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Holder, Leanne D. (Ph.D., Applied Mathemati
s)Blo
king Sets of Coni
sThesis dire
ted by Professor William E. Cherowitzo
ABSTRACTTraditionally, the study of blo
king sets has been devoted to studying sets ofpoints in a proje
tive plane with the property that every line of the plane 
ontainsat least one point in that set. In this 
lassi
al situation, we refer to a blo
kingset as a line blo
king set. A line blo
king set is said to be irredu
ible if no propersubset is a line blo
king set. Although the study of line blo
king sets takes itsorigins in game theory, many of the results pertaining to blo
king sets of lines aredue to �nite geometers. Using basi
 properties of the plane, it is simple to showthat su
h sets exist. Most of the resear
h pertaining to line blo
king sets 
onsistsof examining existen
e, stru
ture, and obtaining bounds on the sizes of irredu
ibleblo
king sets.Just as there are sets of points that blo
k lines, there are sets of lines thatblo
k 
oni
s. We de�ne a 
oni
 blo
king set (CBS) to be a set of lines in a Desar-guesian proje
tive plane su
h that all 
oni
s meet these lines. This dissertationpresents a study of 
oni
 blo
king sets restri
ted to sets of 
on
urrent lines and isdivided into two parts: CBSs in planes of even 
hara
teristi
, and CBSs in planesof odd 
hara
teristi
. In both settings, there is a trivial proof that guarantees theexisten
e of CBSs. There are non-trivial 
onstru
tions of CBSs that rely heav-iii



ily on results by J. A. Thas relating to the theory of 
o
ks of quadrati
 
ones.An eÆ
ient algorithm is developed for �nding the minimum size of CBSs. Thisalgorithm requires working with the dualized proje
tive plane and in
orporatesoptimization te
hniques. Along with the results of the 
omputer sear
hes, boundson the minimum size of CBSs are dis
ussed.This abstra
t a

urately represents the 
ontent of the 
andidate's thesis. I re
-ommend its publi
ation. Signed William E. Cherowitzo
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1. Proje
tive Geometry Appli
ationsProje
tive geometry has appli
ations in modern information and 
ommuni-
ation s
ien
e, more spe
i�
ally, in 
oding theory and 
ryptography. The aim of
oding theory is to develop methods that enable the re
ipient of a message todete
t or even 
orre
t errors that o

ur while transmitting data. Many problemsof 
oding theory 
an be dire
tly translated into geometri
 problems. As to 
ryp-tography, one of its tasks is to keep information se
ret by en
iphering it. Anothertask is to prote
t data against alteration. Surprisingly, 
ryptosystems based ongeometry have ex
ellent properties: in 
ontrast to most systems used in pra
ti
ethey o�er provable se
urity of arbitrarily high level.1.1 Appli
ations of Geometry to a Communi
ation SystemTo illustrate how proje
tive geometry 
an be applied to a 
ommuni
ationproblem, we will examine one that is developed in [8℄. Consider a s
enario wherethere is a 
olle
tion of users who wish to 
ommuni
ate with ea
h other. To makethis s
enario more interesting, several 
onditions are imposed on the parti
ipantsand on the 
ommuni
ations network.For the parti
ipants of the s
enario, two 
onstraints are imposed. First, it isimpossible for any parti
ipant to get in dire
t 
onta
t with another parti
ipant.Se
ondly, ea
h parti
ipant must use the 
ommuni
ations network whi
h will 
on-sist of swit
hes. For the 
ommuni
ations network, three 
onditions are imposed.First, ea
h swit
h is responsible for a 
ertain number of users. Se
ond, ea
h swit
h
an 
onne
t any two of the users. Third, any 
onne
tion between two users needs1



at least one swit
h. Finally, for e
onomi
 reasons, the 
ondition that the numberof swit
hes should be as small as possible is imposed.Now, we examine the requirements for this 
ommuni
ation system. The �rstrequirement is� any two users 
an be 
onne
ted using just one swit
h.Sin
e any swit
h should have some use, the se
ond requirement is� ea
h swit
h 
onne
ts at least two users.If all users were 
onne
ted by only one swit
h then there would be a substantialamount of mutual interferen
e; therefore the third requirement is that� there are at least two swit
hes.Finally, sin
e it should be possible to produ
e swit
hes 
heaply, the �nal require-ment is� all swit
hes look `alike'.We will expound further on this last requirement.Now that we have formulated the requirements for the 
ommuni
ation system,we translate this into geometri
al language using linear spa
es.De�nition 1.1 A linear spa
e is a geometry L 
onsisting of points and lines su
hthat following three axioms hold.(L1) Any two distin
t points of L are in
ident with pre
isely one line.(L2) On any line of L there are at least two points.
2



(L3) L has at least two lines.In order to do this translation, the users are 
alled points and the swit
hesare 
alled lines. Now, the �rst three requirements of the system translate intothe axioms of a linear spa
e. That is, in order to obtain a good 
ommuni
ationssystem we have to �nd a linear spa
e- that has a number of lines that is as small as possible, and- in whi
h all lines look `alike'.Although the phrase `looking alike' has not been pre
isely de�ned, this phrase 
anbe taken to mean that any line has the same number of points, or in terms of theswit
hes, ea
h swit
h 
onne
ts the same number of users.The following example will further 
larify this 
ommuni
ation network de-s
ription.Example 1.
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Figure 1.1: A Communi
ation System with Seven Users and Swit
hesConsider the 
ommuni
ations network system that has seven users, 1, 2, 3, 4,5, 6, 7, and seven swit
hes su
h that ea
h swit
h handles three users. Then theswit
hes would be 123, 145, 167, 246, 257, 347, 356.3



By designating the `outer' points to represent swit
hes (lines) and the `inner'points to represent users (points), we see that the pi
ture on the right-hand sideof Figure 1.1 is a 
ommuni
ation system. For further information about this
ommuni
ations system, see [8, 72℄.Most importantly, it 
an be shown that 
ommuni
ation systems with the leastnumber of swit
hes are obtained from proje
tive planes [8℄.1.2 Appli
ations of Geometry to Coding TheoryCoding theory originated with the arrival of 
omputers. Early 
omputers werehuge and their reliability was low 
ompared to the 
omputers of today. These
omputers 
onsisted of banks of me
hani
al relays, and if a single relay failed to
lose an entire 
al
ulation was in error. The engineers of the time devoted mu
henergy to �nding ways to dete
t faulty relays so that they 
ould be repla
ed.While R. W. Hamming was working for Bell Labs [33℄, he began to work on theproblem of having the ma
hine not only dete
t when an error o

urred, but 
orre
tthe error as well. Hamming devised a way of en
oding information so that if anerror was dete
ted it 
ould also be 
orre
ted. Based in part on this work, ClaudeShannon [64℄ developed the theoreti
al framework for the s
ien
e of 
oding theory.In this se
tion, we brie
y examine the error-
orre
ting aspe
t of 
oding the-ory. The problem that 
an be answered using proje
tive geometry deals with thediÆ
ulties inherent with the transmission of messages. More parti
ularly, supposethat we wished to transmit a message and knew that in the pro
ess of transmis-sion there would be some sort of \noise" 
ausing the message to be altered. Thisnoise 
ould be due to weak signals, sporadi
 ele
tri
al bursts, and other naturallyo

urring noise that 
reeps into the transmission medium. The problem is to in-4



sure that the intended message is obtainable from whatever is a
tually re
eived.One simple approa
h to this problem is to 
ode the message so that the original
ontent is easily obtainable, even if the 
oded message re
eived is full of errors.
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Figure 1.2: Atmospheri
 NoiseA basi
 error-
orre
ting 
ode 
onsists of transmitting redundant informationtogether with the message that is to be 
ommuni
ated. That is, the message isextended so that the sequen
e of symbols, in the message, is a longer sequen
e andthis extension is done in a systemati
 manner. This parti
ular 
oding method hasmany e
onomi
al drawba
ks. There are other error-
orre
ting 
odes, and someare more e
onomi
al.There are many 
odes for en
oding and de
oding transmitted data that arerelated to proje
tive geometry. For instan
e, proje
tive geometry has ties toHamming 
odes, linear 
odes, 
y
li
 
odes, MDS 
odes, and Reed-Muller 
odes.The Reed-Muller 
ode is one of the most studied 
odes and has been used byNASA for transmission of data. 5



To examine one of the appli
ations of 
odes, 
onsider NASA's Mariner 9mission in 1971. Mariner 9 was a spa
e probe whose mission was to 
y over Mars,photograph the surfa
e, and then transmit the pi
tures ba
k to Earth. The bla
kand white 
amera aboard the Mariner 9 took the pi
tures, and a �ne grid was thenpla
ed over the pi
ture and for ea
h square of the grid the degree of bla
kness ismeasured on a s
ale from 0 to 63. These numbers, expressed in binary, are thedata that is transmitted to Earth. By the time the data arrived ba
k at Earth,the signal was weak and needed to be ampli�ed. Noise from spa
e modi�ed thesignal and thermal noise from the ampli�er had the e�e
t that o

asionally asignal transmitted as a 1 was interpreted by the re
eiver as a 0 and vi
e versa.Thus, there was 
learly a need to 
ode this information with an error 
orre
ting
ode. The Reed-Muller 
ode was 
hosen for this task of transmitting pi
tures.For more information about the Mariner 9 mission and the 
oding theory used inthat proje
t, see [71, 56℄. For more information on the Reed-Muller 
odes as anappli
ation of proje
tive geometry, see [16, 2℄.1.3 Appli
ations of Geometry in CryptographyAs mentioned at the beginning of this 
hapter, 
ryptography has two mainpurposes. The �rst is to provide a method that guarantees the priva
y of infor-mation. The se
ond is to provide methods that allow the re
eiver of the messageto determine if the message has been altered and verify that the message 
amefrom the 
laimed sender. Su
h systems are often based on se
ret keys; thereforethe se
ure distribution and storing of se
ret keys is a 
entral area of 
ryptography.The following illustration of a simple 
ryptosystem is found in [68℄. A simple
ryptosystem usually enables two people, referred to Ali
e and Bob, to 
ommuni-6




ate over an inse
ure 
hannel in su
h a way that an opponent, referred to as Os
ar,
annot understand what is being 
ommuni
ated. The 
hannel 
ould be anythingfrom a telephone line or a CB radio to a 
omputer network. The plaintext infor-mation that Ali
e sends to Bob is en
rypted by Ali
e using a predetermined key.This 
iphertext is then sent over the 
hannel where Os
ar, whose is eavesdropping,
annot determine what the plaintext was, but Bob who has the en
ryption key
an de
rypt the 
iphertext to re
onstru
t the plaintext.
Alice encrypter decrypter Bob

secure channel

Oscar

key source
K

x y x

Figure 1.3: A Simple CryptosystemFor this illustration, Ali
e and Bob use the following proto
ol for their 
ryp-tosystem. First, in a se
ure setting, Ali
e and Bob 
hose a random key K. WhenAli
e wants to 
ommuni
ate with Bob, she en
rypts the plaintext x using the keyK into the 
iphertext y whi
h is sent over the 
ommuni
ation 
hannel. When Bobre
eives the 
iphertext y, he de
rypts it using the key.It is often the 
ase that the authenti
ity of the plaintext is more importantthan the 
on�dentiality of the plaintext. A message is said to be authenti
 if there
ipient is sure that1. he re
eives exa
tly the data the sender has sent (data integrity) and7



2. the data really originated from the 
laimed sender (data authenti
ity).We see that there are two types of atta
ks available to disrupt the authenti
ityof a message. One is when an atta
ker tries to insert a message 
laiming thathe is the real sender and the other is when an atta
ker tries to modify the sentmessage. As prote
tion against the atta
ks des
ribed, authenti
ation systems havebeen invented [65℄.In 1974, Gilbert, Ma
Williams, and Sloane [30℄ showed that if � is the numberof possible keys to an authenti
ation system, then an atta
ker 
ould de
eive withprobability at least 1=p�. A authenti
ation system with � keys is 
alled perfe
t,if the probability that an atta
ker will be able to insert or substitute a messageis only 1=p�. Perfe
t authenti
ation systems exist and 
an be 
onstru
ted usingmathemati
al stru
tures su
h as proje
tive geometry.Another aspe
t of 
ryptography that 
an involve proje
tive geometry is theproblem of storing and retrieving se
ret data. This problem 
an be solved in anoptimal way by using a se
ret sharing s
heme [63, 66℄.1.3.1 Se
ret Sharing S
hemesIn a se
ret sharing s
heme, a dealer has a se
ret and would like to distributeto every parti
ipant of this s
heme a share of the se
ret. The shares should bedistributed se
retly, so that no parti
ipant knows the share of another parti
ipant.Also, some time later a subset of the parti
ipants 
ould pool their shares in anattempt to 
ompute the se
ret. In some situations, the dealer may want some ofthe subsets of parti
ipants to be able to 
ompute the se
ret while other subsetsof the parti
ipants to be unable to 
ompute the se
ret [68, 12℄. If the dealer is
8



fa
ed with this type of situation, then it is ne
essary to identify the appropriatesubsets of parti
ipants before the shares are distributed.To better illustrate this 
on
ept, 
onsider a generi
 se
ret sharing s
hemeinvolving the employees of a bank [38℄.Example 2. In a bank, there is a vault that must be opened every day. Thepresident of the bank employs a number of senior tellers and vi
e presidents butdoes not trust any individual with the 
ombination to the vault. So, a systemneeds to be designed in whi
h 
ertain 
ombinations of these employees 
an openthe vault.One plan is to design a system, 
all it Design A, whereby any three seniortellers 
an open the vault or any two vi
e presidents 
an open the vault. Althoughthis appears as a pra
ti
al solution in theory, this system might not work in realityif only two senior tellers and one vi
e president show up for work [68℄. A morepra
ti
al design, Design B, is obtained by adding to Design A the ability for twotellers and one vi
e president to open the vault. One must insure that no pairof senior tellers alone 
an open the vault while allowing any vi
e president in
ooperation with a pair of senior tellers the ability to open the vault [67℄. If we
an do this, we will have obtained a se
ret sharing s
heme in whi
h the dealeris the president of the bank, the parti
ipants are the vi
e presidents and seniortellers, and the se
ret is the 
ombination to the vault.A model for both Design A and Design B 
an be developed by using variousrelationships between 
ertain points, lines, and planes of a proje
tive four-spa
eto represent the se
ret and the shares.
9



1.4 Con
lusionFor all of the appli
ations presented in this 
hapter, the basi
 properties hadto be worked out before proje
tive geometry 
ould be applied to solve su
h prob-lems. In this thesis, we are working out the basi
 properties of a new 
on
ept inproje
tive geometry.

10



2. Introdu
tion and ReviewThis introdu
tory 
hapter 
ontains a survey of some basi
 algebrai
 and ge-ometri
 
on
epts that will be employed throughout this dissertation. We beginwith a dis
ussion of �nite �elds and fun
tions over �nite �elds, sin
e both areinstrumental to the development of proje
tive geometries. After that, we providea detailed overview of proje
tive geometries.2.1 Finite FieldsDe�nition 2.1 A �eld is a set K 
losed under two operations +, � su
h that1. (K;+) is an abelian group with identity 0;2. (K�; �) is an abelian group with identity 1, where K� = K n f0g;3. x(y + z) = xy + xz, (x + y)z = xz + yz, for all x, y, z in K;Below, we list de�nitions and properties that are useful to the development of theresults given in this paper. These are taken from [35, Ch.1℄, and the reader isreferred to [48℄ for an in-depth look at �nite �elds or to [26℄ for an introdu
tionto �nite �elds.1. A �nite �eld is a �eld with only a �nite number of elements.2. The 
hara
teristi
 of a �nite �eld K is the smallest positive integer (whi
hmust be a prime) p su
h that px = 0 for all x in K.3. GF(p), p prime, 
onsists of the residue 
lasses of the integers modulo p underthe natural addition and multipli
ation and is a �nite �eld of p elements.11



4. A �nite �eld K of 
hara
teristi
 p has a sub�eld isomorphi
 to GF(p) andhas ph elements for some h in N .5. If f(t) is an irredu
ible polynomial of degree h over GF(p), thenGF(ph) = GF(p)[t℄=(f)= fa0 + a1t + : : :+ ah�1th�1 j ai 2 GF(p); f(t) = 0g.6. The elements x of GF(q), q = ph, satisfyxq � x = 0,and there exists s in GF(q) su
h thatGF(q) = f0; 1; s; : : : ; sq�2 j sq�1 = 1g;su
h an s is 
alled a primitive element of GF(q) or generator of GF(q)�.7. Any �eld of q elements, q = ph is isomorphi
 to GF(q), whi
h is 
alled theGalois �eld of order q.By Property 6, we have that every element in E = GF(2n) satis�es x2n = x,so that x is the square of the element x2n�1 . We also remark that every elementin E has exa
tly one square root, sin
e �1 = 1 in E .Unlike the situation in GF(2n), if E = GF(pn) with p an odd prime, then notevery element in E is a square. Those that are not squares are 
alled nonsquares.If � is a primitive element of E , so that �pn�1 = 1 and �(pn�1)=2 = �1, the evenpowers of � are squares; while the odd powers are nonsquares. The element 0 isnot 
onsidered a square or a nonsquare. Hen
e, there are pn�12 squares and the12



same number of nonsquares. Furthermore, it is easy to see that the produ
t orquotient of two squares or nonsquares is a square; but the produ
t or quotient ofa square and nonsquare is a nonsquare. We often denote a square element withthe symbol and a nonsquare element with the symbol�. The following theoremwill prove to be useful when we obtain 
ounts of various sums in E .Theorem 2.2 [24, Thm.67℄ If S denotes the number of squares �2 in E for whi
h�2 + 1 = and N denotes the number of squares � 2 for whi
h � 2 + 1 =�, wehave S = 14(pn � 5); N = 14(pn � 1); if � 1 = ;S = 14(pn � 3); N = 14(pn + 1); if � 1 =�:
2.1.1 Polynomials over Finite FieldsPolynomials for whi
h the asso
iated polynomial fun
tions are permutationsof a given �nite �eld GF(q) are 
alled permutation polynomials. These polynomialsexist over any GF(q) sin
e every mapping of GF(q) into itself 
an be expressed bya polynomial fun
tion. We remind the reader of the obvious, that if the fun
tionf is a permutation polynomial of GF(q), then f is one-to-one and onto. Other
riteria and properties of permutation polynomials 
an be found in [48, 
h.7℄.De�nition 2.3 [48℄ Let GF(qm) be an extension of GF(q) and let � 2 GF(qm).Then the elements �; �q; �q2; � � � ; �qm�1 are 
alled the 
onjugates of � with respe
tto GF(q).Let E = GF(qm) be an extension of K = GF(qd), where d is any divisor ofm. An automorphism � of E over K is a mapping of E onto itself that �xes the

13



elements of K point-wise. Thus, � is required to be a one-to-one mapping from Eonto itself with �(� + �) = �(�) + �(�) and �(��) = �(�)�(�) for all �, � 2 Eand �(a) = a for all a 2 K. The relationship between 
onjugate elements and
ertain automorphisms of a �nite �eld is explained in the following theorem.Theorem 2.4 [48℄ The distin
t automorphisms of E = GF(qm) over K = GF(q)are exa
tly the mappings �0; �1; � � � ; �m�1, de�ned by �i(t) = tpi for t 2 F and0 � i � m� 1.For example, the automorphisms of GF(24) are�0(t) = t,�1(t) = t2,�2(t) = t4,�3(t) = t8.It is 
lear, from the previous theorem, that the 
onjugates of � 2 E withrespe
t to K are obtained by applying all automorphisms of E over K to theelement �. The next map we examine is a linear map from E to K, and it isimportant in the 
onstru
tion of 
oni
 blo
king sets.De�nition 2.5 [48℄ For � 2 E, the tra
e TrE=K(�) of � is an additive homomor-phism of E into K is de�ned byTrE=K(�) = � + �q + �q2 + � � �+ �qm�1.If K is the prime sub�eld of E, then TrE=K(�) is 
alled the absolute tra
e of �.Otherwise, TrE=K(�) is 
alled a relative tra
e of � over K.14



We see that the tra
e of � over K is the sum of the 
onjugates of � withrespe
t to K. For example,TrGF(16)=GF(2)(t) = t+ t2 + t4 + t8,and TrGF(16)=GF(4)(t) = t+ t4.Moreover, TrE=K(�) is always an element of K.The following theorem gives several useful properties of the tra
e fun
tion,most notably that the tra
e fun
tion is linear.Theorem 2.6 [48℄ Let E = GF(qm) and K = GF(q). Then the tra
e fun
tionTrE=K satis�es the following properties:1. TrE=K(�+ �) = TrE=K(�) + TrE=K(�) for all �; � 2 E;2. TrE=K(
�) = 
TrE=K(�) for all 
 2 K; � 2 E;3. TrE=K is a linear transformation from E onto K, where both E and K areviewed as ve
tor spa
es over K;4. TrE=K(a) = ma for all a 2 K;5. TrE=K(�q) = TrE=K(�) for all � 2 E.
Often it is more 
onvenient for us to denote TrE=K by tr or Tr when the �eldsin question are understood. Other properties of the tra
e fun
tion 
an be found

15



in the �rst 
hapter of [35℄. When q is even, we may express E = �0[�1 where �0is the set of elements of absolute tra
e 0, and �1 is the set of elements of absolutetra
e 1. Then, we have the additional properties:(a) 0 2 �0;(b) q = 22m () 1 2 �0;(
) q = 22m+1 () 1 2 �1;(d) t 2 �i () �(t) 2 �i for all automorphisms �;(e) s 2 �i, t 2 �j =) 8><>:s+ t 2 �0 if i = j,s+ t 2 �1 if i 6= j.(f) j�0j = j�1j = q=2.It is easy to show that Tr(t2) +Tr(t) = 0 for all t 2 E . From this it 
an be shownthat any element that 
an be expressed as the sum of another element and itssquare has tra
e 0.In Chapters 3 and 4, the tra
e fun
tion will be used to 
onstru
t 
oni
 blo
kingsets. In the next se
tion, we use the tra
e fun
tion to determine the number ofsolutions of a quadrati
 equation in a �nite �eld. This will be useful in later
hapters for determining the relationship between a line of the proje
tive planeand a quadrati
 form in the plane.2.1.2 Quadrati
 EquationsWe are interested in determining the number of solutions to quadrati
 equa-tions in a �nite �eld of order q. We 
an determine the number of irredu
ible
16



fa
tors of a quadrati
 equation,ax2 + bx + 
 = 0, a 6= 0, (2.1)over a �eld of odd 
hara
teristi
 by examining the dis
riminant of the quadrati
equation. However, in �elds of 
hara
teristi
 two, the dis
riminant proves insuf-�
ient to determine the number of irredu
ible fa
tors. In this 
ase, the numberof irredu
ible fa
tors 
an be determined by using the absolute tra
e fun
tion. Wedes
ribe the 
ases of odd and even 
hara
teristi
 separately.If the 
hara
teristi
 of the �eld is not two, the dis
riminant of the quadrati
equation (2.1) is � = b2 � 4a
.There are three 
ases:1. if � = 0, then (2.1) has the unique solution x = �b=(2a);2. if � is a nonsquare in GF(q), then (2.1) has no solutions in GF(q);3. if � is a square in GF(q), then (2.1) has two solutions x = (�b�p�)=(2a).For 
hara
teristi
 two, let Tr(t) denote the absolute tra
e of t over GF(2).Instead of using the dis
riminant as our invariant, we use a di�erent invariant
alled Æ.(a) First, if b = 0, then (2.1) be
omes ax2 + 
 = 0, and the unique solution to(2.1) is given by x =p
=a.(b) If b 6= 0, we 
an multiply (2.1) by a=b2 to obtain the equation a2x2b2 + axb +a
b2 = 0. Let y = ax=b and Æ = a
=b2, so that (2.1) be
omesy2 + y + Æ = 0. (2.2)17



Then, Æ is the invariant of equation (2.1) and also of (2.2).As mentioned in the previous se
tion, Tr is a homomorphism into K = GF(2),i.e., Tr(Æ) = 0 or 1.1. If Tr(Æ) = 1, then (2.2) and so (2.1) have no solutions.2. If Tr(Æ) = 0, then (2.2) and so (2.1) have two solutions. If y = s is onesolution of (2.2), then y = s+ 1 is the other.2.2 Proje
tive GeometryThe material presented in the up
oming se
tions is meant to serve as a 
ur-sory review of some of the basi
 ideas from �nite proje
tive geometry spe
i�
allyrelated to �nite proje
tive lines, planes, and solids. A natural pla
e to begin isthe 
onstru
tion of a proje
tive geometry. A 
ommonly used 
onstru
tion for ob-taining a proje
tive geometry starts with a ve
tor spa
e. For reasons that willsoon be 
lear, we will use the word `rank' in lieu of `dimension' when referringto ve
tor spa
es. Let V = V (n + 1; q) be an (n + 1)-rank ve
tor spa
e over the�eld GF(q) with zero element 0. We view the elements of V (n + 1; q) as the(n + 1)-tuples of the form (x0; x1; � � � ; xn) where the xi are in GF(q). Considerthe equivalen
e relation on the elements of V n f0g whose equivalen
e 
lasses arethe rank one subspa
es of V with the zero deleted. So, if X; Y 2 V n f0g, thenX is equivalent to Y if Y = tX for some t 2 GF(q)� = GF(q) n f0g. With thisequivalen
e relation in mind, we 
an form the n-dimensional proje
tive spa
e overGF (q), denoted PG(n; q), in the following manner: The points, lines, planes, andsolids of PG(n; q) are de�ned as the subspa
es of rank 1, 2, 3, and 4, respe
tively.In keeping with 
lassi
al geometri
 terminology, we say that these obje
ts have18



(proje
tive) dimension 0, 1, 2, and 3, respe
tively. In general, for 0 < k � n, arank k subspa
e of V is said to have proje
tive dimension k�1. A rank n subspa
eof V (i.e. an n� 1 dimensional obje
t in PG(n; q)) is often 
alled a hyperplane.Lines in this setting are regarded as 
ertain sets of points; planes 
an also beregarded as 
ertain sets of points. If a point lies on a line or in a plane, the pointis said to be in
ident with the line or plane. This is equivalent to the notion of arank one subspa
e being 
ontained in a rank two or rank three subspa
e.A well known result from linear algebra states that if S and T are ve
torspa
es, rk(S) + rk(T ) = rk(S \ T ) + rk(S [ T ),where rk denotes the algebrai
 dimension (rank) of a ve
tor spa
e. This is 
alledthe rank formula. For 
larity, 
onsider the following example.Example 3.Let 
 = PG(4; q) be derived from a rank 5 ve
tor spa
e. The rank formula isused to determine all possible in
iden
es of lines and planes in 
.First, the relationship between two distin
t planes, �1 and �2, in 
 is exam-ined. If �1 and �2 lie in a 
ommon 3-dimensional subspa
e of 
 (that is, rank fourve
tor spa
e), then by the rank formula these two planes interse
t in a line (a ranktwo ve
tor subspa
e). But, if �1 and �2 do not lie in a 
ommon 3-dimensionalsubspa
e of 
, �1 and �2 must interse
t in a point, be
ause their union (span)would have rank four. Let P , Q, and R be three non
ollinear points in 
. Sin
eea
h point has rank one, and two points determine a line, using two of these twolines, a

ording to the rank formula, the smallest subspa
e 
ontaining these threepoints is a rank three subspa
e of 
, whi
h is a proje
tive plane.19



Se
ond 
onsider the in
iden
e relationship between a line l and a plane �,both in 
. If l meets �, l either meets � in a point or is entirely 
ontained within�. Suppose two points of l are in �. Then sin
e � is a ve
tor subspa
e, the spanof any two points that lie in � also lies in �. In this 
ase, it must be that l isentirely 
ontained in �.If �1 and �2 are two spa
es PG(n; q) with n � 2, then a 
ollineation � : �1 !�2 is a bije
tion whi
h preserves in
iden
e; that is if �r � �s, then �r� � �s�,where �r and �s are subspa
es of �1. For instan
e, � maps 
ollinear points to
ollinear points and 
on
urrent lines to 
on
urrent lines. If S is a set of points inPG(2; q) with the property that no three are 
ollinear, � maps S to another setof points with the same property. A proje
tivity is a 
ollineation that is indu
edby the a
tion of a nonsingular matrix on the underlying ve
tor spa
e.The Fundamental Theorem of Proje
tive Geometry is vital to the work inChapters 3 and 4. Below is the statement as given in [35℄.Theorem 2.7 [35, 2.1.2 (b)℄ Suppose fP0; : : : ; Pn+1g and fP 00; : : : ; P 0n+1g areboth ordered subsets of PG(n; q) of 
ardinality n + 2 su
h that no n + 1 points
hosen from the same set lie in a hyperplane. Then, there exists a unique proje
-tivity T su
h that P 0i = PiT , for 0 � i � n+ 1.For a proje
tive plane where n = 2, the previous theorem essentially states thatthe group of proje
tivities of the plane, PGL(3; q), a
ts sharply transitively onfour points (no three 
ollinear) of PG(2; q) [9℄.Any proje
tive spa
e PG(n; q), has a dual spa
e PG(n; q)�, whose points andhyperplanes are respe
tively the hyperplanes and points of PG(n; q). For any the-orem true in PG(n; q), there is an equivalent theorem true in PG(n; q)�. That is,20



if T is a theorem in PG(n; q) stated in terms of points, hyperplanes and in
iden
e,the same theorem is true in PG(n; q)� and gives a dual theorem T � by substituting`hyperplane' for point and `point' for `hyperplane'. So, we have that the dual ofan r-spa
e in PG(n; q) is an (n� r� 1)-spa
e. The fa
t that we 
an make su
h arepla
ement is known as \the prin
iple of duality", and this prin
iple 
arries overinto any proje
tive geometry.For instan
e, in the plane PG(2; q), every statement about points and lines
an be repla
ed by a dual statement about lines and points. In PG(3; q), a pointand plane are dual, whereas the dual of a line is a line. In order to simplify
al
ulations it is often ne
essary to work in the dual setting.A quadri
 in PG(n; q) is a set of points in PG(n; q) whose 
oordinates satisfya homogeneous equation of degree two. If Q is a quadrati
 form, that is,Q= nXi; j = 0i � j aijXiXj= a00X20 + a01X0X1 + � � � ,then the set of points satisfying Q = 0 is a quadri
 in PG(n; q). For instan
e, aquadri
 in PG(2; q) is the set of points whose 
oordinates (X0; X1; X2) satisfy thehomogeneous quadrati
 equation a00X20+a01X0X1+a11X21+a02X0X2+a12X1X2+a22X22 = 0.In Se
tions 2.2.1 and 2.2.3, we further examine the proje
tive line and proje
-tive 3-spa
e. Sin
e the bulk of the results pertain to proje
tive planes, emphasisis pla
ed on ba
kground material in Se
tion 2.2.2.
21



2.2.1 The Proje
tive LineThe proje
tive line, PG(1; q), is important for the results developed in Chap-ters 3 and 4. There are q+1 points of PG(1; q) and they are f(1; 0)g[f(x; 1) j x 2GF(q)g. Ea
h point (x; 1) of PG(1; q) 
an be represented by the nonhomogeneous
oordinate x in GF(q) and the 
oordinate for (1; 0) is 1. In the remainder ofthis dissertation, these points of PG(1; q) are often referred to in terms of theparameters t 2 GF(q) [ f1g.A proje
tivity T of PG(1; q) is given by Y = XT , where X = (x0; x1),Y = (y0; y1) and T = � a b
 d �, T 2 PGL(2; q). The Fundamental Theoremof Proje
tive Geometry states that any three points of PG(1; q) 
an be mappedto any other three points by a proje
tivity. Sin
e this property is used in theup
oming 
hapters, a small example of how a proje
tivity of the line maps pointsto points is presented below.Example 4.There are six points on the line PG(1; 5) whi
h have 
oordinates (0; 1), (1; 1),(2; 1), (3; 1), (4; 1), and (1; 0). The proje
tivity T = � 2 11 1 � maps these pointsof PG(1; q) to the points (1; 1), (4; 1), (0; 1), (3; 1), (1; 0), and (2; 1), respe
tively.Let Q(1; q) be the set of quadri
s of PG(1; q) and Sa;b;
 = f(x; y) 2 PG(1; q) jax2 + bxy + 
y2 = 0 for a; b; 
 2 GF(q)g. Then,Q(1; q) = fSa;b;
 j a; b; 
 2 GF(q)g.
22



There are q2 + q + 1 quadri
s in Q(1; q), and ea
h quadri
 is 
lassi�able by ex-amining the dis
riminant of the quadrati
 form. Quadri
s of the proje
tive linewill resurfa
e again in the development of 
onstru
tions of 
oni
 blo
king sets inplanes of odd order.2.2.2 The Proje
tive PlaneSin
e the majority of results presented in this dissertation deal with the pro-je
tive plane, a more detailed review is o�ered. There are a variety of ways tode�ne or 
onstru
t a proje
tive plane. One su
h way is the ve
tor spa
e 
onstru
-tion given in Se
tion 2.2. We begin this se
tion by giving an axiomati
 de�nitionof a proje
tive plane. This is followed by de�nitions, theorems, and properties ofthe proje
tive plane that are relevant to the results given in this dissertation.De�nition 2.8 A proje
tive plane is a set of points and a set of lines togetherwith an in
iden
e relation between them satisfying the following three axioms.(P1) Any two points are in
ident with a unique 
ommon line.(P2) Any two lines are in
ident with a unique 
ommon point.(P3) There are at least four points, no three of whi
h are in
ident with a 
ommonline.It 
an be shown that any �nite proje
tive plane must satisfy the following theorem.Theorem 2.9 [1℄ Let � be a �nite proje
tive plane. Then there is an integer qsu
h that1. Every point of � is in
ident with exa
tly q + 1 lines;2. Every line of � is in
ident with exa
tly q + 1 points;23



3. � 
ontains exa
tly q2 + q + 1 points;4. � 
ontains exa
tly q2 + q + 1 lines.
In some treatments the 
on
lusion of Theorem 2.9 is taken as the de�nitionof a �nite proje
tive plane. That is, a �nite proje
tive plane 
an be de�ned as aset of q2 + q + 1 points and a set of lines in whi
h ea
h line is in
ident with q + 1points in su
h a way that any two points are in
ident with a unique line. For anexample of this approa
h, see [16℄. Of 
ourse, this 
ombinatorial de�nition 
an beshown to be equivalent to the previous axiomati
 de�nition.Example 5. The simplest �nite proje
tive plane is the one with q = 2. It
onsists of seven points and seven lines with three points on every line and threelines through every point. This proje
tive plane is 
alled the Fano plane and maybe illustrated as shown in Figure 2.1. The points are A, B, C, D, E, F , and Gand the lines are ADC, AGE, AFB, CGF , CEB, DGB, and DEF .

A

B C

D

E

F

G

Figure 2.1: The Fano Plane
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The number q is 
alled the order of the proje
tive plane, and in all knownexamples q is prime or a prime power. It is a fa
t that for any given prime power,there exists at least one proje
tive plane of that order. It is not known whetherplanes of nonprime power order exist, although it is 
ommonly believed that any�nite proje
tive plane must have prime power order. The following theorem,due to Bru
k and Ryser [13℄, gives some restri
tions on the possible existen
e ofnonprime power order �nite proje
tive planes.Theorem 2.10 If q is 
ongruent to 1 or 2 mod 4, then there 
annot be a pro-je
tive plane of order q unless q = a2 + b2 for some integers a and b.All of the proje
tive planes with whi
h we will be working satisfy a propertythat is based on a relationship between triangles. Two triangles ABC and XY Zare said to be perspe
tive from a point P provided the lines AX, BY , and CZmeet at P . The triangles are said to be perspe
tive from a line l provided thatthe points AB \XY , AC \XZ, and BC \XZ all lie on the line l. The planesthat satisfy the following theorem of the real proje
tive plane, due to Desargues,are 
alled Desarguesian and those that do not are 
alled non-Desarguesian.Theorem 2.11 If two triangles are perspe
tive from a point, they are perspe
tivefrom a line.The theorem is illustrated in Figure 2.2; the interse
tions of 
orresponding lines, P,Q, and R, are 
ollinear. There are various equivalent statements of the Theoremof Desargues, most notably a �nite plane is Desarguesian if and only if it 
anbe 
oordinatized by a �nite �eld. For the remainder of this dissertation, werestri
t ourselves to the Desarguesian planes de�ned over the Galois Field GF(ph)25
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Figure 2.2: Desargues' Con�gurationand 
oordinatized in the standard way. Su
h a plane is denoted PG(2; q). Thisis 
onsistent with earlier notation sin
e proje
tive geometries of dimension two
onstru
ted from ve
tor spa
es over �nite �elds are Desarguesian.Some of the most popular obje
ts to study in proje
tive planes are quadri
sand the results given in this dissertation deal heavily with nondegenerate quadri
s.To begin our overview of quadri
s in the proje
tive plane, we examine the de�ni-tion of a quadrati
 form over a ve
tor spa
e. Let E = GF(q) and V = E3, viewedas a ve
tor spa
e.De�nition 2.12 A map Q : V ! E is 
alled a quadrati
 form of V provided(i) Q(
w) = 
2Q(w) for all 
 2 E, w 2 V , and(ii) for every u, v 2 V the fun
tion f de�ned by f(u; v) = Q(u+v)�Q(u)�Q(v)is a symmetri
, bilinear form 
alled the polar form of Q.De�nition 2.13 The quadrati
 form Q of V with polar form f is said to benondegenerate if the following is true: if Q(w) = 0 and f(u; w) = 0 for all u 2 Vthen w = 0.
26



If Q is a quadrati
 form of V , then Q(v) = 0 implies that Q(
v) = 0 for all
 2 E . This is the basis of the next de�nition.De�nition 2.14 Let Q be a quadrati
 form of the ve
tor spa
e V . The quadri
 ofthe proje
tive plane PG(2; q) 
orresponding to Q is the set of all points < v > ofPG(2; q) with Q(v) = 0. A quadri
 is nondegenerate if its 
orresponding quadrati
form is nondegenerate.De�nition 2.15 A 
oni
 is a nonempty, nondegenerate quadri
 in the proje
tiveplane.For the results in this dissertation, we work with a quadrati
 form of V in thefollowing 
ontext. If A = 264 �a �b �d0 �
 �e0 0 �f 375is a given upper triangular matrix, then B = A + AT is symmetri
. A quadrati
form is given by Q(X) = XAXT . The quadrati
 form Q is nonsingular and itspolar form f(u; v) is nondegenerate provided (�e; �d;�b)T 2 Null(B) and not on Q,in other words, 4�a�
 �f � �a�e2 � �b2 �f +�b�e �d� �
 �d2 6= 0. A quadri
 is�X 2 PG(2; q) j Q(X) = XAXT = 0	or equivalently,�(x; y; z) 2 PG(2; q) j �ax2 +�bxy + �
y2 + �dxz + �eyz + �fz2 = 0	 .Moreover, the quadri
 is a 
oni
 provided 4�a�
 �f � �a�e2 � �b2 �f + �b�e �d� �
 �d2 6= 0.Now, an oval is a set of q+1 points in the proje
tive plane su
h that no threeare 
ollinear. We point out that a 
oni
 is an \algebrai
" 
on
ept and an oval is27



a \geometri
" 
on
ept. It 
an be shown that every 
oni
 is an oval, that is every
oni
 
ontains q + 1 points, no three 
ollinear. In 1954, Segre [60℄ proved thefollowing theorem. (For an English version of this result, see [61℄.)Theorem 2.16 Any oval in a �nite Desarguesian proje
tive plane of odd orderis a 
oni
.This result does not extend to proje
tive planes of even order, and in Example 7of Se
tion 2.2.2.1, we give an example of an oval that is not a 
oni
.Observation 2.17 The image of a quadri
 under any proje
tivity in PGL(3; q)is a quadri
.Proof: Let Q(X) = XAXT be a quadri
 and let B 2 PGL(3; q). Observethat Q(X) = XAXT = X(BB�1AB�TBT )XT= (XB)(B�1AB�T )(XB)T= Y (B�1AB�T )Y T= Q0(Y ),where Y = XB. Then Q0(X) = (XB)(B�1AB�T )(XB)T is also a quadri
. Hen
e,the image of a quadri
 under PGL(3; q) is also a quadri
.Theorem 2.18 [35, Thm. 7.4℄ PGL(3; q) a
ts transitively on the set of 
oni
s ofPG(2; q).
28



We now examine the subgroup of PGL(3; q) leaving a nonsingular quadri
 inthe plane invariant, denoted by PGO(3; q), whi
h 
an be represented by,PGO(3; q) = 8>><>>:A = 0BB� a2 ab b22a
 ad+ b
 2bd
2 
d d2 1CCA : ad 6= b
 and a; b; 
; d 2 GF(q)9>>=>>; .Lemma 2.19 PGO(3; q) a
ts sharply triply transitively on the points of a 
oni
in the plane PG(2; q).Proof: By Theorem 2.18, we may map any 
oni
 in PG(2; q) to the 
oni
C with equation y2 = xz. That is, C = f(t2; t; 1) j t 2 GF(q)g [ f(1; 0; 0)g. Weshow PGO(3; q) is sharply triply transitive on the points of C by �rst showingthat PGO(3; q) a
ts transitively on the points of C, and then examining one andtwo point stabilizers. We follow this by arguing that only the identity element ofPGO(3; q) �xes three points of C.Let H1 = 8><>:0B� a2 ab b20 ad+ b
 0
2 
d d2 1CA : a; b; 
; d 2 GF(q)9>=>; 2 PGO(3; q). For A 2H1, observe that (1; 0; 0) � A = (a2; ab; b2) is a 
oni
 point. Moreover, the orbit of(1; 0; 0) under H1 
ontains every point of the 
oni
, sin
e a and b 
annot both besimultaneously 0. So, PGO(3; q) is transitive on the points of C.Let H2 = 8><>:0B� a2 ab b20 ad 00 0 d2 1CA : a; b; 
; d 2 GF(q)9>=>; 2 PGO(3; q) where a, d 6=0. For B 2 H2, observe that (0; 0; 1) �B = (0; 0; 1) and so B �xes the 
oni
 point(0; 0; 1). Now, (1; 0; 0) � B = (a2; ab; b2) is a 
oni
 point. Moreover, the orbit of(1; 0; 0) under H2 
ontains every point of the 
oni
 ex
ept for (0; 0; 1), sin
e a 6= 0.Thus, PGO(3; q) is doubly transitive on the points of C.
29



Let H3 = 8><>:0B� a2 0 00 ad 00 0 d2 1CA : a; b; 
; d 2 GF(q)9>=>; 2 PGO(3; q) where a, d 6=0. For C 2 H3 observe that (0; 0; 1) � C = (0; 0; 1) and (1; 0; 0) � C = (1; 0; 0), andwe have that C �xes both (0; 0; 1) and (1; 0; 0). Now, (1; 1; 1) � C = (a2; ad; d2)whi
h is a point of the 
oni
. Moreover, the orbit of (1; 1; 1) under H3 
ontainsevery point of the 
oni
 ex
ept for the two points (0; 0; 1) and (1; 0; 0), sin
e a,d 6= 0. Thus, PGO(3; q) is triply transitive on the points of C.To show PGO(3; q) is sharply triply transitive, we need to show that the onlyelement in PGO(3; q) that �xes three points of the 
oni
 is the identity element.We have already shown that PGO(3; q) is triply transitive on C, so supposeM = 0BB� a2 ab b22a
 ad+ b
 2bd
2 
d d2 1CCA 2 PGO(3; q)�xes the three points (1; 0; 0), (0; 0; 1), and (1; 1; 1) of C. Now, (1; 0; 0) �M =(a2; ab; b2) = (1; 0; 0) implies that b = 0 and (0; 0; 1) �M = (
2; 
d; d2) = (0; 0; 1)implies that 
 = 0, so that M = 0BB�a2 0 00 ad 00 0 d21CCA .Now, (1; 1; 1) �M = (a2; ad; d2) = (1; 1; 1), and we have that a = d. Hen
e,M = 0BB� 1 0 00 1 00 0 1 1CCAwhi
h is the identity element in PGO(3; q). Thus, there is a unique 
ollineationthat �xes three points of the 
oni
, and so PGO(3; q) is sharply triply transitiveon the points of the 
oni
 in PG(2; q). 30



Be
ause of the signi�
ant variations between the properties of 
oni
s in planesof even order with the properties of 
oni
s in planes of odd order, we will dis
ussthese situations separately.2.2.2.1 Planes of Even OrderSin
e the 
oni
 blo
king set material revolves around points and lines of theplane and their relationships with 
oni
s, it is ne
essary to dis
uss these relation-ships in detail. We begin with the 
lassi�
ation of lines and points of the planewith respe
t to a 
oni
 from a geometri
 viewpoint, and then o�er an algebrai
method for 
lassifying points and line with respe
t to 
oni
s. We in
lude relevant
ounts pertaining to points, lines, and 
oni
s; although, an explanation of how toderive these 
ounts is not o�ered.Sin
e no three points of a 
oni
, denoted C, are 
ollinear, any line l in �
an interse
t C in at most two points. Hen
e, l is geometri
ally 
lassi�ed in thefollowing way:� l is a tangent line to C provided jl \ Cj = 1,� l is a se
ant line to C provided jl \ Cj = 2,� l is an exterior line to C provided jl \ Cj = 0.There are q + 1 tangent lines, q(q+1)2 se
ant lines, and q(q�1)2 exterior lines withrespe
t to C.Similarly, the points of the plane are geometri
ally 
lassi�ed with respe
t toa 
oni
. If P is a point in a plane of even order, then P is 
lassi�ed in three wayswith respe
t to C:
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� if P is on C, P is 
alled a 
oni
 point,� if P is the unique point not on C, that lies on all the tangent lines to C, Pis 
alled the nu
leus, and� if P is not on C and not the nu
leus, then P is often referred to as a regularpoint.Any 
oni
 point has one tangent and q se
ants through it. While the nu
leus hasq+1 tangents through it, the remaining points have exa
tly one tangent, q2 se
antand q2 exterior lines through them.In order to des
ribe algebrai
ally the relationship between points and lineswith respe
t to 
oni
s, we need to re
all from Se
tion 2.1, the method for deter-mining the number of solutions to a quadrati
 equation. Although there are nonew 
on
epts developed here for determining the relationship between lines in theplane with a 
oni
, we are grateful to S. E. Payne [55℄ for his help with this review.Given any quadrati
 equation over a �eld E of even 
hara
teristi
 of the formax2 + bx + 
= 0 with a 6= 0, (2.3)the number of solutions to this equation is determined by 
omputing the absolutetra
e of a
=b2, if b 6= 0. That is,1. if Tr(a
=b2) = 1, then there are no solutions, and2. if Tr(a
=b2) = 0, then there are two solutions.Let � be a proje
tive plane of even order and C 0 some 
oni
 in � with nu-
leus N 0. The Fundamental Theorem allows us to sele
t any three points of C 032



and the nu
leus, fP 00; P 01; P 02; N 0g, and map this ordered set to the ordered setf(1; 0; 0); (0; 0; 1); (1; 1; 1); (0; 1; 0)g. There is a unique 
oni
 satisfying the given
onditions, and it has equation y2+xz = 0. Note that this is due to the fa
t thatthree points and the nu
leus determine a 
oni
 in planes of even 
hara
teristi
.Sin
e any 
oni
 in the plane 
an be mapped to y2 + xz = 0, we 
an usethis parti
ular 
oni
 to illustrate the algebrai
 method for determining how a linemeets a 
oni
 in a plane of even order. Ea
h line l in the plane has an equationof the form mx+ ny + pz = 0. Every tangent line to C must 
ontain the nu
leusand, therefore, n = 0 for all tangent lines to C.(0; 1; 0) � 24mnp 35 = 0) n = 0.Thus, the tangent lines to this 
oni
 are easily dete
ted.To 
lassify the remaining lines in the plane with respe
t to C, assume thatn 6= 0, so that without loss of generality n = 1. Any non-tangential line in theplane to C has an equation of the form mx + y + pz = 0, and a typi
al point onthis line is given by T = (x;mx+pz; z). The line with equation mx+y+pz = 0 iseither an exterior or a se
ant line to C, and we must determine how the line meetsC. If T , on the line, is also on the 
oni
, then ne
essarily (mx+ pz)2+ xz = 0, orrather m2x2 + xz + p2z2 = 0. (2.4)If x = 0, then p = 0 or z = 0. In the 
ase that z = 0, we have T = (0; 0; 0), andthis 
annot o

ur. On the other-hand, if p = 0, the line has equation mx+ y = 0,and the point (0; 0; 1) of the 
oni
 also lies on this line. The line y = mx is not33



a tangent line, so there must be another point of the 
oni
 on this line; namely,a point with 
oordinates of the form (x;mx;m2x). But, when x = 0, this formgives (0; 0; 0), so x 6= 0. If p = 0, but x 6= 0, l is a se
ant line as the points (0; 0; 1)and (1; m;m2) lie on both l and C. Assume now that x 6= 0 and p 6= 0. We divideboth sides of (2.4) by x2 to obtainm2 + �zx�+ p2 � zx�2 = 0or, rather p2 �zx�2 + 1�zx�+m2 = 0. (2.5)If we let zx = tp2 and Æ = m2p2, (2.5) be
omest2 + t+ Æ = 0. (2.6)From the previous se
tion, we 
an determine how many solutions there are to(2.6) and so (2.5). If Tr(Æ) = 1, (2.6) and so (2.5) have no solutions, and thereforel is an exterior line to C. If Tr(Æ) = 0, (2.6) and so (2.5) have two solutions, andtherefore l is a se
ant line to C.In 
on
lusion, even though the quadrati
 formula 
annot be used to determineif a line is a se
ant or exterior line to a 
oni
, the absolute tra
e fun
tion 
an beused to make this distin
tion. For the quadrati
 equation given in (2.3), we havethat, when b 6= 0, ifTr�a
b2 �=8><>:1; there are no solutions, and the line is exterior0; there are two solutions, and the line is se
ant. (2.7)If b = 0, there is one solution and the line is tangent.34



Example 6.Consider the 
oni
 with equation C : xy+xz+z2 = 0 and nu
leus N = (0; 1; 1).The point (0,0,1) is not on C and the q + 1 lines through (0,0,1) are x = 0 andmx+y = 0, m 2 GF(q). Using the methods previously dis
ussed, the relationshipbetween the lines through (0; 0; 1) and the 
oni
 C is easily identi�able. The linewith equation mx + y = 0 is a se
ant line when Tr(m) = 0, and the line x = 0 isa tangent line to C.Classifying points in the plane with respe
t to a �xed 
oni
 is a mu
h simplertask than 
lassifying lines. Let Q(x; y; z) be the quadrati
 form of the 
oni
des
ribed by the equationAx2 +Bxy +Cy2 +Dxz +Eyz + Fz2 = 0. (2.8)If P = (�x; �y; �z) satis�es Q(P ) = 0, P is a 
oni
 point. If P = (E;D;B), thenfrom [35, Cor. 7.12℄, P is the nu
leus of the 
oni
. Otherwise, it must be that ifQ(�x; �y; �z) 6= 0 and P 6= (E;D;B), P is neither on the 
oni
 nor the nu
leus of the
oni
.The nu
leus of the quadri
 is spe
ial in the sense that knowing the nu
leusallows us to determine if the quadri
 is singular. In fa
t, Hirs
hfeld [35, Thm.7.16℄ shows that if Q(E;D;B) = 0, the quadri
 is singular and therefore is not a
oni
.In planes of even order, there are examples of ovals whi
h are not 
oni
s. In[35℄, we �nd that for q = 2 and 4 every oval is a 
oni
. In the planes of order� 8, there are ovals whi
h are not 
oni
s. The following example illustrates thesituation.
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Example 7.Let C be a 
oni
 in the proje
tive plane PG(2; q), q � 8 and even, and let Nbe the nu
leus of C. Let H denote the hyperoval whi
h 
onsists of the q+1 pointsof C and the nu
leus of C. So, H is a a set of q + 2 points with the property thatno three are 
ollinear. And by 
onstru
tion, there are no tangent lines to H. Anyline in the plane must be either a se
ant line or an exterior line. Let O be theoval whi
h 
onsists of N and any q points of C. Re
all that �ve points, no three
ollinear, determine a unique 
oni
. C and O have q points in 
ommon and theseq points satisfy a quadrati
 equation. But, the point N of O does not satisfy thisquadrati
 equation. Hen
e, there is no quadrati
 equation whi
h every point of Osatis�es, so O is not a 
oni
.Before we develop similar 
on
epts for planes of odd order, we examine theorbits of points of the plane under the a
tion of a group of 
ollineations whi
hstabilizes a 
oni
 (that is, leaves the set of points of the 
oni
 invariant). Thisinformation proves useful in a model used for �nding 
oni
 blo
king sets in Chapter3.Lemma 2.20 The group of 
ollineations whi
h stabilize a 
oni
 has three orbitsof the points of a plane.Proof: Let C be a 
oni
, N be the nu
leus of this 
oni
, and H = C [ fNgbe the 
orresponding hyperoval. Any 
ollineation that stabilizes the 
oni
 willalso stabilize its nu
leus, sin
e every 
oni
 has a unique nu
leus. We 
onsider two
ases, one where two distin
t points o� of C do not lie on a 
ommon tangent lineand the other where these two points do lie on a 
ommon tangent line.
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Let X and Y be two points o� of H. If the tangent line joining X to N isdistin
t from the tangent line joining Y to N , let Cx and Cy be the 
orresponding
oni
 points on these tangent lines. Let Z be an arbitrary 
oni
 point not N , Cx,or Cy. Let XZ \ C = X 0 and Y Z \ C = Y 0. Sin
e PGO(3; q) is sharply triplytransitive, there is a unique 
ollineation, �, su
h that Z� = Z, Cx� = Cy, andX 0� = Y 0. And so, X� = (NCx \X 0Z) � = (NCy \ Y 0Z) = Y , and when X andY do not lie on a 
ommon tangent line, we have that they are in the same orbit.
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YFigure 2.3: X and Y Not on aCommon Tangent Line
Y’

X’

Y

H

N

Z

T
XFigure 2.4: X and Y on a CommonTangent LineIf X and Y are on the same tangent line, then let T be the point of the 
oni
on this tangent line. Let Z be an arbitrary 
oni
 point other than T and not N .Let X 0 = XZ \ C and Y 0 = Y Z \ C. Sin
e PGO(3; q) is sharply triply transitive,there is a unique 
ollineation, �, su
h that Z� = Z, T� = T , and X 0� = Y 0.Thus, X� = (NT \X 0Z) � = (NT \ Y 0Z) = Y .Combining these two 
ases, we have that there exists a 
ollineation that sta-bilizes the 
oni
, �xes the nu
leus, and maps X to Y for any points X and Y o�of C and not the nu
leus of C.
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2.2.2.2 Planes of Odd OrderIn planes of odd order, every oval is a 
oni
. That is, the geometri
 obje
twe 
all an oval 
an be des
ribed algebrai
ally as a 
oni
. This was �rst provedby Segre in [60℄. For a proof that every 
oni
 is an oval in English, the reader isdire
ted to [61℄. This fa
t is o

asionally used for 
oni
 blo
king sets results. Asevery 
oni
 is an oval and an oval has q + 1 points on it, every 
oni
 
onsists ofq + 1 points that satisfy some nondegenerate quadrati
 equation.Sin
e the 
oni
 blo
king set material revolves around points and lines of theplane and their relationships with 
oni
s, it is ne
essary to dis
uss these relation-ships in detail. We begin with the 
lassi�
ation of lines and points of the planewith respe
t to a 
oni
 from a geometri
 viewpoint, and then o�er the algebrai
method for 
lassifying points and line with respe
t to 
oni
s. We summarizerelevant 
ounts pertaining to points, lines, and 
oni
s.Sin
e no three points of a 
oni
 C are 
ollinear, any line l in � 
an interse
t Cin at most two points. Hen
e, l is geometri
ally 
lassi�ed in the following way:� l is a tangent line to C provided jl \ Cj = 1,� l is a se
ant line to C provided jl \ Cj = 2,� l is an exterior line to C provided jl \ Cj = 0.There are q + 1 tangent lines, q(q+1)2 se
ant lines, and q(q�1)2 exterior lines withrespe
t to C.
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Similar to geometri
ally 
lassifying the lines in the plane with respe
t to a
oni
, we geometri
ally 
lassify the points of the plane with respe
t to a 
oni
. IfP is a point in the plane then P is 
lassi�ed in three ways with respe
t to C:� if P is on C, P is 
alled a 
oni
 point,� if P is not on C, but on a tangent line to C, P is 
alled an exterior point,and� if P is neither on C nor on a tangent line to C, P is 
alled an interior point.Any 
oni
 point has one tangent and q se
ants through it. While an interior pointhas q+12 se
ants and q+12 exterior lines through it, an exterior point has exa
tlytwo tangents, q�12 se
ant and q�12 exterior lines through it.Algebrai
ally, 
lassifying the lines of the plane with respe
t to a 
oni
 is similarto the 
lassi�
ation method in the Eu
lidean plane.Let ax � by + 
z = 0 be the equation of a line in the plane. Sin
e not all ofthe 
oeÆ
ients of the line are zero, suppose that b 6= 0 and then solve for y. Theline now has equation y = a0x+ 
0z, (2.9)where a0 = a=b and 
0 = 
=b. Substitute (2.9) into (2.3) to obtain the quadrati
equation A0x2 +B0xz + C 0z2 = 0 (2.10)where A0 = A+Ba0+Ca02, B0 = B
0+2Ca0
0+Ea0+D, and C 0 = 
02+E
0+F.If z = 0, there is one solution to (2.10) provided A0 6= 0, and y = a0x + 
0z is a39



tangent line. If z 6= 0, we may divide (2.10) through by z2 to obtain a quadrati
equation in one variable, A0x02 +B0x0 + C 0 = 0. (2.11)If A0 = 0 and B0 = 0, then ne
essarily C 0 = 0 implying that C is degenerate,a 
ontradi
tion. If A0 = 0 and B0 6= 0, there is 
learly one solution to (2.11),and the line is a tangent line. Else, if A0 6= 0, we 
an use the dis
riminant ofthe quadrati
 equation to determine how many solutions there are to (2.11) andthereby determine the type of line with whi
h we are dealing. If B02� 4A0C 0 = 0,the line given in (2.9) is a tangent line. If the dis
riminant is a square, then theline is a se
ant line. If the dis
riminant is a nonsquare, the line is exterior to the
oni
.Algebrai
ally, 
lassifying points with respe
t to a 
oni
 is not as intuitiveas 
lassifying lines with respe
t to a 
oni
. We defer introdu
ing the algebrai
method for 
lassifying points as introdu
ed to us by S.E. Payne in [54℄, untilSe
tion 4.3.1.1.The proof of the following theorem, given in [35, Thm. 7.16℄, states that ifthe symmetri
 3� 3 matrix representing the quadrati
 form is nonsingular, thenthe zeros of the quadrati
 form a 
oni
.Theorem 2.21 If F =Pi�j aijXiXj, then F is singular if and only if Æ = 0, whereÆ = 4a00a11a22 + a01a02a12 � a00a212 � a11a202 � a22a201.De�nition 2.22 [43℄ Let C be a 
oni
 and l a se
ant line to C through the pointsX and Y of C. The tangent lines to C through both X and Y will interse
t at a40



point P 62 C. We 
all l the polar of P and P the pole of l. The polars of X andY are the tangent lines to X and Y respe
tively.
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l
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Figure 2.5: Constru
ting the Polar of a Point with Respe
t to a Coni
The assignment of pole to polar and polar to pole with respe
t to a 
oni
,is an example of a polarity. A polarity is a one-to-one 
orresponden
e betweenpoints and lines of a proje
tive plane that preserves the relation of in
iden
e andis of order two. That is, it sends points into lines, lines into points, ranges intopen
ils, pen
ils into ranges, quadrangles into quadrilaterals, and so forth. One ofthe ni
e properties of polarities is that if a polarity sends A to its polar a, then itsends a to its pole A. [21℄We examine the orbits of the points of the plane under the group of 
ollin-eations whi
h stabilize a 
oni
. This information proves useful in a model used for�nding 
oni
 blo
king sets in Chapter 4. Let G(Q) be the subgroup of PGL(3; q)stabilizing the 
oni
 Q. LetO1 = points on Q,O2 = points o� Q,
41



O3 = tangents to Q,O4 = se
ants of Q,O5 = external lines of Q.Sin
e PGO(3; q) is sharply triply transitive on 
oni
s, G(Q) a
ts triply tran-sitively on O1 and O3. For q odd, we have thatO2 = O+2 \ O�2 ,where O+2 = fexternal points of Qg, O�2 = finternal points of Qg.Lemma 2.23 [36℄(i) G(Q) a
t transitively on O4 and O5;(ii) G(Q) has two orbits on O2, namely O+2 and O�2 .Proof:Let Q be the set of points that satisfy x2 + yz = 0. Consider the a
tion ofG(Q) on O2, the points o� Q. Sin
e ea
h point of O+2 is the interse
tion of twotangents, Q is transitive on O+2 , the external points, and by the polarity on O4,the se
ants.Any external line 
ontains an external point. So, to show the transitivity ofG(Q) on O5, and by polarity on O�2 , it suÆ
es to show the transitivity on theexternal lines through a parti
ular external point. Let U0 = (1; 0; 0) be this point.Then the line lt given by the equation y + tz = 0 is a se
ant or external lineif t is a nonzero square or nonsquare respe
tively. The proje
tivity �
, 
 6= 0,42



given by (x; y; z)�
 = (
x; y; 
2z) �xes Q and transforms lt to l t
2 . So, we 
an passfrom any se
ant through U0 to any other se
ant through U0 and any external linethrough U0 to any other external line through U0. So, G(Q) is transitive on O5,the external lines, and by the polarity on O�2 , the internal points.Due to Lemma 2.23, we have that the stabilizer of a 
oni
 in a plane of oddorder has these three orbits:1. the 
oni
,2. the set of external points of the 
oni
, and3. the set of internal points of the 
oni
.2.2.3 Proje
tive Three-Spa
eAs in the previous se
tions, the material presented in this se
tion is meant toserve as a 
ursory review of some of the basi
 ideas from �nite proje
tive three-spa
e that is relevant to the work presented in Chapters 3 and 4. We foregoan in-depth examination of an analogous axiomati
 de�nition, as given in theprevious se
tion, as well as the ve
tor spa
e 
onstru
tion des
ribed in Se
tion 2.2,of proje
tive three-spa
e.A plethora of geometri
al obje
ts exist in proje
tive three-spa
e; su
h asovoids, generalized quadrangles, k-
aps, spreads, and 
o
ks. Of these, we aremost interested in 
o
ks.Assume PG(2; q) is a subspa
e of PG(3; q), and let C be a 
oni
 in PG(2; q)with V (the vertex) a point in PG(3; q) n PG(2; q). A quadrati
 
one K is theunion of the points on the lines joining V to the q + 1 points of C. A 
o
k of a
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one K is a set of q planes in PG(3; q) whi
h do not 
ontain V su
h that no twoplanes of the 
o
k meet at a point of K. This de�nition of 
o
k di�ers from that

Figure 2.6: Flo
k of a Conefound in the majority of papers dealing with 
o
ks. The more 
ommon de�nitionof a 
o
k refers to the 
oni
s that partition the 
one instead of the planes whosese
tions partition the 
one. However, the di�eren
e is only a matter of viewpoint.If the q planes of the 
o
k 
ontain a 
ommon line, the 
o
k is said to be linear.Consider the 
o
k F whose planes have equationsxt+ f(t)y + g(t)z + w = 0,where f; g 2 GF(q)[x℄ with f(0) = g(0) = 0. If f and g are additive, we say F isa semi�eld 
o
k. When q is even, Johnson [42℄ has shown that all semi�eld 
o
ksare linear. In [29℄, Gevaert and Johnson have shown that the 
o
k F is a semi�eld
o
k if and only if f and g are additive.44



The Knuth-Kantor semi�eld 
o
k [44℄ is one of the three 
lasses of nonlinearsemi�eld 
o
ks known. For q odd and t 2 GF(q), the planes �t are de�ned to be:�t : tx�mt�y + w = 0,where m is a �xed nonsquare and � is an automorphism of the �eld. These planesde�ne a semi�eld 
o
k of the 
one K. This 
o
k is linear if and only if � = 1.Theorem 2.24 [69, 70℄ In PG(3; p2), for any prime p, the semi�eld 
o
ks arelinear or else they are Knuth-Kantor semi�eld 
o
ks.More will be said about the Knuth-Kantor 
o
ks in Chapter 4.In the past few years, W. Cherowitzo has made signi�
ant strides in gener-alizing the theory of 
o
ks of 
ones by removing the restri
tion that the 
o
k isa 
o
k of a 
one with a quadrati
 base. That is, by slightly revising some basi
de�nitions, it is possible to 
onsider 
o
ks of 
ones whose base may range overanything from the empty set, a line, or even a random 
olle
tion of points in the
arrier plane. To examine his most re
ent advan
es in generalizing the theory of
o
ks, see [18℄. In Chapter 5, we give a 
oni
 blo
king set appli
ation for thisgeneral theory of 
o
ks.It is worth noting here that it is often more 
onvenient to work with 
o
ks inthe dual setting whi
h we will develop in Chapter 5.2.3 Blo
king Sets of LinesLine blo
king sets originate from game theoreti
al problems. Ri
hardson [58℄de�nes a �nite proje
tive game, in the plane, by taking as players the points of theproje
tive plane and spe
ifying the lines of the plane as minimal winning 
oali-tions. A blo
king 
oalition is a set of points 
ontaining no line but interse
ting45



every line. A minimum blo
king 
oalition is a blo
king 
oalition of smallest 
ardi-nality. Isbell [40℄ also examines these games, but not from a geometri
 viewpoint.In [25℄, DiPaola examines minimal blo
king 
oalitions in planes of order � 9 andmakes the note that the blo
king 
oalition 
on
epts provide working material forgame theorists who work with simple games. In re
ent years, resear
hers havemade huge strides in studying blo
king 
oalitions. We give a brief introdu
tion tothe results obtained and dire
t the reader to [35℄ for more details and referen
es.2.3.1 De�nitions and ExamplesA blo
king set B in � = PG(2; q) is a subset of points of � whi
h meets everyline but 
ontains no line 
ompletely; that is, 1 � jB \ lj � q for every line l in �.If jBj = k, B is 
alled a blo
king k-set. It follows immediately from the de�nitionthat the 
omplement of a blo
king set, � n B, is also a blo
king set.A blo
king set is irredu
ible if B n fPg is not a blo
king set for any P 2 B.A blo
king set of R�edei type in PG(2; q) is a blo
king set of size q +m for whi
hthere is some line l 2 � for whi
h jl \ Bj = m.Lemma 2.25 A blo
king set B exists in � if and only if q > 2.Lemma 2.26 The following are irredu
ible blo
king sets in � = PG(2; q), whenq > 2:(i) the set B1 = fP1P2[P1P3[PgnfP2; P3g of 2q points 
onsisting of the pointson two sides of a triangle with verti
es fP1; P2; P3g and a point P on P2P3,minus the two verti
es fP2; P3g of the triangle;
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(iv) a Baer subplane PG(2;pq) of PG(2; q) 
onsisting of q+pq+1 points, whenq is a square;(v) the set of qpq + 1 points of a unital in PG(2; q2).Of the irredu
ible blo
king sets listed in Lemma 2.26, all are R�edei type blo
kingsets ex
ept for (v).2.3.2 Bounds on the Size of Irredu
ible Blo
king SetsIn this se
tion, the upper and lower bounds on the sizes of blo
king sets andirredu
ible blo
king sets are given. As seen in Lemma 2.26, when q is a square,the points of a Baer subplane form a blo
king set.Lemma 2.27 [14℄(i) If B is a blo
king k-set in PG(2; q), thenq +pq + 1 � k � q2 �pq.(ii) A blo
king k-set in PG(2; q) with k = q2 � pq is the 
omplement of asubgeometry PG(2;pq).The next result is due to Bruen and Thas [15℄.Theorem 2.28(i) If B is an irredu
ible blo
king k-set in PG(2; q), then k � qpq + 1.(ii) Equality holds in (i) if and only if B is a Hermitian ar
 (unital) and q is asquare.
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2.3.3 R�edei Blo
king SetsFrom Se
tion 2.3.1, B is a blo
king set of R�edei type if B is a blo
king setwith q +m points 
ontaining an m-se
ant. For any fun
tion f : GF(q)! GF(q),let Df = �f(x)� f(y)x� y j x; y 2 GF(q); x 6= y� ,be the set of dire
tions determined by f .Lemma 2.29 [35℄ A blo
king set of R�edei type 
an be 
onstru
ted in PG(2; q)from any fun
tion f : GF(q) ! GF(q) unless f is linear or determines everydire
tion.Proof: Take B to be the k-set 
onsisting of f(t; f(t); 1) j t 2 GF(q)g [f(1; d; 0) j d 2 Dfg. Consider the lines through a point P on the the line z = 0.Either P is a point of the form (1; d1; 0) for some d1 2 Df or all the lines throughP meet exa
tly one of the points of the form (t; f(t); 1). The set B 
ontains a lineif f determines every dire
tion, in whi
h 
ase B 
ontains the line z = 0, or f islinear, in whi
h 
ase B 
ontains the line with equation tx+ f(t)y+ z = 0. Hen
e,the line z = 0 is a jDf j-se
ant and so B is a blo
king set of R�edei type.Irredu
ible blo
king sets 
an be 
onstru
ted using Lemma 2.29.Lemma 2.30 [10℄ The following are irredu
ible blo
king sets B in PG(2; q), whereB is 
onstru
ted as in Lemma 2.29.1. If q is odd, let f(x) = x(q+1)=2; then f determines 12(q + 3) dire
tions and Bis an irredu
ible blo
king set of size 32(q + 1).2. Let f be the tra
e fun
tion from GF(q) to a sub�eld GF(q0); then f deter-mines q=q0 + 1 dire
tions, and hen
e B is a blo
king set of size q + q=q0 + 1.49



3. If q0 j q, let f(x) = xq0; then f determines (q � 1)=(q0 � 1) dire
tions, andhen
e B is a blo
king set of size q + (q � 1)=(q0 � 1).Choosing the m-se
ant to be the line at in�nity l1, we 
onsider the set ofdire
tions determined by the set S = B n l1 of size q. Let S be a set of q pointsin AG(2; q) = PG(2; q) n l1 and, with u = (u1; u2), v = (v1; v2), letD = �u2 � v2u1 � v1 j u 6= v0u; v 2 S� � GF(q) [ f1gbe the set of dire
tions determined by the set S. As a 
onverse to the examplesof Lemma 2.30, the following result holds.Theorem 2.31 [5℄ Let A � AG(2; q) be a point set of size q = ph, let D be theset of slopes of se
ants of S, and put m = jDj. Let e, with 0 � e � h, be thelargest integer su
h that ea
h line with slope in D meets S in a multiple of pepoints. Then one of the following holds:1. e = 0 and (q + 3)=2 � m � q + 1;2. e = 1, p = 2, and (q + 5)=3 � m � q � 1;3. pe > 2, where e divides h, and q=pe + 1 � m � (q � 1)=(pe � 1);4. e = h and m = 1.For more results on blo
king sets of R�edei type, see [50℄, [5℄, and [11℄. We willshow in Chapter 5 that Theorem 2.31 has appli
ation to 
o
ks of a 
one.For a more detailed introdu
tion to blo
king sets, see Chapter 13 of [35℄, whi
halso 
ontains an extensive list of referen
es for results dealing with blo
king setsfrom the past 30 years. 50



2.4 Blo
king Sets of Coni
sRe
all, from Se
tion 2.2.3, a 
o
k of a quadrati
 
one with vertex V in PG(3; q)is a set of q planes not through V whi
h do not interse
t on the 
one. There isa 
onsiderable amount of interest in 
o
ks due to their 
onne
tions with q-
lans,spreads, translation planes, and generalized quadrangles. One interesting questionabout 
o
ks that deserves further resear
h is, if given a set of q planes in PG(3; q)and a point V not on any of the planes, does there exist a quadrati
 
one withvertex V having these planes as a 
o
k? Using the 
oni
 blo
king set results thatare developed in this dissertation, we 
an start on an answer to this question.A 
oni
 blo
king set (CBS), B, is a set of lines in a proje
tive plane � whi
hmeets every 
oni
 in �. If every 
oni
 in � has at least one se
ant or tangent linein B, then B is a CBS. A CBS is irredu
ible if no proper subset of B is a CBS.In other words, B is irredu
ible if B n flg is not a CBS for every line l in B. ACBS of smallest 
ardinality is said to be minimum. Clearly, a minimum CBS isirredu
ible.Lemma 2.32 If � is a proje
tive plane, then � 
ontains a CBS.Proof: Let B 
onsist of the q+1 lines through any point P in �. Clearly, B
ontains all the points in �. Sin
e every 
oni
 in � is 
ontained in B, every 
oni
meets B and B is a 
oni
 blo
king set.Sin
e the removal of any single line from the 
oni
 blo
king set des
ribed inCorollary 2.32 is still a CBS, that CBS is neither minimum nor irredu
ible.In the next two 
hapters, 
oni
 blo
king sets in proje
tive planes are 
loselyexamined. For the remainder of this dissertation, we make the restri
tion thatall 
oni
 blo
king sets 
onsist of a set of 
on
urrent lines through a spe
i�ed
51



point, P . The 
omplement of a CBS, B
, 
onsists of the remaining lines throughthe point P . We say a CBS B is proje
tively equivalent to another CBS B0 if
�
�
�
�

��

��

��
��

��

��

P

B
B c

Figure 2.7: The Complement of a CBSthere exist an element A in PGL(3; q) su
h that A maps all the lines in B to thelines in B0. For instan
e, suppose B is a CBS 
onsisting of a subset of the linesfy = mx + z j m 2 GF(q)g through (0; 1; 1). Consider the elementA = 24 1 0 00 1 00 � 1 1 35in PGL(3; q). Observe that (0; 1; 1) � A = (0; 0; 1) andA � 24m11 35 = 24m10 35 .The set of lines of the form y = mx+ z through the point (0; 1; 1) are proje
tivelyequivalent to the set of lines of the form y = mx through the point (0; 0; 1). So, aCBS 
onsisting of the subset of lines of the form y = mx+ z is proje
tively equiv-alent to a CBS 
onsisting of the lines of the form y = mx, sin
e the proje
tivitymaps 
oni
s to 
oni
s.Non-trivial 
onstru
tions for �nding 
oni
 blo
king sets and upper and lowerbounds on minimum CBSs are dis
ussed below. The theoreti
al and 
omputer52



models used to generate minimum CBSs in proje
tive planes are also des
ribed.As planes with even 
hara
teristi
 vary from those of odd 
hara
teristi
, we dis
ussCBSs in these planes separately.
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3. CBSs in Planes of Even OrderIn this 
hapter, we fo
us on CBSs in planes of even order. Properties of 
ertain
o
ks are used to prove that our 
onstru
tions give CBSs in PG(2; 2h). When his even, we derive irredu
ible CBSs and also show how Baer lines form CBSs.Theoreti
al lower and upper bounds on the sizes of minimum CBSs are given.A model whi
h allows the sear
h for minimum CBSs to be
ome more eÆ
ient isdeveloped. Examples of minimum CBSs are lo
ated in Appendix A.3.1 Introdu
tionTo set notation, let E = GF(2h) = GF(q), K = GF(2d), F = GF(2), and� = PG(2; q), where h > 1 and djh su
h that d 6= h. Certainly, K = F if d = 1.Let tr(t) denote the relative tra
e fun
tion, TrE=K(t) = t + t2d + � � �+ t2dh�1 .In Chapter 2, we showed that all proje
tive planes have 
oni
 blo
king sets.The next theorem sharpens that result by showing that just over half the linesthrough a point are enough to form a CBS.Lemma 3.1 Any set of q2 + 1 
on
urrent lines in PG(2; q) form a CBS.Proof: For the sake of obtaining a 
ontradi
tion, assume that there is a
oni
 C 
ontained in the q2 lines of B
. Sin
e ea
h line of B
 
ontains at most twopoints of C, we a

ount for at most 2 � � q2� = q points of C. But, as C 
ontainsq + 1 points, C 
annot be 
ontained in B
 and thus, B is a CBS.We 
onsider CBSs in PG(2; 2) now, so that the remainder of the 
hapter 
an bedevoted to �nding small CBSs in PG(2; 2h), with h > 1, using more sophisti
atedte
hniques than those of Lemma 3.1. 54



Theorem 3.2 A CBS in PG(2; 2) 
ontains at least two lines.Proof: In PG(2; 2), any point P lies on three lines. In Lemma 3.1, weestablished that any 2 = q2 + 1 lines (whi
h must be 
on
urrent) form a CBS inPG(2; 2). We need now only show that one line is not a CBS.Suppose B is a CBS 
onsisting of the single line l. A 
oni
 C in PG(2; 2)
onsists of three points and of the seven lines of the plane, three are se
ants, threeare tangents, and one is an exterior line with respe
t to C. By the FundamentalTheorem of Proje
tive Geometry, any 
oni
 
an be mapped to a 
oni
 that has las an exterior line. Hen
e, there is some 
oni
 in PG(2; 2) not blo
ked by l, andone line is not enough to form a CBS.3.2 The Tra
e-Flo
k Constru
tionFinding CBSs 
onsists of identifying a set of lines through a point su
h thatall 
oni
s in � have at least one se
ant or tangent line in this set. For the CBS
onstru
tion given in this se
tion, � is 
oordinatized so that P = (0; 1; 1) is thepoint of 
on
urren
y. Note that the lines through P are x = 0 and y = mx + zfor m 2 GF(q). We are able to insure that x = 0 is not a line of the CBS, soan equivalent problem statement is to identify the slopes of the lines of the formy = mx+ z su
h that every 
oni
 in � meets these lines. We begin by examiningthe size of the range of a spe
i�
 fun
tion in GF(q); for this fun
tion will determinethe slopes of the CBS lines.Lemma 3.3 If g : E� ! E is given by g(t) = tr(t)+tt for t 6= 0, then jRange(g)j =2h�d + 1.Proof: To show that the size of the range of g is 2h�d + 1, we show that E
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an be partitioned into 2h�d + 1 blo
ks: one of size 2h�d and 2h�d blo
ks ofsize 2d � 1.Let t 2 E�, then g(t) = 1, tr(t) + tt = 1, tr(t) + t = t, tr(t) = 0.Sin
e the tra
e fun
tion is an additive homomorphism from E onto K, ker(tr) isa normal subgroup of E . We have that jker(tr)j = jEj=jKj = 2h2d = 2h�d. So,g(t) = 1 , t is one of the 2h�d � 1 nonzero elements in E with tra
e 0. Hen
e,there is one blo
k of E that 
ontains the 2h�d elements with tra
e 0.Now, we show that the remaining elements in E are partitioned into blo
ks ofsize 2d � 1, giving 2h�d blo
ks. To do this, we �rst determine when g(t) = g(�t)for � 2 E n K. g(t) = g(�t), tr(t) + tt = tr(�t) + �t�t, �tr(t) + �t = tr(�t) + �t, �tr(t) = tr(�t).As tr : E ! K, we have that tr(�t); tr(t) 2 K. But, sin
e � 2 E n K, �tr(t) 2K , tr(t) = 0. We see that g(t) = g(�t) for some � 2 E n K i� t is a nonzeroelement with tra
e 0. That is, t 2 ker(tr).Observe that g(t) = g(�t) for t 62 ker(tr) for any � 2 K�. Let T0 = fx 2E� j tr(x) = 0g. Then t 2 T0 , g(t) = 1. Now, jE n T0j = 2h � 2h�d =2h�d(2d � 1) and we see that g partitions E into 2h�d + 1 blo
ks. There is one56



blo
k 
ontaining 2h�d elements with tra
e 0, and the remaining elements of E aresplit into 2h�d blo
ks of size 2d � 1 one for ea
h value of g that is not equal to 1.Thus, jRange(g)j = 2h�d + 1.
2 - 1

d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d

2 - 1
d 2 - 1

d
2

h-d

ε

κ

Figure 3.1: A partitioning of EIf h is prime, then tr(t) is the absolute tra
e of t and jRange(g)j = 2h�1 + 1.If h is 
omposite, then there exists a g, as in Lemma 3.3, su
h that jRange(g)j <2h�1 + 1. In other words, when h is 
omposite, g 
an be de�ned using a relativetra
e, whi
h allows for a smaller range than the one obtained by using the absolutetra
e.In Se
tion 2.2.3, we de�ned a 
o
k of a 
one K with vertex V to be a set of qplanes not through V whi
h do not interse
t on the 
one. For the results given inthis se
tion, the base of the 
one is 
ontained in the plane w = 0. The followingtheorem due to Thas is instrumental in the proof of Theorem 3.5.Theorem 3.4 [69℄ In PG(3; 2h), if the planes �1; �2; � � � ; �q, of a 
o
k of aquadrati
 
one 
ontain a 
ommon point, then F is linear.We now prove the main result of this se
tion.57



Theorem 3.5 In PG(2; 2h) with h � 2, if d j h then there is a CBS of size2h�d + 1.Proof:Consider the additive fun
tion f(t) = TrE=K(t) + t = tr(t) + t, whi
h we useto form the fun
tion g(t) = f(t)t = tr(t)+tt , t 6= 0. As shown in Lemma 3.3,jRange(g)j = 2h�d + 1 and is larger than one.Let B = fy = g(t)x+ z j t 6= 0g be the set of lines in the plane w = 0 through(0; 1; 1; 0) with slope in the Range(g). Consider the planes of the form:�t : f(t)x + ty + tz + w = 0 with t 2 E�.There are 2h � 1 planes of this type sin
e t 2 E�. Clearly, the point (0; 0; 0; 1)does not lie on these planes and the point (0; 1; 1; 0) lies on all these planes. Anytwo distin
t planes �s and �t (s 6= t) meet in a line whi
h proje
ts from (0; 0; 0; 1)to the line y = f(s�t)s�t x + z = g(s � t)x + z in the plane w = 0. This line is inthe set B. With the plane w = 0, we have a set of 2h planes all passing through(0; 1; 1; 0) su
h that every pair of these planes meet in a line whi
h proje
ts to aline of B. Suppose there exists a 
oni
 C that misses B. Form a 
one, K, withvertex (0; 0; 0; 1) and base C. These 2h planes form a 
o
k of K, and the planesall 
ontain the 
ommon point (0; 1; 1; 0). Theorem 3.4 implies this 
o
k is linear;in other words, jBj = 1. But jBj = 2h�d + 1 > 1, so C does not exist and B is aCBS.In the tra
e-
o
k 
onstru
tion, the spe
i�
 fun
tion g(t) = tr(t)+tt was used togive the slopes of the lines in the CBS. Sin
e g is an additive fun
tion divided by
58



t and the size of its image set is known, we used g to form a CBS of size 2h�d+1.Any fun
tion of this form 
an be used to produ
e a CBS, as long as the imagehas more than one element in it. The tra
e-
o
k 
onstru
tion does not give CBSswhen q = 2, sin
e the only additive fun
tion, up to s
alar multipli
ation, is theidentity. This is the reason for handling PG(2; 2) at the beginning of this 
hapter.Table 3.1 lists the sizes of CBSs guaranteed by the tra
e-
o
k 
onstru
tiondes
ribed in Theorem 3.5, for small q.q Guaranteed CBS Sizes22 323 524 9; 525 1726 33; 17; 927 6528 129; 65; 1729 257; 65210 513; 257; 33Table 3.1: CBS Sizes Given by the Tra
e-Flo
k Constru
tionFor a �xed q, the largest size of a CBS guaranteed by the tra
e-
o
k 
on-stru
tion is the same size as those CBSs 
onstru
ted in Lemma 3.1. When h isprime, the tra
e-
o
k 
onstru
tion yields exa
tly one CBS. When h is 
omposite,a variety of CBSs are obtained and there is always a CBS smaller than the onegiven in Lemma 3.1. To emphasize the signi�
an
e of this fa
t, the tra
e-
o
k
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onstru
tion gives a CBS of size 33 that blo
ks the (over 1:12�1015) 
oni
s in theplane PG(2; 210), whereas by Lemma 3.1, 513 lines were needed to form a CBS.3.3 Irredu
ible CBSs in PG(2; 2h), h evenIn this se
tion, we fo
us on proving that the CBSs given by the tra
e-
o
k
onstru
tion are irredu
ible. Re
all from Chapter 2, a CBS B is equivalent toanother CBS B0 if there exists an element A in PGL(3; q) su
h that A maps allthe lines in B to the lines in B0. We showed that a CBS 
onsisting of the subsetof lines of the form y = mx + z is proje
tively equivalent to a CBS 
onsisting ofthe lines of the form y = mx. We use this fa
t to prove that the 
oni
 blo
kingset given by the tra
e-
o
k 
onstru
tion, for h even, is irredu
ible.Throughout the remainder of this se
tion, let h = 2n, n � 2, d =n, so that E = GF(22n), K = GF(2n), and F = GF(2). Then g(t) =TrE=K (t)+tt = t+t2n+tt = t2n�1. Let � be a generator of E . Then Range(g) =f1; �2n�1; �2(2n�1); � � � ; �2n(2n�1)g is a 
y
li
 subgroup of E� of order 2n + 1. Ob-serve that any element in Range(g) is expressible as �(2n�1)k where k 2 Z2n+1.In Se
tion 3.2, we showed that the set of lines fy = g(t)x+ zg formed a CBS,and this set of lines is proje
tively equivalent to the set B = fy = g(t)xg. So, wehave that B is a CBS. It remains to show that B is an irredu
ible CBS. As anillustration, we show B is irredu
ible in PG(2; 16) and then present a formal proofof irredu
ibility for all q = 22n.Example 8.Let h = 4, n = 2, and � be a generator of E . Observe that Range(g) =ft3jt 2 E�g = f1; �3; �6; �9; �12g = f�3k j k 2 Z5g. To show that the CBS
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B = fy = �3k j k 2 Z5g is irredu
ible, we show that for every line in B, there is a
oni
 that meets the line but does not meet any other line of B.Consider the quadri
 Qm : f(x; y; z) j x2 + ��3myz + z2 = 0g where m 2 Z5.Sin
e the nu
leus, (��3m; 0; 0), does not lie on Qm, this quadri
 is nondegenerate.We show that B is irredu
ible by showing that the line y = �3mx is a se
ant lineto Qm while all other lines, y = �3kx with k 6= m, are exterior to Qm.To determine how the line y = �3kx meets Qm, we examinex2 + ��3m�3kxz + z2 = 0, x2 + �3(k�m)xz + z2 = 0.This equation has two solutions if Tr �a
b2 � = Tr � 1�1�6(k�m) � = Tr(�9(k�m)) = 0. Letk �m = j. ThenTr ��9(k�m)� = Tr ��9j�= �9j + ��9j�2 + ��9j�4 + ��9j�8= �9j + �18j + �36j + �72j= �9j + �3j + �6j + �12j.If j = 0, then k = m and Tr(�9j) = Tr(1) = 0 in GF(16). Therefore, whenk = m, the line y = �mx is se
ant to Qm. When j is a �xed element in Z�5 , �9j,�3j, �6j, �12j are distin
t. More importantly, �9j, �3j, �6j, �12j are four of the�ve 5th roots of unity over E�, with 1 the remaining 5th root of unity. Thus,�9j + �3j + �6j + �12j = 1 and Tr (�9j) = Tr ��9(k�m)� = 1. Sin
e the absolutetra
e is 1, there are no solutions to this quadrati
 equation. Therefore, whenk 6= m, the line y = �3kx is exterior to Qm.Sin
e the removal of any line l from B results in B n flg no longer being aCBS, B is irredu
ible. 61



Sin
e (0; 0; 1) is on all lines of the CBS, we only need to blo
k 
oni
s withequations Ax2 +Bxy + Cy2 +Dxz + Eyz + Fz2 = 0 whi
h do not pass throughthe point (0; 0; 1). For these, F 6= 0 and without loss of generality we may assumethat F = 1. The set B = fy = t2n�1x j t 6= 0g blo
ks all of these 
oni
s in theplane PG(2; 22n). We 
an show that B is irredu
ible by showing that for everyline in B, there is a 
oni
 that only meets that line. We now provide two lemmasthat aid in proving this result in Theorem 3.8.When n � 2, jKj � 4, and there is an element � in K with TrK=F (�) = 1.Sin
e � 2 K � E , � = �2n . This implies that for 0 � i � n� 1,�2i = ��2n�2i = �2n+i. (3.1)This observation is useful in the proof of Theorem 3.8. Lemmas 3.6 and 3.7 areused to simplify 
al
ulations for Theorem 3.8.Lemma 3.6 Let j be a positive integer. Then �(2n�1)j+2n(2n�1)j = 1.Proof:�(2n�1)j+2n(2n�1)j = ��(2n+1)(2n�1)j� = h�q2�1ij = 1, 8� 2 E�.
Lemma 3.7 Let j be a positive integer. Then 1(�(2n�1)j)2i + 1(�(2n�1)j)2n+i = 1.Proof: Let s = (2n � 1)j. Re
all from Lemma 3.6, �s2i+s2n+i = 1. Then1(1 + �s)2i + 1(1 + �s)2n+i = (1 + �s)2n+i + (1 + �s)2i(1 + �s)2i(1 + �s)2n+i
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= (1 + �s)2n+i + (1 + �s)2i(1 + �s2i)(1 + �s2n+i)= 1 + �s2n+i + 1 + �s2i1 + �s2n+i + �s2i + �s2i+s2n+i= �s2n+i + �s2i1 + �s2n+i + �s2i + 1= �s2n+i + �s2i�s2n+i + �s2i= 1.
Theorem 3.8 The CBS, B = fy = t2n�1x j t 6= 0g, is irredu
ible in PG(2; 22n).Proof: Let � 2 K su
h that TrE=K(�) = 1. Consider the 
oni
s Qm withequations:Qm(x; y; z) = x2 + �(1�2n)mxy + 1�1=2xz + �(1�2n)m�1=2 yz + z2 = 0,where m 2 Z2n+1. The nu
leus of Qm is (�(1�2n)m�1=2 ; 1�1=2 ; �(1�2n)m) and observe thatQm(�(1�2n)m�1=2 ; 1�1=2 ; �(1�2n)m) = �(1�2n)2m 6= 0, hen
e Qm is nondegenerate. ExpressB as the set of lines of the form fy = �(2n�1)kx j k 2 Z2n+1g. We show that whenk = m, the line y = �(2n�1)mx is a tangent line to Qm, and when k 6= m, the liney = �(2n�1)kx is exterior to Qm, for all k 2 Z�2n+1.For a line in B to meet Qm, we must have thatx2 + �(1�2n)m+(2n�1)kx2 + 1�1=2xz + �(1�2n)m+(2n�1)k�1=2 xz + z2 = 0,has a solution. This 
an be rewritten as�1 + �(2n�1)(k�m)�x2 + � 1�1=2 + �(1�2n)m+(2n�1)k�1=2 � xz + z2 = 0. (3.2)63



When k = m, (3.2) be
omes z2 = 0. Sin
e there is only one solution to thisequation, the line y = �(2n�1)mx is a tangent line to Qm.Let k �m = j 6= 0. To show that the line y = �(2n�1)kx does not meet Qm,examine the absolute tra
e of(1 + �(2n�1)j)� 1�1=2 + 1+�(2n�1)2j�1=2 �2 = (1 + �(2n�1)j)1� + 1+�(2n�1)2j�= (1 + �(2n�1)j)1� (1 + +�(2n�1)2j)= (1 + �(2n�1)j)1� (1 + �(2n�1)j)2= �(1 + �(2n�1)j) .As we now show, these lines are exterior to Qm. Assume, for the sake ofattaining a 
ontradi
tion, that Tr� �(1+�(2n�1)j)� = 0. Then,Tr� �(1+�(2n�1)j)� = 0) �(1+�(2n�1)j) + �2(1+�(2n�1)j)2 + �4(1+�(2n�1)j)4 + � � �+ �2n�1(1+�(2n�1)j)2n�1 + �2n(1+�(2n�1)j)2n + �2n+1(1+�(2n�1)j)2n+1 + � � �+ �22n�1(1+�(2n�1)j)22n�1 = 0) � � 1(1+�(2n�1)j) + 1(1+�(2n�1)j)2n �+ �2 � 1(1+�(2n�1)j)2 + 1(1+�(2n�1)j)2n+1 �+ � � �
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+�2n�1 � 1(1+�(2n�1)j)2n�1 + 1(1+�(2n�1)j)22n�1 � = 0 (by equation 3.1)) � + �2 + �4 + � � �+ �2n�2 + �2n�1 = 0 (by Lemma 3.7)) TrK=F (�) = 0.However, � was 
hosen su
h that TrK=F (�) = 1. Thus, Tr� �(1+�(2n�1)j)� = 1and all lines of the form y = �(2n�1)kx, k 6= m, are exterior to Qm.For every line in B, there is a 
oni
 that meets only that line. The removal ofany line l from B results in B n flg no longer being a CBS. Thus, B is irredu
ible.Observe that jBj = jfy = t2n�1x j t 6= 0gj = 2n + 1 whi
h is the number oflines of a Baer subplane through a point in a Baer subplane of PG(2; 22n). Anatural question to ask is whether the lines through a point in a Baer subplane(Baer lines) are proje
tively equivalent to the irredu
ible CBS given in Theorem3.8? We now show that the answer to that question is yes.Lemma 3.9 Let � = �2n�1. The elementX = (�j + �)(1 + �2)(1 + �)(�j + �2) 2 E�,with j 6= 1; 2, lies in the sub�eld K�.Proof:We show that X lies in K by showing that X2n�1 = 1. First, observe thatwith � = �2n�1, ��k�2n = 1�k ,65



for any k. Now, X2n�1 = h (�j+�)(1+�2)(1+�)(�j+�2)i2n�1= (�j+�)2n (1+�2)2n(1+�)2n (�j+�2)2n � (1+�)(�j+�2)(�j+�)(1+�2)= (�j+�)2n (�j+�2)(�j+�2)2n (�j+�) � (1+�2)2n (1+�)(1+�)2n (1+�2)= ([�j ℄2n+�2n)(�j+�2)([�j ℄2n+[�2℄2n)(�j+�) � (1+[�2℄2n)(1+�)(1+[�℄2n)(1+�2)= � 1�j + 1��(�j+�2)� 1�j + 1�2 �(�j+�) � �1+ 1�2 �(1+�)(1+ 1� )(1+�2)= 1�j+1 (�+�j)(�j+�2)1�j+2 (�j+�2)(�+�j) � 1�2 (�2+1)(1+�)1� (1+�)(�2+1)= � � 1� = 1.Sin
e X2n�1 = 1 and X 6= 0, X lies in K�.Theorem 3.10 The lines B0 = fy = mx j m 2 Kg[ fx = 0g form an irredu
ibleCBS in PG(2; 22n).Proof:We show that B0 is an irredu
ible CBS in PG(2; 22n) by �nding a proje
tivityin PGL(3; 22n) that maps the irredu
ible CBS B given in Theorem 3.8 to B0. Let
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� be as de�ned in Lemma 3.9. Consider the elementA = 266664 11+� �1+� 011+�2 �21+�2 00 0 1
377775in PGL(3; 22n). It is a simple argument to show that A is nondegenerate and thatA leaves (0; 0; 1) �xed. Next, we show that A maps the lines B = fy = t2n�1x j t 6=0g into the lines in B0 = fy = mx j m 2 Kg [ fx = 0g.It is easy to verify that A sends the line y = x in B to the line y = x in B0,the line y = �x in B to the line y = 0 in B0, and the line y = �2x in B to theline x = 0 in B0. We show now that the remaining lines in B are mapped to theremaining lines in B0.For j 6= 0; 1; 2, we denote the remaining lines in B0 by 264�j10 375. Now,266664 11+� �1+� 011+�2 �21+�2 00 0 1

377775 � 266664�j10
377775 = 266664 (�j+�)(1+�2)(1+�)(�j+�2)10

377775 = 266664X10
377775 .From Lemma 3.9, X lies in K�, therefore X is of the form �(2n+1)k, k 6= 0. Amaps the lines in B to distin
t lines in B0, whi
h are the Baer lines through thepoint (0; 0; 1) in PG(2; 2n). Thus, B0 is proje
tively equivalent to B, and B0 is anirredu
ible CBS in PG(2; 22n).
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3.4 Sear
hing for Minimum CBSsHaving established that CBSs exist and having provided a 
onstru
tion ofCBSs, we devote this se
tion to �nding minimum CBSs and obtaining upper andlower bounds on the sizes of these CBSs. We develop a model that eÆ
iently ande�e
tively sear
hes for minimum CBSs using optimization software. The resultsof the sear
h are given at the end of this 
hapter.Due to the 
ombinatorial explosion inherent in exhaustive sear
hes, we developa more sophisti
ated te
hnique to �nd an eÆ
ient algorithm for lo
ating minimumCBSs. Redu
ing the size of the problem is vital to the algorithm. For this reason,we review de�nitions and properties introdu
ed in Chapter 2 that are relevant tothe algorithm.A 
ollineation from a proje
tive plane to another one is a bije
tion of thepoints and of the lines whi
h preserves in
iden
e. The set of all 
ollineations ofPG(2; q) form a group where the group operation is the 
omposition of maps.A proje
tivity is a 
ollineation whi
h 
an be represented by a 3 � 3 nonsingularmatrix. Proje
tivities of the line PG(1; q) 
an be represented by 2�2 nonsingularmatri
es. The group of proje
tivities of the plane is denoted by PGL(3; q), andthe group of proje
tivities of the line is denoted by PGL(2; q). [35℄PGL(3; q) is transitive on the points and lines of PG(2; q), just as PGL(2; q)is transitive on the points of PG(1; q). Any map in PGL(3; q) preserves in
iden
esbetween points and lines and is also transitive on 
oni
s of PG(2; q). So, any mapin PGL(3; q) will map 
oni
s to 
oni
s. Every 
oni
 has a unique nu
leus, hen
e,
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any map that sends a 
oni
, C, to itself will �x the nu
leus. Sin
e C is stabilizedand the nu
leus is �xed, the remaining points in the plane are mapped to ea
hother. In Chapter 2.2.2.1, we showed the stabilizer of C has three orbits in theplane:1. the points of C;2. the nu
leus of C;3. the rest of the points in the plane.Sin
e the stabilizer of a 
oni
 has three orbits in the plane, the stabilizer of a 
oni
C is transitive on the set of points that are neither on the 
oni
 nor equal to thenu
leus.Denote the lines through a point P with nonhomogeneous 
oordinates [t℄, ifthe line is non-verti
al, and [1℄, for the verti
al line through P , and denote thelines through a point Q with nonhomogeneous 
oordinates [u℄, if the line is non-verti
al, and [1℄, for the verti
al line throughQ. Now, if an element g 2 PGL(3; q)maps the point P to the point Q, then there is an elementh = " a b
 d # 2 PGL(2; q)with the property that for any line l through P with 
oordinate [t℄ or [1℄, the
oordinate of the image of l under g is given byu = at+
bt+d , if bt + d 6= 01, otherwise.The following example illustrates this 
on
ept.69



Example 9. [55℄Let P = (0; 0; 1) and Q = (0; 1; 0). The line [t℄ through P (and not Q)
ontaining the points (1; t; z) for all z 2 GF(q) is [t℄ = 24 t10 35 and the line [u℄through Q (and not P ) 
ontaining (1; y; u) for all y 2 GF(q) is [u℄ = 24 u01 35. Wewish to send P to Q, �x the line PQ, and send the remaining lines through P tothe remaining lines through Q. Let A 2 PGL(3; q) be given byA = 24 a11 a12 a130 a22 a230 1 0 35 .Sin
e A 2 PGL(3; q), det(A) 6= 0 implying that both a11 and a23 are nonzero.Observe that PQ is stabilized by A, but, more importantly, P is mapped to Q.A line [t℄ through P 
onsists of the points f(1; t; z) j z 2 GF(q)g [ fPg, and aline [u℄ through Q 
onsists of the points f(1; y; u) j y 2 GF(q)g[ fQg. Be
ause Amaps P to Q, if A maps the set f(1; t; z) j z 2 GF(q)g to f(1; y; u) j y 2 GF(q)g,then A maps the lines [t℄ through P to the lines [u℄ through Q. This implies that(1; t; z) � A = (a11 + 0t; a12 + a22t+ z; a13 + a23t) .Now, (1; t; z) � A = (a11; a12 + a22t + z; a13 + a23t)= �1; a12+a22t+za11 ; a13+a23ta11 �= �1; �; a23t+a130t+a11 � = (1; �; u).
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In this situation, the element h 2 PGL(2; q) is given by� a23 a130 a11 � = � a b
 d � 2 PGL(2; q).
Given a point P and a 
oni
 C su
h that P 62 C and P is not the nu
leus of C,the absolute tra
e fun
tion is used to 
lassify the lines through P with respe
t toC as se
ant, tangent, or exterior lines. Re
all that the stabilizer of P in PGL(3; q)is transitive on 
oni
s that P is not on and for whi
h P is not the nu
leus. IfC is mapped to another 
oni
 C1, the tangent and se
ant lines of C are mappedrespe
tively to tangent and se
antlines of C1. Thus, for ea
h element in PGL(3; q)that maps C to C1, there is an element in PGL(2; q) that sends the tangent andse
ant lines of C through P to the tangent and se
ant lines of C1 through P .Consider the 
oni
 C with equation xy+xz+z2 = 0 and nu
leus N = (0; 1; 1).The point (0; 0; 1) is not on C and the q + 1 lines through (0; 0; 1) are x = 0 andmx + y = 0, m 2 GF(q). Using the methods dis
ussed in Chapter 2, the tangentand se
ant lines of C through (0; 0; 1) are easily identi�ed. The line mx+ y = 0 isa se
ant line to C when Tr(m) = 0 and the line x = 0 is a tangent line to C.We identify the lines through (0; 0; 1) with the elements of GF(q) [ f1g bymx + y = 0! (m),x = 0 ! (1).Let SP = f(m) j Tr(m) = 0g [ f(1)g denote the set of tangent and se
ant linesof C through (0; 0; 1). Using the standard duality, we dualize so that all the linesthrough (0; 0; 1) be
ome points on the line z = 0 with homogeneous 
oordinates.
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That is, (m) :mx + y = 0 7! (m; 1; 0),(1) : x = 0 7! (0; 0; 1).Note, the set SP = f(m) j Tr(m) = 0g [ f(1)g 
an still be used to identify thepoints in the dual plane that 
orrespond to tangent and se
ant lines in the originalplane.Let �a b
 d� 2 PGL(2; q) and 
onsider the following 
al
ulations:(m; 1)" a b
 d # = (am + 
; bm+ d) = 8><>:�am+
bm+d ; 1� ; if bm + d 6= 0(1; 0); if bm + d = 0,(1; 0)" a b
 d # = (a; b) = (�ab ; 1� ; if b 6= 0(1; 0); if b = 0.The image of SP under PGL(2; q) is ��ax+
bx+d j Tr(x) = 0	 [ �ab		 where it is un-derstood that if bx + d = 0, then ax+
bx+d =1, and if b = 0, then ab =1.To summarize the pro
edure, �nd a 
oni
 C and �x a point P 62 C su
h thatP is not the nu
leus of C. Identify the tangent line and se
ant lines through Pwith respe
t to C. Then dualize and parameterize to obtain a set of parametersfor the points in the dual plane that 
orrespond to tangent and se
ant lines of the
oni
 in the original plane. Using 
ollineations of the line PG(1; q), map this setof parameters to another set of parameters representing tangent and se
ant linesof another 
oni
 in PG(2; q). On
e all possible parameter sets 
orresponding totangent and se
ant lines have been generated, a CBS 
an be found by sele
ting arepresentative from ea
h of these image parameter sets. A minimum CBS is foundby sele
ting a representative from ea
h of these parameter sets in su
h a way asto get the smallest number of distin
t representatives.72



Example 10.Consider this situation in PG(2; 4) with GF(4) = f0; 1; �; �2g su
h that�2 = � + 1. Observe that SP = f0; 1;1g and the distin
t images sets of SP un-der PGL(2; q) are f0; 1;1g, f0; �; �2g, f0; �;1g, f0; 1; �2g, f0; �2;1g, f0; 1; �g,f�; �2;1g, f1; �;1g, f1; �2;1g, and f1; �; �2g.S
anning this list of image sets shows that at least one of the elements 0; 1;1appears in ea
h of the image sets. When this information is translated ba
k tothe original plane, we �nd that the lines y = 0, y = x, and x = 0 form a 
oni
blo
king set in PG(2; 4). As shown earlier, in PG(2; 4) any set of three 
on
urrentlines will form a CBS. The 10 image sets listed above give all possible parameter
hoi
es for three 
on
urrent lines through the point (0; 0; 1). In fa
t, any one ofthe 10 image sets is a 
oni
 blo
king set whi
h is not diÆ
ult to verify by hand.This example is unique, sin
e ea
h one of these parameter sets represents a CBSand this is the only proje
tive plane of even 
hara
teristi
 with this property.As the order of the plane in
reases, it is no longer feasible to do a hand sear
hfor minimum CBSs. For this reason, the 
omputer is used to �nd the minimumCBSs. This is what we now dis
uss.We start with the set of points SP = f(m) j Tr(m) = 0g [ f(1)g whi
hrepresents a set of 
on
urrent tangent and se
ant lines of a spe
i�
 
oni
. And,we use the 
ollineations in PGL(2; q) to generate the image sets of SP . We putthese sets in an array, A, su
h that� the 
olumns of A are the points of the line z = 0,� the rows of A are the images of the set SP ,
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� the entries are given by standard in
iden
e, that is, a 1 is stored if the pointis in the image set and a 0 is stored otherwise.To �nd a CBS, a 
olle
tion of 
olumns must be obtained su
h that ea
h rowof A has a 1 in at least one of the 
olumns in this 
olle
tion. This set of 
olumns
orresponds to a set of points in the dual plane, whi
h 
orresponds to a set of linesin the original plane that form a CBS. To �nd a minimum CBS, the smallest setof 
olumns must be found su
h that ea
h row of A has a 1 in the 
orresponding
olumn set. Hen
e, the problem of �nding a CBS 
an now be viewed as a set
overing problem whi
h is easily turned into an optimization problem.For this parti
ular optimization problem, in the dual plane, the obje
tive isto minimize the number of points on the line z = 0, subje
t to the 
onstraint thatevery row of the array A has a representative in the 
olle
tion of points. Let ~xbe a binary ve
tor of length q + 1. The ve
tor ~x is used to keep tra
k of whi
h
olumns (points) are sele
ted for the CBS. For instan
e, if x(i) = 1, then the pointrepresented by 
olumn i has been sele
ted to be in the CBS. If x(j) = 0, the pointrepresented by 
olumn j has not been sele
ted to be in the CBS. We write theinteger programming problem as min q+1Xi=1 x(i)su
h that q+1Xi=1 A(k; i)x(i) � 1.It is not diÆ
ult to visualize how stating the problem like this leads to asolution. If any row of A is pi
ked and multiplied by ~x, a nonnegative integer isobtained, for we are only multiplying 0's and 1's. If for some row of A, a 0 is74



obtained by multiplying by ~x, then there is not a representative in that image set.Hen
e, ~x 
annot represent a CBS.Sin
e the a
tion of PGL(3; q) on the points a proje
tive plane is 3-transitive,it is possible to make the problem of �nding minimum CBSs more eÆ
ient. Bythe Fundamental Theorem, we are free to sele
t any three points to always bein the CBS. Any image set that has a 1 in the 
olumn 
orresponding to one ofthese three 
hosen points, automati
ally has a representative in the set. Therefore,there is no need to store this image set in the array A. It is only ne
essary tokeep tra
k of the image sets with 0's in the 
olumns of the three 
hosen points.Sin
e the remaining image sets have 0's in the 
olumns of the three 
hosen points,there is no need to store these 
olumns in A. Hen
e, the optimization problem
an be restated so that ~x is a binary ve
tor of length q + 1� 3 = q� 2. Then theIP-problem is min q�2Xi=1 x(i)su
h that q�2Xi=1 A(k; i)x(i) � 1.The optimization software pa
kage 
alled Cplex [39℄ is used to sear
h for theoptimal solution. Cplex uses a bran
h and bound algorithm to �nd the optimalsolution. The bran
h and bound algorithm �rst solves the integer programmingproblem as a linear programming problem by relaxing the integrality 
onditions.That is, it allows for fra
tional solutions. If the resultant solution is integer, theproblem is solved. Otherwise a tree sear
h is performed whi
h guarantees opti-mality. The bran
h and bound algorithm is an eÆ
ient algorithm that guarantees,in our setting, �nding a minimum 
oni
 blo
king set. For a simple explanation of75



the bran
h and bound pro
ess, see Appendix C. For full details of the bran
h andbound algorithm, see [73℄.Table 3.5 lists the size of a minimum CBS and the minimum CBSs as foundby Cplex are found in Appendix A.q Minimum CBS Sizes22 323 524 525 826 927 9Table 3.5: Minimum CBS SizesA 
omplete sear
h for minimum CBSs by Cplex in PG(2; 2h), h � 8, was notfeasible. As h in
reases, the size of the array surpasses the built-in limitations onthe number of rows in the array. Also, as h in
reases, a substantial amount of timeis required for Cplex to 
he
k all nodes of the tree. For instan
e, in PG(2; 28),Cplex lo
ated a CBS of size 13, and after nearly two months of sear
hing the tree,it had not lo
ated a smaller CBS. The program had to be terminated, due tooverwhelming memory usage on the ma
hine, before it 
ould verify that 13 wasthe size of the minimum CBS in PG(2; 28).3.5 Bounds on the Sizes of Minimum Coni
 Blo
king SetsIn this se
tion, upper and lower bounds are obtained for the size of a minimum
oni
 blo
king set. 76



For the purposes of obtaining a lower bound, let q = 2h, tr(x) denote theabsolute tra
e of an element x 2 E = GF(q), and let V = AG(h; 2) be theve
tor spa
e over GF(2) represented by E under addition. For 0 6= a 2 E , letfa : E ! GF(2) be given by x 7! tr(ax). Let Ha = ker(fa). Clearly, fa is additive.This implies that fa is a group homomorphism from E to GF(2). Hen
e, ker(fa)is a normal subgroup. Sin
e ker(fa) is a subgroup of E , it is a subspa
e of V . Therank of the image spa
e of fa is 1. Hen
e, the rank of the overlying ve
tor spa
eminus 1 equals the rank of the kernel of fa, that is,rank(V )� 1 = rank(ker(fa)).Hen
e, Ha = ker(fa) is a hyperplane in AG(h; 2).Lemma 3.11 [55℄ There are pre
isely q � 1 subgroups of AG(h; 2) = E(+) ofindex 2. They are the Ha, for a 6= 0 2 E.Proof: Suppose Ha = Hb with a; b 6= 0. This implies that tr(ax) = 0 ,tr(bx) = 0 8x 2 E , tr(ax) = tr(bx) 8x 2 E, tr(ax� bx) = 0 8x 2 E, tr((a� b)x) = 0 8x 2 E .This is a 
ontradi
tion, sin
e x ranges over E , (a � b)x is a linear fun
tion andtherefore, there is some x for whi
h tr((a�b)x) = 1. Hen
e, all theHa are distin
t.From the paragraph pro
eeding Lemma 3.11, Ha is a hyperplane in AG(h; 2).As there are q�1 
hoi
es for nonzero a, there are q�1 subgroups Ha. The numberof points of PG(h� 1; 2) is the number of nonzero ve
tors in V . By duality, thenumber of points in PG(h�1; 2) equals the number of hyperplanes in PG(h�1; 2).
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So, there are 2h�12�1 = 2h � 1 = q � 1 hyperplanes in AG(h; 2). Hen
e, the Ha areall the hyperplanes of AG(h; 2).Observation 3.12 Consider the 
oni
 y2 = 1axz, a 6= 0, with nu
leus (0; 1; 0).This 
oni
 
an also be written as f(a; t; t2) j t 2 GF(q)g [ f(0; 0; 1)g. Let l be theline x = 0 and P the point (0; 1; 1). The remaining lines through P have equationsy = bx+ z for b 2 GF(q). The line y = bx+ z is external to the 
oni
 if and onlyif Tr� b21a2 � = 1, Tr(ab) = 1. So, for �xed nonzero a, the external lines throughP to this 
oni
 are those with slope b su
h that Tr(ab) = 1.Observation 3.13 Consider the 
oni
 y2+ 
2a2x2+ 1axz = 0, with nu
leus (0; 1; 0),where 
 is �xed su
h that Tr(
) = 1, and a 6= 0 2 GF(q). This 
oni
 
an also bewritten as f(a; t + 
; t2) j t 2 GF(q)g [ f(0; 0; 1)g. Let l be the line x = 0 and letP be the point (0; 1; 1). The remaining lines through P have equations y = bx+ zfor b 2 GF(q). The line y = bx + z is external to the 
oni
 if and only ifTr"b2 + 
2a21a2 # = 1,Tr(b2a2 + 
2) = 1,Tr(ba) + Tr(
) = 1,Tr(ba) = 0.So, for �xed nonzero a, the external lines through P to this 
oni
 are those withslope b su
h that Tr(ab) = 0.Theorem 3.14 If B is a minimum CBS in PG(2; 2h), then jBj � h.Proof:Let B be a CBS whi
h 
onsists of a set of 
on
urrent lines through the pointP in PG(2; q). There exists a line l through P and not in B, else jBj = q + 178



and we are done. We may 
hoose 
oordinates in su
h a way that l is assigned thenonhomogeneous parameter 1. The other lines through P are assigned distin
telements of GF(q). Sin
e B is a CBS, it must blo
k all 
oni
s tangent to l.In the pre
eding two observations, we showed that the external lines through Pto su
h a 
oni
 have parameter sets of the form fb j Tr(ab) = 0g or fb j Tr(ab) = 1g,for any nonzero a. Moreover, by varying the 
oni
, all su
h parameter sets arise.Hen
e, B lies in no set of this form. (If the parameter set for B was 
ontained inone of these sets, then a 
oni
 would exist outside of the 
oni
 blo
king set.)Consider the ve
tor spa
e V over GF(2) represented by GF(q) under addition.By Lemma 3.11, these parameter sets are all the hyperplanes of the 
orrespondingaÆne spa
e AG(h; 2). As B is 
ontained in no hyperplane of AG(h; 2), B 
ontainsa linearly independent set of ve
tors whose span is AG(h; 2). (A set of ve
torsnot 
ontained in any hyperplane must generate the whole spa
e.) A linearlyindependent set of ve
tors whose span is AG(h; 2) 
ontains h ve
tors. So, jBj � h.Theorem 3.15 If B is a minimum CBS in PG(2; 2h), then jBj � 2h+ 1.Proof:As shown in Se
tion 3.4, the sets for whi
h we have to �nd a set of representa-tives are the images of SP = fm j Tr(m) = 0g [ f1g under PGL(2; q). Considerthe fun
tion �b : x 7! x + b where Tr(b) = 0. It is 
lear that �b maps the set SPto itself. Sin
e there are q=2 elements of tra
e 0 in E , the size of the stabilizer ofSP , jPGL(2; q)SP j, is at least q=2. By the Orbit-Stabilizer theorem,
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jorbit of SP j= jPGL(2; q) : PGL(2; q)SP j� q(q2 � 1)=(q=2) = 2(q2 � 1).There are at most 2(q2�1) distin
t image sets of SP of size (q+2)=2. These imagesets give rise to at most 2(q2�1) 
omplementary sets of size q+1�(q+2)=2 = q=2.So there are 2(q2 � 1)�q=2n � subsets of size n that miss some 
oni
, and there are�q+1n � subsets of size n. If �q + 1n � � 2(q2 � 1)�q=2n �,then there is a CBS of size n. Now, suppose n� 1 > 2 log2(q), then we have thatn� 1 > log2(q2)) 2n�1 > q2) 2n�3 > q2�6q+84 ; sin
e q � 2) 2n�3(q + 1)q(q � 1) > 2(q + 1)(q � 1) �q2� � q�22 � � q�42 �) (q + 1)q(q � 1)(q � 2) � � � (q + 1� (n� 1))> 2(q2 � 1)( q2)( q�22 ) � � �� q�2(n�1)2 �) �q+1n � � 2(q2 � 1)�q=2n �.So �q+1n � � 2(q2 � 1)�q=2n � when n > 2 log2(q) + 1 = 2h+ 1. Thus, jBj � 2h + 1.Thus, we have shown that if B is a minimum CBS in PG(2; 2h), then h �jBj � 2h+ 1.3.6 Chapter SummaryWe have produ
ed CBSs using the tra
e fun
tion and the method used togenerate these CBSs 
an be mimi
ked using any additive fun
tion. In PG(2; 2h),80



where h is even, these CBSs are irredu
ible and proje
tively equivalent to a set oflines through the origin in a Baer subplane. Table 3.6 illustrates the sizes of theCBSs found by methods presented in this 
hapter.q Trivial Sizes Tra
e-Flo
k Sizes Baer Lines Sizes2 24 3 3 38 5 516 9 9, 5 532 17 1764 33 33, 17, 9 9128 65 65256 129 129, 65, 17 17512 257 257, 651024 513 513, 257, 33 33Table 3.6: Constru
tion SizesWe developed a model to aid in the sear
h for minimum CBSs. Due to 
om-puter and software limitations, we were only able to perform a 
omplete sear
h forminimum CBSs for q < 256. To obtain small CBSs for 256 < q � 1024, we usedeither an ad-ho
 method of sele
ting potential CBSs and 
he
king, or we employeda greedy-based algorithm to sear
h for small CBSs. It is believed that with moresophisti
ated programming te
hniques, �nding minimum CBSs in PG(2; 256) andPG(2; 512) using 
ommer
ial optimization software should be feasible. Finally, wegave upper and lower bounds on the sizes of minimum CBSs in PG(2; q).81



Table 3.7 illustrates the minimum CBSs found and the 
orresponding bounds.Let q denote the order of the plane, U.B. denote the upper bound, L.B. denotethe lower bound, and S.S.F. denote the size of the smallest set found by one ofthe following methods: the bran
h-and-bound algorithm 
ontained in Cplex; asurrogate-based heuristi
 algorithm, written by G. Ko
henberger [47℄, based on agreedy algorithm; or an ad-ho
 method of sele
ting points and 
he
king if thesepoints form a CBS. A � indi
ates that the smallest CBS found is not a minimumCBS. q L.B. S.S.F. U.B.22 2 3 523 3 5 724 4 5 925 5 8 1126 6 9 1327 7 9 1528 8 13� 1729 9 15� 19210 10 23� 21Table 3.7: CBS Bounds and SizesAppendix A 
ontains a listing of the parameters for CBSs with sizes in Table3.7.
82



4. CBSs in Planes of Odd OrderIn this 
hapter, we fo
us on CBSs in planes of odd order. Properties of semi-�eld 
o
ks are used to prove that our 
onstru
tions give CBSs in PG(2; ph). Wegive theoreti
al lower and upper bounds on the sizes of minimumCBSs. Two mod-els are developed whi
h allow eÆ
ient sear
hing for minimum CBSs. Examples ofminimum CBSs are lo
ated in Appendix B.4.1 Introdu
tionThroughout this 
hapter, let E = GF(ph) = GF(q), K = GF(pd), F = GF(p),and � = PG(2; q), where p is an odd prime, h � 1 and djh su
h that d 6= h.Clearly, K = F if d = 1. Let tr(t) denote the relative tra
e fun
tion, TrE=K(t) =t+ tpd + � � �+ tpdh�1 .In Chapter 2, we saw that all proje
tive planes have 
oni
 blo
king sets. Thenext theorem sharpens that result by showing that just over half the lines througha point are enough to form a CBS.Lemma 4.1 Any set of q+12 + 1 
on
urrent lines in PG(2; q) form a CBS.Proof: Let B be a set of q+12 + 1 
on
urrent lines. For the sake of obtaininga 
ontradi
tion, assume that there is a 
oni
 C 
ontained in the q�12 lines of B
.Sin
e ea
h line of B
 
ontains at most two points of C, we a

ount for at most2 ��q�12 � = q�1 points of C. But, as C 
ontains q+1 points, C 
annot be 
ontainedin B
 and thus, B is a CBS.We now 
onsider CBSs in PG(2; 3), so that the remainder of the 
hapter 
an
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be devoted to �nding small CBSs in PG(2; ph), ph > 3, using more sophisti
atedte
hniques than that of Lemma 4.1.Theorem 4.2 A CBS in PG(2; 3) 
ontains at least three lines.Proof: By Lemma 4.1, any set of three 
on
urrent lines form a CBS, so thatany set of 
on
urrent lines with more than three lines in it will also be a CBS. Itremains to show that any pair of 
on
urrent lines do not form a CBS.Suppose C is a CBS 
onsisting of two 
on
urrent lines. The 
omplement ofC also 
onsists of two lines for whi
h we 
an pi
k four points, two on ea
h of the
omplement lines, no three 
ollinear. These four points form an oval whi
h istherefore a 
oni
. Sin
e the 
omplement of C 
ontains a 
oni
, C is not a CBS andno pair of lines in PG(2; 3) 
an be a CBS.4.2 The Tra
e-Flo
k Constru
tionThe pro
ess of �nding a CBS 
onsists of identifying a set of lines through apoint su
h that all 
oni
s in � have at least one se
ant or tangent line in thisset. For the CBS 
onstru
tion given in this se
tion, � is 
oordinatized so thatP = (0; 1; 1) is the point of 
on
urren
y. Note that the lines through P are x = 0and y = mx+ z where m 2 GF(q). Sin
e we will insist that x = 0 is not a line ofthe CBS, an equivalent problem statement is to identify the slopes of the lines ofthe form y = mx + z su
h that every 
oni
 in � meets these lines. We begin byexamining the size of the range of a spe
i�
 fun
tion in GF(q).Lemma 4.3 If g : E� ! E is given by g(t) = tr(t)�tt for t 6= 0, then jRange(g)j =ph�d + 1. 84



Proof: To show that the size of the range of g is ph�d + 1, we show that E
an be partitioned into ph�d + 1 blo
ks: one of size ph�d and ph�d blo
ks of sizepd � 1.Let t 2 E�, then h(t) = �1, tr(t)� tt = �1, tr(t)� t = �t, tr(t) = 0.Sin
e the tra
e fun
tion is an additive homomorphism from E onto K, ker(tr) isa normal subgroup of E . We have that jker(tr)j = jEj=jKj = phpd = ph�d. So,g(t) = �1, t is one of the ph�d � 1 nonzero elements in E with tra
e 0. Hen
e,there is one blo
k of E that 
ontains the ph�d elements with tra
e 0.Now, we show that the remaining elements in E are partitioned into blo
ks ofsize pd � 1, giving ph�d blo
ks. To do this, we �rst determine when g(t) = g(�t)for � 2 E n K. g(t) = g(�t), tr(t)� tt = tr(�t)� �t�t, �tr(t)� �t = tr(�t)� �t, �tr(t) = tr(�t).As tr : E ! K, we have that tr(�t); tr(t) 2 K. But, sin
e � 2 E n K, �tr(t) 2K , tr(t) = 0. We see that g(t) = g(�t) for some � 2 E n K i� t is a nonzeroelement with tra
e 0. That is, t 2 ker(tr).Observe that g(t) = g(�t) for t 62 ker(tr) for any � 2 K�. Let T0 = fx 2E� j tr(x) = 0g. Then t 2 T0 , g(t) = �1. Now, jEnT0j = ph�ph�d = ph�d(pd�1)85



and we see that g partitions E into ph�d+1 blo
ks. There is one blo
k 
ontainingph�d elements with tra
e 0, and the remaining elements of E are split into ph�dblo
ks of size pd � 1, one for ea
h value of g 6= �1. Thus, jRange(g)j = ph�d + 1.
p  - 1d p  - 1d

p  - 1d

p  - 1d

p  - 1d

p  - 1d

p  - 1d

p  - 1d

p  - 1d

p  - 1d

p  - 1d

p  - 1d

p  - 1d

p  - 1d

p  - 1d

p  - 1d

p  - 1d

p  - 1d

p  - 1d

p  - 1d

p  - 1d

p  - 1d p  - 1d

p  - 1d

p  - 1d p   h-d

ε

κ

Figure 4.1: A partitioning of E
If h is prime, then tr(t) is the absolute tra
e of t and jRange(g)j = ph�1 + 1.If h is 
omposite, then there exist a g su
h that jRange(g)j < ph�1 + 1. In otherwords, when h is 
omposite, g 
an be de�ned using a relative tra
e with respe
tto some sub�eld, whi
h allows for a smaller range than the one obtained by usingthe absolute tra
e.In Se
tion 2.2.3, we de�ned a 
o
k of a 
one K with vertex V to be a set ofq planes in PG(3; q) not through V whi
h do not interse
t on the 
one. For theresults given in this se
tion, we may assume that the base of the 
one is 
ontainedin the plane w = 0.
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The q planes of a Knuth-Kantor 
o
k (for whi
h we use the abbreviationKK-
o
k) have the form �t : xt�mt�z + w = 0,where m is a �xed � 2 E and � a non-identity automorphism of E . Any twodistin
t planes of the KK-
o
k, �s and �t, meet in a line, and when this line isproje
ted to the plane w = 0, the line has equationx = m(t� s)��1z.The size of the set of KK-lines, fx = m(t � s)��1zg, is determined by the auto-morphism minus one, � � 1. Multiplying by a nonzero 
onstant will not a�e
tthe size of the set of KK-lines. By Theorem 2.4, we have that any non-identityautomorphism in E has the form t ! tpk , where 1 � k � h � 1. Any imageset of a fun
tion of the form tpk�1 has the same size as the set of slopes of theKK-lines, sin
e these image sets are generated by the same type of fun
tion, thatis, a variable raised to an automorphism minus one. So, we 
an say that any setof slopes generated from fun
tions of the form tpk�1, where 1 � k � h�1, has thepotential to be proje
tively equivalent to the slopes 
orresponding to KK-lines.Lemma 4.4 In E, the size of the image set of g(t) = tpk�1, 1 � k � h � 1, isph�1pd�1 , where d = g
d(k; h).Proof: For 1 � k � h � 1, de�ne fK(t) = tpk and gK(t) = fK(t)t = tpk�1, fort 6= 0. Let d = g
d(k; h). Sin
e fK is an automorphism of E , fK has a �xed �eld
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K = GF(pd). For � 6= 0,gK(t) = gK(�t), tpk�1 = �pk�1tpk�1, 1 = �pk�1, � = �pk, � 2 K.So, gK(t) = gK(�t), � is in the �xed �eld of fK(t). Sin
e there are ph�1 nonzeroelements in E , for ea
h gK, E is partitioned into blo
ks of size pd � 1. Therefore,there are ph�1pd�1 di�erent values in the image of gK.The previous lemma states that the set of slopes 
orresponding to nonlinearKK-
o
ks have size ph�1pd�1 where d j h and d < h. We determine when the sizeof the slopes of the KK-lines, jKKj, of a nonlinear KK-
o
k are the same as thejRange(gK)j for the gK that were de�ned previously. The 
ase of gK being de�nedby the absolute tra
e fun
tion is examined �rst. That is, we determine whenph�1pd�1 = ph�1+1 for h � 3. After that, the ne
essary 
onditions for ph�1pd�1 = ph�d+1are determined.Lemma 4.5 If h � 3 and p is an odd prime, ph�1pd�1 6= ph�1 + 1.Proof: Assume ph�1pd�1 = ph�1+1. Sin
e the RHS is an integer, the LHS mustalso be an integer and d must divide h. We �rst obtain bounds on the size of d.As d j h, 
learly d � h. If d = h, then ph�1pd�1 = 1 6= ph�1 + 1 sin
e p is an oddprime. So, d 6= h. If d = 1, ph�1pd�1 = h�1Pi=0 pi 6= ph�1 + 1 unless h = 2. But, as h � 3,d 6= 1. Now, d 6= h � 1 as this would imply that (h � 1) j h, whi
h 
an only betrue if h < 3.
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So, assume that 1 < d < h� 1. Then,ph � 1pd � 1 = ph�1 + 1, ph � 1 = (pd � 1)(ph�1 + 1), ph = pd+h�1 + pd � ph�1, ph + ph�1 = pd+h�1 + pd, ph�d + ph�d�1 � ph�1 = 1.Sin
e d � h � 2, p j LHS whi
h implies that p j 1, a 
ontradi
tion. Thus, for1 � d � h� 1, ph�1pd�1 6= ph�1 + 1.Lemma 4.6 Let E = GF(ph), h 
omposite and d su
h that 1 < d < h with d j h.Then ph�1pd�1 = ph�d + 1 if and only if d = h2 .Proof:(() Trivial.()) ph � 1pd � 1 = ph�d + 1, ph � 1 = (pd � 1)(ph�d + 1), ph = pd+h�d + pd � ph�d, ph�d = pd, h� d = d, d = h2 .If K = GF(pd) is any sub�eld of E = GF(ph), de�ne tr(t) = TrE=K(t) andg(t) = tr(t)�tt , for t 6= 0. Now, if d 6= 1; h; or h2 , we 
an 
onstru
t a fun
tion gsu
h that jRange(g)j = ph�1pd�1 . As stated above, this value is smaller than ph�1+1.
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So, when h is 
omposite, a fun
tion with smaller size range than ph�1 + 1 
analways be found unless d is prime and h = 2d.The following theorems, due to Thas, are instrumental in the 
onstru
tion ofthe CBS.Theorem 4.7 [69℄ If the planes �1; �2; � � � ; �q, of a 
o
k F of 
one K 
ontain a
ommon interior point P of K, then F is a linear 
o
k.Theorem 4.8 [69℄ If the planes �1; �2; � � � ; �q, of a 
o
k F of 
one K 
ontain a
ommon exterior point of K, then F is either a linear or a Knuth-Kantor Flo
k.We have all the tools ne
essary to prove the main result of this se
tion.Theorem 4.9 In PG(2; ph), with h � 3, if d 6= h2 and d j h, then there is a CBSof size ph�d + 1.Proof: Consider the additive fun
tion f(t) = TrE=K(t) � t = tr(t) � t,whi
h we use to form the fun
tion g(t) = f(t)t = tr(t)�tt , for t 6= 0. As shown inLemma 4.3, jRange(g)j = ph�d+ 1 and by Lemmas 4.4 and 4.5, this size does not
orrespond to the size of a set of KK-lines.Let B = fy = g(t)x+ zg j t 6= 0 be the set of lines in the plane w = 0 through(0; 1; 1; 0) with slope in Range(g). Consider the planes of the form:�t : �f(t)x+ ty � tz + w = 0 with t 2 E�.There are ph�1 planes of this type, sin
e t 2 E�. Clearly, the point (0; 0; 0; 1)does not lie on these planes and the point (0; 1; 1; 0) lies on all these planes. Any
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two distin
t planes, �s and �t, (s 6= t) meet in a line whi
h proje
ts from (0; 0; 0; 1)to the line y = f(s�t)s�t x + z = g(s � t)x + z in the plane w = 0. This line is inthe set B. Together with the plane w = 0, we have a set of q = ph planes allpassing through (0; 1; 1; 0) su
h that every pair of these planes meet in a linewhi
h proje
ts to a line of B. Suppose there exists a 
oni
 C that misses B. Forma 
one, K, with vertex (0; 0; 0; 1) and base C. These ph planes form a 
o
k of Kand the planes all 
ontain the 
ommon point (0; 1; 1; 0). To show that B is a CBS,the two 
ases, where (0; 1; 1; 0) is an interior point and (0; 1; 1; 0) is an exteriorpoint, are handled separately.If (0; 1; 1; 0) is an interior point to C, then Theorem 4.7 implies that this 
o
kis linear, 
ontradi
ting jRange(g)j = ph�d+1. Thus, this 
oni
 does not exist andB blo
ks all 
oni
s with (0; 1; 1; 0) as an interior point.If (0; 1; 1; 0) is an exterior point to C, then Theorem 4.8 implies this 
o
kis proje
tively equivalent to a KK-
o
k. But, any 
o
k equivalent to a KK-
o
k in a plane of order ph has size one (linear) or size ph�1pd�1 (nonlinear). Sin
eph�d + 1 6= 1 or ph�1pd�1 for any d su
h that d j h, C does not exist and B blo
ks all
oni
s with (0; 1; 1; 0) as an exterior point.Thus, the set of lines fy = tr(t)�tt x + z j t 6= 0g form a CBS of size ph�d + 1in the plane PG(2; ph), when h 6= 2d and h > 3.In the tra
e-
o
k 
onstru
tion, the spe
i�
 fun
tion g(t) = tr(t)�tt was used togive the slopes of the lines in the CBS. Sin
e g is an additive fun
tion divided byt and the size of its image set is known, we used g to form a CBS of size ph�d+1.Any fun
tion of this form 
an be used to 
onstru
t a CBS, as long as the image
ontains more than one element.
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The tra
e-
o
k 
onstru
tion does not give CBSs when q is prime, sin
e theonly additive fun
tion, up to s
alar multipli
ation, is the identity.As t and tq are the only two automorphisms in GF(q2) over GF(q), any additivefun
tion in GF(q2) has the form �t+�tq, where �, � 2 GF(q2), � 6= 0. The imageset of the fun
tion �t+�tqt = � + �tq�1 is the same size as the set of KK-lines.Using the proje
tivity 26664 �1� �� 00 1 00 0 1 37775 2 PGL(3; q2),we �nd that the set of lines fy = (� + �tq�1)x + zg is proje
tively equivalent tothe set of lines fy = g(t)x + z j t 2 GF(q2)�g = fy = tq�1x + z j t 2 GF(q2)�g.When g(t) = tq�1 and � is a generator of GF(q2), we have that Range(g) =f1; �q�1; �2(q�1); : : : ; �q(q�1)g whi
h is a 
y
li
 subgroup of GF(q2) of order q + 1.Moreover, we have that when x 2 Range(g), then x�1 2 Range(g).In Se
tion 2.4, we showed that the set of lines fy = g(t)x+z j t 2 GF(q2)�g =fy = tq�1x + z j t 2 GF(q2)�g through (0; 1; 1) was proje
tively equivalent to theset of lines T = 8>><>>:2664�tq�110 3775 j t 2 GF(q2)9>>=>>;through (0; 0; 1). The KK-lines through (0; 1; 0) are given byS = 8>><>>:2664 10�mtq�13775 j m = �xed�; t 2 GF(q2)9>>=>>; .
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Consider the proje
tivityM = 264 1m 0 00 0 10 1 0 375 2 PGL(3; q2).Observe that (0; 0; 1) �M = (0; 1; 0) and264 1m 0 00 0 10 1 0 375 � 264�tq�110 375 = 264� 1m tq�101 375 = 264 10�m 1tq�1 375 = 264 10�msq�1375 2 S.Hen
e, T is proje
tively equivalent to the KK-lines in PG(2; q2). So, the set oflines through (0; 1; 1) generated by fun
tions of the form � + �tq�1, � 6= 0 isproje
tively equivalent to the lines through (0; 1; 0) 
orresponding to KK-lines.Therefore, the tra
e-
o
k 
onstru
tion does not yield a CBS in PG(2; q2).Table 4.1 lists the sizes of CBSs obtained by the tra
e-
o
k 
onstru
tiondes
ribed in Theorem 4.9. q Guaranteed CBS Sizesp3 p2 + 1p4 p3 + 1p5 p4 + 1p6 p5 + 1; p4 + 1p7 p6 + 1p8 p7 + 1; p6 + 1p9 p8 + 1; p6 + 1p10 p9 + 1; p8 + 1Table 4.1: CBS Sizes Given by the Tra
e-Flo
k Constru
tion
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For a �xed q, even the largest size of a CBS obtained by this 
onstru
tion isalways smaller than those CBSs 
onstru
ted in Lemma 4.1. When h is prime, thetra
e-
o
k 
onstru
tion yields exa
tly one CBS. When h is 
omposite, a varietyof CBSs are obtained. To emphasize the signi�
an
e of this fa
t, the tra
e-
o
k
onstru
tion gives a CBS of size 26 that blo
ks the (over 3:05�1010) 
oni
s in theplane PG(2; 125), whereas by Lemma 4.1, 64 lines were needed to form a CBS.4.3 Sear
hing for Minimum CBSsHaving established that CBSs exist and having provided a 
onstru
tion ofCBSs, we now fo
us on �nding minimum CBSs and obtaining bounds on the sizesof these CBSs. Two di�erent models that permit eÆ
ient 
omputer sear
hes forminimum CBSs are developed. The �rst model developed is later used in �ndingCBSs in PG(2; q2). The se
ond model is similar to the one developed in Chapter3. Both models are developed in the dual plane. The results of the sear
hes arelo
ated at the end of this 
hapter.Currently, �nding a CBS 
onsists of �nding a set of 
on
urrent lines su
h thatthe lines in this set have 
ertain properties with respe
t to all 
oni
s in the plane.Namely, every 
oni
 in the plane must have at least one se
ant or tangent in thatset. Dualizing, this set of 
on
urrent lines be
omes a set of points on a line, andthese points all have spe
ial properties with respe
t to the dual 
oni
s. Whenwe dualize by using the standard polarity, we transform ea
h point (or line) intothe line (or point) with the same 
oordinates. The 
oni
s in � are the zeros ofnondegenerate quadrati
 forms. After dualizing, these line 
oni
s are asso
iatedwith the same nondegenerate quadrati
 forms, whi
h 
an be represented by 3� 3nonsingular matri
es. Sin
e we are free to 
oordinatize � in any manner, we 
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insure that the point of 
on
urren
y in the plane � for the two models below willbe the point (0; 0; 1). This point be
omes the line z = 0 in the dual plane ��. In�, the lines through (0; 0; 1) have equations x = 0 and mx + y = 0, m 2 GF(q).After dualizing, these lines be
ome the points (1; 0; 0) and (m; 1; 0), m 2 GF(q),on the line z = 0 in ��. In �, a CBS 
onsists of a set of 
on
urrent lines throughthe point (0; 0; 1) that satisfy a 
ertain property. In ��, a CBS 
onsists of a setof points on the line z = 0 that also satisfy some property. In these models, weidentify the property that the points on the line z = 0 must satisfy in order to bea CBS. For notational simpli
ity, we make the identi�
ation between the pointsof z = 0 in ��, and hen
e, the lines through (0; 0; 1) in �, and the elements ofGF(q) [ f1g by mx + y = 0$ (m),x = 0 $ (1).This allows us to refer to the points of the CBS in terms of the parameters.4.3.1 Restri
ted Quadrati
 Form ModelBefore this model is developed, a review of linear algebra and quadrati
 formsis provided.4.3.1.1 Review of Linear Algebra and Quadrati
 FormsThe material presented in this se
tion is found in greater detail in [54℄.Throughout this se
tion and model development, we work over the Galois �eldE = GF(q), q = ph, p an odd prime. Let V = E3 be the ve
tor spa
e over whi
hwe are working.De�nition 4.10 A fun
tion Q : V 7! E is a quadrati
 form on V provided1. Q(
w) = 
2Q(w) for all 
 2 E, w 2 V , and
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2. for every u, v 2 V the fun
tion f de�ned by f(u; v) = Q(u+v)�Q(u)�Q(v)is a symmetri
, bilinear form 
alled the polar form of Q.If A is a given upper triangular matrix, then B = A + AT is symmetri
. Aquadrati
 form is given by Q(X) = XAXT . Two distin
t points, X = hvi andY = hwi, are orthogonal (or perpendi
ular) if and only if XBY T = 0, whi
h isequivalent to f(v; w) = Q(v + w)�Q(v)�Q(w) = 0. The polar of X is the lineBXT . The quadrati
 form Q is nonsingular and its polar form f is nondegenerateprovided jBj = det(B) 6= 0. The dis
riminant of Q (or of f or of B) is de�ned tobe dis
(B) = jBj modulo the group of squares in E� = E n f0g.As above, let Q : V 7! E be a nonsingular quadrati
 form on V with polarform f . Sin
e Q(v) = 0 if and only if Q(
v) = 
2Q(v) = 0 for all 
 2 E�, thequadri
 Q(n � 1; q) = fv 2 P (V ) : Q(v) = 0g is a well-de�ned set of pointsof the proje
tive spa
e P (V ) asso
iated with V . If W is a subspa
e of V , de�neW? = fv 2 V : f(v; w) = 0 for all w 2 Wg. If W \W? = f0g, it is possibleto show that V = W �W?. Moreover, if B1 is a basis of W and B2 is a basis ofW?, then B1 [B2 is a basis of V , and the matrix B that is the Gram matrix of Qwith respe
t to the basis B1 [ B2 is the dire
t sum of the matri
es of B1, B2 thatare the Gram matri
es of Q restri
ted to W , W?, respe
tively. Hen
e,dis
(Q) = dis
(QjW ) � dis
(QjW? ).Now suppose W = hx; yi is a line, that is, a rank two subspa
e of V . Putf(x; x) = a, f(x; y) = f(y; x) = b, f(y; y) = 
. Then dis
(QjW ) = ����a bb 
 ���� = a
� b2.So Q(dx + ey) = 0 if and only if 0 = f(dx + ey; dx + ey) = d2a + 2deb + e2
 hasno solutions (d; e) 6= (0; 0) if and only if 4b2� 4a
 = �4(b2� a
) � �dis
(QjW ) =� 2 E . This proves the following theorem.96



Theorem 4.11 The line W is anisotropi
 (or ellipti
), that is, 
ontains nononzero ve
tor v with Q(v) = 0, if and only if �dis
(QjW ) =�.This result may be used to develop a formula to 
lassify a point with respe
tto a 
oni
 C given by the quadrati
 form Q as being either interior or exterior. IfW is a subspa
e for whi
h W \W? = 0, then dis
(Q) = dis
(QjW ) �dis
(QjW?). IfP is a point, then P? is a line. Put W = P?, so W? = P . Then P is an internalpoint of the quadri
 given by Q if and only if W = P? is anisotropi
, that is, ifand only if �dis
(QjW ) =�. Hen
e, P is an internal point if and only ifdis
(Q) = dis
(QjW ) � dis
(QjW? )dis
(Q) =�� � dis
(QjW?)dis
(Q) =�� � f(P; P )dis
(Q) =�� � 2Q(P )�dis
(Q) =�2Q(P )�(dis
(Q))2 =�2 Q(P )dis
(Q)� =�2Q(P )dis
(Q).Thus, P is an internal point of C if and only if �2Q(P )dis
(Q) =� and P is anexternal point of C if and only if �2Q(P )dis
(Q) = .Example 11. In this example, the points on the line z = 0 are 
lassi�ed withrespe
t to the 
oni
 C given by the quadrati
 formQ : x2+y2�xz+z2 in PG(2; 5).The points of C are f(1; 2; 0); (1; 3; 0); (0; 2; 1); (0; 3; 1); (1; 2; 1); (1; 3; 1)g, andthe points of z = 0 are f(1; 0; 0); (0; 1; 0); (1; 1; 0); (1; 2; 0); (1; 3; 0); (1; 4; 0)g. Thetangent lines, along with the points 
ontained in them, are listed below.
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y = 3x+ z : f(1; 3; 0); (0; 1; 1); (1; 4; 1); (2; 2; 1); (3; 0; 1); (4; 3; 1)gy = x + z : f(1; 1; 0); (0; 1; 1); (1; 2; 1); (2; 3; 1); (3; 4; 1); (4; 0; 1)gy = 4x+ 2z : f(1; 4; 0); (0; 2; 1); (1; 1; 1); (2; 0; 1); (3; 4; 1); (4; 3; 1)gy = x + 3z : f(1; 1; 0); (0; 3; 1); (1; 4; 1); (2; 0; 1); (3; 1; 1); (4; 2; 1)gy = 4x+ 4z : f(1; 4; 0); (0; 4; 1); (1; 3; 1); (2; 2; 1); (3; 1; 1); (4; 0; 1)gy = 2x+ 4z : f(1; 2; 0); (0; 4; 1); (1; 1; 1); (2; 3; 1); (3; 0; 1); (4; 2; 1)gClearly, the points (1; 1; 0) and (1; 4; 0) are exterior points be
ause these pointslie on two tangents. The points (0; 1; 0) and (1; 0; 0) do not lie on any tangentlines and therefore must be interior points. Finally, the points (1; 1; 0) and (1; 3; 0)are 
oni
 points.The dis
(Q) = whi
h implies that �2dis
(Q) = �. The following 
hartshows the 
lassi�
ation of ea
h point on z = 0, using the formula provided in thisse
tion. P Q(P ) �2dis
(Q)Q(P ) Classi�
ation(1; 0; 0) 1 = � =� internal(0; 1; 0) 1 = � =� internal(1; 1; 0) 2 =� � � = external(1; 2; 0) 0 � 0 = 0 on(1; 3; 0) 0 � 0 = 0 on(1; 4; 0) 2 =� � � = external
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4.3.1.2 Restri
ting Nondegenerate Quadri
s to a LineW = h(1; 0; 0); (0; 1; 0)i is a line, namely, the line z = 0. Consider the 
oni
given by the nondegenerate quadrati
 form Q(X) = XAXT on E3 = GF(q)3where A = 26664 a b d0 
 e0 0 f 37775and B = A+ AT = 266642a b db 2
 ed e 2f 37775 .It is not diÆ
ult to show that the pole of z = 0 is the point � be�2
ddet(B) ; bd�2aedet(B) ; 4a
�b2det(B) �or equivalently (be � 2
d; bd� 2ae; 4a
 � b2). If 4a
 = b2, then the pole of z = 0lies on z = 0 and W \W? 6= f0g. If 4a
 6= b2, then the pole of z = 0 does notlie on z = 0 and W \W? = f0g. Thus, if W \W? = f0g then 4a
 6= b2, and ifW \W? 6= f0g then 4a
 = b2; as these statements are the 
ontrapositives of theprevious statements.The stru
ture of QjW is now reviewed. Assume that 4a
 6= b2, W =h(1; 0; 0); (0; 1; 0)i = h�x; �yi and W? = h(j; k; 1)i = h�zi. Clearly, W \W? = f0g.Write V = W � W? and 
ompute the Gram matrix for the quadrati
 form Qgiven by Q(X) = XAXT = ax2+ bxy+ 
y2+ dxz+ eyz+ fz2 where A and B aregiven above. Now, f(�x; �x) = 2Q(�x) = 2a99



f(�x; �y) = a+ b + 
� a� 
 = bf(�y; �x) = f(�x; �y)f(�y; �y) = 2Q(�y) = 2
f(�z; �z) = 2Q(�z).The Gram matrix of f is given by2664 2a b 0b 2
 00 0 2Q(�z) 3775 = 24 B1 ~0~0 B2 35 .Re
all that in Se
tion 4.3.1.1, it was shown that 0 6= det(B) = det(B1) � det(B2),and we have that det(B1) = 4a
 � b2 6= 0 and det(B2) = 2Q(�z). Now, QjW isgiven by ~XA0 ~XT = ax2 + bxy + 
y2 whereA0 = 24 2a bb 2
 35 .Let �P denote P jW , that is, if P = (m;n; 0), then �P = (m;n). For any point�P 2 W , we have that QjW ( �P ) = am2 + bmn + 
n2 = Q(P ).Under the spe
i�ed 
onditions, this restri
tion of the quadrati
 form to the linez = 0 is what enables the model for �nding small CBSs to be eÆ
ient. E�e
tively,the problem drops from six variables (the 
oeÆ
ients in the quadrati
 form) tothree variables (the 
oeÆ
ients in the quadrati
 form restri
ted to the line z = 0).As mentioned earlier, the point (0; 0; 1) be
omes the line z = 0 in the dualplane. In �, a quadri
 is a set of points satisfying a quadrati
 equation. In ��,the dual line quadri
 is the set of lines whose line 
oordinates satisfy the samequadrati
 equation. If the pole of z = 0 is a point on the line z = 0, then this100



implies that z = 0 is a line of the line quadri
. Thus in �, the point (0; 0; 1) is onthe quadri
 and therefore, this quadri
 is blo
ked. To 
larify this idea, we o�erthe following example.Example 12.Let E = GF(5) and 
onsider the 
oni
 with equation y2� xz = 0 in PG(2; 5).This 
oni
 is given by the quadrati
 form Q(X) = XAXT whereA = 24 0 0 �10 1 00 0 0 35and B = A + AT = 24 0 0 �10 2 0�1 0 0 35 .Now, det(B) = 3 so that dis
(Q) =�. In �, the points on the 
oni
 are f(0; 0; 1),(1; 0; 0), (1; 1; 1), (1; 4; 1), (4; 2; 1), (4; 3; 1)g, and 
learly, the line z = 0 is a tangentline to C. The pole of z = 0 with respe
t to this 
oni
 is the point (1; 0; 0)whi
h, 
oin
identally, is also a point of the 
oni
. If W = h(1; 0; 0); (0; 1; 0)i thenW? = h(1; 0; 0)i and W \W? 6= f0g, so V 
annot be written as W �W?. Noti
ethat the point (0; 0; 1) is on the 
oni
 and this 
oni
 will be blo
ked in � by anynon-empty set of lines through (0; 0; 1).4.3.1.3 Classifying Points in the Dual SettingIn Se
tion 4.3.1.1, an explanation of how to 
lassify a point with respe
t to a
oni
 as being interior or exterior was given. To summarize, let P be a point inthe plane and C a 
oni
 given by the quadrati
 form Q. If�2Q(P )dis
(Q) = 8>><>>:�0 then P is 8>><>>: internal toexternal toon101



the 
oni
. We have shown that if W = h(1; 0; 0); (0; 1; 0)i and W \W? = f0g,then for all P 2 W , we have Q(P ) = QjW (P ). This implies that if�2Q(P )dis
(Q) = �2QjW (P )dis
(Q) = 8>><>>:�0 then P is 8>><>>: internal toexternal toonthe 
oni
. Sin
e we are dealing with quadrati
 forms restri
ted to the line, we
annot say for 
ertain whether dis
(QjW ) is a or a�, as is illustrated by thefollowing example.Example 13. Let E = GF(5) and 
onsider the 
oni
 with equation x2 + xy +y2 + fz2 = 0, f 6= 0, in PG(2; 5). This 
oni
 is given by the quadrati
 formQ(X) = XAXT where A = 2664 1 1 00 1 00 0 f 3775and B = A + AT = 2664 2 1 01 2 00 0 2f 3775 .We have shown that QjW = x2 + xy + y2, where W = h(1; 0; 0); (0; 1; 0)i = h�x; �yi.The polar of (0; 0; 1) is W , sin
e2664 2 1 01 2 00 0 2f 37750BB�0011CCA = 26640013775 .So, W? = h(0; 0; 1)i = h�zi and W \W? = f0g. Also, det(B) = f .
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Assume f = 1, so that dis
(Q) = . We now 
lassify the points in W withrespe
t to Q. P � 2dis
(Q)Q(P ) Classi�
ation(1; 0; 0) � internal(0; 1; 0) � internal(1; 1; 0) external(2; 1; 0) 0 on(3; 1; 0) 0 on(4; 1; 0) externalAssume f = 2, so that dis
(Q) =�. We now 
lassify the points in W withrespe
t to Q. P � 2dis
(Q)Q(P ) Classi�
ation(1; 0; 0) external(0; 1; 0) external(1; 1; 0) � internal(2; 1; 0) 0 on(3; 1; 0) 0 on(4; 1; 0) � internalThis example shows that when the quadrati
 form is restri
ted to the linez = 0, the information about the dis
riminant of Q is lost.Sin
e dis
(Q) = dis
(QjW ) � (2f mod ), by varying the 
hoi
es of f , dis
(Q)varies. Therefore the external points to the dual 
oni
 on the line z = 0 are eitherf(x; y; 0) j Q(x; y; 0) = QjW (x; y) = g
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or f(x; y; 0) j Q(x; y; 0) = QjW (x; y) =�g.Now, as there are 
oni
s in the original plane for whi
h the external points on z = 0to the dual 
oni
 are f(x; y; 0) jQ(x; y; 0) = QjW (x; y) = g and there are 
oni
s inthe original plane for whi
h the external points on z = 0 are f(x; y; 0) j Q(x; y; 0) =QjW (x; y) =�g, both these situations must be taken into a

ount in the modeldevelopment.4.3.1.4 The Restri
ted-Dual Model SummaryBy dualizing, the problem is transformed from �nding a set of 
on
urrent linesthat satisfy a 
ertain property to �nding a set of 
ollinear points that satisfy someproperty. De�ne the subspa
e W of V to be h(1; 0; 0); (0; 1; 0)i. If W \W? = f0g,then we may write V =W �W? and QjW is nondegenerate. Let B be the set ofpoints on z = 0 
orresponding to a spe
i�
 set of 
on
urrent lines in the originalplane. In order for B to be a CBS, one of the following must be satis�ed.1. There exists a point u 2 B su
h that QjW (u) = 0. (u 
orresponds to atangent line in the original plane.)2. There exists at least two distin
t points u and v in B su
h that QjW (u) =and QjW (v) =�. (QjW (u) 6= 0 and QjW (v) 6= 0.) (u and v 
orrespond toone se
ant line and one exterior line in the original plane.)Now, if W \W? 6= f0g, then we may not write V = W �W?. This will nota�e
t the CBS problem. When W \W? 6= f0g with respe
t to some quadrati
form Q, then Q is already blo
ked in �.
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4.3.1.5 Finding the CBSs in the Set Covering SettingWe now dis
uss how the 
omputer is used in the sear
h for minimum CBSs.We examine ea
h of the 
oni
s of the form ax2 + bxy + 
y2 = 0 and store the
lassi�
ation of the points of z = 0 in an array B, su
h that:� the 
olumns of B are the points of the line z = 0,� the rows of B are the dual 
oni
s,� the entries are the 
lassi�
ation of a point with respe
t to a 
oni
, that is,1 is stored if the point is exterior (se
ant line), �1 is stored if the point isinterior (exterior line), and 0 is stored if the point is on the 
oni
 (tangentline).To obtain a CBS, we �nd a set of 
olumns su
h that ea
h row of B has a 0 or1 in at least one 
olumn of this set. This set of 
olumns 
orresponds to a set ofpoints in �� whi
h, in turn, 
orresponds to a set of lines in �. To �nd a minimumCBS, we want to obtain the smallest su
h set of 
olumns. This is a set 
overingproblem whi
h 
an be eÆ
iently solved using a 
ommer
ial solver su
h as Cplex.We 
reate a new array A from B by the mappingaij = 8>>>><>>>>:1 if bij = 0,1 if bij = 1,0 if bij = �1.Let ~x be a binary ve
tor of length q+1. The ve
tor ~x is used to keep tra
k ofwhi
h 
olumns (points) are sele
ted for the CBS. For instan
e, if x(i) = 1, then105



the point represented by 
olumn i has been sele
ted to be in the CBS. If x(j) = 0,then the point represented by 
olumn j has not been sele
ted to be in the CBS.Then the optimization problem is to �nd an ~x withmin q+1Xi=1 x(i)su
h that for all rows, k of the array Aq+1Xi=1 A(k; i)x(i) � 1.If any row of A is pi
ked and multiplied by ~x, a nonnegative integer is obtained,for we are only multiplying 0's and 1's. If for some row of A, a 0 is obtained bymultiplying by ~x, then there is not a representative in that image set. Hen
e, ~x
annot represent a CBS.Example 14.There are nine 
oni
s given by the quadrati
 forms, up to s
alar multipli
ation,of the type ax2 + bxy + 
y2 in PG(2; 3). They are xy, xy + y2, 2xy + y2, x2 + xy,x2 + 2xy, x2 + y2, x2 + 2y2, x2 + xy + y2, and x2 + 2xy + 2y2. The array B withthe point 
lassi�
ation and the 
orresponding array A are given in Table 4.5.
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B = A =26666666666666666666666666666666666666666666664

0�1 1 00 1�1 00 1 0�10�1 0 10 0 1�10 0�1 1�1 1 0 01�1 0 0�1 0 1 01 0�1 01�1�1 1�1 1 1�1�1 0 0 11 0 0�11 1�1�1�1�1 1 11�1 1�1�1 1�1 1

37777777777777777777777777777777777777777777775

 !

26666666666666666666666666666666666666666666664

1 0 1 11 1 0 11 1 1 01 0 1 11 1 1 01 1 0 10 1 1 11 0 1 10 1 1 11 1 0 11 0 0 10 1 1 00 1 1 11 1 1 01 1 0 00 0 1 11 0 1 00 1 0 1

37777777777777777777777777777777777777777777775
Table 4.5: Array B to Array A Conversion in PG(2; 3)It is not diÆ
ult to see that the sele
tion of any two 
olumns is not suÆ
ientto form a CBS, but the sele
tion of any three 
olumns (points) is suÆ
ient to forma CBS. This is 
onsistent with the results of Theorem 4.2.
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4.3.2 Se
ant-Tangent Mapping ModelThe restri
ted-dual model allowed us to eÆ
iently �nd a minimum CBS forplanes of small order. These CBSs 
an be found in parameter form in AppendixB. We now make minor modi�
ations to the model developed in Chapter 3, toobtain a similar model for �nding minimum CBSs when q is odd. Sin
e mostof the details for this model are provided in Chapter 3, only the 
hanges thatare ne
essary to make the 
orresponding model work in odd 
hara
teristi
 arementioned.When the 
hara
teristi
 of the plane is even, every 
oni
 has a unique nu
leus.When the 
hara
teristi
 of the plane is odd, there is no nu
leus of a 
oni
 and sothe orbits of a stabilizer of a 
oni
 in a plane of odd 
hara
teristi
 will not be thesame as a 
oni
 in a plane of even 
hara
teristi
. As shown in Chapter 2, in aplane of odd 
hara
teristi
, the stabilizer of a 
oni
 has the three orbits:1. the points of the 
oni
;2. the external points with respe
t to the 
oni
;3. the internal points with respe
t to the 
oni
.That is, the stabilizer of a 
oni
 is transitive on the set of internal points of a
oni
 and is transitive on the set of external points of a 
oni
.Sin
e PGL(3; q) a
ts transitively on the set of 
oni
s of PG(2; q), and thestabilizer of a 
oni
 a
ts transitively on the set of internal points and the set ofexternal points, for any point P , the stabilizer of P 2 PGL(3; q) a
ts transitively
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on the sets of 
oni
s for whi
h P is an internal or external point. This implies thatwhen P is stabilized and C is mapped to another 
oni
 C1, the se
ant and tangentlines of C are mapped to se
ant and tangent lines of C1. Just as in the modeldeveloped in Chapter 3, denote the lines through a point P with nonhomogeneous
oordinates [t℄, if the line is non-verti
al, and [1℄, for the verti
al line throughP , and denote the lines through a point Q with nonhomogeneous 
oordinates [u℄,if the line is non-verti
al, and [1℄, for the verti
al line through Q. Now, if anelement g 2 PGL(3; q) maps the point P to the point Q, then there is an elementh = " a b
 d # 2 PGL(2; q) with the property that for any line l through P with
oordinate [t℄ or [1℄, the 
oordinate of the image of l under g is given byu = at+
bt+d , if bt + d 6= 01, otherwise.Thus, for ea
h element in PGL(3; q) that maps C to C1, there is an element inPGL(2; q) that sends the se
ant and tangent lines of C through P to the se
antand tangent lines of C1 through P .When the order of the plane was even, one 
oni
 was used to generate aninitial set of tangent and se
ant lines. Sin
e the order of the plane is odd, the
ases of P being an internal and external point must be dealt with separately whengenerating the sets of initial se
ant and tangent lines. The �rst 
ase handled iswhen P is an internal point.Consider the 
oni
 Q whose points satisfy �xy+ y2+2yz+ z2 = 0. The linesx = 0 and y = 0 are tangent lines to Q. Sin
e (0; 0; 1) lies on both of these tangentlines, (0; 0; 1) is an external point with respe
t to Q. The lines through (0; 0; 1) arex = 0 and y = mx, for m 2 E . It is not diÆ
ult to show that y = mx is a se
ant109



line when m = 6= 0. For this 
oni
, the set of parameters fm j m = g [ f1g,represent the se
ant and tangent lines of Q.Now, 
onsider the 
oni
 Q, whose points satisfy ny2+xz+ z2 = 0, where n isa �xed�. In order for a line with equation y = mx to be a tangent line to Q, wemust have that 14n = m2, whi
h 
annot o

ur. Thus, there are no lines through(0; 0; 1) that are tangent to Q, and (0; 0; 1) is an internal point to Q. The liney = mx is a se
ant line to Q provided that m is su
h that 1 � 4nm2 = . If�1 = , then x = 0 is an exterior line to Q. If �1 =�, then x = 0 is a se
antline to Q. When q � 1 mod 4, the set of parameters for the se
ant lines of Qthrough (0; 0; 1) is fm j 1 � 4nm2 = g [ f1g. When q � 3 mod 4, the set ofparameters for the se
ant lines of Q through (0; 0; 1) is fm j 1� 4nm2 = g.On
e these sets of se
ant and tangent lines are identi�ed, the development ofthe model is nearly identi
al to the even 
hara
teristi
 model. Using the standardduality, we dualize so that all the lines through (0; 0; 1) be
ome points on the linez = 0 with homogeneous 
oordinates (m; 1; 0), m 2 GF(q) and (0; 0; 1). Note thatwe 
an still use the spe
i�ed parameter sets to to identify the points in the dualplane that 
orrespond to tangent and se
ant lines in the original plane.Let � a b
 d � 2 PGL(2; q) and 
onsider the following 
al
ulations:(x; 1)" a b
 d # = (ax + 
; bx + d) = 8><>:�ax+
bx+d ; 1� ; if bx + d 6= 0(1; 0); if bx + d = 0,(1; 0)" a b
 d # = (a; b) = (�ab ; 1� ; if b 6= 0(1; 0); if b = 0.
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For q � 1 mod 4, the image sets of fm j m = ; 0g [ f1g and fm j 1� 4nm2 =g [ f1g are�am + 
bm+ d j m = ; 0� [ nabo and �am + 
bm + d j 1� 4m2n = � [ nabo ,respe
tively. For q � 3 mod 4, the image sets of fm j m = ; 0g [ f1g andfm j 1� 4nm2 = g are�am + 
bm + d j m = ; 0� [ nabo and �am+ 
bm+ d j 1� 4m2n = � ,respe
tively. It is understood that if bm+ d = 0, am+
bm+d =1, and if b = 0, ab =1.To summarize the pro
edure, we �nd two 
oni
s C1 and C2, and then we �x apoint P 62 C1 or C2, su
h that P is external to C1 and internal to C2. After identify-ing the se
ant and tangent lines through P to the respe
tive 
oni
s, we obtain twoparameter sets of points in the dual plane that 
orrespond to tangent and se
antlines of these 
oni
s in the original plane. Using 
ollineations of the line PG(1; q),these sets of parameters are mapped to two more sets of parameters representingtangent and se
ant lines of another 
oni
 in PG(2; q). On
e all possible parametersets 
orresponding to tangent and se
ant lines have been generated, a minimumCBS 
an be found by sele
ting a representative from ea
h of these sets in su
h away as to get the smallest number of distin
t representatives.Sin
e the resulting 
omputer and optimization model are nearly identi
al tothe models developed above and in Chapter 3, we do not develop them again.Listed in Table 4.6 are the sizes of the minimum CBSs found. The points that
omprise the minimum 
oni
 blo
king set found by either model are lo
ated inAppendix B.
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m = size of minimum CBS in PG(2; q)q m q m q m q m q m3 3 19 6 41 8 67 9 97 105 4 23 7 43 8 71 9 101 107 4 25 8 47 8 73 9 103 109 5 27 8 49 9 79 8 107 1011 6 29 8 53 9 81 10 109 1013 6 31 8 59 9 83 10 113 1017 6 37 8 61 9 89 10 125 11Table 4.6: Values for Minimum CBSsA 
omplete sear
h for minimum CBSs by Cplex in PG(2; 121) and PG(2; 169)was not feasible. Although a CBS of size 11 in PG(2; 121) and a CBS of size 12 inPG(2; 169) were lo
ated, due to memory 
onstraints, Cplex was unable to verifythat these CBSs are of minimum size.4.4 Small Coni
 Blo
king Sets in PG(2; q2)The tra
e-
o
k 
onstru
tion is a method whi
h produ
es CBSs in PG(2; ph),h > 2. In this se
tion, we present a 
onstru
tion derived from a model involvingrestri
ting quadrati
 forms to the line z = 0, whi
h gives CBSs of size 2q � 1 inPG(2; q2). Let E = GF(q2), K = GF(q), and F = GF(p) for p an odd prime,q = ph. Let tr(x) = x + xq denote the relative tra
e of an element x of E into K.While working with the model des
ribed in Se
tion 4.3.1, we were workingwith 
oni
s in the restri
ted dual setting. A CBS is identi�ed with a set of points112



on the line z = 0. A 
oni
 given by the quadrati
 form Q, in this setting, isblo
ked by a set of points (CBS) if1. 9 P 2 CBS 3 Q(P ) = 0, or2. 9 P;R 2 CBS ; P 6= R 3 Q(P ) = and Q(R) =�.The line z = 0 
onsists of the points f(1; n; 0) jn 2 Eg [ f(0; 1; 0)g. Forsimpli
ity's sake, we drop the third 
oordinate, whi
h is always 0, and denote thepoints on z = 0 by f(1; n) j n 2 Eg [ f(0; 1)g. The 
oni
s that are to be blo
kedhave the quadrati
 form Q(x; y) = Ax2+Dxy+By2 with the additional propertythat D2� 4AB 6= 0. Be
ause of the equivalen
e of points written in homogeneous
oordinates, for n 6= 0 the point (1; n) may be written as (m; 1) for some nonzerom 2 E . These points are rewritten in order to simplify the notation that is usedin the proofs of Lemma 4.15 and Theorem 4.23. Next, we assign to ea
h of thepoints on z = 0 a parameter in E [ f1g. We make the assignments of the pointson z = 0 with the elements of E [ f1g as follows: assign to the point (0; 1) theparameter 1, assign to the point (1; 0) the parameter 0, and to the remainingpoints (1; n), or equivalently (m; 1), assign the parameter m for all m 2 E�.By transitivity of PGL(2; q) on the points of PG(1; q), we 
an assume thepoint given by the parameter 0 is in the CBS. Now, Q(1; 0) = A. This impliesthat if A = 0, the 
oni
 is blo
ked. Hen
e, we may assume A is nonzero and dividethrough by A to obtain the quadrati
 form Q0(x; y) = x2 + dxy + ay2. Sin
e theremaining points to be 
hosen for the CBS are of the form (x; 1), throughout therest of this se
tion we will work with the quadrati
 form Q given byQ0(x; 1) =Q(x) = x2 + dx+ a, (4.1)113



and we identify the points of z = 0 with their assigned parameters in E .Observe that for any point m 
hosen for the CBS,Q(m) =m2 + dm+ a. (4.2)We also have that Q0(1; 0) = 1. (4.3)For Q not to be blo
ked by a set S, the \squarity" (being a square or a nonsquare)of (4.2) has to be the same as (4.3), for all x 2 S. Now, as 1 = , the only 
oni
sthat are not blo
ked by 0 are those for whi
h Q(x) = for all points x 2 S.Before the main result of this se
tion is given, several algebrai
 observationswill be made.Lemma 4.12 E is partitioned into 
osets of ker(tr) and ea
h 
oset has size q.Proof: The relative tra
e fun
tion is a homomorphism from E onto K. Now,tr(x) = x + xq = 0 if and only if x = 0 or 1 + xq�1 = 0. De�ne f(x) = xq�1 forall x 2 E . We show that f(x) = �1 has q � 1 solutions. Let � be a primitiveelement of E . Then x = �(q+1)=2 satis�es xq�1 = �1. So, �1 is in the image of f .Now, f is a multipli
ative homomorphism and q � 1 divides the order q2 � 1 ofthe multipli
ative (
y
li
) group, E�. Thus, sin
e �1 is in the image of f , thereare exa
tly q � 1 solutions. This shows that the kernel of tr has size q. Hen
e,the image of tr has size q2=q = q. Finally, the domain of a homomorphism ispartitioned into 
osets of the kernel, so E is partitioned into 
osets of the kernelof tr.
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The previous lemma tells us that there are q elements in E of relative tra
e kfor any k 2 K. This fa
t is used in the proof of Theorem 4.23, as well as severalof the observations pre
eding Theorem 4.23.Lemma 4.13 There are exa
tly q�12 squares of E in every proper 
oset of K in E.Proof: There are q2�12 squares in E� and q � 1 squares in K�. So, we haveq2�12 � (q � 1) = (q � 1) �q�12 � squares in E n K. We show that there are q � 1additive 
osets of K, and ea
h 
oset 
ontains exa
tly q�12 squares in E n K.Sin
e E is a quadrati
 extension over K (jE : Kj = 2), every element � 2 E 
anbe uniquely expressed as an element of the form � = a� + b where a,b 2 K and� is a primitive element of E over K. Consider the additive 
osets of K distin
tfrom K. These 
osets are expressible as � + K. But, as � = a�+ b, we have that� +K is equivalent to the 
oset a�+K, for any a 2 K�.Assume the 
oset � + K has exa
tly x squares of E n K in it. When a 6= 0,ea
h of the 
osets a(� + K) � a� + K also 
ontains exa
tly x squares of E n K,sin
e a is a square in E . There are q � 1 nonzero 
hoi
es for a, so we have q � 1
osets of K. Now, these q � 1 
osets must 
ontain the same number of squares ofE n K, therefore, x = q�12 .Observation 4.14 Let Q(x) = x2 + dx+ a where a, d 2 E. If Q(x) = Q(y) withx 6= y, then x = �d� y.Proof: Suppose Q(x) = Q(y). Then x2 + dx + a = y2 + dy + a ) (x2 �y2) + d(x� y) = 0, and so, x = �d� y.
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Lemma 4.15 Q(x) = x2 + dx + a = 2 E� for all x 2 K, where a 6= d2=4, ifand only if a,d 2 K.Proof: Clearly, if a and d are in K, x2 + dx + a = for all valid 
hoi
es ofa and d.Assume d 2 K. In Observation 4.14, we showed that Q(x) = Q(�d � x), soea
h value Q(x) appears twi
e, ex
ept for Q(�d2 ) whi
h appears only on
e. Thisimplies that Q takes on exa
tly q�12 + 1 = q+12 distin
t values. If for some x 2 K,Q(x) 2 K, there exists an s 2 E su
h that x2 + dx + a = s2 2 K. This impliesthat a = s2 � x2 � dx 2 K, and we are done. Thus, we may assume that none ofthe values Q(x) are in K.Observe that Q(xi) � Q(xj) 2 K 8i; j, sin
e (x2i � x2j) + d(xi � xj) 2 K. So,the set of Q(xi) is 
ontained in one 
oset of K, that is, a + K. By Lemma 4.13,there are only q�12 squares in ea
h 
oset of K. Therefore, there are not enoughsquares in a 
oset of K, for all x 2 K to yield a square. This 
ontradi
tion impliesthat we need only 
onsider the 
ase where d 62 K.Suppose a = 0. Then, Q(0) = 0 whi
h is not a square in E�. Therefore, forthe remainder of the proof, we assume a 6= 0.Sin
e E is a quadrati
 extension over K, there exists a primitive irredu
iblepolynomial f(x) = x2 + ex + bwith e; b 2 K, both nonzero, and let � be a root of this polynomial. That is, � isa primitive element of E over K. Then,f(�) = �2 + e�+ b = 0) �2 = �e�� b.116



We also have that every element of E 
an be expressed uniquely in the form!�+ �where !; � 2 K. Let d = Æ�+ �, with Æ; � 2 K and, by assumption, Æ 6= 0.Now, Q(x) = x2 + dx+ a = (�x�+ �x)2 = (��x�� �x)2 with �x, �x 2 K and�x 6= 0. By asso
iating either �x or ��x with ea
h x 2 K we 
an de�ne a fun
tion�1 : K 7! K. Q and �1 impli
itly de�ne �2 : K 7! K, so that Q(x) = x2+dx+a =(�1(x)� + �2(x))2. We then have:Q(x) = x2 + dx+ a = x2 + (Æ�+ �)x+ a= (Æx)�+ (x2 + �x + a)= (�1(x)�+ �2(x))2= �21(x)�2 + 2�1(x)�2(x)�+ �22(x)= �21(x)[�e�� b℄ + 2�1(x)�2(x)�+ �22(x)= [2�1(x)�2(x)� e�21(x)℄�+ [�22(x)� b�21(x)℄.Thus, Æx= 2�1(x)�2(x)� e�21(x) (4.4)and x2 + �x+ a= �22(x)� b�21(x). (4.5)Sin
e every fun
tion over a �nite �eld, more spe
i�
ally K, 
an be representedas a polynomial of degree � q�1, we 
an view the fun
tions �i(x) as polynomialsof x. Moreover, if need be, �1(x) 
an be 
hosen so that deg(�1(x)) is as small aspossible. 117



Assume that in (4.4) deg(RHS) � q�1. This implies that Æx = �1(x)[2�2(x)�e�1(x)℄ in K[x℄. Now assume that �1(x) has degree less than or equal to one.If �1(x) is not 
onstant, then 2�2(x) � e�1(x) must be 
onstant. Thus, sin
e�1(x) is linear, we see that �2(x) must also be linear. Let �1(x) = Ax + B and�2(x) = Cx +D, with A 6= 0, so that 2�2(x)� e�1(x) = k, for some 
onstant k.2(Cx+D)� e(Ax +B) = k) (2C � eA)x+ (2D � eB) = k) 2C � eA = 0) C = eA2 .We now havex2 + �x+ a=�Ae2 x +D�2 � b(Ax +B)2=�A2e24 � A2b� x2 + (ADe� 2ABb)x + (D2 � bB2),implying that A2e24 � A2b = 1, � = ADe� 2ABb, a = D2 � bB2.Now, A2e24 � A2b = 1 implies thatA2e2 � 4A2b = 4) A2(e2 � 4b) = 4) e2 � 4b = 4A2) e2 � 4b = .
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But, f(x) = x2 + ex + b is a moni
 irredu
ible polynomial of degree two overK[x℄. If e2 � 4b = , then f(x) fa
tors, a 
ontradi
tion. Thus, �1(x) and �2(x)
annot both be linear fun
tions.Still under the assumption that deg(RHS) � q � 1, if �1(x) is 
onstant, wesee that �2(x) must be linear. Let �1(x) = B and �2(x) = Cx+D. ThenÆx= 2B(Cx +D)� eB2= 2BCx + (2BD � eB2)implying that Æ = 2BC. (4.6)Similarly, x2 + �x+ a= (Cx +D)2 � bB2=C2x2 + 2CDx+ (D2 � bB2)implying that 1 =C2 (4.7)� = 2CD (4.8)a=D2 � bB2. (4.9)Now, (4.7) ) C = �1. With C = 1, (4.6) implies that Æ = 2B ) B = Æ2 . Also,(4.8) implies that D = �2 . Using these relations,�1(x) = B = Æ2 and �2(x) = �x+ �2� .Thus,
119



x2 + dx + a = (�1(x)�+ �2(x))2= � Æ2�+ (�2 + x)�2= �Æ�+�2 + x�2= �x + d2�2) a = d24 .! In other words, the 
oni
 is degenerate. The same 
ontradi
tion is obtained whenC = �1. So, �1(x) 
annot be 
onstant.Assume that deg(�1(x)) � 2. Sin
e Æx = �1(x) [2�2(x)� e�1(x)℄, withdeg(�1(x)) � 2, we must have [2�2(x)� e�1(x)℄ = 0. But, if [2�2(x)� e�1(x)℄ = 0,then ne
essarily Æ = 0. ! We are now left to 
onsider that (4.4) is an equality in K[x℄ withÆxq = �1(x) [(2�2(x)� e�1(x))℄ .This implies that �1(x) j xq, more pre
isely �1(x) = xj for some j � q � 1 andxq�j = 1Æ (2�2(x)� e�1(x)). Solving expli
itly for �2(x), we �nd that �2(x) =Æxq�j+exj2 . Then from (4.5),x2 + �x+ a= ��22(x)� b�21(x)�= Æ24 x2q�2j + eÆ2 xq + e2 � 4b4 x2j.This 
annot o

ur sin
e when x = 0, this implies a = 0. ! Thus, when Æ 6= 0,there does not exist a polynomial �1(x). Hen
e, Æ = 0, that is, the 
ase d 62 Kdoes not arise.
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This lemma also aids in showing that, unlike the situation in planes of evenorder, the set of lines through a point in a Baer subplane do not form a CBS. Thefollowing observations aid in the proof of Theorem 4.23.Observation 4.16 Let � be a generator of E�. The q tra
e 0 elements of E areN = f �� q+12 j � 2 Kg.Proof: Sin
e � 2 K, �q = �. Re
all that �( q+12 )q = � q2+q2 = � q2�1+1+q2 =� q2�12 + q+12 = �� q2�12 ��� q+12 � = �1� q+12 , sin
e � q2�12 = �1. Now, tr(�� q+12 ) =�� q+12 +�q� q+12 q = �� q+12 ��� q+12 = 0. For any � 2 K, we have that tr(�� q+12 ) = 0,and so there are q elements in E of tra
e 0. By Lemma 4.12, this a

ounts for allof the tra
e 0 elements of E .Observation 4.17 For all n 2 N � = N n f0g, n2 is a nonsquare within K.Proof: Sin
e n 2 N �, n = �� q+12 , for some � 2 K�. With � 2 K� and � agenerator of E�, we may express � as �k(q+1), for some k. Now, n = �k(q+1)� q+12 =�(2k+1)(q+1)=2, and sin
e �q+1 is a primitive element of K, we have that n2 =(�q+1)2k+1 =� within K.Observation 4.18 For all n 2 N , �; d 2 K, and k 2 F , we have thattr ��n+ d+kn2 � = d.Proof: Sin
e d2 2 K, �d2�q = d2 and tr �d2� = d2 + �d2�q = d. Also, as tr(sn) =str(n) 8s 2 K, we have that tr(�n) = �tr(n) = 0 and tr �kn2 � = k2tr(n) = 0.Hen
e, tr ��n+ d+kn2 � = tr(�n) + tr �d2�+ tr �kn2 � = tr �d2� = d.
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Observation 4.19 For q � 1 mod 4, all nonzero tra
e 0 elements are non-squares in E. For q � 3 mod 4, all nonzero tra
e 0 elements are squares inE. Proof: If q = 4m+1, then q+12 = 2m+1, whi
h is odd. Sin
e � 2 K�, � is asquare in E . The produ
t of a square (�) and a nonsquare (� q+12 ) is a nonsquare.Hen
e, when q � 1 mod 4, all nonzero tra
e 0 elements in E are nonsquares.A similar argument gives the desired result for q � 3 mod 4.Observation 4.20 For q � 1 mod 4, there are q+12 square elements in E of tra
ed. For q � 3 mod 4, there are q�12 square elements in E of tra
e d.Proof: Let x denote the number of square tra
e 1 elements in E . Then,there are x square elements in E with tra
e k, k 2 K�. So, there are x(q � 1)square elements with nonzero tra
e. Be
ause there are q2�12 nonzero squares in E ,we have that (# of square nonzero tra
e 0 elements) +x(q � 1) = q2�12 .By Observation 4.19, when q � 1 mod 4, there are no nonzero square tra
e0 elements in E , so x = q+12 ; and when q � 3 mod 4, all nonzero tra
e 0 elementsin E are squares, giving x = q�12 .Observation 4.21 Let �; �0; d 2 K, k 2 F , and n 2 N �. Then, �n + d+kn2 =�0n + d�kn2 only when �0 = �+ k.Proof: �n+ d+kn2 = �0n + d�kn2, �n+ kn = �0n, �+ k = �0.
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Observation 4.22 For p an odd prime, p 6 jpm+12 and p 6 jpm�12 , m � 1.Proof: Trivial.Theorem 4.23 In PG(2; q2), q = ph an odd prime power, the 2q � 1 points onthe line z = 0 with parameters that either have tra
e 0 or are in the sub�eld Kform a CBS.Proof:By Lemma 4.15, the 
oni
s that are not blo
ked by the points with parametersin the sub�eld are those with 
oeÆ
ients in the sub�eld. So, assume that d; a 2 K,with a 6= 0, and let Q(x) = x2 + dx + a.If d2 � 4a = within K, Q(x) fa
tors. That is, if d2 � 4a = s2, s 2 K, thenQ(x) = (x+ d+s2 )(x+ d�s2 ). Clearly, Q has roots in K, therefore, Q is blo
ked byK. If d2 � 4a = 0, Q is degenerate.Sin
e the 
oni
s with square or zero dis
riminant are blo
ked, we need onlyexamine the 
ase where the dis
riminant is a nonsquare within K. Assume d2 �4a =� within K. Then, by Observation 4.17, there is some n 2 N� su
h thatn2 = d2 � 4a and Q(x) = (x+ d+n2 )(x + d�n2 ).De�ne the graph G byV (G) = f(�;m) j � 2 K, m 2 Fg ,where two verti
es (�;m) and (�0; m0) are adja
ent if � = �0 and 9 k 2 F su
hthat Q ((�+ k)) = ��n+ d+mn2 � ��n+ d+m0n2 �. By Observation 4.21, exa
tly twovalues of Q share a 
ommon fa
tor. So, G must be a regular graph of degree two,and hen
e, a union of 
y
les. 123



Let � 2 K and �n 2 N , where n is �xed in N �. Observe thatQ ((�+ 1)n) = ��n+ d+3n2 � ��n + d+n2 �Q (�n) = ��n+ d+n2 � ��n+ d�n2 �Q ((�� 1)n) = ��n+ d�n2 � ��n+ d�3n2 �.More generally, for any k in the prime sub�eld F = GF(p), we have that thevalue of Q ((�+ k)n) is ��n+ d+(2k+1)n2 ���n + d+(2k�1)n2 �. For �xed � 2 K, weobtain a 
olle
tion of p distin
t values Q ((�+ k)n) su
h that, by Observation4.21, exa
tly two of the values in this 
olle
tion share a 
ommon fa
tor of thisform. Moreover, if �0 6= � + k for some �; �0 2 K and all k 2 F , the two valuesQ ((�+ k)n) and Q (�0n) do not share a 
ommon fa
tor. So, G is a union ofph�1 p-
y
les su
h that every value Q(�n) for all � 2 K appears as an edge insome p-
y
le. Figure 4.2 illustrates this idea. Combining Observation 4.18 and
�
�
�
�
�
�
�
�
�
�
�
�

Figure 4.2: A Colle
tion of Values Q ((�+ k)n)Observation 4.20, we have that all the fa
tors of Q have the same tra
e, and weknow exa
tly how many of these fa
tors are squares and nonsquares.When q � 1 mod 4 (resp. 3 mod 4), q+12 (resp. q�12 ) of the fa
tors must besquares in E . But, by Observation 4.22, these q+12 (resp. q�12 ) square fa
tors 
annotbe distributed over the p-
y
les in su
h a way that the p-
y
les 
onsist only ofsquares or nonsquares. Hen
e, there must exist a p-
y
le in whi
h adja
ent verti
es124



have di�erent squarity, so there exists a value Q(�n) that is a nonsquare, and Qis blo
ked.Thus, we have that the q points with parameters in the sub�eld K and theq � 1 points in the set of nonzero tra
e 0 elements N � form a CBS of size 2q � 1in PG(2; q2).To illustrate the proof of Theorem 4.23, 
onsider the following example.Example 15.Let q2 = 81, so that q = 9 and p = 3. For the results given in this example,we will be using the primitive polynomial f(x) = x4� x2� x� 1 for E = GF(81).Now, K� = f�10k j 0 � k � 8g and N = f��5 j � 2 Kg. It 
an be shown that1 + 1 = �1 �30 + 1 = �50 �60 + 1 = �10�10 + 1 = �70 �1 + 1 = 0 �70 + 1 = �60�20 + 1 = �30 �50 + 1 = �20 0 + 1 = 1 .We illustrate how the 
oni
s not blo
ked by points with sub�eld parameters areblo
ked by points with parameters that have relative tra
e 0. The 
oni
s thatremain to be blo
ked by points with parameters that have relative tra
e 0 arethose of the form Q(x) = x2 + dx + a where d; a 2 K and d2 � 4a = n2 for somen 2 N �. Observe that Q ((�+ k)n) = ��n + d+(2k+1)n2 � ��n+ d+(2k�1)n2 � for any� 2 K and k 2 F . We examine the values of Q.Q (�70n) = Q ((�10 + 1)n) = ��10n + d2� ��10n + d+n2 �Q (�10n) = Q ((�10n + 0)) = ��10n + d+n2 � ��10n+ d�n2 �Q (�60n) = Q ((�10 � 1)n) = ��10n + d�n2 � ��10n+ d2�125



Q (�30n) = Q ((�20 + 1)n) = ��20n + d2� ��20n + d+n2 �Q (�20n) = Q ((�20n + 0)) = ��20n + d+n2 � ��20n+ d�n2 �Q (�50n) = Q ((�20 � 1)n) = ��20n + d�n2 � ��20n+ d2�Q (�n) = Q ((1 + 1)n) = �1n + d2� �1n+ d+n2 �Q (n) = Q ((1 + 0)n) = �1n+ d+n2 � �1n+ d�n2 �Q (0n) = Q ((1� 1)n) = �1n+ d�n2 � �1n+ d2�.It is easy to see that any given fa
tor appears in exa
tly two values of Q. Thefollowing union of 3-
y
les represents the distribution of the fa
tors of Q(�n), as� varies through K.
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Figure 4.3: The Union of 3-Cy
lesSin
e 9 � 1 mod 4, �ve of the fa
tors given as the vertex labels in Figure 4.3must be squares and the remaining fa
tors must be nonsquares. This implies thatthere must exist a 3-
y
le that 
ontains both and squares and nonsquares. So,126



there is a � 2 K su
h that Q(�n) =�, and we have that these 
oni
s, whi
h arenot blo
ked by points with sub�eld parameters, are blo
ked by points with tra
e0 parameters.For instan
e, 
onsider the spe
i�
 
oni
 Q(x) = x2 + �10x+ 1 whose dis
rim-inant, �20 � 1 = �50 = (�25)2, is a nonsquare with K and is an element of N .With n = �25, we 
an fa
tor Q so that Q(x) = �x + �10+�252 ��x+ �10��252 � =(x + �48) (x + �32). We have that the values of Q areQ (�70�25) = Q (�15) = (�15 + �48) (�15 + �32) = �33 � �79 = �32 =Q (�10�25) = Q (�35) = (�35 + �48) (�35 + �32) = �79 � �44 = �43 =�Q (�60�25) = Q (�5) = (�5 + �48) (�5 + �32) = �44 � �33 = �77 =�Q (�30�25) = Q (�55) = (�55 + �48) (�55 + �32) = �71 � �57 = �48 =Q (�20�25) = Q (�45) = (�45 + �48) (�45 + �32) = �57 � �76 = �53 =�Q (�50�25) = Q (�75) = (�75 + �48) (�75 + �32) = �76 � �71 = �67 =�Q (�40�25) = Q (�65) = (�65 + �48) (�65 + �32) = �32 � �50 = �2 =Q (�0�25) = Q (�25) = (�25 + �48) (�25 + �32) = �50 � �48 = �18 =Q (0) = Q (0) = (�48) (�32) = �48 � �32 = 1 = .Figure 4.4 represents the graph of the fa
tors of Q over N .
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Figure 4.4: The 3-Cy
les for Q(x) = x2 + �10x + 1For this 
hoi
e of 
oni
, we see that there are two 3-
y
les that hold a 
ombi-nation of squares and nonsquares. More importantly, we see that Q (�35), Q (�5),Q (�45), and Q (�75) are all nonsquares. This 
oni
 is 
learly blo
ked by fourelements of N .4.5 Bounds on the Sizes of Minimum Coni
 Blo
king SetsIn this se
tion, bounds are given for the size of a minimum 
oni
 blo
king setin PG(2; q). For the purposes of obtaining these bounds, we use the restri
ted-dual model developed in Se
tion 4.3.1. We also assume that the points identi�edwith parameters 0, 1, and 1 are in the CBS. We begin by examining the upperbound for minimum CBSs.Based on [24, Thm.67℄, the following table gives the 
ounts on the numberof nonsquares (nonzero squares) in a �nite �eld, whi
h when subtra
ted from the
128



q � 3 mod 4 q � 1 mod 41�� 1�q�34 q�34q+14 q�34 � 1�� 1�q�14 q�54q�14 q�14 �
Table 4.14: Squarity Subtra
tion Tableselement 1 give a square (nonzero) or nonsquare.Lemma 4.24 There are � q�32 �2 nondegenerate quadri
s of the form Q(x) = x2 +dx+ a with the properties1. Q(0) = a = 6= 0, and2. Q(1) = 1 + d+ a = 6= 0.Of these, (q�3)(q�5)8 are redu
ible and (q�3)(q�1)8 are irredu
ible.Proof: There are q�12 nonzero 
hoi
es for a. For a �xed a, as d variesthrough the �eld, d + a also varies. So, there are q�12 (d + a)'s that are 's su
hthat 1 + d + a = 6= 0. When d = �2pa, we have that 1 + d + a = (1�pa)2,and when a = 1 and d = �2, we have (1 � p1)2 = 0. Although the 
hoi
es ofd = �2pa satisfy 1+d+a = 6= 0 for a 6= 1, these 
hoi
es of d yield a degeneratequadri
. Thus, these 
hoi
es are removed from the 
ount of the eligible ones. Thisleaves q�12 � 2 = q�52 possible 
hoi
es for d for ea
h a. When a = 1 and d = �2, Qis a degenerate quadri
 and 1 + d+ a = 0. This 
hoi
e of a and d was subtra
tedtwi
e, and hen
e, we must add one ba
k in. There are q�12 
hoi
es for a and q�52129




hoi
es for d, and so there are�q � 12 ��q � 52 � + 1 = �q � 32 �2quadrati
 forms with the spe
i�ed properties.If x2 + dx+ a is redu
ible, then we may write this quadri
 asx2 + dx+ a= (x� �)(x� �)= x2 � (�+ �)x + ��,for some �; � 2 E , with � 6= �. To 
ount the number of redu
ible quadri
s, wedetermine how many �'s and �'s satisfy �� = , 1 � (� + �) + �� = , and(� � �)2 6= 0. As we want to 
ount the number of quadri
s su
h that Q(1) =(1 � �)(1 � �) = , we must 
onsider two 
ases. The �rst 
ase is when (1 � �)and (1� �) are both squares and the se
ond 
ase is when (1� �) and (1� �) areboth nonsquares. To 
omplete this 
ount, 
onsider the 
ases of q � �1 mod 4separately.Case q � 3 mod 4Suppose � = . Then by Table 4.14, there are q�34 
hoi
es for � su
h that1�� = 6= 0, and so, there are q�34 �1 = q�74 
hoi
es for � su
h that 1�� = 6= 0.Similarly, there are q�34 
hoi
es for � su
h that 1 � � = �, and so, there areq�34 � 1 = q�74 
hoi
es for � su
h that 1� � =�.Now, suppose � =�. Then by Table 4.14, there are q�34 
hoi
es for � su
hthat 1 � � = 6= 0, and so, there are q�34 � 1 = q�74 
hoi
es for � su
h that1 � � = 6= 0. Similarly, there are q+14 
hoi
es for � su
h that 1 � � =�, andso, there are q+14 � 1 = q�34 
hoi
es for � su
h that 1� � =�.
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So, when q � 3 mod 4, we have 12 �3 �q�34 � � q�74 �+ �q+14 � �q�34 �� = (q�3)(q�5)8and there are (q�3)(q�5)8 redu
ible quadri
s.Case q � 1 mod 4Suppose � = . Then by Table 4.14, there are q�54 
hoi
es for � su
h that1�� = 6= 0, and so, there are q�54 �1 = q�94 
hoi
es for � su
h that 1�� = 6= 0.Similarly, there are q�14 
hoi
es for � su
h that 1 � � = �, and so, there areq�14 � 1 = q�54 
hoi
es for � su
h that 1� � =�.Suppose � =�. Then by Table 4.14, there are q�14 
hoi
es for � su
h that1�� = 6= 0, and so, there are q�14 �1 = q�54 
hoi
es for � su
h that 1�� = 6= 0.Similarly, there are q�14 
hoi
es for � su
h that 1 � � = �, and so, there areq�14 � 1 = q�54 
hoi
es for � su
h that 1� � =�.So, when q � 1 mod 4, we have 12 �3 �q�14 � �q�54 �+ � q�54 � � q�94 �� = (q�3)(q�5)8 ,and so, there are (q�3)(q�5)8 redu
ible quadri
s.Hen
e, the number of redu
ible quadri
s with the spe
i�ed properties is(q�3)(q�5)8 . Subtra
ting this from the total number of quadri
s with the spe
i�edproperties gives (q�3)(q�1)8 irredu
ible quadri
s.Theorem 4.25 If B is a minimum CBS in PG(2; q), q odd, then jBj � 2 log2(q�5) + 1.Proof: We obtain an upper bound for the size of a minimum CBS by
omparing the total number of k-sets in a pen
il with the appropriate number ofquadri
s, of the form des
ribed in Lemma 4.24.
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Let Q(x) = x2 + dx + a and note that Q(s) = Q(�d � s). Now, Q(�d2 ) =(�1)14(d2 � 4a) = when �1 =� and d2 � 4a =�, and also when �1 = andd2 � 4a = . So, every value Q(x) appears twi
e, with the ex
eption of Q(�d2 )whi
h appears only on
e.For q � 3 mod 4, Q(�d2 ) = when Q is irredu
ible. Thus, the irredu
iblequadri
s will always yield an odd number of squares. Sin
e q�12 is odd, therewill be q�12 squares for the irredu
ible quadri
s and q+12 squares for the redu
iblequadri
s.For q � 1 mod 4, Q(�d2 ) = when Q is redu
ible. Thus, the redu
iblequadri
s will always yield an odd number of squares. Sin
e q+12 is odd, there willbe q+12 squares for the redu
ibles and q�12 squares for the irredu
ibles.If Q is irredu
ible, then there are q�12 elements x 2 GF(q) that give a squarevalue for Q(x). Sin
e these q�12 elements in
lude 0 and 1, we have q�12 � 2 = q�52elements in GF(q) n f0; 1g su
h that Q(x) = .If Q is redu
ible, then there are q+12 elements x 2 GF(q) that give a squarevalue for Q(x). Sin
e these q+12 elements in
lude 0, 1, and the two roots of Q, wehave q+12 � 4 = q�72 elements in GF(q) n f0; 1; �d�pd2�4a2a g su
h that Q(x) = .There are �q�2k � sets of size k of elements of GF(q) that do not in
lude 0 and1. As there are (q�3)(q�1)8 irredu
ible quadri
s and (q�3)(q�5)8 redu
ible quadri
s, wehave that there are � q�12 �2k � (q�3)(q�1)8 + � q+12 �4k � (q�3)(q�5)8 k-sets of points 
ontainedin nondegenerate quadri
s whi
h give only squares in the image of the quadri
s.That is, for whi
h Q(x) = for all x in the set of k points. As long as,�q � 2k � > � q�52k �(q � 3)(q � 1)8 + � q�72k �(q � 3)(q � 5)8 ,
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there must be a CBS of size k+3 (whi
h in
ludes 0, 1,1). In other words, if thereare more sets on the left, then some set of size k + 3 
annot give all squares forany of the 
oni
s and therefore is a CBS. Now, suppose k + 3 > 2 log2(q � 5) + 1,then we have that k + 2 > 2 log2(q � 5)) 2k+2 > (q � 5)2) 2k > 122 (q � 3)(q � 5).Sin
e q � k > q�(2k+3)2 for all k > 0, (or equivalently 2(q � k) > q � (2k + 3) forall k > 0), we have2k(q � 2)(q � 3) � � � ((q � 2)� (k � 1))> � q�32 � � q�52 � (q � 7) � � �(q � 3� 2k) (q � 3� k)) (q � 2)(q � 3) � � � ((q � 2)� (k � 1)) > � q�32 � � q�52 � � q�72 � � � ��q�3�2k2 � � q�3�k2 �) �q�2k � > �q�34 � (q � 3� k)� q�52k �= � q�52k � (q�3)(q�1)8+� q�72k � (q�3)(q�5)8 :So, �q�2k � > � q�52k � (q�3)(q�1)8 + � q�72k � (q�3)(q�5)8 when k + 3 > 2 log2(q � 5) + 1.Thus, jBj � 2 log2(q � 5) + 1.The following theorem is obtained from Theorem 2.2.Theorem 4.26 If S denotes the number of nonsquares n in E for whi
h n+1 =
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and N denotes the number of nonsquares m for whi
h m + 1 =�, we haveS = 14(pn � 1); N = 14(pn � 5); if � 1 = ;S = 14(pn + 1); N = 14(pn � 3); if � 1 =�:Theorem 4.27 If B is a minimum CBS in PG(2; q), q � 9, then jBj � 5.Proof: Let Q(x) = x2 + dx + a be de�ned as in Lemma 4.24. Sin
e 0, 1,and 1 are already in the CBS, we have that a = 6= 0 and 1 + d + a = 6= 0.Suppose that B = f0; 1;1; tg is a CBS in PG(2; q).Let d = �t so that Qt(x) = x2 � tx+ a. Now,Qt(0) = aQt(1) = 1� t+ aQt(t) = t2 � t2 + a = a.For every �xed t 6= 0, 1, we exhibit an a su
h that Qt(1) = . Then, for this valueof t, we �nd a nondegenerate quadri
 that is not blo
ked by B.Assume q � 3 mod 4.Suppose t is su
h that 1 � t = . By Theorem 2.2, there are q�34 nonzerosquare values �2 for whi
h �2 + 1 = . Let a = 1�t�2 so that �2 = 1�ta . Then,1 + �2 = 1 + 1�ta = implying that Qt(1) = .Suppose t is su
h that 1� t =�. By Theorem 4.26, there are q+14 nonsquarevalues n for whi
h n + 1 = . Let a = 1�tn so that n = 1�ta . Then, 1 + n =1 + 1�ta = implying that Qt(1) = .Assume q � 1 mod 4.Suppose t is su
h that 1 � t = . By Theorem 2.2, there are q�54 nonzerosquare values �2 for whi
h �2 + 1 = . Let a = 1�t�2 so that �2 = 1�ta . Then,134



1 + �2 = 1 + 1�ta = implying that Qt(1) = .Suppose t is su
h that 1� t =�. By Theorem 4.26, there are q�14 nonsquarevalues n for whi
h n + 1 = . Let a = 1�tn so that n = 1�ta . Then, 1 + n =1 + 1�ta = implying that Qt(1) = .So, for every 
hoi
e of t 2 GF(q)nf0; 1g, there exists a nondegenerate quadri
that is not blo
ked by the set B. Hen
e, for q � 9 any CBS in PG(2; q) of minimumsize must 
onsist of at least �ve points.Note that in the previous theorem, the 
ase of q = 7 was ex
luded. If q = 7,q � 3 mod 4 and 7�34 = 1. In GF(7), 1 is the only square su
h that 1 + 1 = .Then, a = 1 � t must be a square, and the only 
hoi
es for t that satisfy this
ondition are t = 2, 4, 6. These 
hoi
es for t give rise to the following quadri
s:x2 � 2x + 1, x2 � 4x + 4, x2 � 6x + 2; all of whi
h are degenerate. Hen
e, whenq � 3 mod 4, q must be greater than 7 in order for there to exist a nondegenerate
oni
 that is not blo
ked by B.This bound, although it is low, is in fa
t, an improvement over several varia-tions of the bound given by 
ounting interse
tions of lines with 
oni
s in the plane.We give one of these variations now.Let � be a proje
tive plane of order q. Let S be a set of 
on
urrent lines, atthe point O, with the property that all 
oni
s in � meet S. Assume jSj = q � �and � � 0.Let xi, 1 � i � q��, denote the number of 
oni
s of � meeting S in exa
tly ilines. For these 
ounts, we will not in
lude 
oni
s that 
ontain the point O. Thenq��Xi=1 xi = q5 � q4. (4.10)
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Next, we 
ount in
iden
es of a line in S with the 
oni
s and then with pairsof lines in S.� jf(Q; l) j l 2 S;Q \ l 6= ;gj{ For a (�xed) line l 2 S, l has q5�q32 
oni
s on it and there are q � �lines in S.{ For a 
oni
 Q, Q meets xi lines. There are i ways to pi
k one of theselines. Summing givesq��Xi=1 ixi = (q � �) �q5 � q32 � . (4.11)� jf(l1; l2; Q) j l1; l2 2 S; l1 6= l2; Q \ l1 6= ;; Q \ l2 6= ;gj{ For a pair of lines in S, there are q5+q3�2q24 
oni
s that meet both linesof this pair. There are �q��2 � ways of pi
king two lines of S to meet Q.{ For a given 
oni
 Q, it lies on i lines of S. There are �i2� ways of pi
kingtwo lines of S. Summing givesq��Xi=1 i(i� 1)xi = (q � �)(q � �� 1) �q5 + q3 � 2q24 � . (4.12)Consider the sum(�� q) � (4:10) + (q � �) � (4:11)� (4:12).Then we have thatq��Xi=1 (q � �� i)(i� 1)xi = (�� q)(q5 � q4)q5 + q3 � 2q24 + (q � �)2 q5 � q32�(q � �)(q � 1� �)q5 + q3 � 2q24 . (4.13)136



Sin
e the LHS is non-negative, the RHS must also be non-negative. This impliesthat (�� q)��� q2 � q � 2q + 2 � � 0.Hen
e, � < q and � � q2�q�2q+2 . This implies that jSj � q� q2�q�2q+2 = 3q+2q+2 . That is,jSj � 3.This approa
h gives a lower bound of three on the size of a minimum CBS forall q. By modifying jSj, the overall argument is the same, as well as the result.This same type of 
ounting te
hnique was applied to the dual model, whi
h alsogave a bound of three. It is possible that by adding additional 
onstraints to the
ount, a bound better than three 
an be obtained.Sin
e the problem of �nding minimum CBSs tends to be naturally related toset 
overing problems (SCPs), we tried several approa
hes from an optimizationviewpoint. Working with the array A, given in Se
tions 4.3 and 3.4, 
ontaining theset 
overing information, we explored �nding a bound by using a lazy greedy set
overing approa
h. That is, we determined the maximum number of rows 
overedby the sele
tion of a 
olumn and 
al
ulated the minimum number of 
olumnsne
essary to 
over all rows. This approa
h did not yield results any better thanthose given in the previous 
ounting argument.During this pro
ess of exploring a greedy approa
h to �nding a minimum,we observed that often a greedy 
overing would give the minimum CBS sizes (asfound by Cplex). For 
ombinatorial optimization, a matroid is a problem stru
turewhere the greedy algorithm gives an optimal answer [32℄. But, NP-hard problems,like the set 
overing problem, 
annot have matroidal stru
ture. So, this approa
hto �nding a lower bound will not produ
e a result.
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The SCP is notoriously hard to solve and is, in fa
t, NP-
omplete ([46℄, [49℄,[41℄, [27℄, [19℄). Be
ause the SCP is NP-hard, mu
h resear
h has been devoted todeveloping good heuristi
 algorithms that give 
lose approximation to the opti-mum. In [19℄, Chv�atal found the tight worst 
ase bound of the greedy heuristi

ommonly 
onsidered in the set 
overing literature. The worst 
ase behavior ofthe greedy heuristi
 for the (unweighted) SCP was shown by Johnson [41℄ andLov�asz [49℄ to be given by the relationzGzF � H(d) (< 1 + ln d), (4.14)where zG is the value of a greedy 
over, zF is the value of a fra
tional 
over, dis the largest 
olumn sum of the 0-1 matrix A, and H(d) = Pdj=1 1=j. Chv�atal[19℄ has shown that the worst 
ase bound given by (4.14) is also valid for thegreedy heuristi
 when applied to the weighted SCP with arbitrary, but positive,
ost 
oeÆ
ients. Ho [37℄ has shown that the bound on the ratio ZhZo , where Zh andZo are the values of the heuristi
 and optimal solutions respe
tively, is also H(d)for a more general setting of SCP's. In terms of the minimum CBS problem, d isthe largest number of 
oni
s blo
ked by a line. Sin
e the number of 
oni
s blo
kedby a line is q5+2q4�q3�2q22 , this ratio givesjBj > zG1 + ln� q5+2q4�q3�2q22 � ,where zG is the solution to the problem given by the greedy algorithm. This boundis not pra
ti
al for us, sin
e it relies on �nding a greedy solution before we 
an
al
ulate the bound.
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4.6 Chapter SummaryAs in Chapter 3, we have produ
ed CBSs using the tra
e fun
tion and themethod used to generate these CBSs 
an be applied to any additive fun
tion inpla
e of the tra
e fun
tion. Sin
e nonlinear Knuth-Kantor 
o
ks exist when the
hara
teristi
 is odd, the tra
e-
o
k 
onstru
tion did not yield CBSs in PG(2; q2).To 
ompensate for the KK-
o
ks, a CBS for PG(2; q2) was developed from one ofthe models used to sear
h for minimum CBSs. Table 4.16 illustrates the sizes ofthe CBSs obtained from the 
onstru
tions des
ribed in this 
hapter.q Trivial Tra
e-Flo
k Sub�eld-Tra
e 0p (p+ 3)=2p2 (p2 + 3)=2 2p� 1p3 (p3 + 3)=2 p2 + 1p4 (p4 + 3)=2 p3 + 1 2p2 � 1p5 (p5 + 3)=2 p4 + 1p6 (p6 + 3)=2 p5 + 1, p4 + 1 2p3 � 1p7 (p7 + 3)=2 p6 + 1p8 (p8 + 3)=2 p7 + 1, p6 + 1 2p4 � 1p9 (p9 + 3)=2 p8 + 1, p6 + 1p10 (p10 + 3)=2 p9 + 1, p8 + 1 2p5 � 1Table 4.16: Constru
tion SizesWe developed two models to aid in the sear
h for minimum CBSs. One ofthese models is dire
tly related to the model developed for planes of even order.
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Due to 
omputer, software, and time limitations, we were only able to perform a
omplete sear
h for minimumCBSs for q � 113 and q = 125. Table 4.17 illustratesthe orders of the planes and the sizes (m) of the minimum CBSs in those planes.m = size of minimum CBS in PG(2; q)q m q m q m q m q m q m q m3 3 13 6 27 8 43 8 61 9 81 10 103 105 4 17 6 29 8 47 8 67 9 83 10 107 107 4 19 6 31 8 49 9 71 9 89 10 109 109 5 23 7 37 8 53 9 73 9 97 10 113 1011 6 25 8 41 8 59 9 79 8 101 10 125 11Table 4.17: Minimum Values and Bounds on Minimum ValuesTo obtain small CBSs for q > 113, we used either an ad-ho
 method ofsele
ting potential CBSs and 
he
king or we employed a greedy-based algorithmto sear
h for small CBSs. Table 4.18 
ontains the sizes of the smallest CBSs foundby one of these methods.
s = size of the smallest CBS found in PG(2; q)q s q s q s q s q s q s121 11 137 12 151 12 167 12 179 12 193 12127 11 139 11 157 12 169 12 181 12 197 12131 11 149 12 163 12 173 12 191 12 199 12Table 4.18: Bounds on Minimum Values
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5. Coni
 Blo
king Sets and Flo
ksAll work presented in this 
hapter as an appli
ation of 
oni
 blo
king sets isfound in [18℄ unless otherwise denoted.5.1 General Terminology and Ba
kground MaterialIn Se
tion 2.2.3, 
o
ks of quadrati
 
ones were introdu
ed. We begin thisse
tion by de�ning a 
o
k in terms of an arbitrary 
one. The de�nition of 
o
kfor the results presented in this 
hapter is 
onsistent with that given in Se
tion2.2.3, but we de�ne the 
one of the 
o
k in a more general setting.Let � be a proje
tive plane whi
h is embedded in PG(3; q). Let S be anarbitrary set of points in � and V be a point of PG(3; q) n �. The 
one, denotedC = C(V; S), with vertex V and 
arrier S is the union of the points on the linesjoining V to the points of S. We 
all � the 
arrier plane of the 
one C, and thelines joining V to S the generator lines of the 
one.

Figure 5.1: An Arbitrary Cone
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A 
o
k F of a 
one C is a set of q planes whi
h do not 
ontain V su
h that notwo planes of F meet at a point of C. The interse
tions of the planes of the 
o
kwith the 
one partition the points of the 
one ex
ept for the vertex V . Given a
one C(V; S) and line l of PG(3; q) whi
h does not interse
t C(V; S), the q planeswhi
h pass through l and do not 
ontain the point V form a linear 
o
k of C(V; S).Note that both of these de�nitions are 
onsistent with those given in Se
tion 2.2.3.

Figure 5.2: Linear Flo
kThere are 
ones whi
h admit only linear 
o
ks. For example,Proposition 5.1 [18℄ A 
o
k of any 
one in PG(3; 2) whi
h has a 
o
k, is linear.Proof: A 
o
k of a 
one in PG(3; 2) 
onsists of just two planes. As thesetwo planes must meet in a line whi
h does not interse
t the 
one, the 
o
k is alinear 
o
k.
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Flo
ks that are not linear are 
alled nonlinear 
o
ks, and the results given inthis 
hapter are 
on
entrated on nonlinear 
o
ks. We introdu
e 
oordinates and
ertain normalizations in order to simplify notation in the following se
tions.Let C = C(V; S) be a 
one in PG(3; q) with a 
o
k F . We will assume thatone of the planes of F , denoted �0, is 
hosen as the 
arrier plane of the 
one.In other words, S is 
ontained in �0. We 
an introdu
e proje
tive 
oordinates,(x; y; z; w), in PG(3; q) so that V has 
oordinates (0; 0; 0; 1) and the plane �0 hasequation W = 0. Furthermore, if the points of S are not all 
ollinear, then we
an, without loss of generality, assume that S 
ontains the points A = (1; 0; 0; 0),B = (0; 1; 0; 0), and C = (0; 0; 1; 0). For our purposes, S will always 
ontain atleast three points.To ea
h plane of the 
o
k F , we asso
iate a unique element of the �eld GF(q),subje
t only to the restri
tion that 0 is asso
iated to the plane �0. With thisindexing of the planes of F , and sin
e the planes do not pass through V , thereexist fun
tions f , g, and h : GF(q)! GF(q), so that the planes �t, with t runningthrough GF(q), have equations:�t : f(t)X + g(t)Y + h(t)Z +W = 0.We 
all these three fun
tions the 
oordinate fun
tions of the 
o
k. Sin
e �0 is theplane with equation W = 0, we have that the 
oordinate fun
tions must satisfyf(0) = g(0) = h(0) = 0. We will use the notation F = F (f; g; h) to denote the
o
k F with 
oordinate fun
tions f , g, and h.Many of the results in this 
hapter are 
entered around arbitrary 
ones, there-fore, it is 
onvenient to 
lassify 
ones based on their 
arrier sets. We begin withthe trivial 
ones. 143



The 
one C(V; S) is said to be a 
at 
one if either it is the empty 
one(S = ;) or the points of S are 
ollinear. C(V; S) is a thin 
one if the points of Sare 
ontained in some set of fewer than b q+22 
 
on
urrent lines. So, we see thatevery 
at 
one is a thin 
one. A non-thin 
one is referred to as a wide 
one, thatis, the points of S are not 
ontained in any set of fewer than b q+22 
 
on
urrentlines. Finally, a wide 
one whose 
arrier 
ontains at least q + 1 points is a thi
k
one.Let S 2 �0 be the 
arrier of 
one with vertex V and F be a 
o
k with
one C(V; S). The lines of �0 whi
h are the proje
tions from V of the lines ofinterse
tion of pairs of planes of F into �0 are 
alled the baselines of F (in �0).We distinguish two types of baselines. Those whi
h are the interse
tions of �0with the other planes of F are 
alled the primary baselines, while the others are
alled the se
ondary baselines.
��
��
��
��V

Primary

π

ππ1 2

0

Primary

SecondaryFigure 5.3: Primary and Se
ondary BaselinesGiven a set F of q planes, if S 0 is the 
omplement of the union of the baselinesof F , then the 
one C(V; S 0) is 
alled the 
riti
al 
one of F . Any subset of S 0 is144



the 
arrier of a 
one that has F as a 
o
k. Proposition 5.2 introdu
es limitationson possible baseline 
on�gurations for a 
o
k.Proposition 5.2 [18℄ At the interse
tion of two distin
t primary baselines thereis a se
ondary baseline whi
h 
annot 
oin
ide with either of these primary base-lines.Proof: Let �1 and �2 be two planes whi
h interse
t the 
arrier plane � indistin
t primary baselines. Let P be the point of interse
tion of these baselines.Now, the interse
tion of �1 and �2 is a line l whi
h does not lie in �0 (otherwisethe baselines would not be distin
t). The proje
tion of l from V into �0 is ase
ondary baseline whi
h passes through P . Suppose, without loss of generality,that this se
ondary baseline 
oin
ided with the primary baseline of �1. The plane
ontaining the primary baseline and l is 
learly �1, but be
ause l proje
ts tothe baseline, V must also be in this plane. This 
ontradi
tion shows that these
ondary baseline must be distin
t from both primary baselines.5.2 The Dual Setting and Star Flo
ksViewing 
o
ks in the dual setting has been an e�e
tive te
hnique in the 
las-si
al quadrati
 
one situation. For instan
e in [22℄, DeClerk and Herssens usedthe dual setting to aid in the sear
h used to �nd and 
lassify 
o
ks of quadrati

ones for small values of q . It is also 
onvenient for us to use the dual setting toillustrate the appli
ation of 
oni
 blo
king sets to �nding 
o
ks.Let F be a 
o
k of the 
one C(V; S) in PG(3; q). By passing to the dual spa
e,F be
omes a set of q points in PG(3; q) and the 
one is the set of all planes
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passing through a set of lines in the plane 
orresponding to V with the propertythat no line determined by a pair of the q points lies in any of these planes.We set up some notation for the dual setting. Let F be a 
o
k of the 
oneC(V; S) with V = (0; 0; 0; 1) where the planes of F are given by f(t)X + g(t)Y +h(t)Z +W = 0. Using the standard duality, the 
o
k be
omes a set of pointsDF = f(f(t); g(t); h(t); 1) j t 2 GF(q)g. The vertex V be
omes a plane withequation W 0 = 0. The points on a generator of the 
one C(V; S) be
ome the setof all planes passing through a line in W 0 = 0. The set of all lines in the planeW 0 = 0, 
orresponding to generators of C(V; S) will be denoted by DG, and theset of all planes passing through the lines of DG will be denoted by DC . The
arrier S be
omes the set of planes, denoted by DS, passing through the point(0; 0; 0; 1) whi
h interse
t W 0 = 0 in a line of DG. The 
ondition that the linesformed by pairs of points of DF do not lie in the planes of DC is equivalent to the
ondition that these lines do not interse
t the lines of DG.

Figure 5.4: Dual Flo
k Setting
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Next we 
onsider how primary and se
ondary baselines are represented in thedual setting. A primary baseline is the interse
tion of the plane W = 0 with oneof the other planes of the 
o
k, so in the dual setting this is a line joining thepoint (0; 0; 0; 1) with one of the other points of DF . A se
ondary baseline is theproje
tion into W = 0 of the line of interse
tion of two 
o
k planes (whi
h doesnot lie in W = 0) from the vertex V . Thus, it is the interse
tion of the planedetermined by V and the interse
tion line, with W = 0. This plane in the dualsetting is a point in W 0 = 0 whi
h is on a line determined by two points of DFwhi
h does not pass through (0; 0; 0; 1), and the se
ondary baseline is thereforethe line joining this point with (0; 0; 0; 1).
Points of DF

��

��

��

W’ = 0

Secondary Baseline

(0,0,0,1)

Primary Baselines

Figure 5.5: Dual Baseline SettingA star 
o
k is a 
o
k of a 
one whose planes share a 
ommon point and aproper star 
o
k is one for whi
h this 
ommon point is unique. Linear 
o
ksare 
learly star 
o
ks, but not proper star 
o
ks. If F is a star 
o
k, then the
orresponding q points in the dual are 
oplanar. Moreover, if the points of DFare 
ollinear, then the planes of F must interse
t in a 
ommon line. So the star
o
k is linear and therefore is not a proper star 
o
k.
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By examining baseline 
on�gurations, we 
an show thatProposition 5.3 [18℄ The 
o
ks of all non-
at 
ones in PG(3; 3) that have 
o
ksare linear.Proof: There are only two planes other than the 
arrier plane in a 
o
kof PG(3; 3). Thus, there are only two primary baselines. These may 
oin
ide, inwhi
h 
ase the 
o
k is linear, or not, in whi
h 
ase their point of interse
tion is inall three planes and the 
o
k is a proper star 
o
k. Thus, any 
o
k of any 
oneadmitting a 
o
k is a star 
o
k.Now, suppose that the two primary baselines are distin
t (that is, the 
o
k isa proper star 
o
k). By Proposition 5.2 there is a se
ondary baseline through thepoint of interse
tion. These three baselines form the entire baseline 
on�guration.The 
omplement of the union of the baselines thus 
onsists of the points on theremaining line through this point of interse
tion (not in
luding that point). Thus,the 
riti
al 
one is 
at. So, a non-
at 
one in PG(3; 3) 
annot admit a proper star
o
k.In great detail, we examine the dual of a proper star 
o
k of a non-empty 
one.Let F be a star 
o
k of a non-empty 
one, we 
an 
oordinatize F so that the 
o
khas the form F (t; g(t); 0). Let the vertex of the 
one be given by V = (0; 0; 0; 1),and observe that the point R = (0; 0; 1; 0) is in all the planes of F . We build thedual star 
o
k model pie
e-by-pie
e.As mentioned earlier, the dual of the vertex V be
omes the plane W 0 = 0.The dual of the 
ommon point R be
omes the plane Z 0 = 0. Sin
e R and V aredistin
t points in the original plane, we have that in the dual, the planes W 0 = 0148



and Z 0 = 0 interse
t in a line, m. Observe that any point on m has 
oordinates(x; y; 0; 0).Sin
e every plane of the 
o
k F (t; g(t); 0) 
ontains the point R, the dual 
o
k,DF is a set of q points (t; g(t); 0; 1) all 
ontained in the plane Z 0 = 0. Note thatnone of the points of DF lie on the line m, for if a point of DF were on the linem, then this point is in the plane W 0 = 0, implying that one of the planes of the
o
k would 
ontain the vertex, whi
h 
annot happen. So, the q dual 
o
k pointsall lie in the plane Z 0 = 0, and none of these points lie on the line m whi
h is theinterse
tion of W 0 = 0 and Z 0 = 0. Take m as the line at in�nity of the planeZ 0 = 0 and use aÆne 
oordinates in the aÆne plane obtained by removing mfrom Z 0 = 0. The point in this aÆne plane with 
oordinates (x; y) is the point(x; y; 0; 1) of (the plane Z 0 = 0 in) PG(3; q). Hen
e, the q points of DF in thisaÆne plane have 
oordinates (t; g(t)) for t 2 GF(q).The points 
omprising a generator line g of the 
o
k F be
ome a set of planes,in the dual setting, that interse
t in a 
ommon line. This line of interse
tion mustlie in the plane W 0 = 0, sin
e g 
ontains V . Let DG denote the set of dualgenerator lines in the plane W 0 = 0. We get one DG line for every point in the
arrier set, and ea
h of the lines of DG must meet m in a point. We remark thatit is possible for two dual generator lines to meet at the same point on m. But, ifthe 
arrier set for the 
o
k is a 
oni
, only two lines of DG 
an meet at the samepoint on m.The line joining any two points of DF must meet m in a point, say X. Ifa line of DG also met m at the point X, we would have two planes of the 
o
kmeeting on the 
one. So, this situation 
annot arise.
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Figure 5.6: Dual Proper Star Flo
k in PG(3; q)Let M be the set of all \slopes" determined by pairs of the points of DF .That is, M = �g(t)� g(s)t� s j t 6= s and t; s 2 GF(q)�and let jM j = N . Ea
h slope in M 
orresponds to a point of m through whi
hpasses at least one line of Z 0 = 0 
ontaining at least two points of DF . In fa
t,M is the 
olle
tion of slopes of the dual baselines in the plane Z 0 = 0. Considerthe set of free points on the line m. These are the points on m that do nothave slope in M . Now, to satisfy the 
o
k 
ondition, no line of DG 
an passthrough a point on m that is also on a line that 
ontains at least two points ofDF . Thus, in order for F to be a proper star 
o
k of a wide 
one, we must havethat N � q + 1� b(q + 2)=2
 = b(q + 1)=2
.The problem of determining the number of slopes determined by q points in anaÆne plane has been well studied due to a 
onne
tion with blo
king sets (of lines)
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of R�edei type. Re
all from Chapter 2, a blo
king set of R�edei type in PG(2; q) isa blo
king set of size q+k for whi
h there is some line l 2 � for whi
h jl\Bj = k.Determining the number of slopes of a set of points with the spe
i�ed property isalmost 
ompletely settled. We restate Theorem 2.31 by Ball, Blokhuis, Brouwer,Storme, and Sz�onyi, using our terminology.Theorem 5.4 [5℄ If q = pn for some prime p, let e be the largest integer so thatany line of the aÆne plane 
ontaining at least two points of DF 
ontains a multipleof pe points of DF . Then we have one of the following:(i) e = 0 and (q + 3)=2 � N � q + 1,(ii) p = 2 and e = 1, and (q + 5)=3 � N � q � 1,(iii) pe > 2, e j n, and pn�e + 1 � N � (q � 1)=(pe � 1),(iv) e = n and N = 1.Moreover, if pe > 3 or (pe = 3 and N = q=3 + 1), then g is a pe linearizedpolynomial.De�nition 5.5 A pe-linearized polynomial is one of the form:g(t) = k�1Xi=0 �itpie,where �i 2 GF(pn) and n = ke.All bounds given for N are sharp, in the sense that there are examples withequality, ex
ept for the lower bound in 
ase (ii). In 
ase (ii), there is no knownexample with N < q=2 + 1. It is 
onje
tured that in this 
ase, N = q2 + 1, andthis is true for q � 16. 151



We will dis
over that if we have a set of q points, not all 
ollinear, in a planethat is embedded in proje
tive 3-spa
e, then after dualizing, this set of q pointsform a proper star 
o
k of a 
one. If q points in a plane produ
e a set M of sizeN of slopes, then we are able to determine the size of the free set. The free set
onsists of the points of m that do not lie on a line of Z 0 = 0 that also 
ontains atleast two of the q points. These points of m in the free set are free to have dualgenerator lines through them. These dual generator lines lie in W 0 = 0, but meetthe plane Z 0 = 0 at the line m. The more free points, the more dual generatorlines 
an be 
reated, and so the larger the 
riti
al 
arrier set will be in the originalspa
e. With this large 
riti
al set, we 
an 
onstru
t a 
one that has those q pointsas a dual star 
o
k.The next theorems and 
orollary illustrate the 
onsequen
es of Theorem 5.4as related to star 
o
ks of 
ones.Theorem 5.6 [18℄ If q = pn with p > 3 a prime, then a proper star 
o
k ofany wide 
one is given by F (t; g(t); 0) if and only if g is a nonlinear pe-linearizedpolynomial for some e j n with e < n.Proof: For a star 
o
k to be a 
o
k of a wide 
one, we must have thatN � b q+12 
 and so, we may rule out Case (i) in Theorem 5.4. Also, for a star
o
k to be proper, we must have N > 1 and so, we may rule out Case (iv) inthe same theorem. Sin
e p is a prime greater than 3, we may rule out Case (ii).Thus, all ex
ept Case (iii) of Theorem 5.4 is eliminated, and we have that g is ape-linearized polynomial.Suppose g is a pe-linearized polynomial for some e j n with e < n. Su
hfun
tions are additive, so to 
al
ulate N we need only to 
al
ulate the number of152



distin
t values of g(t)t , for t 6= 0. Let K = GF(pe) be a proper sub�eld of GF(pn).For ea
h 
 2 K we have g(
t) = 
g(t). Thus, for 
 2 K�, g(
t)t = g(t)t and thenumber of distin
t nonzero values of g(t)t is at most jGF(pn)�j=jGF(pe)�j = q�1pe�1 .Therefore, N � q�1pe�1 + 1 < q+12 sin
e pe > 3.Corollary 5.7 [18℄ If q is prime, then all star 
o
ks of wide 
ones are linear.Proof: The 
ases of q = 2 (Proposition 5.1) and q = 3 (Proposition 5.3)have already been dealt with. So, we may assume that q > 3 is prime. Sin
e aprime �eld has no proper sub�elds, there are no pe-linearized polynomials otherthan the linear ones, so by Theorem 5.4 there are no proper star 
o
ks.As a restatement of the open 
ases in the 
lassi�
ation given by Theorem 5.4,we have the following theorem.Theorem 5.8 [18℄ If q = pn, with p = 2 or 3, then a proper star 
o
k of a wide
one is given by F (t; g(t); 0) where g is a pe-linearized polynomial for some e j nwith e < n, or every line of Z 0 = 0 whi
h 
ontains at least two points of the dual
o
k DF 
ontains a multiple of p, but not a multiple of p2 points of DF and, in
hara
teristi
 3, N > q3 + 1.For 
o
ks of quadrati
 
ones, we have two 
lasses of examples whi
h 
orre-spond to the extreme values of N . Example 16 illustrates how we 
an 
onstru
tthe Knuth-Kantor 
o
k des
ribed in Se
tion 2.2.3.Example 16. Let E = GF(pn) with a sub�eld K = GF(pe). The fun
tiong(t) = tpe gives N = q�1pe�1 (Lemma 4.4). For pe > 2, we have N � b q+12 
, and so,we 
an 
onstru
t a star 
o
k of a wide 
one, more spe
i�
ally, a proper star 
o
k
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of a quadrati
 
one. This parti
ular 
onstru
tion leads to the Knuth-Kantor 
o
kthat was des
ribed in Se
tion 2.2.3.Example 17 illustrates how we 
an 
onstru
t a proper star 
o
k using therelative tra
e fun
tion.Example 17. Let E = GF(pn) with a sub�eld K = GF(pe). Consider thefun
tion g(t) = TrE=K(t), the relative tra
e fun
tion from E onto K. Similar to theproofs given in Lemmas 4.3 and 3.3, we �nd that N = pn�e + 1. If pe > 3, thenN < b q+12 
, and so, we 
an 
onstru
t a proper star 
o
k of a wide (quadrati
)
one.In the 
ase where the wide 
one is a quadrati
 
one, we 
an restate the theo-rems of Thas (3.4, 4.7, 4.8) in star 
o
k terminology.Theorem 5.9 [69℄ In even 
hara
teristi
, all star 
o
ks of quadrati
 
ones arelinear.Theorem 5.10 [69℄ In odd 
hara
teristi
, a star 
o
k of a quadrati
 
one is eitherlinear or a Knuth-Kantor 
o
k.Suppose F is a proper star 
o
k of a 
one C(V; S) and the 
arrier set S 0 ofthe 
riti
al 
one C(V; S 0) 
ontains a 
oni
. Then by Theorems 5.9 and 5.10, F iseither linear or Knuth-Kantor. Sin
e F is a proper star 
o
k, F 
annot be linear.If N 6= (q � 1)=(pe � 1), then F is not Knuth-Kantor. Sin
e F is a proper star
o
k that 
annot be linear or Knuth-Kantor, the 
riti
al 
arrier set of F 
annot
ontain a 
oni
. Hen
e, the baselines of the 
o
k form a 
oni
 blo
king set inW = 0. In other words, all proper star 
o
ks of 
ones give 
oni
 blo
king sets,ex
ept for the Knuth-Kantor 
o
k des
ribed in Example 16.154



These theorems prove that the baselines of a proper star 
o
k of a wide 
one,whi
h is not of Knuth-Kantor type, form a 
oni
 blo
king set. In this setting,sin
e N < b q+12 
, the 
oni
 blo
king sets whi
h arise have the property that no
oni
 is 
ompletely 
ontained in the set of lines.
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6. Avenues of Further Resear
hIn this thesis we examined 
onstru
tions for �nding 
oni
 blo
king sets andwe studied bounds on the size of minimum 
oni
 blo
king sets. In this 
hapter, wemention open problems and questions that have not been solved. These remainto be studied further.In planes of odd 
hara
teristi
 every 
oni
 is an oval. The 
on
ept of an ovalblo
king set is no di�erent than that of a 
oni
 blo
king set. In planes of even
hara
teristi
, these two 
on
epts do not 
oin
ide as there are examples of ovalsthat are not 
oni
s. A 
omputer sear
h by W. Cherowitzo has shown that the
oni
 blo
king set, fy = t3x + z j t 6= 0g, does not blo
k the Subia
o ovals [17℄.Similar to the work presented in this dissertation, there is resear
h to be donewith oval blo
king sets.All of the material on CBSs given here is 
entered around CBSs 
onsisting of
on
urrent lines. A natural dire
tion to pursue is to examine 
oni
 blo
king setsof non
on
urrent lines. S. Ball, A. Blokhuis, and M. Lavrauw [6℄ have prelimi-nary results about semi�eld 
o
ks that 
an be used to �nd 
oni
 blo
king sets ofnon
on
urrent lines for planes of odd order.We were able to use the stru
ture of the image set of an additive fun
tionto obtain many of the CBSs presented in this dissertation. Sin
e planes of primeorder la
k interesting additive fun
tions, no CBS 
onstru
tions were found forthese planes. Finding CBS 
onstru
tions for planes of prime order remains anopen problem.
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For q odd, preliminary 
omputer 
omputations show that there are several
onstru
tion ideas worth further examination. For q = p2, the set of lines throughthe point (0; 0; 1) with absolute tra
e 1 or absolute tra
e 0 slope seem to form a
oni
 blo
king set of size 2p in PG(2; p2). Also, there is preliminary work showingthat we 
an add relatively few lines to the set of lines that 
orrespond to theKK-lines and form a CBS in PG(2; ph), h even and p odd.In Se
tion 4.4, we exhibited a CBS 
onstru
tion for PG(2; q2) using pointswith parameters in GF(q) and with parameters with relative tra
e 0. This CBSshould be examined to determine if it is irredu
ible.There is work to be done with oval blo
king sets in non-Desarguesian proje
-tive planes.The minimum sizes of CBSs in planes of odd order exhibited a mostly mono-toni
 behavior as the size of the plane in
reased. There are two examples wherethis behavior was not monotoni
; q = 79 and q = 137 or 139. There is furtherwork to be done in explaining the dip in sizes at these values of q.For q even, 
omputer 
omputations show that in PG(2; 2h), h an odd prime,the set of lines with slope in a nontrivial 
y
lotomi
 
oset along with the threelines x = 0, y = 0, and y = x through the point (0; 0; 1) form a CBS of size h+3.There is more work to be done in strengthening the lower bounds on the sizesof minimum CBSs.
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A. CBS Parameters for q EvenThis appendix 
ontains the parameters for the minimum 
oni
 blo
king setsand the smallest 
oni
 blo
king sets found in PG(2; q), q even. We indi
ate theminimum CBS found with an M and the smallest CBS found with an S in thesize 
olumn. The Method 
olumn denotes whi
h method was used to �nd theCBS. An ST denotes the model developed in Se
tion 3.4 was used, an SBH de-notes that the modi�ed greedy algorithm (surrogate-based heuristi
) developedby Gary Ko
henberger [47℄ was used, and �nally an AH denotes that an ad-ho
method of sear
hing for CBSs was used. The fourth 
olumn 
ontains the primitivepolynomial used to generate GF(q). The last 
olumn 
ontains the parameters forthe points (in the dual setting) that form a CBS.q Size Method Primitive Polynomials Parameters22 M ST x2 = x+ 1 0, 1, 123 M ST x3 = x2 + 1 0, 1, 1, �, �224 M ST x4 = x+ 1 0, 1, 1, �5, �1025 M ST x5 = x2 + 1 0, 1, 1, �6, �8, �23, �24, �2526 M ST x6 = x+ 1 0, 1, 1, �, �5, �6, �37,�44, �6227 M ST x7 = x+ 1 0, 1, 1, �, �2, �29, �49,�80, �100Table A.1: CBSs in Planes of Even Order
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q Size Method Primitive Polynomials Parameters28 S SBH x8 = x5 + x4 0, 1, 1, �, �2, �3, �6, �17,+ x3 + 1 �52, �54, �60, �119, �16829 S SBH x9 = x4 + 1 0, 1, 1, �, �2, �3, �4, �25,�59, �80, �147, �269, �283,�385, �433AH 0, 1, 1, �1, �2, �4, �8, �16,210 S & x10 = x3 + 1 �32, �64, �128, �256, �512, �93,ST �186, �279, �372, �465, �558,�651, �744, �837, �930Table A.1: (Cont.)
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B. CBS Parameters for q OddThis appendix 
ontains the parameters for the minimum 
oni
 blo
king sets inPG(2; q), q odd. Although there were two models developed for �nding minimumCBSs, we used the restri
ted-dual model (RD) for our sear
hes. The modi�edgreedy algorithm (surrogate-based heuristi
) developed by Gary Ko
henberger[47℄ is denoted SBH. Tables B.1 and B.2 
ontains the parameter sets of minimum
oni
 blo
king sets in planes of prime and nonprime order, respe
tively. TablesB.3 and B.4 
ontains the parameter sets for the smallest 
oni
 blo
king set found,but not veri�ed as a CBS of minimum size, in planes of prime and nonprime order.Order Model Parameters3 RD 0, 1, 15 RD 0, 1, 1, 37 RD 0, 1, 1, 511 RD 0, 1, 1, 5, 7, 913 RD 0, 1, 1, 5, 6, 1017 RD 0, 1, 1, 4, 6, 1419 RD 0, 1, 1, 4, 8, 1323 RD 0, 1, 1, 12, 13, 15, 1729 RD 0, 1, 1, 3, 8, 19, 23, 2631 RD 0, 1, 1, 4, 5, 11, 13, 2637 RD 0, 1, 1, 13, 23, 24, 25, 2941 RD 0, 1, 1, 4, 10, 21, 32, 3743 RD 0, 1, 1, 8, 18, 23, 27, 4147 RD 0, 1, 1, 2, 4, 6, 34, 4353 RD 0, 1, 1, 13, 31, 37, 44, 47, 52Table B.1: Minimum CBSs in Planes of Prime Order160



Order Model Parameters59 RD 0, 1, 1, 12, 40, 41, 43, 48, 5761 RD 0, 1, 1, 7, 9, 14, 21, 45, 6067 RD 0, 1, 1, 17, 34, 35, 45, 50, 5371 RD 0, 1, 1, 10, 23, 24, 30, 64, 6973 RD 0, 1, 1, 9, 12, 25, 36, 51, 6079 RD 0, 1, 1, 12, 24, 40, 52, 6183 RD 0, 1, 1, 15, 21, 24, 28, 42, 53, 7389 RD 0, 1, 1, 9, 22, 30, 31, 45, 73, 8597 RD 0, 1, 1, 27, 44, 47, 49, 65, 70, 93101 RD 0, 1, 1, 20, 32, 34, 51, 76, 85, 90103 RD 0, 1, 1, 5, 39, 52, 62, 65, 69, 91107 RD 0, 1, 1, 17, 31, 32, 54, 58, 62, 93109 RD 0, 1, 1, 9, 15, 19, 39, 55, 73, 85113 RD 0, 1, 1, 11, 13, 31, 38, 54, 57, 65, 84Table B.1: (Cont.)
Order Model Primitive Polynomials Parameters9 RD x2 = x+ 1 0, 1, 1, �2, �325 RD x2 = x+ 3 0, 1, 1, �, �2, �10, �16, �1727 RD x3 = x+ 2 0, 1, 1, �2, �3, �9, �21, �2549 RD x2 = x+ 4 0, 1, 1, �, �6, �25, �30, �34, �4281 RD x4 = x+ 1 0, 1, 1, �3, �9, �14, �33, �38,�64, �68125 RD x3 = x+ 2 0, 1, 1, �8, �11, �25, �33, �52,�121, �122, �123Table B.2: Minimum CBSs in Planes of Nonprime Order
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Order Model Parameters127 SBH 0, 1, 1, 2, 3, 7, 24, 53, 65, 115, 118131 SBH 0, 1, 1, 2, 18, 50, 78, 88, 111, 127, 128137 SBH 0, 1, 1, 2, 3, 4, 8, 35, 90, 103, 130, 132139 SBH 0, 1, 1, 10, 12, 35, 41, 42, 44, 62, 79149 SBH 0, 1, 1, 2, 5, 9, 18, 45, 49, 70, 106, 109151 SBH 0, 1, 1, 3, 5, 11, 13, 15, 31, 33, 49, 79157 SBH 0, 1, 1, 2, 7, 10, 15, 16, 24, 89, 93, 102163 SBH 0, 1, 1, 2, 8, 22, 25, 29, 34, 53, 63, 103167 SBH 0, 1, 1, 5, 6, 14, 20, 36, 37, 114, 118, 159173 SBH 0, 1, 1, 2, 11, 13, 14, 15, 45, 72, 81, 94179 SBH 0, 1, 1, 2, 10, 32, 36, 53, 74, 113, 141, 167181 SBH 0, 1, 1, 2, 9, 11, 39, 69, 114, 129, 132, 150191 SBH 0, 1, 1, 5, 7, 15, 32, 33, 43, 49, 83, 117193 SBH 0, 1, 1, 5, 11, 12, 49, 68, 72, 79, 106, 118197 SBH 0, 1, 1, 2, 6, 14, 55, 57, 62, 110, 116, 193199 SBH 0, 1, 1, 3, 13, 17, 71, 139, 147, 157, 164, 173Table B.3: Smallest Known CBSs for q an Odd Prime
Order Model Primitive Polynomials Parameters121 RD x2 = 10x+ 4 0, 1, 1, �9, �21, �30, �38, �78,�113, �118, �119169 RD x2 = 12x+ 11 0, 1, 1, �18, �32, �47, �59, �61,�67, �124, �163, �167Table B.4: Smallest Known CBSs for q an Odd Nonprime
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C. The Bran
h and Bound AlgorithmAs shown in Chapters 3 and 4, the problem of �nding minimum 
oni
 blo
kingsets is dire
tly related to the set 
overing problem. In this appendix, we introdu
ethe set 
overing problem (SCP) as an optimization problem and brie
y dis
ussseveral aspe
ts of the solvers used.Let S be a set of obje
ts whi
h are numbered f1; 2; : : : ; mg and F be a
olle
tion of subsets of S. Furthermore, assume that ea
h of the elements of Shas a 
ost asso
iated with it. The SCP is to `
over' all members of F at minimum
ost using elements of S. That is, to �nd a subset P of S su
h that P \ Ci 6= ;for all Ci 2 F at a minimum 
ost.For example, suppose S = f1; 2; 3; 4g and F = fC1 = f1; 2g; C2 = f2; 3g; C3 =f1; 4gg. One 
over for S would be P1 = f1; 3g, sin
e P1\C1 = f1g;P1\C2 = f3g,and P1 \ C3 = f1g. Another 
over would be P2 = f1; 2; 4g, as P2 \ C1 =f1g;P2 \ C2 = f2g, and P2 \ C3 = f1; 4g. Suppose that the element 1 has a 
ostof 10, the elements 2 and 3 both have a 
ost of 2, and the element 4 has a 
ost of1. Then the 
ost of the 
overing P1 is 12 and the 
ost of the 
overing P2 is 13. Aminimum 
over for this problem is P = f2; 4g, whi
h has an asso
iated 
ost of 3.One method for �nding a minimum 
over is to build a 0-1 pure integer pro-gramming (PIP) model. Constraints are introdu
ed to ensure that ea
h member(set) of F is 
overed. If the obje
tive is to minimize the 
ost of a 
over of F , the
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resultant model is,Minimize 10x1 + 2x2 + 2x3 + 1x4subje
t to x1 + x2 � 1,x2 + x3 � 1,x1 + x4 � 1,or min 
Txsubje
t to Ax� bx 2 f0; 1g,where A = 2666641 1 0 00 1 1 01 0 0 1
377775 , b = 266664111

377775 , and 
T = �10 2 2 1� .There are many appli
ations for the SCP other than sear
hing for minimumCBSs. A 
omprehensive list of appli
ations is found in [3℄ by Balas and Padberg.There are also many algorithms that exist for integer problems. Two standardalgorithms are the bran
h and bound algorithm and the 
utting-plane algorithm,whi
h are des
ribed in Chapter 4 of Gar�nkle and Nemhauser [28℄. We providea brief explanation of the bran
h and bound algorithm shortly. The diÆ
ulty ofsolving set 
overing problems usually arises not from their stru
ture, but fromtheir size. This fa
t be
ame more apparent to us as the order of the proje
tiveplane in
reased.
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SCP's are 
omparatively easy to solve with the bran
h and bound algorithm,and this algorithm guarantees an optimal solution. So, for our problems, we areguaranteed that the 
oni
 blo
king set found by the bran
h and bound algorithmis indeed a minimum 
oni
 blo
king set.The bran
h and bound (B&B) algorithm is an optimization te
hnique thatenumerates a tree to �nd an optimal solution. By 
al
ulating upper and lowerbounds on the obje
tive fun
tion, the B&B algorithm a

elerates the fathomingpro
ess and thereby shortens the enumeration. A node is fathomed if it is deter-mined that no 
ompletion from this point 
ould produ
e a better solution thanone already obtained. This 
ould happen by bounding the obje
tive, or it 
anhappen by determining there is no feasible solution with the partial spe
i�
ations
orresponding to the node.Commer
ial solvers invoke a heuristi
 before starting the fathoming pro
essto obtain an initial \good" solution. Thus, the pro
ess begins with a feasible solu-tion, but there is no guarantee of optimality. Enumerative algorithms invariablybene�t from starting with a good feasible solution. And so, by beginning the treesear
h with a feasible solution, a lower bound on the optimal obje
tive fun
tionis provided. This bound is used for fathoming in the algorithm, resulting in apruning of the enumeration tree.The following typi
al integer linear program (ILP)min 
Txsubje
t to Ax� bx 2 f0; 1g
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has the 
orresponding LP relaxation (RLP)min 
Txsubje
t to Ax� b0 � x � 1,where 
Tx is the obje
tive fun
tion, the 
omponents of 
 are the 
ost 
oeÆ
ients,A is 
alled the 
oeÆ
ient matrix, b is the right-hand side, and x is a ve
tor ofde
ision variables. Noti
e that in the LP relaxation there are no more integrality
onstraints, but rather the de
ision variables are restri
ted to the interval [0; 1℄.To explain the B&B pro
ess, we fo
us on the set 
overing problem givenearlier. Sin
e the de
ision variable is binary, we use the tree given in Figure C.1to help illustrate the algorithm.
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Figure C.1: A TreeSuppose the heuristi
 algorithm obtains the feasible solution z0 = 
Tx =14 at vertex (1; 1; 1; 0). The B&B algorithm begins the pro
ess of fathoming166



(investigating) the enumeration tree. If the algorithm tested vertex (1; 1; 1; 1), itwould �nd that the 
ost 
Tx = 15 > z0, so this vertex is pruned. Continuing withits bran
hing pro
ess, the algorithm examines the RLP at the vertex (1; 1; 0; d4).The RLP is given by min 12 + d4s.t. 2 + d4 � 11 + d4 � 10 � d4 � 1.The optimal solution to this relaxation is 12 < 14, so further exploration belowvertex (1; 1; 0; d4) is warranted. At vertex (1; 1; 0; 0), we obtain an update forthe obje
tive value sin
e z1 = 
Tx = 12. The vertex (1; 1; 0; 1) yields a feasiblesolution of 13, but is no longer a 
andidate for an optimal solution, sin
e we havea feasible solution with an obje
tive value of z1 = 12.Having 
ompleted a sear
h from vertex (1; 1; d3; d4), the algorithm now 
on-siders the RLP at vertex (1; 0; d3; d4).min 10 + 2d3 + d4s.t. 1 + d3 � 11 + d4 � 10 � di � 1, i = 3; 4.In this RLP, the optimal solution is 10 < 12 = z1, so no de
ision 
an be madeat this vertex. The RLP is examined at vertex (1; 0; 0; d4) and we dis
over thatno feasible solution 
an be obtained, sin
e one of the 
onstraints be
omes 0 � 1.Hen
e, the bran
h from vertex (1; 0; 0; d4) is pruned. No de
ision by the RLPis made at vertex (1; 0; 1; d4), so we explore further down the bran
h. Vertex
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(1; 0; 1; 0) yields an alternative optimal solution of 12. Sin
e vertex (1; 0; 1; 1)does not yield a better optimal solution, this vertex is pruned.At this point, the algorithm has (nearly) exhaustively sear
hed the bran
hbeginning with vertex (1; d2; d3; d4) and examines the bran
h beginning with(0; d2; d3; d4). Noti
e that there is no feasible solution to the RLP at vertex(0; 0; d3; d4), and the tree may be pruned at this vertex. Solving the RLP atthe vertex (0; 1; d3; d4), min 2 + 2d3 + d4s.t. 1 + d3 + d4 � 1d4 � 10 � di � 1, i = 3; 4,gives a minimum value of 3, and further exploration is warranted. Exploring therest of the tree, from vertex (0; 1; 0; d4), using this LP relaxation leads to the newoptimal solution z2 = 
Tx = 3 at vertex (0; 1; 0; 1). At vertex (0; 1; 1; d4), the
ost value is at least 4 > 3 = z2, so this vertex is pruned. Hen
e, when the B&Balgorithm terminates, we have an optimal solution of 3 given by x = �0, 1, 0, 1,�T .Observe that if the heuristi
 had found an initial feasible solution in the treethat bran
hes from vertex (0; d2; d3; d4), then after bran
hing through this tree wewould have obtained the optimal solution. Then, the entire subtree that bran
hesfrom vertex (1; d2; d3; d4) would have been pruned sin
e any feasible solution willhave a 
ost of at least 10, whi
h is greater than any 
ost given from the othertree. This observation illustrates the bene�ts of using a good heuristi
 to �nd aninitial feasible solution.
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This simple example illustrates how the B&B algorithm essentially performsan intelligent exhaustive sear
h that guarantees optimality. For a formal proofthat the algorithm �nds an optimal solution see [28℄ or [52℄.For the problem of �nding minimum 
oni
 blo
king sets, we 
hose to usethe General Algebrai
 Modeling System (GAMS) whi
h is a modeling system formathemati
al programming problems [20℄. GAMS lets the user 
on
entrate onmodeling. GAMS eliminates the need of the user to think about purely te
hni
alma
hine-spe
i�
 problems, and instead allows the user to fo
us on 
on
eptualizingand running the model, and then analyzing the results. After GAMS builds themodel from a simple language, it then sends the model to a solver. We 
hose thesolver Cplex [39℄, whi
h touts itself as being the \World's Leading Mathemati
alProgramming Optimizers". Cplex is a good solver and is used to solve a widerange of models in the 
orporate 
ommunity. To illustrate the simpli
ity of usingthis modeler and solver to �nd a solution to the set 
overing problem, we give asample of the 
ode used to model this problem.
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[h℄sets i/1*4/;sets k/1*3/;table a(k,i)1 2 3 41 1 1 0 02 0 1 1 03 1 0 0 1;binary variable x(i);variable z;parameter 
(i);/1 102 23 24 1 /;equations obj, 
over(k);obj .. z =e= sum(i,
(i)*x(i));
over(k)..sum(i,a(k,i)*x(i)) =g= 1;model Sample /all/;solve Sample using mip minimizing z;The 
ode for the 
oni
 blo
king set problem is similar to this set 
overing
ode. In the CBS problem, all 
ost 
oeÆ
ients of the obje
tive fun
tion are 1 andso in the GAMS 
ode for the CBS problem, there is no parameter 
(i).
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