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ABSTRACTS
reening tests are used frequently for the early dete
tion of diseasessu
h as 
an
er. The bene�t gained by these early dete
tion tests 
an be assessedby 
omparing the mortality rates or survival rates between a study arm anda 
ontrol arm in a randomized 
ontrolled s
reening trial. The 
omparison ofthe two arms is a�e
ted by two important biases: lead time bias and lengthbias. Lead time is the amount of time by whi
h a pre
lini
al diagnosis isadvan
ed over a 
lini
al diagnosis as a result of the s
reening test. If survivalis measured from the time of diagnosis, then the 
omparison between studyand 
ontrol arms is biased by the lead time. Trial results a�e
ted by a leadtime bias 
an indi
ate an in
rease in survival time of a study arm over a
ontrol arm even when there is no bene�t at all from early s
reening. This bias
an be eliminated by the use of randomized 
ontrolled s
reening trials wheresurvival is measured sin
e the entry into the study. Length-biased sampling,
aused by periodi
 s
reening, leads to an over-representation in the study armof 
ases having slower growing disease with better prognosis than in the generaliii



population. This phenomenon 
an also lead to higher survival rates in thestudy arm versus the 
ontrol arm, even in the absen
e of any s
reening bene�t;but, unlike lead time bias, 
an not be eliminated by the study design as in arandomized s
reening trial.In this thesis, I 
al
ulate the mean and varian
e of the in
rease insurvival times that arise be
ause of length biased sampling, when the sojourntimes are gamma distributed. I further show that by ignoring the length bias,s
reening will appear more bene�
ial than it a
tually is. This bias must be
onsidered to avoid over-optimisti
 
on
lusions about the bene�t of s
reeningprograms.
This abstra
t a

urately represents the 
ontent of the 
andidate's thesis. Ire
ommend its publi
ation. Signed Karen Kafadar
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1. Introdu
tion
The expression \a stit
h in time, saves nine" parallels a 
ommonbelief that therapy is more e�e
tive when administered at an earlier stage of adeveloping 
an
er than at a later one. That early dete
tion of 
an
er leads totreatment at an earlier stage of disease development and therefore to a de
linein 
an
er mortality is a hypothesis, not a fa
t. S
reening tests are developedfor the early dete
tion and diagnosis of disease. The value and e�e
tivenessof s
reening programs that utilize the s
reening tests must be shown to eitherredu
e the mortality rate or in
rease the survival time for the disease targetedby the s
reening. The bene�ts gained by early s
reen dete
tion of a disease
an be assessed through the use of randomized s
reening trials. The a
tualin
rease in survival time of parti
ipants o�ered s
reening over the survival timeamong parti
ipants not o�ered s
reening is one useful measure of s
reeninge�e
tiveness. Another measure is the redu
tion in mortality; but, the fo
us ofthis thesis is the former. 1



1.1 Natural History of Can
erThe idealized disease pro
ess is de�ned by using a three-state progres-sive disease model whereby an individual in a s
reened population is assumedto be in one of three states: the disease free state, So, the pre
lini
al state, Sp,or the 
lini
al state S
[8℄. Individuals in the disease free state, So are eitherfree of the disease or have disease 
hara
teristi
s whi
h are undete
table by as
reening test. Parti
ipants in the pre
lini
al state, Sp, do not have any ap-parent 
lini
al symptoms, but have asymptomati
 
an
er that is dete
table bya s
reening test. These individuals are unaware of their illness. The transitionfrom the disease free into the pre
lini
al state is assumed to take pla
e at the�rst point in time at whi
h a disease is dete
table by the s
reening test. In the
lini
al stage, S
, the disease is 
hara
terized by overt signs or symptoms lead-ing to diagnosis. This state follows the pre
lini
al state and is marked by thepoint of 
lini
al diagnosis. The duration of the pre
lini
al state is also 
alledthe sojourn time. The transition from So ! Sp ! S
 is the basi
 stru
ture ofthe 
an
er s
reening models [4, p. 601℄.Figure 1.1. Natural History of Can
er Progression
S                                                         S                                                    So p c

Cancer free state                             Preclinical state                            Clinical state

or Undetectable cancer                   Cancer screen-detected              Overt symptoms
                                                           Asymptomatic
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1.2 The S
reening Pro
essThe s
reening pro
ess used for the dete
tion of a disease involvesperiodi
 s
reenings of parti
ipants performed at regular intervals of time. Theinitial s
reen is designated as j = 0 and marks the entry into a study. Atthe initial s
reening, all parti
ipants in a study are disease free. The timeinterval between s
reenings is generally assumed to be a 
onstant. (In thisthesis, the 
onstant is denoted by Æ.) The term s
reen-dete
ted refers to thoseindividuals whose disease is dete
ted in the pre
lini
al stage by the s
reeningpro
ess. Pre
lini
al individuals 
olle
tively have a distribution of sojourn times.The s
reening pro
ess therefore samples from that distribution of the naturaldisease pro
ess; that is, the s
reen-dete
ted individuals form a sampling of thepre
lini
al durations. This sampling gives rise to several biases; two of whi
hare: lead time bias whi
h is a 
onsequen
e of the sampling and length biasdire
tly 
aused by sampling.1.3 Lead Time BiasLead time is the time span by whi
h a disease is diagnosed earlieras a result of s
reening than it would have been in the absen
e of s
reening.It is de�ned as the length of time by whi
h the diagnosis is advan
ed over
lini
al dete
tion by virtue of the s
reening pro
edure. The parti
ipant has the3



opportunity to begin earlier treatment during the lead time interval be
ausethe diagnosis was made prior to the 
lini
al phase of the disease. Survivaltime is automati
ally lengthened for 
ases dete
ted by s
reening, even if thereis no in
reased therapeuti
 bene�t, when survival is measured from time ofdiagnosis. This phenomenon is known as a lead time bias.Figure 1.2. Lead Time Bias
S o S p S c

in Preclinical Phase

So S p

Cancer Detected

Sc

Clinical Phase
Cancer Detected in 

Lead time

Survival time since diagnosis

Survival time since diagnosis

Screened

Unscreened

Control Arm

Study Arm

1.4 Length BiasLength bias or length-biased sampling is another important, but sub-tle s
reening bias. This bias is a major fa
tor in determining whi
h pre
lini
aldisease 
ases will be dete
ted early; that is, whi
h 
ases will be
ome part ofthe sample representing the distribution of pre
lini
al durations. The 
ases of4




an
er for all parti
ipants of a study in the pre
lini
al phase of the natural dis-ease pro
ess are not all equally likely to be dete
ted by periodi
 s
reening. Thesojourn time probability density fun
tion (pdf) for those s
reen-dete
ted indi-viduals is di�erent from the sojourn time pdf for the population. The s
reeningpro
ess does not dete
t people at random, but rather favors those with longersojourn times; that is, the probability of being in the sample is a fun
tion ofthe sojourn time itself, an hen
e the sampled sojourn times do not represent arandom sample from the individuals in the study population [2, p. 604℄.The length of the pre
lini
al duration, or sojourn time, varies fromperson to person due to the di�erent growth rates of 
an
er. It is 
ommonlybelieved that 
ases with long pre
lini
al phases indi
ate a slowly advan
ing
an
er, while 
ases with short pre
lini
al phases indi
ate a rapidly spreadingdisease. With periodi
 s
reening, those 
ases having longer pre
lini
al dura-tions are more likely to be dete
ted; that is, they have a higher probabilityof being dete
ted than do 
ases of shorter pre
lini
al duratons. As a result,the longer duration pre
lini
al 
ases are over-represented among the s
reen-dete
ted 
ases. It is not unreasonable to assume that the 
lini
al 
ourse of thedisease is positively 
orrelated with the pre
lini
al 
ourse. Therefore the di-agnosti
 s
reen will automati
ally sele
t those individuals who are more likelyto have longer survival times regardless of whether or not s
reening o�ers a5



survival bene�t due to early dete
tion and treatment [2, p. 604℄. If 
an
er ad-van
es slowly in the pre
lini
al disease and then progresses to a slow-growing
lini
al disease, the 
an
er will tend to have 
hara
teristi
s of a good progno-sis. Su
h 
ases would have more favorable out
omes even in the absen
e ofs
reening; thus, studies may show in
reased survival rates or a de
rease in themortality rate be
ause of this bias. Periodi
 sampling due to s
reening will af-fe
t the survival distribution by making the survival times appear longer thanthey would be in the general population, even in the absen
e of a s
reeningbene�t. In Figure 1.3 the horizontal lines represent sojourn times. Dete
tionof 
an
er in the pre
lini
al phase 
orresponds to a horizontal line interse
tinga verti
al s
reening line.
Figure 1.3. Length-Biased Sampling or Length Bias

Initial Screen                   Screening                     Screening                      Screening

j = 0                                j = 1                                 j = 2                                 j = 3

Periodic screening occurs at regularly scheduled intervals.  In cancer studies, the

shorter sojourn time, those with poorer prognosis, may be under-represented.6



1.5 The A

ura
y of S
reening TestsCan
er s
reening is the testing of apparently healthy volunteers fromthe general population for the purpose of separating them into groups withhigh and low probabilities of having a given disorder [8, p. 225℄.A s
reening program involves the designation and re
ruitment of par-ti
ipants, the performan
e of the s
reening test at 
ertain ages or frequen
ies,and the provision for follow-up of suspi
ious and positive s
reening results, es-pe
ially for the diagnosis and treatment of those testing positive for the disease.A good s
reening test should possess properties of high sensitivity andhigh spe
i�
ity. Sensitivity is the proportion of individuals designated positiveby the s
reening test among all individuals who have the disease. Spe
i�
ity isthe proportion designated negative by the test among all those who do not havethe disease. ( Low spe
i�
ity leads to a large number of false positive 
ases andunne
essary treatment.) A s
reening test should have not only high spe
i�
ityto avoid needless treatment of negative 
ases, but also high sensitivity to deliverthe appropriate 
are to positive 
ases. The predi
tive value of a positive testis the proportion of individuals with a positive test who have the disease. Theprobability of 
orre
tly identifying those who have the disease should be high;in this thesis, test sensitivity will be denoted by �.On
e an e�e
tive s
reening test is developed it be
omes part of a7



s
reening program involving therapy and follow-up whi
h then must be evalu-ated in terms of disease out
ome.

8



2. The Assessment of S
reening ProgramsBreast 
an
er is the most frequent type of 
an
er diagnosed amongwomen in the United States. Despite 
hanges between 1940 and 1980 in e
o-nomi
 and so
ial 
onditions, nutritional status, health 
are, and fertility pat-terns, the mortality rate due to breast 
an
er had remained relatively 
onstant.Approximately one woman in ten develops 
lini
ally dete
table breast 
an
erin her lifetime [9, p. 8℄. A

ording to the National Center for Health Statisti
s,the death rate due to breast 
an
er is 23 deaths per 100,000 females [9, p. 2℄.Mammography, 
lini
al breast examinations, and breast self-examinations arethree tests 
urrently used in s
reening programs to dete
t breast 
an
er.An obje
tive method for evaluating the e�e
tiveness of a s
reeningprogram is a randomized 
ontrol trial or RCT. There have been several long-term studies measuring the redu
tion in breast 
an
er mortality. Two of themost prominent studies, one 
ondu
ted by Health Insuran
e Plan of New York(HIP) during the 1960's and another 
ondu
ted in the 1990s by the NationalCan
er Institute of Canada, have led to some very interesting �ndings.
9



The HIP study 
ompared the use of mammography plus 
lini
al breastexamination versus usual medi
al 
are and found a 30% redu
tion in breast
an
er mortality over a ten-year period [9, p. 2℄. The Canadian study 
omparedmammography, 
lini
al breast examination, and breast self-examination versus
lini
al and breast self-examination, but found no signi�
ant di�eren
e in themortality rate of the two arms when mammography was added to the s
reeningprogram [5℄.2.1 The HIP Breast Can
erRandom Control StudyThe HIP proje
t was initiated by the National Can
er Institute inthe United States to determine whether periodi
 breast 
an
er s
reening withmammography and 
lini
al examination of the breast would lead to lower mor-tality. It was the �rst long-term randomized 
ontrol trial of its kind with afollow-up ending eighteen years from the date of entry into the trial.The parti
ipants for this proje
t were randomly sele
ted from 80,300women, ages 40 - 64, 
overed by the HIP group insuran
e plan. The sele
tedparti
ipants entered the proje
t between De
ember 1963 and June 1966. Ev-ery woman from the insuran
e plan who was eligible to be in the study armre
eived an initial mammogram and 
lini
al breast examination followed by10



annual reexaminations for three years. Of the 30,131 women 
omprising thisarm, approximately one third (10,800 women) refused to parti
ipate; their re-sults were nonetheless maintained as part of the study arm (intention-to-treatanalysis).The 
ounterpart to this arm, the 
ontrol arm, in
luded 30,565 womenwho re
eived an initial 
lini
al examination of the breasts and then followedtheir own usual pra
ti
es in obtaining medi
al 
are.Sample sizes for the trial needed to be large enough to dete
t a 20%or greater redu
tion in breast 
an
er mortality at an alpha level of 0.05 [9℄.The two arms were highly 
omparable; however, within the study arm, the
hara
teristi
s of the \refusers" di�ered from the women in 
omplian
e. Be-
ause the arms were 
omparable, shifting this group of refusers to the 
ontrolarm would have biased the trial. Although they did not parti
ipate, data werestill maintained on them through insuran
e and other re
ords.Of the 30,131 women in the mammography and 
lini
al examinationgroup, 20,200 (66.8%) appeared for the initial s
reening [9, p. 19℄. Half of allstudy arm parti
ipants had three or four s
reenings; see Table 2.1. Even in thefa
e of su
h low 
omplian
e, the results of the HIP trial nonetheless showedthat s
reening was bene�
ial.
11



Table 2.1. HIP Complian
e of the Study Arm by Number of S
reening Exams[9, p. 19℄ Number Number of Total (%) (%) Study Armof Exams Parti
ipants Study Arm Parti
ipantsOne or more 20,128 66.8 100.0Two or more 17,476 58.0 86.8Three or more 15,096 50.1 75.1Four or more 11,932 39.6 59.32.2 Dete
tion of Breast Can
ers of the HIP StudyThe follow-up of all those dete
ted with breast 
an
er from both armsof the trial lasted eighteen years. By the �fth, sixth, and tenth year from entryinto the trial, breast 
an
er 
ases in the study and 
ontrol arms had \equalized"[9, p.60℄ (Table 2.2). It is at these points of equalization that the mortalityand survival of the two arms 
an be 
ompared.2.3 Mortality in the HIP TrialWhen the year of diagnosis was between one and �ve years after entry,the number of breast 
an
er deaths within the �rst �ve years in the study armand 
ontrol arms had a

umulated to 39 and 63, respe
tively, implying a 38%redu
tion in mortality due to breast 
an
er. (When designing the sample sizefor their study, the Canadian resear
hers [5℄ used this approximately 40% �gureas a target for a
hieving a desired power level of 0.80.) Within ten years fromentry, the redu
tion in mortality was 28.6% or approximately 30%, a frequently12



Table 2.2. HIP: Cumulative Dete
tion of Breast Can
ers by Year and Arm[9, p. 50℄ Year Study Control Cumulative Cumulativefrom Arm Arm Study Arm Control ArmEntry Cases Cases Cases Cases1 79 58 79 582 59 66 138 1243 49 41 187 1654 62 54 249 2195 55 76 304 2956 63 69 367 3647 59 75 426 4398 71 51 497 4909 61 75 558 56510 59 52 617 61711 80 63 697 68012 70 60 767 74013 59 59 826 79914 63 75 889 87415 57 53 946 927

13



quoted per
entage. By year 18, the redu
tion in mortality had dropped to 22.6% [9, p. 65℄, (Table 2.3).Table 2.3. HIP: Cumulative Cases of Mortality Due to Breast Can
erCumulative Deaths by Trial ArmsMortality Ratios, Per
ent Redu
tion in Mortalitywith 95% Con�den
e Intervals [9, p. 63℄Years Cumulative Cumulative Cum. Study Redu
tion 95%from Study Control Cum. Control in Con�den
eEntry Arm Deaths Arm Deaths Mortality Intervals1 { 5 39 63 0.619 38.1 (8.9 { 59.5)1 { 10 95 133 0.714 28.6 (7.4 { 45.5)1 { 18 126 163 0.773 22.6 (2.7 { 39.0)Most studies usually fo
us on mortality rates among patients withbreast 
an
er rather than survival rates be
ause of the biases due to lead timeand length bias. The HIP proje
t provided the �rst opportunity to develop andapply models for estimating lead time that utilized a randomized 
ontrol group.The estimates were subje
t to large sampling errors and di�ered depending onthe model used [9, p. 36℄. The lead time estimates for this trial varied by agegroup. The estimated lead time for women between 40 and 49 was 5.2 months;for 50 { 59, 21.9 months and for women 60 { 64, there was no 
lear eviden
eof any lead time [9, p.36℄. Survival rates 
al
ulated in the HIP proje
t used anadjustment of one year for lead time [9, p.71℄. Table 2.3 shows that survivalamong the study arm 
ases ex
eeded that in the 
ontrol arm with or without14



the lead time adjustment. No estimate of length-biased sampling was availableto adjust the survival rate. This length bias is the fo
us of this thesis.Table 2.4. HIP: Survival Rates [9, p. 71℄Survival Rate Among Con�rmed Breast Can
er CasesDiagnosed During the First Five Years after Entry By ArmsTrial Number of Five Years Ten YearsArm Cases from Entry from EntryStudy Arm 304 74 54.9Control Arm 295 59.7 46.4Study Arm Adj* 304 71.6 53.8�The lead time adjustment was used to 
al
ulate the survival rate.
2.4 Con
lusion of the HIP TrialIn 
on
lusion, by ten years from entry into the trial, there were about30% fewer breast 
an
er deaths in the study arm than in the 
ontrol arm;however, over the long term of eighteen years the redu
tion in the mortalityrate was approximately 23 %. The HIP proje
t provided strong eviden
e thatperiodi
 s
reening was bene�
ial, but the redu
tion in mortality as a result ofmammography alone was not demonstrated.15



2.5 The CNBSS-2 Breast Can
er Random Control StudyThe Canadian National Breast S
reening Study-2 (CNBSS-2) was de-signed to 
ompare the in
remental e�e
t on the mortality rate of adding mam-mography to the s
reening program. So the study arm was o�ered annuals
reening using mammography, physi
al breast examination plus breast self-examination; the 
ontrol arm was o�ered annual physi
al breast examinationand breast self-examination only. The sample size of 40,000 parti
ipants wasdetermined on the basis of an estimated power of 0.80 to dete
t a 40% redu
-tion in breast 
an
er mortality, similar to the redu
tion observed in the HIPtrial at �ve years from entry [5, p. 1491℄.Parti
ipants for the study were re
ruited by general publi
ity, by per-sonal invitation, group mailings, and through physi
ians. From January 1980through Mar
h 1985, 39,405 women, 50 { 59 years of age, were randomly andindividually assigned to one of the trial's arms. The study arm, denoted byM-Plus, was 
omprised of 19,711 women who re
eived annual mammogramsand 
lini
al breast examinations. For the 
ontrol arm (denoted BE), 19,694women re
eived annual 
lini
al breast examination without mammography.Both groups were taught breast self-examination and were en
ouraged to usethis te
hnique regularly.Five annual examinations were o�ered to the �rst 62% of the women16



entering the trial and four examinations were o�ered to the remainder. Com-plian
e in the study arm (M-plus) varied from 100% at the �rst s
reening to86.7% by the �fth; 1.8% to 3.2% refused mammography at various s
reeningsand 6.1% or 1196 parti
ipants had interval mammograms.The 
omplian
e of the 
ontrol arm, BE, after the �rst s
reen variedbetween 89.1% and 85.4% by the �fth s
reening; 16.9% (3300) of the parti
i-pants of this group had one or more interval mammographs; 8% of the 3300 hadmammograms between s
reens four and �ve. These statisti
s re
e
t a mu
hbetter 
omplian
e than was observed in the HIP study.2.6 Dete
tion of Breast Can
ers by CNBSSThe last s
reens were 
ondu
ted in 1988 (all 
lini
s 
losed), but theannual follow-ups for all women known to have breast 
an
er 
ontinued untilJune 30, 1996. The mean follow-up from entry into the trial was 13 years. Casesof breast 
an
er dete
tion were 
lassi�ed as either in-situ or invasive 
an
ers.In the M-Plus arm, there were 71 in-situ 
ases in 
omparison to 16 in the BEarm. Invasive 
an
ers were then 
lassi�ed into one of three 
ategories: s
reen-dete
ted, interval (those 
ases o

urring within twelve months of a negatives
reening), and in
ident 
an
ers (those 
ases o

urring twelve or more monthsafter the previous CNBSS s
reening examination).17



Table 2.5. CNBSS: Dete
tion of Invasive Can
ers [5, p. 1492℄M-Plus BES
reen Interval In
ident S
reen Interval In
identDete
ted Dete
tedYear 1 118 114 0 64 16 0Years 2 -5 149 36 32 84 72 47Years 6 - 9 0 175 217Total 267 50 207 148 88 264
The invasive 
an
ers totaled 524 and 500 for the M-Plus and BE parti
ipantsrespe
tively (see Table 2.5). By De
ember 1993, the totals rose to 622 and610 in the respe
tive groups. The number of invasive 
an
ers approximatelyequalized by the end of the thirteenth year of the study [5, p. 1493℄. The de-te
tion rates were higher in the study arm than in the 
ontrol arm throughouts
reening, resulting in lead time for the M-Plus parti
ipants during whi
h theyre
eived earlier diagnosis and treatment. Despite this earlier treatment, mor-tality rates between the two arms were almost identi
al (see se
tion 2.2.2). Theaverage lead time for M-Plus parti
ipants has been estimated to be 3.6 years(95.% CI: 2.7 - 5.5) in 
ontrast to only 1.5 years for the BE. (CI: 2.7 - 5.5).The lead time gained by the study arm over the 
ontrol arm was 2.1 years onaverage [5, p. 1492℄. As a result of mammography, more diagnosti
 pro
edureswere re
ommended and performed on the M-Plus arm than on the parti
ipantsof the BE group. Interestingly, the 
an
ers dete
ted by mammography alone18



were less likely to be lymph node positive than those dete
ted by physi
al ex-amination. Small tumors were less likely to be lymph node positive than largetumors. The M-Plus arm had a \higher biopsy rate for benign lesions and anex
ess of maste
tomies due to un
ertainty over the appropriate treatment"[5,p. 1496℄.2.7 Mortality in the CNBSS-2 TrialThe total number of deaths from various 
auses were similar in thestudy and 
ontrol groups (734 and 690 respe
tively) illustrating the 
ompari-blity of the two arms (see Table 2.6) [5, p. 1494℄.
Table 2.6. CNBSS: Mortality Cases by Cause to the End of 1993 by StudyArm [5, p. 1494℄ Causes M-Plus BEBreast 
an
er 88 90Other 
an
ers 376 313Non-
an
er 270 287Total 734 690

Among those diagnosed with breast 
an
er during the �rst �ve yearsafter entry into the study, the mortality ratio, M�P lusBE , is 1.09. Similar ratiosresulted as deaths a

umulated [5, p. 1495℄ ( see Table 2.7).19



Table 2.7. CCBSS: Cumulative Deaths due to Breast Can
erNumber of deaths from breast 
an
er to June 30, 1996 by study arm and yearof dete
tionYear M-Plus BE only Rate 95% Con�den
eDeaths Death M-Plus/BE IntervalYear 5 74 68 1.09 (0.78 - 1.51)Year 6 84 76 1.10 (0.81 - 1.51)Year 7 93 83 1.12 (0.83 - 1.50)Year 8 99 89 1.11 (0.48 -1.48)Year 9 104 97 1.07 (0.81 - 1.41)Beyond Year 9 107 105 1.02 (0.78 - 1.33)2.8 Con
lusion of CNBSS-2 TrialThe CNBSS-2 is the only trial that has evaluated the e�e
t of mam-mography over and above physi
al breast examination and breast self-examinationin women aged 50 - 59 at entry into the trial. The Canadian trial 
on
ludedthat s
reening women in this age 
ategory with yearly mammography in ad-dition to physi
al examination dete
ted more lymph node negative and smallbreast 
an
ers than s
reening with physi
al breast examination alone but hadno impa
t on mortality from breast 
an
er [5, 1496℄. This is the �rst study toshow lead time without bene�t for breast 
an
er s
reening [5, 1497℄.In the HIP trial, 87.5 % of women diagnosed with impalpable 
an
erswere still alive at ten years. This is in 
ontrast to the Canadian trial showing89.9% of the 
an
ers dete
ted in the BE arm experien
ed survival at ten years[5, 1497℄. A

ording to the Canadian trial, the survival in the HIP trial is20



\almost 
ertainly due to lead time and length bias....at least 70% of the bene�ttime may have 
ome from the physi
al examinations" of the breasts ratherthan the mammography [5, 1497℄.
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3. The Exponential Distribution of Sojourn TimesThe beginning of a pre
lini
al phase 
an not be determined unlesss
reenings are 
ondu
ted 
ontinuously rather than periodi
ally. So the questionis how 
an the mean length of the pre
lini
al phase or the mean sojourn timebe estimated given that the pre
lini
al stage is not totally observable in thedisease pro
ess? The 
lini
al phase 
an be observed be
ause symptoms areovert. (Many believe that the 
lini
al and pre
lini
al phases are positively
orrelated, but the 
orrelation is unknown.) The survival time is also observableif the measurement is taken from the time of entry into the trial, given thereare no dete
table 
ases in the healthy population originally. This survivalmeasurement would not be a�e
ted by the lead time bias be
ause survivalwould no longer be measured from time of diagnosis.Consider the length-biased density of sojourn times when only ones
reening is 
ondu
ted. Let Y � be the random variable that denotes the pre-
lini
al duration of a s
reen dete
ted 
ase and Y be the random variable thatdenotes the pre
lini
al duration for a 
ase in the general population.The following notation will be used:22



� n = the number of observations.� Y1; Y2; :::Yn are the sojourn times of the n 
ases.� fY (:) = the probability density fun
tion (pdf) of pre
lini
al durations.� fY �(y) = the probability density fun
tion of the sampled pre
lini
aldurations.� �Y = mean of (Y1; Y2; :::Yn) i.e., � = R10 yfY (y)dy� ny = the number of pre
lini
al durations, Yi, with lengths yThen, the density of the sampled pre
lini
al durations, fY �(y), 
an bederived from the pdf of all pre
lini
al durations as follows: [4, p. 4℄
fY �(y) = limn!1 (proportion of nXi=1 Yi due to intervals of length y)= limn!1 ynyPni=1 Yi= limn!1 (nyy)n =Pni=1 Yin= yfY (y)�Y :Thus, the density of Y � is related to the density of Y [4, p. 4℄. In thisthesis, I 
ompare the mean of the sampled pre
lini
al durations with the meanof the population pre
lini
al durations. If there were no e�e
t from length-biased sampling, the mean from the sampled pre
lini
al durations would equal23



the population mean of pre
lini
al durations. Thus, this ratio gives an estimateof the in
rease due to length-biased sampling and 
an be expressed in terms ofthe 
oeÆ
ient of variation as follows:E(Y �)E(Y ) = (1 + CV 2Y ) where the 
oeÆ
ient of variation CVY = �� .Now, 
onsider s
reening o

uring at regular or periodi
 intervals. Thefollowing notation is used to derive the 
umulative distribution for pre
lini
aldurations at the �rst s
reening.� n = the number of observed pre
lini
al durations.� Æ denotes the interval of time between s
reenings.� X represents the beginning of a pre
lini
al phase. Assume that X isuniformly distributed over the interval [0; Æ℄ be
ause the disease ex-hibits no parti
ular preferen
e for any time between the initial andsubsequential s
reenings. [4℄.� Y denotes the 
ontinuous random variable of the pre
lini
al durationof a 
ase in the general population.� y1; y2; :::yn denote the observed pre
lini
al durations of a population.� fY (y) is the probability density fun
tion of all pre
lini
al durations.� Y �j = is the 
ontinuous random variable of a s
reen-dete
ted pre
lini
alduration observed at the jth s
reen, j = 1; 2; 3; 4:� FYj (y) is the 
umulative distribution fun
tion (
df) for the pre
lini
al24



durations of 
ases dete
ted at the jth s
reening, j = 1; 2; ::::Cases that should be dete
ted by the �rst s
reening will be those thatmeet the 
onditions: 0 < X � Æ and X + Y > Æ. (If X + Y < Æ, the 
ase is aninterval 
ase whi
h has progressed to a 
lini
al 
ase at the time of s
reening.)Thus, the 
df of the sojourn times for these 
ases is derived as follows using a
onditional probability that in
ludes the 
onditions above.
FY1(y) = PfY � yjX + Y > Æ and 0 < X � Æ= R Æmax(0;Æ�y) PfY � y and X + Y � Æ and 0 < X � Æ and X = xgfx(x)dxR Æ0 PfX + Y > Æ and 0 < x � Æ and X = xgfx(x)dx= R Æmax(0;Æ�y) PfÆ � x � Y � yg1ÆdxR Æ0 PfY > Æ � xg1Ædx= yFY (y)� R y0 F (u)duÆ � R Æ0 F (u)du where y � Æ= Æ:FY (y)� R Æ0 F (u)duÆ � R Æ0 F (u)du where y > Æ:

Thus, the pdf of Y �1 and the mean, E(Y �1 ), for the s
reenable sojourntimes at the �rst s
reening 
an be 
al
ulated as follows: [4℄fY1(y) = min(y; Æ) � fY (y)Æ � R Æ0 F (y)dyE(Y1) = R yfY (y)dyE(Y1) = 1Æ � R Æ0 F (y)dy [Z Æ0 y2fY (y)dy + Æ Z 1Æ yfY (y)dy℄While the pre
lini
al durations are not dire
tly observable, studies25



have suggested that the pre
lini
al durations from the HIP study have a prob-ability distribution that is approximately exponentially distributed [2℄. Thisdistribution is used frequently as a model for the distribution of times betweenthe o

urren
e of su

essive events.The exponential pdf, is the spe
ial 
ase of the general gamma pdf withr = 1. Let the pre
lini
al durations of a population, Y , have an exponentialdistribution. f(y;�) = 8>>><>>>: �e��y for y � 00 otherwisewhere � > 0.For some �xed value y, the probability that the observed value of Ywill be at most y 
an be determined by employing the 
umulative distributionfun
tion.F (y;�) = PfY � yg = R y0 f(u;�)du = R y0 �e��udu for y � 0:It follows thatF (y;�) = 8>>><>>>: 1� e��y for y � 00 y < 0Using the exponential distribution for Y (unsampled) in the 
ase ofperiodi
 s
reenings, the probability density fun
tion of the sojourn times de-te
ted at the jth s
reening, fYj(y;�), is derived in two intervals as follows:26



fY �j (y;�) =
8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

[y � (j � 1)Æ℄�e��yÆ � [R jÆ0 (1� e��y)dy � R (j�1)Æ0 (1� e��y)dy℄for (j � 1)Æ � y � jÆÆ�e��yÆ � [R jÆ0 (1� e��y)dy � R (j�1)Æ0 (1� e��y)dy℄for y > jÆE(Y �j ) represents the mean pre
lini
al duration among 
ases thatstarted before Æ and extended to at least jÆ, the time of the jth s
reen. Itis given by:
E(Y �j ) = R jÆ(j�1)Æ(y [y � (j � 1)Æ℄�e��yÆ � [R jÆ0 (1� e��y)dy � R (j�1)Æ0 (1� e��y)dy℄)dy+ R1jÆ (y: Æ�e��yÆ � [R jÆ0 (1� e��y)dy � R (j�1)Æ0 (1� e��y)dy℄)dy:using the notation DjÆ for the denominator, we have,DjÆ = Æ � [R jÆ0 (1� e��y)dy � R (j�1)Æ0 (1� e��y)dy℄ = eÆ� � 1�eÆj� :Now, E(Yj) 
an be simpli�ed as:

E(Yj) = Z jÆ(j�1)Æ(y: [y � (j � 1)Æ℄�e��yDjÆ )dy+ Z 1jÆ (y: Æ�e��yDjÆ )dy:= �2� jÆ�+ eÆ�(2� Æ�+ jÆ�)�(eÆ� � 1)27



Letting the parameter � = 1� , it follows that limÆ!0E(Yj) = �. That is, ifs
reening o

urred 
ontinuously instead of periodi
ally (Æ ! 0), then in thelimit E(Y �j )! E(Y ) = 1� = � and V ar(Yj) = 1�2 = �2:Using Mathemati
a and di�erent values for �, the values of E(Yj)were 
al
ulated: (see Table 3.1).Suppose the time interval between s
reenings is Æ = 2 years. From Table 3.1,the mean length of the pre
lini
al phase through the third s
reening, (j = 3)given � = 0:5, is 4:96 years. Furthermore, with that table, E(Y �), the meanpre
lini
al duration of all 
ases that are eligible for dete
tion by s
reening giventhat four s
reenings have o

urred 
an be 
al
ulated as follows:E(Y �) = P1j=0E(Y �j ):Pfmissed on (j � 1) previous s
reens,dete
ted on the jths
reeng= �E(Y �1 ) + (1� �)�E(Y �2 ) + (1� �)2�E(Y �3 ) + (1� �)3�E(Y �4 )where � is the test sensitivity [4, p. 7℄.The results of applying this equation to the matri
es E(Y �j ) for j =1; 2; 3; 4 and setting � equal to 0.95 follow in Table 3.2.When the true mean pre
lini
al duration is 1 year long, the sampled durationis 1.47 years long, almost a half of a year longer. Thus, even in the absen
eof any s
reening bene�t, the survival time sin
e diagnosis would be almost onehalf of a year longer. One might erroneously 
on
lude an in
rease bene�t from28



Table 3.1. Exponential Distribution: Means for j = 1; 2; 3; 4E(Y �j ): The mean length of the sampled sojourn times at the jth s
reening.Values of ÆE(Y �j ) � 1 2 3 4 5E(Y �1 ) 0.5 0.84 0.96 0.99 1.00 1.001.0 1.42 1.69 1.84 1.93 1.972.0 2.46 2.84 3.14 3.37 3.555.0 5.48 5.93 6.35 6.73 7.0910.0 10.49 10.97 11.42 11.87 12.29E(Y �2 ) 0.5 1.84 2.96 3.99 5.00 6.001.0 2.42 3.69 4.84 5.93 6.972.0 3.46 4.84 6.14 7.37 8.555.0 6.48 7.93 9.35 10.74 12.0910.0 11.49 12.97 14.43 15.87 17.29E(Y �3 ) 0.5 2.84 4.96 6.99 9.00 11.001.0 3.42 5.69 7.84 9.93 11.972.0 4.46 6.84 9.14 11.37 13.555.0 7.48 9.93 12.35 14.74 17.0910.0 12.49 14.97 17.43 19.87 22.29E(Y �4 ) 0.5 3.84 6.96 9.99 13.00 16.001.0 4.42 7.69 10.84 13.93 16.972.0 5.46 8.84 12.14 15.37 18.555.0 8.48 11.93 15.35 18.74 22.0910.0 13.49 16.97 20.43 23.87 27.29
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Table 3.2. E(Y �): The Mean Pre
lini
al Duration of Cases Eligible for De-te
tion by S
reening Values of Æ� 1 2 3 4 50.5 0.90 1.07 1.15 1.210 1.261.0 1.47 1.79 2.00 2.14 2.232.0 2.51 2.94 3.30 3.58 3.825.0 5.54 6.04 6.51 6.95 7.3510.0 10.54 11.07 11.58 12.08 12.56

s
reening. The table of ratios of E(Y �j ) divided by � for j = 1; 2; 3; 4 is givenin the appendix (see table A.11). Using the four matri
es within that table,the ratios:E(Y �)=� = �E(Y �1 )=�+(1��)�E(Y �2 )=�+(1��)2�E(Y �3 )=�+(1��)3�E(Y �4 )=�are given in Table 3.3.
Using the ratios in Table 3.3, the relative in
rease in the estimation of thesampled mean 
an be 
al
ulated by subtra
ting one from ea
h value and mul-tiplying by 100% to obtain per
entages. The results are shown in Table 3.4.30



Table 3.3. Exponential Distribution Ratio Comparison: E(Y �)=E(Y )Values of Æ� 1 2 3 4 50.5 1.79 2.14 2.30 2.42 2.531.0 1.47 1.79 2.00 2.14 2.232.0 1.26 1.47 1.65 1.79 1.915.0 1.11 1.21 1.30 1.39 1.4710.0 1.05 1.11 1.16 1.21 1.26Table 3.4. Relative In
rease in the Mean: (E(Y �)=�� 1):100%Values of Æ� 1 2 3 4 50.5 79 113 130 142 1531.0 47 79 100 114 1232.0 26 47 65 79 915.0 11 21 30 39 4710.0 5 11 16 21 26
From Table 3.4, when s
reening o

urs every two years and the truemean sojourn time of the population is �ve years, the average sojourn timeamong the s
reen-dete
ted 
ases is 21% larger than the overall mean. As thes
reening interval in
reases, the estimations of the pre
lini
al durations get evenlarger. (Intuitively, diseases with shorter durations would need more frequent31



s
reenings.)The formula for the varian
e or the mean squared distan
e of thesojourn times from the mean is�2Y = V ar(Y )= Z 10 (y � �Y )2fY (y)dy for y � 0:= Z 10 (y � E(Y ))2fY (y)dy for y � 0:
The varian
e for the exponential distribution at the jth s
reening be
omes:
V ar(Y �j ) = Z y2fYj (y)dy � (Z yfyj(y)dy)2= E(Y 2�j )� [E(Y �j )℄2= Z jÆ(j�1)Æ(y2(y � (j � 1)Æ)�e��y)=DjÆ + Z 1jÆ (y2Æ �e��y)=DjÆ� ( Z jÆ(j�1)Æ(y(y � (j � 1)Æ)�e��y)=DjÆ + Z 1jÆ (yÆ �e��y)=DjÆ )2= 2� eÆ�(4� 2eÆ� + Æ2�2)�2(eÆ� � 1)2where DjÆ = Æ � [Z jÆ0 (1� e��y)dy � Z (j�1)Æ0 (1� e��y)dy℄ =eÆ� � 1�eÆj�= 2� eÆ�(4� 2eÆ� + Æ2�2)�2(eÆ� � 1)2= �Æ2eÆ=� + �2(2� 4eÆ=� + 2e2Æ=�)(eÆ=� � 1)2 where � = 1=�:
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Note that the varian
e of sojourn times is independent of j so Y �1 =Y �2 = Y �3 = Y �4 and is therefore equal to Y �. In this thesis, the 
al
ulation forY � is made anyway using equation 3.3 verifying this fa
t (Table 3.5). V ar(Y �)is 
al
ulated in the same manner as E(Y �), again letting � be the test sensi-tivity, we have [4, p. 7℄
V ar(Y �) = 1Xj=0V ar(Yj)Pf missed on (j � 1) previous s
reens; (3.1)dete
ted on jth s
reeng (3.2)= �V ar(Y �1 ) + (1� �)�V ar(Y �2 ) + (1� �)2�V ar(Y �3 ) (3.3)+ (1� �)3�V ar(Y �4 )The varian
es of the sampled pre
lini
al durations, Y �, are shown in Table 3.5;they are indeed the same as the varian
es for ea
h Y �j for the various valuesof �. From the varian
es, the standard deviations are 
al
ulated by taking thesquare root. (SD(Y �) = [V ar(Y �)℄ 12 ) (Table 3.6)
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Table 3.5. V ar(Y �): Varian
es of Sojourn Times of Cases Eligible for Dete
-tion by S
reening Values of Æ� 1 2 3 4 50.5 0.32 0.42 0.48 0.49 0.501.0 1.08 1.28 1.50 1.70 1.832.0 4.08 4.32 4.67 5.10 5.565.0 25.08 25.33 25.74 26.29 26.9810.0 100.08 100.33 100.75 101.32 102.06

Table 3.6. SD(Y �): Standard Deviations of Sojourn Times of Cases Eligiblefor Dete
tion by S
reening Values of Æ� 1 2 3 4 50.5 0.56 0.65 0.69 0.70 0.711.0 1.04 1.13 1.23 1.30 1.352.0 2.02 2.08 2.16 2.26 2.365.0 5.01 5.03 5.07 5.13 5.1910.0 10.00 10.01 10.04 10.07 10.10
34



Table 3.7. Exponential Distribution Ratio (SD (Y �))=�Values of Æ� 1 2 3 4 50.5 1.13 1.30 1.38 1.41 1.411.0 1.04 1.13 1.23 1.30 1.352.0 1.01 1.04 1.08 1.13 1.185.0 1.00 1.01 1.01 1.03 1.0410.0 1.00 1.00 1.00 1.01 1.01
Subtra
ting one from the values in Table 3.7 and multiplying by 100 will pro-du
e the relative error, in per
entages, between the standard deviation of thesampling distribution and the population distribution of sojourn times. Thesevalues are shown in Table 3.8. Note that the relative error in the standard de-viations is smaller than that in the means but nonetheless shows an in
rease.As with the means (Table 3.4), the relative error in
reases as Æ in
reases for agiven value of � and de
reases as � in
reases for a given value of Æ. That is,the relative error, in both the mean and standard deviation in
reases as thes
reening interval in
reases and as the mean pre
lini
al durations de
rease.35



Table 3.8. Relative Error in the Standard DeviationsValues of Æ� 1 2 3 4 50.5 13 30 38 41 411.0 4 13 23 30 352.0 1 4 8 13 185.0 0 1 1 3 410.0 0 0 0 1 1Table 3.9 is a summary of the �ndings for the exponential distribution. Asthe interval between s
reenings gets larger, the estimation of the sample meansalso gets larger. The relative in
rease also gets larger. For example: WhenÆ = 1 and � = 0:5, the mean of Y � is estimated to be 0.90 or 79% larger thanthe overall mean of Y . The relative error in standard deviations gets larger forea
h value of � as Æ in
reases but de
reases as � gets larger.
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Table 3.9. Exponential Distribution Summary of Y � when r = 1The Means, Relative In
rease, Varian
es, Standard Deviations, and RelativeErrorsThe Pre
lini
al Durations of Cases Eligible for Dete
tion by S
reen-ing Values of ÆE(Y �) � 1 2 3 4 50.5 0.90 1.07 1.15 1.21 1.26Sampled Means 1.0 1.47 1.79 2.00 2.14 2.232.0 2.51 2.94 3.30 3.58 3.825.0 5.54 6.04 6.51 6.95 7.3510.0 10.54 11.07 11.58 12.08 12.56Relative In
rease � 1 2 3 4 50.5 79 113 130 142 153(E(Y �)� � 1)100 1.0 47 79 100 114 1232.0 26 47 65 79 915.0 11 21 30 39 4710.0 5 11 16 21 26V ar(Y �) � 1 2 3 4 50.5 0.32 0.42 0.48 0.49 0.50Varian
es of 1.0 1.08 1.28 1.50 1.70 1.83sampled sojourn 2.0 4.08 4.32 4.67 5.10 5.56times 5.0 25.08 25.33 25.74 26.29 26.98E(Y �2)� (E(Y �))2 10.0 100.08 100.33 100.75 101.32 102.06sd(Y �) � 1 2 3 4 50.5 0.56 0.65 0.69 0.70 0.71Standard Deviations 1.0 1.04 1.13 1.23 1.30 1.35of sampled sojourn 2.0 2.02 2.08 2.16 2.26 2.36times 5.0 5.01 5.03 5.07 5.13 5.1910.0 10.00 10.01 10.04 10.07 10.10Relative Error � 1 2 3 4 50.5 13 30 38 41 41(sd(Y �)=�� 1)100 1.0 4 13 23 30 352.0 1 4 8 13 185.0 0 1 1 3 410.0 0 0 0 1 1
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4. The Gamma Distribution of Sojourn TimesThe gamma distribution is used to model waiting times or lifetimessu
h as human longevity after age twenty or so [7, p. 189℄. It is appropriate touse this distribution as a model for pre
lini
al durations. The exponential pdfis a spe
ial 
ase of the general gamma probability density fun
tion for r = 1;therefore, this 
hapter will 
onsider the 
ases r = 2 and r = 4 On
e again,let the pre
lini
al durations of a population be represented by the 
ontinuousrandom variable Y . This random variable is said to have a gamma distributionif the pdf of Y isf(y; r; �) = 8>>>><>>>>: �ryr�1e��y�(r) for y � 00 otherwisewhere r > 0 and � > 0. The gamma fun
tion is de�ned by �(r) =R10 yr�1e�ydy but for any positive integer r; �(r) = (r � 1)!; thus, for r =2;�(2) = 1 and �(4) = 6. The frequen
ies of pre
lini
al durations that are yunits of time long are given by the gamma distribution.The probability that the observed value of Y will be at most y for some�xed value y, 
an be determined by use of the 
umulative distribution fun
tion38



(
df) whi
h is obtained by integrating the gamma distribution as shown:F (y; r; �) = P (Y � y) = Z y0 f(u; r; �)du = Z y0 �rur�1e��u�(r) dufor y � 0:
F (y; r; �) = 8>>><>>>: 1� 1 + �ye�y for y � 0 and r = 20 y < 0When the distribution of unsampled pre
lini
al durations (Y ) is gamma dis-tributed and s
reenings are periodi
, the pdf of the sojourn times dete
ted atthe jth s
reening, fyj (y; r�), is 
al
ulated over two intervals,(j � 1)Æ � y � jÆ and jÆ < y <1:

fYj (y; r; �) =
8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

[y � (j � 1)Æ℄�ryr�1e��y=�(r)Æ � [R jÆ0 (�1 + e�y � �y)=e�ydy � R (j�1)Æ0 (�1 + e�y � �y)=e�ydy℄for (j � 1)Æ � y � jÆÆ�ryr�1e��y=�(r)Æ � [R jÆ0 (�1 + e�y)� �y)=dy � R (j�1)Æ0 (�1 + e�y � �y)=e�ydy℄for y > jÆ:The denominator of the above density fun
tion is denoted by DjÆwhere DjÆ = eÆ�(2� Æ�+ Æj�)� Æ�j � 2�eÆj� . Using this notation the densityfun
tion be
omesfYj (y; r; �) = 8>>>><>>>>: [y � (j � 1)Æ℄�ryr�1e��y=�(r)DjÆ for (j � 1)Æ � y � jÆÆ�ryr�1e��y=�(r)DjÆ for y > jÆ
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4.1 The Gamma Distribution for Sojourn Times when r = 2The main purpose of this se
tion is to generate the mean sojourntime of s
reen-dete
ted 
ases and 
ompare them to the overall sojourn times,as well as 
al
ulate the per
entage in
rease between the two. In this se
tion,all 
al
ulations use the gamma distribution with r = 2. In the next se
tion,rather than repeat the exa
t same steps, only the summary results are givenfor r = 4. Tables from whi
h the summary is derived for r = 4 are lo
ated inthe appendix.The �rst goal is to 
al
ulate the sampled mean of sojourn times,E(Y �). To do so, ea
h E(Yj) for j = 1; 2; 3; and 4 are needed, where E(Yj)represents the mean pre
lini
al duration among 
ases that started before Æ butno later than jÆ. The expe
ted value or mean of the distribution of sojourntimes, R yfYj(y)dy, by the jth s
reening, is given byE(Yj) = Z jÆ(j�1)Æ(y [y � (j � 1)Æ℄�ryr�1e��y=�(r)DjÆ )dy+ Z 1jÆ (y Æ�ryr�1e��y=�(r)DjÆ )dy:whi
h be
omes for any j > 0,
E(Yj) = 6 + Æ�(�4 + 4j + Æ�� 2Æ�j + j2Æ2�2)�(2� Æ�+ Æj�)+ �2Æ + Æ2�(2� 4j + Æj�� Æj2�)(2� Æ�+ Æj�)(�2� Æj�+ eÆ�(2� Æ�+ Æj�))40



S
reenings performed 
ontinuously are found by letting Æ ! 0. We �nd thatlimÆ!0 E(Yj) = � when � = 2� : The table of means (Table 4.1) was generatedusingMathemati
a with di�erent values for � and setting � = 2� in the equationfor E(Yj) above.Repeating the pro
ess that was used for the exponential distribution,the expe
ted pre
lini
al durations for the 
ases eligible for dete
tion by s
reen-ing was 
al
ulated using Table 4.1 to produ
e Table 4.3.E(Y �) = P1j=0E(Y �j ):Pfmissed on (j � 1) previous s
reens,dete
ted on the jths
reeng= �E(Y �1 ) + (1� �)�E(Y �2 ) + (1� �)2�E(Y �3 ) + (1� �)3�E(Y �4 )where � is the test sensitivity [4, p. 7℄ (See Table 4.3) .From Table 4.3, the ratios of E(Y �)=�, are 
al
ulated produ
ing Table4.5. These ratios being greater than one indi
ate that the means of the sampleddurations are larger than the overall means, thus illustrating that the sampleis length-biased.The relative in
rease in the means for the gamma density is obtainedby subtra
ting one from ea
h value above and multiplying by 100 to obtainper
entages. The per
entage of in
rease in the sojourn times for r = 2 overthe a
tual expe
ted pre
lini
al durations are found in Table 4.6.The varian
e of pre
lini
al durations at the jth s
reening follows using the41



Table 4.1. Gamma Distribution r = 2 Means for j = 1; 2; 3; 4Values of ÆE(Y �j ) � 1 2 3 4 5E(Y �1 ) 0.5 0.70 0.75 0.75 0.75 0.751.0 1.22 1.40 1.47 1.49 1.502.0 2.18 2.44 2.66 2.81 2.905.0 5.10 5.32 5.58 5.85 6.1110.0 10.06 10.20 10.40 10.64 10.90E(Y �2 ) 0.5 1.55 2.55 3.54 4.53 5.521.0 2.02 3.11 4.11 5.10 6.082.0 2.86 4.03 5.15 6.21 7.235.0 5.56 6.59 7.74 8.92 10.0810.0 10.35 11.13 12.10 13.19 14.32E(Y �3 ) 0.5 2.52 4.53 6.52 8.51 10.511.0 2.96 5.05 7.06 9.05 11.052.0 3.73 5.91 8.03 10.10 12.125.0 6.24 8.26 10.42 12.61 14.7810.0 10.84 12.48 14.43 16.52 18.67E(Y �4 ) 0.5 3.51 6.52 9.51 12.51 15.511.0 3.93 7.02 10.04 13.04 16.032.0 4.66 7.85 10.98 14.05 17.075.0 7.03 10.07 13.25 16.45 19.6310.0 11.44 14.06 17.03 20.14 23.31
Table 4.2. Gamma r = 2; E(Y �): The Mean Pre
lini
al Duration of CasesEligible for Dete
tion by S
reening with � = 0:95Values of Æ� 1 2 3 4 50.5 0.75 0.84 0.90 0.95 1.001.0 1.26 1.49 1.61 1.68 1.742.0 2.22 2.53 2.79 2.99 3.135.0 5.13 5.39 5.70 6.01 6.3210.0 10.07 10.25 10.49 10.78 11.08
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Table 4.3. Gamma r = 2; E(Y �): The Mean Pre
lini
al Duration of CasesEligible for Dete
tion by S
reening with � = 0:95Values of Æ� 1 2 3 4 50.5 0.75 0.84 0.90 0.95 1.001.0 1.26 1.49 1.61 1.68 1.742.0 2.22 2.53 2.79 2.99 3.135.0 5.13 5.39 5.70 6.01 6.3210.0 10.07 10.25 10.49 10.78 11.08
Table 4.4. Values of E(Y �j )=� when fY �(y) is a Gamma Distribution r = 2.Values of ÆS
reen � 1 2 3 4 50.5 1.40 1.49 1.50 1.50 1.50j = 1 1.0 1.22 1.40 1.47 1.49 1.502.0 1.09 1.22 1.33 1.40 1.455.0 1.02 1.06 1.17 1.17 1.2210.0 1.01 1.02 1.04 1.06 1.090.5 3.11 5.10 7.07 9.06 11.05j = 2 1.0 2.02 3.11 4.11 5.10 6.082.0 1.43 2.02 2.58 3.11 3.615.0 1.11 1.32 1.55 1.78 2.0210.0 1.04 1.11 1.21 1.32 1.430.5 5.05 9.05 13.04 17.03 21.02j = 3 1.0 2.96 5.05 7.06 9.05 11.152.0 1.87 2.96 4.02 5.05 6.065.0 1.25 1.65 2.08 2.52 2.9610.0 1.08 1.25 1.44 1.65 1.870.5 7.02 13.04 19.03 25.02 31.02j = 4 1.0 3.93 7.02 10.04 10.04 16.032.0 2.33 3.93 5.49 7.02 8.545.0 1.41 2.01 2.65 3.29 3.9310.0 1.14 1.41 1.70 2.01 2.33
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Table 4.5. Gamma Distribution Ratio when r = 2 E(Y �)=�Values of Æ� 1 2 3 4 50.5 1.49 1.68 1.79 1.90 2.001.0 1.26 1.49 1.61 1.68 1.742.0 1.11 1.26 1.40 1.49 1.565.0 1.03 1.08 1.14 1.20 1.2610.0 1.01 1.03 1.05 1.08 1.11

Table 4.6. Gamma Distribution Relative In
rease in the MeansValues of Æ� 1 2 3 4 50.5 49 68 79 90 1001.0 26 49 61 68 742.0 11 26 40 49 565.0 3 8 14 20 2610.0 1 3 5 8 11
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Table 4.7. Gamma Formulas for the Expe
ted Value of Y 2�j when r = 2E(Y 2�j ) EquationsE(Y 2�1 ) 24� 24eÆ� + 18Æ�+ 6Æ2�2 + Æ3�3�2(2� 2eÆ� + Æ�)E(Y 2�2 ) �24 + eÆ�(24 + 18Æ�+ 6Æ2�2 + Æ3�3)� 4Æ�(9 + 6Æ�+ 2Æ2�2)�2(�2� 2Æ�+ eÆ�(2 + Æ�))E(Y 2�3 ) �24� 27Æ�[2 + Æ�(2 + Æ�)℄ + 4eÆ�[6 + Æ�(9 + Æ�+ 2Æ2�2)℄�2[�2� 3Æ�+ 2eÆ�(1 + Æ�)℄E(Y 2�4 ) 8(�3� 9Æ�� 12� Æ2�2 � 18Æ3�3) + 3eÆ�[8 + 9Æ�(2 + 2Æ�+ Æ2�2)℄�2[�2� 4Æ�+ eÆ�(2 + 3Æ�)℄gamma distribution:V ar(Yj) = Z y2fYj (y)dy � (Z yfyj (y)dy)2= E(Y 2)� [E(Y )℄2= Z jÆ(j�1)Æ y2(y � (j � 1)Æ)�ryr�1e��y=�(r)DjÆ + Z 1jÆ y2Æ�ryr�1e��y)=�(r)DjÆ� (Z jÆ(j�1)Æ y(y � (j � 1)Æ)�ryr�1e��y=�(r)DjÆ + Z 1jÆ yÆ�ryr�1e��y)=�(r)DjÆ )2where DjÆ = eÆ�(2� Æ�+ Æj�) � Æ�j � 2�eÆj� :Unlike the exponential, the varian
es of sojourn times using this pdf for r = 2,are not independent of j. The formulas in Table 4.7 and Table 4.8 
an be usedthe 
al
ulate E(Y 2�j )� [E(Y �j )℄2, the varian
es for Y �1 ; Y �2 ; Y �3 and Y �4 .The limÆ!0 V ar(Y �j ) = �22 when � = 2� . To 
al
ulate the varian
es,let � = 2� in the formula tables 4.6 and 4.7.This is the same value that was used when the mean sojourn times45



Table 4.8. Gamma Formulas for the Expe
ted Value Squared when r = 2(E(Y �j ))2 Equations(E(Y �1 ))2 (6� 6eÆ� + 4Æ�+ Æ2�2�(2� 2eÆ� + Æ�) )2(E(Y �2 ))2 (�2[3 + 2Æ�(2 + Æ�)℄ + eÆ�[6 + Æ�(4 + Æ�)℄�[�2(1 + Æ�) + eÆ�(2 + Æ�)℄ )2(E(Y �3 ))2 (�6� 12Æ�� 9Æ2�2 + 2eÆ�(3 + 4Æ�+ 2Æ2�2)�[�2� 3Æ�+ 2eÆ�(1 + Æ�)℄ )2(E(Y �4 ))2 (�6� 16Æ�� 16Æ2�2 + 3eÆ�(2 + 4Æ�+ 3Æ2�2)�(�2� 4Æ�+ eÆ�(2 + 3Æ�)) )2were 
al
ulated. The varian
es using this substitution are found in Table 4.6.The same equation for E(Y �) 
an now be applied to V ar(Y �); that is,[4, p. 7℄V ar(Y �) = P1j=0 V ar(Y �j ):Pfmissed on (j � 1) previous s
reens,dete
ted on the jths
reeng= �V ar(Y �1 ) + (1� �)�V ar(Y �2 ) + (1� �)2�V ar(Y �3 )+ (1� �)3�V ar(Y �4 )where � is the test sensitivity [4, p. 7℄.To obtain a 
omparison, that is a ratio between the sampled standard devia-tions, Y �, and the overall standard deviations of Y , ea
h value in Table 4.9 isdivided by �p2 to obtain Table 4.12.The relative di�eren
es in the sampled standard deviations and thestandard deviations of pre
lini
al duration are very small sin
e ea
h ratio is
lose to one. This 
ompletes the analysis for the gamma distribution for r = 2:46



Table 4.9. Gamma Distribution Varian
es for r = 2; j = 1; 2; 3; 4Values of ÆV ar(Y �j ) � 1 2 3 4 5V ar(Y �1 ) 0.5 0.15 0.18 0.19 0.19 0.191.0 0.49 0.59 0.68 0.73 0.742.0 1.92 1.95 2.12 2.34 2.565.0 12.31 12.06 11.93 11.97 12.1710.0 49.75 49.24 48.70 48.23 47.89V ar(Y �2 ) 0.5 0.13 0.15 0.14 0.14 0.141.0 0.43 0.52 0.57 0.58 0.572.0 1.71 1.72 1.89 2.07 2.215.0 11.66 10.91 10.57 10.56 10.7810.0 48.68 46.65 44.91 43.62 42.76V ar(Y �3 ) 0.5 0.12 0.14 0.13 0.13 0.131.0 0.40 0.49 0.53 0.54 0.542.0 1.57 1.59 1.77 1.94 2.075.0 11.00 10.03 9.68 9.71 9.9710.0 47.26 44.00 41.65 40.10 39.18V ar(Y �4 ) 0.5 0.12 0.13 0.13 0.13 0.131.0 0.38 0.47 0.52 0.53 0.532.0 1.47 1.52 1.70 1.88 2.005.0 10.44 9.42 9.13 9.21 9.5110.0 45.81 41.78 39.22 37.69 36.85
Table 4.10. Gamma Distribution r = 2; � = 0:95 V ar(Y �)Values of Æ� 1 2 3 4 50.5 0.15 0.18 0.18 0.19 0.181.0 0.48 0.58 0.68 0.72 0.742.0 1.91 1.94 2.10 2.33 2.545.0 12.28 12.00 11.86 11.90 12.1010.0 49.70 49.11 48.50 48.00 47.63
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Table 4.11. Gamma Distribution r = 2, Standard Deviations of Y �Values of Æ� 1 2 3 4 50.5 0.38 0.42 0.43 0.43 0.431.0 0.70 0.76 0.82 0.85 0.862.0 1.38 1.39 1.45 1.53 1.595.0 3.50 3.46 3.44 3.45 3.4810.0 7.05 7.01 6.96 6.93 6.90

Table 4.12. Gamma Distribution r = 2 Ratios of Standard Deviations(Standard Deviations of Y � divided by �p2)Values of Æ� 1 2 3 4 50.5 1.08 1.20 1.22 1.22 1.221.0 0.98 1.08 1.16 1.20 1.212.0 0.98 0.98 1.03 1.08 1.135.0 0.99 0.98 0.97 0.98 0.9810.0 1.00 0.99 0.98 0.98 0.98
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Table 4.13. Gamma Distribution r = 2; Relative Error ( %) in StandardDeviations of Y � Values of Æ� 1 2 3 4 50.5 8 20 22 22 221.0 -2 8 16 20 212.0 -2 -2 3 8 135.0 -1 -2 -3 -2 -210.0 -0 -1 -2 -2 -2A summary of the �ndings is lo
ated in Table 4.14.4.2 The Gamma Distribution for Sojourn Times for r = 4The summary for the 
omparison of the s
reen-dete
ted sojourn timeswith the over-all sojourn times using gamma distribution for r = 4 is given in4.15. A 
omparison of the three summary tables for r = 1; r = 2; and r = 4 isgiven in the 
on
lusion.
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Table 4.14. Summary of Y � when r = 2: The Means, Relative In
rease,Varian
es, Standard Deviations, and Relative ErrorsThe Pre
lini
al Durations of Cases Eligible for Dete
tion by S
reen-ing Values of ÆE(Y �) � 1 2 3 4 50.5 0.75 0.84 0.90 0.95 1.00Sampled Means 1.0 1.26 1.49 1.61 1.68 1.742.0 2.22 2.53 2.79 2.99 3.135.0 5.13 5.39 5.70 6.01 6.3210.0 10.07 10.25 10.49 10.78 11.08Relative In
rease � 1 2 3 4 50.5 49 68 79 90 100(E(Y �)� � 1)100 1.0 26 49 61 68 742.0 11 26 40 49 565.0 3 8 14 20 2610.0 1 3 5 8 11V ar(Y �) � 1 2 3 4 50.5 0.15 0.18 0.18 0.19 0.18Varian
es of 1.0 0.48 0.58 0.68 0.72 0.74sampled sojourn 2.0 1.91 1.94 2.10 2.33 2.54times 5.0 12.28 12.00 11.86 11.90 12.10E(Y �2)� (E(Y �))2 10.0 49.70 49.11 48.50 48.00 47.63sd(Y �) � 1 2 3 4 50.5 0.38 0.42 0.43 0.43 0.43Standard Deviations 1.0 0.70 0.76 0.82 0.85 0.86of sampled sojourn 2.0 1.38 1.39 1.45 1.53 1.59times 5.0 3.50 3.46 3.44 3.45 3.4810.0 7.05 7.01 6.96 6.93 6.90Relative Error � 1 2 3 4 50.5 8 20 22 22 22(sd(Y �)= �p2 � 1)100 1.0 -2 8 16 20 212.0 -2 -2 3 8 135.0 -1 -2 -3 -2 -210.0 -0 -1 -2 -2 -2
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Table 4.15. Summary of Y � when r = 4: The Means, Relative In
rease,Varian
es, Standard Deviations, and Relative ErrorsThe Pre
lini
al Durations of Cases Eligible for Dete
tion by S
reen-ing Values of ÆE(Y �) � 1 2 3 4 50.5 0.65 0.71 0.77 0.82 0.87Sampled Means 1.0 1.15 1.31 1.37 1.43 1.482.0 2.08 2.30 2.49 2.61 2.695.0 5.02 5.11 5.29 5.51 5.7410.0 10.00 10.03 10.11 10.23 10.39Relative In
rease � 1 2 3 4 50.5 31 43 53 64 74(E(Y �)� � 1)100 1.0 15 31 37 43 482.0 4 15 24 31 345.0 0 2 6 10 1510.0 0 0 1 2 4V ar(Y �) � 1 2 3 4 50.5 0.14 0.21 .028 0.36 0.43Varian
es of 1.0 0.26 0.34 0.40 0.44 0.48sampled sojourn 2.0 0.96 0.96 1.06 1.18 1.26times 5.0 6.21 6.04 5.86 5.77 5.82E(Y �2)� (E(Y �))2 10.0 24.98 24.83 24.53 24.14 23.74sd(Y �) � 1 2 3 4 50.5 0.26 0.28 0.28 0.28 0.27Standard Deviations 1.0 0.48 0.53 0.55 0.55 0.55of sampled sojourn 2.0 0.97 0.96 1.01 1.06 1.09times 5.0 2.49 2.46 2.42 2.40 2.4010.0 5.00 4.98 4.95 4.91 4.87Relative Error � 1 2 3 4 50.5 6 10 10 10 1(sd(Y �)=�2 � 1)100 1.0 -4 6 10 10 102.0 -3 -4 1 6 95.0 0 -2 -3 -4 -410.0 0 0 -1 -2 -3
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5. Con
lusionThe e�e
t of length-biased sampling on the survival among s
reen-dete
ted 
ases is not trivial. The mean in
rease in survival time among 
asesdete
ted by s
reening 
an be as large as 79% when the s
reening interval (Æ)is twi
e the mean sojourn time (�) in the general population. This in
rease isonly 47% when the s
reening interval is equal to the mean sojourn time, andde
reases to 0 as Æ ! 0 (
ontinuous s
reening). The standard deviations areless a�e
ted, but some in
reases, parti
ularly with the exponential distribution,are observable, on the order of 13% when Æ = 2� and 4% when Æ = �.When the sojourn time distribution is gamma with values of r � 2the e�e
t of length-biased sampling is redu
ed. Studies suggest that r is likelyto be less than 2 (Zelen and Feinlieb), so these results should be taken into
onsideration when evaluating the potential bene�ts of a s
reening program.Length-biased sampling 
an 
ause s
reening to appear more bene�
ial than ita
tually is and therefore 
an result in over-optimisti
 
on
lusions 
on
erningthe bene�t of s
reening programs.
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NOTATION INDEX

oeÆ
ient of variation: measures the amount of variability relative to thevalue of the mean: CV = �=�Æ: Delta, the length of time between s
reeningsE(Yj): the mean pre
lini
al duration among 
ases that started before Æ butno later than jÆ the time of the jth s
reening.E(Y�): mean length of pre
lini
al durations of the sampled 
asesfY(y): the probability density fun
tion (pdf) of all pre
lini
al durations.FY(y): the 
umulative distribution fun
tion,(
df), for the all pre
lini
aldurationsHIP: Health Insuran
e Plan of Greater New York; a prepaid 
omprehen-sive group medi
al plan insuring approximately 700,000 
ity, state andfederal government employees and their families.in
ident 
ases: those 
ases of disease o

urring twelve of more months af-ter the previous CNBSS s
reening examination
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interval 
ases: those 
ases of disease o

urring less than twelve monthsafter a negative s
reening exam.j: an integer representing the jth s
reening for a diseaselead time: forward re
urren
e time; length of time by whi
h the diagnosisis advan
ed over 
lini
al dete
tion by virtue of the s
reening pro
edurelength bias: biased sample 
aused by periodi
 sampling; observations oflonger duration are more likely to be dete
ted than those of short du-ration.power of an hypothesis test: The ability of a test to reje
t the null hy-pothesis when the alternative hypothesis is true is 
alled the power ofthe test.S
: the 
lini
al phase of disease 
hara
terized by overt signs or symptomssensitivity: the proportion of individuals designated positive by the s
reen-ing test among all individuals who have the diseasesigni�
an
e-level �: The probability of reje
ting the null hypothesis whenthe null hypothesis is true.So: disease-free state of a disease 
hara
terized by being either free of thedisease or having disease 
hara
teristi
s of that are undete
table by as
reening test 54



sojourn times: pre
lini
al durationsSp: pre
lini
al state of disease; Symptoms are asymptomati
.spe
i�
ity: the proportion designated negative by the test among all thosewho do not have the diseaseY : the random variable that denotes the pre
lini
al duration of a 
ase ofdisease in the general populationY �: the random variable that denotes the the pre
lini
al duration for as
reen-dete
ted 
ase
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A. APPENDIXThe values found in the following tables, A.1 - A.4, were used to 
al
ulate theSummary table 3.9.The values found in tables A.5 - A.10 were used to 
al
ulate the SummaryTable 4.15.
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Table A.1. Exponential Distribution Ratios E(Y �j )=�Mean Sojourn Time through the jth S
reening / �Values of ÆE(Yj)=� 1 2 3 4 5E(Y1)/0.5 1.69 1.93 1.99 2.00 2.00E(Y1)/1.0 1.42 1.69 1.84 1.93 1.97E(Y1)/2.0 1.23 1.42 1.57 1.69 1.78E(Y1)/5.0 1.10 1.19 1.27 1.35 1.42E(Y1)/10.0 1.05 1.10 1.14 1.19 1.23E(Y2)/0.5 3.69 5.93 7.99 10.00 12.00E(Y2)/1.0 2.42 3.69 4.84 5.93 9.97E(Y2)/2.0 1.73 2.42 3.07 3.69 4.28E(Y2)/5.0 1.30 1.59 1.87 2.15 2.42E(Y2)/10.0 1.15 1.30 1.44 1.59 1.73E(Y3)/0.5 5.69 9.93 13.99 18.00 22.00E(Y3)/1.0 3.42 5.69 7.84 9.93 11.97E(Y3)/2.0 2.23 3.42 4.57 5.69 6.78E(Y3)/5.0 1.50 1.99 2.47 2.95 3.42E(Y3)/10.0 1.25 1.50 1.74 1.99 2.23E(Y4)/0.5 7.69 13.93 19.99 26.00 32.00E(Y4)/1.0 4.42 7.69 10.84 13.93 16.97E(Y4)/2.0 2.73 4.42 6.07 7.69 9.28E(Y4)/5.0 1.70 2.39 3.07 3.75 4.42E(Y4)/10.0 1.35 1.70 2.04 2.39 2.73Table A.2. Exponential Distribution Varian
es: V ar(Y �j )Values of Æ� 1 2 3 4 50.5 0.32 0.42 0.48 0.49 0.501.0 1.08 1.28 1.50 1.70 1.832.0 4.08 4.32 4.67 5.10 5.565.0 25.08 25.33 25.74 26.29 26.9810.0 100.08 100.33 100.75 101.32 102.06
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Table A.3. Exponential Distribution Standard Deviations for Y �jValues of Æ� 1 2 3 4 50.5 0.56 0.65 0.69 0.70 0.711.0 1.04 1.13 1.23 1.30 1.352.0 2.02 2.08 2.16 2.26 2.365.0 5.01 5.03 5.07 5.13 5.1910.0 10.00 10.02 10.04 10.07 10.10

Table A.4. Exponential Distribution (Standard Deviations (Y �j ))=�Values of Æ� 1 2 3 4 50.5 1.13 1.30 1.38 1.41 1.4111.0 1.04 1.13 1.23 1.30 1.352.0 1.01 1.04 1.08 1.13 1.185.0 1.00 1.01 1.01 1.03 1.0410.0 1.00 1.00 1.00 1.01 1.01
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Table A.5. Gamma Distribution Means r = 4 for j = 1; 2; 3; 4Values of ÆE(Y �j ) � 1 2 3 4 5E(Y �1 ) 0.5 0.61 0.62 0.63 0.63 0.631.0 1.12 1.23 1.25 1.25 1.252.0 2.05 2.23 2.38 2.46 2.495.0 5.01 5.08 5.21 5.39 5.5810.0 10.00 10.02 10.07 10.15 10.27E(Y �2 ) 0.5 1.34 2.30 3.28 4.27 5.271.0 1.73 2.67 3.62 4.59 5.572.0 2.49 3.47 4.41 5.34 6.285.0 5.14 5.79 6.70 7.69 8.6610.0 10.03 10.29 10.83 11.58 12.46E(Y �3 ) 0.5 2.29 4.27 6.27 8.26 10.261.0 2.63 4.59 6.56 8.55 10.622.0 3.25 5.25 7.22 9.18 11.155.0 5.53 7.17 9.13 11.14 13.1310.0 10.16 11.06 12.55 14.34 16.27E(Y �4 ) 0.5 3.28 6.27 9.26 12.26 15.261.0 3.58 6.56 9.54 12.53 15.532.0 4.14 7.16 10.15 13.12 16.105.0 6.12 8.85 11.86 14.90 17.9110.0 10.42 12.23 14.81 17.69 20.69
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Table A.6. Gamma Distribution Ratio: E(Y �j )� when r = 4Values of ÆE(Y �j )=� � 1 2 3 4 5E(Y �1 )=� 0.5 1.23 1.25 1.25 1.25 1.251.0 1.12 1.23 1.25 1.25 1.252.0 1.03 1.12 1.19 1.23 1.245.0 1.00 1.02 1.04 1.08 1.1210.0 1.00 1.00 1.01 1.02 1.03E(Y �2 )=� 0.5 2.67 4.59 6.56 8.55 10.541.0 1.73 2.67 3.62 4.59 5.572.0 1.25 1.73 2.21 2.67 3.145.0 1.03 1.16 1.34 1.54 1.7310.0 1.00 1.03 1.08 1.16 1.25E(Y �3 )=� 0.5 4.59 8.55 12.53 16.52 20.521.0 2.63 4.59 6.56 8.55 10.622.0 1.63 2.63 3.61 4.59 5.575.0 1.11 1.43 1.83 2.23 2.6310.0 1.02 1.11 1.25 1.43 1.63E(Y �4 )=� 0.5 6.56 12.53 18.52 24.52 30.521.0 3.58 6.56 9.54 12.53 15.532.0 2.07 3.58 5.07 6.56 8.055.0 1.22 1.77 2.37 2.98 3.5810.0 1.04 1.22 1.48 1.77 2.07
Table A.7. Gamma Distribution r = 4 E(Y �)�Values of Æ� 1 2 3 4 50.5 1.31 1.43 1.53 1.64 1.741.0 1.15 1.31 1.37 1.43 1.482.0 1.04 1.15 1.24 1.31 1.345.0 1.00 1.02 1.06 1.10 1.1510.0 1.00 1.00 1.01 1.02 1.04
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Table A.8. r = 4 Varian
es for E(Y �j ) for j = 1; 2; 3; 4Values of ÆV ar(Y �j ) � 1 2 3 4 5V ar(Y �1 ) 0.5 0.07 0.08 0.08 0.08 0.081.0 0.23 0.28 0.31 0.31 0.312.0 0.96 0.93 1.02 1.13 1.205.0 6.22 6.08 5.90 5.81 5.8410.0 24.99 24.90 24.67 24.33 23.95V ar(Y �2 ) 0.5 0.05 0.04 0.04 0.04 0.041.0 0.19 0.20 0.18 0.17 0.162.0 0.79 0.76 0.81 0.80 0.775.0 5.92 5.17 4.75 4.68 4.7810.0 24.80 23.70 22.11 20.67 19.63V ar(Y �3 ) 0.5 0.04 0.04 0.04 0.03 0.031.0 0.16 0.17 0.16 0.15 0.142.0 0.64 0.64 0.67 0.66 0.645.0 5.35 4.26 3.90 3.89 4.0110.0 24.18 21.38 18.78 17.05 16.07V ar(Y �4 ) 0.5 556.04 1153.12 1752.08 2351.56 2951.241.0 258.19 556.04 854.14 1153.12 1452.502.0 106.86 258.19 407.40 556.04 704.955.0 22.33 76.93 137.19 197.90 258.1910.0 4.21 22.33 48.13 76.93 106.86
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Table A.9. r = 4 Ratio of Sampled Standard Deviations=�2Values of ÆE(Y �j ) � 1 2 3 4 5E(Y �1 ) 0.5 1.06 1.12 1.12 1.12 1.121.0 0.97 1.06 1.11 1.12 1.122.0 0.98 0.97 1.01 1.06 1.105.0 1.00 0.99 0.97 0.96 0.9710.0 1.00 1.00 0.99 0.99 0.98E(Y �2 ) 0.5 0.90 0.82 0.79 0.77 0.761.0 0.87 0.90 0.86 0.82 0.802.0 0.89 0.87 0.90 0.90 0.885.0 0.97 0.91 0.87 0.87 0.8710.0 1.00 0.97 0.94 0.91 0.89E(Y �3 ) 0.5 0.82 0.77 0.75 0.74 0.731.0 0.80 0.82 0.79 0.77 0.762.0 0.80 0.80 0.82 0.82 0.805.0 0.92 0.83 0.79 0.79 0.8010.0 0.98 0.92 0.87 0.83 0.80E(Y �4 ) 0.5 0.78 0.75 0.74 0.73 0.721.0 0.76 0.78 0.76 0.75 0.742.0 0.75 0.76 0.78 0.78 0.775.0 0.87 0.77 0.74 0.75 0.7610.0 0.96 0.87 0.81 0.77 0.75
Table A.10. Gamma Distribution r = 4 Ratio Standard Deviations of Y �=�Values of Æ� 1 2 3 4 50.5 1.06 1.10 1.10 1.10 1.101.0 0.96 1.06 1.10 1.10 1.102.0 0.97 0.96 1.01 1.06 1.095.0 1.00 0.98 0.97 0.96 0.9610.0 1.00 1.00 0.99 0.98 0.97
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