ex(x) � Fex(x) �R �ex(x): (2.56)Proof:Note that L�ex(x) gives the possibility that ex 2 [x; ex+0+] so by Theorem17 prob �ex 2 (x; ex+0+]� � prob �ex 2 [x; ex+0+]� � pos �[x; ex+0+]� =L �ex(x). Butprob �ex 2 (x; ex+0+]� = 1�prob �ex 2 [ex�0+; x]� = 1�Fex(x) so Fex(x) � 1�L�ex(x).On the other hand, R�ex gives the possibility that ex 2 [ex�0+; x] which by Theorem17 implies that Fex(x) = prob �ex 2 [ex�0+; x]� �R �ex(x).2We can use this result to estimate the distribution function of ex andthe expected value of ex:Theorem 22 Let L�ex(x) and R�ex(x) be probabilistic based possibility distri-butions for random variable ex with bounded support. If FE(x) is given by theformula FE(x) = lim�!0;�>0 12 �1�L �ex(x+ �) +R �ex(x+ �)� (2.57)65



then FE(x) is a cumulative distribution function and the expected value of therandom variable X represented by FE(x) is given by the formulaE(X) = 12 Z 10 �Lex+� +R ex��� d�: (2.58)Proof: Note that R�ex(x) and L�ex(x) are monotone so the right-handlimit exists and FE(x) is well-de�ned.Let x < y, then R�ex(x) �R �ex(y) and L�ex(y) �R �ex(x) so that 1 �L�ex(x) � 1�L�ex(y). Then 12 �1 �L �ex(x) +R �ex(x)� � 12 �1 �L �ex(y) +R �ex(y)�thus FE is monotone increasing. Also, L�ex(y)! 0 as x!1 and L�ex(y)! 1as x! �1, and R�ex(y) ! 1 as x! 1 and R�ex(y) ! 0 as x! �1. Thisgives FE(x)! 1 as x!1 and FE(x)! 0 as x! �1. FE is continuous fromthe right by de�nition. Therefore, FE is a distribution function. Let X be therandom variable represented by FE. Then E(X) = ex�0++R ex+0+ex�0+ (1 � FE(x))dx =ex�0+ + R ex+0+ex�0+ �1� 12 �1�L �ex(x) +R �ex(x)�� dx which reduces toex�0+ + R ex+0+ex�0+ �12 + 12L�ex(x)� 12R�ex(x)� dx= ex�0+ + 12 �ex+0+ � ex�0+�+ 12 R ex+0+ex�0+ �L�ex(x)�dx� 12 R ex+0+ex�0+ �R�ex(x)�dxbut R ex+0+ex�0+ �L�ex(x)� dx = R 10 �Lex+�� d� � ex�0and R ex+0+ex�0+ �R�ex(x)�dx = ex+0+ � R 10 �Rex��� d�:Substitution gives the desired result. Note that these last two relationshipsfollow from consideration of the area of the rectangle with base [ex�0+; ex+0+] and66



height one and the areas under the curves L�ex(x) and R�ex(x) in R� [0; 1] andthe curves Lex+� and Rex�� in [0; 1]�R.2This gives us an alternative estimate of the expected value for thosesituations where left, right probabilistic based possibility distributions are avail-able or computable.De�nition 18 Let L�ex(x) and R�ex(x) be possibility distributions for randomvariable ex with bounded support. De�ne the estimated expectation to bethe functional EE(ex) = 12 Z 10 �Lex+� +R ex��� d�: (2.59)It turns out that in some special situations this estimate of the ex-pected value is exact. De�ning these circumstances is an area of future research.Example 8 For Example 1, the probability distributions for ex1; ex2 and ey =67



ex1 + ex2 arer P(ex1 = r) P(ex2 = r) P(ey=r)1 .25 .3 02 .5 .5 (:25)(:3) = :0 753 .125 .2 (:25)(:5) + (:5)(:3) = : 2754 .125 0 (:5)(:5) + (:125)(:3) + (:25)(:2) = : 33755 0 0 (:125)(:5) + (:5)(:2) + (:125)(:3) = : 26 0 0 (:125)(:5) + (:125)(:2) = :0 8757 0 0 (:125)(:2) = :0 25The expected value of ey isE(ey) = 2(:075) + 3(:275) + 4(:3375) + 5(:2) + 6(:0875) + 7(:025) = 4:025:Recall that the left, right distributions for ey are:� Ley�:925 < � � 1 f2g:775 < � � :925 f2; 3g:4 < � � :775 f2; 3; 4g:3 < � � :4 f2; 3; 4; 5g:125 < � � :3 f2; 3; 4; 5; 6g0 < � � :125 f2; 3; 4; 5; 6; 7g
� Rey�:975 < � � 1 f7g:95 < � � :975 f6; 7g:825 < � � :95 f5; 6; 7g:475 < � � :825 f4; 5; 6; 7g:25 < � � :475 f3; 4; 5; 6; 7g0 < � � :25 f2; 3; 4; 5; 6; 7g68



The upper estimate of the expected value, R 10 �Lex+�� d�, is2(1 � :925) + 3(:925 � :775) + 4(:775 � :4)+ 5(:4� :3) + 6(:3� :125) + 7(:125) = 4:525:The lower estimate of the expected value, R 10 �Rex+�� d�; is7(1 � :975) + 6(:975 � :95)+ 5(:95 � :825) + 4(:825 � :475) + 3(:475 � :25) + 2(:25) = 3:525:The estimated expected value is:EE(ey) = 12(4:525 + 3:525) = 4: 025:69



The EE functional does not always equal the actual expected value. For ex-ample, consider the random variable ey = ex1 � ex2:r P(ex1 = r) P(ex2 = r) P(ey=r)1 .25 .3 (:25)(:3) = :0 752 .5 .5 (:5)(:3) + (:25)(:5) = : 2753 .125 .2 (:125)(:3) + (:25)(:2) = :0 8754 .125 0 (:5)(:5) + (:125)(:3) = : 28756 0 0 (:125)(:5) + (:5)(:2) = : 16258 0 0 (:125)(:5) = :0 6259 0 0 (:125)(:2) = :0 2512 0 0 (:125)(:2) = :0 25The expected value of ey is1(:075) + 2(:275)+ 3(:0875) + 4(:2875) + 6(:1625) + 8(:0625) + 9(:025) + 12(:025) = 4:0375:The left, right distributions for ey and the upper, lower estimates of the expected70



value are: � Lex1� Lex2� Ley�:925 < � � 1 f1g f1g f1g:775 < � � :925 f1; 2g f1g f1; 2g:4 < � � :775 f1; 2g f1; 2g f1; 2; 4g:3 < � � :4 f1; 2; 3g f1; 2g f1; 2; 3; 4; 6g:125 < � � :3 f1; 2; 3g f1; 2; 3g f1; 2; 3; 4; 6; 9g0 < � � :125 f1; 2; 3; 4g f1; 2; 3g f1; 2; 3; 4; 6; 8; 9; 12gThe upper estimate of the expected value, R 10 �Lex+�� d�; is1(1 � :925) + 2(:925 � :775)+ 4(:775 � :4) + 6(:4� :3) + 9(:3� :125) + 12(:125) = 5:55:� Rex1� Rex2� Rey�:975 < � � 1 f4g f3g f12g:95 < � � :975 f4; 3g f3g f9; 12g:825 < � � :95 f4; 3g f3; 2g f6; 8; 9; 12g:475 < � � :825 f4; 3; 2g f3; 2g f4; 6; 8; 9; 12g:25 < � � :475 f4; 3; 2g f3; 2; 1g f2; 3; 4; 6; 8; 9; 12g0 < � � :25 f4; 3; 2; 1g f3; 2; 1g f1; 2; 3; 4; 6; 8; 9; 12g71



The lower estimate of the expected value, R 10 �Rex+�� d�; is12(1 � :975) + 9(:975 � :95)+ 6(:95 � :825) + 4(:825 � :475) + 2(:475 � :25) + 1(:25) = 3:375:Then EE(ey) = 12(3:375 + 5:55) = 4:4625.Note that in this case we do not get the expected value.Example 9 The distribution of ey for Example 2 was shown in the introductionto this thesis were we saw that E(ey) = �:8333 = EE(ey). Using the upperpossibility distribution of Example 6 the EA estimate of the expected value is,after some simpli�cation:EA(ey) = 12 Z 10  2 � 4r1�q1 � � � 2q1� �! d� = �: 73333:An upper and lower bound on the distribution function of ey, derived from theleft, right possibility distributions is shown in Figure 2.3.72
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Figure 2.3. Graph of upper and lower bound on cumulative distribution ofey = (ex1)2 � ex2.Example 10 Consider Z = X2Y where X and Y have the distributions ofexample 2. Then E(Z) = E(X2)E(Y ) and E(X2)=R 21 x2(x� 1)dx+ R 32 x2(3�x)dx = 4: 1667 and E(Y ) = R 54 y(y � 4)dy + R 65 y(6 � y)dy = 5:0 so E(Z) =(4:1667) (5) = 20: 834The EE functional estimate is calculated as follows:ZR� = 8>>>>>>>>>>>>>><>>>>>>>>>>>>>>: [�3� 2q12p1� ��2 �6� 2�1 � 12r�2� 2q(�� + 1)��� ; 108]for � 2 [1; :75][ 3� 2 1� 12r2� 2q(�� + 1)!!2 �6� 2 �q12p1 � ��� ; 108]for � 2 [:75; 0] 73



andZL� = 8>>>>>>>><>>>>>>>>: [16; �2 �q12p1� ��+ 1�2 �2 �q12p1 � ��+ 4�] for � 2 [1; :75][16;�2�1� 12r�2� 2q(�� + 1)��+ 1�2 ��2�1� 12r�2� 2q(�� + 1)��+ 4�] for � 2 [:75; 0]Then the integral over the left endpoints of the right distribution(lower bound) isZ 1:750B@0@3� 2s12q1� �1A20@6� 20@s12q1� �1A1A1CA d�+ Z :750 0@ 3� 2 1 � 12r2� 2q(�� + 1)!!2�  6 � 2 1 � 12s�2� 2q(�� + 1)�!!! d�= 15:8142The integral over the right endpoints of the left distribution (upper bound) isZ 1:750B@0@20@s12q1� �1A + 11A20@20@s12q1 � �1A+ 41A1CA d�+ Z :750 0@ 2 1� 12s�2� 2q(�� + 1)�!+ 1!2�  2 1� 12s�2 � 2q(�� + 1)�!+ 4!! d�= 27:1859giving EE(Z) = 12 (15:8142 + 27:1859) : = 21: 5Using the EA functional estimate, the possibility distribution for Z using the74



upper possibility distributions for X and Y is:ZU�= 24 1 +r1�q1� �!2  4 +r1�q1� �! ; 3�r1 �q1 � �!2  6�r1 �q1 � �!35for � 2 [0; 1]:Then EA(Z)= 12 Z 10 0@ 1 +r1�q1 � �!2  4 +r1�q1 � �!+  3 �r1�q1� �!2  6�r1�q1 � �!1A d�= 22:4:Example 11 Let f(x)= 11+x and fex(x) = e�x for x2 [0; 20] (we truncate thedistribution so the support is bounded). Note that the support of ex is theinterval [0,20]: Then E(ex)=R 200 e�x � 11+x� dx = : 59635:Let Rex� = [20�; 20] for � 2 [0; 1]. Then prob(X 2 [20�; 20]) = R 2020� e�xdx =�e�20 + e�20� so � = 1 � (�e�20 + e�20�) = 1 + e�20 � e�20� and � =� 120 ln (�� + 1 + e�20) : Therefore Rex� = [20 �� 120 ln (�� + 1 + e�20)� ; 20] orRex� = [� ln ��� + 1 + e�20� ; 20] for � 2 [0; 1]75



Now let Lex� = [0; 20 � 20�]. Then prob(X 2 [0; 20 � 20�]) = R 20�20�0 e�xdx =�e�20+20� + 1 so � = 1 � (�e�20+20� + 1) = e�20+20� and � = 120 ln� + 1:Therefore Lex� = [0; 20 � 20 � 120 ln� + 1�] orLex� = [1;� ln (�)]Now for ey=f(ex), note that for the interval [a,b], 11+[a;b] = [ 11+b ; 11+a ] soRey� = � 121 ; �1� ln ��� + 1 + e�20���1� for � 2 [0; 1]An upper bound of E(ey) is R 10 �(1 � ln (�� + 1 + e�20))�1� d� = : 59635:Ley� = h(1 � ln (�))�1 ; 1iA lower bound on E(ey) is R 10 �(1 � ln (�))�1� d� = : 59635The upper bound equals the lower bound equals the expected value as it mustwhen there is a single random variable in the context. In this case left andright possibility distributions are just cumulative probability distributions.In the next chapter we examine single possibility distribution repre-sentations of random variables and a norm on these representations motivatedby the EA functional. This allows us to examine the convergence propertiesof estimating expected values using this functional. Future research will focuson the EE functional and what it implies. We anticipate that both functionalswill ultimately have their place in applications.76



3. The Space of Fuzzy NumbersIn this chapter we examine the space of fuzzy numbers. This spaceincludes possibility distributions for real valued random variables with boundedsupports. However, the space of fuzzy numbers is a more general concept.3.1 Fuzzy NumbersIn this chapter the set of fuzzy sets over the real line is considered(for example random variables represented by single possibility distributions).Consideration will be further limited to fuzzy sets that capture the idea ofa fuzzy measurement of a real quantity. We wish to capture the idea of anapproximate number such as \a number close to one". It is desirable to havecertain properties hold when de�ning fuzzy quantities and relationships onthem. This may be for intuitive as well as practical reasons. In particular, ata given �-level of possibility, convexity o�ers computational advantage. Forcertain distributions it also has intuitive appeal. For example, if it is equallylikely that a measurement taking a value in R is x or y, then any z between xand y should be of equal or greater possibility. It does not seem too restrictiveto expect that if there exists a quantity arbitrarily close to x that is at least77



� possible, then x is at least � possible. Finally, the possible values that webelieve a single �nite object can be should be bounded if we assume there existsa single correct measurement in the underling reality. The following standardde�nition is given.Recall that fuzzy set ex is characterized by a membership function�ex : X ! [0; 1]. ex is called normal if 9 x 2 X 3 �ex(x) = 1 and ex� = fx 2Xj�ex(x) � �g.De�nition 19 (Klir&Yuan [21]) A fuzzy number, ~x, is a fuzzy subset of Rsuch that 1) ~x is normal 2) 8� 2 (0; 1] ~x� is a closed interval and 3) ex0+ isbounded.Two special types of fuzzy numbers are often found in the literatureas follows.De�nition 20 A trapezoidal fuzzy number is a fuzzy number ex charac-terized by the set (a,b,c,d) where a,b,c,d are real numbers with a� b � c � dand ex� = [a+ �(b� a); d+ �(c� d)] : A triangular fuzzy number is a fuzzynumber ex characterized by the triple (a,b,c) where a,b,c are real numbers witha� b � c and ex� = [a+ �(b� a); c+ �(b � c)] :Let E be the space of fuzzy numbers. The extension principle is usedto de�ne mathematics over E (see De�nition 13).78



De�nition 21 (Fuzzy Arithmetic) Let R be the real line, and ex and ey be twofuzzy numbers over R. Let * equal +,-,� or �. De�ne a fuzzy set for thequantity ex � ey by the following formula:�ex�ey(c) = supa�b=cnminn�ex(a); �ey(b)oo (3.1)where supf;g=0 and in the case where �ey(0) > 0 then ex� ey is left unde�ned.Theorem 23 (for proof see Klir&Yuan [21]) E is closed under the operationsof +,-,� and � (provided it is de�ned).Example 12 Consider the fuzzy numbers de�ned as follows:�ex(a) = 8>>>>>>>><>>>>>>>>: a� 2 a 2 [2; 3]4� a a 2 [3; 4]0 otherwise �ey(b) = 8>>>>>>>><>>>>>>>>: b� 4 b 2 [4; 5]6� b b 2 [5; 6]0 otherwiseThen the fuzzy number ez = ex+ ey is de�ned as follows:�ez(c) = 8>>>>>>>><>>>>>>>>: :5(c� 6) c 2 [6; 8]:5(10 � c) c 2 [8; 10]0 otherwiseApplying De�nition 12 to obtain a set representation for ex we get [2+�,4-�]�2[0;1] and for ey [4+�,6-�]�2[0;1]: Therefore, a set representation for ex + ey isgiven by using interval arithmetic to arrive at [6+2�,10-2�]�2[0;1]. However, asmentioned before, fuzzy numbers are more general than interval numbers sinceeach fuzzy number is a weighted family of intervals, (probability weighted whenthe distribution is a possibility distribution as constucted in chapter two).79



3.2 A Normed Space of Fuzzy NumberEquivalence ClassesSuppose that all a decision maker knows about some unknown quan-tity is that it is an element in an interval, [a,b]. The decision maker mightindicate the amount he would pay in exchange for the unknown amount. Withno additional information, the decision maker might assume a uniform prob-ability distribution over [a,b] and choose the midpoint of the range, i.e. theexpected value. Another way the decision maker might approach the problemis to �nd the number which balances the maximum possible gain against themaximum possible loss. For example, if the decision maker pays 1.5 in ex-change for the interval of possible values [1,2] then the largest possible gain of.5 (2-1.5) is equal to the maximum possible loss of .5 (1.5-1). Using this logic,the decision maker's utility for an interval of possible values is the midpointof the interval and the decision maker would be neutral with respect to twointervals with the same midpoint. The extension of this idea to fuzzy numbersinvolves �� cuts, which is considered next:Let E=f~x j ~x is a fuzzy numberg. An equivalence relationship on E�E is de�ned as follows.De�nition 22 Let ~x�= [~x�� ,~x+� ] and ~y�=[~y�� ,~y+� ]. Then ~x�~y i� 8� 2 (0,1]9�� 2R such that [~x�� � ��; ~x+� + ��] = [~y�� ; ~y+� ].80



It is clear that this is an equivalence relation (see Diamond [7]). Ifa decision maker's utility for an interval is the midpoint of the interval, thenthis decision maker is neutral with respect to every � � cut of all membersof an equivalence class. Let L be the partition of E into equivalence classesresulting from this relationship. If ex 2 E then < ex > will denote the elementof L consisting of all fuzzy numbers equivalent to ex. In other words, de�ne twofuzzy numbers to be equivalent if the midpoint of each �-cut is the same forthe two fuzzy sets.Theorem 24 Let < ex >2 L, then 9fm 2< ex > of minimal possibility, i.e.if fm�=[fm�� ,fm+� ] and ~y2< ex > with ey� = [~y�� ;~y+� ] then 8� 2[0,1] ~y�� � fm�� andfm+� �~y+� .Proof:Let fm� = \~y2<ex>[~y�� ,~y+� ], then fm� is closed and convex and thereforean interval. If � > � then [ey�� ; ey+� ] � [ey�� ; ey+� ], thus\ey2<ex>[ey�� ; ey+� ] � \ey2<ex> hey�� ; ey+� iand fm is a fuzzy number with the desired property.2Theorem 25 (Diamond [7]) L with addition and scalar multiplication of fuzzynumbers forms a vector space over R.Recall that for a given possibility distribution for the random variable81



ex; the function EA(ex) of De�nition 16 provides an estimate of the expectedvalue of ex: Note that for all members of a given equivalence class < ex >2 L,this functional will result in the same estimate. Since EA(ex) determines themidpoint of the interval containing the actual expected value of ex when ex is arandom variable, this functional is consistent with the assumed utility of thedecision maker for an interval of possible values. This motivates the followingextension of this de�nition to L.De�nition 23 Let < ex >2 L the expected average of < ex > isEA(< ex >) = 12 Z 10 (~x�� + ~x+� )d�: (3.2)where ex 2< ex > :Example 13 Let ex be the fuzzy number with set representation [1 + �; 3 ��]�2[0;1], then EA(< ex >) = 12 R 10 (1 + � + 3 � �)d� = R 10 2d� = 2: This is notsurprising since the midpoint of each ��cut is 2.Example 14 Let ex be the fuzzy number with set representation [2 + �; 4 ��2]�2[0;1]. Then EA(< ex >) = R 10 12(6 + � � �2)d�: = 3: 0833 The expectedaverage is to the right of 3, since the fuzzy number is weighted to the right of3.Example 15 Let ex be the fuzzy number with set representation equal [1,2]for � = (12; 1] and [0,2] for � = [0; 12 ]: Then EA(< ex >) = R 112 1:5d� + R 120 d� =82



12(1:5) + 12(1) = 1: 25:It has been shown that L is a vector space. A norm can be put onthis space using the expected utility concept.De�nition 24 On the vector space L, let the functionk< ex >kEA = Z 10 12 ���ex�� + ex+� ��� d� (3.3)where ex 2< ex >.This is well de�ned since ex�� and ex+� are integrable on [0,1] since eachis monotonic (see 6.9 in Kolmogorov&Fomin [24]). This implies that ~x��+~x+� isintegrable which implies that j~x��+~x+� j is integrable. k< ex >kEA measures theexpected absolute value of the midpoint of each �-cut. As mentioned earlier,the subscript \EA" is an abbreviation for expected average. A fuzzy numberthat has membership value zero, at all but a single point where the membershipvalue is one, is called a crisp number. For a crisp number the expected averagenorm reduces to the absolute value of the number.Example 16 Consider the triangular fuzzy number ex=(-2,-1,1), i.e. it's � �cuts are given by ex� = [�2 + �; 1 � 2�]: Thenk< ex >kEA = Z 10 12 j�2 + � + 1� 2�j d� = : 75:Next it will be shown that this function de�nes a norm on L. To dothis, the following lemma is needed. 83



Lemma 1 (Kruse et al. [23]) Let ~x2 E. Consider ~x�� and ~x+� as functions of�: Then ~x�� and ~x+� are continuous from the left.Observe that these functions are monotonic on [0,1] and so are con-tinuous except at countably many points in [0,1] and all discontinuities are ofthe �rst kind (see Rudin [39] page 96).Theorem 26 The function k< ex >kEA de�nes a norm on L.Proof:(N1) k< ex >kEA �0 since j~x��+~x+� j �0 8� 2[0,1](N2) k< ex >kEA =0) ex = 0.Case(1) Assume for some 
 > 0 we have ���~x�
 +~x+
 ��� = r > 0. Since ~x�� ! ~x�
 as� ! 
 from below and similarly for ~x+
 , 9� > 0 such that ���~x�� -~x�
 ��� < r=3 and���~x+� -~x+
 ��� < r=3 and thus ���~x��+~x+� ��� > 08� < 
 with 
 � � < �.Then R 

-� 12 j~x��+~x+� j d� > 0 ) R 10 12 j~x�� +~x+� j d� > 0, a contradiction. Thus8� > 0; j~x�� +~x+� j = 0)~x��=-~x+� i.e. ex � 0.Case(2) Let j~x�0 +~x+0 j = r > 0. Then for some 
 arbitrarily close to 0 andr > s > 0���~x�
 +~x+
 ��� = s > 0 and case(1) applies.(N3) kr < ex >kEA = jrj k< ex >kEA. Clear since absolute value is a norm.84



(N4) k< ex+ ey >kEA � k< ex >kEA + k< ey >kEA :k< ex+ ey >kEA = R 10 12 j~x��+~y��+~x+� +~y+� j d�� R 10 12 fj~x�� +~x+� j+ j~y��+~y+� jg d� = k< ex >kEA + k< ex >kEAsince absolute value is a norm and by properties of the Lebesgue integral. 23.3 An Isometry between (L; k�kEA) and BV[0,1] as aSubspace of L1[0; 1]For this section, the following de�nitions and results from the theoryof functions of bounded variations are needed.De�nition 25 (Kolmogorov&Fomin [24]) Let f:[a,b]! R. f is said to be ofbounded variation if 9C > 0 such that Pni=1 jf(xi)� f(xi�1)j � C for everypartition a = x0 < x1 < ::: < xk = b on [a,b]. We denote the set of all functionsof bounded variation on [a,b] by BV[a,b].De�nition 26 (Royden [38]) Let f:[a,b]! R be a function of bounded varia-tion. The total, positive and negative variation of f on [a,b] are denotedVba(f) = suppPni=1 jf(xi)� f(xi�1)j,Pba(f)=suppPni=1maxf0; f(xi)� f(xi�1)g,Nba(f)=suppPni=1maxf0; f(xi�1)� f(xi)gwhere p represents all partitions of [a,b].85



Theorem 27 (Royden [38]) Let f:[a,b]!R be a function of bounded variation.Then Vba(f)=Pba(f)+Nba(f) and f(b)-f(a)=Pba(f)-Nba(f).Theorem 28 (Kolmogorov&Fomin [24]) Let f : [a; b] ! R be a function ofbounded variation and a < b < c. Then Vca(f)=Vba(f)+Vcb (f).It is now shown that each element of L can be represented by anequivalence class of functions from BV[0,1], the space of bounded variations onthe interval [0,1] when BV[0,1] is considered a subspace of L1[0; 1] (the spaceof Lebesgue integrable functions on [0,1] partitioned into functions which areequivalent up to a set of measure zero). Using this representation, it will beshown that L is isometric to this space under the EA-norm above.Theorem 29 (Cadenas&Verdegay [5]) Let (A�)�2[0;1] be a family of non-emptyclosed nested intervals with � < � ) A� � A� and A0 = cls([
2(0;1]A
). De�ne�ex(x) =supf� j x 2 A�g with sup; �0. Then ~x is a fuzzy number.De�nition 27 Let ~x be a fuzzy number and let (A�)�2[0,1] be a set represen-tation of ~x consisting of non-empty closed intervals withA0 = cls( [
2(0;1)A
):De�ne fex:[0,1]!R, called a functional representative of ex, by fex(�) =(a�� + a+� )=2 where A�=[a�� ,a+� ]. 86



Theorem 30 Let f~x be a functional representative of ~x, then f~x 2BV[0,1]and f~x(�-)=(��+�+)/2 where [��,�+]=\
<�A
=~x� and f~x(�+)=(��+�+)/2where [��,�+]=cls([
>�A
).Proof:Note that f~x(�) = (a�� + a+� )=2 = (f�~x � (�f+~x ))=2 where f�~x (�) = a��and f+~x (�) = �a+� . Since (A�)�2[0,1] is nested and f�~x and -f+~x are mono-tone increasing real-valued functions, f~x is a bounded variation (see Theo-rem 4. on page 100 of Royden [38]). Also, f~x(�-) and f~x(�+) exist (sincethe left and right limits exist for monotonic functions, see Theorem 4.29 onpage 95 of Rudin [39]). Let [��,�+]=\
<�A
. We know that f�ex (��) = ��and �f+ex (��) = �+ since each is monotone increasing. Thus, fex(��) =(f�ex (��) � (�f+ex (��)))=2 = (�� + �+)=2. Similarly for the limit from theright.2De�nition 28 Let f,g2BV[0,1] and let f�g mean that f(x)=g(x) almost ev-erywhere. This de�nes an equivalence relation over BV[0,1]. Let BVL1[0; 1]denote BV[0,1] for this partition with respect to the L1 norm.Theorem 31 Let (A�)�2[0,1] and (B�)�2[0,1] be set representations of fuzzynumber, ~x consisting of non-empty closed intervals. Moreover, let f and g bethe corresponding functional representatives. Then f�g.87



Proof:Since ~x�=\
<�A
=\
<�B
 8� 2(0,1] we have f(��)=g(��). Butthis implies that f�g since the points at which a function of bounded variationare discontinuous are countable and the measure of a countable set is zero. Atall points of continuity we have f(�)=f(��)=g(��)=g(�).2Theorem 32 Let (A�)�2[0,1] and (B�)�2[0,1] be set representations of fuzzynumbers ~x and ~y consisting of non-empty closed intervals and assume ~x�~y,then if f and g are functional representations for these two set representationsrespectively, f�g.Proof:8� 2[0,1], (a��+a+� )/2=(b��+b+� )/2 where ~x�=[a�� ,a+� ] and ~y�=[b�� ,b+� ]by de�nition of our equivalence relation. Thus f(�� )=g(��) and the sameargument as applied in the previous theorem holds. 2Theorems 30, 31 and 32 show that there is a single functional rep-resentation (up to a set of measure zero) for each equivalence class of fuzzynumbers. Thus, the map of fuzzy number equivalence classes to the space ofequivalence classes of functions of bounded variation is well de�ned. The nextstep is to show that it is not only well-de�ned but establishes an isomorphism.The next theorem establishes that the map is one-to-one and the following one88



establishes that it is onto.Theorem 33 Let < ex >6=< ey > be two fuzzy number equivalence classes.Then their functional representations are not equal.Proof:Let f and g be the functional representations for < ex > and < ey >respectively. Since < ex >6=< ey > 9� 2(0,1] such that (~x��+~x+� )/26=(~y��+~y+� )/2.Then for this �, f(��)6=g(��). Then 9 disjoint neighborhoods of f(��) andg(��) with positive separation so in a neighborhood near � (a set with measuregreater than zero), f6=g.2Theorem 34 Let f2BV[0,1] then 9 < ex >2 L such that f is the functionalrepresentation for < ex >.Proof:For � 2 (0; 1], let [~x�� , ~x+� ]=[f(1)-2P1a(f),f(1)+2N1a (f)] and[~x�0 ,~x+0 ]=cls ( S�>0[~x�� ,~x+� ]). The claim is that the intervals [~x�� ,~x+� ] are a setrepresentation for a fuzzy number ~x. Since each interval is closed and non-empty, by our prior theorem we only need to show that � < � ) [~x�� ,~x+� ]�[~x�� ,~x+� ], but this is immediate from the de�nition of P1a(f) and N1a(f).To show that this is a functional representation for < ex > note thatg(�)=(~x��+~x+� )/2=f(1)+(2N 1a(f)-2P1a(f))/2=f(1)+(f(� )-f(1))=f(�)289



Theorem 35 The space, L is isomorphic to BVL1[0,1].Proof:Theorems 33 and 34 establish a one-to-one correspondence betweenL and BVL1[0,1]. If < ex >, < ey >2 L with functional representations f andg, then f+g is a functional represenation for < ex > + < ey >. To see this let(A�)�2[0,1] and (B�)�2[0,1] be the set representations of ex and ey correspondingto f and g. We know by Theorem 13 that (A�+B�)�2[0,1] is a set representationfor ex+ ey: But the mipoint of A�+B� is just the sum of the midpoints of A� andB�: So f+g is a functional representation for ex + ey: Similar reasoning showsthat cf is a functional representation for cex for scalor c. Thus the mappingpreserves addition and multiplication by scalars and is an isomorphism.2Theorem 36 The space (L; k�kEA) is isometric to BVL1[0,1].Proof:Since an isomorphism between L and BVL1[0,1] has already beenestablished in Theorem 35, we need only to establish an equivalent norm. Notethat if < ex >2 L and fex a the functional representation for < ex > then fex � gexwhere gex is the functional representation for < ex > formed by the �-cuts ofex. But then k< ex >kEA = R 10 jgex(�)j d� = R 10 jfex(�)j d�. Thus the norm isindependent of the choice of functional representation since we have shown in90



Theorem 31 that all functional representations for < ex > are equal almosteverywhere. But fex is an element of BVL1[0,1] as a subspace of L1[0; 1] and inL1[0; 1] kf~xk1 = R 10 jf~x(�)j d�: Therefore, the norms are equivalent.23.4 Convergence in (L; k�kEA)It has been established that the equivalence classes of fuzzy numbersare isometric to the space BVL1[0,1] which is a subspace of L1[0,1]. Thusevery Cauchy sequence of fuzzy number equivalence classes in the space L willconverge but not necessarily to a fuzzy number equivalence class. However,we have the following result that shows that Cauchy sequences in the spaceconverge if our fuzzy numbers have a uniform bound in variation.Theorem 37 Suppose f< ex >ng is Cauchy in L under the EA-norm and sup-pose that 9 M2 R such that 8 n, V10(fn) < M , where fn is a functionalrepresentation for < ex >n. Then 9 < ex >2 L such that < ex >n!< ex > in theEA-norm.Proof:By assumption ffn(�)g is Cauchy in L1[0; 1]: Thus 9 f2 L1[0; 1] suchthat fn(�) ! f(�) in the mean since L1[0; 1] is complete. We know that 9 asubsequence fnk (�) ! f(�) almost everywhere (see Kolmogorov&Fomin [24]page 388 problem 7c). Let S equal the subset of [0,1] where we have pointwise91



convergence. Assume that f is not of bounded variation on S. Since f is notof bounded variation 9 f�i 2 S j i = 1;mg such that P���f(�i)� f(�i+1)��� >2M: We can chose N large enough such that 8i; jf(�i)� fN (�i)j < � for �arbitrarily small. Then P���fN (�i)� fN(�i+1)��� > P���f(�i)� f(�i+1)����m�: Butthen V10(fN ) > M which is a contradiction. Therefore f is of bounded variationon S. We need to show that there is a function of bounded variation on [0,1]which is equal to f almost everywhere. For every � 2 [0; 1] � S. Let fxng bea sequence from S such that xn ! �. Such a sequence exists since [0,1]-S hasmeasure zero. De�ne f(�) = lim supf(xn): This limit exists and is �nite sincef is a bounded variation on S and, therefore, bounded on S. But then f as justde�ned is a bounded variation on [0,1] since 8� 2 [0; 1]� S we can �nd x 2 Sarbitrarily close to � such that jf(x)� f(�)j < � for arbitrarily small � . 2Corollary 4 Let fexng be a sequence of fuzzy numbers with the property that8n (exn)+0 � (exn)�0 < 2M . If f< ex >ng, the sequence of equivalence classes inL, is Cauchy then it converges.Proof:Let f~xn be de�ned by f~xn(�)=((exn)��+(exn)+� )/2 where(exn)�=[(exn)�� ;(exn)+� ]. Thus fexn is the functional representative of < ~xn >formed by the � � cuts of exn. Applying the theorem, we will be �nished ifwe show that 2V10(fexn) � (exn)+0 � (exn)�0 < 2M .92



For each n we de�ne the fuzzy number fmn with set representation given by(fmn)� =[(fmn)�� ; (fmn)+� ]=[fexn(1)-2P1�(fexn),fexn(1)+2N1�(fexn)] 8� 2 (0; 1] and[(fmn)�0 ,(fmn)+0 ]=cls([�>0[(fmn)�� ,(fmn)+� ]). We have shown that fmn 2< exn > :We claim that fmn is the element of < exn > with minimal possibility. As-sume not. Then 9ey 2< exn > such that for some � 2 [0; 1]; ey+� < (fmn)+� and(fmn)�� < ey�� i.e. ey+� � ey�� < (fmn)+��(fmn)�� =2V1�(fexn). But we know thatfexn(�) = ey+�2 + ey��2 which implies that 2V1�(fexn)� V1�(ey+� ) +V1�(ey�� ). Since thefunctions on the right-hand side are monotonic, their variation is de�ned bytheir values at the end points. Thus 2V1�(fexn)� ey+� � ey+1 + ey�1 � ey�� � ey+� � ey��and we have arrived at a contradiction.Since fmn is the distribution of minimal possibility for < exn >, 2V1� (fexn)=(fmn)+0 � (fmn)�0 � (exn)+0 � (exn)�0 < 2M . 2Corollary 5 Let fexng be a sequence of fuzzy numbers with the property that8n (exn)0 � B where B is a bounded subset of R and (exn)0 is the support ofexn. If f< ex >ng, the sequence of equivalence classes in L, is Cauchy then itconverges.Proof:This follows from the prior corollary since (exn)0 � B ) (exn)+0 �(exn)�0 < 2M where M is an upper bound on the absolute values of the elementsof B.2 93



4. Optimization of Fuzzy FunctionsWe begin this chapter with a de�nition of a fuzzy function. We showthat fuzzy functions as so de�ned are mappings into the space of fuzzy vectors(also de�ned in this chapter). In particular, real valued fuzzy functions aremappings to the space of fuzzy numbers. We will examine unconstrained con-vex fuzzy functions. The minimum of a fuzzy function and the minimizer of afuzzy function will be de�ned and their properties examined. We will considerthe concept of minimizing a fuzzy function in the context of possibility theory.This allows formulation of optimization problems involving real valued fuzzyfunctions in the space (L; k�kEA).4.1 Fuzzy FunctionsIn this section a de�nition of a fuzzy function as a special possibilitydistribution over a function space is introduced. Attention is focused uponfunctions of real �nite dimensional vector spaces. A de�nition of a fuzzy vectorwhich is a slight generalization of the de�nition of a fuzzy number is given �rst.De�nition 29 Let X be a real �nite dimensional vector space with the Eu-clidean norm. A fuzzy vector, ~x, is a fuzzy subset of X such that 1) ~x is94



normal 2) 8� 2 (0; 1] ~x� is compact and 3) ex0+ is bounded. A convex fuzzyvector, ~x, is a fuzzy vector such that 8� 2 (0; 1] ~x� is convex.In Lee [25] a convex fuzzy vector is referred to as an approximatequantity. This de�nition of fuzzy vector is consistent with the de�nition offuzzy vector given in Buckley [3]. If X=R, the de�nition of a convex fuzzyvector, the de�nition of approximate quantity in Lee [25] and fuzzy number inBuckley [3], Kaufmann&Gupta [20] and Zhang [50] all coincide.Example 17 A vector of fuzzy numbers, (~ai), i = 1; � � � ; n, is a convex fuzzyvector. Each �-cut is �i=1;n[(eai)�� ; (eai)+� ] where ~a�=[(eai)�� ; (eai)+� ]. But not allconvex fuzzy vectors can be so represented. For example, consider the convexfuzzy vector with �-cuts, ~x� = fx j kx� x0k � 1 � �g, where � 2 (0; 1].De�nition 30 Let Rn,Rm be real �nite dimensional vector spaces with theEuclideanl norm, k�k and 
 � Rn,F = ff: 
! Rm j f is a bounded function over 
g :On F we de�ne the norm kfksup=supx2
 kf(x)k (see Rudin [39]-def.7.14 andnote continuity is not used in the norm proof). Let ~f be a fuzzy subset of F .For x2 
 de�ne ~f(x) to be the fuzzy subset of Rm with membership function� ~f(x)(y)=supf� : � ~f (f) = �; f 2 F and f(x) = yg. A fuzzy function over
 is a fuzzy subset ~f of F such that 1)~f is normal 2) 8� 2 (0,1] ~f� is path95



connected and compact and 3) ef0+ is bounded. If 8� 2 (0,1] , ~f� is convex wesay ~f is a convex fuzzy function.Write ~f: 
! Em where Em is the set of all fuzzy vectors over Rm. Ina moment it will be shown that this notation makes sense.This de�nition of fuzzy function is consistent with the functions whichde�ne the linear programing problems examined in Buckley [3], Lodwick [27]and Jamison&Lodwick [15]. In these papers, the functions are de�ned in termsof linear equations in coe�cients which are fuzzy numbers. This de�nition isnot equivalent to the de�nition of fuzzy mapping used in Lee [25] and Zhang[50]. A fuzzy mapping is de�ned as a point to fuzzy set mapping.A fuzzy function, as de�ned here, allows for more re�nement in thede�nition by restricting the functions in ~f�. For example, the common prop-erties that crisp elements of ~f possess can be used to characterize ~f as in thefollowing de�nitions.De�nition 31 Let ~f:
 ! E. Call ~f a fuzzy convex function if 8� 2 [0,1]and 8f2~f� , f is a convex function.De�nition 32 Let ~f:
 ! E. Call ~f a fuzzy continuous function if 8� 2[0,1] and 8f2~f� , f is a continuous function.96



Remark 3. To say ~f� is path connected means that 8f1 and f2 2 ~f� 9 acontinuous function (under the supremum norm) F:[0,1]! F such thatF(0)=f1 and F(1)=f2.Remark 4. For a fuzzy function to be a convex fuzzy function an equivalentstatement is: 8�; � 2[0,1], f1 and f2 2 ~f� and x2 
, 9f3 2 ~f� such thatf3(x)=�f1(x)+(1-�)f2(x).Example 18 One way to write a fuzzy function is to write it as a functionof fuzzy parameters. A parameterized fuzzy function of this type is denotedby f(~a,x) where x is a vector in Rn and ~a is a vector whose entries are fuzzynumbers. For example, let ~a be the triangular fuzzy number de�ned by theparameters (1,2,3). De�ne a fuzzy function ~f(x)=f(~a,x)=~a*x2 with x restrictedto a compact set in R. More formally, � ~f (f)=� )f(x)=a*x2 where �~a(a)=�.The range of values of ~f:5(x) are between and including f(x) = 1:5 � x2 andg(x) = 2:5 � x2 with both f and g2 ~f:5. Hence ~f:5(1)=[32,52 ].The following theorem demonstrates that the de�nition of a fuzzyfunction produces the desired result, namely, that it is a point to fuzzy vectormapping. 97



Theorem 38 Let ~f: 
! En be a fuzzy function. Then ~f(x) is a fuzzy vector8x2 
. If ~f is a convex fuzzy function, then ~f(x) is a convex fuzzy vector.Proof:Assume ~f is a fuzzy function.(Normality) ~f normal ) 9f2~f1 ) 8x2X, y=f(x)2~f1(x))~f(x) normal.(Compactness) Let (fn(x))�~f(x)� where (fn)�~f�. ~f� compact ) 9 (fni)� ~f�such that fni !f2~f�. Hence kfni -fksup !0) fni(x)!f(x)2~f�(x).Hence ~f(x) is a fuzzy vector. If ~f is a convex fuzzy function then ~f(x)� is convexby de�nition.2It was shown in Example 18, that a function with fuzzy parameterscan be a fuzzy function. But this is not always true. The following two theo-rems examine the limits of these representations.Theorem 39 Let f(~a,x):
 ! E represent the fuzzy subset of functions givenby �f(~a;x)(f(a; x)) = �~a(a), where x2 
 �Rn and ~a is a vector of fuzzy num-bers, that is ~a=[~a1,~a2,...,~an]T, ~ai a fuzzy number. Then for each � 2[0,1]:~f�=ff(a,x):�i=1;n[(eai)�� ; (eai)+� ]� 
! Rg. For each f(a,x), de�ne the functionsfa(x)=f(a,x) and fx(a)=f(a,x) where a and x are held �xed respectively. As-sume that 8� 2 [0,1] and x2 
, fx is continuous over ~a�=�i=1;n[(eai)�� ; (eai)+� ].Then f(~a,x) is a convex fuzzy function if and only if ffx:~a� ! R j x 2 
g is an98



equicontinuous family of functions and each fa is bounded over 
.Proof:) (Equicontinuity) Let � 2 [0,1] and assume ffx:~a� ! R j x 2 
g isnot equicontinuous. Then 9� > 0 such that 8 n9xn; an and bn with jan � bnj <1n but ���fxn(an)-fxn(bn)��� � �. We know that ~a� is compact so 9 a subsequenceani !a2~a� which implies that bni !a. By assumption f(ani,x)!f(a,x) 8x2 
,similarly for bni. We relabel the subscripts. Then, since ~f� is compact and(f(an;x)), (f(bni ,x)) are sequences of functions in this compact function set, 9a convergent subsequence in ~f�. This implies fan !fa and fbn !fa so that


fan-fbn


sup !0. But this is a contradiction since ���fxn(an)-fxn(bn)��� � � )���fan(xn)-fbn(xn)��� � �.(Boundedness) This follows by de�nition of a fuzzy function.( (Normality) ~a normal) 9a0 2~a1 ) �f(~a;x)(f(a0,x))=1.(Compactness) Let � 2 [0,1] and (fai) be a sequence of functions in f(~a,x)�.Then (ai) is a sequence in ~a� which is compact so 9(ain ) such that ain !a2~a�and fa 2f(~a,x)�. Let � > 0, by de�nition of equicontinuity 9� > 0 such thatjain-aj < � ) ���fx(ain)-fx(a)��� < �8x 2 
. Choose N such that 8n � N; jain-aj <� ) ���fx(ain)-fx(a)��� = ���f(ain,x)-f(a,x)��� < �8x 2 
) fain ! fa.(Path Connectedness) Let fa and fb 2f(~a,x)�. Then a,b2 ~a which is a compactand convex so 9 a path from F:[0,1]!Rn with F(0)=a and F(1)=b. But this99



also de�nes a path from fa to fb. Let � > 0, then from equicontinuity 9�1 > 0such that 8c; d 2 ~a, jc{dj < �1 ) jfx(c)-fx(d)j < �8x 2 
. By continuity of F9�2 > 0 such that 8x; y 2 [0,1], jx{yj < �2 ) jF(x)-F(y)j < �1 ) jfx(c)-fx(d)j <�8x 2 
) kfc-fdksup < �.(Pointwise Convexity) This follows immediately since each ~a� is closed andconnected and fx is continuous) ffx(a) j a 2 ~a�g is closed and connected in R,therefore convex.2Example 19 Consider the fuzzy set of bounded functions over R given by~f(~a,x)=~a2/(~a2+(1-x~a)2) where ~a�=[0,1] 8� 2 [0,1]. Using the notation of theabove theoremwe note that 1) fa �0 for a=0 2) 8a2(0,1] fa(x)!0 as x!1 and3) fx(a)=1 when x=1a. Then ffx:~a� ! Rg cannot be equicontinuous since if wechoose a2(0,1] but arbitrarily close to zero and let x= 1a , then �����f1a (a)-f1a (0)�����=1.Thus this is not a representation of a fuzzy function. It also fails the de�nitionsince there is no path from fa for a2(0,1] to fa for a=0. Note, however, that ifx is restricted to a compact subset of R, the set of functions is equicontinuousand there is a path to fa for a=0 and in this case the representation is a fuzzyfunction.Theorem 40 Let f(~a,x):
! E represent a fuzzy subset of functions where ~ais a vector of fuzzy numbers, 
 is compact, andf(a; x) : �i=1;n[(eai)�� ; (eai)+� ]� 
! R100



is continuous 8x2 
 and 8a2[(eai)�� ; (eai)+� ], 8� 2 [0,1], then f(~a,x) is a repre-sentation of a convex fuzzy function.Proof:Apply the previous theorem. Since f(a,x) is a continuous mappingof a compact set, it is bounded. Also, it is uniformly continuous, so 8� >09� > 0 such that k(a,x)-(b,y)k < � ) kf(a,x)-f(b,y)k < �. Then ka-bk <� ) k(a,x)-(b,x)k < �8x 2 
 ) kfx(a)-fx(b)k < � so ffx:~a� ! R j x 2 
g isan equicontinuous family of functions. 2A fuzzy function has been de�ned and it has been shown to be amapping of a �nite dimensional vector space into the space of fuzzy vectorsover a �nite dimensional vector space. Fuzzy functions include functions withunknown coe�cients provided the they are continuous over the support of theparameter. When the range space is the space of fuzzy numbers, the spacecan be partitioned into the normed space (L; k�kEA). Cauchy sequences willconverge in this normed space provided the supports of the fuzzy numbers areuniformly bounded and for many applications, this normed space is the settinginto which problems can be meaningfully cast. The usefulness of casting fuzzyoptimization problems in this setting is that algorithms have a convergencetheory and computations are tractable.101



4.2 The Minimum and Minimizer of aFuzzy Real-valued FunctionThe process for utilizing possibility theory in optimizing a functionwith ill-de�ned parameters was discussed in the introduction to possibilitytheory in chapter two. First, each unknown parameter of the function is rep-resented by a fuzzy number. Second, for a given point in the decision space,the image of the function is evaluated producing a fuzzy number. Third, theexpected average of the fuzzy number representing the image is calculated, aprocess called defuzzi�cation. Fourth, the function is optimized by �nding thepoint in the decision space that optimizes the expected average. If the range ofthe fuzzy function is bounded, an algorithm that produces a Cauchy sequencein the space (L; k�kEA) will converge to a solution.In this process, it is expected that there is a single function beingmodeled. However the function is unknown. Thus a distribution of possiblealternatives for the actual function is used. Each of these possible alternativesmay have an optimal value. Thus the distribution of possible functions de�nesa distribution of possible optimal values. Likewise the points in the decisionspaces that produce these possible optima produce a distribution of possibleoptimizers. In this section we consider the properties of these two distributions.For clarity, we focus on minimization problems.102



De�nition 33 Let ~f:
 ! E be a fuzzy function. The fuzzy minimum of ~fover 
, is the fuzzy subset, ~m, of R with membership function� ~m(m) = 8>>><>>>: supf� j 9 f 2 ~f� with m=infx2
 f(x)g if 9 at least one such f0 otherwiseTheorem 41 Let ~f:
! E be a fuzzy function. Then ~m, the fuzzy minimumof ~f , is a fuzzy number.Proof:(Normality) ~f normal ) 9f0 2~f1 so that infx2
f0(x)2 ~m1.(Compactness) Let (mn) � ~m� for � 2 [0,1]. Then for each n, 9fn 2~f� with mn = infx2
 fn(x). Since ~f� is compact 9(fni) with fni !f2~f�.Let m=infx2
f(x). Let � > 0. 9N such that 8ni >N kfni -fksup < �2 . Assumethat for a particular such ni, mni � m (note that the argument that followsstill holds if we assume m � mni if we replace f with fni and vice versa wereever they appear). For this ni9xni 2 
 with fni(xni) �mni < �2 . But we alsohave jfni(xni)� f(xni)j < �2 ) f(xni) �mni < �. So by assumption we havemni � m � f(xni)) jmni -mj < � . Thus mni ! m.(Convexity) Let m1 and m2 2 ~m� for � 2 [0; 1]. Then 9f1; f2 2 ~f�with m1 = infx2
 f1(x) and m2 = infx2
 f2(x). Since ~f� is path connected9G : [0; 1] ! ~f� with G continuous and G(0) = f1 and G(1) = f2. LetF : [0; 1]! R be given by F (r) = infx2
G(r)(x). Let s 2 [0; 1] and _� > 0, G103



continuous) 9� > 0 such that r 2 [0; 1] and jr � sj < � ) kG(r) �G(s)k < �2.Then by application of the same argument as in the compactness proof above(replacing fni with G(r) and f with G(s)) we have jF (r)� F (s)j < �. ThusF is continuous on [0; 1], so ~m� is path connected and, thus, convex since~m� � R. 2De�nition 34 Let ~f:
 ! E, where ~f is a fuzzy function. Then the fuzzyminimizer of ~f over 
 is the fuzzy subset ~S, of 
, with membership function� ~S(s) = 8>>><>>>: supf� j 9 f 2 ~f� with f(s)= infx2
 f(x)g if 9 at least one such f0 otherwise.Theorem 42 Let ~f:
! E, where ~f is a fuzzy convex, fuzzy continuous func-tion on 
 and 
 is a compact, convex subset of Rn. Let ~S be the fuzzy minimizerof ~f over 
: Then ~S� is connected 8� 2 [0,1].Proof:Let s0 and s1 2~S�. Then 9 f0 and f1 2~f� with f0(s0)=infx2
f0(x)=m0and f1(s1)=infx2
f1(x)=m1. Since ~f is a fuzzy function, ~f� is path connected so 9a path f0 !f1, let f� denote an element along this path. In the proof of Theorem11 we showed that this path provides a path m0 !m1where m�=infx2
f�(x).Let ��=ns 2 
 j f�(s)=m�o i.e. it is the set of minimizers of f� over
: Since we assumed f� is a convex function and 
 convex, we know that ��is convex (see Luenberger [30] Theorem 1 on page 181) and thus connected104



(convexity)path connectedness)connectedness, see Munkrees [33] page 155).We also know that �� is non-empty since each f� is continuous and bounded on
 by assumption and 
 is compact. Finally, we know �� is closed. To see thislet s be a limit point of ��. Then s2 
 since �� � 
 and 
 is compact (thusclosed). Let (si)� �� and si !s. Then f� continuous)f�(si)=m� !f�(s), sof�(s)=m� and s2 ��.We will show that D(�
 ,��)!0 as 
 ! � where 
; � 2[0,1] and wherefor two compact sets A,B we de�ne D(A,B) =minfka-bk j a 2 A, b 2 Bg. Theminimum can be used here since A and B are compact. Any sequence ofpoints (ai)�A and (bi)�B with kai-bik !inffka-bk j a 2 A, b 2 Bg implies 9a subsequence converging to a point (a,b)2AxB withka-bk=inffka-bk j a 2 A, b 2 Bg. We will use this to show that the union ofour collection of compact connected sets is connected.Let � > 0 and de�ne T=fx 2 
 j D(x,��)=�g . We show that T iscompact. We can choose � small enough so that T is non-empty unless ~S�=
,in which case we are done since 
 is convex and thus connected. We now showthat T is closed. Let w be a limit point of T and (wi)�T with wi !w. Thenfor each wi 9mi 2 �� with D(wi,mi)=�. �� compact implies 9 a subsequence(min) with min !m2 ��. Then kwin-mink ! kw-mk so kw-mk=�. ThusD(w,��)� �. Now assume 9mt 2 �� with kw-mtk < �. Since wi !w and by105



continuity of the Euclidean norm 9wN with kwN -mtk < �. But this contradictsthe fact that wN 2 T . Hence w 2 T so T is closed. Now T a closed subsetof compact set 
)T compact) 9t2T with f�(t)-m�=minnf�(x)-m� j x 2 Tosince f� is continuous. Let �= f�(t)- m� then � > 0 since t =2 ��.We claim that f�(y) �m� � �8y with D(y;��) > �. To see this letz2 ��. Since D(z;��) = 0 and D(y;��) > � and 
 is convex, 9 � 2 [0,1]with �z+(1-�)y2T. This follows from the convexity of 
 and continuity ofthe Euclidean norm. Then f�(t)�f�(�z+(1-�)y) by choice of t and f�(�z+(1-�)y)� �f�(z)+(1-�)f�(y) since f� is convex, so f�(y)-m� �f�(t)- m�=�.We now show that in a neighborhood of �, D(��,��)� �. Since f� !f�and m� !m� as �! � we can choose a neighborhood of � such that 8� 2[0,1]in this neighborhood, both kf�-f�ksup < �2 and jm�-m�j < �2 . In this neigh-borhood, assume 9r 2 �� and D(r;��) > �. Then ���f�(r)-m���� � � but sincef�(r)=m� ) jm�-f�(r)j < �2 then it must hold that jm�-m�j � �2 which is acontradiction. Thus D(��,��)� �.We have thus shown that [�2[0,1]�� is a connected subset of ~S� con-taining two arbitrary points in ~S�. So ~S� must be connected.2106



4.3 Method of Minimum RegretsOne possible objective of the fuzzy optimization problem to be tooptimize the expected average of the possibility distribution representing theimage of the function. In other words, given a fuzzy function ef(x) we de�neour objective to be minEA( ef(x)): This method is simple to implement. Analternative to this method is the method of minimum regrets. The idea behindthis method is to compare the result of the action taken by the decision makerto the optimal result. Of course the optimal result is not known at the timea decision is made, therefore, we de�ne the objective to be to minimize theexpected di�erence between these two quantities.Consider the problem of minimizing a fuzzy function. The objectiveis to decide upon a choice of a crisp x in 
 which provides the best possibleoutcome. If ~S is the fuzzy minimizer for the fuzzy function then any choiceof x2~S1 will have possibility 1 of being the minimizer but, unless ~S is a crispvector in X, there is also a possibility that s will not be a minimizer. A toolfor implementating the method of minimum regrets is the following:De�nition 35 Let ~f:
! E be a fuzzy function. De�ne the maximum pos-sible error emax:
�[0,1]!R as follows:emax(x; �) = supnf(x)�mf jf 2 ef� and mf = infy2
f(y)o .107



De�nition 36 Let ~f:
! E be a fuzzy function. De�ne the minimum pos-sible error emin:
�[0,1]!R as follows:emin(x; �) = infnf(x)�mf jf 2 ef� and mf = infy2
f(y)o .These functions are well-de�ned since each f2~f� is bounded on 
 and~f� is compact under the supremumnorm by de�nition of a fuzzy function. Thusthe supremum is �nite since it is taken over a bounded collection of boundedsets. The maximum possible error gives the maximum possible distancebetween the function evaluated at x and its minimum value over all functionsthat are at least � possible. It is natural to want to choose x so as to minimizethe maximum possible error. If ~S� is nonempty, minimizing at the �-level ofpossibility can be done by choosing s2~S� so that 9f2~f� with s a minimizer off and f(s) at the midpoint of ~m�: The maximum error over all �-level possiblefunctions is then (m+� -m�� )/2. Minimizing over di�erent �-levels may lead todi�erent solutions. It may be desirable to minimize the maximum possibleerror for any possible f (�=0). These concepts are illustrated in the followingexamples.Example 20 Consider the fuzzy function de�ned by ~f(x)=(~a-x)2+~awhere ~a=[0,1], i.e. it is the unit interval for all �-levels, and 
=[0,1]. Let108



fa(x)=(x-a)2-a so ~f0=ffa(x) j a 2 [0,1]g. Theninfx2[0,1]fa(x) = aand emax(x; 0) = supa2[0,1] n(x-a)2+a-ao = max(x2; (x� 1)2):On the other hand emin(x,0)=0 8x2[0,1] since infa2[0,1] n(x-a)2+a-ao=0. Notethat the emax function is minimized at x=.5 where the maximum possibleerror is .25. For this fuzzy function, this is the best choice if the objective isto minimize the maximum possible error.Example 21 Consider the fuzzy function de�ned by ~f (x) = (~a � x)2 + ~bwhere a and b are trapezoidal fuzzy numbers represented by (1.8,2,2.2,2.25)and (.8,1,1.2,2), respectively. For this fuzzy function ~m=~b and ~S=~a. Forexample ~m1=[1,1.2] and ~S1=[2,2.2] since~f1 = n(a-x)2+b j a 2 [2,2.2] and b 2 [1,1.2]o :Thus f(x) = (2 � x)2 + 1:2 is such a function with possibility level 1. Itsminimum value is 1.2 and it is minimized at x = 2. For x = 2 and consideringall functions at � = 1 possibility level, the maximum possible error occurs ifa = 2:2 so f(2) = (2:2 � 2)2 + b. The value of b is immaterial. To see this saythat f(x) = (2:2� x)2+1:1 which is minimized at x = 2:2. Then the error fora choice of x = 2 is f(2)�f(2:2) = 1:14�1:1 = :04. The following table showsthe distribution of the values of the maximum possible error function for each109



choice of x from 2 to 2.2 in steps of .02 and for various possibility levels.�x 1 .8 .6 .4 .2 02.00 .040 .044 .048 .053 .058 .0632.02 .032 .036 .040 .044 .048 .0532.04 .026 .029 .032 .036 .040 .0582.06 .020 .023 .026 .032 .048 .0682.08 .014 .017 .026 .040 .058 .0782.10 .010 .020 .032 .048 .068 .0902.12 .014 .026 .040 .058 .078 .1022.14 .020 .032 .048 .068 .090 .1162.16 .026 .040 .058 .078 .102 .1302.18 .032 .048 .068 .090 .116 .1442.20 .040 .058 .078 .102 .130 .160Selecting from this table, a choice of x = 2:1 results in the maximum possibleerror (.010) being minimized over all level 1 possible functions. But a choiceof x = 2:02 results in the maximum possible error (.053) being minimizedover all possible functions. Which choice is most appropriate would seem tobe determined by the context of the problem. In risk management, the later110



solution might be preferable or a solution for a low � level. In fact, in thiscontext, a problem solution might lie outside the ~S1 solution set (recall that~S1 = [2; 2:2] in the above example.)Example 22 Consider the fuzzy function ~f(x; y) = (x � ~a)2 + (y � ~a2)2over [0; 1] � [0; 1] where ~a is the triangular fuzzy number (.2,.5,.8). For thisfunction ~m = 0, a crisp number, since any possible function of the formf(x; y) = (x � a)2 + (y � a2)2 has minimum value 0 at (x; y) = (a; a2). So~S� = f(x; x2) j x 2 ~a�g. For example, ~S0 = f(x; x2) j x 2 [:2; :8]g. We see bythis example that although ~S� is connected it need not be convex. For � = 0,the error function is minimized at (.5,.34) where emax((.5,.34),0)=.18. Thisis because :5 = (:2 + :8)=2 so x = :5 minimizes maxf(x� :2)2; (x� :8)2g and:34 = (:22 + :82)=2 so y = :34 minimizes maxf(y � :22)2; (y � :82)2g. Then(.5,.34) minimizes maxf(x� a)2 + (y � a2)2 j x 2 [:2; :8]g. Notice that (.5,.34)is not an element of ~S so this point minimizes emax but is not a minimizerof any of the possible functions. The point that lies in ~S and minimizes emaxis (:544; :5442) where emax((:544; :5442); 0) = :183916. The possibility that(:544; :5442) is a minimizer of our fuzzy function is .8533 (since the possibilitythat a = :544 is .8533).De�nition 37 The possible error for a given x, ~e(x), is the fuzzy set with�-level de�ned as ~e�(x)=[emin(x,�),emax(x,�)] .111



Theorem 43 Let ~f:
! E be a fuzzy function. Then the possible error, ~e(x),is a fuzzy number.Proof:(Normality) Since 9f 2 ~f1 then jf(x)�mj 2 ~e(x)1 where m =infx2
 f(x).(Compactness) Let (ei) � ~e(x)�. For each ei9fi 2 ~f� with ei =jfi(x)�mij 2 ~e(x)� where mi = infx2
 fi(x). Thus 9 a subsequence fin ! f 2~f�. From Theorem 41 min ! m so jfi(x)�mij ! jf(x)�mj 2 ~e(x)�.(Convexity) Let e1; e2 2 ~e(x)�, then 9f1; f2 2 ~f� with ei = jfi(x)�mijwhere mi = infx2
 fi(x). 9 a path G : [0; 1] ! ~f� mapping f1 to f2. ThenGx : [0; 1] ! R de�ned by Gx(a) = G(a)(x) is continuous as is the functionF : [0; 1] ! R from Theorem 41 (mapping to the in�mum of G(a)). ThenH : [0; 1]! R de�ned by H(a) = jGx(a)� F (a)j is continuous with H(0) = e1and H(1) = e2 so 8� 2 (0; 1)9r 2 [0; 1] with H(r) = �e1 + (1 � �)e2. 2We see that the possible error is a possibility distribution for the errorthat may occur for a given choice of x as the function input value. An objectivein choosing x may be to achieve the most favorable possible error distribution.To make such a choice one needs a method of rating these distributions. Oneapproach is to minimize the expected error as estimated by the EA functional112



as follows: EA(~e(x)) = 12 Z (ee�� + ee+� )d�Using this functional one can then rede�ne the minimization problemas: For fuzzy function ~f, �nd x which minimizes EA(~e(x)).Example 23 As a �nal example consider the fuzzy function in Example 19de�ned by ~f(x) = (~a � x)2 + ~b where a and b are trapezoidal fuzzy numbersrepresented by (1.8,2,2.2,2.25) and (.8,1,1.2,2) respectively. Now we wish to�nd the minimum of EA(~e(x)) for this function. This can be handled analyti-cally in a piecewise manner. We will only show the calculations for the intervalin R where we know the answer lies. On the interval 2:025 � x � 2:1, for(:15� + 4:05)=2 > x; ~e�(x) = [0; (�:05� + 2:25 � x)2] for (:15� + 4:05)=2 �x; ~e�(x) = [0; (:2�+ 1:8� x)2] ThenEA(~e(x))= 12  Z 1(2x�4:05)=:15(�:05�+ 2:25 � x)2d� + Z (2x�4:05)=:150 (:2� + 1:8� x)2d�!In the interval of evaluation, this function is minimized at x=2.057 whereEA(~e(x))=1: 4573 � 10�2. We consider this x to be the solution using themethod of minimum regrets. 113



For comparison we calculate the minimum using the expected average as fol-lows: ef(x)+� = max��ea+� � x�2 ; �ea�� � x�2� + eb+� =maxn(2:25� :05� � x)2 ; (1:8 + :2�� x)2o+ 2� :8�ef(x)�� = min��ea+� � x�2 ; �ea�� � x�2�+ eb�� =minn(2:25 � :05� � x)2 ; (1:8 + :2�� x)2o+ :8 + :2�ef (x)+� + ef(x)��= (2:25 � :05� � x)2 + (1:8 + :2� � x)2 + 2� :8� + :8 + :2�= 11: 103 � : 105� � 8: 1x + :0 425�2 � : 3�x+ 2:0x2EA( ef(x))= 12 Z 10 �11: 103 � : 105� � 8: 1x + :0 425�2 � : 3�x+ 2:0x2� d�= 5:5323 � 4:125x + x2which is minimized at x = 2: 0625 where EA( ef(x)) = 1: 2784:
114



5. Fuzzy Linear Programming using a Penalty MethodThe techniques discussed in this thesis are illustrated by examiningthe linear programming problem. Starting with a standard form of the linearprogramming problem each constant in the problem is replaced with a fuzzynumber. The objective and constraints are reformatted into an unconstrainedfuzzy function by penalizing the objective for possible constraint violations.The range of this fuzzy function lies in the space of fuzzy numbers. Theobjective is then rede�ned as maximizing the expected average of the image ofthis fuzzy function. It is shown that this objective de�nes a concave functionwhich, therefore, can be maximized globally. An algorithm for �nding themaximum is presented.In constrained optimization problems where uncertainty is character-ized using possibility distributions, it may be unavoidable and/or advantageousto consider solutions that have a non-zero possibility of violating one or moreof the constraints. This can be done by considering the cost of a constraintviolation in the problem formulation. In the following discussion such a for-mulation of the linear programming problem is examined where the constant115



terms in the problem may not be known precisely. To incorporate this typeof uncertainty into the model each constant in the problem is replaced witha fuzzy number. Next the possibility of a constraint violation is incorporatedinto the model. This is done by replacing each constraint with a term in theobjective function that reduces the objective by the cost of the violation. Fromthis an unconstrained fuzzy function optimization problem arises. As we haveseen, the image of this fuzzy function is a fuzzy number. Thus the objectiveis to, in some sense, �nd the optimal fuzzy number. To do this we choose theEA functional as an estimate of the expected value of the random variable un-derling the possibilitic number. From this point of view, which is the approachof this section, the objective is to maximize the expected average of the fuzzynumber that represents the possible outcomes for a given action. A gradientascent algorithm for �nding the solution to this problem is developed.5.1 Problem FormulationThe following is the form of the crisp linear programming problemconsidered herein:Maximize cTxSubject to Ax�bx�0Where c and x2Rn and b2Rm.116



If there are uncertainties about any of the components of A and/or bthe possibility of a constraint violation cannot be avoided unless the problemrestricts x to the worst/best possible case (optimistic, pessimistic linear pro-gram - see Lodwick [27]). To take into account the possibility of a constraintviolation each constraint is replaced with a penalty term in the objective func-tion together with the corresponding uncertainty in the coe�cients. The actualpenalty term will be problem dependent though its generic representation isdeveloped and analyzed. For this thesis we will treat constraints as resourcesand assume that if a resource is exceeded it can be replenished at a cost thatis linear with respect to the amount of the violation. The incorporation oftruly hard constraints is easily handled within our approach. If the resourceconstraint is \hard" the penalty is 1. The exception to the above treatmentof constraints is that x � 0 is considered a crisp constraint. In other words,we will replace the following constraint:Aix�biby subtracting the following penalty term from the objective function,dimax(0,Aix-bi)where each di > 0 is the cost per unit of violation of the right-handside value. The objective function now takes the following form, where the117



maximum is taken component wise and d2 Rm and each component is positive:f(x) = cTx - dTmax(0,Ax-b)Now we are in a position to replace each component of c and b andeach coe�cient of A with a fuzzy number to get the following:ef (x) = ecTx - edTmax(0, eAx-eb)where max is handled component wise using the extension principle.If we restrict x to a compact subset Rn; then ef de�nes a fuzzy function. Ithas been shown that the image at any vector x, ef(x); is a fuzzy number. Thisfuzzy number is completely characterized by it's �� cuts :ef (x)� = ncTx� dT max(0; Ax� b) j c; d;A; b 2 ec�; ed�; eA� and eb� respectivelyoThis fuzzy number provides the possibility distribution for the out-come of taking action x. We wish to �nd the most favorable possibility dis-tribution over all possible actions. As has been discussed, using the expectedaverage of the fuzzy number as the basis of comparing two fuzzy numbers makessense for a decision maker whose utility for an interval of possible values is themidpoint of the interval. This provides the additional advantage of insuringour algorithm will converge. Our new optimization problem is as follows:maximize EA(~f(x)) = EA(~cTx - ~dTmax(0,~Ax-~b))118



This objective function requires the �-cuts of our fuzzy number ~f(x)given the de�nition of expected average. But this is straightforward giventhe alpha cuts of our fuzzy coe�cients because of the linearity of our originalproblem and the nonnegativity of x. Therefore,~f+� (x) = (~c+� )Tx - (~d�� )Tmax(0,~A��x-(~b+� ))~f�� (x) = (~c�� )Tx - (~d+� )Tmax(0,~A+�x-(~b�� ))These two numbers de�ne the right and left end-points of the �-cutof the fuzzy function evaluated at x where ~f+� (x) is called the optimistic valueof ef(x) at possibility level � and ~f�� (x) is called the pessimistic value. Themodi�ed problem now becomes:Maximize EA(~f(x)) = 12 R10 (~f�� (x)+~f+� (x))d� =12 Z 10 ((~c�� )Tx+ (~c+� )Tx� ( ~d�� )Tmax(0; ~A��x� (~b+� ))� ( ~d+� )Tmax(0; ~A+�x� (~b�� ))d�(5.1)5.2 Properties of the Fuzzy OptimizationProblemTheorem 44 The fuzzy optimization problem as de�ned by (5.1) is concave.Proof:To see that mapping EA(~f(x)):Rn !R de�ned above is concave onlythe terms involving the maximum operator need be considered. Let � 2(0,1),119



x and y2Rn and Ai a row of matrix A. Due to the properties of the integralall that needs to be shown is thatmax(0,ATi (�x+(1-�)y)-b)� �max(0,ATi x-b)+(1-�)max(0,ATi y-b) .Let ATi x=z and ATi y=w. Then the above is equivalent tomax(0,�z+(1-�)w-b)� �max(0,z-b)+(1-�)max(0,w-b)If z;w > b then all terms are greater than zero and equality holds. If z;w < bthen all terms are less than zero so the maximum is zero and again equalityholds. Assume without loss of generality that z > b and w < b. ThenL.H.S. = max(0,�z+(1-�)w-b)�max(0,�z+(1-�)b-b)=�(z-b) = R.H.S. 2:Since the fuzzy optimization problem as de�ned by (5.1) is concave, asolution should be obtainable using a gradient ascent technique if the problemis bounded. A test for boundedness of (5.1) is as follows:Theorem 45 If the union of the feasible sets for all possible crisp formula-tions of the original linear programming problem is bounded then the fuzzyoptimization problem is bounded if and only if for all j= 1 to nEA(~cj) � 12 Z 10 h( ~d�� )T ( eAj)�� + ( ~d+� )T ( eAj)+� i d� = EA( edT eAj) (5.2)Proof:If the union of all possible formulations are bounded then we canfocus on the objective function for those x that are outside of this union. For120



this region of Rn each maximum in (5.1 ) is eAx� eb and (5.1) becomes12 Z 10 ((~c�� )Tx+ (~c+� )Tx� ( ~d�� )T( ~A��x� (~b+� ))� ( ~d+� )T( ~A+�x� (~b�� ))d�Thus@(EA( ~f(x)))=@xj = 12 Z 10 (~cj)�� +(~cj)+� � ( ~d�� )T( ~Aj)�� � ( ~d+� )T( ~Aj)+� )d� (5.3)and the condition of the theorem follows by requiring that the gradient benonpositive.2This theorem implies that the partial with respect to xj is negativewhen all constraints are fully violated. This means that the expected increasein the original objective function for an increase in variable xj (EA(~cj)) mustbe less than the expected increase in cost of replenishing the resources neededto obtain the increase (EA( edT eAj)).Note that if the conditions of the above theorem are met then weknow we have convergence of Cauchy sequences by Theorem 37.We can �nd a bound on the solution to the fuzzy optimization problemof (5.1). The absolute (crisp) upper bound on x is given in the next theorem.Theorem 46 If the fuzzy optimization problem is bounded, then 8j = 1; nxj � maxn(bi)+0 =(aij)�0 j (aij)�0 6= 0; i = 1;mo121



Proof:This is an immediate consequence of the prior theorem since if xj doesnot satisfy this condition then the maximum operator in (5.1) disappears andthe partial at xj as given by (5.3) will be negative.25.3 An AlgorithmThis section provides the details of a line search algorithm for �ndingthe maximum of the fuzzy optimization problem. The �rst step in the algo-rithm determines if any of the components of the terms max(0,~A��x-(~b+� )) andmax(0,~A+�x-(~b�� )) become active for some � 2 (0; 1): The second step of thealgorithm calculates the values of these �'s. The third step utilizes the calcu-lated �'s to determine the gradient of the objective function. This gradient isthen used as the direction in which to search for the optimal value. Note thatsince the problem is concave, a local optimum is a global optimum.Step OneThe objective of this step is to determine which constraints are vio-lated at some �� cut for a given x. Let the set 
 consist of the indices for theconstraints that will be violated for some � 2 (0; 1) using the pessimistic valuesof eA and eb. Let 	 consist of the indices for the constraints that are violated forall � using the pessimistic values. Let sets � and � be the same tests but using122



the optimistic values of eA and eb: Formally, these sets are de�ned as follows:
=ni j ( eAi)+0 x � (~bi)�0 ) and ( eAi)+1 x<(~bi)�1 ) o,	=ni j ( eAi)+1 x � (~bi)�1 )o,�=ni j ( eAi)�1 x � (~bi)+1 ) and ( eAi)�0 x<(~bi)+0 )o and�=ni j ( eAi)�0 x � (~bi)+0 )o.Step TwoFor each of the constraints that will be violated for some � 2 (0; 1)we identify the � at which the constraint is �rst violated:For each i2 
 let �+i solve (( eAi)+�+i )Tx=(~bi)��+i ), andfor each i2 �, let �-i solve (( eAi)-��i )Tx=(~bi)+��i ).Step ThreeCalculate the gradient of EA(~f(x)) by the following formula,@(EA(~f(x)))/@xj=EA(~cj)-Pi2
 12 R �+j0 (~di)+� (~aij)+�d�-Pi2	 12 R10 (~di)+� (~aij)+�d�-Pi2� 12 R 1�-j(~di)�� (~aij)��d�-Pi2� 12 R 10 (~di)�� (~aij)��d�Step FourTest gradient for su�ciently close to zero.123



If su�ciently close, stop otherwise continue.Step FiveLine search (e.g. see Luenberger [30]) in the direction of the gradient.Return to step one.The above algorithm requires special handling of the constraint vio-lation due to the use of the maximum operator in the integral. Alternatively,max(0,x) could be replaced by px2 + �2 + x2where � is a very small constant.Appendix B provides formulas for implementing the gradient ascentalgorithm when the coe�cients of the original linear programming problem arereplaced by trapezoidal fuzzy numbers.5.4 ExampleThe following crisp problem is from Luenberger [30].Maximize 2x1+x2Subject to x1+83x2 �4x1+x2 �22x1 �3x1,x2 �0 124



The solution to the crisp problem is 3.5 at (1.5,.5).Assume that the penalty for violating the three constraints are 3,2,3per unit of violation respectively. We replace each term in the problem withthe triangular fuzzy number with �� cut as follows:~w� = [w � :5 + :5�;w + :5� :5�]:Thus we replace the number 2 with the fuzzy number e2 with �� cute2� = [1:5 + :5�; 2:5� :5�]. We interpret this to mean that the probability is �that e2� contains the range of possible values for e2 (as de�ned in chapter two).For example, the probability is .5 that the range of possible values for e2 is asubset of [1:75; 2:25]: With these replacements our penalized fuzzy function is:~f(x) = ~2x1 + ~1x2�~3max[0; ~1x1 + ~83x2 � ~4]�~2max[0; ~1x1 + ~1x2 � ~2]�~3max[0; ~2x1 � ~3]:Our reformulated problem becomes:Maximize 12 R 10 h ~f+� (x) + ~f�� (x)i d� where~f+� (x) = (2:5� :5�)x1 + (1:5� :5�)x2�(2:5 + :5�)max[0; (:5 + :5�)x1 + (83 � :5 + :5�)x2 � (4:5� :5�)]�(1:5 + :5�)max[0; (:5 + :5�)x1 + (:5 + :5�)x2 � (2:5� :5�)]125



�(2:5 + :5�)max[0; (1:5 + :5�)x1 � (3:5� :5�)]and~f�� (x) = (1:5 + :5�)x1 + (:5 + :5�)x2�(3:5� :5�)max[0; (1:5� :5�)x1 + (8=3 + :5� :5�)x2 � (3:5 + :5�)]�(2:5� :5�)max[0; (1:5� :5�)x1 + (1:5� :5�)x2 � (1:5 + :5�)]�(3:5� :5�)max[0; (2:5� :5�)x1 � (2:5 + :5�)]:
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Figure 5.1. Image of fuzzy function at (1:5; 0:5).The image of this fuzzy function at (1.5,.5), a fuzzy number, is shownin Figure 5.1. The expected average of this fuzzy number, EA( ef(1:5; :5)), is1.5192. This is not the optimal value of the fuzzy optimization problem. Theoptimal value of the fuzzy optimization problem is found at (1.1,.4372) where126



EA( ef (1:1; :4372)) =2.2794 (see Appendix A for the details on the implemen-tation of the ascent algorithm for this problem).
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Figure 5.2. Image of fuzzy function at (1:5; 0:5) and at optmial point(1:1; 0:4372).Figure 5.2 shows the fuzzy number ef (1:5; :5) and the fuzzy numberef (1:1; :4372) which is optimal with respect to the EA functional. From Fig-ure 5.2 you can see the trade-o� that is evident in this formulation of fuzzyprograming. Recall that the optimistic values of our fuzzy function are theright hand sides of each �-level of the fuzzy number image and the pessimisticvalues are the left hand sides. The optimistic values of ef(1:1; :4372) are lessthan the optimistic values of ef (1:5; :5) but this is more than o�set by increasesin the pessimistic values. Recalling that possibility levels are upper bounds on127



probabilities one can also state that there is at most a 10% probability that anegative result is possible at (1.1,.4372) compared to at most 60% probabilityfor (1.5,.5).
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6. ConclusionFuzzy set theory has been an area of study for some time now butit is still controversial. The principle source of the controversy is the lackde�niteness in assigning membership values. Even so, much has been donewith the theory stemming from the simplicity of the rules of combination andthe ability of the theory to model linguistic data. Possibility theory is a subsetof fuzzy set theory and inherits from it the rules of combination. This makesit an attractive candidate for modeling uncertainty.In this thesis we have examined the application of possibility theoryto optimization problems involving uncertainty. Of particular interest is themodeling of parameterized functions where the parameters are not known butcan be represented by probability distributions. The value of such a functionis it self a random variable and it is in this random variable we are ultimatelyinterested. We showed how to gain information about this random variable byconstructing a possibility distribution for the variable.We began this thesis by addressing the concern many researchers haveexpressed for possibility theory by constructing membership values directly129



from probability theory. We saw that a possibility distribution constructed inthis way gave a partial representation for the random variable representing thevalue of the uncertain function being optimized. In this setting, there is nosubjectivity in assigning membership values. They are a direct consequence ofthe probability distributions chosen to represent the parameters of the func-tion. However, there is choice in constructing possibilty distributions this way.There are many, perhaps an in�nite number of di�erent possibility distribu-tions, that can be constructed to represent a given random variable. Therefore,more research needs to be done regarding how the possibility distributions areconstructed. Is there a single method that gives the best result? Do the set ofall possibility distributions for a random variable completely characterize theprobability distribution? If so, is there a sequence of possibility distributionsthat converge to a complete charaterization of the probability distribution?Additional areas of research include further analysis of the EE func-tional as an expected value estimator, examination of variance estimators, de-termining if there is a method for constructing the possibility distributions forthe unknown parameters that results in the EE or EA functionals producingbetter estimates of the expected value, examination of expected utility func-tionals (where a decision makers utility for an interval of possible values is usedas a decision criteria instead of the midpoint), study of constrained nonlinear130



optimization techniques using the EA or EE functionals, further study of themethod of minimum regrets and �nally, application of the methods to realworld problems and a comparison of the results to other known methods.
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A. APPENDIX Details of FuzzyLinear Programming ExampleThe test for boundedness and the details of the application of thegradient ascent algorithm to our example is presented here. We will need thefollowing for our algorithm:A�0 = 2666666664 :5 2:1667:5 :51:5 0 3777777775 A+ or -1 = 2666666664 1 2:66671 12 0 3777777775 A+0 = 2666666664 1:5 3:11671:5 1:52:5 0 3777777775b�0 = 2666666664 3:51:52:5 3777777775 b+ or �1 = 2666666664 423 3777777775 b+0 = 2666666664 4:52:53:5 3777777775d�0 = 2666666664 2:51:52:5 3777777775 d+ or �1 = 2666666664 323 3777777775 d+0 = 2666666664 3:52:53:5 3777777775Test for BoundednessWe �rst test to see if our problem is bounded:132



For i=1,EA(ec1) = 2 and12 R 10 h( ~d�� )T ( eA1)�� + ( ~d+� )T ( eA1)+� i d� =12 R 10 0BBBBBBBBBBBBBBBBBBBBBBB@
 2:5 + :5� 1:5 + :5� 2:5 + :5� !0BBBBBBBB@ :5 + :5�:5 + :5�1:5 + :5� 1CCCCCCCCA+ 3:5 � :5� 2:5 � :5� 3:5 � :5� !0BBBBBBBB@ 1:5� :5�1:5� :5�2:5� :5� 1CCCCCCCCA

1CCCCCCCCCCCCCCCCCCCCCCCA d� =12 R 10 (23: 5 � 3:0�+ 1: 5�2)d� = 11: 25Thus EA(ec1) < 12 R 10 h( ~d�� )T ( eA1)�� + ( ~d+� )T ( eA1)+� i d�:For i=2,EA(ec2) = 1 and12 R 10 h( ~d�� )T ( eA2)�� + ( ~d+� )T ( eA2)+� i d� =12 R 10 0BBBBBBBBBBBBBBBBBBBBB@  2:5 + :5� 1:5 + :5� 2:5 + :5� !0BBBBBBB@ 2:1667 + :5�:5 + :5�0 1CCCCCCCA+ 3:5� :5� 2:5� :5� 3:5� :5� !0BBBBBBB@ 2:6667� :5�1:5� :5�0 1CCCCCCCA
1CCCCCCCCCCCCCCCCCCCCCA d� =12 R 10 (19: 25 � 1: 75� + �2)d� = 9: 3542133



Thus our problem is bounded.An Upper Bound on xjWe compute an upper bound on x as follows:x1 � max f4:5=:5; 2:5=:5; 3:5=1:5g = 9:0andx2 � max f4:5=2:1667; 2:5=:5g = 5:0Application of the Ascent AlgorithmLet us start at x=(1.5,.5), where EA( ef(x))=R 10 12((2:5� :5�)1:5 + (1:5� :5�):5)d�� R 10 12(2:5 + :5�)max[0; (:5 + :5�)1:5 + (83 � :5 + :5�):5� (4:5 � :5�)]d�� R 10 12(1:5 + :5�)max[0; (:5 + :5�)1:5 + (:5 + :5�):5� (2:5� :5�)]d�� R 10 12(2:5 + :5�)max[0; (1:5 + :5�)1:5 � (3:5� :5�)]d�+ R 10 12((1:5 + :5�)1:5 + (:5 + :5�):5)d�� R 10 12(3:5� :5�)max[0; (1:5� :5�)1:5 + (83 + :5� :5�):5� (3:5 + :5�)]d�� R 10 12(2:5� :5�)max[0; (1:5� :5�)1:5 + (1:5� :5�):5� (1:5 + :5�)]d�� R 10 12(3:5� :5�)max[0; (2:5� :5�)1:5 � (2:5 + :5�)]d� = 1: 5192We will look for an improvement in this value by using the gradientascent algorithm as follows:Step One: 134



Determine 
A+0 x = 2666666664 3:833433:75 3777777775 �? b�0 = 2666666664 3:51:52:5 3777777775 andA+1 x = 2666666664 2:833423 3777777775 <? b�1 = 2666666664 423 3777777775 yesnono
 = f1gDetermine 	A+1 x = 2666666664 2:833423 3777777775 �? b�1 = 2666666664 423 3777777775 noyesyes	 = f2; 3gDetermine �A�1 x = 2666666664 2:833423 3777777775 �? b+1 = 2666666664 423 3777777775 andA�0 x = 2666666664 1:833412:25 3777777775 <? b+0 = 2666666664 4:52:53:5 3777777775 noyesyes� = f2; 3g 135



Determine �A�0 x = 2666666664 1:833412:25 3777777775 �? b+0 = 2666666664 4:52:53:5 3777777775 nonono� = ;:Step TwoFor each i2 
; determine �+j by solving (( eAi)+�+i )Tx=(~bi)��+i ):i= 1(1:5� :5�)1:5+(3:1667� :5�):5 = 3:5+ :5�, Solution is : �+1 = : 2222For each i2 �; determine ��i by solving (( eAi)-�+i )Tx=(~bi)+�+i )i= 2(:5 + :5�)1:5 + (:5 + :5�):5 = 2:5� :5�, Solution is : ��2 = 1:0i= 3(1:5 + :5�)1:5 = 3:5� :5�, Solution is : ��3 = 1:0Step ThreeDetermine the gradient of EA( ef(x)) :@(EA(~f(x)))/@x1 = 2 � R :22220 12(3:5 � :5�)(1:5� :5�)d�� R 10 12(2:5� :5�)(1:5� :5�)d� � R 10 12(3:5 � :5�)(2:5 � :5�)d� = �3: 6363@(EA(~f(x)))/@x2 = 1 � R :22220 12(3:5 � :5�)(83 + :5� :5�)d�136



� R 10 12(2:5� :5�)(1:5� :5�)d� = �1: 6075We search for an improved solution at(1:5; :5) + :05(�3:6363;�1:6075) = (1: 3182; : 4196) where EA( ef(x)) =R 10 12((2:5� :5�)1:3182 + (1:5� :5�):4196)d�� R 10 12(2:5+ :5�)max[0; (:5+ :5�)1:3182 + (83 � :5+ :5�):4196� (4:5� :5�)]d�� R 10 12(1:5 + :5�)max[0; (:5 + :5�)1:3182 + (:5 + :5�):4196 � (2:5� :5�)]d�� R 10 12(2:5 + :5�)max[0; (1:5 + :5�)1:3182 � (3:5� :5�)]d�+ R 10 12((1:5 + :5�)1:3182 + (:5 + :5�):4196)d��R 10 12(3:5�:5�)max[0; (1:5�:5�)1:3182+(8=3+ :5�:5�):4196�(3:5+:5�)]d�� R 10 12(2:5� :5�)max[0; (1:5� :5�)1:3182 + (1:5� :5�):4196 � (1:5 + :5�)]d�� R 10 12(3:5� :5�)max[0; (2:5� :5�)1:3182 � (2:5 + :5�)]d� = 2: 0648This is an improvement over x = (1:5; :5).
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B. APPENDIX Formulas for Implementation ofFuzzy Linear ProgrammingFollowing are formulas that can be used to implement the gradientascent algorithm when all coe�cients in the original linear programming prob-lem are replaced by trapezoidal fuzzy numbers of the form (a1; a2; a3;a4) (seeKaufmann&Gupta [20]).Let A1; A2; A3; A4 be crisp matrices where the entries of Ai are thei'th elements of the trapezoidal numbers that make up the fuzzy numbers ineA: For example if each coe�cient in eA is the trapezoidal number (5,6,7,8) thenA2 will be a matrix with all entries equal to the number 6. We de�ne Bi; Ci;and Di for i=1 to 4 in the same way.With this representation we have the following formulas for the �-cutsof eA ( the formulas for eB; eC; and fD are identical):eA�� = A1 + (A2�A1) � �and eA+� = A4 + (A3�A4) � �Let A be an m� n matrix. 138



Calculating �+i and ��iFor i=1 to mif ( A4(i,:)*x > B1(i) )&( A3(i,:)*x < B2(i) )�+i =(B1(i)-A4(i,:)*x)/( (A3(i,:)-A4(i,:))*x - (B2(i)-B1(i)) )elseif A3(i,:)*x>=B2(i)�+i =1else�+i =0endif ( A2(i,:)*x>B3(i) )&( A1(i,:)*x<B4(i) )��i =( B4(i)-A1(i,:)*x )/( (A2(i,:)-A1(i,:) )*x + ( B4(i)-B3(i) ) )elseif A1(i,:)*x>=B4(i)��i =0else��i =1endendCalculating EA( ef(x))EA( ef(x)) =1/4*(C1+C2+C3+C4)'*x -139



Pmi=1[ 1/2 * D1(i) * ( A1(i,:)*x-B4(i) )+ 1/2* ( D1(i) * ( ( A2(i,:)-A1(i,:) ) *x + B4(i) - B3(i) )+ ( D2(i)-D1(i) ) * ( A1(i,:) *x - B4(i)) *(1/2)+ 1/2* ( ( D2(i)-D1(i) ) * ( ( A2(i,:) -A1(i,:) ) *x+ B4(i) - B3(i) ) ) * (1/3)- ( 1/2 * D1(i) * ( A1(i,:)*x-B4(i) ) * ��i+ 1/2* ( D1(i) * ( ( A2(i,:)-A1(i,:) ) *x + B4( i) - B3(i) )+ ( D2(i)-D1(i) ) * ( A1(i,:) *x - B4(i) )) *1/2 * (��i )2+ 1/2* ( ( D2(i)-D1(i) ) * ( ( A2(i,:) -A1(i,:) ) *x+ B4(i) - B3(i) ) ) * 1/3 * (��i )3 )+ 1/2 * D4(i) * ( A4(i,:)*x-B1(i) ) * �+i+ 1/2* ( D4(i) * ( ( A3(i,:)-A4(i,:) ) *x + B1( i) - B2(i) )+ ( D3(i)-D4(i) ) * ( A4(i,:) *x - B1(i) )) *1/2 * (�+i )2+ 1/2* ( ( D3(i)-D4(i) ) * ( ( A3(i,:) -A4(i,:) ) *x+ B1(i) - B2(i) ) ) * 1/3 * (�+i )3 ]Calculating @(EA(~f(x)))/@xj@(EA(~f(x)))/@xj = 1/4*(C1(j)+C2(j)+C3(j)+C4(j)) -Pmi=1[ 1/2 * D1(i) * A1(i,j)+ 1/2* ( D1(i) * ( A2(i,j)-A1(i,j) )+ ( D2(i)-D1(i) ) * A1(i,j) ) *(1/2)140



+ 1/2* ( ( D2(i)-D1(i) ) * ( A2(i,j) -A1(i,j) ) ) * (1/3)- ( 1/2 * D1(i) * A1(i,j) * ��i+ 1/2* ( D1(i) * ( A2(i,j)-A1(i,j) )+ ( D2(i)-D1(i) ) * A1(i,j) ) * 1/2 * (��i )2+ 1/2* ( ( D2(i)-D1(i) ) * ( A2(i,j) -A1(i,j) ) ) * 1/3 * (��i )3 )+ 1/2 * D4(i) * A4(i,j) * �+i+ 1/2* ( D4(i) * ( A3(i,j)-A4(i,j) )+ ( D3(i)-D4(i) ) * A4(i,j) ) *1/2 * (�+i )2+ 1/2* ( ( D3(i)-D4(i) ) * ( A3(i,j) -A4(i,j) ) ) * 1/3 * (�+i )3 ]

141



REFERENCES[1] G. Beliakov, Fuzzy sets and membership functions based on probabilities,Information Sciences 91 (1996) 95-111[2] L. Breiman, Probability (SIAM, Philadelphia, 1992).[3] J.J. Buckley, Joint solution to fuzzy programming problems, Fuzzy Setsand Systems 72 (1995) 215-220.[4] J.J. Buckley, Possibilistic linear programming with triangular fuzzy num-bers, Fuzzy Sets and Systems 26 (1988) 135-138.[5] J.M. Cadenas and J.L. Verdegay, Using Fuzzy Numbers in Linear Pro-gramming, IEEE Transactions on Systems, Man, and Cybernetics-PartB: Cybernetics, Vol. 27 No. 6 (December 1997) 1016-1022[6] M. Delgado, J.L. Verdegay, M.A. Vila, A general model for fuzzy linearprogramming, Fuzzy Sets and Systems 29 (1989) 21-29.[7] P. Diamond, Congruence classes of fuzzy sets form a Banach space, J.Math. Anal. Applns., 162 (1991), 144-151[8] P. Diamond & P. Kloeden, Metric Spaces of Fuzzy Sets, Fuzzy Sets andSystems 35 (1990) 241-249.[9] D. Dubois, H. Prade, Bayesian conditioning in possibility theory, FuzzySets and Systems 92 (1997) 223-240.[10] D. Dubois, H. Prade, Possibility Theory an approach to computerized pro-cessing of uncertainty (Plenum Press, New York, 1988).[11] D. Dubois, H. Prade, Random sets and fuzzy interval analysis, Fuzzy Setsand Systems 42 (1991) 87-101.[12] D. Dubois, H. Prade, The three semantics of fuzzy sets, Fuzzy Sets andSystems 90 (1997) 141-150. 142



[13] R. Fuller and H.J. Zimmermann, Fuzzy reasoning for solving fuzzy math-ematical programming problems,Fuzzy Sets and Systems 60 (1993), 121-133.[14] M. Inuiguchi, M. Sakawa, Possible and necessary optimality tests in pos-sibilistic linear programming problems, Fuzzy Sets and Systems 67 (1994)29-46.[15] K.D. Jamison and W.A. Lodwick, Fuzzy linear programming using apenalty method UCD/CCM Report No. 131 (1998) (accepted for publi-cation in Fuzzy Sets and Systems)[16] K.D. Jamison and W.A. Lodwick, Minimizing Unconstrained Fuzzy Func-tions UCD/CCM Report No. 80 (1996)(accepted for publication in FuzzySets and Systems)[17] K.D. Jamison, Possibilities as cumulative subjective probabilities and anorm on the space of congruence classes of fuzzy numbers motivated by anexpected utility functional(1998)(accepted for publication in Fuzzy Setsand Systems)[18] B. Julien, An extension to possibilistic linear programming, Fuzzy Setsand Systems 64 (1994) 195-206.[19] C. Y. Jung and V. A. Pulmano, Improved Fuzzy Linear ProgrammingModel for Structure Designs, Computers and Structures Vol. 58 No. 3(1996) 471-477[20] A. Kaufmann and M.M.Gupta, Introduction to Fuzzy Arithmetic Theoryand Applications (Van Nostrand Reinhold, New York, 1991).[21] G. J. Klir and B. Yuan, Fuzzy Sets and Fuzzy Logic Theory and Applica-tions (Prentice Hall Inc., New Jersey, 1995)[22] G. J. Klir, Is there more to uncertainty than some probability theoristsmight have us believe?, Int. J. General Systems, Vol. 15 (1989) 347-378.[23] B. Kruse, J. Gebhardt and F. Klawonn, Foundations of Fuzzy Systems(John Wiley & Sons, 1994)[24] A.N. Kolmogorov and S.V. Fomin, Introductory Real Analysis (Dover Pub-lications, Inc., 1975) 143



[25] B.S. Lee and Sung Jin Cho, A �xed point theorem for contractive-typefuzzy mappings, Fuzzy Sets and Systems 61 (1994) 309-312.[26] D.V. Lindley, Bayesian Statistics, A Review (Society for Industrial andApplied Mathematics, Montpellier, Vt, 1972)[27] W.A. Lodwick, Analysis of structure in fuzzy linear programming, FuzzySets and Systems 38 (1990) 15-26.[28] W.A. Lodwick and K.D. Jamison, Chapter 19 A Computational Methodfor Fuzzy Optimization, Uncertainty Analysis in Engineering and Sciences:Fuzzy Logic, Statistics, and Neural Netwook Approaches (Kluwer Aca-demic Publishers, 1997)[29] W.A. Lodwick and K.D. Jamison, Interval Methods and Fuzzy Optimiza-tion (International Journal of Uncertainty, Fuzziness and Knowledge-Based Systems Vol. 5., No. 3 (1997) 239-249)[30] D.G. Luenberger, Introduction to Linear and Nonlinear Programming(Addison-Wesley Publishing Company, Reading, MA 1972)[31] M.K. Luhandjula, Fuzzy optimization: An appraisal, Fuzzy Sets and Sys-tems 30 (1989), 257-282.[32] R.E. Moore, Methods and Applications of Interval Analysis (SIAM,Philadelphia, 1979).[33] J. R. Munkres, Topology, A First Course (Prentice-Hall, Inc. EnglewoodCli�s, New Jersey, 1975).[34] C. V. Negoita and D.A. Ralescu, Applications of Fuzzy Sets to SystemsAnalysis (John Wiley and Sons, New York, 1975)[35] J. Von Neumann and O. Morgenstern, Theory of Games and EconomicBehavior (3rd edition Princeton University Press, Princeton, NJ 1953)[36] H. Rommelfanger, Fuzzy linear programming and applications, EuropeanJournal of Operational Research 92 (1996) 512-527[37] R. Royall, Statistical Evidence, A likelihood paradigm (Chapman & Hall,1997) 144



[38] H.L. Royden, Real Analysis, second edition (The Macmillan Company,New York,1968)[39] W. Rudin, Principles of Mathematical Analysis (McGraw Hill Book Com-pany, 1976)[40] J.J. Saade, Maximization of a function over a fuzzy domain, Fuzzy Setsand Systems 62 (1994), 55-70.[41] M. Sakawa and H. Yano, An interactive fuzzy satis�cing method for multi-objective nonlinear programming problems with fuzzy parameters, FuzzySets and Systems 30 (1989), 221-238.[42] M. Sasaki, Fuzzy functions, Fuzzy Sets and Systems 55(1993), 295-301.[43] A. L. Soyster, Convex programming with set-inclusive constraints andapplications to inexact linear programming, Operations Research 21(5)(1973), 1154-1157.[44] H. Tanaka, T. Okuda and K. Asai, On fuzzy mathematical programming,J. of Cybernet. 3 (1974), 37-46.[45] J.L. Verdegay, Fuzzy mathematical programming, in: M.M. Gupta and E.Sanchez, Eds., Fuzzy Information and Decision Processes (North-Holland,Amsterdam, 1982), 231-237.[46] Z. Wang and G.J. Klir, Fuzzy Measure Theory (Plenum Press, New York,1992).[47] B. Werners, Interaktive Entscheidungsunterst�utzung durch ein 
exi-bles mathematicshches Programmierungssytem, Minerva Publikation,M�unchen, 1984.[48] L.A. Zadeh, Fuzzy Sets, Infor. Control 8 (1965) 338-353[49] L.A. Zadeh, Fuzzy sets as a basis for a theory of possibility, Fuzzy Setsand Systems 1 (1978) 3-28.[50] D. Zhang and C. Guo, Fuzzy integrals of set-valued mappings and fuzzymappings, Fuzzy Sets and Systems 75 (1995) 103-109.145



[51] H.J. Zimmermann, Fuzzy mathematical programming,Comput. and Oper.Res. 10 (1983), 291-298.[52] H.J. Zimmermann, Fuzzy Sets and Applications, Kluwer Nijho�, Dor-drecht, 1985.

146


