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Holder, Leanne D. (M.S., Applied Mathematics)The Construction of Geometric Threshold Schemes With Projective GeometryThesis directed by Associate Professor William E. CherowitzoABSTRACTIn a secret sharing scheme, a dealer has a secret and distributes sharesof the secret to the participants. The shares are distributed in such a way thatonly certain subsets of the participants can combine their shares to recover thesecret. We use projective geometry to construct a secret sharing scheme forwhich the shares are represented by points in a projective 4-space. A sharplyfocused set is a set of k points, no three collinear, in a �nite projective planein which the �k2� distinct secants formed by this set intersect a given line inexactly k points. We use sharply focused sets to design a scheme so thatcertain subsets of participants can pool their shares to calculate the secret.Several examples show how sharply focused sets can be used for di�ering sizesof the subsets of the participants that are allowed to calculate the secret. Weprovide a proof that sharply focused sets obtained from a certain constructioncorrespond to cosets of a group. This implies that the possible sizes of thesesharply focused sets are divisors of the group order. Finally, we provide a newconstruction that uses subplanes in planes of prime power order. The previousconstruction method works only on planes of odd order, but the subplaneconstruction method works in planes of both even and odd order.
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1. Secret Sharing SchemesIn a secret sharing scheme, a dealer has a secret and would like togive every participant of this scheme a share of the secret. The shares shouldbe distributed secretly, so that no participant knows the share of anotherparticipant. Also, some time later a subset of the participants could pool theirshares in an attempt to compute the secret. In some situations the dealer maywant some of the subsets of participants to be able to compute the secret whileother subsets of the participants to be unable to compute the secret [2, 7]. Ifthe dealer is faced with this type of situation, then it is necessary to identifythe appropriate subsets of participants before the shares are distributed.1.1 A Generic Secret Sharing Scheme Involving the Employees ofa BankIn a bank, there is a vault that must be opened every day. Thepresident of the bank employs a number of senior tellers and vice presidentsbut does not trust any individual with the combination to the vault. So, asystem needs to be designed in which certain combinations of these employeescan open the vault.One plan is to design a system, call it Design A, whereby any threesenior tellers can open the vault or any two vice presidents can open the vault.Although this appears as a practical solution in theory, this system might not
1



work in reality if only two senior tellers and one vice president show up forwork [7]. A more practical design, Design B, is obtained by adding to DesignA the ability for two tellers and one vice president to open the vault. Onemust insure that no pair of senior tellers can open the vault while allowing anyvice president in cooperation with a pair of senior tellers the ability to openthe vault [6]. If we can do this, we will have obtained a secret sharing schemein which the dealer is the president of the bank, the participants are the vicepresidents and senior tellers, and the secret is the combination to the vault.1.2 An Introduction to Projective GeometryPeople who have studied only Euclidean geometry regard it as an obviousfact that two coplanar lines with a common perpendicular are parallel, inthe sense that, however far we extend them, they will remain the samedistance apart. By stretching our imagination we can conceive the pos-sibility that this is merely a �rst approximation: that if we could extendthem for millions or billions of miles we might �nd the lines getting closertogether or farther apart. When we look along a straight railroad we getthe impression that the two parallel rails meet on the horizon. Anyhow,by assuming that two coplanar lines always meet, we obtain a system ofpropositions which is just as logically consistent as Euclid's system [3].De�nition: [8] A �nite projective plane consists of a �nite set P of points anda set of subsets of P called lines, which satis�es the axioms (A1), (A2), and(A3):(A1) Given two points, there is exactly one line that contains both;(A2) Given two lines, there is exactly one point that lies on both;(A3) There are four points, of which no three are collinear.In this setting, if a point lies on a line then the point is said to beincident with the line. Similarly, the line is also said to be incident with the
2



point. The axioms in the de�nition of a �nite projective plane are the keysto the proofs of the following lemmas dealing with the incidence of points andlines in a �nite projective plane, �.Lemma 1.3.1. [1] If l1 and l2 are any two distinct lines of �, then there is apoint P in � not incident with l1 and l2.Lemma 1.3.2. [1] Any two lines of � are incident with the same number ofpoints.Lemma 1.3.3. [1] Any two points of � are incident with the same number oflines. In a �nite projective plane, there are a �nite number of points on aline, a �nite number of lines through a point, and a �nite number of pointsand lines in the plane. The previous three lemmas can be combined with someresults not mentioned here to obtain the following important theorem on theexact numbers for the above incidences.Theorem 1.3.4. [1] Let � be a �nite projective plane. Then there is aninteger q such that(1) Every point of � is incident with exactly q + 1 lines;(2) Every line of � is incident with exactly q + 1 points;(3) � contains exactly q2 + q + 1 points;(4) � contains exactly q2 + q + 1 lines.One commonly used construction for obtaining a projective geometry,denoted by PG(n,q), starts with a vector space. Let V(n+1,q) be a vectorspace of rank n + 1 over a �nite �eld GF(q) where q is a prime power. Theelements of V(n+1,q) are the (n+1)-tuples of the form (x0; x1; � � � ; xn) where
3



the xi are in GF(q). The points, lines, and planes of PG(n,q) are the rank1, 2, and 3 vector subspaces in V , where rank is the algebraic dimension of avector subspace. The geometric dimension of objects in PG(n,q) refers to thegeometric concept where lines are 1-dimensional, planes are 2-dimensional andso forth. The rank and dimension always di�er by one, i.e., a rank 2 subspacecorresponds to a line which is referred to as having geometric dimension 1.In this construction, incidence is de�ned by subspace containment.In the projective geometry setting, lines are regarded as certain sets of pointsand similarly planes can also be regarded as certain sets of points. If a pointlies on a line or in a plane, then the point is said to be incident with the lineor plane. This is equivalent to the notion of a rank 1 subspace being containedin a rank 2 or rank 3 subspace.When n = 2, the vector space construction of a projective geometrygives a �nite projective plane that we examined earlier. Every plane arisingfrom this construction satis�es the axioms given in the formal de�nition of a�nite projective plane.A well known result from Linear Algebra states that if S and T arevector spaces then rk(S) + rk(T ) = rk(S \ T ) + rk(S [ T ):Let � = PG(4,q) be derived from a rank 5 vector space. Then we can use therank formula to determine the possible incidences of lines and planes in �.First, we examine the relationship between two distinct planes, �1and �2, in �. If �1 and �2 lie in a common 3-dimensional subspace of �,(i.e., rank 4 vector space) then the rank formula tells us that these two planes4



intersect in a line (a rank 2 vector subspace). But, if �1 and �2 do not lie ina common 3-dimensional subspace of �, by the rank formula, �1 and �2 mustintersect in a point, since their union would have rank 4. Let P , Q, and Rare be three non-collinear points in �. Since each point has rank 1 and twopoints determine a line, the rank formula tells us that the smallest subspacecontaining these 3 points is a rank 3 subspace of �, which is a projective plane.Next, we examine the incidence relationship between a line, l and aplane �, both in �. If l meets �, then l either meets � in a point or is entirelycontained within �. Suppose two points of l are in �. Then since � is a vectorsubspace, the span of any two points that lie in �, also lies in �. In this case,it must be that l is entirely contained in �.We will consider a special type of object called an oval in the projec-tive plane, � = PG(2,q). Similar to an oval in Euclidean geometry, an oval,denoted 
, in � is set of q + 1 points in � such that no three of the points arecollinear. Since no three points on 
 are collinear, if l is a line in �, then l canintersect 
 in at most two points and we can classify l in the following way:� l is a tangent line to 
 provided jl \ 
j = 1,� l is a secant line to 
 provided jl \ 
j = 2,� l is an exterior line to 
 provided jl \ 
j = 0.Let P be a point in �. Then P can be classi�ed in three ways with respect to
: � if P is on 
 then P is called an oval-point,� if P is not on 
 but on a tangent line to 
 then P is called an exteriorpoint, and
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� if P is neither on 
 nor on a tangent line to 
 then P is called aninterior point.For q odd, we have that any exterior point to 
 has exactly two tangentsthrough it. When q is even, there are no interior points, since every point ison a tangent line and all tangents with respect to 
 intersect at a unique pointin the plane, called the nucleus (or knot) of 
.We can use some of the incidence relationships between l, � and apoint P in � to construct a secret sharing scheme that satis�es the requirementsof Design A and Design B. This is accomplished by assigning, as the shareseach participant receives in the scheme, a special point in �. The points of� and l will represent the shares distributed to the senior tellers and vicepresidents and a point P will represent the secret. We will describe a methodfor distributing the shares in a projective 4-space so that only certain pre-determined subsets of participants can calculate the secret.1.3 Using Projective Geometry to Construct A Secret SharingScheme for a BankWe are now ready to examine the relationship between the banksituation and some planes and lines in a projective 4-space. In both Design Aand Design B, we would like the secret to be represented by a special point,P , in a �nite projective plane, Vd in �. The only information available aboutP to the senior tellers and vice presidents is that P is represented by a pointin Vd. Vd is often referred to as the domain variety and is generally publicknowledge. The shares belonging to the senior tellers and the vice presidents
6



can be represented by specially selected points in �. By carefully selecting thepoints that we pick to represent shares, we can alter the relationships betweenl and Vd as well as l, � and Vd to create a geometric interpretation of the secretsharing schemes associated with the bank problem.In Design A, the secret sharing scheme that we seek to develop issometimes referred to as a two-level concurrence scheme. A two-level concur-rence scheme requires concurrence of the participants in at least one of the twolevels before a controlled action can take place. In this instance, the controlledaction is the pooling of the shares to calculate the combination to the bankvault. One concurrence level consists of the bank vice presidents and the otherconcurrence level consists of the senior tellers. Any two points representingthe shares of the vice presidents will de�ne a line l 2 � that intersects Vd inonly point P . Any three points representing the shares of the senior tellersshould de�ne a plane � 2 � that intersects Vd in only point P . In order tohave this property in the latter case we must insure that no three of thesepoints are collinear. For, if those points were collinear, they would only de�nea line and not the desired plane � that we require them to form.
π

l

P

Γ

VdFigure 1.1. A Geometric Representation7



Suppose the line l formed by two shares belonging to vice presidentsintersects the plane � formed by the three shares belonging to senior tellers inexactly one point. Also, suppose that � and l both intersect Vd at the pointP . Then necessarily, the intersection of � and l is P . This is the situationas described in Design A. One point is not enough information to generate aline and two points are not enough information to generate a plane. So, if l isnot contained in � and only one vice president and two senior tellers come towork, then there will not be enough information among the three participantsto calculate the secret.To avoid this situation in Design A, we created a new design, DesignB, having a stronger relationship between l and � other than their intersectionbeing only P . If l and � intersect at more than one point, then l must lie inthe plane �. Just as in Design A, l and � both need to intersect Vd in thepoint P . Since P is a point that represents the secret, the coordinates thatrepresent P are unknown to the senior tellers and vice presidents. Just onevice president alone does not have enough information to generate a line thatintersects Vd at P , since two points are required to generate a line. Similarly,any two senior tellers do not have enough information to generate a plane thatintersects Vd at the point P , since three points are required to generate a plane.Furthermore, for this to be a perfect design, i.e., one in which no set of sharesother than the pre-determined ones can be combined to obtain the secret, nopair of the points in � belonging to the senior tellers can be collinear with P .For three senior tellers to be able to pool their shares and calculatethe secret, it is necessary for the points representing the shares belonging to
8



the senior tellers to have the property that they are not collinear and all lie inthe same plane, �. Thus, these points are constrained to lie on an oval.The points representing the shares of the vice presidents must lie ona line that intersects Vd at P . Since we are adding the new restriction that avice president and any two senior tellers have the ability to pool their sharesand calculate the secret, we need the points representing the shares belongingto the vice presidents to also lie in �. In order for any vice president to beable to calculate the secret with only two senior tellers, any pair of points in� given to senior tellers may not be collinear with any point on l belongingto any of the vice presidents. With these restrictions, we can be assured thatone vice president and any pair of senior tellers can calculate the secret whileat the same time insuring that no pair of senior tellers can calculate the secretalone. Figure 1.2 illustrates this concept.
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Figure 1.2. Another Geometric RepresentationIn Figure 1.2, we have a geometric representation of a possible wayto distribute the shares. Suppose that a and b are used as shares, then a third
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share, say c, collinear with a and b, could not be used in conjunction with aand b. If this happened, then these three shares would generate a line insteadof the desired plane necessary to recover P . Any three shares distributed to thesenior tellers should not be collinear, since these points could not determinea plane. It is for this reason that we require that the shares belonging to thesenior tellers lie on an oval of �.An example of a geometric perfect secret sharing scheme for DesignB would be to let the shares belonging to the vice presidents be represented bythe points g and h and the shares belonging to the senior tellers be representedby the points a, d, and f . Thus, the two vice presidents could calculate a lineintersecting Vd at P , and the three senior tellers could calculate the plane �intersecting Vd at P , while any vice president and two senior tellers could alsocalculate this plane intersecting Vd at P .
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2. Sharply Focused Sets of lines in PG(2,q)2.1 The Relationship Between Sharply Focused Sets and SecretSharing Schemes for a BankIn the previous bank illustration, the president of a bank does nottrust any individual with the combination to the vault. A system was designedthat would allow certain subsets of the employees to open the vault, while othersubsets were not able to open the vault. For instance, one vice president andtwo senior tellers could open the vault, but one vice president and one seniorteller could not. The system that was designed in Chapter 1 to accommodatethe president's wishes had strict restrictions on what type of points couldrepresent the shares belonging to the senior tellers and vice presidents. Whathappens to our design of a perfect secret sharing scheme, when the presidentadds more employees? We are interested in maximizing the number of sharesthat can be distributed in �, so that an e�cient design can be constructed forany number of employees, such that:� any two vice presidents can combine their shares to calculate the se-cret,� any three senior tellers can combine their shares to calculate the secret,and� any one vice president and any two of the senior tellers can combinetheir shares to calculate the secret.
11



Since any line in � has q + 1 points, there are at most q pointsavailable to use as shares for the vice presidents, since one point of the linemust be used to represent the secret. In a projective plane of odd order, thereare at most q + 1 points with the property that no three of the points arecollinear and these q + 1 points form an oval, 
. Points of 
 are ideal choicesto represent the shares belonging to the senior tellers. In the bank illustration,it was necessary that no pair of points in � belonging to the senior tellers becollinear with P . Also, for any vice president and any two senior tellers to beable to pool their shares to calculate the secret, it was necessary for the twoshares belonging to the senior tellers not be collinear with the share belongingto the vice president. Out of the q + 1 points on l and the q + 1 points on theoval, how many can be used as shares so that the incidences mentioned aboveare avoided?Any two shares given to the senior tellers determine a secant line of 
that intersects l in a point. We would like to determine the subsets of the q+1points of 
 whose secants intersect l in the smallest number of points. Suchsubsets will provide the greatest number of points for use as shares for thevice presidents. Let K be a subset of 
 with k points. There are �k2� distinctsecants formed by points of K. Let x represent the number of points at whichthese secants intersect l. Observe that, for a �xed point on l, there are at mostbk2c secants of K that contain this point. Clearly, xbk2c � �k2�. If k = 2m+ 1,for some m, the minimum value of x consistent with this inequality is k, but ifk = 2m, k � 1 is the minimum number of shares that may not be distributedto the vice presidents. The lower bound of k � 1 can only be achieved under
12



special circumstances, which leads us to the following de�nition. A set, K, of kpoints no three collinear in a �nite projective plane � = PG(2; q) is said to besharply focused on a line l if the �k2� distinct lines de�ned by pairs of the pointsof K intersect l in only k distinct points [6]. By having the shares belongingto the senior tellers be focused on as few points as possible on l, more sharescan be distributed. That is, the remaining points on l (other than P ) are theneligible to be used as shares for vice presidents.2.2 Coordinate Representation of Points and Lines in PG(2,q)Before we develop a construction for �nding sharply focused sets andpresent examples, we need a coordinate representation of points and lines ina projective plane. Let F = GF(pn) be a �nite �eld of order pn, p a primeand de�ne � to be the projective plane, PG(2; pn). Then the points of �can be represented by ordered triples of elements from F , with not all of thecoordinates being zero. For instance, a point P 2 � can be represented by(x1; x2; x3) where xi 2 F and at least one xi 6= 0. Two points (x1; x2; x3) and(y1; y2; y3) are said to be equivalent if there is a scalar � 2 F ; � 6= 0, suchthat xi = �yi for i = 1; 2; 3. So that any point in � can be represented in theform (x1; x2; 1); (1; x2; 0); or (0; 1; 0) where 1 is the identity of F [1].The lines in � are de�ned in the same manner at the points butinstead of using ordinary parenthesis, we use square brackets. So that if l isa line of �, l = [x1; x2; x3] with not all xi = 0. Two lines, [x1; x2; x3] and[y1; y2; y3] are equivalent if there is some scalar � 2 �; � 6= 0, such thatxi = �yi for i = 1; 2; 3. A point, (a; b; c), and a line, [x; y; z], are incident
13



if and only ax + by + cz = 0. For m; x; y; k 2 F we can represent lines inour projective plane as equations of lines used in the Euclidean Plane. Theline y = mx + b can be written as [m;�1; b] and consists of all points of theform (x;mx + b; 1) as well as the point (1; m; 0). The line x = k has theform [�1; 0; k] and consists of all points represented by (k; y; 1) and (0; 1; 0).The line [0; 0; 1], also referred to as the line at in�nity, contains all pointsrepresented by (1; x; 0) [1].2.3 Construction of Sharply Focused Sets in PG(2,q)We now develop the construction used in [6] to create sharply focusedsets in PG(2,q) with q odd.Let 
 be an arbitrary conic in � = PG(2,q), q odd and l either anexterior line or a secant line of 
. A conjugate pair of points on 
 with respectto the line l are two points A and B, such that the tangent lines to 
 at A andB both intersect l in the same point. If l is an exterior line to 
, then theseconjugate pairs are determined by �rst computing the tangent line equationfor each point on 
. These q + 1 tangent lines intersect l in exterior pointsand will lie two at time on each exterior point of l. If l is a secant line to 
,then l and 
 share two points. Disregarding these two points, the remainingq � 1 points of 
 can be classi�ed into conjugate pairs by the same methodused when l was an exterior line. In the process of identifying conjugate pairsof points on 
, we identify all the exterior points on l, so that the remainingpoints on l must be interior points.
14



The secant/tangent incidence table is the main tool used to identifysharply focused sets corresponding to l. This is a square table whose rows andcolumns are indexed by points on 
, not on l, and whose entries are indexedby points on l, not on 
. More speci�cally, let i and j be two points on 
 n l.If i 6= j, then these two points determine a secant line that intersects l at thepoint in the (i; j) position of the table. Similarly, if i = j, then this point has atangent line that intersects l at the point in the (i; i) position of the table. Forthe ease of �nding sharply focused sets, points of 
 will be listed by conjugatepairs in the table.To look at speci�c examples, we will make several choices for the ovalas well as the line on which this oval is to be sharply focused. First we choosefor our arbitrary oval the speci�c conic,
 = f(j; j2; 1) j j 2 GF(q)g [ f(0; 1; 0)g:The exterior and secant lines that we will be dealing with in the examplesconsist of the set of points in � that satisfy the equation y = c, c 2 GF(q)along with the point (1; 0; 0). This line, l, will be referred to as \y = c". If c isa square in GF(q), then this will be a secant line to 
, since l and 
 will havetwo points in common. If c is not a square, then this will be an exterior lineto 
. For simplicity, we will use a compact notation to represent points of 
as well as points of l. The point (0; 1; 0) 2 
 will be represented by a and thenumber j will indicate the point (j; j2; 1) 2 
. Similarly, the point (1; 0; 0) 2 lwill be represented with a and the number i will indicate the point (j; c; 1) ofl.
15



2.4 Two Examples with q = 11The following two examples for q = 11 help to clarify the procedureand also show how the secant/tangent incidence tables are used to obtainsharply focused sets.Example 2.4.1 Let q = 11 and, since 2 is not a square in GF(11), let l bethe exterior line to 
 are given by y = 2. Then the six exterior points of lwith respect to 
, a, 6, 5, 0, 4, 7, correspond to the following conjugate pairsof points on 
: fa; 0g, f5; 7g, f6; 4g, f3; 8g, f9; 10g, and f1; 2g.a 0 5 7 6 4 3 8 9 10 1 2a a 0 5 7 6 4 3 8 9 10 1 20 0 a 7 5 4 6 8 3 10 9 2 15 5 7 6 4 a 0 9 10 1 2 3 87 7 5 4 6 0 a 10 9 2 1 8 36 6 4 a 0 5 7 1 2 3 8 9 104 4 6 0 a 7 5 2 1 8 3 10 93 3 8 9 10 1 2 0 a 7 5 4 68 8 3 10 9 2 1 a 0 5 7 6 49 9 10 1 2 3 8 7 5 4 6 0 a10 10 9 2 1 8 3 5 7 6 4 a 01 1 2 3 8 9 10 4 6 0 a 7 52 2 1 8 3 10 9 6 4 a 0 5 7Table 2.1. The Incidence Table for q = 11 and l an Exterior LineNotice that every 2 � 2 block in Table 2.1 contains either exteriorpoints of l or interior points of l, but not both. Also, observe that this tablecan be partitioned into four 6 � 6 blocks, where the two 6 � 6 blocks thatconstitute the main diagonal contain only exterior points and the two 6 � 6blocks that constitute the o� diagonal contain only interior points of l.We are searching for a set of k points on 
 whose secant and tangent
16



lines intersect l in exactly k points. We start the search for sharply focusedsets by taking a closer look at the two 6 � 6 blocks that lie on the maindiagonal of the table. The block that appears in the upper right corner of thetable contains only the six exterior points of l and is created from the secantand tangent lines generated by three distinct conjugate pairs of elements in
, namely fa; 0g, f5; 7g, and f6; 4g. Similarly, the block that appears in thelower right corner of the table also contains only the six exterior points of l.This block is created from the secant and tangent lines generated by the threeother distinct conjugate pairs of elements in 
, f3; 8g, f9; 10g, and f1; 2g. Wesee that the two sets K1 = fa; 0; 5; 7; 6; 4g and K2 = f3; 8; 9; 10; 1; 2g are bothsharply focused on the six exterior points of l.We can use certain elements from the three conjugate pairs that gen-erate each 6�6 block on the diagonal of the table to create sharply focused setsof size three. Let K1 and K2 be the two sets of points on 
 whose elements arethe �rst elements in each conjugate pair and the second elements in each con-jugate pair, respectively. Then we have that K1 = fa; 5; 6g and K2 = f0; 7; 4g.The secant and tangent lines created from K1 intersect the points on l thatlie in the (1; 1)-position of each 2� 2 subblock. Since there are only 3 pointsof l in each corner of the 2� 2 subblocks, K1 is sharply focused on the pointsa, 5, and 6 of l. A similar inspection with K2, shows that this set is sharplyfocused on the points 0, 7, and 4 of l.Two more sharply focused sets of size six can be created in a similarfashion to the sharply focused sets of size three that were created. Let K1 =fa; 5; 6; 3; 9; 1g and K2 = f0; 7; 4; 8; 10; 2g be sets constructed from extracting
17



either the �rst or second elements in each conjugate pair listed across the toprow of the table. Then, by examining the (1; 1)-position of each 2�2 subblockof the table, we can see that K1 is sharply focused on the points a, 5, 6, 3, 9,and 1 of l. Similarly, by examining the (2; 2)-entry of each 2 � 2 subblock ofthe table, we see that K2 is sharply focused on the points 0, 7, 4, 8, 10, and 2.For the �nal search for sharply focused sets, we will examine corre-sponding 2 � 2 subblocks in each of the four 6 � 6 blocks. More speci�cally,for i = 1; 2; 3, we want to examine the blocks of size four created from the ithconjugate pair and the (3+ i)th conjugate pair of points on 
 listed across thetop of the table.The secant and tangent lines generated by the conjugate pairs, fa; 0gand f3; 8g intersect l in points that lie in the four 2�2 subblocks located in theupper left corner of each of the 6� 6 blocks. Since these four 2� 2 subblockscontain only four points of l, these two conjugate pairs form a sharply focusedset of four points.Similarly, the two conjugate pairs, f5; 7g, and f9; 10g generate secantand tangent lines whose intersections with l are the points located in the 2�2subblocks located in the center of each 6 � 6 block. Since these four 2 � 2subblocks contain only four points of l, the two conjugate pairs of points on 
form a sharply focused set of size four.A �nal sharply focused set of size four can be created from the re-maining two conjugate pairs of the table. The pairs, f6; 4g and f1; 2g havesecant and tangent lines that intersect l in exactly four points. The points ofintersection are in the 2 � 2 subblocks that are located in the bottom right
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corner of each 6�6 block. Thus, these two conjugate pairs also form a sharplyfocused set of size four.Thus, by inspecting the table, we have found sharply focused sets ofsizes 6, 4, and 3. The sets of six points fa; 0; 5; 7; 6; 4g and f3; 8; 9; 10; 1; 2gof 
 are both sharply focused on the points a, 0, 5, 7, 6, and 4 of l. Thesets fa; 5; 6; 3; 9; 1g and f0; 7; 4; 8; 10; 2g are sharply focused on a, 5, 6, 3, 9,and 1 of l and 0, 7, 4, 8, 10, and 2 of l respectively. The sets of four pointsfa; 0; 3; 8g, f5; 7; 9; 10g, and f6; 4; 1; 2g of 
 are sharply focused on the pointsa, 0, 3, 8, the points 6, 4, 1, 2, and the points 5, 7, 9, 10 of l, respectively.The sets of three points fa; 5; 6g and f0; 7; 4g of 
 are sharply focused onthe points a; 5; and 6 of l, while the sets of points f3; 9; 1g and f8; 10; 2g aresharply focused on the points 0, 7, and 4 of l.Example 2.4.2 Again, let q = 11 but instead of using the exterior line y = 2to 
, we use a secant line in the search for sharply focused sets. Since 5 is asquare in GF(11), let l be the secant line given by y = 5. Since l is a secantline to 
, the two points that lie on both l and 
 will be omitted from thetable. The �ve exterior points of l with respect to 
, a; 3; 6; 5; 8, have thecorresponding conjugate pairs of points on 
: fa; 0g, f5; 1g, f3; 9g, f8; 2g, andf6; 10g. Since we have an odd number of conjugate pairs, this table cannotbe divided into four subblocks as was done for the previous example. Noticethat every 2�2 block in this table contains exterior points of l on the diagonaland interior points of l on the o� diagonal.We can �nd sharply focused sets of size �ve by conducting a search
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a 0 5 1 3 9 8 2 6 10a a 0 5 1 3 9 8 2 6 100 0 a 1 5 9 3 2 8 10 65 5 1 3 9 8 2 6 10 a 01 1 5 9 3 2 8 10 6 0 a3 3 9 8 2 6 10 a 0 5 19 9 3 2 8 10 6 0 a 1 58 8 2 6 10 a 0 5 1 3 92 2 8 10 6 0 a 1 5 9 36 6 10 a 0 5 1 3 9 8 210 10 6 0 a 1 5 9 3 2 8Table 2.2. The Incidence Table for q = 11 and l a Secant Linesimilar to that in the previous example. Let K1 = fa; 5; 3; 8; 6g and K2 =f0; 1; 4; 2; 10g be sets constructed from extracting either the �rst or secondelements in each conjugate pair listed across the top row of the table. Then,by examining the (1; 1)-entry of each 2 � 2 subblock of the table, we can seethat K1 is sharply focused on the points a, 5, 3, 8, and 6 of l. Similarly, byexamining the (2; 2)-entry of each 2� 2 subblock of the table, we see that K2is also sharply focused on the points a, 5, 3, 8, and 6 of l.By inspecting the table, it can be seen that sharply focused sets ofsize 5 exist and can obtained by creating a set that contains exactly one pointfrom each conjugate pair of 
. The sets fa; 5; 3; 8; 6g and f0; 1; 9; 2; 10g ofpoints on 
 are both sharply focused on the �ve points a, 5, 3, 8, and 6 of l.Thus, for q = 11, there exists sharply focused sets of sizes 3, 4, 5,and 6.
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2.5 Two Examples with q = 13Next, we examine the various secant/tangent incidence tables forq = 13 when l is an exterior line and a secant line.Example 2.5.1Let q = 13 and since 2 is not a square in GF(13), let l be the exteriorline to 
 given by y = 2. Then the seven exterior points fa; 3; 6; 11; 1; 4; 8gof l with respect to 
 have the corresponding conjugate pairs of points on 
:fa; 0g, f1; 2g, f3; 5g, f4; 7g, f6; 9g, f8; 10g, and f11; 12g.a 0 1 2 3 5 4 7 6 9 8 10 11 12a a 0 1 2 3 5 4 7 6 9 8 10 11 120 0 a 2 1 5 3 7 4 9 6 10 8 12 111 1 2 3 5 4 7 6 9 8 10 11 12 a 02 2 1 5 3 7 4 9 6 10 8 12 11 0 a3 3 5 4 7 6 9 8 10 11 12 a 0 1 25 5 3 7 4 9 6 10 8 12 11 0 a 2 14 4 7 6 9 8 10 11 12 a 0 1 2 3 57 7 4 9 6 10 8 12 11 0 a 2 1 5 36 6 9 8 10 11 12 a 0 1 2 3 5 4 79 9 6 10 8 12 11 0 a 2 1 5 3 7 48 8 10 11 12 a 0 1 2 3 5 4 7 6 910 10 8 12 11 0 a 2 1 5 3 7 4 9 611 11 12 a 0 1 2 3 5 4 7 6 9 8 1012 12 11 0 a 2 1 5 3 7 4 9 6 10 8Table 2.3. The Incidence Table for q = 13 and l an Exterior LineThis table is similar to the table in Example 2.2, since the sevenexterior points of l lie on the main diagonal of each 2 � 2 subblock of theincidence table and the seven interior points of l lie on the o� diagonal of each2�2 subblock of the table. By inspecting the table and conducting our searchin a similar fashion to the search in Example 2.2, it can be seen that two
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sharply focused sets of size 7 exist. Namely, the sets fa; 1; 3; 4; 6; 11; 8g andf0; 2; 5; 7; 9; 10; 12g of points from 
 are both sharply focused on the points a,1, 3, 4, 6, 8, and 11 of l.Example 2.5.2Again, let q = 13 but instead of using the exterior line y = 2 to 
,we use a secant line to aid in the search for sharply focused sets. Since 3 isa square in GF(13), let l be the secant line given by y = 3. Then, the sixexterior points a, 8, 5, 0, 2, 11 of l with respect to 
 have the correspondingpoints as conjugate pairs: fa; 0g, f5; 10g, f8; 2g, f6; 7g, f3; 1g, and f12; 10g.a 0 5 11 8 2 6 7 3 1 12 10a a 0 5 11 8 2 6 7 3 1 12 100 0 a 11 5 2 8 7 6 1 3 10 125 5 11 8 2 a 0 3 1 12 10 6 711 11 5 2 8 0 a 1 3 10 12 7 68 8 2 a 0 5 11 12 10 6 7 3 12 2 8 0 a 11 5 10 12 7 6 1 36 6 7 3 1 12 10 0 a 11 5 2 87 7 6 1 3 10 12 a 0 5 11 8 23 3 1 12 10 6 7 11 5 2 8 0 a1 1 3 10 12 7 6 5 11 8 2 a 012 12 10 6 7 3 1 2 8 0 a 11 510 10 12 7 6 1 3 8 2 a 0 5 11Table 2.4. The Incidence Table for q = 13 and l a Secant LineObserve that we can partition this table into four 9� 9 blocks. Also,notice that in this table pairs of the exterior points lie in the 2� 2 blocks onthe main diagonal, and pairs of the interior points lie in the 2 � 2 blocks onthe o� diagonal. This table has a similar structure to the table in Example 2.1and the search for sharply focused sets can be conducted in a similar fashion.
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By inspecting the table, it can be seen that there are sharply focusedsets of size 6, 4, and 3. The sets fa; 5; 8; 6; 3; 12g and f0; 11; 2; 7; 1; 10g of pointson 
 are both sharply focused on the points a, 5, 8, 6, 3, and 12 of l. The setsfa; 5; 8; 6; 3; 12g and f0; 11; 2; 7; 1; 10g are both sharply focused on the pointsa, 5, 8, 6, 3, and 12 of l. The sets fa; 0; 6; 7g, f5; 11; 3; 1g, and f8; 2; 12; 10g ofpoints of 
 are sharply focused on the points a, 0, 6, 7, the points 8, 2, 12,10, and the points 5, 11, 3, and 1 of l respectively. The two sets fa; 5; 8g andf0; 11; 2g of points on 
 are both sharply focused on the points a, 5, and 8 ofl. Similarly, the two sets f6; 3; 12g and f7; 1; 10g are both sharply focused onthe points 0, 11, and 2 of l. Thus, for q = 13, there exists sharply focused setsof size: 3, 4, 6, and 7.2.6 Structure of the Incidence TablesThe structure of the incidence tables in Examples 2.1-2.4 can besomewhat explained. The 2 � 2 blocks of each incidence table are always ofthe form
β

α

b

a x   y

y   x

Figure 2.1. Structure of the Incidence Tables
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where the nature of x and y (with respect to 
) are determined by whetherq � � 1mod 4. The points b, � and a, � on 
 are conjugate pairs with respectto some line l. That is, the tangents through both a and � intersect l at thesame point. The same is true for b and �. If a secant through a and b intersectsl at x then so does the secant through � and �. Similarly, if a secant througha and � intersects l at y then so does the secant through � and b [6].The secant/tangent incidence tables will be one of two basic designs,depending on whether q � �1 mod 4 and whether l is a secant line or anexterior line to 
.� If q � 1 mod 4 and l is an exterior line to 
, then there will be an oddnumber of conjugate pairs in 
. Each 2�2 block of the incidence tablewill have the exterior points of l on the diagonal and interior points ofl lie on the o� diagonal. The same structure occurs for q � �1 mod 4and l a secant line to 
.� If q � �1 mod 4 and l is an exterior line, then there will be aneven number, n, of conjugate pairs in 
 with respect to l. The tablecan be partitioned into four sub-blocks each of size n � n. If theconjugate pairs of 
 are arranged appropriately, then the two sub-blocks that lie on the main diagonal of the table consist of 2�2 blocksof exterior points of l and the two sub-blocks on the o� diagonal consistof 2� 2 blocks of interior points of l. The same structure also occursfor q � 1 mod 4 and l a secant line to 
.
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2.7 General MethodAfter creating the secant/tangent table, it is a matter of examiningthis table to determine the sharply focused sets. For small values of q, we canobtain subsets of 
 that are sharply focused on a line l by using the followingmethods:Suppose q � 1 mod 4 and l is an exterior line or q � �1 mod 4 andl is a secant line. Then depending on the congruence of q, we can constructsharply focused sets of size either n+12 or n�12 , where n is the odd number ofconjugate pairs. To construct two sharply focused sets of the above size, wetake either all the �rst elements of each conjugate pair listed in the incidencetable or all the second elements of each conjugate pair listed in the table.If q � 1 mod 4 and l is a secant line or q � �1 mod 4 and l isan exterior line, then there are several ways to create sharply focused setsof various sizes. Let n be the even number of conjugate pairs created in theconstruction of the table. To create two sharply focused sets of size n2 we usethe �rst n2 conjugate pairs in the incidence table to construct one set and theremaining n2 conjugate pairs in the incidence table to construct another set.This creates two sets of n2 elements of 
 that are sharply focused on all theexterior points of l. To create sharply focused sets of size 4, we use only twoconjugate pairs. For 1 � k � n2 , the kth conjugate pair in the incidence tableand the (n2 + k) conjugate pair in the incidence table will produce a sharplyfocused set of size 4.In PG(2,q), q odd, there exists sharply focused sets of size k, where kis 3, 4 or a proper divisor of q+1 and q�1 other than 2. Simmons [6] o�ers no
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proof that these are the only possible sizes of sharply focused sets, in the nextchapter we provide a proof that this is always the case for this construction.
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3. Proving the Divisibility ArgumentThe restrictions imposed on the length of Simmons' paper [6] didnot allow him to provide proofs for statements concerning the secant/tangentincidence tables and the division property that sizes of sharply focused setsmust divide either q + 1 or q � 1. We shall provide the proofs that the size ofa sharply focused set constructed by his method must divide q + 1 or q � 1.3.1 A Relationship Between Points of 
 and Points of lLet F = GF(q), where q is an odd prime power, be a �eld and let abe a symbol not in F . The construction used to create sharply focused sets inPG(2,q) used the speci�c conic 
 = f(j; j2; 1)jj 2 GF(q)g [ f(0; 1; 0)g, wherethe points of 
 are denoted by j and a. When c is not a square in GF(q),l is the exterior line y = c whose points f(j; c; 1)jj 2 GF(q)g [ f(1; 0; 0)gare denoted by j and a. The points of 
 are identi�ed with the elements ofF [ fag by �x $ x and the points of l are identi�ed by x $ x. By meansof these identi�cations, the secant/tangent incidence table de�nes a binaryoperation on F [ fag, which is given by:
i� j = 8>>>>>>>>>><>>>>>>>>>>:

c+iji+j if i 6= �ja if i = �ji if j = aj if i = a:
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Proof: Let i = (i; i2; 1) and j = (j; j2; 1) be two points of 
. The line throughi and j is given by y = (i+ j)x� ij. Note: if i = j then this is a tangent line.The point of intersection of this line and l is the point whose y-coordinateis c. Setting this line equal to c and solving for x, we �nd that the point ofintersection has �rst coordinate c+iji+j , provided i 6= �j. If i is the same pointas �j, then the line through these points is the horizontal line given by y = i2which intersects y = c at the point a.The points i and a form the secant line x = i. The line x = iintersects the line y = c at the point with x-coordinate i. Similarly, the pointsa and j form the secant line x = j, which intersects y = c at the point withx-coordinate j.Thus, we have a way of relating the points of 
 to those of l byexamining the relationship between the elements of F[fag under the operationof �. Let F� = F [ fag. The following theorem proves that F� is a groupunder �.Theorem 3.1.1. F� = F [ fag is a group under the binary operation �.Proof: To show that F� is a group under �, we need to show that the followingthree properties are satis�ed.� associativity: i� (j � k) = (i� j)� k 8 i; j; k 2 F�� identity: there exists e 2 F� such that i� e = e� i = i 8i 2 F�� inverse: for all i 2 F� there is a j 2 F� such that i� j = j � i = e.a. (Associativity)
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Case 1. Suppose i; j; k 6= a. Theni� (j � k) = (i� j)� k= i� c+jkj+k= c+ i �c+jkj+k �i + �c+jkj+k �= c+ k �c+iji+j �k + � c+iji+j �= �c+iji+j �� k= (i� j)� k:Case 2. Suppose i = a. Thena� (j � k) = j � k= (a� j)� k:The other cases involving element a are similar.Case 3. Suppose k = �j. Theni� (j ��j) = i� a= i= i (c�j2)c�j2= c+iji+j ��j= (i� j)��j:29



Again, the remaining cases of this type are similar.So, for any choice of i; j; k 2 F�, associativity holds.b. (Identity) Since a� j = j = j � a, the identity of F� is a.c. (Inverse) Since i��i = a = �i� i, for all i 2 F�, the inverse of i is �i.For c a square in GF(q), the secant line l given by y = c interesects 
in the points x and y. Notice that in this case x = x and y = y. Let i and j betwo distinct points of 
 other than x and y. If the secant line through i and jintersects l at, say x, then since x is also on 
, we have three points, i, j, andx that are collinear. But, since 
 is an oval, no three points are collinear andthis can never happen. Now, observe that a and a are not in the intersectionof 
 and l. Since a = (0; 1; 0) of 
 is not the same as the point a = (1; 0; 0) ofl. Thus, a and a will never be in the set 
\ l = fx; yg: So, the secant/tangentincidence table is closed since the two points removed from both 
 and l donot appear anywhere in the table. We �nd that the set F� n fx; yg is closedand possesses inverses for each element as well as an identity. Thus, F�nfx; ygis a group under the same binary operation � de�ned above. The proof whenl a secant line is essentially the same as the proof when l is an exterior line.Thus, regardless of whether l is an exterior line or a secant line, thesecant/tangent incidence table of the points of 
 and l is isomorphic to themultiplication table of a group.3.2 Sharply Focused Sets Correspond to Cosets of a GroupThe next thing that we show is that sharply focused sets correspondto the cosets of F�.
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Theorem 3.2.1. Sharply focused sets constructed in this way have sizes thatare divisors of q+1 or q�1, other than 2. Furthermore, these sharply focusedsets correspond to cosets in F�.Proof: Let H = fb1; b2; � � � ; bkg be a sharply focused set of 
 such thatjHj = k. We want to examine the subarray whose rows and columns areindexed by the elements in H. Let cij denote the (i; j)-entry of this subarray.Since H is a sharply focused set the cij are all elements of a size k subset ofF�. Suppose crj = csj = c for some r and s. This implies that the secantline determine by br and bj intersects l in the same point as the secant linedetermined by bs and bj. Since c and bj determine a unique line, this impliesthat br; bs; bj are all collinear. This is impossible since they are all points ofan oval. Thus, no element appears twice in a column.A similar argument shows that no element appears twice in the samerow. This implies that the subarray indexed by H under � is a Latinsquare, a k � k array whose entries all come from a set, S, of size k, with theproperty that each element of S appears exactly once in each row and columnof the array.ExamineH ��b1 = fb1 ��b1; b2 ��b1; � � � ; bk ��b1g= fa; b2 ��b1; � � � ; bk ��b1g:
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Let the entries indexed by H ��b1 be dij, wheredij = (bi ��b1)� (bj ��b1)= (bi � bj)��2b1= cij ��2b1:By adding the same constant to each of the cij's, we obtain a setof dij's which come from a set of k elements. The addition of a constant toall entries does not a�ect the property of the array of being a Latin square.Notice that d1j = (b1 ��b1)� (bj ��b1)= a� (bj ��b1)= bj ��b1 2 H ��b1:Thus, each entry of the subarray indexed by H��b1 is an element of H��b1since this is a Latin square. This implies that H � �b1 is closed under �.Since 
 is �nite and H ��b1 is closed under the operation of �, H ��b1 isa subgroup, and so, H is a coset. Since the order of a coset is the same asthe order of a subgroup, Lagrange's theorem tells us that the sizes of sharplyfocused sets must divide q + 1 or q � 1.Although the proofs for the claims in [6] concerning the structure ofthe secant/tangent incidence tables can be explicitly given using the previoustwo theorems and some number theoretical arguments, the proofs will not beprovided here.
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4. Another Construction of Sharply FocusedSets Chapter 2 was devoted to using Simmon's [6] method to constructsharply focused sets in planes of order q. We will show that there is a methodof constructing sharply focused sets in planes of any prime power order, byusing subplanes in PG(2; q). Let � be a projective plane and let �0 be aprojective plane whose points form a subset of the points of � and which issuch that every line L0 of �0 is the intersection of �0 and a line L of �. Then�0 is called a subplane of � [1].
Π

π

Ω

Figure 4.1. Subplane of a Projective PlaneSince we are dealing with projective planes that are constructed over�nite �elds we have the following useful theorem pertaining to sub�elds of�nite �elds.Theorem. [5] For each divisor m of n, GF(pn) has a unique sub�eld of orderpm. Moreover, these are the only sub�elds of GF(pn).
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4.1 Even Characteristic PreambleOne of the properties fundamental to the previous construction, withq odd, is the existence of conjugate pairs of points on an oval with respect tosome line l. Recall that a conjugate pair consists of two points on an ovalwhose tangents intersected a given line at the same point. When p is evenall tangents to the oval intersect at the same point in the plane, known asthe nucleus. Therefore, conjugate pairs in planes of even order do not exist.If sharply focused sets are to be found in planes of even order, an alternateconstruction to the one provided by [6] that does not rely on conjugate pairswill need to be developed.4.2 Existence and Construction of Sharply Focused Sets in Planesof Prime Power OrderThe following theorem provides us with a new construction of sharplyfocused sets when q is a prime power.Theorem 4.3.1. In PG(2; pe), p a prime, there exists sharply focused sets ofsizes pm + 1, pm, and pm � 1 where m is a divisor of e.Proof: Let m be any divisor of e. Then � = PG(2; pm) is a subplaneof PG(2; pe). K = f(x; x2; 1) j x 2 GF(pm)g [ f(0; 1; 0)g is a set of pm + 1points in �, with the property that no three are collinear. Then K is sharplyfocused on any exterior line l of K in �. Since � is a subplane of PG(2; pe), lcan be extended to a unique line l0 in PG(2; pe). K being sharply focused on land l0 being the extension of l in PG(2; pe) implies that K is sharply focusedon l0 in PG(2; pe).
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Now, suppose that l is a tangent line to the oval K in � at a pointP , and de�ne S = K n fPg, so jSj = pm. Then l is an exterior line to S andby the proceeding paragraph, S is sharply focused on l n fPg.Finally, suppose that l is a secant line to the oval K in � at thepoints P and Q, and de�ne M = K n fP;Qg, so that jMj = pm � 1. Then lis an exterior line toM and by the �rst paragraph of the proof,M is sharplyfocused on l n fP;Qg.Thus, in PG(2; pe) there exist sharply focused sets of sizes pm + 1,pm, and pm � 1 when m is a divisor of e.This theorem can be used to construct sharply focused sets in pro-jective planes of both even and odd prime power orders. If �0 is a subplanein a projective plane �, we use the pm + 1 points of a conic in � that lie in�0 to form the desired sharply focused set, K, M, or S, of points. Since K issharply focused on any exterior line in �0, S is sharply focused on the appro-priate tangent line in �0, and M is sharply focused on the appropriate secantline, we can construct sharply focused sets of sizes pm, pm + 1, and pm � 1.According to the construction method used for q, an odd prime power,in PG(2,25) we should �nd sharply focused sets of sizes 3, 4, 6, 8, 12, and 13.Since PG(2,5) is a subplane of PG(2,25), we can use the previous theorem toconstruct another sharply focused set, a set of size 5.De�ne 
 to be a conic in PG(2,5) and l a tangent line to 
 at a pointP . Let S = 
 n fPg and observe that l is an exterior line to S. By Theorem4.3.1, S is a set of 5 points sharply focused on l and therefore S is a sharplyfocused set of 5 points in PG(2,25).
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4.3 Super Sharply Focused Sets in Planes of Even OrderAll of the constructions encountered so far have focused on �nding aset of k points in a projective plane and a line l so that the �k2� distinct linesde�ned by pairs of the points in K intersect l in only k distinct points. If werestrict our focus to projective planes of only even order, then it is possiblefor us to construct super sharply focused sets. A super sharply focused set isa set of m points, no three collinear, that are sharply focused on m� 1 pointsof a line. Let � be a plane of order 2m with a subplane of order 2n. Let 
 be ahyperoval, an oval together with its nucleus N , in PG(2,2n). 
 contains 2n+2points. Let l be the secant line to 
 through any point P on 
 and N . LetK = 
 n fP;Ng. Then the 2n points in K generate �2n2 � distinct lines thatintersect l in 2n � 1 points. Namely, the 2n points of K generate lines thatintersect l at every point except for P and N . Thus, in projective planes ofeven order we can create super sharply focused sets.There is one possible advantage for having super sharply focused setsas opposed to sharply focused sets in the creation of this particular type ofsecret sharing scheme. For instance, suppose the president of the bank hirestemporary tellers during the holidays to help with the seasonal increase inbanking transactions. Then with the addition of several new tellers, he wouldlike to incorporate them into the current design rather than produce a newdesign to redistribute the shares of the combinations to the current employeesas well as the new ones. In this light, it makes sense to have access to spareshares that can be distributed when new employees are hired. By using super
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sharply focused sets instead sharply focused sets, we can increase the numberof shares given out to the participants of the scheme by one. In this manner,super sharply focused sets are more practical than sharply focused sets.4.4 A Sharply Focused and Super Sharply Focused Set in PG(2,16)Let 
 = f(i; i2; 1) j i 2 GF(16)g [ (0; 1; 0)g be a conic in PG(2,16)and � a generator of GF(16)nf0g. Then (�5)2 = �10 and (�5)3 = �15 = 1implies that GF(4) = f�5; �10; 1; 0g � GF(16).Then we have that the points of 
 2 PG(2; 16) that lie in PG(2,4)are (�5; �10; 1), (�10; �5; 1), (0; 1; 0), (1; 1; 1), (0; 0; 1). These �ve points gen-erate 10 secants and 5 tangents which intersect each other at the followingpoints: (0; 1; 1), (0; �10; 1), (0; �5; 1), (1; 1; 0), (1; 0; 1), (1; �10; 0), (�10; 0; 1),(�10; �10; 1), (�5; �5; 1), (1; �5; 1), (1; �10; 1), (�5; 0; 1), (1; �5; 0), (�10; 1; 1),(�5; 1; 1). These points are sharply focused on the lines y = x+�5, y = x+�10,y = �5x + 1, y = �5x + �5, y = �10x + 1, and y = �10x + �10 in PG(2,4),which are exterior lines in PG(2,4) and secant lines in �. So,K = f(�5; �10; 1); (�10; �5; 1); (0; 1; 0); (1; 1; 1); (0; 0; 1)gis a set of �ve points in PG(2,16) that is sharply focused on a line.We can also obtain a sharply focused set of size 4 by following theconstruction given in Theorem 4.3.1. Let 
 = K be de�ned as above and let lbe a tangent line to 
 at P in PG(2,4). Then S = 
nfPg is a sharply focusedset of size 4 with respect to the tangent line l.To obtain a super sharply focused set in PG(2,16), we let 
 be thehyperoval given by f(�5; �10; 1), (�10; �5; 1), (0; 1; 0), (1; 1; 1), (0; 0; 1), (1; 0; 0)g37



where N = (1; 0; 0) is the nucleus. Then let l be a secant line through any ofthe �rst �ve points listed for 
 and N and let S be a set that contains thepoints of 
 62 l. Then by Theorem 4.3.1, S is sharply focused on l.So, in PG(2,16), by using the results from Theorem 4.3.1, we canconstruct sharply focused sets of sizes 5 and 4, as well as a super sharplyfocused set of size 4.4.5 Advantages and Disadvantages of Each Construction of SharplyFocused SetsA limiting factor to the use of subplanes for constructing sharplyfocused sets is the number of subplanes that can be generated to obtain asharply focused set. For instance, in PG(2; pe), where e is a prime, then theonly divisors of e are 1 and itself. In this case, the generated subplanes arethe p-subplane and the whole space. In the situation where we deal with thep-subplane, we can obtain sharply focused sets of sizes p � 1, p, and p + 1.In the situation where we are only dealing with the whole space, this methoddoes not produce any non-trivial sharply focused sets.The construction method provided in [6] relies on the ability to �ndconjugate pairs of an oval with respect to either an exterior line or a secantline in the plane. This method does not work in planes of even order, sinceconjugate pairs no longer exist. However, in projective planes of even order,we can always produce super sharply focused sets that do not exist in planesof odd order.
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5. Further StudiesIn this thesis we have examined two types of constructions for �ndingsharply focused sets for use in secret sharing schemes. In this chapter, we wouldlike to mention a few problems and questions that have not been solved. Theseremain to be studied further.� This papers o�ers two di�erent constructions for �nding sharply fo-cused sets. Whether or not there exist other constructions of sharplyfocused sets still needs to be addressed.� The construction provided by Simmons [6] requires the use of conicsbut the subplane construction does not. It still remains to be deter-mined whether or not sharply focused sets based on other types of arcsin planes of even order greater than 16 exist. An exhaustive searchusing the Lunelli-Sce oval in PG(2,16) did not �nd any non-trivialsharply focused sets.� PG(2,8) is the smallest case in which the subplane construction doesnot give a sharply focused set. An exhaustive search found no sharplyfocused sets in this plane, other than the trivial super-sharply focusedquadrangles. Is this always the case for PG(2,2p), p a prime?
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