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1. IntroductionThis thesis is the result of research on relaxing the standard con-vergence conditions in order to improve the convergence rate of optimizationalgorithms. The standard convergence proofs used to prove an optimizationalgorithm will converge to a local minimum from an arbitrary starting pointare examined. This examination, along with a review of the nonmonotonealgorithms in the literature, indicate that relaxing these standard conditionscould increase the convergence rate of algorithms in many cases.Two convergence conditions that are central to this thesis are the\bounded away from orthogonality" condition and the \su�cient decrease"condition. An analysis of these two conditions indicates that minimizing afunction di�erent than the objective function relaxes the convergence condi-tions in such a way as to improve an algorithm's convergence rate. Unlike thenonmonotone algorithms in the literature, these new functions dynamicallyadjust to account for changes between the in
uence of curvature and descent.The result is an optimal algorithm in the sense that an estimate of the distanceto the minimum is minimized at each iteration.1



A new line-search algorithm based on these ideas is presented thatdoes not require the objective function to decrease at any iteration. Thisalgorithm is shown to be well de�ned and we prove global convergence of thealgorithm. Performance of the algorithm on some standard test functions ispresented to illustrate the features of the algorithm.The thesis is organized as follows. The �rst chapter gives a generaldiscussion of optimization along with de�nitions needed later in the text. Thesecond chapter gives a detailed description of two common global convergenceproofs which are expanded upon in the next chapter. In chapter 4, nonmono-tone algorithms from the literature that relax the convergence conditions areshown to obtain faster convergence. Reasons why relaxing the conditions helpconvergence are studied in detail in the subsequent chapter, which identi�eswhy relaxing the convergence conditions improves algorithm performance anddetermines when relaxing these conditions is bene�cial. The results of theseanalyses are combined to obtain a new function to minimize that improvesalgorithm performance. In Chapter 6, a line-search algorithm based on thisfunction is presented and global convergence to a local minimum is proved.The performance of this algorithm is analyzed in the next chapter where thefeatures of the algorithm are illustrated using standard test functions. Finally,the results are summarized and avenues for future research are presented.2



2. Optimization PreliminariesConsider the optimization problem of minimizing a real valued ob-jective function f(x) with continuous second derivatives where x 2 <m, and fhas a minimum at x�. A level set for f(x) is de�ned as:De�nition 2.1 The level set for a given function f(x) and a point xkis de�ned to be Lf (xk) = fx : f(x) � f(xk)g : (2.1)The gradient of this function denoted by rf(x) is an m-dimensional vector.The Hessian of this function denoted by r2f(x) is an m by m matrix. Onemethod of minimizing f(x) is to search negative gradient directions successivelyfor the minimum value of f . It has been shown that this steepest descentalgorithm exhibits a linear asymptotic convergence rate [73]. In practice, theconvergence rate of this method can be quite slow due to the \face e�ects" ofthe eigenspaces associated with the minimum and maximum eigenvalues [1].In order to obtain a faster convergence rate, other algorithms havebeen considered. One such algorithm is Newton's method where the next3



iterate is obtained from the previous iterate using the formula�xk = �r2f(xk)�1rf(xk) ; (2.2)where xk+1 = xk + �xk and xk is the point reached at iteration k. Newton'smethod can be shown to exhibit a quadratic convergence rate on many prob-lems in the neighborhood of a solution provided r2f(x�) is positive de�nite[73]. However, the simpli�ed Newton's method presented here will not workon most optimization problems without some modi�cations. Often, a pointthat is close enough to the minimum so that Newton's method would yieldquadratic convergence may not be available. A robust algorithm needs to beable to converge to a local minimum from any arbitrary starting point. An-other problem is that the Hessian may not be positive de�nite, even at theminimum. If the Hessian is not of full rank, then the inverse will not exist andthe algorithm, as presented here, becomes unde�ned. If the Hessian containsnegative eigenvalues, the direction obtained could be an ascent, rather than adescent, direction. Many modi�cations of Newton's algorithm have been sug-gested to overcome these di�culties. A line search may be used to ensure thatf(xk+1) < f(xk) in an attempt to guarantee convergence to a local minimum.The Newton direction is often modi�ed to ensure that it is a descent direction.Yet many of these modi�cations can prevent the desired asymptotic quadratic4



convergence of the algorithm.One method of modifying Newton's method that enables it to con-verge from arbitrary starting points is the model trust region algorithm, wherea model of f(x) near xk is obtained. A typical model is the quadratic approx-imation:m(x) = (x� xk)Tr2f(xk)(x� xk) +rf(xk)T (x� xk) + f(xk) : (2.3)Usually, the model needs to be only a �rst order approximation of f(x) toprove global convergence. In a typical trust region algorithm, the model isminimized subject to the trust region constraint kx � xkk � �k, using anappropriate norm, where �k is the current trust region size. A step is thentaken using the x obtained by minimizing the model subject to the trust regionconstraint. Before the next iteration, the trust region size can be expanded orcontracted depending on how well the model predicts the reduction obtainedin the objective function f(x). An excellent review of trust region algorithmswas done by Mor�e [81]. Shultz et al. [110] obtained a family of trust regionalgorithms that also account for directions of negative curvature. More recently,Dennis et al. [29] extended the trust region ideas to nonsmooth optimization.Trust region algorithms have the advantage of yielding a negativegradient step for a small trust region size, ensuring a reduction in f(x), while5



allowing a full Newton step to be taken when the trust region size is large.This, is achieved by a locus of possible points obtained for various trust regionsizes that is nonlinear. An example of a typical trust-region path, illustratedusing a quadratic function, is given in Figure 2.1. When a full Newton stepresults in an increase in f(x), smaller trust region sizes are used ensuring thata su�cient reduction in f will be obtained guaranteeing convergence to a localminimum. When the full Newton step reduces the objective function , the trustregion increases allowing the algorithm to take full Newton steps resulting inthe desired local quadratic convergence rate.
Negative Gradient Path

Trust Region Path

Newton Path

xk

Lf(xk)Figure 2.1. Typical trust-region path.6



It is often possible to take advantage of special structure that exists incertain types of optimization problems. One example of this is the non-linearleast-squares problem:f(x) = 12R(x)TR(x) = 12kR(x)k2 ; (2.4)where the norm used here is the Euclidean norm with R(x) 2 <n, x 2 <m andm � n. Let ri(x) be the ith element of R(x). The functions ri(x) are oftencalled residuals. The gradient of f isrf(x) = J(x)TR(x) ; (2.5)where J(x) is the Jacobian matrix of �rst derivatives of R(x) and we use Ji(x)to denote the ith column of J(x). The Hessian of f isr2f(x) = J(x)TJ(x) + nXi=1 ri(x)r2ri(x) : (2.6)If r2f(x) is positive de�nite, Newton's method becomes�xk = � "J(xk)TJ(xk) + nXi=1 ri(xk)r2ri(xk)#�1 J(xk)TR(xk) : (2.7)We can take advantage of the special structure of the problem by ignoring thesecond derivative term S(x) = nXi=1 ri(x)r2ri(x) : (2.8)7



Assuming that J(xk) is of full column rank yields the Gauss-Newton methodequation �xk = � hJ(xk)TJ(xk)i�1 J(xk)TR(xk) ; (2.9)where [J(xk)TJ(xk)]�1J(xk)T is the Moore-Penrose generalized inverse of J(xk).Mor�e [80] has found a method due to Levenberg [71] and Marquardt [77] to beuseful for minimizing the non-linear least-squares problem using a trust regionalgorithm. The Levenberg-Marquardt algorithm is�xk = � hJ(xk)TJ(xk) + �kIi�1 J(xk)TR(xk) ; (2.10)where �k > 0. Mor�e solves the trust region problem by choosing �k so thatkx� xkk � �k.The concept of a generalized matrix inverse [114] is useful in obtainingleast-squares solutions for any general matrix J, even if J is not of full columnrank.De�nition 2.2 The Moore-Penrose generalized inverse of an n by mmatrix J is de�ned to be the unique m by n matrix J+ satisifying thefollowing four properties: J+JJ+ = J+ (2.11)JJ+J = J (2.12)8



(JJ+)T = JJ+ (2.13)(J+J)T = J+J : (2.14)We also have the relations (J+)+ = J (2.15)(JT )+ = (J+)T (2.16)(JJT)+ = (J+)TJ+ : (2.17)In the sequel, the following de�nitions for projection matrices will be founduseful PJ = JJ+ (2.18)RJ = J+J : (2.19)Using the Moore-Penrose generalized inverse, the Gauss-Newton method be-comes �xk = � J(xk)+R(xk) : (2.20)This de�nition makes the Gauss-Newton method well de�ned, even when J(xk)is not of full column rank.The Moore-Penrose generalized inverse can easily be obtained usingthe singular value decompositionJ = USV T ; (2.21)9



where U is an n by n unitary orthogonal matrix, V is an m by m unitaryorthogonal matrix and S is an n by m matrix with the positive singular values,si, along the diagonal. The Moore-Penrose inverse of J is obtained with thesingular value decomposition usingJ+ = V S+UT ; (2.22)where the pseudo inverse of S, S+, is an m by n matrix with 1=si on thediagonal. If J is not of full column rank, then one or more of the singularvalues are zero. In this case, S+ will have a zero on the diagonal whenever siis zero, and 1=si otherwise. We will �nd the singular value decomposition tobe a useful analysis tool in the sequel.

10



3. Convergence Theory for OptimizationThe above discussion identi�ed two of the numerous major consider-ations in non-linear optimization algorithm design. One consideration, globalconvergence, is ensuring that the algorithm converges to a local minimum,given an arbitrary starting point. The other major consideration is obtain-ing a fast rate of convergence. Two methods of proving that an algorithm isglobally convergent have been used extensively. One is a method attributedprimarily to Wolfe [124, 125] the other is a method attributed primarily toZangwill [128]. Convergence rate and these two global convergence proofs arediscussed in the following sections.3.1 Wolfe's FrameworkTwo independent conditions have been used together for years toprove global convergence of optimization algorithms. The �rst condition is� rf(xk)Tdk � ckrf(xk)k kdkk ; (3.1)where dk is the search direction and c is some small positive constant. Thiscondition is often referred to as \bounded away from orthogonality" or the11



\bounded away condition." The second condition isf(xk) � f(xk+1) � �  j rf(xk)Tdk jkdkk ! ; (3.2)where �(�) is a forcing function. Forcing functions are any non-decreasingfunction on [0;1) with the property that �(t) > 0 when t > 0 and �(t) = 0when t = 0. An example of a forcing function is �(t) = �t2. This condition isoften referred to as \su�cient decrease" or the \su�cient decrease condition."If an algorithm satis�es both of the above conditions, then globalconvergence of the algorithm can be proven for a G-di�erentiable function [89].De�nition 3.1 A function f : D � <n ! <m is Gateaux or (G-)di�erentiable at an interior point x of D if there exists a linear operatorA : <n ! <m such that, for any h 2 <n,limt!0 1t kf(x+ th)� f(x) � tAhk = 0 : (3.3)We use the following theorem taken from Ortega and Rheinboldt [89] to proveglobal convergence.Theorem 3.2 Suppose that f(x) : D � <m ! < is G-di�erentiable andbounded below on some set D0 � D, the iterates fxkg remain in D0, and thesu�cient decrease condition is satis�ed for every iteration k � 0. Thenlimk!1 rf(xk)Tdkkdkk = 0 : (3.4)12



This theorem, along with the bounded away from orthogonality condition,ensure the �rst order convergence result that krf(xk)k ! 0.To design a practical globally convergent algorithm, one �rst picks asearch direction algorithm that satis�es the bounded away from orthogonalitycondition. Often, the method of generating the search direction automaticallyensures convergence without explicitly enforcing the bounded away from or-thogonality condition. Quasi-Newton algorithms and Newton methods usinga modi�ed Cholesky decomposition are some examples. Next, a line searchmethod is chosen that satis�es the su�cient decrease condition. Many practi-cal line search algorithms, such as the Goldstein-Armijo method, satisfy thiscondition [89]. This yields a very powerful theory. A large number of practicalglobally convergent algorithms are possible by using di�erent search directionswith di�erent line search techniques [89].Let W denote the region of acceptable points that satis�es these twoconditions. The forcing function can be chosen so that only a very smallreduction in f(x) is needed to ensure convergence. The constant c can bechosen so small that directions nearly perpendicular to the negative gradientdirection are acceptable. An illustration of this in two dimensions (m = 2) isgiven in Figure 3.1. The current point is xk with objective function value f(xk).Since the function value is required to decrease, W � Lf (xk) as illustrated in13



the �gure. The region of acceptable new points is just slightly inside Lf (xk),and it nowhere touches the boundary due to the su�cient decrease condition.There is a small excluded region toward the bottom right where Lf (xk) isoutside the region de�ned by the bounded away from orthogonality condition.Points in this region satisfy the su�cient decrease condition but cannot bereached because the search direction required would violate the bounded awayfrom orthogonality condition.
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Figure 3.1. Region of acceptable points (W) for Wolfe's framework.3.2 Zangwill's FrameworkZangwill proposed a global convergence proof based on the idea ofpoint-to-set maps [128]. He de�ned an algorithm as a point-to-set mapping,where the algorithm uses the current point, xk, to generate a set of possible15



new iterates. For example, when performing a line search, it is impractical toobtain the exact minimum. Hence, a range of points along the line that arewithin some tolerance of the minimumare considered acceptable. This range ofpoints becomes the set of points generated by the algorithm in the point-to-setmap. An important property of point-to-set mappings needed to proveglobal convergence is the idea of a closed mapping [73].De�nition 3.3 A point-to-set mapping A(x) from a set X to subsetsof a set Y is said to be closed at x 2 X if the conditionslimk!1 xk = x; xk 2 X (3.5)and limk!1 yk = y; yk 2 A(xk) (3.6)together imply that y 2 A(x) (3.7)Using the idea of a point-to-set map and closed mappings, we have the followingglobal convergence theorem [128].Theorem 3.4 Let A(x) be an algorithm on a set X. Let � � X be thesolution set for the optimization problem. Assume that, given x0, the sequencefxkg is generated satisfying xk+1 2 A(xk), and also satisfying the following.16



� All xk are contained in a compact set S � X.� There is a continuous function g on X such that(1) if x 62 � then g(y) < g(x) 8 y 2 A(x)(2) if x 2 � then g(y) � g(x) 8 y 2 A(x).� The mapping A is closed at points outside of �.Then, every limit point of fxkg is a solution.To use this theorem to prove global convergence for some algorithm,the function g is usually chosen as the objective function and a solution isusually de�ned as a stationary point, i.e. rf = 0. Then, the line search isshown to be a closed point-to-set mapping that reduces the objective function(when not at a solution).The region Z of acceptable points that satis�es the conditions of thistheorem is again quite large. The conditions on g(x) � f(x) ensure thatZ � Lf (xk). An illustration of this for the same two dimensional problemshown in Figure 3.1 is given in Figure 3.2. As can be seen, the region ofacceptable new points is just slightly inside Lf (xk), and it nowhere touches theboundary because the mapping is closed and a strict decrease in g is obtainedoutside the solution set. Also note that there are no excluded regions likethat obtained for Wolfe's proof due to the bounded away from orthogonalitycondition. However, most practical algorithms will have rf(xk)Tdk < 0 for17



rf(xk) 6= 0 so that f(x) can be reduced during the line search. Hence, the twoconvergence proofs produce essentially the same region of acceptable points.
Z

Lf(xk)

xkFigure 3.2. Region of acceptable points (Z) for Zangwill's framework.3.3 Convergence RateConsider the following two de�nitions commonly used in rate analysis[51]. 18



De�nition 3.5 Let the sequence fxkg converge to x�. The order ofconvergence denoted by � is de�ned to be� � supfq : lim supk!1 kxk+1 � x�kkxk � x�kq < 1g : (3.8)The case � = 1 is called linear convergence, � = 2 is called quadratic conver-gence, and � = 3 is called cubic convergence.De�nition 3.6 The convergence ratio denoted by � for a sequence fxkgof order � is de�ned to be� � lim supk!1 kxk+1 � x�kkxk � x�k� : (3.9)The case � = 1 and � = 0 is called superlinear convergence. These twode�nitions are useful for algorithm acceleration and the design of convergencecriteria. Also, they have often been used as a method of recommending onealgorithm over another. However, this use can lead to erroneous conclusions.Larger orders and smaller ratios do not necessarily imply that one algorithmwill converge to the solution of a given problem faster [51]. Another problemwith using these de�nitions to compare algorithms is that they are only usefulin a region near the solution, x�. While this asymptotic convergence rateis important, the analysis of algorithm performance at points far from thesolution, where the asymptotic convergence rate does not apply, is also very19



important.There have been many attempts to come up with a good de�nitionfor global convergence rate. For steepest descent, the relationf(xk+1) � "�max � �min�max + �min #2 f(xk) (3.10)has been obtained for a quadratic objective function where �max and �min arethe largest and smallest eigenvalues of the (constant) Hessian [73]. Others haveobtained bounds on f(xk) � f(x�) for certain classes of objective functions.However, an estimate for global convergence rate for more general objectivefunctions remains elusive. A summary of this work is presented in Nocedal[88]. The success obtained in proving global convergence leads us to exam-ine the global convergence proofs given above to see if they contain any insightinto algorithm performance. However, such insight is not obtained. Consideran algorithm that always obtains its next point on the boundary of W or Z.For Wolfe, this algorithm will always satisfy the su�cient decrease conditionwith equality. If the forcing function is �(t) = �t2, then the objective func-tion decreases by only �jrf(xk)Tdkj=kdkk2 at every iteration. This yields alinear convergence rate with a convergence ratio near one for � near zero. ForZangwill, the point obtained will be on the boundary of the closed mapping.20



Since g � f(x) is required only to be monotonically decreasing, again very slowconvergence is obtained. Thus, we see that the above two global convergenceproofs bound the algorithm in question by another algorithm that converges,however, very slowly. This results in a proof of global convergence but yieldslittle insight into algorithm performance at points far from the solution. Theseglobal convergence proofs do, however, say something about the reliability ofthe algorithm. They guarantee that the algorithm is reliable in the sense thatit will eventually converge to a local minimum.

21



4. Relaxing the Conditions for ConvergenceIn the previous chapter, we saw that global convergence theoremsdo not provide much insight into algorithm performance. Further, becauserate analysis is de�nitionally asymptotic, it is not useful for analyzing the per-formance of algorithms at points far from the solution. The large regions ofacceptance, W and Z, illustrated in Figures 3.1 and 3.2, respectively, and theextremely slow convergence of an algorithm limited to the boundary of these re-gions,indicates that almost any e�cient algorithm would �t into the frameworkprovided in the proofs. However, in this chapter we examine evidence that re-laxing these convergence conditions can actually lead to algorithms exhibitingfaster convergence rates. This evidence is divided into three sections that coverrelaxing the su�cient decrease condition, relaxing the bounded away from or-thogonality condition and relaxing both the su�cient decrease and boundedaway conditions.4.1 Relaxing the Su�cient Decrease ConditionIn the mid 1980's, Grippo et al. began a series of papers proposingthe advantages of using a nonmonotone line-search method to speed up the22



convergence rate. The �rst paper appeared in 1986 [53], the next in 1989[54], and another in 1990 [55]. This work was culminated in 1991 with apaper covering an entire class of non-monotone methods [56]. These \non-monotone methods" were summarized, tested and improved upon by Toint,con�rming the improved performance of the proposed algorithms [115, 116,119]. Panier and Tits [91] along with Bonnans et al. [8] immediately sawthe advantages of these techniques for constrained optimization problems andapplied the nonmonotone line-search idea to help alleviate the Maratos e�ectin their program FSQP. The Maratos e�ect arises in constrained optimization,where a reduction in a merit function is often enforced rather than using theobjective function because the objective function does not account for thepresence of the constraints. Often, the merit function used will not allow a fullNewton step to be taken, even at points very close to the solution. This e�ect,called the Maratos e�ect [76], prevents Newton's method from obtaining theasymptotic quadratic convergence rate.More recently, nonmonotone methods have been applied to a widevariety of algorithms and problems [26, 34, 36, 35, 117, 118, 120, 126, 130]. Forother nonmonotone methods see [4] and [74].These nonmonotone algorithms relax the su�cient decrease condition23



by replacing it with the weaker conditionmaxk�p�i�k(f(xi)) � f(xk+1) � �  j rf(xk)Tdk jkdkk ! ; (4.1)where p is on the order of 10 or less (the optimization program FSQP currentlyuses p = 3 [8, 91, 129]). While this condition allows for the relaxing of thesu�cient decrease condition, resulting in faster convergence in many cases,it does not explain why relaxing this condition helps. It also does not givea method or algorithm for determining when to relax the su�cient decreasecondition and when relaxing the su�cient decrease condition is not a goodidea.4.2 Relaxing the Bounded Away ConditionThe bounded away from orthogonality condition can be quite restric-tive if it is explicitly enforced. For example, consider Newton's method appliedto a quadratic problem, where Newton's method converges in just one itera-tion. However, for a given constant, c, there exist quadratic problems withan eigenvalue small enough that the full Newton step will violate the boundedaway from orthogonality condition. If the Newton step is modi�ed to satisfythe bounded away from orthogonality condition, this will result in destroyingthe Newton algorithm's performance on this quadratic problem.Allowing an unmodi�ed Newton step to be taken has proved to be24



very computationally e�cient in practice. Even though convergence has notbeen proven for such an algorithm, the inclusion of the bounded away conditionhas been found to be quite detrimental to the e�cient solution of real problems.Hence, relaxing the bounded away from orthogonality condition could, in manycases, improve algorithm performance.Trust region methods relax the bounded away from orthogonalitycondition. Rather than checking the step direction to ensure it is a descentdirection, trust region methods check how well the model �ts the function. Atthe end of each iteration, the relative function reduction is computed:�k = f(xk+1)� f(xk)m(xk+1)�m(xk) : (4.2)If 0:75 � �k, the model �t is considered to be good and the trust region size canbe increased. If �k � 0:25, the model �t is not good, and the trust region sizeis reduced. As the trust region size goes to zero, the step direction approachesthe negative gradient direction, so that a su�cient decrease will eventually beobtained ensuring the (theoretical) convergence of the algorithm [81]. In theregion where Newton's method is quadratically convergent, the model �t isgood, so the trust region size increases, and the model subproblem allows fullNewton steps to be taken. Thus, as long as the model is a good approximationto f(x) near xk the step direction need not be a descent direction. However, it25



is possible to show that the step to the minimizer of the trust region problemis alwaysl a descent direction. Thus, explicit inclusion of the bounded awayfrom orthogonality condition is not needed for trust region algorithms.However, trust region algorithms could also bene�t from relaxing thesu�cient decrease condition. Figure 4.1 illustrates one step of a trust regionalgorithm taken from two di�erent starting points using Rosenbrock's function[102]. One point, x̂, is near the valley 
oor while the other point, x, is farther o�the valley 
oor, yet both points are in close proximity to each other. The locusof acceptable points for a trust region algorithm initiating from both pointsare also illustrated in the �gure. Note that the point near the valley 
oor, x̂,has a shorter maximum step length than that obtained for the other point. Itwould be good if points that are in such close proximity could have the sametrust region size. However, if the algorithm were allowed a longer step lengthfrom x̂, then the objective function would have to increase. This illustrates theutility of relaxing the su�cient decrease condition for trust region algorithmsin certain cases. Some authors have applied the above nonmonotone ideas totrust region algorithms with some success [26, 117, 118, 120, 126].
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Figure 4.1. Trust-region algorithm for Rosenbrock's function.4.3 Relaxing Both ConditionsThe above discussion indicates that relaxing both the bounded awayand su�cient decrease conditions could be helpful. Here we discuss work thathas been done to relax both conditions.The \watchdog method" due to Chamberlain et al. [14] is an attemptto avoid the Maratos e�ect in constrained optimization. The basic idea behind27



the watchdog method is to take several Newton steps without checking anyconditions until after the last step. If the merit function has su�ciently de-creased, then the Newton steps will be accepted. If not, the Newton steps arediscarded, the algorithm goes back to the point where the Newton steps werestarted, and the step size is reduced. Thus, this method relaxes both conditionssince no conditions are checked during the Newton steps. This method can bequite e�ective. It can also increase the computer time required, and there isthe risk of taking a bad step, exponential over
ow or other di�culties. Thisidea has been incorporated by Grippo et al. [56] in their class of non-monotonemethods.Solodov [75, 111] weakens both conditions by picking a direction dkusing �rf(xk)Tdk � �(krf(xk)k) � �k ; (4.3)where �k � 0, �(�) is a forcing function, and picking a step size �k so thatf(xk)� f(xk+1) � � �irf(xk)Tdk � �k (4.4)with �k > 0 and �k � 0. He proves convergence when the following conditionshold: 1Xi=0 �k =1; 1Xi=0 �k�k <1; 1Xi=0 �k <1 : (4.5)These conditions relax both the original bounded away from orthogonality and28



su�cient decrease conditions. Solodov was able to show that some of thealgorithms used to train neural networks �t within this structure.
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5. A New Approach to Algorithm ConvergenceIn this section we examine the two convergence conditions more closelyto determine when relaxing each condition helps speed convergence and when itdoes not. The results are then combined to yield a new approach to algorithmconvergence.5.1 Examining the Bounded Away ConditionThe bounded away from orthogonality condition becomes a problemwhen the search direction denoted by dk � d(xk) is nearly orthogonal to thenegative gradient direction. The objective function will not decrease very fastalong such a direction, and will likely increase within a short distance of xk.This suggests minimizing an alternate function, h(x), with the following prop-erties.(1) �rh(x) = d(x) so that �rh(xk) = dk.(2) x� minimizes h(x).(3) h(x) has no local minimum other than x�.A function that satis�es the �rst condition is called a gradient mapping [89].30



De�nition 5.1 Amapping d(x) : D � <m ! <m is a gradient mappingon a subset D0 � D if there exists a G-di�erentiable function g : D0 �<m ! <1 such that d(x) = rg(x) for all x 2 D0.Such a function, if it exists, would solve the bounded away from orthogonalityproblem because the desired search direction would be the negative gradientdirection of the new function being minimized. The nonmonotone idea ofallowing f(x) to increase also becomes less of an issue because h(x) decreasesfastest along its negative gradient direction.Ortega and Rheinboldt state the following Theorem [89].Theorem 5.2 Let d(x) : D � <m ! <m be continuously di�erentiable on anopen convex set D0 � D. Then, d(x) is a gradient mapping on D0 if, and onlyif, rd(x) is symmetric for all x 2 D0.Thus, the desired function exists if, and only if, rd(x) is symmet-ric. This condition obviously holds for dk = �rf(xk). But, this condition isvery restrictive so that there are very few search directions that satisfy thiscondition.However, there are functions that relax the �rst condition while sat-isfying the other two conditions. Consider the functionh(x) = 12kr2f(x)�1rf(x)k2; (5.1)31



where the norm used is the Euclidean norm. The gradient of this function isrh(x) = hr2f(x)�1r2f(x)iT r2f(x)�1rf(x) +" mXi=1r(r2f(x)�1i )@f(x)@xi #T r2f(x)�1rf(x) ; (5.2)where r2f(x)�1i is the ith column of r2f(x)�1. At xk we haverh(xk) = �dk +" mXi=1r(r2f(xk)�1i )@f(xk)@xi #T r2f(xk)�1rf(xk) : (5.3)The second higher order term is the error obtained when using this h(x) toapproximate the �rst condition. Minimizing this h(x) is like minimizing thesquare of an estimate of the distance to the minimum. Hence, we will call allsuch functions minimum distance functions.This particular minimumdistance function has several problems. Thederivatives of h(x) needed for a steepest descent or Newton algorithm aredi�cult to obtain. The gradient and Hessian of the objective function, f(x),are needed at every point in a line search. This function could also �nd amaximum rather than a minimum. To alleviate some of these problems, onecould minimize a sequence of functionshk(x) = 12kr2f(xk)�1rf(x)k2 : (5.4)32



The gradient of this function isrhk(x) = hr2f(xk)�1r2f(x)iT r2f(xk)�1rf(x) : (5.5)At xk we now obtain �rh(xk) = dk as desired. However, we must ensure thatminimizing a sequence of such functions will converge, and that it will convergeto x� and not some other point. The idea behind this de�nition is to have atrust region for how far the current Hessian approximates the eigenvectors andeigenvalues of the problem. Here again, the gradient of the function is neededat each point during a line search.Now, we extend this idea to least-squares problems where the Gauss-Newton algorithm can be used to take advantage of the special structure of theproblem, see page 7. This yields the equationhk(x) = 12kJ(xk)+R(x)k2 : (5.6)In this case, when f(x) is evaluated, R(x) is also obtained because f(x) =12R(x)TR(x). Thus, there is no need to evaluate the gradient at each pointin the line search. Hence, this minimum distance function could be useful forrelaxing the bounded away from orthogonality condition.5.2 Examining the Su�cient Decrease ConditionIn this section we address the question, \When is allowing f(x) to in-crease a good idea?" The goal is to obtain an algorithm that can automatically33



determine the best point along the search direction.An obvious case where increasing f(x) along the search direction isbene�cial is illustrated in Figure 5.1 using a Rosenbrock type function. Twopossible next iterates, xk+1 and x̂k+1 are contrasted in the �gure. The pointxk+1 is obtained by minimizing the objective function along the typical Newtonor Gauss-Newton search direction. The point x̂k+1 is some arbitrary pointfarther along the search direction, where f(x̂k+1) > f(xk).
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Note that x̂k+1 is not necessarily the point obtained by taking a fullNewton or Gauss-Newton step. This point could be much farther out due tonear rank de�ciency in the Hessian and may cause an exponential over
ow orother numerical problems.The idea illustrated in Figure 5.1 is that it is easier to minimize f(x)along eigenvector directions with a large associated eigenvalue (e1 in the �gure)than it is to minimize f(x) along eigenvector directions with a very small as-sociated eigenvalue (e2 in the �gure) [74]. The objective function is allowed toincrease in order to make progress along the eigenvector directions with smallassociated eigenvalues. Thus, instead of minimizing f(x), a new function,hk(x), is minimized that weights the eigenvector directions with small asso-ciated eigenvalues more than the eigenvector directions with large associatedeigenvalues. Here we include the subscript k to indicate that the eigenvectorsand eigenvalues are obtained at xk.Let us design a new function for nonlinear least-squares objectivefunctions that has this property. Let J(xk) = USV T be the singular valuedecomposition of the current Jacobian matrix. Also, assume that J is of fullcolumn rank. Next, we rotate the residual vector by forming UTR(x). We now
35



de�ne our new function to behk(x) = 12kDUTR(x)k2 ; (5.7)where D is a diagonal matrix of scale factors that we shall use to scale theeigenvector directions. Note that if D = I, then hk(x) = f(x). We now pickthe diagonal elements of D denoted here by di so that they give a small weightto the large si and a large weight to the small si. One easy way to do thisis to set di = 1=si. This yields exactly the same minimum distance functionobtained above for nonlinear least-squares problems because12kDUTR(x)k2 = 12kV S+UTR(x)k2 = 12kJ(xk)+R(x)k2 : (5.8)Now, consider another case illustrated in Figure 5.2, a plot of arctan(x),which is an example of when it is not bene�cial to increase f(x). Assume thatthe objective function is f(x) = arctan(x)2, with minimum at the origin. IfNewton's method is started at some point far from the origin, it will takeincreasingly larger steps zig-zagging across the origin yielding ever increasingobjective function values until it eventually diverges to �1. If this example isminimized using a minimum distance function with constant eigenvectors andeigenvalues, the minimum will still be obtained. Since x 2 <1, J(xk)+ = 1=s1is a constant and hk(x) = 12kr1(x)=s1k2. Thus, hk(x) is just the objectivefunction modi�ed by a constant factor, so that the minimum is not a�ected.36
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Figure 5.2. Example of when increasing f(x) is not bene�cial.5.3 Combining the ResultsThe above results of examining the two convergence criteria haveboth amazingly suggested minimizing a minimum distance function along thesearch direction. It is instructive to examine what this idea does to a quadraticfunction where, Lf (xk) is an ellipse. In this case, Lh(xk) will be a circle, asshown in Figure 5.3, because Newton solves a quadratic function exactly. For37



the su�cient decrease condition, the new point xk+1 must lie inside Lf (xk),regions 1 and 3 in the �gure. If we require h(x) to decrease along the line-search direction, then the new point xk+1 must lie inside Lh(xk), regions 1 and2 in the �gure. Region 1 is ideal because both the objective function and theNewton step length are decreasing. Region 2 is the region we seek. Pointsin region 2 have f(xk+1) > f(xk) but the Newton step length is decreasingso convergence can still be obtained. Points where f(xk+1) > f(xk) that areoutside of Region 2 are not acceptable because the Newton step length isincreasing. If the algorithm accepts points in this region, convergence maynot be obtained. Region 3 is very interesting. Points in this region have alower objective function value but have an increased distance to the minimum.Requiring hk(x) to decrease along the search direction will exclude these pointsfrom consideration.
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6. A Minimum-Distance Function AlgorithmIn this section we consider minimizing a sequence of functionshk(x) = 12kJ(xk)+R(x)k2 ; (6.1)to take advantage of the special structure, see page 7. We often denote f(xk)by fk, R(xk) by Rk and J(xk) by Jk to simplify the notation when no confusionwill result.These functions have several nice properties. For example, considerthe gradient rhk(x) = �J(xk)+J(x)�T J(xk)+R(x) (6.2)and Hessianr2hk(x) = �J(xk)+J(x)�T �J(xk)+J(x)�+ nXi=1 yi(x)r2ri(x) (6.3)where yi(x) is the ith element of Yk(x) de�ned by:Yk(x) = (J(xk)+)TJ(xk)+R(x) : (6.4)Here we see that Yk(xk) ! 0 as xk ! x� if J(x)+ is continuous and boundedin a neighborhood of x�. It would be nice if this led to superlinear convergence40



for the associated Gauss-Newton Method. However, such is not the case. Thenegative gradient at xk is�rhk(xk) = � (J(xk)+J(xk))TJ(xk)+R(xk) = � J(xk)+R(xk) : (6.5)Ignoring the higher order terms in the Hessian yields the Gauss-Newton step�xk = � h(J+k Jk)T (J+k Jk)i�1 (J+k Jk)TJ+k Rk (6.6)= �J+k Rk : (6.7)Thus, the negative gradient direction and the Gauss-Newton direction for hk(x)coincide. These directions coincide because the �rst term in the Hessian isRTJRJ = RJ , a unitary orthogonal matrix, that projects onto the row spaceof J(xk). This gives the Hessian of hk(x) a much better condition numberthan the Hessian of f(x) when the higher order terms, S(x) on page 7, aresmall compared to the �rst order terms. In this case, r2hk(x) � RJ whiler2f(x) � J(x)TJ(x).Another nice feature of hk(x) can be seen when considering the casewhere J(x) is square, of full rank, and the residual at the solution is zero. Thistype of problem is often encountered in the solution of simultaneous non-linearequations. Here, we can rescale the residual with a non-singular scaling matrix,D, as ~R = DR. At the minimum, R = 0 so ~R = 0 as well, and ~R 6= 0 impliesthat R 6= 0. Thus, the two problems are equivalent. Now we have ~J = DJ41



and, since both D and J are square matrices of full rank, ~J+ = J�1D�1 [99].This leads to ~J+ ~R = J�1D�1DR = J+R : (6.8)Hence, the hk(x) functions are scale invariant with respect to scale changes inR for this special case. However, the result for scale changes in x is di�erent.Let ~x = Dx ; (6.9)~J = JD�1 ; (6.10)~J+ = DJ+ : (6.11)Then, hk(x) = 12kJ+Rk2 ; (6.12)= 12kD�1DJ+Rk2 ; (6.13)= 12kD�1 ~J+Rk2 ; (6.14)6= 12k ~J+Rk2 : (6.15)Thus, the hk(x) functions are not scale invariant with respect to scale changesin x. There are two problems with these functions that must be solvedbefore global convergence can be proved. First, hk(x) does not always decrease42



as x ! x�. Some problems have a singular value that goes to zero as x! x�causing hk(x)!1. The second problem can be seen with the rearrangementhk(x) = 12R(x)T (J(xk)+)TJ(xk)+R(x) : (6.16)This makes hk(x) look like the square of an alternate norm induced by thematrix Ak = (J(xk)+)TJ(xk)+ : (6.17)This de�nition of Ak is not of full rank; hence, this is not a norm. Herein liesthe di�culty: components of R(x) that are orthogonal to the column spaceof J are not considered. An algorithm that minimizes this function could notprevent these components increasing without bound. Hence, these orthogonaldirections must also be considered in order to obtain global convergence.Both of these problems are overcome by de�ning Ak asAk = (1� �k)(J+k )TJ+k + �kI; 0 < �k � 1 : (6.18)Then de�ne hk(x) = 12R(x)TAkR(x) = 12kR(x)k2Ak : (6.19)The parameter �k interpolates between a minimum distance function obtainedat �k = 0 and the objective function obtained at �k = 1. Changing �k allowsus to adjust the amount of allowable function increase during the line search,Figure 6.1. 43
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Figure 6.1. How � a�ects the minimum-distance function.It is also instructive to compare this with the nonmonotone method ofGrippo et al. [53]. Suppose maxk�p�i�k(f(xi)) is equal to the maximum func-tion value obtainable in Lh(xk). Then, the regions of acceptable next iteratesfor a quadratic objective function are as shown in Figure 6.2. The minimumdistance function will reject points in regions 3 and 4 while the nonmonotonemethod of Grippo et al. accepts such points. In these regions, kxk � x�k isincreasing so that the algorithm is diverging. The nonmonotone algorithm44



obtains convergence when maxk�p�i�k(f(xi)) eventually decreases. The mini-mum distance function obtains convergence by decreasing either kJ+k R(x)k orthe objective function.
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Figure 6.2. Comparison of nonmonotone and minimum distance regions.In the next section, we consider minimizing a sequence of these hk(x)functions using a line search method. However, we �rst present two lemmas.Lemma 6.1 For the Gauss-Newton direction, the above de�nition for hk(x)relaxes the bounded away from orthogonality condition as �k decreases fromone. That is, the parameter �k decreases the minimumallowable angle betweenthe negative gradient and the Gauss-Newton direction as �k decreases to zero.45



Proof: Using the Gauss-Newton direction, dk = �J+k Rk,cos(�) = RTkAkJkJ+k RkkJ+k Rkk kJTk AkRkk : (6.20)Noting that Ak ! (J+k )TJ+k (6.21)as �k approaches zero we obtain the limitcos(�) = RTk (J+k )TJ+k RkkJ+k Rkk2 = 1 ; (6.22)while, for �k = 1 we get the cos(�) obtained for the Gauss-Newton method.Lemma 6.2 The above de�nition for hk(x) relaxes the su�cient decrease con-dition as �k decreases from one if a decrease in 12kRTk+1(J+k )TJ+k Rk+1k2 is ob-tained.Proof: Take the su�cient decrease condition for f(x) and multiply by �k toobtain �k2 kRk+1k2 � �k2 kRkk2 + ��kRTk Jkdk : (6.23)Also consider1 � �k2 kRk+1k2(J+k )T J+k � 1� �k2 kRkk2(J+k )T J+k+ �(1� �k) �JTk (J+k )TJ+k Rk�T dk : (6.24)46



The sum of equations (6.23) and (6.24) gives the su�cient decrease conditionfor hk(x). If �k = 1, the su�cient decrease condition for f(x) is obtained.However, if a reduction in 12kRTk+1(J+k )TJ+k Rk+1k2 is obtained, this term cancompensate for an increase in f(x). Hence, the standard su�cient decreasecondition is relaxed if a decrease in 12kRTk+1(J+k )TJ+k Rk+1k2 is obtained. Thatan increase in f(x) does happen in some cases is illustrated in the next sectionusing Rosenbrock's function.These lemmas show that the features the minimum distance func-tions had of relaxing the bounded away and su�cient decrease conditions areretained by this modi�cation.6.1 Line Search AlgorithmWe now discuss the algorithm in detail and present the global con-vergence proof. The algorithm presented here uses the steepest descent searchdirection. While this is normally not a good choice because of the slow linearrate of convergence often observed, it is quite satisfactory in this case becausethe steepest descent direction for hk(x) is close to the Gauss-Newton direc-tion when �k is close to zero. Obviously, the algorithm could be improved byconsidering other search directions. 47



Algorithm 6.3 The minimum distance line-search algorithm is:Compute R(x1), f(x1), J(x1), J+(x1);Set q1 � f(x1);Set 0 < � < 1.(1) IF converged THEN quit(2) Pick �k so that RTk (J+k )TJ+k Rk2(qk � fk) + RTk (J+k )TJ+k Rk � �k � 1 ;Ak = (1 � �k)(J+k )TJ+k + �kI ;hk(xk) = 12RTkAkRk :(3) Obtain the search direction:dk = � JTk AkRkkJTk AkRkk :(4) Pick �k to minimize hk(xk +�kdk), then set xk+1 = xk +�kdk. This line-search is designed to ensure that the following su�cient decrease conditionis satis�ed: hk(xk+1) � hk(xk) � �(jrhk(xk)Tdkj) :(5) Pick qk+1 so that:f(xk+1) � qk+1 � qk + �[hk(xk+1)� hk(xk)] :48



(6) Compute J(xk+1) and increment k.(7) GOTO step 1Note that if �k = 1 at any iteration, our equation for choosing qk+1leads to the possibility that �k < 1 for the next iteration. Also, if �k is close tozero, but RTk (J+k )TJ+k Rk suddenly becomes large, our equation for choosing �kyields a value for �k closer to one. Thus, the algorithm can dynamically adjust�k as needed to switch between the in
uence of curvature and descent. When�k is small, the objective function can increase to allow for the curvature ofthe problem. When �k is close to one, the steepest descent direction for f issearched emphasizing descent.We now show that the algorithm is well de�ned. The su�cient de-crease condition for the line search in step 4 can be satis�ed by many standardline search algorithms [89]. We also need to show that our choice for �k keepsf(xk+1) small enough that a new value for qk+1 can be obtained from theequation f(xk+1) � qk+1 � qk + �[hk(xk+1)� hk(xk)] : (6.25)Theorem 6.4 Suppose �k is chosen to satisfyRTk (J+k )TJ+k Rk2(qk � fk) + RTk (J+k )TJ+k Rk � �k � 1 ; (6.26)49



and the su�cient decrease condition:hk(xk+1) � hk(xk) � �(jrhk(xk)Tdkj) (6.27)is satis�ed by the line search. Thenf(xk+1) � qk + �[hk(xk+1)� hk(xk)] : (6.28)Proof: Starting from the su�cient decrease conditionhk(xk+1) � hk(xk) � �(jrhk(xk)Tdkj) (6.29)and 0 < � < 1 we havehk(xk+1) � hk(xk) + �[hk(xk+1)� hk(xk)] : (6.30)Using the de�nition of AkAk = (1 � �k)(J+k )TJ+k + �kI (6.31)and the de�nition of hk(xk)hk(xk) = 12RTkAkRk ; (6.32)we have12RTk+1((1��k)(J+k )TJ+k + �kI)Rk+1 � hk(xk) + �[hk(xk+1)�hk(xk)] : (6.33)50



Expanding, and noting the de�nition for f(xk+1) we obtain�kf(xk+1) � hk(xk)� 1� �k2 RTk+1(J+k )TJ+k Rk+1 +�[hk(xk+1)� hk(xk)] : (6.34)Again, expanding Ak in hk(xk), we get�kf(xk+1) � 12RTk �(1 � �k)(J+k )TJ+k + �kI�Rk �1� �k2 RTk+1(J+k )TJ+k Rk+1 +�[hk(xk+1)� hk(xk)] : (6.35)Rearranging and dividing by �k givesf(xk+1) � f(xk) + 1 � �k2�k RTk (J+k )TJ+k Rk �1 � �k2�k RTk+1(J+k )TJ+k Rk+1 +��k [hk(xk+1)� hk(xk)] : (6.36)Here we are justi�ed in dividing by �k since0 < RTk (J+k )TJ+k Rk2(qk � fk) +RTk (J+k )TJ+k Rk � �k (6.37)because qk � fk was enforced during the previous iteration of the algorithm,and if RTk (J+k )TJ+k Rk � 0 ever becomes zero, the algorithm terminates. Rear-ranging the inequality for �k givesRTk (J+k )TJ+k Rk � 2�k(qk � fk) + �kRTk (J+k )TJ+k Rk ; (6.38)51



or f(xk) + 1 � �k2�k RTk (J+k )TJ+k Rk � qk : (6.39)Observing that 1 � �k2�k RTk+1(J+k )TJ+k Rk+1 � 0 ; (6.40)we obtainf(xk) + 1 � �k2�k RTk (J+k )TJ+k Rk � 1� �k2�k RTk+1(J+k )TJ+k Rk+1 � qk : (6.41)Inserting this relation into (6.36) we getf(xk+1) � qk + ��k [hk(xk+1)� hk(xk)] : (6.42)Noting that 0 < �k � 1 with [hk(xk+1)� hk(xk)] < 0 we obtain the �nal resultf(xk+1) � qk + �[hk(xk+1)� hk(xk)] (6.43)thus completing the proof.Next, we need to show that minimizing hk(x) also minimizes f(x).The following theorem characterizes the stationary point convergence of thealgorithm.Theorem 6.5 Suppose rhk(xk) = 0. Then R(xk) is orthogonal to the columnspace of J(xk). 52



Proof: We haverhk(xk) = JTk AkRk (6.44)= JTk h(1� �k)(J+k )TJ+k + �kIiRk (6.45)= (1� �k)JTk (J+k )TJ+k Rk + �kJTk Rk (6.46)= (1� �k) hJ+k JkiT J+k Rk + �kJTk Rk : (6.47)Using Equation 2.14 (noting that RJ = J+k Jk is symmetric), we haverhk(xk) = (1� �k)J(xk)+J(xk)J(xk)+R(xk) + �kJ(xk)TR(xk) ; (6.48)and from Equation 2.11 we obtain the simpli�ed equationrhk(xk) = (1� �k)J(xk)+R(kk) + �kJTk R(xk) : (6.49)Using the singular value decomposition for J(xk), we obtainrhk(xk) = V diag (1 � �ksi + �ksi if si > 0; 0 otherwise)UTR(xk) : (6.50)Since 0 � �k � 1, if rhk(xk) = 0 then R(xk) is orthogonal to the column spaceof J(xk).The de�nition for Ak implies that �k ! 1 is a su�cient condition forconvergence of the algorithm to a stationary point of f(x) because hk(x) !f(x) as �k ! 1. However, Theorem 6.5 shows that this condition is notnecessary. We now give our global convergence theorem.53



Theorem 6.6 Suppose at every iteration, �k is chosen using the equationRTk (J+k )TJ+k Rk2(qk � fk) + RTk (J+k )TJ+k Rk � �k � 1 ; (6.51)the su�cient decrease conditionhk(xk+1) � hk(xk) � �(jrhk(xk)Tdkj) (6.52)is satis�ed by the line-search, and qk is chosen usingf(xk+1) � qk+1 � qk + �[hk(xk+1)� hk(xk)] : (6.53)Then frf(xk)g ! 0 and any limit point of fxkg is a stationary point of f(x).Proof: Since � > 0 and �(�) is a forcing function, the su�cient decreasecondition hk(xk+1) � hk(xk) � �(jrhk(xk)Tdkj) (6.54)ensures that �[hk(xk+1)� hk(xk)] < 0. Thus,qk+1 � qk + �[hk(xk+1)� hk(xk)] : (6.55)ensures that qk+1 � qk and the sequence fqkg is a decreasing sequence. Notingthat f(xk) � qk and that f(x) � 0 for least-squares problems we see that theqk are bounded below by 0. Thus, the sequence fqkg is a convergent sequenceand the sequence fqk � qk+1g converges to zero. Rearranging0 � f(xk+1) � qk+1 � qk + �[hk(xk+1)� hk(xk)] (6.56)54



we have 0 � � �[hk(xk+1)� hk(xk)] � qk � qk+1 : (6.57)Rearranging the su�cient decrease condition gives�[hk(xk+1)� hk(xk)] � �(jrhk(xk)Tdkj) (6.58)so that0 � ��(jrhk(xk)Tdkj) � � �[hk(xk+1)� hk(xk)] � qk � qk+1 : (6.59)Since � > 0 is a constant, this implies that jrhk(xk)Tdkj approaches zero inthe limit. We are using steepest descent direction for hk. Thus, the boundedaway from orthogonality condition for our algorithm isjrhk(xk)Tdkj = krhk(xk)k (6.60)so that krhk(xk)k goes to zero in the limit. This along with Theorem 6.5 im-plies that frf(xk)g ! 0 so that any limit point of fxkg is a stationary pointof f(x). The above theorem ensures that the algorithm converges to a pointwhere the gradient of f(x) is zero. Stronger results can be obtained usingadditional assumptions on f(x). For example, if the minimum is unique, then55



the sequence fxkg also converges and it converges to the minimum. See alsoOrtega and Rheinboldt [89] for more details.However, �rst order stationary point convergence does not precludethe possibility of the algorithm converging to a local maximumof f(x). Grippoet al. [53] proved that Newton's method will not converge to a local maximum.A variation of their proof is given here that applies to more general situations,including Algorithm 6.3.Theorem 6.7 Suppose that the sequence fxkg, generated usingxk+1 = xk + �kdk ; (6.61)is well de�ned and remains in a set S where the function f(x) : S ! < hascontinuous second derivatives. Also, suppose that fxkg converges to x� 2 Swhere x� is a local maximumsuch that there exists an open sphere B(x�) whereyTr2f(x)y < 0 for all x 2 B(x�), y 6= 0. If �krf(xk)Tdk < 0 for all k, then x�cannot be a local maximum.Proof: Let � > 0 be such that �max[r2f(x)] � �� for all x 2 B(x�), where�max[H] is the maximum eigenvalue of H. Then, we can write:f(xk+1) = f(xk) +rf(xk)T [xk+1 � xk] + 12 [xk+1 � xk]Tr2f(xk)[xk+1 � xk] +r([xk+1 � xk])= f(xk) + �krf(xk)Tdk + 12[xk+1 � xk]Tr2f(xk)[xk+1 � xk] +56



r([xk+1 � xk])� f(xk) + �krf(xk)Tdk � 12�kxk+1 � xkk2 + r([xk+1 � xk])for all k, where lim�!0+(r(�)=�2) = 0.It follows from�krf(xk)Tdk � 0, that for su�ciently large k, f(xk+1) <f(xk) contradicting the assumption that x� is a local maximum.The strice inequality for the condition �krf(xk)Tdk < 0 in the aboveproof ensures that convergence is not obtained in a �nite number of iterations.If convergence were obtained in a �nite number of iterations, then �rst orderconvergence to a local maximum could be obtained. That Algorithm 6.3 doesnot converge to a local maximum is easily obtained using the above theoremand rf(xk)Tdk = � rf(xk)TJTk AkRkkJTk AkRkk = � RTk JkJTk AkRkkJTk AkRkk (6.62)so that �krf(xk)Tdk � 0 because �k > 0 and JkJTk Ak is positive semi-de�nite.
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7. Examples of Algorithm PerformanceAlgorithm 6.3 was coded using FORTRAN 77. The singular-valuedecomposition was used to obtain the required pseudo inverses [48]. Whilethis is a rather computationally intensive method, it is fast on test problemsand it adds valuable insight into the performance of the algorithm. Since theminimum-distance functions are sensitive to scale changes in x, the ith elementof xk was scaled using the scale factorSi = maxj=0;k(kJi(xj)k) : (7.1)This scaling option is used quite often; see, for example, Mor�e's Marquardtalgorithm [80] and NL2SOL [27, 28]. A method of choosing the two parameters�k and qk is also needed to implement the algorithm. The smallest possiblevalue of �k, �k = RTk (J+k )TJ+k Rk2(qk � fk) + RTk (J+k )TJ+k Rk ; (7.2)and the largest possible value of qk,qk+1 = qk + �[hk(xk+1) � hk(xk)] ; (7.3)with � = 10�4 were always used in this implementation to encourage the algo-rithm to use the minimum distance idea as much as possible. The initial value58



for q1 was chosen to yield a starting value of �1 = 0:5.The line search performs backtracking or extrapolation to obtain athree point pattern. The derivative at xk is used to perform backtracking. Oncea three point pattern is obtained, quadratic interpolation is used to obtain animproved point. The line search is terminated at the �rst point that satis�eshk(xk+1) � hk(xk) + ��krhk(xk)Tdk (7.4)where �k is the step length.The termination criteria used in the algorithm are:(1) f(xk) � 10�13, INFO = 1.(2) krf(xk)k � 10�12, INFO = 2.(3) The step length � max(1; kxkk)10�7, INFO = 3.(4) The number of function evaluations exceeds 200(m + 1), INFO = 4[82].(5) �k � 0:9999, INFO = 9999.The last termination test is used to stop the algorithm if it is essentially steepestdescent. This was done to prevent the algorithm from consuming too muchcomputer time. When �k is too close to one, the minimum distance idea is notworking and neither is the steepest descent method.The algorithm was tested using the Mor�e, Garbow, Hillstrom test59



problems [84, 83]. The performance of the algorithm on these standard prob-lems is given in Tables 7.1 and 7.2. The acronyms used by Mor�e et al. are givenin parentheses for reference. Any missing entries in one of the tables indicatethat the algorithm ran into some numerical di�culty and could not continue.A listing of the objective functions is given in Appendix A. The scale factorlisted is used to scale the starting point. Mor�e et al. designed these test prob-lems speci�cally to test, among other things, how well an algorithm performsunder scale changes in x. In the test set, many problems are repeated withthe starting point scaled by 10 and then 100. One example is Rosenbrock'sfunction, problem number 4, where the �rst row in the table uses the standardinitial point (�1:2; 1). The two succeeding rows use (�12; 10) and (�120; 100)respectively.For comparison, Tables 7.3 and 7.4 give the performance of an old(mid 1980's) version of Mor�e's Marquardt algorithm on the same test set [80].More's convergence criteria are:(1) Both actual and predicted relative reductions in the sum-of-squares areat most 10�8, INFO = 1.(2) Relative error between two consecutive iterates is at most 10�8, INFO= 2.(3) Conditions for both 1 and 2 hold, INFO = 3.60



(4) The cosine of the angle between R(x) and any column of the Jacobianis zero, INFO = 4.(5) Maximum number of function evaluations has been exceeded, INFO =5.

61



Problem Scale Function Jacobian ObjectiveNumber Factor Calls Calls Function Norm(NPROB) M N (NFEV) (NJEF) INFO (FINAL L2NORM)1 5 10 1 2 2 2 2.2360680D+001 5 50 1 2 2 2 6.7082039D+002 5 10 1 2 2 2 1.4638501D+002 5 50 1 3 3 2 3.4826302D+003 5 10 1 2 2 2 1.9097274D+003 5 50 1 3 3 2 3.6917294D+004 2 2 1 6 6 1 4.3299800D-084 2 2 10 5 5 1 6.9715345D-104 2 2 100 5 5 1 6.5081163D-105 3 3 1 10 9 1 1.9467384D-125 3 3 10 26 17 1 1.8631818D-135 3 3 100 181 64 1 5.4240424D-106 4 4 1 13 13 1 2.7555867D-076 4 4 10 16 16 1 3.3882791D-076 4 4 100 20 20 1 1.3249207D-077 2 2 1 16 9 9999 6.9988753D+007 2 2 10 22 12 9999 7.8965477D+007 2 2 1008 3 15 1 7 7 2 9.0635960D-028 3 15 10 29 13 3 9.0635960D-028 3 15 100 3 3 9999 4.1747279D+009 4 11 1 42 37 3 1.7535838D-029 4 11 10 8 7 9999 1.1500400D-019 4 11 100 5 3 9999 2.2209595D-0110 3 16 1 16 12 3 9.3779451D+0010 3 16 10 16 12 3 9.3779451D+00Table 7.1. Minimum distance algorithm performance on standard test prob-lems.
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Problem Scale Function Jacobian ObjectiveNumber Factor Calls Calls Function Norm(NPROB) M N (NFEV) (NJEF) INFO (FINAL L2NORM)11 6 31 1 86 45 3 4.7829594D-0211 6 31 10 17 17 2 4.7829594D-0211 6 31 100 21 20 2 4.7829594D-0211 9 31 1 426 181 2 1.1831146D-0311 9 31 10 22 15 2 1.1831146D-0311 9 31 100 19 17 2 1.1831146D-0311 12 31 1 2600 1116 4 2.3497279D-0211 12 31 10 13 11 2 2.1731040D-0511 12 31 100 69 33 2 2.1731040D-0512 3 10 1 219 80 1 2.7028459D-1213 2 10 1 9 5 9999 1.2257774D+0114 4 20 1 1001 395 4 3.2677102D+0214 4 20 10 1001 416 4 3.3237608D+0214 4 20 100 1000 411 4 3.2367148D+0215 1 8 1 1 1 2 1.8862380D+0015 1 8 10 28 28 2 1.8842482D+0015 1 8 100 36 36 2 5.8315069D+0215 8 8 1 73 25 9999 8.4654539D-0215 9 9 1 17 11 1 1.9295463D-0915 10 10 1 137 39 9999 1.4342183D-0116 10 10 10 17 4 9999 3.6390336D-0116 10 10 100 11 10 2 6.1315453D-0716 30 30 1 11 7 1 3.5793833D-0816 40 40 1 11 7 1 3.7277429D-0817 5 33 1 17 13 2 7.3924926D-0318 11 65 1 25 19 3 2.0034404D-01Table 7.2. Minimum distance algorithm performance on standard test prob-lems continued.
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Problem Scale Function Jacobian ObjectiveNumber Factor Calls Calls Function Norm(NPROB) M N (NFEV) (NJEF) INFO (FINAL L2NORM)1 5 10 1 3 2 3 2.2360680D+001 5 50 1 3 2 2 6.7082039D+002 5 10 1 3 2 1 1.4638501D+002 5 50 1 3 2 1 3.4826302D+003 5 10 1 3 2 1 1.9097274D+003 5 50 1 3 2 1 3.6917294D+004 2 2 1 21 16 4 0.0000000D+004 2 2 10 8 5 2 0.0000000D+004 2 2 100 6 4 2 0.0000000D+005 3 3 1 11 8 2 9.9365231D-175 3 3 10 20 15 2 1.0446809D-195 3 3 100 19 16 2 3.7665334D-296 4 4 1 500 499 5 0.0000000D+006 4 4 10 500 499 5 0.0000000D+006 4 4 100 66 65 4 9.3220945D-357 2 2 1 14 8 1 6.9988752D+007 2 2 10 19 12 1 6.9988752D+007 2 2 100 24 17 1 6.9988752D+008 3 15 1 6 5 1 9.0635960D-028 3 15 10 37 36 1 4.1747687D+008 3 15 100 14 13 1 4.1747687D+009 4 11 1 18 16 1 1.7535838D-029 4 11 10 78 70 1 3.2052193D-029 4 11 100 500 369 5 2.2569255D-0210 3 16 1 126 116 2 9.3779451D+0010 3 16 10 400 346 5 7.9607763D+02Table 7.3. Mor�e's Marquardt algorithm performance on standard test prob-lems.
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Problem Scale Function Jacobian ObjectiveNumber Factor Calls Calls Function Norm(NPROB) M N (NFEV) (NJEF) INFO (FINAL L2NORM)11 6 31 1 8 7 1 4.7829594D-0211 6 31 10 14 13 1 4.7829594D-0211 6 31 100 15 14 1 4.7829594D-0211 9 31 1 8 7 2 1.1831146D-0311 9 31 10 19 15 1 1.1831146D-0311 9 31 100 18 15 1 1.1831146D-0311 12 31 1 10 9 3 2.1731040D-0511 12 31 10 13 12 2 2.1731040D-0511 12 31 100 34 28 3 2.1731040D-0512 3 10 1 7 6 2 1.5700924D-1613 2 10 1 21 12 1 1.1151779D+0114 4 20 1 254 236 1 2.9295429D+0214 4 20 10 53 42 1 2.9295429D+0214 4 20 100 238 222 1 2.9295429D+0215 1 8 1 1 1 4 1.8862380D+0015 1 8 10 29 28 1 1.8842482D+0015 1 8 100 47 46 1 1.8842482D+0015 8 8 1 39 20 1 5.9303235D-0215 9 9 1 12 9 2 1.9859084D-1615 10 10 1 25 12 1 8.0647100D-0216 10 10 1 14 12 2 3.0967064D-1516 10 10 10 13 8 2 3.0303191D-1516 10 10 100 22 20 2 2.1868857D-1516 30 30 1 19 14 2 2.2480051D-1316 40 40 1 19 14 2 4.7146716D-1417 5 33 1 18 15 1 7.3924926D-0318 11 65 1 16 12 1 2.0034404D-01Table 7.4. Mor�e's Marquardt algorithm performance on standard test prob-lems, continued.
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The algorithm performs well on problems where kJ(xk)+R(xk)k ! 0in some neighborhood of the minimum. When this condition does not exist,�k ! 1 and the algorithm becomes steepest descent. Hence, the algorithmperforms poorly on such problems.While these results are not spectacular they are encouraging. Wedid not expect to get exceptional results using the steepest descent direction.Incorporating a better search direction into the algorithm should help to greatlyimprove algorithm performance. The results indicate that more work could bedone to improve the scaling of our algorithm. However, many of the desiredobjectives of the above analysis were observable in the test cases. Speci�cexamples taken from some of the test problems are listed in the followingsections.7.1 Rosenbrock's FunctionThe residuals for Rosenbrock's function [102], problem number 4, arer1(x) = 10(x2 � x21) (7.5)r2(x) = 1� x1 : (7.6)Rosenbrock's function is a classic zero-residual least-squares problem wherekJ(xk)+R(xk)k ! 0 and Gauss-Newton exhibits a quadratic convergence rate.This problem illustrates several nice properties of the minimum-distance66



algorithm. First, if the algorithm is initialized using a value of �1 near one, then�k ! 0 as xk ! x�. To illustrate this, we ran the algorithm with �1 = 0:95.The path taken by the algorithm in this case is given in Figure 7.1. As can beseen, the �rst direction is essentially the negative-gradient direction. However,succeeding directions quickly move away from the negative-gradient directionand the algorithm quickly converges to the minimum. Also observable in theearly iterations of Figure 7.1 are the classic oscillations characteristic of usinga steepest descent algorithm. These oscillations dampen as �k gets smaller andthe Gauss-Newton direction is approached. That �k quickly becomes small isevident from Figure 7.2, a semi-log plot of �k versus the iteration number.
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Figure 7.1. Minimum-distance function path for �1 = 0:95.
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Figure 7.2. Convergence of �k for �1 = 0:95.This problem also illustrates that values of �k that are not too close toone allow the objective function to increase, yet convergence to the minimumis still obtained. For this �1 = 0:95 case, this occurs at iteration two as shownin Figure 7.3.
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Figure 7.3. Objective function values for �1 = 0:95.Next, the algorithm was run with �1 = 0:8. This yields a startingdirection that is closer to the Gauss-Newton direction as seen in Figure 7.4.This allows �k to decrease more quickly, Figure 7.5. This quicker drop in�k allows the algorithm to increase the objective function, Figure 7.6. Thesecombined e�ects help speed up the algorithm resulting in fewer iterations beingrequired than in the �1 = 0:95 case. 70
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Figure 7.5. Convergence of �k for �1 = 0:8.

72



0

2

4

6

8

10

12

14

16

0 1 2 3 4 5

Iteration Number

O
b

je
ct

iv
e 

F
u

n
ct

io
n

 V
al

u
e

Figure 7.6. Objective function values for �1 = 0:8.As �1 gets smaller, greater increases in f(x) are allowed. This is illus-trated with the same series of plots where the algorithm is run with �1 = 0:5.Here, a starting direction very near the Gauss-Newton direction is obtained,Figure 7.7, and �k very quickly gets small, Figure 7.8. As in the previous ex-amples, the objective function is allowed to increase yet eventually convergesto zero, Figure 7.9. This �nal case obtains the minimum in fewer iterationsthan required for the previous two cases.73
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Figure 7.8. Convergence of �k for �1 = 0:5.
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Figure 7.9. Objective function values for �1 = 0:5.7.2 Freudenstein and Roth's FunctionThe residuals for the Freudenstein and Roth function [44], problemnumber 7, arer1(x) = � 13 + x1 + ((5 � x2)x2 � 2)x2 (7.7)r2(x) = � 29 + x1 + ((x2 + 1)x2 � 14)x2 : (7.8)76



While the minimum-distance function algorithm does very well on Rosenbrock'sfunction, the Freudenstein and Roth function causes it quite some di�culty.This problem has a non-zero residual for one of its local minimums where oneof the singular values approaches zero as fxkg ! x�. The Jacobian for thisproblem is J(x) = 26664 1 �3x22 + 10x2 � 21 3x22 + 2x2 � 14 37775 : (7.9)This Jacobian becomes singular when the �rst column is a scalar multiple ofthe second column. That is, the Jacobian becomes singular when�3x22 + 10x2 � 2 = 3x22 + 2x2 � 14 : (7.10)This is a quadratic equation in x2 that can be easily solved to obtain x2 =�0:8968 : : : and x2 = 2:230138 : : :. The local minimum that causes the dif-�culty is at (11:41 : : : ;�0:8968 : : :). The minimum-distance algorithm hastrouble when kJ(xk)+R(xk)k ! 1. In this case, this happens when x2 !�0:8968 : : :. Once this happens, �k ! 1, the steepest-descent algorithm isobtained and the algorithm terminates when �k � 0:9999.As seen in Table 7.1, the �rst instance of problem number 7 termi-nated at a point very near the local minimum where the norm of the objectivefunction obtained is very near the optimal value of 6:99887 : : :. For this case,the minimum-distance algorithm took only a few iterations to get this close.77



Once this point is reached, the resulting steepest-descent algorithm is unableto successfully �nd the minimum in a reasonable number of iterations.The results for the other two cases, where the algorithm is startedat 10 and 100 times farther away from the minimum, were not as good. Dur-ing the �rst few iterations large decreases in the objective function and alsoin kJ(xk)+R(xk)k were obtained causing �k to get very small. Then, the al-gorithm starts to get close to x2 = �0:8968 : : : where the associated singularvalue is close to zero. This causes kJ(xk)+R(xk)k to increase as expected.However, at this point, an interesting scaling problem is observed. The drop inthe singular value is enough to dominate the Gauss-Newton direction but notenough to a�ect �k. The drop obtained in the objective function during the�rst few iterations caused the 2(qk� fk) term in the equation for obtaining �k,�k = RTk (J+k )TJ+k Rk2(qk � fk) + RTk (J+k )TJ+k Rk ; (7.11)to become very large. Once the singular value started to become small, thisequation should have caused �k to approach one causing the algorithm to turntoward the minimum. This is what happened in the �rst case. In the othercases, the 2(qk � fk) term dominates causing �k to remain small. This causesthe algorithm to search primarily along x2 making very little progress alongx1. Eventually, the singular value gets small enough that �k approaches one.78



However, no progress is made toward the minimum along the other singulardirection characterized by x2 = �0:8968 : : : and steepest-descent cannot �ndthe minimum.Thus, it is observed that the 2(qk � fk) term must be scaled properlyfor the algorithm to work well. If 2(qk � fk) is too large, then �k will remainsmall. If 2(qk�fk) is too small, then �k will stay close to one. Picking �1 to besome reasonable value, e.g. 0.5, appears to scale the 2(qk � fk) term for manyproblems. However, some dynamic scaling is needed to improve the minimum-distance algorithm's performance. Such a scaling algorithm needs to �nd ane�ective balance between allowing �k ! 0 for fast convergence and �k ! 1when a singular value is approaching zero.7.3 Powell's Singular FunctionThe residuals for Powell's singular function [92], problem number 6,are r1(x) = x1 + 10x2 (7.12)r2(x) = p5(x3 � x4) (7.13)r3(x) = (x2 � 2x3)2 (7.14)r4(x) = p10(x1 � x4) (7.15)79



with a minimum objective function value of zero at (0; 0; 0; 0). The Jacobianfor this problem,J(x) = 266666666666664 1 10 0 00 0 p5 �p52(x2 � 2x3) �4(x2 � 2x3) 0 0p10 0 0 �p10 377777777777775 ; (7.16)is obviously singular at the minimum by simply examining the third row.Hence, this problem is a mixture of the above two problems. It is a zeroresidual problem like Rosenbrock's function but it also has a singular valuethat approaches zero as xk approaches the minimum. The minimum distancefunction performs very well on this problem since kJ(xk)+R(xk)k ! 0 as xk ap-proaches the minimum. This allows �k to approach zero so that the algorithmsearches a direction approaching the Gauss-Newton direction.
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8. Extensions and Future ResearchTwo convergence conditions, the bounded away from orthogonalityand su�cient decrease conditions, were identi�ed as keys to algorithm perfor-mance. At �rst, these conditions appeared to be general enough to cover mostany e�cient algorithm. However, a detailed study of the nonmonotone algo-rithms in the literature indicated that relaxing these two convergence condi-tions could yield faster convergence. Further analysis revealed that an estimateof the distance to the minimum relaxes both the bounded away and su�cientdecrease conditions. These minimum distance functions also pick an optimalpoint for a line-search in the following sense. If the estimate of the distance tothe minimum is accurate, the distance to the minimum is minimized at eachiteration.We developed a line-search algorithm, based on minimizing a minimum-distance function along its steepest descent direction. Unlike the nonmonotonealgorithms in the literature, this minimumdistance function algorithm dynam-ically adjusts to account for changes between the in
uence of curvature anddescent. The algorithm does not force a reduction in the objective function81



at each iteration, yet it allows f(x) to increase during an iteration only if thiswill result in faster convergence. A variant of this algorithm was tested usingsome standard test functions. While good performance of the algorithm wasobserved, faster convergence could be obtained if a better search direction isused. One such enhancement would be to include trust region logic. Trustregion algorithms have proven to be very e�ective in practice and were shownin this thesis to relax the bounded away from orthogonality condition. Thus,if �k ! 1, then an e�cient algorithm that relaxes the bounded away fromorthogonality condition will result.The nonmonotone idea of Grippo et. al. [53] has been used for con-strained optimization to help eliminate the Maratos e�ect [8]. This suggeststhat extending the minimumdistance function idea to constrained optimizationproblems could be bene�cial. First, let us consider linear equality constraints,e(x) = 0. Let J (+) represent the pseudo inverse of J restricted to the linearequality constraints, e(x) = 0 [99]. Then the nonlinear least-squares minimum-distance function becomeshk(x) = 12kJ (+)(xk)+R(x)k2 : (8.1)This is equivalent to the problem of minimizinghk(x) = 12kx � x�kk2 (8.2)82



where x�k = argmin12kJ(xk)[x� xk] + R(xk)k2 S.T. e(x) = 0 : (8.3)In our minimum-distance function approach, we minimized an estimate ofthe distance to the minimum of an unconstrained problem. Here, we use aquadratic approximation to obtain an estimate of the distance to a constrainedminimum and we minimize this distance. Such a minimum-distance functionwould allow feasible and non-feasible iterates.This idea is very similar to the original idea of allowing f(x) to in-crease along the line-search direction in order to make progress along an eigen-vector direction with small associated eigenvalue. Here, the algorithm is al-lowed to go infeasible in order to make progress along a constraint. Considermodifying our least-squares objective function to obtain the penalty functionf(x) = Me(x)2 + 12 nXi=1 ri(x)2 ; (8.4)where M is a large positive constant. This yields an illconditioned uncon-strained nonlinear least-squares problem with an eigenvector (with a smallassociated singular value) oriented along the constraint e(x). If the minimum-distance function idea is applied to this penalty function, the algorithm willallow f(x) to increase in order to move along the small singular-value eigen-vector direction that points along the constraint. Thus, the idea of increasing83



f(x) to make progress along a small singular-value direction and the idea ofallowing the iterates to go infeasible in order to make progress along a con-straint, in this case, coincide. Comparing the performance of the minimumdistance idea using the penalty function approach to the performance of theabove constrained minimum-distance function could be quite enlightening.The above example used a penalty function to convert a constrainedproblem to an unconstrained problem. The minimum-distance function ideaalso converts a constrained problem into an unconstrained problem. At eachfunction evaluation of this new hk(x) we solve a constrained-quadratic subprob-lem. This idea can easily be extended to include general nonlinear constraintsby minimizing hk(x) = 12kx � x�kk2 ; (8.5)wherex�k = argmin12kJ(xk)[x� xk] + R(xk)k2 S.T. the constraints : (8.6)If these constraints are linearized, a quadratic problem with linear constraints isobtained that can be solved iteratively to yield the solution to the subproblem.This decouples the nonlinearity of the objective function from the nonlinearityof the constraints. The resulting algorithm should exhibit a fast convergence84



rate and the nonmonotone idea incorporated into the minimum-distance func-tion should eliminate the Maratos e�ect.
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APPENDIX A Standard Test Functions(1) Linear function, full rank [84].m is variable, n � mri(x) = xi � 2n �Pmj=1 xj�� 1, 1 � i � mri(x) = � 2n �Pmj=1 xj�� 1, m < i � nx0 = (1; : : : ; 1)f = n�m at (�1; : : : ;�1)(2) Linear function, rank 1 [84].m is variable, n � mri(x) = i �Pmj=1 jxj�� 1x0 = (1; : : : ; 1)f = n(n�1)2(2n+1) at any point where Pmj=1 jxj = 32n+1(3) Linear function, rank 1 with zero columns and rows [84].m is variable, n � mr1(x) = � 1ri(x) = (i� 1) �Pm�1j=2 jxj�� 1, 2 � i < nrn(x) = � 1x0 = (1; : : : ; 1)f = n2+2n�62(2n�3) at any point where Pm�1j=2 jxj = 32n�3(4) Rosenbrock's Function [102]. 86



m = 2, n = 2r1(x) = 10(x2 � x21)r2(x) = 1� x1x0 = (�1:2; 1)f = 0 at (1; 1)(5) Helical valley funciton [43].m = 3, n = 3r1(x) = 10[x3 � 10�(x1; x2)]r2(x) = 10[qx21 + x22 � 1]r3(x) = x3where �(x1; x2) = 8>>><>>>: 12� arctan �x2x1� ; if x1 > 012� arctan �x2x1�+ 0:5; if x1 < 0x0 = (�1; 0; 0)f = 0 at (1; 0; 0)(6) Powell singular function [92].m = 4, n = 4r1(x) = x1 + 10x2r2(x) = p5(x3 � x4)r3(x) = (x2 � 2x3)2 87



r4(x) = p10(x1 � x4)x0 = (3;�1; 0; 1)f = 0 at (0; 0; 0; 0)(7) Freudenstein and Roth Function [44].m = 2, n = 2r1(x) = � 13 + x1 + ((5 � x2)x2 � 2)x2r2(x) = � 29 + x1 + ((x2 + 1)x2 � 14)x2x0 = (0:5;�2)f = 0 at (5; 4)f = 48:9842 : : : at (11:41 : : : ; 0:8968 : : :)(8) Bard Function [2].m = 3, n = 15ri(x) = yi � �x1 + i(16�i)x2+min(i;16�i)x3�wherei yi i yi i yi1 0.14 6 0.32 11 0.732 0.18 7 0.35 12 0.963 0.22 8 0.39 13 1.344 0.25 9 0.37 14 2.105 0.29 10 0.58 15 4.3988



x0 = (1; 1; 1)f = 8:21487 � � � 10�3f = 17:4286 : : : at (0:8406 : : : ;�1;1)(9) Kowalik and Osborne Function [68].m = 4, n = 11ri(x) = yi � x1(u2i+uix2)u2i+uix3+x4wherei yi ui i yi ui1 0.1957 4.0000 7 0.0456 0.12502 0.1947 2.0000 8 0.0342 0.10003 0.1735 1.0000 9 0.0323 0.08334 0.1600 0.5000 10 0.0235 0.07145 0.0844 0.2500 11 0.0246 0.06256 0.0627 0.1670x0 = (0:25; 0:39; 0:415; 0:39)f = 3:07505 � � � 10�4f = 1:02734 � � � 10�3 at (+1;�14:07 : : : ;�1;�1)(10) Meyer Function [79].m = 3, n = 16ri(x) = x1 exp h x245+5i+x3 i� yi89



wherei yi i yi1 34780 9 82612 28610 10 70303 23650 11 60054 19630 12 51475 16370 13 44276 13720 14 38207 11540 15 33078 9744 16 2872x0 = (0:02; 4000; 250)f = 87:9458 : : :(11) Watson Function [68].2 � m � 31, m = 31ri(x) = Pmj=2(j � 1)xj( i29)j�2 � �Pmj=1 xj( i29)j�1�� 1, 1 � i � 29r30(x) = x1r31(x) = x2 � x21 � 1x0 = (0; : : : ; 0)f = 2:28767 � � � 10�3 for m = 6f = 1:39976 � � � 10�6 for m = 990



f = 4:72238 � � � 10�10 for m = 12(12) Box Three-Dimensional Function [9].m = 3, n � mri(x) = exp[�tix1]� exp[�tix2]� x3(exp[�ti]� exp[�10ti])where ti = 0:1ix0 = (0; 10; 20)f = 0 at (1; 10; 1), (10; 1;�1) and wherever (x1 = x2 and x3 = 0)(13) Jennrich and Sampson Function [65].m = 2, n � mri(x) = 2 + 2i � (exp[ix1] + exp[ix2])x0 = (0:30:4)f = 124:362 : : : at x1 = x2 = 0:2587 : : : for n = 10(14) Brown and Dennis Function [12].m = 4, n � mri(x) = (x1+ tix2� exp[ti])2+(x3+x4 sin[ti]� cos[ti])2 where ti = i=5x0 = (25; 5;�5;�1)f = 85822:2 : : : for n = 20(15) Chebyquad Function [37].m is variable, n � mri(x) = 1m Pmj=1 Ti(xj) � R 10 Ti(x)dx where Ti(x) is the ith Chebyshev91



polynomial shifted to the interval [0; 1]x0 = (�j) where �j = jm+1f = 0 for m = n, 1 � n � 7, and n = 9f = 3:51687 � � � 10�3 for m = n = 8f = 6:50395 � � � 10�3 for m = n = 10(16) Brown Almost-Linear Function [11].m is variable, n = mri(x) = xi +Pmj=1 xj � (m+ 1), 1 � i < mrm(x) = �Qmj=1 xj�� 1x0 = (0:5; : : : ; 0:5)f = 0 at (�; : : : ; �; �m�1) where � satisi�esm�m�(m+1)�m�1+1 = 0;in particular, � = 1f = 1 at (0; : : : ;m+ 1)(17) Osborne 1 Function [90].m = 5, m = 33ri(x) = yi � (x1 + x2 exp[�tix4] + x3 exp[�tix5])where ti = 10(i � 1) and
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i yi i yi i yi1 0.844 12 0.718 23 0.4782 0.908 13 0.685 24 0.4673 0.932 14 0.658 25 0.4574 0.936 15 0.628 26 0.4485 0.925 16 0.603 27 0.4386 0.908 17 0.580 28 0.4317 0.881 18 0.558 29 0.4248 0.850 19 0.538 30 0.4209 0.818 20 0.522 31 0.41410 0.784 21 0.506 32 0.41111 0.751 22 0.490 33 0.406x0 = (0:5; 1:5;�1; 0:01; 0:02)f = 5:46489 � � � 10�5(18) Osborne 2 Function [90].m = 11, m = 65ri(x) = yi � (x1 exp[�tix5] + x2 exp[�(ti � x9)2x6]+x3 exp[�(ti � x10)2x7] + x4 exp[�(ti � x11)2x8])where ti = (i� 1)=10 and 93



i yi i yi i yi1 1.366 23 0.694 45 0.6722 1.191 24 0.644 46 0.7083 1.112 25 0.624 47 0.6334 1.013 26 0.661 48 0.6685 0.991 27 0.612 49 0.6456 0.885 28 0.558 50 0.6327 0.831 29 0.533 51 0.5918 0.847 30 0.495 52 0.5599 0.786 31 0.500 53 0.59710 0.725 32 0.423 54 0.62511 0.746 33 0.395 55 0.73912 0.679 34 0.375 56 0.71013 0.608 35 0.372 57 0.72914 0.655 36 0.391 58 0.72015 0.616 37 0.396 59 0.636
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i yi i yi i yi16 0.606 38 0.405 60 0.58117 0.602 39 0.428 61 0.42818 0.626 40 0.429 62 0.29219 0.651 41 0.523 63 0.16220 0.724 42 0.562 64 0.09821 0.649 43 0.607 65 0.05422 0.649 44 0.653x0 = (1:3; 0:65; 0:65; 0:7; 0:6; 3; 5; 7; 2; 4:5; 5:5)f = 4:01377 � � � 10�2
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