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ABSTRACT

In a secret sharing scheme, a dealer has a secret and distributes shares
of the secret to the participants. The shares are distributed in such a way that
only certain subsets of the participants can combine their shares to recover the
secret. We use projective geometry to construct a secret sharing scheme for
which the shares are represented by points in a projective 4-space. A sharply
focused set is a set of k points, no three collinear, in a finite projective plane
in which the (]2“) distinct secants formed by this set intersect a given line in
exactly k£ points. We use sharply focused sets to design a scheme so that
certain subsets of participants can pool their shares to calculate the secret.
Several examples show how sharply focused sets can be used for differing sizes
of the subsets of the participants that are allowed to calculate the secret. We
provide a proof that sharply focused sets obtained from a certain construction
correspond to cosets of a group. This implies that the possible sizes of these
sharply focused sets are divisors of the group order. Finally, we provide a new
construction that uses subplanes in planes of prime power order. The previous
construction method works only on planes of odd order, but the subplane

construction method works in planes of both even and odd order.
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1. Secret Sharing Schemes

In a secret sharing scheme, a dealer has a secret and would like to
give every participant of this scheme a share of the secret. The shares should
be distributed secretly, so that no participant knows the share of another
participant. Also, some time later a subset of the participants could pool their
shares in an attempt to compute the secret. In some situations the dealer may
want some of the subsets of participants to be able to compute the secret while
other subsets of the participants to be unable to compute the secret [2, 7]. If
the dealer is faced with this type of situation, then it is necessary to identify

the appropriate subsets of participants before the shares are distributed.

1.1 A Generic Secret Sharing Scheme Involving the Employees of
a Bank

In a bank, there is a vault that must be opened every day. The
president of the bank employs a number of senior tellers and vice presidents
but does not trust any individual with the combination to the vault. So, a
system needs to be designed in which certain combinations of these employees
can open the vault.

One plan is to design a system, call it Design A, whereby any three
senior tellers can open the vault or any two vice presidents can open the vault.

Although this appears as a practical solution in theory, this system might not



work in reality if only two senior tellers and one vice president show up for
work [7]. A more practical design, Design B, is obtained by adding to Design
A the ability for two tellers and one vice president to open the vault. One
must insure that no pair of senior tellers can open the vault while allowing any
vice president in cooperation with a pair of senior tellers the ability to open
the vault [6]. If we can do this, we will have obtained a secret sharing scheme
in which the dealer is the president of the bank, the participants are the vice

presidents and senior tellers, and the secret is the combination to the vault.

1.2 An Introduction to Projective Geometry

People who have studied only Euclidean geometry regard it as an obvious
fact that two coplanar lines with a common perpendicular are parallel, in
the sense that, however far we extend them, they will remain the same
distance apart. By stretching our imagination we can conceive the pos-
sibility that this is merely a first approximation: that if we could extend
them for millions or billions of miles we might find the lines getting closer
together or farther apart. When we look along a straight railroad we get
the impression that the two parallel rails meet on the horizon. Anyhow,
by assuming that two coplanar lines always meet, we obtain a system of
propositions which is just as logically consistent as Euclid’s system [3].

Definition: [8] A finite projective plane consists of a finite set P of points and
a set of subsets of P called lines, which satisfies the axioms (A1), (A2), and
(A3):
(A1) Given two points, there is exactly one line that contains both;
(A2) Given two lines, there is exactly one point that lies on both;
(A3) There are four points, of which no three are collinear.

In this setting, if a point lies on a line then the point is said to be

incident with the line. Similarly, the line is also said to be incident with the



point. The axioms in the definition of a finite projective plane are the keys
to the proofs of the following lemmas dealing with the incidence of points and
lines in a finite projective plane, II.
Lemma 1.3.1. [1] If /; and 5 are any two distinct lines of II, then there is a
point P in II not incident with [; and [s. [
Lemma 1.3.2. [1] Any two lines of II are incident with the same number of
points. [ |
Lemma 1.3.3. [1] Any two points of II are incident with the same number of
lines. [

In a finite projective plane, there are a finite number of points on a
line, a finite number of lines through a point, and a finite number of points
and lines in the plane. The previous three lemmas can be combined with some
results not mentioned here to obtain the following important theorem on the
exact numbers for the above incidences.
Theorem 1.3.4. [1] Let 11 be a finite projective plane. Then there is an
integer q such that

(1) Every point of Il is incident with exactly ¢ + 1 lines;

(2) Every line of 11 is incident with exactly ¢ + 1 points;

(3) 11 contains ezactly ¢> + q + 1 points;

(4) 11 contains ezactly ¢* + q + 1 lines. [ ]

One commonly used construction for obtaining a projective geometry,
denoted by PG(n,q), starts with a vector space. Let V(n+1,q) be a vector
space of rank n + 1 over a finite field GF(q) where q is a prime power. The

elements of V(n+1,q) are the (n+1)-tuples of the form (zg,zq, -, z,) where



the x; are in GF(q). The points, lines, and planes of PG(n,q) are the rank
1, 2, and 3 vector subspaces in V', where rank is the algebraic dimension of a
vector subspace. The geometric dimension of objects in PG(n,q) refers to the
geometric concept where lines are 1-dimensional, planes are 2-dimensional and
so forth. The rank and dimension always differ by one, i.e., a rank 2 subspace
corresponds to a line which is referred to as having geometric dimension 1.

In this construction, incidence is defined by subspace containment.
In the projective geometry setting, lines are regarded as certain sets of points
and similarly planes can also be regarded as certain sets of points. If a point
lies on a line or in a plane, then the point is said to be incident with the line
or plane. This is equivalent to the notion of a rank 1 subspace being contained
in a rank 2 or rank 3 subspace.

When n = 2, the vector space construction of a projective geometry
gives a finite projective plane that we examined earlier. Every plane arising
from this construction satisfies the axioms given in the formal definition of a
finite projective plane.

A well known result from Linear Algebra states that if S and T are

vector spaces then
rk(S) +rk(T) =rk(SNT) +rk(SUT).

Let I' = PG(4,q) be derived from a rank 5 vector space. Then we can use the

rank formula to determine the possible incidences of lines and planes in I'.
First, we examine the relationship between two distinct planes, m;

and my, in I'. If m; and 7y lie in a common 3-dimensional subspace of T,

(i.e., rank 4 vector space) then the rank formula tells us that these two planes



intersect in a line (a rank 2 vector subspace). But, if m; and 75 do not lie in
a common 3-dimensional subspace of I', by the rank formula, m; and 7, must
intersect in a point, since their union would have rank 4. Let P, (), and R
are be three non-collinear points in I'. Since each point has rank 1 and two
points determine a line, the rank formula tells us that the smallest subspace
containing these 3 points is a rank 3 subspace of I', which is a projective plane.

Next, we examine the incidence relationship between a line, [ and a
plane 7, both in I'. If [ meets 7, then [ either meets 7 in a point or is entirely
contained within 7. Suppose two points of [ are in 7. Then since 7 is a vector
subspace, the span of any two points that lie in 7, also lies in 7. In this case,
it must be that [ is entirely contained in 7.

We will consider a special type of object called an oval in the projec-
tive plane, 7 = PG(2,q). Similar to an oval in Euclidean geometry, an oval,
denoted €2, in 7 is set of ¢ + 1 points in 7 such that no three of the points are
collinear. Since no three points on €2 are collinear, if [ is a line in 7, then [ can
intersect (2 in at most two points and we can classify [ in the following way:

e [ is a tangent line to Q provided |l N Q| =1,

e | is a secant line to Q provided [l N Q| = 2,

e [ is an exterior line to § provided |l N Q| = 0.
Let P be a point in 7. Then P can be classified in three ways with respect to
Q.

e if P ison () then P is called an oval-point,

e if P is not on 2 but on a tangent line to €2 then P is called an ezterior

point, and



e if P is neither on {2 nor on a tangent line to {2 then P is called an
nterior point.
For ¢ odd, we have that any exterior point to {2 has exactly two tangents
through it. When ¢ is even, there are no interior points, since every point is
on a tangent line and all tangents with respect to {2 intersect at a unique point
in the plane, called the nucleus (or knot) of €.

We can use some of the incidence relationships between [, m and a
point P in I to construct a secret sharing scheme that satisfies the requirements
of Design A and Design B. This is accomplished by assigning, as the shares
each participant receives in the scheme, a special point in I'. The points of
m and [ will represent the shares distributed to the senior tellers and vice
presidents and a point P will represent the secret. We will describe a method
for distributing the shares in a projective 4-space so that only certain pre-

determined subsets of participants can calculate the secret.

1.3 Using Projective Geometry to Construct A Secret Sharing
Scheme for a Bank

We are now ready to examine the relationship between the bank
situation and some planes and lines in a projective 4-space. In both Design A
and Design B, we would like the secret to be represented by a special point,
P, in a finite projective plane, V; in I'. The only information available about
P to the senior tellers and vice presidents is that P is represented by a point
in V. V, is often referred to as the domain variety and is generally public

knowledge. The shares belonging to the senior tellers and the vice presidents



can be represented by specially selected points in I'. By carefully selecting the
points that we pick to represent shares, we can alter the relationships between
[ and V,; as well as [, m and Vj to create a geometric interpretation of the secret
sharing schemes associated with the bank problem.

In Design A, the secret sharing scheme that we seek to develop is
sometimes referred to as a two-level concurrence scheme. A two-level concur-
rence scheme requires concurrence of the participants in at least one of the two
levels before a controlled action can take place. In this instance, the controlled
action is the pooling of the shares to calculate the combination to the bank
vault. One concurrence level consists of the bank vice presidents and the other
concurrence level consists of the senior tellers. Any two points representing
the shares of the vice presidents will define a line [ € I' that intersects V, in
only point P. Any three points representing the shares of the senior tellers
should define a plane m € I' that intersects V,; in only point P. In order to
have this property in the latter case we must insure that no three of these
points are collinear. For, if those points were collinear, they would only define

a line and not the desired plane 7 that we require them to form.

Figure 1.1. A Geometric Representation



Suppose the line [ formed by two shares belonging to vice presidents
intersects the plane 7 formed by the three shares belonging to senior tellers in
exactly one point. Also, suppose that = and [ both intersect V; at the point
P. Then necessarily, the intersection of 7 and [ is P. This is the situation
as described in Design A. One point is not enough information to generate a
line and two points are not enough information to generate a plane. So, if [ is
not contained in 7 and only one vice president and two senior tellers come to
work, then there will not be enough information among the three participants
to calculate the secret.

To avoid this situation in Design A, we created a new design, Design
B, having a stronger relationship between [ and 7 other than their intersection
being only P. If [ and 7 intersect at more than one point, then [ must lie in
the plane 7. Just as in Design A, [ and 7 both need to intersect Vj in the
point P. Since P is a point that represents the secret, the coordinates that
represent P are unknown to the senior tellers and vice presidents. Just one
vice president alone does not have enough information to generate a line that
intersects V,; at P, since two points are required to generate a line. Similarly,
any two senior tellers do not have enough information to generate a plane that
intersects V,; at the point P, since three points are required to generate a plane.
Furthermore, for this to be a perfect design, i.e., one in which no set of shares
other than the pre-determined ones can be combined to obtain the secret, no
pair of the points in 7 belonging to the senior tellers can be collinear with P.

For three senior tellers to be able to pool their shares and calculate

the secret, it is necessary for the points representing the shares belonging to



the senior tellers to have the property that they are not collinear and all lie in
the same plane, m. Thus, these points are constrained to lie on an oval.

The points representing the shares of the vice presidents must lie on
a line that intersects V; at P. Since we are adding the new restriction that a
vice president and any two senior tellers have the ability to pool their shares
and calculate the secret, we need the points representing the shares belonging
to the vice presidents to also lie in 7. In order for any vice president to be
able to calculate the secret with only two senior tellers, any pair of points in
m given to senior tellers may not be collinear with any point on [ belonging
to any of the vice presidents. With these restrictions, we can be assured that
one vice president and any pair of senior tellers can calculate the secret while
at the same time insuring that no pair of senior tellers can calculate the secret

alone. Figure 1.2 illustrates this concept.

Figure 1.2. Another Geometric Representation

In Figure 1.2, we have a geometric representation of a possible way

to distribute the shares. Suppose that a and b are used as shares, then a third



share, say c¢, collinear with a and b, could not be used in conjunction with a
and b. If this happened, then these three shares would generate a line instead
of the desired plane necessary to recover P. Any three shares distributed to the
senior tellers should not be collinear, since these points could not determine
a plane. It is for this reason that we require that the shares belonging to the
senior tellers lie on an oval of .

An example of a geometric perfect secret sharing scheme for Design
B would be to let the shares belonging to the vice presidents be represented by
the points g and h and the shares belonging to the senior tellers be represented
by the points a, d, and f. Thus, the two vice presidents could calculate a line
intersecting V; at P, and the three senior tellers could calculate the plane 7
intersecting V,; at P, while any vice president and two senior tellers could also

calculate this plane intersecting V, at P.
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2. Sharply Focused Sets of lines in PG(2,q)

2.1 The Relationship Between Sharply Focused Sets and Secret
Sharing Schemes for a Bank
In the previous bank illustration, the president of a bank does not
trust any individual with the combination to the vault. A system was designed
that would allow certain subsets of the employees to open the vault, while other
subsets were not able to open the vault. For instance, one vice president and
two senior tellers could open the vault, but one vice president and one senior
teller could not. The system that was designed in Chapter 1 to accommodate
the president’s wishes had strict restrictions on what type of points could
represent the shares belonging to the senior tellers and vice presidents. What
happens to our design of a perfect secret sharing scheme, when the president
adds more employeesl” We are interested in maximizing the number of shares
that can be distributed in 7, so that an efficient design can be constructed for
any number of employees, such that:
e any two vice presidents can combine their shares to calculate the se-
cret,
e any three senior tellers can combine their shares to calculate the secret,
and
e any one vice president and any two of the senior tellers can combine

their shares to calculate the secret.
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Since any line in 7w has ¢ + 1 points, there are at most ¢ points
available to use as shares for the vice presidents, since one point of the line
must be used to represent the secret. In a projective plane of odd order, there
are at most ¢ + 1 points with the property that no three of the points are
collinear and these ¢ + 1 points form an oval, €2. Points of {2 are ideal choices
to represent the shares belonging to the senior tellers. In the bank illustration,
it was necessary that no pair of points in m belonging to the senior tellers be
collinear with P. Also, for any vice president and any two senior tellers to be
able to pool their shares to calculate the secret, it was necessary for the two
shares belonging to the senior tellers not be collinear with the share belonging
to the vice president. Out of the ¢ + 1 points on [ and the ¢ + 1 points on the
oval, how many can be used as shares so that the incidences mentioned above
are avoidedI’

Any two shares given to the senior tellers determine a secant line of 2
that intersects [ in a point. We would like to determine the subsets of the ¢+ 1
points of {2 whose secants intersect [ in the smallest number of points. Such
subsets will provide the greatest number of points for use as shares for the
vice presidents. Let K be a subset of {2 with k£ points. There are ('2“) distinct
secants formed by points of K. Let x represent the number of points at which
these secants intersect [. Observe that, for a fixed point on [, there are at most
|£] secants of K that contain this point. Clearly, z|%] > (’2“) If k=2m+1,
for some m, the minimum value of = consistent with this inequality is &, but if
k = 2m, k — 1 is the minimum number of shares that may not be distributed

to the vice presidents. The lower bound of £ — 1 can only be achieved under

12



special circumstances, which leads us to the following definition. A set, KC, of k

points no three collinear in a finite projective plane 7 = PG(2, ¢) is said to be

k

sharply focused on a line [ if the (2

) distinct lines defined by pairs of the points
of K intersect [ in only k distinct points [6]. By having the shares belonging
to the senior tellers be focused on as few points as possible on [, more shares

can be distributed. That is, the remaining points on [ (other than P) are then

eligible to be used as shares for vice presidents.

2.2 Coordinate Representation of Points and Lines in PG(2,q)

Before we develop a construction for finding sharply focused sets and
present examples, we need a coordinate representation of points and lines in
a projective plane. Let F = GF(p") be a finite field of order p", p a prime
and define 7 to be the projective plane, PG(2,p"). Then the points of 7
can be represented by ordered triples of elements from F, with not all of the
coordinates being zero. For instance, a point P € 7 can be represented by
(21, 29, x3) where x; € F and at least one x; # 0. Two points (xy, 29, x3) and
(y1,y2,ys) are said to be equivalent if there is a scalar o € F, o # 0, such
that x; = ay; fort =1, 2, 3. So that any point in 7 can be represented in the
form (z1,29,1), (1,29,0), or (0,1,0) where 1 is the identity of F [1].

The lines in 7 are defined in the same manner at the points but
instead of using ordinary parenthesis, we use square brackets. So that if [ is
a line of 7, | = [x1, 29, x3] with not all x; = 0. Two lines, [z, 29, x3] and
[y1, Y2, y3] are equivalent if there is some scalar « € m, a # 0, such that

z; = ay; for i =1, 2, 3. A point, (a,b,c), and a line, [z, y, z|, are incident

13



if and only ax + by + cz = 0. For m, x, y, k € F we can represent lines in
our projective plane as equations of lines used in the Euclidean Plane. The
line y = max + b can be written as [m, —1,b] and consists of all points of the
form (z,mz + b,1) as well as the point (1,m,0). The line x = k has the
form [—1,0, k] and consists of all points represented by (k,y,1) and (0, 1,0).
The line [0,0, 1], also referred to as the line at infinity, contains all points

represented by (1,z,0) [1].

2.3 Construction of Sharply Focused Sets in PG(2,q)

We now develop the construction used in [6] to create sharply focused
sets in PG(2,q) with ¢ odd.

Let © be an arbitrary conic in 7 = PG(2,q), ¢ odd and [ either an
exterior line or a secant line of Q0. A conjugate pair of points on 2 with respect
to the line [ are two points A and B, such that the tangent lines to €2 at A and
B both intersect [ in the same point. If [ is an exterior line to €2, then these
conjugate pairs are determined by first computing the tangent line equation
for each point on 2. These ¢ + 1 tangent lines intersect [ in exterior points
and will lie two at time on each exterior point of [. If [ is a secant line to €2,
then [ and €2 share two points. Disregarding these two points, the remaining
q — 1 points of €2 can be classified into conjugate pairs by the same method
used when [ was an exterior line. In the process of identifying conjugate pairs
of points on 2, we identify all the exterior points on [, so that the remaining

points on [ must be interior points.
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The secant/tangent incidence table is the main tool used to identify
sharply focused sets corresponding to [. This is a square table whose rows and
columns are indexed by points on €2, not on [, and whose entries are indexed
by points on [, not on . More specifically, let i and j be two points on Q \ [.
If 7 # j, then these two points determine a secant line that intersects [ at the
point in the (7, j) position of the table. Similarly, if i = j, then this point has a
tangent line that intersects [ at the point in the (7,7) position of the table. For
the ease of finding sharply focused sets, points of Q will be listed by conjugate
pairs in the table.

To look at specific examples, we will make several choices for the oval
as well as the line on which this oval is to be sharply focused. First we choose

for our arbitrary oval the specific conic,

Q={(.7%1) | j € GF(g)} U{(0,1,0)}.

The exterior and secant lines that we will be dealing with in the examples
consist of the set of points in 7 that satisfy the equation y = ¢, ¢ € GF(q)
along with the point (1,0,0). This line, [, will be referred to as “y = ¢”. If ¢ is
a square in GF(q), then this will be a secant line to €2, since [ and €2 will have
two points in common. If ¢ is not a square, then this will be an exterior line
to 2. For simplicity, we will use a compact notation to represent points of €2
as well as points of [. The point (0,1,0) €  will be represented by @ and the
number j will indicate the point (7,7%,1) € 2. Similarly, the point (1,0,0) €
will be represented with a and the number ¢ will indicate the point (j, ¢, 1) of

L.
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2.4 Two Examples with q = 11

The following two examples for ¢ = 11 help to clarify the procedure
and also show how the secant/tangent incidence tables are used to obtain
sharply focused sets.
Example 2.4.1 Let ¢ = 11 and, since 2 is not a square in GF(11), let [ be
the exterior line to €2 are given by y = 2. Then the six exterior points of [
with respect to €2, a, 6, 5, 0, 4, 7, correspond to the following conjugate pairs

of points on Q: {a@,0}, {5,7}, {6,4}, {3,8}, {9,10}, and {1, 2}.

a 0 5 7 6 4 3 8 9 10 1 2
ala 05 7,6 4|3 8|9 101 2
0/0 a|7 5|4 6|8 3|10 9|2 1
55 716 4]a 0]9 10/1 2|3 8
7|7 514 6|0 all0 9|2 18 3
6|6 4]a 0|5 71 2|3 81]9 10
414 6|0 a|7 5|2 1|8 3|10 9
313 819 101 210 al|7 5|4 6
818 310 92 1]a 0|5 7|6 4
919 101 23 8|7 5|4 6|0 a
010 912 18 3|5 7|6 4|a 0
11 213 89 104 6|0 al|T7 5
212 118 3|10 9/6 4|a 0|5 7

Table 2.1. The Incidence Table for ¢ = 11 and [ an Exterior Line

Notice that every 2 x 2 block in Table 2.1 contains either exterior
points of [ or interior points of [, but not both. Also, observe that this table
can be partitioned into four 6 x 6 blocks, where the two 6 x 6 blocks that
constitute the main diagonal contain only exterior points and the two 6 x 6
blocks that constitute the off diagonal contain only interior points of [.

We are searching for a set of k£ points on {2 whose secant and tangent

16



lines intersect [ in exactly k£ points. We start the search for sharply focused
sets by taking a closer look at the two 6 x 6 blocks that lie on the main
diagonal of the table. The block that appears in the upper right corner of the
table contains only the six exterior points of [ and is created from the secant
and tangent lines generated by three distinct conjugate pairs of elements in
Q, namely {a,0}, {5,7}, and {6,4}. Similarly, the block that appears in the
lower right corner of the table also contains only the six exterior points of [.
This block is created from the secant and tangent lines generated by the three
other distinct conjugate pairs of elements in €, {3,8}, {9,10}, and {1,2}. We
sharply focused on the six exterior points of [.

We can use certain elements from the three conjugate pairs that gen-
erate each 6 x 6 block on the diagonal of the table to create sharply focused sets
of size three. Let Ky and Ky be the two sets of points on {2 whose elements are
the first elements in each conjugate pair and the second elements in each con-
jugate pair, respectively. Then we have that K; = {@, 5,6} and Ky = {0,7,4}.
The secant and tangent lines created from Ky intersect the points on [ that
lie in the (1, 1)-position of each 2 x 2 subblock. Since there are only 3 points
of [ in each corner of the 2 x 2 subblocks, Ky is sharply focused on the points
a, 5, and 6 of [. A similar inspection with K, shows that this set is sharply
focused on the points 0, 7, and 4 of [.

Two more sharply focused sets of size six can be created in a similar

fashion to the sharply focused sets of size three that were created. Let Ky =

17



either the first or second elements in each conjugate pair listed across the top
row of the table. Then, by examining the (1, 1)-position of each 2 x 2 subblock
of the table, we can see that KC; is sharply focused on the points a, 5, 6, 3, 9,
and 1 of [. Similarly, by examining the (2,2)-entry of each 2 x 2 subblock of
the table, we see that Ky is sharply focused on the points 0, 7, 4, 8, 10, and 2.

For the final search for sharply focused sets, we will examine corre-
sponding 2 x 2 subblocks in each of the four 6 x 6 blocks. More specifically,

h

for i =1, 2,3, we want to examine the blocks of size four created from the it

conjugate pair and the (3+ i)th

conjugate pair of points on €2 listed across the
top of the table.

The secant and tangent lines generated by the conjugate pairs, {a@, 0}
and {3, 8} intersect [ in points that lie in the four 2 x 2 subblocks located in the
upper left corner of each of the 6 x 6 blocks. Since these four 2 x 2 subblocks
contain only four points of [, these two conjugate pairs form a sharply focused
set of four points.

Similarly, the two conjugate pairs, {5, 7}, and {9, 10} generate secant
and tangent lines whose intersections with [ are the points located in the 2 x 2
subblocks located in the center of each 6 x 6 block. Since these four 2 x 2
subblocks contain only four points of [, the two conjugate pairs of points on €2
form a sharply focused set of size four.

A final sharply focused set of size four can be created from the re-
maining two conjugate pairs of the table. The pairs, {6,4} and {I,2} have
secant and tangent lines that intersect [ in exactly four points. The points of

intersection are in the 2 x 2 subblocks that are located in the bottom right
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corner of each 6 x 6 block. Thus, these two conjugate pairs also form a sharply
focused set of size four.

Thus, by inspecting the table, we have found sharply focused sets of

and 1 of [ and 0, 7, 4, 8, 10, and 2 of [ respectively. The sets of four points
{@,0,3,8}, {5,7,9,10}, and {6,4, 1,2} of Q are sharply focused on the points
a, 0, 3, 8, the points 6, 4, 1, 2, and the points 5, 7, 9, 10 of [, respectively.
The sets of three points {@,5,6} and {0,7,4} of Q are sharply focused on
the points a,5, and 6 of [, while the sets of points {3,9,1} and {8,10,2} are
sharply focused on the points 0, 7, and 4 of [.

Example 2.4.2 Again, let ¢ = 11 but instead of using the exterior line y = 2
to €2, we use a secant line in the search for sharply focused sets. Since 5 is a
square in GF(11), let [ be the secant line given by y = 5. Since [ is a secant
line to €2, the two points that lie on both [ and 2 will be omitted from the
table. The five exterior points of [ with respect to €2, a,3,6,5,8, have the
corresponding conjugate pairs of points on Q: {@,0}, {5,1}, {3,9}, {8,2}, and
(6,70}

Since we have an odd number of conjugate pairs, this table cannot
be divided into four subblocks as was done for the previous example. Notice
that every 2 x 2 block in this table contains exterior points of [ on the diagonal
and interior points of [ on the off diagonal.

We can find sharply focused sets of size five by conducting a search
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a 0 5 I 3 9 8 2 6 10
ala 05 1|3 918 2|6 10
0/0 a1l 5|9 3|2 8|10 6
505 113 918 26 10{a 0
1/1 519 3|2 8|10 6|0 a
313 918 26 10|a 0[5 1
919 3|2 8|10 6[0 a|l 5
818 216 10]a 0[5 13 9
212 810 6|0 a|1 5|9 3
616 10]a 0[5 1]3 9]8 2
0({10 6|0 a|1 5|9 3|2 8

Table 2.2. The Incidence Table for ¢ = 11 and [ a Secant Line

similar to that in the previous example. Let K; = {a,5,3,8,6} and Ky =
elements in each conjugate pair listed across the top row of the table. Then,
by examining the (1, 1)-entry of each 2 x 2 subblock of the table, we can see
that K; is sharply focused on the points a, 5, 3, 8, and 6 of [. Similarly, by
examining the (2, 2)-entry of each 2 x 2 subblock of the table, we see that K,
is also sharply focused on the points a, 5, 3, 8, and 6 of [.

By inspecting the table, it can be seen that sharply focused sets of
size 5 exist and can obtained by creating a set that contains exactly one point
points on €2 are both sharply focused on the five points a, 5, 3, 8, and 6 of [.

Thus, for ¢ = 11, there exists sharply focused sets of sizes 3, 4, 5,

and 6.
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2.5 Two Examples with q = 13

Next, we examine the various secant/tangent incidence tables for
g = 13 when [ is an exterior line and a secant line.
Example 2.5.1

Let ¢ = 13 and since 2 is not a square in GF(13), let [ be the exterior
line to €2 given by y = 2. Then the seven exterior points {a,3,6,11,1,4,8}
of [ with respect to €2 have the corresponding conjugate pairs of points on €

{a,0}, {1,2}, {3,5}, {4,7}, {6,9}, {8,10}, and {11,12}.

a 0 1 2 3 5 4 7 6 9 8 10 11 12
ala 01 23 5|4 7|6 9|8 1011 12
0|0 a2 1|5 3|7 419 6|10 8|12 11
1|1 213 5|4 716 9[8 1011 12| a 0
212 115 3|7 419 6|10 8|12 110 a
313 514 716 9]8 1011 12{a 0]1 2
515 3|7 419 610 8|12 11|{0 a |2 1
414 716 918 1011 12]/a O0[1 23 5
717 419 610 812 110 a |2 1|5 3
6|6 98 1011 12]{a O0]1 23 5[4 7
919 610 8|12 110 a |2 1|5 3|7 4
818 1011 12 a O] 1 2[3 5[4 7][]6 9
0(10 8|12 110 a |2 1|5 3|7 419 6
1Imf11 121a 01 23 5|4 716 9|8 10
2112 110 a |2 1|5 3|7 419 6|10 8

Table 2.3. The Incidence Table for ¢ = 13 and [ an Exterior Line

This table is similar to the table in Example 2.2, since the seven
exterior points of [ lie on the main diagonal of each 2 x 2 subblock of the
incidence table and the seven interior points of [ lie on the off diagonal of each
2 x 2 subblock of the table. By inspecting the table and conducting our search

in a similar fashion to the search in Example 2.2, it can be seen that two
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1, 3, 4,6, 8, and 11 of L.
Example 2.5.2

Again, let ¢ = 13 but instead of using the exterior line y = 2 to €2,
we use a secant line to aid in the search for sharply focused sets. Since 3 is
a square in GF(13), let I be the secant line given by y = 3. Then, the six
exterior points a, 8, 5, 0, 2, 11 of [ with respect to €2 have the corresponding

points as conjugate pairs: {a,0}, {5,10}, {8,2}, {6,7}, {3,1}, and {12,10}.

a 0 5 11 8 2 6 7 3 1 12 10
ala O0]5 118 2|6 7|3 112 10
00 a1l 52 8|7 6|1 3]10 12
515 118 2]a 0]3 1][12 10]/6 7
|1t 5|12 8|0 a1l 310 127 6
818 2]a 0[5 1112 106 7|3 1
212 8]0 alflll 5|10 12| 7 6|1 3
6|6 73 112 100 a |11 5|2 8
717 61 310 12{a 0|5 11|8 2
313 11]12 1016 7 [11 52 8]0 a
1|1 310 127 6|5 118 2|a 0
2112 106 73 1]2 8|0 a1l 5
0010 12|17 6|1 3|8 2|a 0|5 11

Table 2.4. The Incidence Table for ¢ = 13 and [ a Secant Line

Observe that we can partition this table into four 9 x 9 blocks. Also,
notice that in this table pairs of the exterior points lie in the 2 x 2 blocks on
the main diagonal, and pairs of the interior points lie in the 2 x 2 blocks on
the off diagonal. This table has a similar structure to the table in Example 2.1

and the search for sharply focused sets can be conducted in a similar fashion.
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By inspecting the table, it can be seen that there are sharply focused

a, 5,8, 6,3, and 12 of [. The sets {a,0,6,7}, {5,11, 3,1}, and {8,2,12,10} of
points of Q are sharply focused on the points a, 0, 6, 7, the points 8, 2, 12,
10, and the points 5, 11, 3, and 1 of [ respectively. The two sets {@, 5,8} and
{0,11,2} of points on Q are both sharply focused on the points a, 5, and 8 of
[. Similarly, the two sets {6, 3,12} and {7,1,10} are both sharply focused on
the points 0, 11, and 2 of [. Thus, for ¢ = 13, there exists sharply focused sets

of size: 3, 4, 6, and 7.

2.6 Structure of the Incidence Tables
The structure of the incidence tables in Examples 2.1-2.4 can be

somewhat explained. The 2 x 2 blocks of each incidence table are always of

the form
,,,,,,,, b B
a T y
o X

Figure 2.1. Structure of the Incidence Tables
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where the nature of z and y (with respect to €2) are determined by whether
g = £ 1mod 4. The points b, 3 and a, a on {2 are conjugate pairs with respect
to some line [. That is, the tangents through both a and « intersect [ at the
same point. The same is true for b and 3. If a secant through a and b intersects
[ at x then so does the secant through « and (. Similarly, if a secant through
a and 3 intersects [ at y then so does the secant through o and b [6].

The secant/tangent incidence tables will be one of two basic designs,
depending on whether ¢ = +1 mod 4 and whether [ is a secant line or an
exterior line to €.

e If ¢ = 1 mod 4 and [ is an exterior line to €2, then there will be an odd
number of conjugate pairs in 2. Each 2 x 2 block of the incidence table
will have the exterior points of [ on the diagonal and interior points of
[ lie on the off diagonal. The same structure occurs for ¢ = —1 mod 4
and [ a secant line to (2.

e If g = —1 mod 4 and [ is an exterior line, then there will be an
even number, n, of conjugate pairs in €2 with respect to [. The table
can be partitioned into four sub-blocks each of size n x n. If the
conjugate pairs of €2 are arranged appropriately, then the two sub-
blocks that lie on the main diagonal of the table consist of 2 x 2 blocks
of exterior points of [ and the two sub-blocks on the off diagonal consist
of 2 x 2 blocks of interior points of [. The same structure also occurs

for ¢ =1 mod 4 and [ a secant line to (.
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2.7 General Method

After creating the secant/tangent table, it is a matter of examining
this table to determine the sharply focused sets. For small values of ¢, we can
obtain subsets of €2 that are sharply focused on a line [ by using the following
methods:

Suppose ¢ = 1 mod 4 and [ is an exterior line or ¢ = —1 mod 4 and
[ is a secant line. Then depending on the congruence of ¢, we can construct
sharply focused sets of size either ”T“ or ”T’l, where n is the odd number of
conjugate pairs. To construct two sharply focused sets of the above size, we
take either all the first elements of each conjugate pair listed in the incidence
table or all the second elements of each conjugate pair listed in the table.

If ¢ =1 mod 4 and [ is a secant line or ¢ = —1 mod 4 and [ is
an exterior line, then there are several ways to create sharply focused sets
of various sizes. Let n be the even number of conjugate pairs created in the
construction of the table. To create two sharply focused sets of size § we use

the first § conjugate pairs in the incidence table to construct one set and the

remaining % conjugate pairs in the incidence table to construct another set.

oS

This creates two sets of 5 elements of (2 that are sharply focused on all the
exterior points of [. To create sharply focused sets of size 4, we use only two
conjugate pairs. For 1 <k < 7, the pth conjugate pair in the incidence table
and the (§ + k) conjugate pair in the incidence table will produce a sharply
focused set of size 4.

In PG(2,9), g odd, there exists sharply focused sets of size k, where k

is 3, 4 or a proper divisor of ¢+ 1 and ¢ — 1 other than 2. Simmons [6] offers no
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proof that these are the only possible sizes of sharply focused sets, in the next

chapter we provide a proof that this is always the case for this construction.

26



3. Proving the Divisibility Argument

The restrictions imposed on the length of Simmons’ paper [6] did
not allow him to provide proofs for statements concerning the secant/tangent
incidence tables and the division property that sizes of sharply focused sets
must divide either ¢ + 1 or ¢ — 1. We shall provide the proofs that the size of

a sharply focused set constructed by his method must divide ¢ + 1 or ¢ — 1.

3.1 A Relationship Between Points of () and Points of [

Let F = GF(q), where ¢ is an odd prime power, be a field and let a
be a symbol not in F. The construction used to create sharply focused sets in
PG(2,q) used the specific conic Q = {(j,7%,1)|7 € GF(q)}U{(0,1,0)}, where
the points of Q are denoted by j and @. When ¢ is not a square in GF(q),
[ is the exterior line y = ¢ whose points {(j,c,1)|7 € GF(¢)} U {(1,0,0)}
are denoted by 7 and a. The points of 2 are identified with the elements of
F U {a} by T <> x and the points of [ are identified by = <> z. By means
of these identifications, the secant/tangent incidence table defines a binary

operation on F U {a}, which is given by:

fcﬂ-j ep - .

vy if i # —J
o a ifti=—j
1By =

i ifj=a

Lj iti = a.
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Proof: Let i = (4,i%,1) and j = (4, 7%, 1) be two points of 2. The line through
7 and 7 is given by y = (i + j)z —ij. Note: if i = j then this is a tangent line.
The point of intersection of this line and [ is the point whose y-coordinate
is ¢. Setting this line equal to ¢ and solving for x, we find that the point of

c+ij

-, provided i # —j. If 7 is the same point

intersection has first coordinate
as —j, then the line through these points is the horizontal line given by y = 42
which intersects y = ¢ at the point a.

The points ¢ and @ form the secant line = 4. The line 2 = ¢
intersects the line y = ¢ at the point with x-coordinate . Similarly, the points
@ and 7 form the secant line # = j, which intersects y = ¢ at the point with
x-coordinate j. [ ]

Thus, we have a way of relating the points of Q to those of [ by
examining the relationship between the elements of FU{a} under the operation
of ®. Let F* = F U {a}. The following theorem proves that F* is a group
under .

Theorem 3.1.1. F* = F U {a} is a group under the binary operation @.
Proof: To show that F* is a group under &, we need to show that the following
three properties are satisfied.

e associativity: i ® (j@®k)=(i®j) Bk Vi, j ke F*

e identity: there exists e € F* such that it @e=e®i =1 Vi € F*

e inverse: for all i € F* thereisa j € F*such that i j=7®i =e.

a. (Associativity)
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Case 1. Suppose i, j, k # a. Then

i®(ok) = (i0j) Dk

. ct+ik
1@ Tk

c+1 (C;;—],f)
)

i+]

c—l—k(ﬂ)

- () e

= (i®j) Dk
Case 2. Suppose ¢ = a. Then
a®(jdk) = jok
= (a®j) Dk
The other cases involving element a are similar.

Case 3. Suppose k = —7. Then

ie(je—j) = i®a

-lCc— 2
— Z(07;2)
_ ctig :
= i 9
= (i®j)®—j
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Again, the remaining cases of this type are similar.
So, for any choice of 7, j, k € F*, associativity holds.
b. (Identity) Since a ® j = j = j @ a, the identity of F* is a.
c. (Inverse) Since i @ —i =a = —i @1, for all i € F*, the inverse of i is —i. m
For ¢ a square in GF(q), the secant line [ given by y = ¢ interesects €2
in the points 7 and 7. Notice that in this case T = z and J = y. Let 7 and j be
two distinct points of Q other than T and 7. If the secant line through 7 and j
intersects [ at, say x, then since 7 is also on €2, we have three points, 7, 7, and
T that are collinear. But, since €2 is an oval, no three points are collinear and
this can never happen. Now, observe that @ and @ are not in the intersection
of Q and [. Since @ = (0,1,0) of Q is not the same as the point a = (1,0, 0) of
[. Thus, @ and a will never be in the set QN1 = {Z,7}. So, the secant/tangent
incidence table is closed since the two points removed from both €2 and [ do
not appear anywhere in the table. We find that the set F*\ {z, 7} is closed
and possesses inverses for each element as well as an identity. Thus, F*\ {7, 7}
is a group under the same binary operation & defined above. The proof when
[ a secant line is essentially the same as the proof when [ is an exterior line. m
Thus, regardless of whether [ is an exterior line or a secant line, the
secant/tangent incidence table of the points of {2 and [ is isomorphic to the

multiplication table of a group.

3.2 Sharply Focused Sets Correspond to Cosets of a Group
The next thing that we show is that sharply focused sets correspond

to the cosets of F*.
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Theorem 3.2.1. Sharply focused sets constructed in this way have sizes that
are divisors of ¢+ 1 or g — 1, other than 2. Furthermore, these sharply focused
sets correspond to cosets in F*.

Proof: Let H = {by,by,---,br} be a sharply focused set of Q such that
|H| = k. We want to examine the subarray whose rows and columns are
indexed by the elements in H. Let ¢;; denote the (i, j)-entry of this subarray.
Since H is a sharply focused set the ¢;; are all elements of a size £ subset of
F*.

Suppose ¢,; = ¢g; = ¢ for some r and s. This implies that the secant
line determine by b, and b; intersects [ in the same point as the secant line
determined by b, and b;. Since ¢ and b; determine a unique line, this implies
that b,, by, b; are all collinear. This is impossible since they are all points of
an oval. Thus, no element appears twice in a column.

A similar argument shows that no element appears twice in the same
row.

This implies that the subarray indexed by H under & is a Latin
square, a k x k array whose entries all come from a set, S, of size k, with the
property that each element of S appears exactly once in each row and column
of the array.

Examine

H®—by = {b1® —by,by® by, -, by & —by}

= {a,by® by, -, b B —b}.
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Let the entries indexed by H & —b; be d;;, where

R
dij = (bi®—b)®(b;®—b)
= Cij @ *261.
By adding the same constant to each of the ¢;;’s, we obtain a set
of d;;’s which come from a set of £ elements. The addition of a constant to

all entries does not affect the property of the array of being a Latin square.

Notice that
dij = (bh®—b)®(b;®—b)

= a® (b;® —b)
= bj®—-b€ HD —b.
Thus, each entry of the subarray indexed by H & —b; is an element of H @& —b,
since this is a Latin square. This implies that H & —b; is closed under .
Since € is finite and H @& —b; is closed under the operation of &, H & —b; is
a subgroup, and so, H is a coset. Since the order of a coset is the same as
the order of a subgroup, Lagrange’s theorem tells us that the sizes of sharply
focused sets must divide ¢ + 1 or ¢ — 1. [
Although the proofs for the claims in [6] concerning the structure of
the secant/tangent incidence tables can be explicitly given using the previous
two theorems and some number theoretical arguments, the proofs will not be

provided here.
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4. Another Construction of Sharply Focused

Sets

Chapter 2 was devoted to using Simmon’s [6] method to construct
sharply focused sets in planes of order q. We will show that there is a method
of constructing sharply focused sets in planes of any prime power order, by
using subplanes in PG(2,q). Let II be a projective plane and let 7’ be a
projective plane whose points form a subset of the points of II and which is
such that every line £’ of 7’ is the intersection of 7' and a line £ of II. Then

7' is called a subplane of 11 [1].

s

Figure 4.1. Subplane of a Projective Plane

Since we are dealing with projective planes that are constructed over
finite fields we have the following useful theorem pertaining to subfields of
finite fields.

Theorem. [5] For each divisor m of n, GF(p") has a unique subfield of order

p™. Moreover, these are the only subfields of GF(p"). ]
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4.1 Even Characteristic Preamble

One of the properties fundamental to the previous construction, with
q odd, is the existence of conjugate pairs of points on an oval with respect to
some line [. Recall that a conjugate pair consists of two points on an oval
whose tangents intersected a given line at the same point. When p is even
all tangents to the oval intersect at the same point in the plane, known as
the nucleus. Therefore, conjugate pairs in planes of even order do not exist.
If sharply focused sets are to be found in planes of even order, an alternate
construction to the one provided by [6] that does not rely on conjugate pairs

will need to be developed.

4.2 Existence and Construction of Sharply Focused Sets in Planes
of Prime Power Order

The following theorem provides us with a new construction of sharply
focused sets when ¢ is a prime power.
Theorem 4.3.1. In PG(2,p°), p a prime, there exists sharply focused sets of
sizes p" + 1, p, and p™ — 1 where m is a divisor of e.

Proof: Let m be any divisor of e. Then 7 = PG(2, p™) is a subplane
of PG(2,p%). K = {(z,2%1) | € GF(p™)} U {(0,1,0)} is a set of p" + 1
points in m, with the property that no three are collinear. Then K is sharply
focused on any exterior line [ of K in 7. Since 7 is a subplane of PG(2, p®), [
can be extended to a unique line I’ in PG(2, p?). K being sharply focused on [
and ' being the extension of [ in PG(2, p¢) implies that K is sharply focused
on I in PG(2,p°).
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Now, suppose that [ is a tangent line to the oval K in 7 at a point
P, and define S = K \ {P}, so |S| = p™. Then [ is an exterior line to S and
by the proceeding paragraph, S is sharply focused on [\ {P}.

Finally, suppose that [ is a secant line to the oval I in 7 at the
points P and @, and define M = K\ {P,Q}, so that |[M| = p™ — 1. Then [
is an exterior line to M and by the first paragraph of the proof, M is sharply
focused on 1\ {P, Q}.

Thus, in PG(2,p°) there exist sharply focused sets of sizes p™ + 1,
p™, and p™ — 1 when m is a divisor of e. [

This theorem can be used to construct sharply focused sets in pro-
jective planes of both even and odd prime power orders. If #’ is a subplane
in a projective plane II, we use the p™ + 1 points of a conic in II that lie in
7' to form the desired sharply focused set, IC, M, or S, of points. Since K is
sharply focused on any exterior line in 7/, S is sharply focused on the appro-
priate tangent line in 7', and M is sharply focused on the appropriate secant
line, we can construct sharply focused sets of sizes p™, p™ + 1, and p™ — 1.

According to the construction method used for ¢, an odd prime power,
in PG(2,25) we should find sharply focused sets of sizes 3, 4, 6, 8, 12, and 13.
Since PG(2,5) is a subplane of PG(2,25), we can use the previous theorem to
construct another sharply focused set, a set of size 5.

Define 2 to be a conic in PG(2,5) and [ a tangent line to  at a point
P. Let S =Q\ {P} and observe that [ is an exterior line to S. By Theorem
4.3.1, S is a set of 5 points sharply focused on [ and therefore S is a sharply

focused set of 5 points in PG(2,25).
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4.3 Super Sharply Focused Sets in Planes of Even Order

All of the constructions encountered so far have focused on finding a
set of k points in a projective plane and a line [ so that the (;) distinct lines
defined by pairs of the points in K intersect [ in only k& distinct points. If we
restrict our focus to projective planes of only even order, then it is possible
for us to construct super sharply focused sets. A super sharply focused set is
a set of m points, no three collinear, that are sharply focused on m — 1 points
of a line.

Let 7 be a plane of order 2 with a subplane of order 2". Let € be a

hyperoval, an oval together with its nucleus NV, in PG(2,2"). € contains 2" + 2

points. Let [ be the secant line to 2 through any point P on €2 and N. Let

[

K = Q\{P,N}. Then the 2" points in K generate (22

) distinct lines that
intersect [ in 2" — 1 points. Namely, the 2" points of K generate lines that
intersect [ at every point except for P and N. Thus, in projective planes of
even order we can create super sharply focused sets.

There is one possible advantage for having super sharply focused sets
as opposed to sharply focused sets in the creation of this particular type of
secret sharing scheme. For instance, suppose the president of the bank hires
temporary tellers during the holidays to help with the seasonal increase in
banking transactions. Then with the addition of several new tellers, he would
like to incorporate them into the current design rather than produce a new
design to redistribute the shares of the combinations to the current employees

as well as the new ones. In this light, it makes sense to have access to spare

shares that can be distributed when new employees are hired. By using super
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sharply focused sets instead sharply focused sets, we can increase the number
of shares given out to the participants of the scheme by one. In this manner,

super sharply focused sets are more practical than sharply focused sets.

4.4 A Sharply Focused and Super Sharply Focused Set in PG(2,16)

Let Q = {(4,i*,1) | i € GF(16)} U (0,1,0)} be a conic in PG(2,16)
and a a generator of GF(16)\{0}. Then (o’)? = a!* and (’)® = a® =1
implies that GF(4) = {a®,a'%, 1,0} C GF(16).

Then we have that the points of Q € PG(2,16) that lie in PG(2,4)
are (a®,a'%,1), (a'% 0% 1), (0,1,0), (1,1,1), (0,0,1). These five points gen-
erate 10 secants and 5 tangents which intersect each other at the following
points: (0,1,1), (0,a',1), (0,0 1), (1,1,0), (1,0,1), (1,a',0), («'®,0,1),
(a!,al% 1), (a5 1), (1,0°1), (1,a!% 1), (,0,1), (1,a°,0), (a'®1,1),
(a®,1,1). These points are sharply focused on the lines y = x+0a’, y = x+a'°,
y=aoz+1,y=az+0a’ y=0a% +1, and y = o'z + o'? in PG(2,4),

which are exterior lines in PG(2,4) and secant lines in 7. So,
K={("a" 1), (a' 1), (0,1,0), (1,1,1), (0,0,1)}

is a set of five points in PG(2,16) that is sharply focused on a line.

We can also obtain a sharply focused set of size 4 by following the
construction given in Theorem 4.3.1. Let {2 = IC be defined as above and let [
be a tangent line to Q2 at P in PG(2,4). Then S = Q\ {P} is a sharply focused
set of size 4 with respect to the tangent line /.

To obtain a super sharply focused set in PG(2,16), we let 2 be the

hyperoval given by {(045, al(), 1>a (aloa (15, ]-)a (05 1a 0)7 (L ]-a 1)a (05 Oa ]-)a (]-a 0, 0)}
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where N = (1,0,0) is the nucleus. Then let [ be a secant line through any of
the first five points listed for 2 and N and let S be a set that contains the
points of Q & [. Then by Theorem 4.3.1, S is sharply focused on [.

So, in PG(2,16), by using the results from Theorem 4.3.1, we can
construct sharply focused sets of sizes 5 and 4, as well as a super sharply

focused set of size 4.

4.5 Advantages and Disadvantages of Each Construction of Sharply
Focused Sets

A limiting factor to the use of subplanes for constructing sharply
focused sets is the number of subplanes that can be generated to obtain a
sharply focused set. For instance, in PG(2,p®), where e is a prime, then the
only divisors of e are 1 and itself. In this case, the generated subplanes are
the p-subplane and the whole space. In the situation where we deal with the
p-subplane, we can obtain sharply focused sets of sizes p — 1, p, and p + 1.
In the situation where we are only dealing with the whole space, this method
does not produce any non-trivial sharply focused sets.

The construction method provided in [6] relies on the ability to find
conjugate pairs of an oval with respect to either an exterior line or a secant
line in the plane. This method does not work in planes of even order, since
conjugate pairs no longer exist. However, in projective planes of even order,

we can always produce super sharply focused sets that do not exist in planes

of odd order.
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5. Further Studies

In this thesis we have examined two types of constructions for finding
sharply focused sets for use in secret sharing schemes. In this chapter, we would
like to mention a few problems and questions that have not been solved. These
remain to be studied further.

e This papers offers two different constructions for finding sharply fo-
cused sets. Whether or not there exist other constructions of sharply
focused sets still needs to be addressed.

e The construction provided by Simmons [6] requires the use of conics
but the subplane construction does not. It still remains to be deter-
mined whether or not sharply focused sets based on other types of arcs
in planes of even order greater than 16 exist. An exhaustive search
using the Lunelli-Sce oval in PG(2,16) did not find any non-trivial
sharply focused sets.

e PG(2,8) is the smallest case in which the subplane construction does
not give a sharply focused set. An exhaustive search found no sharply
focused sets in this plane, other than the trivial super-sharply focused

quadrangles. Is this always the case for PG(2,2P), p a primel’

39



REFERENCES
[1] A. ALBERT AND R. SANDLER, An Introduction to Finite Projective
Planes, Holt, Rinehart, and Winston, Inc., 1968.

2] E. F. BrICKELL, Some Ideal Secret Sharing Schemes, in Lecture
Notes in Computer Science, Advances in Cryptology- EUROCRYPTO 89,
J. Quizquater and J. Vandewalle, eds., vol. 434, Springer-Verlag, April
1989, pp. 468 490.

[3] H. COXETER, Projective Geometry, Springer-Verlag, 1987.
[4] P. DEMBOWsKI, Finite Geometries, Springer-Verlag, 1968.

[5] J. A. GALLIAN, Contemporary Abstract Algebra, D.C. Heath and
Company, 1990.

6] G. SimMONs, Sharply Focused Sets of Lines on a Conic in PG(2,q),
in Congressus Numerantium, vol. 73, January 1990, pp. 181 204.

[7] D. R. STINSON, Cryptography, Theory and Practice, CRC Press,
1995.

[8] W. WaALLIS, Combinatorial Designs, Marcel Dekker Inc., 1988.

40



