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ABSTRACTWe propose and analyze three multilevel iterative solvers of both domain de-composition and multigrid type. All of these methods are algebraic, allowingalmost or fully black-box implementation. Their development was motivated bythe need to solve large algebraic systems of equations resulting from �nite ele-ment discretizations of self-adjoint, second order uniformly elliptic problems onunstructured three-dimensional meshes. Two of the methods discussed performa simple, but e�ective domain decomposition as a part of the solving process.This allows for a remarkable adaptivity, where the decomposition is generateddepending on the di�culty of the problem without requiring an input of a di�er-ent decomposition. We focus on achieving robustness features that allow usingthe new methods as a replacement of direct solvers for solving these systems. Thenew methods are superior in terms of computational complexity and storage re-quirements. On serial architectures, the asymptotic computational complexityof these methods for solving 3D problems is shown to be in the range of O(n7=6)and O(n49=33). The methods all bene�t from implementation on modern par-allel architectures which can reduce the computational complexity to O(n7=6)iii



for all three methods. The theoretical results are accompanied by computa-tional experiments con�rming the theoretically predicted convergence propertiesand suggesting the potential of the methods for solving a much wider variety ofproblems than those covered by the current theory.

This abstract accurately represents the content of the candidate's thesis.I recommend its publication.Signed Jan Mandel
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\The sole aim of science is the honor of the human mind,and from this point of view a question about numbersis as important as a question about the system of the world."{ C. G. J. Jacobi



1. Introduction and Model Problem1.1 PrologueAfter discretization, many problems of engineering practice reduce tothe numerical solution of linear systems. These systems are typically very large,sparse, unstructured and ill-conditioned. The performance of linear solvers forthese discretized problems in terms of computational complexity is usually ap-proximated by �n�, where n is the number of degrees of freedom and �; � areconstants dependent on the particular choice of solution method.The value of � is smaller for direct solvers than for iterative ones, whichmakes them less costly for small to medium size problems. Furthermore, it is typ-ically much less sensitive with respect to the conditioning of the problem. Thisrobustness feature is the chief advantage direct solvers provide. Unfortunately,the exponent � is signi�cantly larger for direct solvers, which makes their appli-cation prohibitively expensive for large problems. Further, the lack of structurein the problems makes e�cient and versatile implementation of direct solvers onmodern vector and parallel computers troublesome. Another problematic issueconcerning direct solvers is the amount of storage needed to carry out the nec-essary computations, as even the most sophisticated direct methods cannot, asa matter of principle, avoid �ll-in in computing factorization of a matrix.The ever increasing demand to analyze very large �nite element sys-tems together with the drawbacks of direct solvers suggests considering iterative1



solvers as an alternative for solving today's and future problems of practicalinterest. In order to design an iterative method as a worthy replacement of ex-isting state of the art direct solvers for solution of the large problems, the issueof robustness has to be resolved. In order to achieve robustness features similarto those of direct methods, it is necessary to �nd ways of easing the dependenceof their constant � on the conditioning of the original problem. A common wayto tackle this problem is an application of a conjugate gradient method with aproperly chosen preconditioner. For a large class of problems, two- or multilevelmethods seem to be the most appropriate choice for a preconditioner because oftheir convergence and computational complexity properties. It is desirable forcommercial solver packages to be able to generate coarse discretizations with theproperty that smooth error components on a given discretization are well ap-proximated by a consecutive coarser level space. In addition, the process should,if possible, be completely automatic, without dependence on explicit knowledgeof the underlying �nite element mesh. The solvers should be able to rely on aslittle information about the problem as possible (in extreme case, only its dis-crete representation), while being able to exploit any additional information thatmight be available. Despite the limited input, they must be able to e�cientlytreat practical problems.The idea of employing a problem of reduced dimension related to theproblem to be solved had been known on both discrete and continuous levelslong before the advent of systematic studies of multilevel methods. It appearedin the works on the problems of economic modeling by Leontief in 1930's in acontext closely related to the aggregation technique we will use in Section 3.2.2



The idea of nested iterations related to multigrid method can be traced back toSouthwell in 1940's. On the continuous level, the idea is known to have beenemployed in solving the problems of reactor physics by Enrico Fermi in early1940's and later by Morozov [70] and others.Despite the wealth of the multilevel literature, up until recently theknown multilevel methods could not guarantee the above requirements of gen-erality and mesh-independence of the method for general nonuniform meshes.For these reasons, algebraic multilevel iterative techniques are very attractive.The two-level domain decomposition o�ers one solution, mixing direct solvers atsubdomain level with an iterative method on the interface level. The localizationof the data in these methods makes them very suitable for modern parallel com-puters. Another candidate is the class of algebraic multigrid methods. Theseare usually harder to parallelize, but their convergence properties and possiblyoptimal computational complexity are very favorable. The construction of thesealgebraic multigrid (AMG) and domain decomposition (DD) methods has beenthe focus of interest in the last years, as to which the growing list of referencesdealing with the topic attests (e.g., the pioneering works leading to AMG of thepresent day by Brandt, McCormick, Ruge and St�uben [16, 77, 78, 82], and themore recent papers by Van�ek, Mandel and Brezina [87, 86].)Our goal will be to design and study such algebraic methods. Focusingon the class of problems arising from the �nite element discretization of ellip-tic partial di�erential equations, we propose several iterative solvers. Althoughthese are e�cient methods in their own right, we will view them mainly as pre-conditioners for the preconditioned conjugate gradient method.3



The work is organized in 7 chapters. In the rest of Chapter 1 we intro-duce a model problem and some notation used throughout this thesis. We alsorecall the preconditioned conjugate gradient method as a means of e�cient solu-tion of large sparse systems. Chapter 2 gives an overview of some existing stateof the art domain decomposition methods which bear relevance to the methodswe will devise. Here we give comments and examples relevant to our main goalof developing robust methods for problems on unstructured meshes. In Chap-ter 3 we design an overlapping domain decomposition preconditioner with a newcoarse space. We will call the new method BOSS. We prove optimal convergenceproperties of BOSS under regularity-free assumptions on the problem and veryweak assumptions on the �nite element discretization mesh. The main advantageof this method is its applicability to problems discretized on a variety of types of�nite elements and on unstructured meshes. The method also resolves the setupdi�culties usually associated with overlapping domain decomposition methods.The overlapping subdomains are generated inside the solver by simple algebraicmeans. Both the setup and the iteration itself are purely algebraic. One re-markable quality of the method is its adaptivity; for more di�cult problems, weuse more extensive overlapping achieved without ever partitioning the domaininto subdomains outside the solver. The asymptotic computational complexityof the method implemented on a serial architecture in the optimal case is O(n4=3)and O(n49=33) in 2D and 3D, respectively. This is far below the cost of a backsubstitution step of typical direct solvers for sparse matrix problems, which isO(n5=3). We also show that implementation on a parallel architecture decreasesthe computational complexity to as little as O(n) and O(n7=6) in 2D and 3D,
4



respectively. In additive setup, the method is suitable for application of inexactsubdomain solvers. Chapter 4 discusses the application of inexact components insubstructuring methods. The issues of the in
uence of approximate subdomainsolvers as well as issues of approximate formulation of the method and enhanc-ing the sparsity of the coarse level problem are studied here. Using the resultingmethod as a preconditioner in the conjugate gradient method, the condition num-ber is proved to be bounded by C(1 + log(H=h))2, with constant C dependenton the quality of the approximation used. Estimates for C are given. Chapter 5describes an algebraic multilevel technique using smoothed transfer operators.The resulting method, called MLS, is based on the same concepts as the oneof Chapter 3, but no subdomain problems are solved. Instead, a combinationof smoothing and coarse space correction reminiscent of the multigrid V -cycletakes place. This leads to a signi�cantly reduced computational complexity ofO(n7=6) and O(n6=5) for a serial implementation in 2D and 3D, respectively, asopposed to O(n4=3) and O(n49=33) in the case of BOSS. Optimal convergenceestimate is also given. Chapter 6 presents the results of numerical experiments.The robustness of these methods with respect to a number of aspects has beentested by solving both arti�cial and real-world problems. The comparison of theresults suggests BOSS to be the most robust of the three methods with respectto a number of in
uences, including discontinuities in coe�cients of arbitrarypattern and complex geometries. Finally, Chapter 7 gives a brief summary andsuggests the directions of the future implementation improvements and research.
5



1.2 Formulation of the Problem and NotationLet 
 be a bounded domain in IRd, d 2 f2; 3g, with a piecewise smoothboundary @
, and @
 = �D [ �N with �D;�N disjoint, meas(�D) > 0. Wewill denote by �D;�N the parts of the boundary with Dirichlet and Neumannboundary conditions, respectively. A coarse triangulation is needed in someof the methods we will discuss. This can be achieved by decomposing 
 intononoverlapping subdomains 
i; i = 1; : : : ; J ,�
 = �
1 [ �
2 [ : : : [ �
J ; (1.1)such that 
i does not cut through any element. Other forms of decompositionwill also be discussed in the text whenever appropriate. Consider the modelproblem Lu = f in 
; u = g on �D; @u@n = 0 on �N ; (1.2)where Lv = � dXr;s=1 @@xr  �(x)�rs(x)@v(x)@xs ! ; (1.3)with the coe�cient matrix (�rs) uniformly positive de�nite, bounded and piece-wise smooth on 
, smooth on each 
i, and �(x) a positive constant in eachsubdomain 
i, i.e., �(x) = �i > 0 for x 2 
i:Variation in the value of �(x) is allowed across substructure interfaces. It is possi-ble to relax this assumption to the case when �(x) varies moderately within eachsubdomain. Problem (1.2) can be restated in terms of an equivalent variationalGalerkin problem u 2 V : a(u; v) = f(v) 8v 2 V; (1.4)6



where V = H1�D(
) denotes the Sobolev space (cf. [72, 1]) of H1(
) functionsvanishing on �D�@
, meas(�D) > C meas(@
).The �nite element discretization reduces problem (1.4) to a linear sys-tem of algebraic equations Ax = f; (1.5)where A is the sti�ness matrix with entriesaij = a(�j; �i) = dXr;s=1 Z
 �(x)�rs(x)@�i@xs @�j@xr dx;and fi = hf; �ii is the load vector; �i are the standard �nite element functions.We assume the �nite element space to be the usual conforming P1 orQ1 space [23]. We de�ne the subdomain decomposition interface� = J[i=1 @
i n �D (1.6)and, for simplicity, assume that �D is the union of the closure of whole facesof some or all of the boundary substructures. We associate parameters H; hwith the coarse and local mesh, respectively. We assume that the elements andsubdomains are shape regular in the usual sense [23].It is easy to see that under our assumptions the bilinear form a(�; �) satis-�es the usual assumptions of symmetry, V-ellipticity and boundedness (cf., [23]).c1kuk2H1(
) � a(u; u) � c2kuk2H1(
) 8u 2 V: (1.7)We note that these restrictions are assumed in order to simplify theanalysis of the methods. Some of the methods discussed in the text performwell if some or even all of the aforementioned assumptions are violated. Solv-ing problem (1.4) under these assumptions should be viewed as as our minimal7



goal; indeed, some of the discussed methods will be applicable to solving muchmore general problems with weaker assumptions. Whenever appropriate, theseassumptions will be relaxed.Let 
̂ denote a reference domain of diameter O(1) (e.g., square or cubein 2D or 3D, respectively) and assume that the subdomains 
i are of diameterO(H) and shape regular, i.e.,
i = Fi(
̂); k@Fik � CH; k@F�1i k � CH�1; (1.8)with @Fi the Jacobian and k � k the Euclidean IRd matrix norm.Let Vh(
) be a conforming linear �nite element space on a quasiuniformtriangulation Th of 
 with a characteristic meshsize h, such that each subdomain
i is the union of some of the elements, and the usual shape regularity andinverse assumption hold (cf, [23]). All functions v 2 Vh(
) satisfy homogeneousboundary condition u = 0 on �D.Let Vh(
i) be the space of the restrictions of functions in Vh(
) to 
i.Throughout this thesis, C and c shall denote (unless speci�ed otherwise) genericpositive constants independent of the shape or size of 
 and 
i. Note thatthese constants may depend on the constant in (1.8) or on the regularity of thetriangulation, but they are independent of h and H.Following [11], [28] and [81], we de�ne the scaled Sobolev normskuk21;
i = juj21;
i + 1H2 juj20;
i; kuk21=2;@
i = juj21=2;@
i + 1H juj20;@
i;wherejuj21;
i = Z
i jru(x)j2dx; juj21=2;@
i = Z@
i Z@
i j u(t)� u(s) j2j t� s jd dtds:
8



The advantage of this de�nition is that it allows us to restrict all of ourconsiderations to the reference domain 
̂ and use the mappings Fi to obtain theresults for each 
i from the obvious norm equivalencec kuk21;
i � ku � Fik21;
̂Hd�2 � Ckuk21;
i;c kuk21=2;@
i � ku � Fik21=2;@
̂Hd�2 � Ckuk21=2;@
i: (1.9)Assume that for each 
i, �D \ @
i is either empty or a part of @
i ofsize bounded below by a �xed proportion of the size of @
i so that the Poincar�einequality (Theorem A.1.4) holds uniformly for all 
i, with the constant C in-dependent of h and H,juj0;
i � CHjuj1;
i; juj0;@
i � CH1=2juj1=2;@
i (1.10)for all u 2 Vh(
i) if �D \ @
i 6= ; and for all u 2 Vh(
i), R@
i u ds = 0 if�D \ @
i = ;.Throughout this thesis, we will adopt the following notation: We denoteby �(A) the set of all eigenvalues of A, by %(A) the spectral radius of matrixA: %(A) = maxfj�(A)jg. We shall use h�; �i, k � k to denote the Euclideaninner product and Euclidean norm, respectively. If B is a symmetric positive(semi)de�nite matrix, we also use the (semi)norm derived from this matrix, i.e.kxkB = hx; xi1=2B = hBx; xi1=2.For a matrix A positive de�nite and symmetric in B-inner product,the symbol condB(A) will denote the condition number, condB(A) = min �M�m ,where minimum is taken over all positive �m;�M such that �m � hAx;xiBhMx;xiB ��M 8x 2 IRn: For A = AT we obtain the usual spectral condition numbercond(A) = kAk2kA�1k2 = �max(A)�min(A) ; where �max and �min denote the largest and9



smallest eigenvalues of A, respectively. Note that for linear systems with matrixA resulting from �nite element discretization of second order partial di�erentialequations, the condition number is proportional to 1h2 (cf., Lemma A.1.7). Thede�nition can also be extended to a product of two B-symmetric positive de�niteoperators, i.e., the mutual condition number of a preconditioned system withpreconditionerM, condB(M; A). In this case, �nding positive constants �m;�Msuch that �m � hAx; xiBhMx; xiB � �M 8x 2 IRn (1.11)provides an estimate condB(M;A) � �M�m ;and the mutual condition number is de�ned as the minimum of �M�m over all�m;�M satisfying (1.11). Adopting this de�nition, we will denote by abuseof notation condB(M�1A) = condB(M; A). This follows from the identity�(M�1A) = �(M� 12AM� 12 ) and from the fact that Rayleigh quotients hAx;xiBhMx;xiBand hM� 12AM� 12 y;yiBhy;yiB have the same extrema.Symbol A(i) will denote the local sti�ness matrix corresponding to sub-domain 
i, x(i) the vector of degrees of freedom corresponding to all the elementsin 
i and Ni the matrix with entries 0 or 1 mapping the degrees of freedom x(i)into global degrees of freedom, i.e., x(i) = NTi x.Each x(i) may be split into degrees of freedom �x(i) corresponding to@
i \ � called interface degrees of freedom and the remaining interior degreesof freedom _x(i) (thus the degrees of freedom on @
 \ �N are considered interiordegrees of freedom.) We will often �nd it useful to split local subdomain matrices10



A(i) and the matrices Ni accordingly:x(i) = 2664 �x(i)_x(i) 3775 ; A(i) = 2664 A(i)11 A(i)12A(i)12 T A(i)22 3775 ; Ni = h �Ni; _Nii ; (1.12)where A(i)11 ; A(i)22 are the blocks corresponding to the interface and interior degreesof freedom, respectively.Similarly, let �N and _N denote the matrices with entries 0 or 1 mappingthe degrees of freedom �x on � into global degrees of freedom, i.e., �x = �NTxand between the degrees of freedom in 
 n � and the global degrees of freedom,respectively.1.3 Direct SolversIn this section, we brie
y remark on some direct methods of solutionof linear algebraic systems commonly used in practice. Although the iterativemethods had actively been used in �nite element computations well into 1960's,the availability of new hardware with larger storage made it possible to usedirect solvers. For the last three decades, the majority of commercial �nite ele-ment codes have relied on direct methods to solve linear systems of equations.Most of today's direct solvers proceed by �rst factoring the matrix A (e.g., byCholesky or Crout factorization) and then using back-substitution. The sim-plicity and robustness of the direct methods have gained them acceptance inthe two-dimensional �nite element analysis. However, their application to solv-ing practical three-dimensional problems of even relatively modest sizes poses achallenge for the in-core storage capacity and execution capabilities of current11



high-end computers. For the sake of argument let us consider two model prob-lems: a square consisting of n � n Q1 elements and a cube of n � n � n Q1elements. In order to solve a simple di�usion problem on our 2D model mesh,we will need to perform O(n4) 
oating point operations to obtain the factoriza-tion and the storage required to carry out the computation will be O(n3) words.The demands grow severely higher for the 3D model mesh, where the require-ments are O(n7) and O(n5) for the asymptotic cost of factorization and storage,respectively. The asymptotic cost of back-substitution is negligible compared tothe cost of the factorization, as it is O(n3) and O(n5) for the 2D and 3D modelmesh, respectively. There are direct methods requiring less work than the pro�lemethod discussed above. Optimal in terms of computational complexity is themethod of nested dissection [41] requiring O(n3) and O(n6) operations for ourexample in 2D and 3D, respectively. Although this is less than in the case of thelexicographically ordered Cholesky factorization, it is still too expensive.Of course, our model meshes are among those least suitable for directsolvers. Indeed, there exist 3D meshes for which application of direct solvers ismore than appropriate. For instance, a single strip of 3D elements may bequite easily solved by a direct solver if the degrees of freedom are properly(re)numbered. It is intuitively clear that e�ciency of direct solvers dependson the connectivity of the mesh. In order to evaluate suitability of applica-tion of direct solvers, Hughes, Ferencz and Hallquist developed the concept offractal dimension allowing to measure mesh connectivity (cf. [49] for details).The larger the fractal dimension of the mesh, the more bene�cial application ofiterative methods may be. An alternative measure allowing insight into the role12



of mesh connectivity and its in
uence on the performance of direct solvers is theEuclidean norm of the lengths of the skyline pro�les.In this thesis we focus on iterative methods as a superior replacementof direct solvers for problems on large unstructured 3D meshes with high fractaldimension, where their superiority over direct solvers can be most easily achieved.But it is the experience of the author that many of these methods prove tobe worthy rivals of direct solvers even for problems with rather small fractaldimensions and in 2D. For a comprehensive study of a variety of direct methodsof solution, appropriate data structures and other related topic we refer thereader to [42].1.4 Preconditioned Conjugate Gradient AccelerationThis section provides an overview of the conjugate gradient methodintroduced by Hestenes and Stiefel [46]. Although a well-known method, we �ndthe PCG method to be of such a paramount importance that we will describe itin detail. The treatment here follows mostly the exposition of Ashby, Manteu�eland Saylor [3], allowing more generality than traditional references. Also, it is theopinion of the author that this point of view is more transparent than alternativeones. Other useful discussions appear, among others, in Luenberger [60], Concus,Golub and O'Leary [24] and Golub, Van Loan [44].Let A : V ! V be a SPD operator with respect to the inner producth�; �i. We need to solve the equation of the following type:Au = b: (1.13)Let n = dim(V ). The conjugate gradient method belongs to the family of13



polynomial iterative methods of the formui+1 = ui + iXj=0 �ijrj;where ri denotes the residual in step i, ri = b�Aui. From here, denoting by u�the exact solution, we easily obtain the equation for the error ei = u� � ui,ei+1 = Ri+1(A)e0;where Ri+1 denotes the residual polynomial (Ri+1(0) = 1) of degree less or equalto i + 1. Because Ri+1(0) = 1, we haveui+1 = u� �Ri+1(A)e0= u0 + e0 �Ri+1(A)e0= u0 + (I �Ri+1(A))e0= u0 +Qi(A)Ae0= u0 +Qi(A)r0:Let us denote by Ki(r0; A) the Krylov subspace of dimension at most i generatedby r0 and A. That is, Ki = spanfr0; Ar0; : : : ; Ai�1r0g:Thus we can rewrite the last equation asui+1 = u0 + ~di; ~di 2 Ki+1(r0; A) (1.14)or equivalently ui+1 = ui + di; di 2 Ki+1(r0; A) (1.15)14



Equations (1.14), (1.15) de�ne a general gradient method.Let B be a Hermitian positive de�nite matrix. We de�ne CG(B,A) tobe the gradient method that choosesdk 2 Kk+1(r0; A)so that the norm kek+1kB is minimized over Kk+1(r0; A):kek+1kB �! min over Kk+1(r0; A): (1.16)This is the optimality property of the method. Di�erent choices of matrix B,result in di�erent methods. Recall that Kk � Kk+1. Thus for all w 2 Kk wehave 0 = hBek+1; wi= hB(ek � dk); wi= hBek; wi � hBdk; wi= �hBdk; wi;as hBek; wi = 0 from previous step.Therefore, hBdk; wi = 0 8w 2 Kk(r0; A):In other words, dk 2 Kk+1(r0; A) and dk ?B Kk(r0; A):This de�nes dk up to a scalar. Thus, we can letdk = �kpk;15



where pk 2 Kk+1 is some conveniently chosen vector and scalar �k is yet to bedetermined.To �nd dk we will construct a B-orthogonal basis fpjgkj=0 for Kk+1. Wecan use a generalization of the Gram-Schmidt process to the B inner product todo this: p0 = r0pi+1 = Api � iXj=0�ijpj; �ij = hBApi; pjihBpj; pjiBy construction, pj 2 Kj+1 and pj ?B Kjand so dj = �jpjfor some �j. We can once again use the orthogonality ej+1 ?B Kj+1 to determine�j: 0 = hBej+1; pji= hB(ej � �jpj); pji= hBej; pji � �jhBpj; pji;and therefore �j = hBej; pjihBpj; pji :This value is always well-de�ned because B is assumed Hermitian positive de�-nite. Note, however, that this value is expressed in terms of the unknown errorej, which raises the question of its computability. In order to compute �i, we willneed additional assumptions on B. For our purposes, it will su�ce to assume16



that B = ~p(A), where ~p(x) is an arbitrary polynomial with zero absolute term,i.e., ~p(0) = 0.Thus, in practice, vector dj satisfying the optimality property (1.16) isobtained by imposing the equivalent B-orthogonality conditionhBej+1; zi = 0 8z 2 Kj+1(r0; A): (1.17)The above discussion de�nes the conjugate gradient method CG(B,A).Di�erent implementations of the method exist. These di�erent algorithms aremathematically equivalent for a symmetric and positive de�nite matrix A. Also,by di�erent choice of matrix B, we recover various known methods (settingB = A, for instance, yields the original method of Hestenes and Stiefel). Fora systematic study we refer to Ashby, Manteu�el and Saylor [3]. As we willmostly be dealing with symmetric positive de�nite problems, we only recall herethe so-called Orthomin implementation because of its superior computationalcomplexity and storage requirements.Algorithm 1 (Orthomin). For a given initial guess u0 2 IRn, setr0 = b� Au0, p̂0 = r0, andrepeat1. �̂i = hBei;p̂iihBp̂i;p̂ii ;2. ui+1 = ui + �̂ip̂i;3. ri+1 = ri � �̂iAp̂i;4. �ij = hBAei+1;p̂jihBp̂j ;p̂ji ;5. p̂i+1 = ri+1 �Pij=0 �ijp̂j;until convergence; 17



This implementation of conjugate gradient method will work for anymatrix A provided all the coe�cients �i 6= 0. Algorithm 1 in general requiresstoring all previous direction vectors pj in order to compute �ij. Under ourassumption that A be symmetric positive de�nite, however, the recursion inStep 4. naturally truncates so that only the last direction vector needs to bestored. The necessary and su�cient conditions of existence of this and othereconomical recursions in conjugate gradient method were studied in Faber andManteu�el [35].The advantage of looking at the conjugate gradient method in the waydescribed above is that it simpli�es the analysis of the error reduction. Notethat owing to (1.15) and (1.17) we may view each step of the conjugate gradientmethod as eliminating the B-orthogonal Galerkin projection of the unknownerror onto the current Krylov space given by r0 and A.Since Kn(r0; A) = V and en ?B Kn(r0; A), we have en = 0, assumingin�nitely precise arithmetic. In other words, CG(B,A) converges in at mostn steps. This is how the conjugate gradient method was originally perceived.Computational experiments have shown that the round-o� error can cause lossof orthogonality in practical applications. That is why today the method isprimarily viewed as an iterative rather than direct one, as �rst suggested byReid [75].It is often useful to replace the problem Au = b by a related problemM�1Au =M�1b, whereM is a symmetric positive de�nite matrix. MatrixM iscalled a preconditioner. MatrixM�1A is no longer symmetric in the h�; �i innerproduct, but we note that it is symmetric with respect to the energetic inner18



product hA�; �i and with respect to inner product hM:; :i. Therefore, we can nowapply the conjugate gradient method to the matrix ~A =M�1A and ~b =M�1b.By doing so, we arrive at the preconditioned conjugate gradient method (PCG).The following is the Orthomin implementation of PCG:Algorithm 2 (Orthomin implementation of PCG). For the giveninitial guess u0 2 IRn, set r0 = b� Au0,Mp̂0 = r0,repeat1. �̂i = hBei;p̂iihBp̂i;p̂ii ;2. ui+1 = ui + �̂ip̂i;3. ri+1 = ri � �̂iAp̂i;4. Mzi+1 = ri+1;5. �i = hBzi+1;p̂iihBp̂i;p̂ii ;6. p̂i+1 = zi+1 � �ip̂j;until convergence;Note that the computational complexity of this algorithm di�ers fromthe Orthomin algorithm without preconditioning by the cost of the additionalpreconditioning step 4. The following theorem o�ers a motivation for employinga preconditioner. For simplicity, we will restrict the proof to the case of thepreconditioned conjugate gradient method of Concus, Golub and O'Leary [24],i.e., we set B = A.Theorem 1.4.1. For error in step k of the conjugate gradient methodapplied to systemM�1Au =M�1b, it holds thatku� ukkA � 20@qcond(M�1A)� 1qcond(M�1A) + 11Ak ku� u0kA: (1.18)
19



Proof. Let us set r0 = M�1(b � Au0). As uk is a A-orthogonalprojection, we havehA(u� uk); u� uki � hA(u� v); u� vi 8v 2 u0 +Kk(r0;M�1A):Now for an arbitrary polynomial pk�1 of degree k � 1, takingv = u0 + pk�1(M�1A)r0 = u0 +M�1Apk�1(M�1A)(u� u0);we havehA(u� uk); u� uki� minpk�1 hA(I �M�1Apk�1(M�1A))(u� u0); (I �M�1Apk�1(M�1A))(u� u0)i� minqk(0)=1 hAqk(M�1A)(u� u0); qk(M�1A)(u� u0)i� minqk(0)=1 max�2�(M�1A) jqk(�)j2hA(u� u0); u� u0i:It is a well-known result of approximation theory that the solution ofthis minimax problem can be found in terms of the Chebyshev polynomialsTk(x) = 12 �(x +px2 � 1)k + (x�px2 � 1)k�scaled to the interval of the spectrum [�min(M�1A); �max(M�1A)]. We can thendeduce that minqk(0)=1 max�2�(M�1A) jqk(�)j � 20@qcond(M�1A)� 1qcond(M�1A) + 11Ak ;from where (1.18) follows.By setting B = A; M = I, we recover the error estimate for theoriginal conjugate gradients method of Hestenes and Stiefel.20



We notice that this estimate for the convergence rate of the conjugategradient method depends strongly on the condition number. Namely, the num-ber of steps required to reduce the error by a given factor is proportional toqcond(M; A). Even though the estimate (1.18) often turns out to be ratherpessimistic (e.g., if the matrix A has clustered eigenvalues), we can see that theselection of the preconditionerM is crucial to the performance of the method.Theorem 1.4.1 thus gives an answer to two questions: It shows that the addi-tional cost of preconditioning can be justi�ed and it clari�es the sense in whichthe preconditionerM should be related to A if good convergence is to be guar-anteed. Based on these facts, we will seek preconditioners such that the problemMz = r is more easily obtained than that of Au = b. This will guarantee thatthe cost of applying each iterative step of (PCG) will be small. We will wantMto approximate spectral properties of A in the sense that cond(M�1A) is small.This will guarantee that the number of steps necessary to reduce the error to arequired size will be small. The quantity cond(M; A) = cond(M�1A) will serveas a measure of quality of a preconditioner.We have shown that preconditioning can greatly improve the conver-gence properties of the conjugate gradient method. Our work will consist in�nding suitable preconditioners. Sometimes these preconditioners are explicitlyavailable in the matrix form, but most often, we will �nd it convenient to con-struct iterative methods to compute approximation of A�1rk needed in step 4.of Algorithm 2. These iterative methods, if used as a preconditioner, improve21



the convergence rate of PCG. We can also adopt a dual understanding of precon-ditioning with respect to the linear symmetric iterative methods, namely thatPCG is often viewed as a means of acceleration of these methods. In order tojustify this claim, let us consider a linear iterative solver in the formxk+1 = cMxk + cNb (1.19)consistent with the problem Au = b, i.e., having the same solution as Au = b.Here cN is assumed symmetric, hence cM is A-symmetric, because it follows fromthe consistency and the fact that A is SPD that A�1b = cMA�1b + cNb 8b, socM = I � cNA andhAcMx; yi = hA(I � cNA)x; yi = hAx; (I � cNA)yi = hAx; cMyi:Note that all the classical splitting type iterative schemes such as Jacobi, as wellas the variational multigrid methods may be written in this form (see Section 4.2for more details). The consistency condition allows us to write alternativelyxk+1 = xk + cN(b� Axk);hence the method may be viewed as preconditioned Richardson iteration withpreconditionerM�1 = cN .This process converges provided thatkcMkA = q < 1:This means q = kI � cNAkA < 1. Since we can easily verify thatcond(cNA) � 1 + q1� q ;22



we can see that application of preconditioned conjugate gradient method withpreconditioner cN (in other words, the preconditioner given by one iteration ofthe process (1.19) with x0 = 0) yields a superior convergence factor, asqcond(cNA)� 1qcond(cNA) + 1 � q1+q1�q � 1q1+q1�q + 1 � 1�p1� q2q < q 8q 2 (0; 1): (1.20)Hence for a symmetric linear iterative scheme, a preconditioner for A can befound so that the convergence rate of the scheme is accelerated by using thePCG with that preconditioner. This concludes our brief discussion of the pre-conditioned conjugate gradient method.
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2. Overview of Some Domain DecompositionMethodsIn this chapter, we will give an overview of some known domain decom-position methods. Because the domain decomposition �eld has grown very largesince the �rst studies, this overview cannot be exhaustive. Instead, we list a fewmethods we will draw on in the derivation of our new methods. Some methodsare presented with the intention to contrast the di�erences with our approach.We also attempt to direct the reader to the appropriate sources dealing withrelated topics not covered in this thesis.2.1 Abstract Schwarz MethodsIn this section, we outline the theory of Schwarz methods, a useful toolfor analyzing many domain decomposition methods.In recent years a lot of e�ort has been put into a systematic study ofvarious types of the domain decomposition methods, generalizations of the al-ternating method of Schwarz [80]. Some of the pioneers of this work include,among others, Bj�rstad and Mandel [5], Bramble, Pasciak and Schatz [10],Dryja, Proskurowski and Widlund [29], Matsokin and Nepomnyaschikh [71].The Schwarz methods form a class of iterative methods for solving problemsarising from discretization of partial di�erential equations. These methods can24



be fully described by dividing the original solution space V of (1.4) into sub-spaces Vi � H1�D\�
i(
i), such that8v 2 V : v = v1 + v2 + : : :+ vJ ; wherevi 2 Vi; (2.1)and de�ning bilinear forms ai(:; :) on Vi � Vi. These forms are assumed coerciveand bounded on Vi with respect to a(�; �)-norm. These assumptions will berigorously formulated in Theorem 2.1.1. Note that the decomposition in (2.1)may not be always unique. The symbol V0 denotes the so called coarse space,whose main purpose is to expediate the global correction of the error. Sometimesthis space ful�lls other roles, as we will see in Section 2.7. The solution in Schwarzmethods is iteratively corrected by adding the approximaton of the current erroron subspaces Vi. To this end we de�ne operators Ti : V!Vi asai(Tiw; v) = a(w; v) 8v 2 Vi; i = 0; : : : ; J: (2.2)The operators Ti are thus de�ned uniquely up to the possible shift in the kernel ofai(�; �). All the methods formulated in the text will be independent of this shift.Note that if we set ai(u; v) = a(u; v); 8u; v 2 Vi, Ti is an a(:; :)-orthogonalprojection onto Vi. This is why we refer to Ti as to generalized projections.Using the operators Ti, a variety of methods may be constructed. Theydi�er in several aspects. The subspaces Vi may correspond to overlapping ornonoverlapping subdomains 
i�
, allowing unique or non-unique representationof a function u 2 V , respectively.Schwarz methods can naturally be classi�ed as multiplicative or addi-tive, based on the manner in which the correction of the error is done. The25



former is done following lines similar to the Gauss-Seidel method, while the lat-ter is reminiscent of the Jacobi method (cf. [94, 55]). In either case, we can takethe bene�t of the fact that the (approximate) projection of the error u� � u canbe attained without the knowledge of the exact solution u�, using the de�nitionof Ti: ai(Ti(u� � u); v) = a(u� � u; v) = f(v)� a(u; v); 8v 2 Vi: (2.3)The multiplicative Schwarz method starts from u = 0 and proceeds byupdating the current approximate solution u u� ui, whereui = Ti(u� � u) 2 Vi; i = 0; : : : ; Jis computed from (2.3). This process results in a nonsymmetric operator. If themethod is to be used as a preconditioner in PCG, it is desirable to work withsymmetric operator instead, in which case one can apply the updates once inforward and once in backward order.The additive Schwarz method is de�ned asuk+1 = uk + � JXj=0 uj = uk + � JXj=0Tj(u� � uk); (2.4)where � is an additional correction parameter. With the operator C de�ned byCA = JXi=0 Ti � T ; (2.5)we can rewrite the method (2.4) asuk+1 = uk + �C(f � Auk): (2.6)Hence, we may view operator C as an approximate solver to Au = f , de�ned byCf = JXi=0 ui = JXi=0 Tiu; ui 2 Vi;
26



where ai(ui; v) = hf; vi 8v 2 Vi:Application of (2.6) by itself may be fruitful if � is chosen so that %(�CA) � 2. Amore common approach, however, is to use C as a preconditioner in the conjugategradient method for problem (1.4). Then we obtain�(M�1A) = �(CA) = �(T );i.e., the convergence properies of the method may be studied as the spectrum ofthe sum of the approximate projections Ti.This path has been taken by Bj�rstad and Mandel [5], Dryja, Smithand Widlund in [30], [32] and in a di�erent setup by Xu [94]. The followingtheorem summarizes the results of their research.Theorem 2.1.1 (Dryja, Widlund [32]). Let T = PJi=1 Ti and(i) there exists a constant C0 such that for all u 2 V there exists a decompositionu = PJi=0 ui; ui 2 Vi, such thatJXi=0 ai(ui; ui) � C20a(u; u)(ii) there exists a constant ! such that for i = 0; : : : ; J ,a(u; u) � !ai(u; u) 8u 2 Vi(iii) there exist constants "ij; i; j = 1; : : : ; J , such thata(ui; uj) � "ija(ui; ui)1=2a(uj; uj)1=2 8ui 2 Vi; 8uj 2 Vj:Then, T is invertible andC�20 a(u; u) � a(T u; u) � (%(�) + 1)!a(u; u) 8u 2 V: (2.7)27



Here %(�) denotes the spectral radius of the matrix � = f"ijgJi;j=1.Proof. The theorem will be proved as an application of the moregeneral framework of Section 4.3.1. Another approach may be found in [94].Remark 2.1.2. Assumption (i) of Theorem 2.1.1 by itself guaranteesthat inf �(T ) � C�20 . This result is known as the generalized Lions' lemma. Wewill need it in its original form in Section 3.1, where it is stated as Lemma 3.1.8.The scale of methods is not limited to additive and multiplicative; onemay combine them together. For instance, Cai [18] proposes to apply the mul-tiplicative approach to the local solves (i = 1; : : : ; J), while treating the spaceV0 in additive fashion with respect to V1; : : : ; VJ . This allows solving the localproblems in parallel with the coarse space problem. The local problem solvingtakes advantage of the more rapid convergence of multiplicative methods. Suchan approach, however, inhibits parallelization of the local solves. Another pos-sibility (cf. Mandel [64]) is to treat the local problems in additive way, while acoarse problem of modest size is added in a multiplicative fashion. This approachseems preferable because all the local problems may be solved in parallel, andthe multiplicative coarse grid update is more e�cient than an additive one.2.2 Overlapping SchwarzPossibly the most studied of domain decomposition type methods is theoverlapping domain decomposition method ([80], [59], [31], [27]). In this method,the original domain 
 is covered by a collection of overlapping subdomains. Theadditive or multiplicative update of the solution described in previous sectionare then applied. Using the de�nition of (generalized)projectors Ti, the error28



propagation operator of the multiplicative method can be written as(I � T0)(I � TJ)(I � TJ�1) � � � (I � T1);and the error propagation operator corresponding to the additive one isI � � JXi=0 Ti:Overlapping methods with a coarse space usually o�er an improvement over theoptimal non-overlapping methods in the sense that in the overlapping case witha coarse space the condition number can typically be bounded (cf. [33]) ascond(M�1A) � C(1 + H� );where � denotes the size of overlap of the subdomains. This better estimatecomes at a price, though, as for three dimensional problems even a small overlapamounts to a signi�cant increase in size of the local problems. This fact is es-pecially pronounced if the subdomains are small. Another disadvantage of thesemethods is that their setup is usually not very 
exible. Typically, when generat-ing a system of overlapping subdomains, one starts from a system of nonoverlap-ping subdomains and adds new layers of elements around each of them. This isa cumbersome procedure and also one of the reasons why substructuring meth-ods seem to enjoy more popularity today. Yet another issue troubling practicalusability of overlapping Schwarz methods is the construction of a coarse space.For unstructured meshes it is di�cult or impossible, using traditional geomet-ric approach, to construct an automatic procedure yielding a coarse space thatwould be a subspace of the original �nite element mesh; this presents a technicaldi�culty of having to deal with nonnested spaces (cf. [21, 20].)29



The advantage of overlapping additive Schwarz methods is that theyeasily lend themself to application of inexact subdomain solvers.In Chapter 3 we will design and analyze an e�cient black-box over-lapping Schwarz method with a new coarse space avoiding the pitfalls of thetraditional approach.2.3 Non-overlapping Decomposition MethodsAs noted in the previous section, the application of the traditional over-lapping domain decomposition methods requires an undesirably complex meshpartitioning stage if the desired measure of overlapping is to be guaranteed.It is di�cult to design automatic partitioning of complex geometries unless analgebraic concept similar to one described in Chapter 3 is used.Nonoverlapping techniques simplify the partitioning stage signi�cantly,being able to use a variety of existing aggregation or greedy algorithms [37, 38].2.4 Methods Reduced to InterfaceMany of the substructuring methods are based on reducing the originalproblem Ax = bto a problem de�ned only on the interface � common to at least two substructuresby eliminating all degrees of freedom not associated with any subdomain inter-face. The initial problem is thus reduced to one whose unknowns are only theinterface degrees of freedom. As the interior degrees of freedom corresponding todi�erent subdomains have no coupling in the sti�ness matrix A, the eliminationcan be done locally on each subdomain and in parallel.30



Let A(i) denote the sti�ness matrix of the bilinear form ai(�; �) de�nedon V � V , which is the restriction of the bilinear form a(�; �) to subdomain 
i,a(u; v) = PJi=1 ai(u; v). For our model problem, given by operator (1.3), this isthe sti�ness matrix with entries A(i)kl = Pdr;s=1 R
i �(x)�rs(x)@�k(x)@xs @�l(x)@xr dx; wherenodes vk; vl lie in 
i. The sti�ness matrix A can be obtained by the standardprocess of subassembly A = JXi=1NiA(i)NTi :The matrices S(i) resulting from the elimination of the interior degrees of freedomof A(i) are the local Schur complements. Writing the local sti�ness matrices A(i)in the block form A(i) = 2664 A(i)11 A(i)12A(i)12 T A(i)22 3775 ;where A(i)11 corresponds to the subdomain interface and A(i)22 to the interior, thelocal Schur complements have the following form:S(i) = A(i)11 � A(i)12A(i)22�1A(i)21 : (2.8)The Schur complement S corresponding to the global sti�ness matrix A can thenbe also obtained by the standard process of subassemblyS = JXi=1 �NiS(i) �NTi : (2.9)We can now solve the problem S�x = ~b; (2.10)where ~b = �b�A12A�122 _b is the reduced right-hand side obtained by the eliminationof the interior degrees of freedom. Methods based on solving Schur complement31



problems like this one instead of solving problems with the original sti�ness ma-trices are labeled as substructuring methods by some authors. We will, however,use the term substructuring methods for a broader class of nonoverlapping meth-ods, including the two-grid methods based on transfer operators with multilevelsmoothing described in Chapter 5.One advantage of the reduced methods is already obtained by solvingthe problem with Schur complement, which is signi�cantly better conditionedthan the original matrix A (cf. Lemma A.1.7). It also has many fewer unknowns.The early engineering applications of substructuring of 1960's were solving (2.10)by a direct solver (cf. [74]). Today, the reduced system (2.10) is usually solvedby a preconditioned conjugate gradient method; the preconditioner is typicallybased on solution of the local subdomain problems.Throughout the text we will �nd useful the concept of discrete harmonicfunctions. These are de�ned bya(uh; v) = 0 8v 2 H10 (
i) \ Vh; i = 1; : : : ; J: (2.11)In matrix form, this is equivalent toA(i)21 �x + A(i)22 _x = 0; i = 1; : : : ; J: (2.12)The discrete harmonic functions are uniquely determined by their interface values�x. Discrete harmonic functions are closely related to the Schur complement inthe following sense: if x is the discrete harmonic extension of �x, then from (2.12),_x = �A�122 A21�x and simple manipulations yieldxTAx = �xTS�x:32



In addition, the following lemma demonstrates that the discrete harmonic ex-tensions (hence also the Schur energy norm) have the lowest energy among allvectors having the same values on the interfaces.Lemma 2.4.1. Let A be a symmetric positive de�nite matrix parti-tioned into its interface and interior components A = 2664 A11 A12A12T A22 3775, and let Sdenote the Schur complement of A. Then�xTS�x = inf�y=�x yTAy:Proof. Given y such that �y = �x, let us solve the following problem:Find w such that �w = 0 and _vTA22 _w = � _vTA21�y � _vTA22 _y 8 _vAs A22 is nonsingular, such w exists and satis�es the equivalent minimization ofthe functional F (v) = 12vTAv + yTAvover all vectors with �v = 0. As this constraint is trivially satis�ed by the zerovector, we have F (v) � 0. Moreover, the function z = y + w is the harmonicextension of �x, as �z = �x andzTAv = yTAv + wTAv = 0 8v 2 fu : �u = 0g:Thus we obtainhAz; zi = hA(y + w); y + wi = hAy; yi+ 2F (w) � hAy; yi:From here the statement follows by the de�nition of Schur complement.33



Figures 2.4, 2.4, 2.4, 2.4 and 2.4 depict the harmonic extension of simplefunctions prescribed on the interface; the functions exhibit the \smoothing" e�ectof discrete harmonic extension following from Lemma 2.4.1. Note that in certainsituations the trivial extension may coincide with the discrete harmonic extension(cf. Figure 2.4).It is well known [93] that in order to achieve good convergence prop-erties, the preconditioner has to be augmented with a mechanism of global ex-change of information. Let us note that another advantage of nonoverlappingmethods is that on unstructured meshes it is much easier to algebraicly constructa coarse space for them than for the overlapping methods (cf. [63]). Treatmentof subdomains with nonmatching grids, using currently popular so called mortarelements, is also easier and was recently studied in [4], [2], [53], [57], [19] andmany others. Mortar elements form a family of nonconforming �nite elementmethods. They are known to be as accurate as their conforming counterparts,while o�ering more 
exibility in re�nement. The �ne meshes on di�erent subdo-mains do not have to match over the interface, even the subdomains themselvesdo not have to form a conforming coarse mesh. For the study of these methodswe direct the reader to the above references.2.5 The Neumann-Neumann MethodThe original Neumann-Neumann preconditioning operator M�1NN byDe Roeck and Le Tallec [26] is based on the assembly (2.9) of the global Schurcomplement from the local subdomain Schur complements. It seems natural toprecondition the sum (2.9) by the sum of properly weighted inverses of S(i)�1.34
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Figure 2.1: Harmonic extension of a corner peak.
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Figure 2.2: Harmonic extension of a peak on the edge.
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Figure 2.3: Harmonic extension of a function constant on one edge.
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Figure 2.4: Harmonic extension of a function linear on one edge.
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Figure 2.5: Harmonic extension of a function with random values on one edge.
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If all subdomains are similar, this yields an e�cient preconditioner, ascond ( JXi=1 S(i))( JXi=1 S(i)�1)! = cond( JXi;j=1S(j)�1S(i)) � O(1):The application of inverses of the local Schur complement matrices correspondson the continuous level to solving local Neumann problems on the subdomains.This is why preconditioners of this type are called Neumann-Neumann. TheNeumann-Neumann preconditioner can be written as follows.Algorithm 3 (Neumann-Neumann preconditioner, [26]). Givenr 2 �V , compute z =M�1NNr as follows.1. Distribute r to subdomains, ri = DTi �NTi r:2. Solve the local problems S(i)ui = ri (2.13)on the subdomains.3. Average the results by z = JXi=1 �NiDiui:The weight matrices Di are an important component of this algorithm allowingto preserve good conditioning even when the subdomains di�er in certain aspects,such as the values of coe�cients of the continuous operator. Some appropriatechoices for Di were discussed in [26] and [66]. We will mention the choicessuitable for problems with large variation of coe�cients across the interfaces ofthe subdomains in Section 2.7 and also in Chapter 6.Since for the model problem with operator (1.3) the local Schur com-plement matrices S(ii) are typically singular, De Roeck and Le Tallec [26] used38



an \approximate" LU decomposition obtained by replacing zero pivots in theGaussian decomposition by positive values.This algorithm fails to provide any means of global distribution of in-formation beyond that of block Jacobi type and, as expected, su�ers from steepdeterioration of convergence as the number of subdomains increases.2.6 EBE methodIn engineering practice, the solver is often very closely tied to the �niteelement software. One of such methods of the nonoverlapping domain decom-position type is the element-by-element method originally proposed by Hughes,Levit and Winget [50] and further studied by Hughes and Ferencz [48] and Tez-duyar and Liou [84], [85].This method, which may currently be a becoming industrial standardin the �eld of iterative solvers applied to nonlinear problems, assumes that theelement sti�ness matrices are available. Every element is treated as an inde-pendent subdomain. The method is used as a preconditioner in the conjugategradient method. The main idea of the method is simple: The element matricesare factored and the preconditioner applied element by element based on thesefactorizations. The preconditioner may be written asM = diag(A)1=2  nelYi=1L( ~A(i))! nelYi=1D( ~A(i))!0@ n1Yi=nel U( ~A(i))1Adiag(A)1=2;where nel denotes the number of elements in the system and L;D; U denote thefactors of the Crout factorization of a matrix, ~A(i) = L( ~A(i))D( ~A(i))U( ~A(i)).Here all the element matrices are understood as embedded in an n� n identitymatrix. The existence of the factorization is guaranteed because of the use of39



positive de�nite local sti�ness matrices ~A(i) obtained from A(i) by scaling andregularization ~Ai = I + diag(A)�1=2(Ai � diag(A(i)))diag(A)�1=2.As pointed out by Wathen [91], the method is essentially a multiplica-tive version of the original Neumann-Neumann method described in Algorithm 3.The di�erence is that the subdomain sti�ness matrices in EBE are �rst scaledand regularized.The chief advantage of the EBE method is its very low setup overheadcompared to the typical two-level domain decomposition or multigrid methods.The method is very useful in treatment of nonlinear or time dependent problems,where refactorizations need to be performed. The cost of factorization of localelement sti�ness matrices is amortized over the iterations per timestep and overthe number of timesteps, but because of the low factorization overhead due tothe small size of element matrices, it is possible to perform refactorizations moreoften, which usually leads to faster overall convergence. The potential of thismethod is most visible in case of three-dimansional problems with low fractaldimension of the mesh, where direct factorizations are extremely ine�cient.The whole procedure is quite suitable for implementation on parallelarchitectures. This can be achieved by grouping the elements into noncontiguoussubgroups. Although the subgroups have to be processed sequentially, the localsti�ness matrices can then be factored in parallel for each element within a givensubgroup. Thus, both factorization and the action of the preconditioner can becomputed in parallel using this grouping of elements.The obvious de�ciency of the method is the lack of coarse space ex-change of information. Despite this, computational experiments suggest that40



EBE is suitable in application to nonlinear problems, where �nding simple pre-conditioners is critical, and where EBE proved superior to diagonal precondi-tioning in terms of storage, convergence properties and sensitivity to penalty-typeboundary conditions (cf., e.g., [48].) Another shortcoming, preventing black-boximplementation, is EBE's reliance on the availability of the �nite element data.In Chapter 3 we present a fully algebraic method with a coarse space, somewhatsimilar in spirit to EBE, with much improved convergence rate (independent ofthe number of subdomains) proved under regularity-free assumptions for prob-lems on unstructured meshes.2.7 BDD as an Algebraic MethodThe BDD preconditioner [62] is based on the original Neumann-Neumannpreconditioner by De Roeck and Le Tallec [26] described in Section 2.5. The algo-rithm proposed in [26] su�ers from the lack of global distribution of informationresulting in dramatic deterioration of performance with increasing number ofsubdomains. As noted in Le Tallec [55], the method becomes impractical whenapplied to problems with the number of subdomains larger than about 16. Inorder to defeat this drawback, Mandel [62] added a coarse problem as follows.Let ni = dimVi, 0 � mi � ni; and Zi be ni �mi matrices of full column ranksuch that Ker S(i) � Range Zi; i = 1; : : : ; J (2.14)and let W � V be de�ned byW = fv 2 V : v = JXi=1 �NiDiui; ui 2 Range Zig:
41



The space W will play the role of a coarse space very much like in variationalmultigrid methods. We say that s 2 V is balanced ifZTi DTi �NTi s = 0; i = 1; : : : ; J: (2.15)The process of replacing r by a balanced s = r�Sw, w 2 W , is called balancing.We are now ready to de�ne the action r 7! z =M�1r of the BDD preconditioner.Algorithm 4 (BDD preconditioner, [62]). Given r 2 V , computeM�1r as follows.1. Pre-balance the original residual by solving the auxiliary problem for un-known vectors �i 2 IRmi ,ZTi DTi �NTi (r � S JXj=1 �NjDjZj�j) = 0; i = 1; : : : ; J: (2.16)2. Set s = r � S JXj=1 �NjDjZj�j; si = DTi �NTi s; i = 1; : : : ; J: (2.17)3. Find any solution ui for each of the local problemsS(i)ui = si; i = 1; : : : ; J: (2.18)4. Post-balance the residual by solving the auxiliary problem for �i 2 IRmi ,ZTi DTi �NTi (r � S JXj=1 �NjDj(uj + Zj�j)) = 0; i = 1; : : : ; J: (2.19)5. Average the result on the interfaces according toz = JXi=1 �NiDi(ui + Zi�i): (2.20)
42



If some mi = 0, then Zi as well as the block unknowns �i and �i arevoid and the i-th block equation is taken out of (2.16) and (2.19).An important design choice for both the original Neumann-Neumannpreconditioner and for BDD is the selection of weight matrices Di that form adecomposition of unity on the interface space V ,JXi=1 �NiDi �NTi = I: (2.21)The most straightforward choice for Di is a diagonal matrix with the diagonalelements being the reciprocal of the number of subdomains the degree of freedomis associated with. A better choice, which also guarantees a convergence boundindependent of coe�cient jumps between subdomains, is given in Theorem 2.7.3below. For other possibilities, see [26] and notes in Chapter 6.The presence of the coarse problem guarantees that the possibly singu-lar local problems (2.18) are consistent. Indeed, after the pre-balancing Step 1.of Algorithm 4, the vector s ? �NiDiZi 8i = 1; : : : ; J . Therefore si = DTi �NTi sis orthogonal to Zi, and since Ker (Si) � Zi, si 2 Range (Si).The presence of the coarse problem also guarantees that the result ofthe algorithm does not depend on the choice of the solutions of (2.18), see [62].In practice, the residual of the initial approximation should be balanced�rst as in (2.19); then the �rst balancing step (2.16) in every iteration can beomitted since the residual r received from the conjugate gradients algorithm isalready balanced.The addition of coarse space results in a very robust method with op-timal substructuring convergence properties, with the condition number of thepreconditioned operator bounded by C(1 + log(Hh ))2, as we will demonstrate.43



Mandel [63] proved the following abstract estimate as the main tool for conver-gence analysis of BDD.Theorem 2.7.1. Algorithm 4 returns z = M�1r, where M is sym-metric positive de�nite and cond(M; S) � C, whereC = sup�PJj=1 k �NTj PJi=1 �NiDiuik2S(j)PJi=1 kuik2S(i) : ui 2 Vi;hvi; uii = 0 8vi 2 Ker (S(i));hS(i)vi; uii = 0 8vi 2 Range (Zi)�: (2.22)Note that a di�erent proof of Theorem 2.7.1 can be found in Chap-ter 4.4.2.For the reader's convenience, we sketch the theory leading to the opti-mal substructuring condition number estimate. Our exposition follows Mandel,Brezina [66]. For more detailed analysis as well as computational experimentsusing BDD, see Mandel, Brezina [65].In applying the bound of Theorem 2.7.1, we will �nd useful the conceptsof glob and glob projection, de�ned as follows.De�nition 2.7.2 ([66]). Any vertex, edge, and, in the 3D case, face,of � will be called a glob. A glob is understood to be relatively open; for example,an edge does not contain its endpoints. We will also identify a glob with the setof the degrees of freedom associated with it. The set of all globs will be denotedby G. For a glob G 2 G, de�ne the glob projection as follows: for a vector u 2 V ,EGu 2 V is the vector that has the same values as u for all degrees of freedomin G, and all other degrees of freedom of EGu are zero. The glob projection interms of the local degrees of freedom is EjiG = �NTj EG �Ni : Vi ! Vj.44



Note that any two distinct globs from G are disjoint and it holds that� = J[i=1 @
i n @
 = [G2GG:The mappings EG, EijG correspond to zero-one matrices and satisfyXG2GEG = I; �NTj �Ni = XG2GEjiG ; EjiG = EjiGEiiG; (2.23)and G � @
i \ @
j () EjiG 6= 0; G � @
i () EiiG 6= 0: (2.24)We are now ready to give an abstract bound in the case when the matrices S(i) arescaled by arbitrary positive numbers �i. This corresponds to coe�cient discon-tinuities of arbitrary size between the subdomains. The theorem is formulatedand proved exclusively in algebraic terms.Theorem 2.7.3. Let �i > 0, i = 1; : : : ; J , t � 1=2, and EjiG , �Ni, S(i),and Zi satisfy (2.8), (2.23), and (2.14). De�ne Di as the diagonal matricesDi = XG:EiiG 6=0 d(i; G)EiiG; d(i; G) = �tiXj:EjiG 6=0�tj ; (2.25)and assume that there exists a number R so that for all i; j = 1; : : : ; J and allG 2 G, 1�j kEjiGuik2S(j) � 1�iRkuik2S(i) (2.26)for all ui such that ui ? Ker (S(i)), S(i)ui ? Range Zi. Then the weight matricesDi form a decomposition of unity (2.21), and the preconditioner de�ned byAlgorithm 4 satis�es cond(M; S) � K2L2R; (2.27)where K = maxi jfj : �NTj �Ni 6= 0gj, and L = maxi;j jfG : EjiG 6= 0gj.45



Proof. The decomposition of unity property (2.21) follows from thede�nition (2.25) and from (2.23),JXi=1 �NTi Di �Ni = JXi=1 XG:EiiG 6=0 d(i; G)EG = XG2GEG = I :Let j be �xed. Due to the bounded intersection of the subdomains, there are atmost K nonzero terms in the sum PJi=1 �NTj �NiDiui, and the triangle and Cauchyinequalities imply thatk JXi=1 �NTj �NiDiuik2S(j) � � JXi=1 k �NTj �NiDiuikS(j)�2 � K JXi=1 k �NTj �NiDiuik2S(j) ;and JXj=1 k JXi=1 �NTj �NiDiuik2S(j) � K2 JXi=1maxj k �NTj �NiDiuik2S(j) : (2.28)If EjiG 6= 0, the coe�cient d(i; G) from (2.25) satis�es d(i; G) � �ti=(�ti+�tj), andit follows from (2.23) and from (2.26) thatk �NTj �NiDiuikS(j) � XG:EjiG 6=0 �ti�ti + �tj kEjiGuikS(j) � XG:EjiG 6=0 �t�1=2i �1=2j�ti + �tj R1=2kuikS(i)� LR1=2 sup�>0 �1=21 + �tkuikS(i) � LR1=2kuikS(i) :Therefore, by (2.28),JXj=1 k JXi=1 �NTj �NiDiuik2S(j) � K2L2Rkuik2S(i) ;which concludes the proof, in view of Theorem 2.7.1.Note that the constant K is the maximal number of adjacent subdo-mains 
j to any subdomain 
i plus one, and L is the maximal number of globsin any @
i \ @
j . If t > 1=2, the estimate (2.27) can be slightly improved; in46



particular, if t = 1, analogously to the method of De Roeck and Le Tallec [26],one has cond(M; S) � K2L2R=2.To apply Theorem 2.7.1, we �rst need to replace the S(i) norm by thescaled H1=2 norm. This is a standard result [10, 31, 92], which we state here forreference in an �i-scaled form suitable for our purposes.Lemma 2.7.4. There exist constants c > 0, C independent of H or hso that c juj21=2;@
i � 1�i kuk2S(i) � C juj21=2;@
i 8u 2 Vh(@
i)To derive the fundamental inequality (2.26) assumed in Theorem 2.7.3,we identify (by abuse of notation) V with Vh(�) and Vi with Vh(@
i). Then theglob projections are EG : Vh(�) ! Vh(�), and (2.26) becomes a bound on theincrease of the H1=2 norm when a function in Vh(@
i) is changed by setting itsvalues to zero on all nodes of @
i nG.We �rst consider the two-dimensional case, 
 � IR2. Since @
i is one-dimensional, we may use the properties of the space Vh(0; H) of piecewise linearfunctions on a uniform mesh with step h on the interval [0; H]. The followingform of Discrete Sobolev Inequality was proved by Dryja [28].Lemma 2.7.5. There exists a constant C such thatkuk2L1(0;H) � C �1 + log Hh � kuk2H1=2(0;H) 8u 2 Vh(0; H):We will also need the following bound for theH1=2 norm of the extensionby zero from an interval to the whole IR, proved by Bramble, Pasciak, andSchatz [10, Lemma 3.5]. 47



Lemma 2.7.6. There exists a constant C such that for all u 2 Vh(0; H)satisfying u(0) = u(H) = 0; u = 0 outside (0; H),juj21=2;IR � C �1 + log Hh � kuk2L1(0;H) + juj21=2;(0;H):An estimate of the H1=2 norm of a function, obtained by sampling thevalue of a given function at one point, follows easily.Lemma 2.7.7. There exists a constant C such that for all u 2 Vh(0; H),0 � h � H, and v0 2 Vh(IR) de�ned by v0(0) = u(0); v0(x) = 0 for jxj � h;jv0j21=2;IR � C �1 + log Hh � kuk21=2;(0;H):Proof. Let L = kukL1(0;H) . It follows from Lemma 2.7.6 thatjv0j21=2;IR � C  1 + log 2hh ! kv0k2L1(�h;h) + jv0j21=2;(�h;h): (2.29)Using linearity of v0, we obtainjv0j21=2;(�h;h) = Z h�h Z h�h jv0(s)� v0(t)j2js� tj2 dsdt � 4 L2; (2.30)because kv0k2L1(�h;h) = jv0(0)j2 � L2. Thus, jv0j21=2;(�h;h) � CL2: But L2 �C(1 + log Hh )kuk21=2;(0;H) by Lemma 2.7.5, which concludes the proof.By subtracting such spikes at the endpoints, we can extend Lemma 2.7.6to the case when the values of u at the endpoints are nonzero.Lemma 2.7.8. There exists a constant C so that for u 2 Vh(0; H) andw 2 Vh(IR) such that w = u on [h;H � h]; and w(x) = 0 for x � 0; x � H,jwj21=2;IR � C �1 + log Hh �2 kuk21=2;(0;H):48



Proof. De�ne u(x) to be zero for x 2 (�1;�h) [ (H + h;1), andlinear in [�h; 0] and [H;H + h]. Further, de�ne v0 and vH byv0(x) = 8>><>>: u(0); x = 0;0; jxj � h;v0 linear in [�h; 0] and in [0; h],vH(x) = 8>><>>: u(H); x = H;0; jx�Hj � h;vH linear in [H � h;H] and in [H;H + h]. Writing w as w = u� v0 � vH , andapplying Lemma 2.7.6 and Lemma 2.7.7, we obtainjwj21=2;IR � C �1 + log Hh � kwk2L1(0;H) + jwj21=2;(0;H)= C �1 + log Hh � kuk2L1(0;H) + jwj21=2;(0;H)� C �1 + log Hh � kuk2L1(0;H) + 3(juj21=2;(0;H) + jv0j21=2;IR + jvH j21=2;IR)� C ��1 + log Hh � kuk2L1(0;H) + juj21=2;(0;H) + (1 + log Hh )kuk21=2;(0;H)� :Application of Lemma 2.7.5 to the term kukL1;(0;H) concludes the proof.We now have the tools to estimate theH1=2 norm of the glob projectionsEG. This shows that an arbitrary function in Vh(@
i) can be decomposed intoits glob parts with only a small penalty of H1=2 norm increase.Theorem 2.7.9. Let 
 � IRd, d 2 f2; 3g. Then there exists a constantC not dependent of h or H, so that for any glob G 2 G and for all u 2 Vh(@
i),kEGuk21=2;@
i � C �1 + log Hh �2 kuk21=2;G:49



Proof. In the 2D case, the proposition follows by using a mapping of@
i onto an interval so that G maps to (0; H), from Lemma 2.7.8 for G beingan edge, and from Lemma 2.7.7 for G being a vertex.In the 3D case, the proposition was proved for the case of G being aface of @
i as Lemma 4.3 in [12]. In the case of G being an edge or a vertex of@
i, the proof follows from Lemma 4.2. and the proof of Lemma 4.1. of [12].The bound on the condition number of the BDD algorithm follows.Theorem 2.7.10. Let 
 � IRd, d 2 f2; 3g, and the weight matricesDi be diagonal with the entries given by (2.25). Then there exists a constant Cindependent of H, h and �i, so that the condition number of the BDD methodsatis�es cond(M; S) � C �1 + log Hh �2 :Proof. We only need to verify the assumption (2.26) of Theorem 2.7.3.Lemma 2.7.4 allows to replace the S(i) norms by the H1=2(@
i) seminorms, whichmay in turn be replaced by the H1=2(@
i) norms, owing to the Poincar�e inequal-ity (A.7) Now it su�ces to use Theorem 2.7.9.2.8 DD as a 2-level MultigridAnother method similar to BDD was proposed by Mandel [64]. As inBDD, this method also treats the local problems in additive way, while a coarseproblem of modest size is added in multiplicative fashion. The main di�erencebetween the two methods is that BDD requires subdomain local sti�ness matricesas input, whereas the method of Mandel described in [64] uses submatrices of Ainstead. 50



The method may be written as follows:Algorithm 5 (Hybrid Method). For a given r 2 V , compute z asfollows:1. Compute the coarse level correctionz0 2 V0 : a(z0; v0) = hr; v0i 8v0 2 V0: (2.31)2. Compute the local subdomain solutionsui 2 Vi : a(ui; vi) = hr; vii � a(z0; vi) 8vi 2 Vi; i = 1; : : : ; J: (2.32)3. Gather the solutions together u = JXi=1 ui: (2.33)4. Compute and return the corrected solutionz0 2 V0 : a(u� z0; v0) = hr; v0i 8v0 2 V0: (2.34)z = u� z0: (2.35)Algorithm 5 is nothing but a two-level variational multigrid for theproblem Sz = b, with a special smoother de�ned by (2.32), (2.33). Steps (2.31)and (2.34) play the role of a coarse-grid correction. The fact that a methodcan be viewed as either a domain decomposition or multigrid is not a coinci-dence; the development of the recent years shows a tendency towards uni�cationof convergence theory for multigrid and domain decomposition methods (e.g.,Bramble, Pasciak, Wang, Xu [14], Wang [90]). In Xu [94], a selection of spacesis described with which the multiplicative domain decomposition and multigridmethods coincide. 51



2.9 Other Domain Decomposition MethodsThe wealth of multilevel literature is astonishing. Of the methodsstrongly related to BDD, we mention two here: The method of Dryja and Wid-lund [32] uses the same coarse space W as BDD and weight exponent t = 1=2in (2.25), but instead of using the local Schur complement matrices S(i) in (2.18),it uses S(i)+ciM (i) withM (i) positive de�nite. This avoids solving singular prob-lems. Sarkis [79] obtained an estimate for a method similar to BDD for non-conforming elements with any t � 1=2.As the main purpose of this brief section is to give a few references toother material deserving attention but not covered in this thesis, we note that do-main decomposition methods have been developed and successfully implementedfor mixed formulations. There is also the dual approach to domain decompositionadvocated by Farhat and Roux [39]. This approach is also suitable for solvingproblems arising from mixed formulations. For the application of domain decom-position techniques to mixed �nite element methods, see [43], [34], [25] and thereferences therein. The dual approach has been introduced in [39] and furtherstudied in [69], [36] and [55].For domain decomposition methods on nonconforming �nite elementdiscretizations, see [4], [2], [53], [57], [19] and their references.
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3. Fully Black-box Overlapping SchwarzMethodIn this chapter, we propose a practical solver based on the frameworkof overlapping Schwarz methods. The practical disadvantage of the existingmethods is that their setup usually requires knowledge of the mesh structure forgenerating the overlaps. Another issue troubling practical usability of overlap-ping Schwarz methods is the construction of a coarse space. The possibilitiesare either to start from a coarse �nite element mesh forming nonoverlappingsubdomains and obtain the �ne discretization mesh by re�ning or to create anindependent coarse mesh. The �rst approach requires the iterative solver tohave control over the discretization, while the second brings about the technicaldi�culties of having to deal with nonnested spaces.We will design and analyze a black-box overlapping Schwarz methodwith a new e�cient coarse space avoiding the aforementioned pitfalls of thetraditional approach. The creation of overlapping subdomains will be simpli�edhere. We will start from a system of nonoverlapping subdomains, but we will notuse the common construction of overlapping subdomains by adding new layersof elements to nonoverlapping ones. Instead, the overlaps will be obtained bya special smoothing procedure based on the sti�ness matrix A. The desiredamount of ovelapping will then be achieved by algebraic means and controlledby the amount of smoothing done. We will also show that the assumed system of53



nonoverlapping subdomains can e�ciently be generated as a part of the methoditself. The material in this section is based on the ongoing joined e�orts withPetr Van�ek [17].3.1 Overlapping Schwarz Method with a Coarse Space.The purpose of this section is to specify requirements on the coarsespace and overlapping subdomains that will allow us to prove uniform conver-gence. Requirements on the coarse space will be formulated in terms of its basisfunctions, keeping in mind that our �nal goal is a black-box method e�cienton unstructured meshes. For this reason, we avoid the assumption on the L1boundedness of the gradient of basis functions.Before we introduce notation speci�c to this section, let us brie
y recallsome assumptions on the problem to be solved. Let 
 � IRd; d 2 f2; 3g bea Lipschitz domain and Th be a quasiuniform �nite element mesh on 
 of acharacteristic meshsize h. Let Vh be a P1 or Q1 �nite element space associatedwith the mesh Th with zero Dirichlet boundary conditions imposed at some �niteelement nodes vi 2 �D � @
. Those nodes will be referred to as constrainednodes. For simplicity, we assume that the �nite element basis functions 'i arescaled so that k'ikL1 = 1. We consider the �nite element discretizationAx = b (3.1)of the following elliptic model problem: Find u 2 Vh such thata(u; v) = (f; v)L2(
) 8v 2 Vh; (3.2)54



wherea(u; v) = dXi=1 Z
 a(x)@u(x)@xi @v(x)@xi dx; 0 < C1 � a(x) � C2 for all x 2 
;and Vh denotes the �nite element space with resolution h. Clearly,C1juj2H1(
) � a(u; u) � C2juj2H1(
):Let us consider the system of overlapping subdomains f
jgJj=1 covering the com-putational domain 
. The coarse space V0 � Vh will be de�ned by its basis, i.e.V0 = spanf�igJi=1and local �ne level spaces fVjgJj=1 will be determined by subdomains 
j viaVj = Vh \H10;(@
jn�N )(
j) j = 1; : : : ; J; (3.3)where �N = @
 n �D is the part of the boundary with the natural boundarycondition imposed.For the sake of parallelism, we assume that we have a system fCjgncj=1of index sets Cj such that(1) Snci=1 Ci = f1; : : : ; Jg, Ci \ Cj = ;; i 6= j.(2) Vk ?A Vl for every k; l 2 Cj:Denoting by Pi the a(�; �)-orthogonal projections onto Vi, respectively,the error propagation operator of the method we will analyze can be written asT = (I � P0) ncYi=10@I � Xj2Ci Pj1A : (3.4)Note that due to the A-orthogonality of the spaces Vj; Vk for j; k 2 Ci, we haveI � Xj2Ci Pj = Yj2Ci(I � Pj); (3.5)
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so the method may be viewed as either a hybrid or purely multiplicative. Thisfact allows for parallelism in the computation of subdomain error corrections.The following two assumptions sum up our requirements on the sys-tem of subdomains and on the coarse space basis functions that will be su�centfor proving uniform convergence of the algorithm with error propagation opera-tor (3.4).Assumption 3.1.1 (Subdomain Geometry). Let 
 be union of sim-ply connected clusters 
j of �nite elements such thata) diam (
j) � CH; j = 1; : : : ; J .b) 9c > 0 8x 2 
 9
j : x 2 
j & dist(x; @
j n @
) � cH; j = 1; : : : ; J .c) 9K1; K2 > 0 : 8x 2 
 the ball B(x; CRH) = fy 2 
 : dist(y; x) � CRHgintersects at most K1 +K2CdR subdomains 
j.d) meas(
j) � CHd; j = 1; : : : ; J .Assumption 3.1.1 c) will be used in the following context: An object of a diameterO(H) intersects at most O(1) subdomains 
i.Assumption 3.1.2 (Coarse Space Basis Functions). We assumethat the basis functions �i of the coarse space V0 satisfya) j�ijH1(
) � CH d�22 ; k�ikL2(
) � CHd=2.b) There is a domain 
int � 
 such that Pi�i(x) = 1 for every x 2 
int anddist(x;�D) � CH for every x 2 
 n 
int.c) supp(�i) � �
i.Note that the assumption can trivially be satis�ed by P1 or Q1 �nite elementbasis functions. We will, however, design a coarse space basis more appropri-ate for unstructured meshes. As we will demonstrate, the basis of smoothed56



aggregation functions described in Section 3.2 is a good candidate.In the rest of this section we will prove the following theorem:Theorem 3.1.3. Under Assumptions 3.1.2 and 3.1.1, for the errorpropagation operator (3.4) of Algorithm 8 de�ned in Section 3.2 below it holdsthat kTka � 1� C; k � ka = a(�; �)1=2;with a constant C independent of H, h.The convergence proof will rely on the use of Lions' lemma [5], forapplication of which we need the following simple existence result:Lemma 3.1.4. Let Assumption 3.1.1 be satis�ed. Then, there existsa set of functions f jgJj=1;  j 2 W 1;1(
) such that1. j ijW 1;1(
) � CH�1,2. PJj=1  j = 1 on 
,3.  j = 0 on 
 n 
j.Proof. For each 
j we de�ne~ j(x) = 8>><>>: H�1dist(x; @
j n @
) for x 2 
j;0 for x 2 
 n 
j:Due to parts a) and c) of the Assumption 3.1.1,JXj=1 ~ j � C (3.6)and from the part b), we also have JXj=1 ~ j � c: (3.7)
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We will show that j ~ jjW 1;1(
) � CH�1: (3.8)Consider two points u; v 2 
j. Without the loss of generality, we assume ~ j(u) �~ j(v): Then we have~ j(u) = H�1dist(u; @
j n @
) = H�1dist(u; P )for some point P 2 @
j n @
. Further, using triangle inequality,~ j(v) = H�1dist(v; @
j n @
)� H�1dist(v; P )� H�1 (dist(v; u) + dist(u; P ))� H�1dist(v; u) + ~ j(u):Therefore,j ~ jjLip(
) := sup( j ~ j(x)� ~ j(y)jdist(x; y) : x; y 2 
; x 6= y) � H�1:Now, (3.8) follows from the well-known equivalence j � jLip(
) � j � jW 1;1(
):Let us de�ne w(x) = 1PJj=1 ~ j(x) ; x 2 �
:Due to (3.6) and (3.7), kwkL1(�
) � C: (3.9)Further, from (3.7), (3.8) and bounded intersections of subdomains 
j, denotingthe Euclidean norm in IRd by k � k,krw(x)k � kr( JXj=1 ~ j)(x)k0@miny2�
 JXj=1 ~ j(y)1A�258



� Xj:x2
j kr ~ j(x)k0@miny2�
 JXj=1 ~ j(y)1A�2� CH�1 (3.10)for every x 2 
 n B, where B is a set of zero measure. Finally, we set j = w ~ j; j = 1; : : : ; J:Statements 2. and 3. of the lemma are trivially satis�ed by functions  j. Fur-ther, (3.8), (3.9) and (3.10) implykr j(x)k = kw(x)(r ~ j)(x) + ~ j(x)(rw)(x)k� kr ~ j(x)k � jw(x)j+ j ~ j(x)j � krw(x)k� CH�1almost everywhere, which proves statement 1. of the lemma.Let us de�ne the linear interpolation operator Q : H1(
)!V0 byQu = JXi=1 �i�i; where �i = �i(u) = 1meas(
i) Z
i u(x) dx: (3.11)As by Cauchy-Schwarz inequality����Z
i u(x) dx���� � j(u; 1)L2(
i)j � meas(
i)1=2kukL2(
i)and by Assumption 3.1.1 d) meas(
i) � CHd;we obtain the following bound for the coe�cients of interpolation Q:j�i(u)j � CH�d=2kukL2(
i): (3.12)59



The proof of the following lemma is essentially standard, except forcertain technical di�culties stemming from allowing rather general geometry ofsubdomains 
j.Lemma 3.1.5. Under Assumptions 3.1.2, 3.1.1, for the interpolationoperator Q de�ned by (3.11) and every u 2 H10;�D(
) it holds thatku�QukL2(
) � CHjujH1(
) (3.13)and jQujH1(
) � CjujH1(
); (3.14)where C is a constant independent of H and h.Remark 3.1.6. The inequality (3.13) is one of the forms of the so-called weak approximation property (cf., [15]). It can be contrasted with thetraditional approximation propertyku�QukH1(
) � CHjujH2(
)used in the multigrid and �nite element literature.Proof. Let us set B = 
 n
int; where 
int is the domain introduced inAssumption 3.1.2, b). Further we de�neB = fi : 
i \ B 6= ;g; B0 = [i2B
i; W = supx2B0fdist(x;�D)gand set B0 = fx 2 
 : dist(x;�D) � Wg:From Assumption 3.1.1 it immediately follows that W � CH and therefore thePoincar�e inequality yieldskukL2(B) � kukL2(B0) � C(�D)HjujH1(B0): (3.15)60



Then, the restriction of Qu onto B can be expressed as(Qu)(x) =Xi2B �i(u)�i(x); x 2 B:Further, let us set Ni = fj : 
j \ 
i 6= ;g: The inequalitiesk�ikL2(
) � CHd=2; j�i(u)j � j�j(u)j � 12(�2i (u) + �2j (u))together with bounded intersections and (3.12) yield:kQuk2L2(B) = Xi2B Xj2Ni\B (�i(u)�i; �j(u)�j)L2(B)� Xi2B Xj2Ni\B j�i(u)j � j�j(u)jk�ikL2(
)k�jkL2(
)� CHdXi2B Xj2Ni\B 12(�2i (u) + �2j(u))� CHdmaxfcard(Ni)gXi2B �2i (u)� CXi2B kuk2L2(
i)� Ckuk2L2(B0): (3.16)Using the last inequality together with (3.15) givesk(I �Q)ukL2(B) � kukL2(B) + kQukL2(B) � CHjujH1(B0): (3.17)Analogously to estimate (3.16), usingj�ijH1(
) � CH(d�2)=2in place of k�ikL2(
) � CHd=2 (see Assumption 3.1.2), we arrive atjQuj2H1(B) � CH�2kuk2L2(B0) � Cjuj2H1(B0); (3.18)where in the last step (3.15) has been used.61



In the rest of the proof we will verify (3.17) and (3.18) on the domain
int (see Assumption 3.1.2). For the convenience of the proving, let us considerthe extension uE of the function u 2 H10;�D(
) satisfyingjuEjH1(IRd) � C(
)jujH1(
); uE = u on 
: (3.19)Let us recall that Ni = fj : 
j \ 
i 6= ;g: For i = 1; : : : ; J we de�ne B0i =Sj2Nj 
j and Bi to be a ball circumscribed about B0i. From Assumption 3.1.1 itimmediately follows that diam (Bi) � CHand therefore, we have the Friedrichs inequality in the formkukL2(Bi) � CHjujH1(Bi) 8u 2 fv 2 H1(Bi) : ZBi v dx = 0g: (3.20)Further, due to Assumption 3.1.1 a), c), the intersections of balls Bi are bounded.For every j = 1; : : : ; J we de�necj = ZBj uE dx; �uj = uE � cj: (3.21)Then, the Friedrichs inequality (3.20) holds for every �uj. Due to Assump-tion 3.1.2 b), for x 2 
i \ 
int it holds that(Qu)(x) = (Q�ui)(x) +Qci= Xj2Ni �j(�ui)�j(x) + ci Xj2Ni�j(x)= (Q�ui)(x) + ci: (3.22)Therefore,k(I �Q)uk2L2(
int) � JXi=1 k(I �Q)uk2L2(
i\
int)62



= JXi=1 k(I �Q)(�ui + ci)k2L2(
i\
int)= JXi=1 k(I �Q)�uik2L2(
i\
int)� 2 JXi=1 �k�uik2L2(Bi) + kQ�uik2L2(
i\
int)� : (3.23)Further,kQ�uik2L2(
i\
int) � k Xj2Ni �j(�ui)�jk2L2(
)� 0@Xj2Ni j�j(�ui)jk�jkL2(
)1A2� card(Ni) Xj2Ni �2j(�ui)k�jk2L2(
)� CH�dHd Xj2Ni k�uik2L2(
j) [Assumption 3.1.2 a) and (3.12)]� Ck�uik2L2(Bi):Substituting the last inequality into (3.23) and using the Friedrichs inequal-ity (3.20) together with bounded intersections of balls fBigJi=1, we getk(I �Q)uk2L2(
int) � C JXi=1 k�uik2L2(Bi)� CH2 JXi=1 j�uij2H1(Bi)= CH2 JXi=1 juEj2H1(Bi)� CH2juj2H1(
):The last inequality together with (3.17) proves (3.13). Similarly,jQuj2H1(
int) � JXi=1 jQuj2H1(
i\
int) 63



= JXi=1 jQ(�ui + ci)j2H1(
i\
int) [used (3:21)]= JXi=1 jQ�ui + cij2H1(
i\
int) [used (3:22)]= JXi=1 jQ�uij2H1(
i\
int)� JXi=1 j Xj2Ni �j(�ui)�jj2H1(
)� JXi=10@Xj2Ni j�j(�ui)jj�jjH1(
)1A2� JXi=10@card(Ni) Xj2Ni �2j(�ui)j�jj2H1(
)1A� CHd�2H�d JXi=1 Xj2Ni k�uik2L2(
j) [Assumption 3:1:2a) and (3:12)]� CH�2 JXi=1 k�uik2L2(Bi)� C JXi=1 j�uij2H1(Bi) [used Friedrichs inequality]= C JXi=1 juEj2H1(Bi)� Cjuj2H1(
) [used bounded intersections and (3:19)]which together with (3.18) completes the proof of (3.14).The previous lemma allows us to prove existence of a H1-stable decom-position of function u 2 Vh into subdomain components.Lemma 3.1.7. Under Assumptions 3.1.2, 3.1.1, for every �nite ele-ment function u 2 Vh, there is a (not necessarily unique) decomposition fuigJi=0;ui 2 Vi such thatu = JXi=0 ui and JXi=0 juij2H1(
) � Ckuk2H1(
);64



where constant C is independent of h;H.Proof. Let us de�ne the operator Ih : C0(�
)! Vh byIh(u) = nXi=1 u(vi)�i = �(u(vi)ni=1);where fvigni=1 is the set of �nite element nodal points, f�igni=1 is the �nite elementbasis, and �x = Pni=1 xi�i is the �nite element interpolator. Let us consider thebasis f igJi=1 from Lemma 3.1.4. As diam (supp( i)) � CH and j ijW 1;1(
) �CH�1; we also have k ikL1(
) � C:Let us de�ne the decompositionu0 = Qu;ui = Ih( iw); i = 1; : : : ; J; wherew = (I �Q)uand Q is the interpolation operator from Lemma 3.1.5. As w is a �nite elementfunction and PJi=1  i = 1;JXi=1 ui = Ih( JXi=1  iw) = Ih(w) = w;proving validity of the �rst statement of this lemma. Further, for i = 1; : : : ; J itholds thatjuijH1(
i) = jIh( iw)jH1(
i)� Cj iwjH1(
i)� Ckr( iw)k[L2(
i)]d65



= Ckwr i +  irwk[L2(
i)]d� C(kwr ik[L2(
i)]d + k irwk[L2(
i)]d)� C(jr ij[L1(
i)]dkwkL2(
i) + jrwj[L1(
i)]dk ikL2(
i))� C � 1H kwkL2(
i) + jwjH1(
i)� :Therefore, owing to the bounded intersection property of subdomains
i, the approximation property (3.13) and the energetic stability (3.14),JXi=0 juij2H1(
) � C  JXi=1 � 1H2kwk2L2(
i) + jwj2H1(
i)�+ ju0j2H1(
)!� C � 1H2kwk2L2(
) + jwj2H1(
) + ju0j2H1(
)�� C � 1H2k(I �Q)uk2L2(
) + j(I �Q)uj2H1(
) + ju0j2H1(
)�� C �juj2H1(
) + jQuj2H1(
)�� Cjuj2H1(
);which completes the proof of the second statement of this Lemma.To complete the proof of Theorem 3.1.3, we need the following twoabstract results.Lemma 3.1.8 ([5]). Let V be a Hilbert space with an inner producta(�; �), and Vi denote subspaces of V , V = SJi=0 Vi, with inner product a(�; �).Further let operators Pi : V ! Vi be a(�; �)-orthogonal projectors. Then if thereexists a constant CL > 0 such that8v 2 V 9vi 2 Vi : v = JXi=0 vi and JXi=0 a(vi; vi) � CLa(v; v);then inf �( JXi=0 Pi) � 1CL :66



The following lemma is a straightforward simpli�cation of [89, Theo-rem 3.2] suitable for our purposes.Lemma 3.1.9. Let(i) There exists a constant CL such thata(v; v) � CLa( JXi=0 Piv; v) 8v 2 V:(ii) Let " = f�ijgJi;j=1 be a symmetric matrix such thata(Piu; Pjv) � �ija(Piu; u)1=2a(Pjv; v)1=2 8u; v 2 V; i; j = 1; : : : ; J:Then the product algorithm with error propagation operator(I � P0)(I � P1) : : : (I � PJ)is convergent with the rate bounded by
 = 1� 1CL(1 + %("))2 :We can now return to proving Theorem 3.1.3. The assumption (i)of Lemma 3.1.9 follows from Lemmas 3.1.7 and 3.1.8. From bounded overlapsproperty of subdomains 
i we obtain%(") � C;where the constant C is independent of the numbering of spaces Vi; i = 1; : : : ; J .Therefore, Lemma 3.1.9 yieldsk(I � P0) ncYi=1 Yj2Ci(I � Pi)kA � 1� C;where fCignci=1 are decomposition sets introduced in at the beginning of thissection. Now, the proof of Theorem 3.1.3 follows from (3.5).67



3.2 Smoothed Aggregation Coarse Space and BOSSIn this section we de�ne a coarse-space based on the concept of smoothedaggregation introduced in [87]. Overlapping subdomains will be de�ned basedon the nonzero structure of prolongator. The method described here allowsblack-box implementation; its only input is a system of linear algebraic equa-tions Ax = f and the system of aggregates of degrees of freedom. Assumptionson aggregates allowing the proof of uniform convergence will be given in the nextsection. Let fAigJi=1 be a given system of aggregates of nodes forming a disjointcovering of the set of all unconstrained nodes i.e.J[i=1Ai = f1; : : : ; ng; Ai \ Aj = ; for i 6= j:We de�ne a vector 1i 2 IRn as follows:(1i)j = 8>><>>: 1 for node j 2 Ai0 elsewhere. (3.24)Then we de�ne the tentative prolongator P̂ to be an n by J matrix such that itsi�th column is equal to 1i.Note that this grouping of nodes into disjoint sets and subsequent iden-ti�cation of each set with a single degree of freedom on the coarse space is re-ferred to in the literature as aggregation technique. It was introduced in theearly 1950's by Leontief [58] and frequently used in the problems of economicmodeling (cf., Mandel and Sekerka [68] and the references therein.)In order to eliminate oscillatory components from the range of P̂ , weintroduce an n by n prolongator smoother S and de�ne the �nal prolongator P68



by P = SP̂ : (3.25)The following algorithm describes construction of the polynomial pro-longator smoother S suitable for our purpose. The key property of the re-sulting smoother is that %(S2A) � Cdeg(S)�2%(A), which allows to prove thatthe H1-seminorm of our coarse-space basis functions is su�ciently small (Lem-mas 3.3.2, 3.3.3). Note that there is no need to physically construct the prolon-gator smoother S. For the sake of the method's implementation, we need onlythe �nal prolongator P = SP̂ , which can be generated in O(n deg(S)) operationsin a single processor environment.Algorithm 6. For a desired degree dS of the prolongator smoother Sand an estimate of the spectral radius of A such that%(A) � %̂ � C%%(A); (3.26)we de�ne the prolongator smoother by1. Let K = b log3(2dS + 1)c � 1; where b � c is the truncation to the nearestsmaller integer.2. For i > 0, set %̂i = %̂9i . and compute S = QKj=0(I � 43 %̂�1j Aj), where Aj isde�ned by the recurrence formulaA0 = A;Aj = (I � 43 %̂�1j�1Aj�1)2Aj�1; for j > 0: (3.27)
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Remark 3.2.1. Algorithm 6 is capable of generating smoother S ofcertain degrees only. The choice of K in the step 1. gives S of degree closest tothe desired one dS, see (3.29).If we set for i 2 IN Si = iYj=1�I � 43 %̂�1j�1Aj�1� ;then for the prolongator smoother S created by Algorithm 6 we have S =Sblog3(2dS+1)c. Asdeg(Ai) = deg((I � 43 %̂�1i�1Ai�1)2Ai�1) = 3deg(Ai�1) = 3i;we get deg(Si) = deg(Si�1) + deg(Ai�1) = deg(Si�1) + 3i�1 (3.28)= i�1Xj=0 3j = 3i � 12 �Therefore, S = Sblog3(2dS+1)c satis�esdS3 < deg(S) � dS: (3.29)The nonzero structure of the prolongator P determines the supports ofour coarse space basis functions �i = �Pei: (3.30)Here, �x = Pni=1 xi�i is the �nite element interpolator, f�ig the �nite elementbasis and ei the i�th vector of the canonical basis.The prolongator P is obtained as a result of the matrix multiplicationP = SP̂ , where P̂ is the tentative prolongator and S is the polynomial in thesti�ness matrix A given by Algorithm 6.70



The computational subdomains 
i are derived from the nonzero struc-ture of the matrix P symb, which is obtained in the same way as the prolongatorP , except the matrix operations involved are performed only symbolically. Thatis, we replace nonzero entries of matrices by ones and use the arithmetic1 + � = 1; 0 + � = �; 1 � � = �; 0 � � = 0; for � = 0; 1:Then, de�ning 
i = supp(�P symbei); (3.31)we have supp(�i) � 
i: (3.32)Note that if the sparse matrix operations are implemented so that numericalzeroes are never dropped, the results of these symbolic operations are obtainedfor free as a side bene�t of the computation, so the symbolic operations need notbe performed at all.Algorithmically, this can be accomplished as follows: First, for eachcolumn of the smoothed prolongator P symb let us de�ne the list of its nonzeroesNj = fi : P symbij 6= 0g; nj = card(Nj)and the n by nj 0�1 matrix Nj resulting from selecting the columns with indicesin Nj from the n by n identity matrix. Further we de�ne local matrices ~Ai andlocal correction operators Ri~Ai = NTi ANi; Ri = Ni( ~Ai)�1NTi ; i = 1; : : : ; J: (3.33)Analogously, for the coarse level we set~A0 = P TAP; R0 = P ( ~A0)�1P T : (3.34)71
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2Figure 3.1: Possible assignment of elements to di�erent classes Ci in 2D.For a positive i, RiA is the A�orthogonal projection onto the local spaceV̂i = fx 2 IRn : xj = 0 for j 62 Nig:Note that (V̂i; k � kA) is the vector space isometrically isomorphic to the spaceof �nite element functions (Vi � fPni=1 xi'i; x 2 V̂ig; a(�; �)1=2). Also, Vi intro-duced this way satis�es (3.3).For the sake of parallelism, we need a disjoint covering fCignci=1 of theset f1; : : : ; Jg satisfyingcos(V̂j; V̂k) = 0 for every j; k 2 Ci; i = 1; : : : ; nc; (3.35)where the cosine is measured in A�inner product. For structured meshes, sucha covering can easily be obtained. For simplicity of demonstration, consider 2Dand 3D rectangular meshes. Figures 3.2 and 3.2 depict possible decompositioninto noncontiguous groups forming Ci in 2D and 3D, respectively.
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We can see that for the rectangular meshes the elements can be subdivided intofour noncontiguous groups in 2D and into eight in 3D. We are, however, seekinga similar decomposition for any (unstructured) mesh. For unstructured meshes,such a decomposition can be created using a simple greedy algorithm, as theinformation about the orthogonality of spaces V̂i is available. Trivially, spacesV̂i and V̂j are orthogonal ifakl = 0 for all k 2 Ni; l 2 Nj;where akl are entries of the sti�ness matrix A. Such a test can be easily performedusing the formula Asymbc = P symbT � Asymb � P symb;where * is the operation of the symbolic matrix multiplication. Then,If (Asymbc )ij = 0 then cos(V̂i; V̂j) = 0:The disjoint covering fCignci=1 of the set of coarse space degrees of freedom satis-fying (3.35) can be created using the following algorithm:Algorithm 7. Set R = f1; : : : ; Jg, i = 0 and1. repeat2. set i i + 1,3. set Ri = R; Ci = ;,4. repeat5. choose j 2 Ri,6. set Ci  Ci [ fjg,7. for each k : (Asymbc )jk = 1 set Ri  Ri n fkg,74



8. until Ri is empty,9. set R  R n Ci,10. until R is empty,11. set nc = i.Now we have all the components needed to write down the implemen-tation of the Schwarz method with the error propagation operator (3.4).Algorithm 8 (BOSS). Given a vector xi, the method returns xi+1computed as follows:1. Set z0 = xi.2. Local corrections:for i = 1; : : : ; nc dozi = zi�1 + Xj2CiRjdi; where di = f � Azi�1and Rj is the correction operator de�ned in (3.33).3. Coarse level correction: z0 = znc +R0(f � Aznc);where R0 is the coarse-level correction operator given by (3.34).5. (optional) for i = nc; : : : ; 1 dozi = zi�1 + Xj2CiRjdi; where di = f � Azi�16. Set xi+1 = z0:Note that if the optional post-smoothing step 5 is used, the algorithmcan be used as a symmetric preconditioner in the conjugate gradient method.75



Remark 3.2.2. For the sake of brevity, we denote the method de-scribed by Algorithm 8 with the choice of operators Ri, R0 given by (3.33), (3.34)as BOSS, short for Black-box Overlapping Schwarz with Smoothed Coarse Space.We will �nd this abbreviation useful in the tables of Chapter 6.3.3 Estimates for Smoothed AggregationIn this section, we apply the general estimates to smoothed aggregationmethod de�ned in previous section. In order to prove the convergence of themethod with the coarse space generated by smoothed aggregations, we onlyhave to verify that Assumptions 3.1.2 and 3.1.1 are satis�ed.The pattern of the sti�ness matrix A = faijgni;j=1 determines the undi-rected graph G = fV; Eg;where vertices V = f1; : : : ; ng are indices of all unconstrained nodes and edgesE are given by E = f[i; j] 2 V � V : aij 6= 0g:For i 2 V and a positive integer r let us de�ne the graph r�neighborhood of iby B(i; r) = fj 2 V : dist(i; j) � rg:Here, the distance of two vertices i; j is the minimal length of path connectingi; j measured in the number of edges forming the path.In the rest of this section, we will prove the optimal convergence re-sult under the following assumption on the system of aggregetes fAigJi=1. The�rst part of the assumption controls aspect ratios of aggregates. The second76



part speci�es the number of smoothing steps involved in the construction of theprolongator smoother.Assumption 3.3.1. There are positive integer constants c; C; C1; C2and a positive integer � characterizing the graph size of aggregates such thata) In each aggregate Ai there is a node j satisfyingB(j; c�) � Ai; and dist(k; j) � C� for every k 2 Ai:b) For the degree dS of prolongator smoother it holds thatC1� � dS � C2�:The decomposition satisfying the Assumption 3.3.1 can be easily gen-erated using a simple greedy algorithm, see Algorithm 9 in the Section 3.4.The following simple algebraic result is the key tool needed for veri�-cation of the Assumption 3.1.2 a).Lemma 3.3.2. For the prolongator smoother S created by Algorithm 6it holds that %(S2A) � C deg(S)�2%(A) and %(S) � 1:Proof. ([88]). Throughout this proof, we use the notation introducedin the Algorithm 6. First, by induction, we prove %(Ai) � %̂i. For i = 0, theinequality holds by (3.26); assume it holds for j � i. Then, byAi+1 = (I � 43 %̂�1i Ai)2Aiand the inductive assumption%(Ai+1) = maxt2�(Ai)(1� 43 %̂�1i t)2t � maxt2[0;%̂i](1� 43 %̂�1i t)2t � 19 %̂i = %̂i+1:77



Hence, %(Ai) � �19�i %̂ � %̂i:Now, the second estimate %(S) � 1 follows immediately from the fact that S isa product of terms of the form I � 43 %̂�1j Aj.Let us estimate the spectral bound of S2A. It is routine to verify thatS2A = AK; where K = blog3(2dS + 1)c � 1:Therefore, taking into account that (see Remark 3.2.1) 3K � CdS � Cdeg(S)and %̂0 � %̂ � C%%(A) (see (3.26)), we get%(S2A) � �19�K %̂0 � Cdeg�2(S)%(A);which was to be proved.The following lemma demonstrates validity of Assumption 3.1.2, a).Lemma 3.3.3. Under the Assumption 3.3.1, for coarse space basisfunctions de�ned by (3.30) it holds thatj�ijH1(
) � CH d�22 and k�ikL2(
) � CH d2 ; (3.36)where H = �h.Proof. Taking into account the underlying quasiuniform P1 or Q1�nite element mesh, the number � characterizes the \discrete diameter" of ag-gregates Ai, and we have card(Ai) � �d:Further, due to the Lemma 3.3.2,%(S2A) � C�2%(A):78



Therefore, using the fact that %(A) � Chd�2,j�ij2H1(
) � Ca(�SP̂ ei; �SP̂ ei)= ChAS1i;S1ii� C��2%(A) card(Ai)� C�d�2hd�2= CHd�2:Similarly, using the fact that %(S) � 1 (Lemma 3.3.2),k�ik2L2(
j) = k�SP̂ eik2L2(
)� ChdhS1i;S1ii� Chd%(S2) card(Ai)� Chd�d� CHd;completing the proof.Remark 3.3.4. The estimate for the smoothed functions �i in Lemma3.3.3 is a signi�cant improvement over the case of unsmoothed functions �1i,for which we can only prove j�1ij2H1(
) � CHd�1=h.Now we are ready to complete the veri�cation of Assumption 3.1.2 forsmoothed aggregations.Lemma 3.3.5. Under Assumption 3.3.1, the coarse-space basis f�iggenerated by smoothed aggregation technique described in the previous sectionsatis�es Assumption 3.1.2. 79



Proof. The assumption a) follows from the Lemma 3.3.3. The as-sumption c) has been veri�ed in the previous section, see (3.32). Let us proveb). Basis functions derived from the tentative prolongator P̂ , i.e.�̂i = �P̂ ei; i = 1; : : : ; msatisfy the decomposition of unity mXi=1 �̂i = 1 (3.37)everywhere on 
 nB�D , where B�D is the union of elements Ti such that@Ti \ �D 6= ;:Discretely, (3.37) holds in every unconstrained �nite element nodal point. Let Dbe the index set of all �nite element nodal points vi 2 B�D (B�D is understoodas a closed domain.) The vector of units is a local kernel of the matrix A. Moreprecisely, for a vector of ones, u 2 IRn, it holds that(Au)i = 0 for every i 62 D:Further, for a positive k and the vector of units u,(Aku)i = 0 for every i such that dist(i;D) � k + 1;where dist is a graph distance introduced at the beginning of this section. Theprolongator smoother S is a polynomial in the sti�ness matrix A with the abso-lute term equal to 1. Therefore, for the vectorw = mXi=1 Pei = mXi=1 SP̂ ei = Su
80



we have wi = 0 for every i such that dist(i;D) � deg(S):As P�i = �Su, the decomposition of unity Pmi=1 �i = 1 is violated at most atdeg(S)+ 1 strips of elements surrounding �D. This, together with deg(S) � C�and H = �h completes the proof.Lemma 3.3.6. Under Assumption 3.3.1, the computational subdo-mains 
i de�ned by (3.31) satisfy Assumption 3.1.1.Proof. The proof consists of simple, but rather tedious geometricalconsiderations. Computational subdomains are de�ned by 
i = supp(�Ssymb �P̂ � ei), where * is the operation of the symbolic matrix multiplication and Ssymbis the polynomial in A created using symbolic matrix operations too. The degreeof Ssymb satis�es c� � deg(Ssymb) � C�:Further, the support of basis function derived from the tentative prolongatorsupp(�P̂ ei)is formed by all elements Tj such that at least one vertex of Tj belongs to theaggregate Ai. The smoothing by Ssymb adds deg(Ssymb) layers of surrounding�nite elements.Taking into account the quasiuniformity of the underlying mesh andthe fact that H = �h � deg(Ssymb)h, the measure of added deg(Ssymb) layers ofelements itself is greater or equal to CHd. So,meas(
i) � CHd;81



which proves the Assumption 3.1.1, d). Also, due to Assumption 3.3.1, a), wesimilarly obtain diam (
i) � CH. Hence a) is also veri�ed.Let us prove b). The supports of basis functions �P̂ ei cover the domain
. As 
i is created by adding deg(S) � c� layers of elements to supp(�P̂ ei),we have distIRd(x; @
i) � cH 8x 2 supp(�P̂ ei);where distIRd(�; �) is the Euclidean distance. As every point x 2 
 belongs tosome supp(�P̂ ei), b) is proved.It remains to verify c). The �rst part of the Assumption 3.3.1, a) saysthat each aggregate Ai contains a \graph ball" of a radius r � c�, where c is thepositive integer constant. Let us interpret this assumption geometrically in IRd.For each aggregate of vertices Ai let us de�ne the cluster Ci consistingof all �nite elements Tj so that all vertices of Tj belong to Ai: From the �rstpart of the Assumption 3.3.1, a), it follows that there is a ball Bi � Ci such thatdiam (Bi) � cH. As the aggregates Ai are disjoint, the clusters Ci and balls Biare disjoint as well. Summing up, we have proved the following properties forsubdomains 
i:� diam (
i) � CH.� For each 
i there is a ball Bi � 
i such that diam (Bi) � cH and ballsBi; i = 1; : : : ; J , are mutually disjoint.From here, the Assumption 3.1.1, c) follows.We have veri�ed that Assumptions 3.1.2 and 3.1.1 are satis�ed, hencewe can apply Theorem 3.1.3 to prove convergence of the method with coarsespace given by smoothed aggregations.82



Theorem 3.3.7. Let the Assumption 3.3.1 holds. Then, for the errorpropagation operator T of the method described in the Section 3.2 applied tothe model problem (3.2) it holds thatkTkA � 1� C;where C is a constant independent of h and the size of aggregates.Proof. The proof follows immediately from Lemmas 3.3.5, 3.3.6 andTheorem 3.1.3.3.4 Practical IssuesThe overlapping method with the coarse space given by smoothed ag-gregations has very favorable convergence properties common to most overlap-ping Schwarz methods with a coarse space. The new method has, however,certain advantages over the existing overlapping methods. The advantages ofthe smoothed aggregation approach include: It can be implemented as a blackbox with no input required from the user except for the sti�ness matrix and theright hand side of the problem. Even though the analysis assumes an ellipticfunctional discretized on a quasi-uniform mesh by P1 or Q1 �nite elements, nu-merical experiments con�rm applicability of the method to unstructured meshesand a variety of �nite element types and problems far beyond the scope of thecurrent theory.The disadvantage common to all overlapping-type domain decomposi-tion methods is the increase of computational complexity with increasing mea-sure of the overlap. Our method cannot avoid this drawback, but the use of\coloring" in the de�nition (3.4) allows parallel implementation of local solves83



and reduces the processing time.In the rest of this section, we discuss ways to generalize the method forsolving nonscalar problems. We also analyze the computational complexity ofthe method and a practical algorithm that can be used to generate the aggregatesAi.3.4.1 Generation of AggregatesWe now describe a greedy algorithm which will generate the subdo-mains satisfying the Assumption 3.3.1. First we extend the de�nition of graphneighborhood of a node to the graph neighborhood of a set X � f1; : : : ; ng ofnodes: B(X;�) = fi : dist(i; X) � �g:With this de�nition, we can write theAlgorithm 9. For the given sti�ness matrix A and positive integer �,create the system of aggregates fAig as follows:1. Set R = f1; : : : ; ng; j = 0:2. for i = 1; : : : ; n do3. if i 2 R then4. if B(fig; �) � R then5. j j + 1,6. Aj B(fig; �),6. R R nAj,7. end if8. end if 84



9. end for10. set J = j,11. for i = 1; : : : ; J12. Ai Ai [ (B(Ai; �) \ R),13. R R nAi14. end forIn order to fully complete the aggregate generation description, we givean algorithmic recipe for computing the �-neighborhood of a set X used inAlgorithm 9Algorithm 10. Given a set X � f1; : : : ; ng,1. Set w 2 IRn as wi = 8>><>>: 1 if i 2 X0 otherwise:2. Set w = A� � w (both the power and the multiplication are performedsymbolically.)3. Set B(X;�) = fi : wi = 1g.Remark 3.4.1. Algorithm 9 generates a disjoint covering fAig of theset of all vertices that satis�es Assumption 3.3.1. In steps 1.{10. Algorithm 9generates graph neighborhoods Ai = B(fjg; �). After Step 10., the set R con-tains the remaining nodes that could not be made into whole �- neighborhoods.For these nodes it holds that8 j 2 R 9 Ai such that dist(j;Ai) � �:Steps 11. through 13. add at most � \layers" of surrounding vertices to someof the aggregates Ai. It follows from the construction that at the end of Algo-rithm 9, R = ;. 85



3.4.2 Nonscalar ProblemsThe method can easily be modi�ed for solving nonscalar problems. Wewill brie
y describe the changes required. This approach �rst appeared in [87]in the context of solving problems of order higher than 2. In order to applythe method to nonscalar problems, we need the knowledge of the discrete rep-resentation of the local kernel of the bilinear form a(�; �). By local kernel wemean the kernel in absence of essential boundary conditions, i.e., the kernel ofthe unconstrained problem.Let us assume that we have functions ff jgnkj=1 spanning the local kernelof a(�; �) (in case of 3D elasticity, 6 rigid body modes). For each function f i, weneed its discrete representation with respect to our �nite element basis, or thevector f̂ i such that f i = �f̂ i:Finite element packages usually provide this information. For every aggregateAi let us de�ne the set Di of all degrees of freedom associated with nodes of Ai.Then the tentative prolongator can be constructed byAlgorithm 11 (Tentative prolongator - nonscalar problems).For every aggregate Ai and for j = 1; : : : nk:1. For f̂ j, compute the vector f̂ ij 2 IRn with componentsf̂ ijk = 8>><>>: f̂ jk if k 2 Di0 otherwise.2. Interpret the vector f̂ ij as the nk(i � 1) + j-th column of the tentativeprolongator P̂ . 86



The algorithm in this form can be used to treat quite general bases (e.g., unscaledbases, high order elements or common plate and shell elements). In order toimprove conditioning of the coarse problem, it is advisable to perform the discretel2�orthogonalization of vectors f̂ ij on each aggregate Ai, as suggested in Van�ek,Mandel and Brezina [87], or by simply computing their l2-orthogonal projectionsonto complement of a constant. This is not required by the theory, but practicalapplications can bene�t from such a stabilization. When solving problems of2D and 3D elasticity it is possible to obtain the basis ff jg explicitly for eachsubdomain without having to scale it; this construction relies on the fact thatthe rigid body modes are known and was presented in [83]. The above mentionedapproach is, however, more general.3.4.3 Computational ComplexityWe will now give an asymptotic bound on the amount of 
oating pointoperations needed to carry out the iteration to reduce the error to the truncationlevel. We will give the estimates for implementation on both serial and parallelarchitectures.Let Nes denote the typical number of elements per subdomain d thedimension of the space on which the continuous problem is cast, and n thenumber of degrees of freedom in the whole system.Let us �rst compute the amount of work needed for the setup. Ona machine with a sigle CPU, we need O(deg(S)n) operations to compute theprolongator P = SP̂ . Taking into account that deg(S) � Hh � N1=des , thisbecomes O(N1=des n). Further, we need O( nNesN 3d�2des ) and O(( nNes ) 3d�2d ) operations87



to compute the Cholesky factorizations of the local and coarse level matrices,respectively. We also need O(n) operations to compute the coarse level matrix,but this number can be taken out of the consideration, as it is dominated by theother expenditures.Each step of the iteration requires O( nNesN 2d�1des ) and O(( nNes ) 2d�1d ) oper-ations to compute the back-substitutions in the local and coarse spaces, respec-tively. The amount of work required to compute the defect, the corrections andrestriction is O(n), hence negligible.Taking into account all the above listed expenditures, we use trivialcalculus to conclude that the optimal value of the number of elements per sub-domain is Nes = n 2d�25d�4 . That is, Noptes = n 13 for 2D problems and Noptes = n 411 for3D problems. The total amount of work involved in the setup and iterations forthese optimal values is O(n 43 ) and O(n 4933 ) in 2D and 3D, respectively.The reason we introduced the \coloring" classes Ci in the algorithm wasto facilitate the use of modern parallel architecture computers. For simplicity, weassume that we have at least dn1=2e processors. Then most the procedures cantake advantage of parallel implementation. In the evaluations of computationalwork we omit all operations costing O(n) operations.The setup will require O(deg(S)n1=2) operations to compute P = SP̂ .If we assume that the local Cholesky decompositions are performed in paral-lel, we need O(N 3d�2des ) and O(( nNes ) 3d�2d ) operations to compute the Choleskyfactorizations of the local and coarse problems, respectively.88



Each step of the iteration will require O(N 2d�1des ) and O(( nNes ) 2d�1d ) oper-ations to compute the back-substitutions in the local and coarse spaces, respec-tively. Balancing these values, we obtain that the optimal size of a subdomainis about n1=2 in both 2D and 3D. The resulting computational complexity canthen be bounded by O(n) in 2D and by O(n7=6) in 3D.The above discussion together with the convergence Theorem 3.1.3proves the following theorem:Theorem 3.4.2. Let Assumptions 3.1.2 and 3.1.1 be satis�ed, and theCholesky factorization be used to solve the coarse-level and local subdomainproblems. Then, on a serial architecture, the optimal number of elements persubdomain is N2Des � n 13 in 2D and N3Des � n 411 in 3D, and the system (3.1) canbe solved to the level of truncation error in O(n 43 ) operations in 2D, and O(n 4933 )operations in 3D. If a parallel architecture with n1=2 processors were available, theoptimal number of elements per subdomain would change to N2Des = N3Des � n 12 ,and the system (3.1) could be solved to the level of truncation error in O(n)operations in 2D, and O(n 76 ) operations in 3D.The above estimates show that the amount of work required to completethe whole iterative process (including its setup) is asymptotically lower than evenjust the back-substitution step of direct methods based on matrix factorization,which would be O(n3=2) and O(n5=3) in 2D and 3D, respectively.
89



4. Nonoverlapping Methods with InexactSolversThis chapter deals with the issue of nonoverlapping domain decomposi-tion methods using only inexact subdomain solvers. In Section 4.2, we formulaterequirements on the approximate solvers we will use and their properties. In thesections that follow we de�ne a fully algebraic nonoverlapping domain decompo-sition method with inexact subdomain solvers and prove the condition numberestimate of the resulting algorithm. We will also study the in
uence of usingapproximate coarse space problem.4.1 Inexact Subdomain SolversThe reason many domain decomposition methods use the reduced sys-tem is that the condition number of the problem to be solved is reduced from1=h2 to 1=h (see Lemma A.1.7 or Bramble [9]). The resulting method is provedto behave better than applying the diagonal preconditioner to the original prob-lem (Mandel [61]). However, solving the local problems by direct methods canbe costly, especially if only a modest number of subdomains is used. Therefore,number of attempts to replace direct solvers in solving the subdomain problemsby signi�cantly cheaper iterative methods have been made. One of the earliest ofthese e�orts is due to B�orgers [8] who proved for the Neumann-Dirichlet domaindecomposition and the case of two substructures that convergence independent90



of the meshsize can be obtained if the exact local solvers are replaced by a smallnumber of multigrid iterations.Another approach was described for the Neumann-Neumann methodin [32], where theory is based on the abstract Schwarz method framework recalledin Section 2.1. The method of [33] uses inexact solvers for the Neumann problemsunder the assumption that the local Schur complements are known. Because thelocal Schur complements de�ne the global one, this approach is only appropriatein the case the global Schur complement S is computed. This, however, has tobe avoided in order to keep the computational complexity down. An improvedversion of the same algorithm, using the formulation with local sti�ness matricesA(i) instead, appeared in [30]. An elegant way of application of inexact localsolvers can also be found there. The disadvantage of this method is its utilizationof the �nite element basis used for discretization of the problem.One of the most recent attempts to address the issue of inexact subdo-main solvers is due to Bramble, Pasciak and Vasillev [13]. Their method is basedon a trivial approximation of harmonic extensions, which results in reduced com-putational complexity, but allows only a suboptimal condition number estimatewith linear dependence on the ratio Hh .An attractive feature of domain decomposition methods used as precon-ditioners in the method of preconditioned conjugate gradients is that the matrixof the problem never has to be assembled. Although this is a general propertycommon to all domain decomposition methods, it is perhaps most clearly demon-strated on the example of the EBE methods of Section 2.6, where (except forcertain implementations) only local element submatrices need to be known and91



stored. The action Ax of the global matrix, required by PCG, can be obtainedby the subassembly of the actions of local matricesAx = JXi=1NTi A(i)Nix:Thus, only the local matrices A(i) or their factors have to be stored.An important prerequsite for the application of inexact solvers is refor-mulating the problem in such a way that the local Schur complements do not�gure at all in the formulation of the problem to be solved. That is, special carehas to be applied so that using inexact solvers does not a�ect the problem to besolved. For instance, if the local Schur complement matrices S(i) were straight-forwardly replaced by their approximations ~S(i), the problem to be solved wouldbe ~S~x = b, the solution of which may be completely irrelevant to that of Sx = b.On the other hand, forming and storing exact Schur complements S(i) as well astheir approximations does not seem to o�er any advantage over storing only theCholeski factors of S(i), which is the common practice.A proper formulation may be found in the early domain decompositionpaper of Bramble, Pasciak, Schatz [10]. We give another suitable formulation inSection 4.5.2. Both are formulated in terms of the local sti�ness matrices A(i); themain di�erence between the two is that the formulation in [10] is nonalgebraic.Another signi�cant di�erence is that we are using a smaller and more e�cientcoarse space (with one degree of freedom per subdomain for scalar second orderproblems). We present two substructuring methods avoiding the exact subdo-main solvers. First of them is an extended BDD. The second one, presented inChapter 5, is more unorthodox and is closely related to the multigrid methodwith smoothed aggregation [52, 86, 87].92



4.2 The Inexact Solvers' PropertiesOur aim is to replace the exact solvers with approximate ones. In orderto simplify the notation, in this section we describe the inexact solvers and statesome of their properties used in our proofs.Assume that all algebraic systemsAx = f (4.1)with a n � n symmetric and positive (semi)de�nite matrix A are solved by anapplication of an iterative methodx cMx + cNf (4.2)consistent with (4.1) (i.e., having the same solution), with A-symmetric matrixcM satisfying kcMkA � q; q 2 (0; 1): (4.3)The following lemma gives a condition number estimate for this procedure.Lemma 4.2.1. Assume that the iteration (4.2) is consistent with (4.1),and that it is convergent in the sense of (4.3). Then(1� q)hA�1x; xi � hcNx; xi � (1 + q)hA�1x; xi 8x 2 IRn (4.4)and (1� q)hcN�1x; xi � hAx; xi � (1 + q)hcN�1x; xi 8x 2 IRn (4.5)(the constant q can be made arbitrarily small provided su�ciently many stepsof iteration (4.2) are used). 93



Proof. Let us �rst assume that A is nonsingular. The consistency of(4.2) implies cM = I � cNA. Using Cauchy-Schwarz inequality, we havejhcMx; xiAj � kcMxkAkxkA � qkxk2A:Thus, we obtain(1� q)hx; xiA � hcN iAx; xiA � (1 + q)hx; xiA 8x 2 IRn (4.6)or (1� q)hA�1x; xi � hcNx; xi � (1 + q)hA�1x; xi 8x 2 IRn: (4.7)Since the matrix A is assumed positive de�nite, the last equation implies positivede�niteness of cN .Since cN is nonsingular and symmetric (A symmetric and nonsingular),substituting y = A�1=2x in (4.7), we obtain(1� q)hy; yi � hA1=2cNA1=2y; yi � (1 + q)hy; yi 8y 2 IRn:From here 11 + q hy; yi � hA�1=2cN�1A�1=2y; yi � 11� q hy; yi 8y 2 IRn:Using substitution x = A�1=2y, we obtain(1� q)hcN�1x; xi � hAx; xi � (1 + q)hcN�1x; xi 8x 2 IRn: (4.8)The above estimates relied on the assumption that A be nonsingular.Let us now assume that A is symmetric, but semide�nite. The pseudo-inverseA+ of A is an inverse on the space Range (A), and the argument above can beused for AL = Aj Range (A). 94



When computing the approximate harmonic extension Ê, we will ap-ply (4.2) started from zero initial approximation in the interiors to the problemA22xE = �A21�x: (4.9)The following lemma gives an estimate for the case only one iterationof (4.2) is used to approximate the harmonic extensionLemma 4.2.2. Let us denote by h the charateristic meshsize. Denot-ing by E the operator of discrete harmonic extension, we have for the inexactharmonic extension Ê the following estimatek(E � Ê)ukA � C qhkEukA;where q is the parameter from (4.3).Proof. Let us denote by Q : V!V0 the linear operator de�ned asQu = 8>><>>: 0 for x 2 @
;u for x 2 �
 :Since we assume the iteration (4.2) for problem (4.9) is started from zero ap-proximation (in the interiors), we have for the initial error e0 = QEu and afterone iteration e1 = cMe0. Therefore, using the de�nition of Q and (4.3),k(E � Ê)uk2A = kQe1k2A = ke1k2A22 = kcMe0k2A22� q2ke0k2A22 = q2kQe0k2A = q2kQEuk2A � q2kQk2AkEuk2A:In order to conclude the proof, it su�ces to realize that kQkA � Ch .4.3 Matsokin-Nepomnyaschikh Abstract TheoryThe abstract theory presented by Nepomnyaschikh in [73] provides analternative approach to describing domain decomposition methods, cf. also [55].95
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Figure 4.1: Abstract framework scheme.4.3.1 Abstract Framework and Condition Number EstimateFollowing [55], let us consider Hilbert spaces H0; H and self-adjoint,elliptic operators A;B on H0; H, respectively. Also consider linear continuousextension and restriction maps T : H0!H and R : H!H0, so thatR � T = IH0 : (4.10)Consider solving the problemFind u0 2 H0 : Au0 = L0 in H 00 (4.11)by the conjugate gradient method with the preconditionerM�1 = RB�1RT : (4.12)The following theorem gives an abstract condition number bound forthis process. Since no written reference for the proof of the theorem is known tothe author, we include it here for completeness. The proof follows discussion [54].96



Theorem 4.3.1 ([73]). For the preconditioner M�1 = RB�1RT itholds that cond(M�1A) � CRCT ; (4.13)with CR = supv2H hARv;RvihBv; vi = kRk2B!A (4.14)1CT = supv02H0 hBTv0; T v0ihAv0; v0i = kTk2A!B (4.15)Proof. First note thatM�1A = RB�1RTA = RR�: (4.16)Indeed, by de�nition of R�,hR�u; viB = hu;RviA 8u 2 H0; 8v 2 H;hR�u;BviL2(H0) = hAu;RviL2(H0):Therefore R� = B�1RTA;from where (4.16) readily follows. From (4.16) and the de�nition of conditionnumber, cond(M�1A) = cond(RR�) = �max(RR�)�min(RR�) :We have �max(RB�1RTA) = �max(RR�)= kRk2B!A� supv2H hR�Rv; viBhv; viB97



� supv2H hARv;RvihBv; vi= kRk2B!A:For the lower bound of the spectrum we have�min(RR�) = infu2H0 hRR�u; uiAhu; uiA= infu2H0 hR�u;R�uiB(u; u)A= infu2H0 kR�uk2Bkuk2A= infu2H0 supv2H hR�u; vi2kuk2Akvk2B= infu2H0 supv2H hu;Rvi2Akuk2Akvk2B� infu2H0 hu; ui2Akuk2AkTuk2B= infu2H0 hu; uiAkTuk2B ;therefore 1�min(RR�) � supu2H0 kTuk2Bkuk2A = kTk2A!B;which concludes the proof.Note that the operator T appearing in the estimates is introduced forthe purposes of the theory only; it is tied to R by (4.10) but it does not play anyexplicit role in the preconditioner itself.4.3.2 An Application: Abstract Additive Schwarz MethodsThe generality of Theorem 4.3.1 will be demonstrated by reproving thestatement of Theorem 2.1.1 within our current framework. LetV = V0 + V1 + : : :+ VJ ; H0 = V; H = V0 � V1 � : : :� VJ98



and h:; :i denote the L2 inner product. De�ne operatorsB : H!H; B : v!(B0v0; : : : ; BJvJ); Bi : Vi!Vi:On H, de�ne the inner product((v0; : : : ; vJ); (w0; : : : ; wJ))H = JXi=0(vi; wi)Vi;bilinear forms a(u; v) = hAu; vi 8u; v 2 V;ai(u; v) = hAiu; vi 8u; v 2 Vi = Range (A+i )and R : H!H0; R : (v0; : : : ; vJ)! JXi=0 vi:Since RTv = (PV0v; PV1v; : : : ; PVJv);where PVi is the L2-orthogonal projection onto the space Vi, andB�1 : H!H;B�1(w0; : : : ; wJ) = (A+0 w0; : : : ; A+JwJ):Finally, de�ne operators Ti = A+i PViA:These are the approximate projections, becauseai(Tiw; v) = hAiA+i PViAw; vi = hAiA+i PViAw;A+i ~vi = hA+i PViAw; ~vi= hAw; vi = a(w; v) 8v 2 Vi:With these de�nitions, we obtain RB�1RTA = PJj=0 Tj and we can prove thefollowing theorem. 99



Theorem 4.3.2 (Dryja, Widlund [30]). Assume that(1) there exists a linear continuous operator T : H0!H so thatT : v!(v0; : : : ; vJ); R � T = IH0 ; (4.17)and JXi=0hBivi; vii � C20 hAv; vi (4.18)(2) there exists a constant ! > 0 so thathAv; vi � !hBiv; vi 8v 2 Vi; i = 0; : : : ; J: (4.19)(3) there exist constanstants �ij; i; j = 1; : : : ; J so thathAvi; vji � �ijhAvi; vii1=2hAvj; vji1=2 8vi 2 Vi; 8vj 2 Vj: (4.20)Then cond(RB�1RTA) � C20!(1 + %(")):Proof. We will use the abstract estimate of Theorem 4.3.1. First,1CT = supv2H0 hBTv; TvihAv; vi= supv2H0 PJi=0hBivi; viihAv; vi� supv2H0 PJi=0hBivi; vii1C20 PJi=0 hBivi; vii = C20 :Now, let us turn to estimating CR. Using (4.19) and (4.20), we obtain:CR = supv2H hARv;RvihBv; vi= supv2H kPJi=0 vik2APJi=0hBivi; vii100



� supv2H kPJi=0 vik2A1! PJi=0 kvik2A= ! supv2H kv0 +PJi=1 vik2Akv0k2A +PJi=1 kvik2A� ! supv2H �1 + %(")1=2qPJi=1 kvik2Akv0kA �21 + PJi=1 kvik2Akv0k2A :Substituting c = %(")1=2, t = qPJi=1 kvik2Akv0kA , the trivial inequality(1 + ct)21 + t2 � 1 + c2yileds CR � !(1 + %(")): Thus, from Theorem 4.3.1 we obtaincond(M�1A) � C20!(%(") + 1);which was to be proved.It is easy to see that, indeed, conditions (4.17), (4.18) and (4.20) areidentical to (i), (ii) and (iii) of Theorem 2.1.1.4.4 Unextended Hybrid Schwarz AlgorithmLet us set V = V0 + JXi=1 Vi;A : V!V;Bi : Vi!Vi:Denote P = PAV0 the hA�; �i{orthogonal projection onto V0, andPi = PVi the h�; �i{orthogonal projection onto Vi = Range (Z?i i).Adopting the above notation, we may describe the preconditioner bythe following algorithm: 101



Algorithm 12. For a given r 2 V ,1. Solve q 2 V0 : hAq; vi = hr; vi 8v 2 V02. Set s = r � Aq3. Solve ui 2 Vi : hBiui; vii = hs; vi 8vi 2 Vi4. Set u = PJi=1 ui5. Solve hA(u� u0); v0i = hr; v0i 8v0 2 V06. Output z =M�1r = u� u0It is easy to see that with the preconditioner described by Algorithm 12the preconditioned operator will beM�1A = (I � P ) JXi=1(I � Pi)B�1i (I � Pi)(I � P )A:When using exact subdomain solvers, step 1: of Algorithm 12 can beperformed only once at the start of the iteration and then omitted. This wouldyield M�1A = (I � P ) JXi=1(I � Pi)B�1i (I � Pi)A:The following theorem gives a condition estimate:Theorem 4.4.1. Let the following two assumptions be satis�ed(i) There exists a linear mapping u 2 V!(u0; u1; : : : ; uJ), ui 2 Vi such thatu = u0 + JXi=1 ui and JXi=1 hBiui; uii � C0hAu; ui: (4.21)(ii) For all v1; : : : ; vJ ; vi 2 Vi and v = PJi=1 vi it holds thathAv; vi � C1 JXi=1 hBivi; vii: (4.22)Then cond(M�1A) � C0C1: (4.23)102



Proof. We will use the Matsokin-Nepomnyaschikh hybrid frameworkwith the following choice of spaces and operators:H = 
Ji=1Vi; H0 = (I � P )V;R((vi)Ji=1) = JXi=1(I � P )vi; B = diag(Bi); Tu = (ui)Ji=1(Tu is the decomposition from assumption (4.21).) Then we have R � T = IH0 ,as for a u 2 (I � P )V ,(R � T )u = (I � P )(u1 + : : :+ uJ)= (I � P )(u� u0)= (I � P )u = u:We can estimate kR((vi))k2A = k(I � P ) JXi=1 vik2A� k JXi=1 vik2A� C1 JXi=1 hBivi; vii:Therefore kRkB!A � pC1. Finally, we havekTuk2B = JXi=1 kuik2Bi � C0kuk2A;i.e., kTkA!B � pC0. Now (4.23) easily follows from Theorem 4.3.1.4.4.1 BDD as a Hybrid Schwarz AlgorithmWe will show that the original BDD method is a hybrid Schwarz Algo-rithm as described by Algorithm 12. 103



Let us set V = V0 + JXi=1 Vi;~Vi = Range ( �Ni);Vi = �NiDi(I � Pi) ~Vi;V0 = Range ( JXi=1 �NiDiZi) = JXi=1 �NiDiPi ~Vi;A = S;Bi = �NiD�1i SiD�Ti �NTi :With this choice of components, steps 1: and 5: of Algorithm 12 are just the pre-and post-balancing steps as in the original BDD method.Investigating Step 3:, we further have:ui 2 Vi such that hBiui; vii = hr; vii 8vi 2 Vi;where ui = �NiDi(I � Pi)~ui; vi = �NiDi(I � Pi)~vi:Thush �NiD�1i SiD�Ti �NTi �NiDi(I � Pi)~ui; �NiDi(I � Pi)~vii = hr; �NiDi(I � Pi)~viior hSi(I � Pi)~ui; (I � Pi)~vii = hDTi �NTi r; (I � Pi)~vii:Denoting ~~ui = (I � P )~ui; (which assures solvability), we havehSi~~ui; ~~vii = hDi �NTi r; ~~vi:104



Now we have ui = �NiDi~~ui;which is the same as in the Step 2: of the original BDD method.4.4.2 A New Look at the Conditioning of BDDIn Section 4.4.1 we have veri�ed that with proper choice of spaces andoperators, the original BDD method can be derived as a hybrid Schwarz method�tting the abstract framework introduced by Matsokin and Nepomnyaschikh.Therefore, the estimate of Theorem 2.7.1 is valid. We can, however, easily provethe result of Theorem 2.7.1 within our current framework and we do so in thenext lemma.Lemma 4.4.2. The BDD algorithm yields a preconditioner satisfyingcond(M; A) � sup~vi2 ~Vi PJj=1 k �NjPJi=1 �NiDi(I � Pi)~vik2SjPJi=1 k(I � Pi)~vik2Si :Proof. In view of the previous section, it su�ces to verify the assump-tions of Theorem 4.4.1. First, for any u we prove the existence of C0 > 0 so thatthere exists a decomposition u = u0 +PJi=1 ui andJXi=1 hBiui; uii � C0hAu; ui:Let us de�ne a decomposition of u:~ui = �NTi u; u0 = JXi=1 �NiDiPi~ui; ui = NiDi(I � Pi)~ui:Then we haveJXi=1 hBiui; uii = JXi=1 �NiD�1i SiD�1i �NTi �NiDi(I � Pi)~ui; �NiDi(I � Pi)~uii:
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Since D�Ti �NTi �NiDi = I, and Range (Pi) = Ker (Si) (i.e. Ker (Si) = �Zi),JXi=1 hBiui; uii = JXi=1 hSi(I � Pi)~ui; (I � Pi)~uii= JXi=1 hSi �NTi u; �NTi ui= hSu; ui:Therefore, C0 = 1.Let us now prove existence of a positive constant C1 so that8vi 2 Vi; hS JXi=1 vi; JXi=1 vii � C1 JXi=1 hBivi; vii:By the standard process of subassembly, the de�nition of Vi, and Cauchy-Schwarzinequality we havehS JXi=1 vi; JXj=1 vji = h JXl=1 �NlSl �NTl JXi=1 vi; JXj=1 vji= JXi;j;l=1 h �NlSl �NTl vi; vji= JXi;j;l=1 h �NlSl �NTl �NiDi(I � Pi)~vi; �NjDj(I � Pj)~vji� JXi;l=1 h �NlSl �NTl �NiDi(I � Pi)~vi; �NiDi(I � Pi)~vii� sup~vi2 ~Vi PJj=1 k �NjPJi=1 �NiDi(I � Pi)~vik2SjPJi=1 k(I � Pi)~vik2Si JXi=1 hBivi; vii;concluding the proof.Remark 4.4.3. We see that under the assumption that Range (Pi) =Ker (Si), the condition number is bounded by the same constant as in the orig-inal BDD method. 106



4.5 Extended Hybrid Schwarz AlgorithmAs we already mentioned in the beginning of Chapter 4, the key to ap-plication of inexact local solvers is the formulation of the method in terms of thelocal sti�ness matrices rather than the local Schur complement matrices. Thismeans that the vectors we will use will include the components corresponding tothe interior degrees of freedom. As using the term \extended" seems unfortunateto the author in the presence of the operators of discrete harmonic extension, wewill use the term long vectors to distinguish these vectors from the ones de�nedon the interfaces only.4.5.1 Algorithm on Long Vectors with Exact ComponentsLet bV denote the space including interiors, and �V the space of discreteharmonic functions. Further let ~Vi = Range ( �Ni). Let us de�ne local spacesbVi = E �NiDi(I � Pi) �NTi ~Vi;the interior spaces �V i = �N iV = �N i �NTi (I � E)V;and the coarse space bV0 = E JXi=1 �NiDiPi �NTi ~Vi:We now have two sets of local operators, bBi = �NiD�1i SiD�Ti �NTi and the bilinearform restricted to the interiors: �Bi = �N i �NTi A �N i �NTi : Here E denotes the operatorof discrete harmonic extension E : bV!�V , in matrix notationE = 2664 I 0�A�122 A21 0 3775 :107



Since the discrete harmonic extension of a function is uniquely determined bythe function's values on the subdomain interfaces, we allow E to be also used asan operator E : bV (�)! �V .For the sake of convenience of notation, letVi = 8>><>>: bVi for i = 1; : : : ; J;�V i�J for i = J + 1; : : : ; 2J:and Bi = 8>><>>: bBi for i = 1; : : : ; J;�Bi�J for i = J + 1; : : : ; 2J:With the above de�nitons, we can write the algorithm on long vectorsAlgorithm 13. Set q=0.1. Pre-balance: compute q 2 bV0 : hAq; vi = hr; vi 8v 2 bV0.2. Set s = r � Aq.3. Compute:a. bui : h bBibui; bvii = hs; bvii 8bvi 2 bVi,b. _ui : h �Bi _ui; _vii = hs; _vii 8 _vi 2 �V i.4. Set u = PJi=1(bui + _ui).5. Post-balance: compute hA(u� u0); vi = hr; vi 8v 2 bV0 .6. Output balancedM�1r = u� u0.Remark 4.5.1. Again, if all the components of the method are ex-act, in solving the pre- and post-balancing steps, the pre-balancing can onlybe performed once before the iteration commences and omitted in subsequentiterations. 108



4.5.2 Practical Algorithm on Long Vectors and ACDDAlgorithm 13 as written is not very practical, especially because it re-quires knowledge of the local Schur complements Si contained in the de�nitionof bBi. We will rewrite the algorithm in a form suitable for a computer imple-mentation.Algorithm 14. Set q=0.1. Pre-balance: solve q 2 bV0 : hAq; vi = hr; vi 8v 2 bV0.2. Set s = r � Aq, where s = 2664 s1s2 3775.(1) Compute bs = A�122 s2 (J Dirichlet solves).(2) Precompute bbs = s1 � A12bs.3. Solve J Neumann problems:Ai 2664 ~uidiscard 3775 = 2664 (I � Pi)Di �NTi bbs0 3775 ; i = 1; : : : ; J:4. Set bbui = �NiDi(I � Pi)~ui; i = 1; : : : ; J .5. Set u = EPJi=1 bbui + bs = PJi=1 bui + bs; where bui = 2664 bbuidi 3775 ;with di computed by J Dirichlet solversdi = �A(i)22�1A(i)21 �NTi JXj=1 bbuj; i = 1; : : : ; J:6. Post-balance: compute u0 2 bV0 such thathA(u� u0); vi = hr; vi 8v 2 bV0:7. Output balancedMr = u� u0. 109



Remark 4.5.2. The balancing step consists of solving a linear systemof algebraic equations By = f , where B is a symmetric positive (semi)de�nitematrix with entries Bij = �ZTi DTi �NTi ETAE �NjDi �Ziand a right-hand side has entries fi = �ZTi DTi �NTi ET r.Remark 4.5.3. For exact subdomain and coarse space solvers, s2 = 0so bbs = s1; bs = 0 and we recover Algorithm 12, mathematically equivalent toBDD. Remark 4.5.4. A total of mJC Dirichlet solves will have to be usedin the setup to compute the basis of testing functions used in the construc-tion of the balancing matrix B, where m = maxi=1;:::;J dim( Ker (Ai)), C =maxi=1;:::;J cardfj : @
i \ @
j 6= ;g. In step 4., the term PJj=1 bbuj will be pre-computed to be used for all values of i. The cost involved in the computationof steps 1:, 2:, 3:, 4: and 5: is roughly that of solving 2J Dirichlet problems andJ Neumann problems. This algorithm, however, is only an intermediate step.The local solves will ultimately be replaced by iterations. We will code-name themethod ACDD (standing for the domain decomposition with approximate com-ponents). We will write ACDD(1) to denote the method with all componentsexact, i.e, the method mathematically equivalent to BDD. On occasion, we willwrite ACDD(k) to denote the method where some or all of the local solves werereplaced by inexact ones. The quantity k will be the number of iterations ofinexact solvers performed. 110



4.5.3 Estimate on Long Vectors for Inexact Neumann SolversIn this section, we give a condition number bound, assuming that theharmonic extensions E and the coarse space solver are exact, but the Neumannsolves in step 3. of Algorithm 14 are replaced with an iterative process like (4.2),with the rate of convergence given by (4.3).Lemma 4.5.5. Using Algorithm 14 with local Neumann problems re-placed by consistent iterative process (4.2), with the rate of convergence boundedby q 2 (0; 1) uniformly with respect to the number of subdomain, then we havecond(M; A) � 1 + q1� q sup~vi2 ~Vi PJj=1 k �NjPJi=1 �NiDi(I � Pi)~vik2SjPJi=1 k(I � Pi)~vik2Si :Proof. We will apply Theorem 4.3.1 again. As the only componenta�ected by the use of approximate Neumann solves are the operators Bi; i =1; : : : ; J and we have hS+i x; xi = hA+i 2664 x0 3775 ; 2664 x0 3775 i� hcN i 2664 x0 3775 ; 2664 x0 3775 i = h ~S+i x; xi;so the operators ~Bi resulting from the application of iterative solvers satisfy~Bi � Bi, where the constants of equivalence can be bounded (cf. (4.4)) fromabove by 11�q , and from below by 11+q . For a given u 2 V , let us setbui = E �NiDi(I � Pi) �NTi u;u0 = E JXi=1 �NiDiPi �NTi u;111



_ui = �N i �NTi (I � E)u:The above de�nes a decomposition of u into its bVi; V0 and �V i components. Usingthe de�nition of bVi; �V i, the identity �NTi E �Ni = I, the process of subassembly andKer (Si) = Range ( �Zi), we have2JXi=1 h ~Biui; uii � 11� q JXi=1 h bBibui; buii+ JXi=1 h �Bi _ui; _uii� 11� q  JXi=1 hSi(I � Pi) �NTi u; (I � Pi) �NTi ui+ JXi=1 hNiAiNTi (I � E)u; (I � E)ui!= 11� q hAEu;Eui+ hA(I � E)u; (I � E)ui= 11� q hAu; ui;so, C0 = 11�q .Let v 2 V and fvig2Ji=1; vi 2 Vi be given such that v = P2Ji=1 vi. ThenhA( JXi=1 bvi + JXi=1 _vi); JXi=1 bvi + JXi=1 _vii = JXi=1 hA _vi; _vii+ JXi=1 hAbvi; bvii:The �rst term is trivially estimated using identity hA _vi; _vii = h �Bi _vi; _vii: Usingthe subassembly and the de�nition of bVi and of Schur complement, the secondterm can be estimated asJXi=1 hAbvi; bvii = JXi;j;l=1 h(NlAlNTl )bvi; bvji= JXi;j;l=1 hNlAlNTl E �NiDi(I � Pi)~vi; E �NjDj(I � Pj)~vji= JXl=1 JXi;j=1 h �NlSl �NTl �NiDi(I � Pi)~vi; �NjDj(I � Pj)~vji:
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Application of Cauchy-Schwarz inequality yieldsJXi=1 hAbvi; bvii � JXl=1 JXi=1 h �NlSl �NTl �NiDi(I � Pi)~vi; �NiDi(I � Pi)~vii� sup~vi2 ~Vi PJl=1 k �NTl PJi=1 �NiDi(I � Pi)~vik2SlPJi=1 k(I � Pi)~vik2Si JXi=1 h bBibvi; bvii� (1 + q) sup~vi2 ~Vi PJl=1 k �NTl PJi=1 �NiDi(I � Pi)~vik2SlPJi=1 k(I � Pi)~vik2Si JXi=1 h ~Bibvi; bvii:From here it follows that C1 � (1 + q) sup~vi2 ~Vi PJl=1 k �NTl PJi=1 �NiDi(I�Pi)~vik2SlPJi=1 k(I�Pi)~vik2Si :4.5.4 Inexact Coarse Space and Harmonic ExtensionsIn this section we will investigate the case of Algorithm 14 with inexactharmonic extensions and an approximate coarse space. Two approximate coarsespaces will be considered. The �rst one is obtained by replacing the exact discreteharmonic extension by one that extends a function from a subdomain interfaceexactly, but only into the adjacent subdomains sharing an edge or face (in 3D)or sharing an edge (in 2D) with the given subdomain. That is, the extensionwill be zero across corners. This reduces the �ll-in in the coarse-level operator.We assume that Algorithm 13 is used with inexact discrete harmonic extensionÊ instead of E, and b̂E is used in the de�nition of coarse space.De�nition 4.5.6. Let E denote the operator of discrete harmonic ex-tension and u be a vector whose components are nonzero only in �
i. We de�neoperator b̂E as follows:( b̂Eu)l = 8>><>>: 0 if node l 2 _
j; where �
i \ �
j is a single point,(Eu)l otherwise.
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The second approximate coarse space will be based on consistently using the sameiterative method for computing the action of the discrete harmonic extensionoperator throughout the algorithm.Let us �rst consider the inexact coarse space with reduced �ll-in. Wewill need the following lemma in our estimates.Lemma 4.5.7. For operator b̂E de�ned by De�nition 4.5.6, it holdsthat hA(E � b̂E)w; (E � b̂E)wi � ChAEw;Ewi � C(1 + log(Hh ))2hAu; ui;where w = PJj=1 �NjDjPj �NTj u.Proof. Let us denote EP1 ; EQ1 the discrete harmonic extension on thespace P1 and Q1, respectively. From the discrete harmonic extension theorem(Widlund [92]) it follows thatkEP1vkH1(
) � kvk1=2;@
; kEQ1vkH1(
) � kvk1=2;@
:The �rst inequality of the lemma follows. The second inequality was provedin [65]. Lemma 4.5.8. Using Algorithm 14 with exact local Neumann solvers,inexact harmonic extensions Ê and inexact harmonic extension b̂E in the de�-nition of a coarse space as a preconditioner, the condition number is boundedbycond(M; A) � C �1 + ( qh)2�2 �1 + log Hh �2 sup~vi2 ~Vi PJj=1 k �NjPJi=1 �NiDi(I � Pi)~vik2SjPJi=1 k(I � Pi)~vik2Si :Proof. Applying Theorem 4.3.1 again, we de�ne a decomposition of uinto into its bVi; V0 and �V i: bui = Ê �NiDi(I � Pi) �NTi u, u0 = b̂EPJj=1 �NjDjPj �NTj u,114



_ui = _NTi (I � Ê)u+ _NTi (Ê � b̂E)PJj=1 �NjDjPj �NTj u. Using the de�nition of bVi; �V iand the identity �NTi E �Ni = I, we have2JXi=1 hBiui; uii = JXi=1 h bBibui; buii+ JXi=1 h �Bi _ui; _uii� JXi=1 Si(I � Pi) �NTi u; (I � Pi) �NTi ui+ JXi=1 h _NiAi _NTi ((Ê � b̂E)w + (I � Ê)u; (Ê � b̂E)w + (I � Ê)ui:where w = PJj=1 �NjDjPj �NTj u. Thus, using Cauchy-Schwarz inequality severaltimes, Lemma 4.2.2 and the de�nition of discrete harmonic extension,2JXi=1 hBiui; uii � C( q2h2 hAEu;Eui+ ChAu; ui+ q2h2 hAEw;Ewi+ hA(E � b̂E)w; (E � b̂E)wi):Now application of Lemma 4.5.7 yields C0 � C(1 + q2h2 )(1 + log(Hh )2).Let v 2 V and fvig2Ji=1; vi 2 Vi be given such that v = P2Ji=1 vi. ThenhA( JXi=1 bvi + JXi=1 _vi); JXi=1 bvi + JXi=1 _vii= hAE JXi=1 �NiDi(I � Pi) �NTi u;E JXi=1 �NiDi(I � Pi) �NTi ui+ hA(Ê � E) JXi=1 �NiDi(I � Pi) �NTi u+ JXi=1 _vi;(Ê � E) JXi=1 �NiDi(I � Pi) �NTi u+ JXi=1 _vii� hAE JXi=1 �NiDi(I � Pi) �NTi u;E JXi=1 �NiDi(I � Pi) �NTi ui+ 2(hA(Ê � E) JXi=1 �NiDi(I � Pi) �NTi u; (Ê � E) JXi=1 �NiDi(I � Pi) �NTi ui+ h JXi=1 _vi; JXi=1 _vii) 115



and application of Lemma 4.2.2 yieldshA( JXi=1 bvi + JXi=1 _vi); JXi=1 bvi + JXi=1 _vii� (1 + C q2h2 )hE JXi=1 �NiDi(I � Pi) �NTi u; JXi=1 �NiDi(I � Pi) �NTi ui+ h JXi=1 _vi; JXi=1 _vii:The rest of the proof is identical to proof of Lemma 4.5.5, yieldingC1 � (1 + C q2h2 ) sup~vi2 ~Vi PJl=1 k �NTl PJi=1 �NiDi(I � Pi)~vik2SlPJi=1 k(I � Pi)~vik2Si ;from where the result follows.Remark 4.5.9. If the same inexact harmonic extension were used forthe coarse space as the one used in de�nition of bVi, i.e., b̂E = Ê, then the �ll-in inthe coarse space matrix is not reduced, but we obtain a better condition numberestimatecond(M; A) � C �1 + ( qh)2�2 sup~vi2 ~Vi PJj=1 k �NjPJi=1 �NiDi(I � Pi)~vik2SjPJi=1 k(I � Pi)~vik2Si :We sum up the results of this section in the followingTheorem 4.5.10. If the same inexact harmonic extension were usedfor the coarse space as the one used in de�nition of bVi, i.e., b̂E = Ê, thencond(M; A) � C �1 + ( qh)2�2 �1 + log(Hh )�2 :Proof. The proof follows from Lemma 4.5.8 and the condition numberestimate for Balancing Domain Decomposition given in Theorem 2.7.10.116



4.5.5 Computational ComplexityLet n denote the number of degrees of freedom in the (unreduced)system; Nes be the typical number of elements per subdomain, and d the spa-tial dimension. For the sake of simplicity, we will analyze the computationalcomplexity only in the two limit cases: the case of implementation on a serialarchitecture, and the case of implementation on an ideal parallel computer (i.e.,having as many processors as we desire). We assume that the kernel dimensionsof local sti�ness matices are uniformly bounded. Also, in the case of exact com-ponents, we make an assumption that 1 + log(Hh ) is bounded by a constant. Inview of Theorems 2.7.10, 4.5.10 and 1.4.1 this means that we have to performonly O(1) iterations to reduce the error to a desired size.Under these assumptions, let us summarize the computational require-ments of these three methods: the original BDD, the method on long vectorswith exact components, denoted as ACDD(1), and the method on long vectorswith all components approximate, denoted as ACDD(k).BDD requires:� O( nNesN 3d�2des ) operations to compute factorizations of local matrices.� O( nNesn d�1d ) operations to precompute the coarse space basis functions.� O( nNesN 2d�1des ) operations to assemble the coarse space problem.� O(( nNes ) 3d�2d ) operations to compute the Cholesky factorization of thecoarse problem.� O( nNesN 2d�1des ) operations to compute local subdomain solves.� O(( nNes ) 2d�1d ) operations to compute the coarse level solution.ACDD(1) requires: 117



� O( nNesN 3d�2des ) operations to compute factorizations of local matrices.� O( nNesN 2d�1des ) operations to precompute the coarse space basis functions.� O(n) operations to assemble the coarse space problem.� O(( nNes ) 3d�2d ) operations to compute the Cholesky factorization of thecoarse problem.� O( nNesN 2d�1des ) operations to compute local subdomain solves and har-monic extensions.� O(( nNes ) 2d�1d ) operations to compute the coarse level solution.Balancing the amount of work required, we obtain after trivial calculations thatfor the serial version of both the BDD and ACDD(1) methods, optimal sizeof subdomains is Nes = n 2d�25d�4 , i.e., in 2D Noptes = n1=3, resulting in the com-putational complexity O(n4=3), and in 3D Noptes = n4=11, resulting in the overallcomputational complexity of O(n49=33).If a computer with su�ciently many processors were available, the com-putation of a coarse space basis as well as all the subdomain factorizations andsolves could be performed in parallel. Then the optimal size of a subdomainwould be Noptes = n1=2 in both 2D and 3D, resulting in overall cost of O(n) in 2Dand O(n7=6) in 3D.We have shown that the complexity will - even in serial implementation- be lower than just the back-substitution step of a direct method based on afactorization, which is O(n3=2), O(n5=3) in 2D and 3D, respectively.ACDD(k) requires:� O(n) operations to setup iterations for local matrices.� O( nNesNes) operations to precompute the coarse space basis functions.118



� O(n) operations to assemble the coarse space problem from the precom-puted basis.� O(( nNes ) 3d�2d ) operations to compute the Cholesky factorization of thecoarse problem.� O( nNesNes) operations to compute local subdomain solves and harmonicextensions.� O( nNes ) operations to compute the coarse level solution.For ACDD(k), assuming that the number of iterations needed to reduce theerror to truncation level is O(1), we obtain on a single processor optimal size ofsubdomains Nes = n 2d�23d�2 , i.e., in 2D Noptes = n 12 , and in 3D Noptes = n 47 , yieldingcomplexity O(n) in both cases. We have thus proved the following theorem.Theorem 4.5.11. In order to solve the discrete problem to the trun-cation level, by the ACDD(1) method with exact components on a serial ar-chitecture, we need to perform O(n4=3) and O(n49=33) operations in 2D and 3D,respectively. Parallel implementation on a computer with about n1=2 proces-sors reduces these estimates to O(n), O(n7=6) per processor, respectively. Forthe ACDD(k) method with inexact components, the amount of work on a serialmachine is O(n) in both 2D and 3D.
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5. Two-Level Multigrid Alternative5.1 Alternative For Inexact SolversIn Chapter 3 and Chapter 4 we devised overlapping and substructuringdomain decomposition methods allowing for use of inexact subdomain solvers.In this section, we describe another way to implement a domain decompositionalgorithm avoiding inexact solvers in the traditional sense altogether. Althoughan independent method, it shares some components with the method proposedin Section 3.2. Both methods are based on the concept of smoothed transferoperator introduced in the current form by Van�ek et al. in [87]. Its analysis isbased on simple algebraic arguments and is close to that of a two-level multigrid.The input data of the method are the system of linear algebraic equa-tions (1.5) with a symmetric positive de�nite matrix A� resulting from discretiza-tion of problem (1.4) on conforming P1 or Q1 �nite elements with the mesh Th,A�x� = b� ; (5.1)and a system of J closed disjoint subdomains f
igJi=1 on 
 such that each sub-domain 
i is a closed aggregate of elements. We assume that each node of theunderlying �nite element mesh belongs to exactly one of these subdomains. Thusthe system covers all the nodes of the �nite element mesh on the domain 
. Notethat we do not require the set of subdomains to cover the entire 
. No otherinput is required for solution of the scalar second order elliptic problems. Simple120



modi�cations necessary for adaptation of the method to problems of elasticitywill be noted.In order to eliminate the undesirable in
uence of possible variation ofcoe�cients in the problem, instead of solving problem (5.1), we will formulateour iterative method for the problemAx = b (5.2)with the diagonally scaled matrixA = D�1=2� A�D�1=2� ;where D� = diag(A� ) is the diagonal of A� .This diagonal scaling reduces the spectral condition number of the prob-lem (cf. [40]) and nondimensionalizes the system of equations [48]. This lastaspect is especially useful when solving problems mixing degrees of freedom hav-ing di�erent physical interpretation, such as the problems of plates and shells(cf. [56]). As the new matrix A is independent of the scaling of basis functions,we may assume without loss of generality that the functions of our �nite elementbasis satisfy k'ikL1 = 1: (5.3)5.2 Tentative Prolongator and Standard Two-level MultigridChoosing a prolongator P and some pre- and post-smoothers SS ;S 0S ,the classic two-level variational method may be written as follows:Algorithm 15 ([45]). For the given initial guess x 2 IRn,repeat 121



1. x SS(x; b),2. solve the coarse level problem P TAPv = P T (Ax� b),3. x x� Pv,4. x SS0(x; b)until convergence;An appropriate choice of the components, most importantly the pro-longation operator P , is the key to the e�ciency of the two-grid method.Let us �rst investigate the method with a prolongator given by un-knowns aggregation. Using a system of nonoverlapping subdomains and the ag-gregation technique (cf. Section 3.2), we will construct a tentative coarse spaceof possibly a very small dimension. We label it tentative for the same reasons aswe did in Chapter 3, namely because we will ultimately construct an improve-ment based on this tentative one.Let Nn denote the number of nodes in the discretization mesh T , Fthe index set of all unconstrained nodes and Nf = card(F). We introduce aone-to-one mapping N : f1; : : : ; Nfg ! F that establishes the correspondencebetween the degrees of freedom of the constrained space V� and its unconstrainedcounterpart V ; i.e., for a degree of freedom i in V� , N(i) is the number of thecorresponding degree of freedom in V . Let us consider the decomposition ofunity u1 2 IRNn de�ned by NnXi=1 u1i 'i = 1 on 
: (5.4)Note that in practice the �nite element bases for solving second order ellipticproblems often satisfy u1i = 1; i = 1; : : : ; Nn. As noted, the subdomains 
i do122



not cover the entire 
, but since they contain all the nodes of the mesh, we cande�ne a Nf � J tentative prolongator matrix P̂ by the following construction:~Pij = 8>><>>: u1N(i); if the node vN(i) belongs to subdomain 
j;0; otherwise;P̂ = D1=2� ~P:
9>>>>>>>>>>=>>>>>>>>>>; (5.5)

Note that this version of tentative prolongator di�ers from the one usedin Section 3.2 only by the diagonal scaling.The following lemma summarizes several useful results well known fromthe theory of the two-level method [67], [45]. As these are classic results, we shallomit their proof.Lemma 5.2.1. Let B be a symmetric positive de�nite matrix on IRn,p : IRn!IRm a full-rank prolongation operator and T = Ker (pTB). Then(1) I � p (pTBp)�1pTB is an B�orthogonal projection onto T ;(2) If S = I � !%(B)B; ! 2 (0; 2) then for every x 2 IRnkSxk2B � kxk2B � kBxk2 � !%(B) � (2� !):(3) kS[I � p (pTBp)�1 pTB] kB � kST kB ; where ST denotes the restriction ofoperator S to the set T .(4) Let the following weak approximation property be ful�lled :there exists a constant Capx > 0 such that for every u 2 IRn there existsa v 2 IRm such that ku� pvk � Capx %(B)� 12 kukB: (5.6)123



Then kBxkkxkB � C�1apx %(B) 12 for every x 2 T: (5.7)Corollary 5.2.2. If we choose the damped Jacobi method I � !%(A)Aas the post-smoother in the two-level Algorithm 15, we obtainkei+1k2A � (1� ( 1Capx )2!(2� !))keik2A:Remark 5.2.3. Note that the constant Capx typically depends on theratio of the sizes of �ne and coarse space, H=h.The following theorem summarizes the convergence properties for thetwo-level method with the prolongator given by unknowns aggregation.Theorem 5.2.4. For the two-level method given by Algorithm 15 withthe prolongator P = P̂ given by a mere unknowns aggregation (5.5), and thedamped Jacobi post-smoother, applied to solving the problem (5.2), the errorestimate is kei+1k2A �  1� C( hH )2! keik2A:Proof. In view of Corollary 5.2.2 we only need to evaluate the constantin the weak approximation property (5.6). Let � denote the �nite elementinterpolation operator: for a vector �; �u =X�i�i:We will construct a vector v having componentsvi = 1meas(
i) Z
i �u dx:124



From the de�nition (5.5) of the aggregation prolongator P̂ it follows that (Pv)j =vi; for every node vj 2 �
i. Using the equivalence of Euclidean and continuousL2 norms, we have ku� Pvk2 = JXi=1 ku� Pvk2l2(F (
i))= JXi=1 ku� vi1ik2l2(F (
i))� h�d JXi=1 k�(u� vi)k2L2(
i);so the Poincar�e inequality (A.4) yieldsku� Pvk2 � Chd JXi=1 k�uk2H1(
i)H2� C �Hh �2 h2�dk�uk2H1(
)� C �Hh �2 %(A)�1kuk2A:The rest of the proof follows from Corollary 5.2.2.Computational experiments suggest that the estimate stated in Theo-rem 5.2.4 is sharp. This fact had lead to a commonly accepted point of viewthat an algebraic method utilizing only two grids cannot be a basis of an e�-cent solver o�ering simultaneously low computational complexity and the rateof convergence independent of the ratio H=h.Indeed, in order to preserve favorable rate of convergence, the estimateof Theorem 5.2.4 excludes the possibility of having a two-level method with asmall coarse problem. This means that solving a problem using two-level methodunder this limitation results in asympotically the same complexity as solvingthe original problem by a direct solver, a procedure hardly worth the e�ort of125



implementing.In the next section we will show how to modify the two-level methodto defeat this di�culty.5.3 Modi�ed Two-level Multigrid and MLSIn the previous section we have seen that the convergence of the algo-rithm based on the aggregation of unknowns alone is unsatisfactory. Because ofother practical advantages aggregation has to o�er, various attempts to improvethe convergence have been made (e.g., supercorrection [6, 7]). These attemptsdid not, however, solve the cause of poor behavior inherent to the problem, whichis the fact that the range of the prolongation based on aggregation consists offunctions with high energy, namely the piecewise constant functions. This sectiondescribes a modi�ed two-level substructuring method, the result of joint workwith Jitka K�r���zkov�a, Radek Tezaur and Petr Van�ek [88], for solving scalar ellipticproblems with jumps in coe�cients. We improve the convergence estimate ob-tained from the standard two-level multigrid theory using an algebraic lift madepossible by using the multilevel smoothing in the de�nition of the prolongatoroperator.As we aim at achieving good computational complexity, reducing thedependence of the rate of convergence on the coarse space size becomes ourmain objective. To this end, we will tailor our pre-smoother, post-smootherand coarse space so that the two-level method based on their combination iscapable of e�ectively eliminating all components of the error, provided that thepre-smoother distributes the information to the distance comparable with the126



coarse space resolution.We will utilize the tentative prolongator constructed in (5.5) and applyto it a specially selected prolongator smoother. This will produce a smoothinge�ect on the range of the tentative prolongator. Our design choice is to takethe linear part of the pre-smoother to play the role of prolongator smoother.Our post-smoother will also be derived from the pre-smoother. This results ina 
exible procedure which we can control by a choice of the pre-smoother. Wewill prove under regularity-free assumptions that proper selection of the pre-smoother results in the rate of convergence independent of the size of the coarsespace. The method is determined by two components : a full-rank tentativeprolongator P̂ : IRm ! IRn (m << n = rank(A)) and a pre-smoother, fromwhich both the post-smoother and a prolongator smoother are derived. Wewill show that the proposed method is, up to a post-processing step, the stan-dard variational two-level scheme with a smoothed prolongator SP and specialsmoothing procedures.Let x  SS(x; b) be a given pre-smoother, a linear iterative methodconsistent with (5.2), with a symmetric linear part S commuting with A. Weselect S to be our prolongator smoother. Let us de�ne the post-smoother to bea linear iterative method consistent with (5.2) such that its error propagationoperator is the matrix S 0 de�ned byS 0 = I � !�%(AS)AS ; where AS = S2A: (5.8)Scalar ! 2 (0; 2) is a given parameter and �%(AS) is an upper bound of thespectral radius %(AS). Note that all the above can be easily accomplished if S127



is a polynomial in A. The algorithm can be written down as follows:Algorithm 16 (MLS). For the given initial guess x 2 IRn,repeat1. x SS(x; b),2. solve the coarse level problem P TSASPv = P TS(Ax� b),3. x x� SPv,4. x SS0(x; b)until convergence;5. Post process x SS(x; b).Remark 5.3.1. a) Steps 1{4 of the algorithm form the standard multi-grid two-level method given by prolongator SP and smoothers SS , SS0 (cf. theproof of Theorem 5.3.5 below). For such an algorithm, our theory gives an er-ror estimate in the AS�seminorm. However, using a smaller coarse space callsfor a more powerful smoother S to obtain the optimal convergence result, soAS depends on the coarse space, and the practical value of such an estimate isquestionable.b) From the convergence point of view, the postprocessing step 5 con-sisting of a single smoothing seems out of place. But it is the addition of thisvery step that allows us to provide the same convergence estimate in the energynorm of the original problem (5.2). In order to demonstrate this, let ei denotethe error after i iterations given by steps 1 through 4 of Algorithm 16, and eSithe error after the application of the postprocessing step 5 to ei, i.e., eSi = Sei.Then, as AS = S2A, %(S) < 1, we have ke0kAS � ke0kA and keSi kA = keikAS .128



The last two relationships yield the S-independent convergence rate estimatekeSi k2A � (1� C)ike0k2A; (5.9)provided we can estimate kei+1k2AS � (1� C)keik2AS : (5.10)Remark 5.3.2. In Chapter 6, we will refer to the practical implemen-tation of the method from Algorithm 16, with suitable choice of the componentsdescribed below as MLS, an abbreviation standing for Black-box NonoverlappingMethod with Multilevel Smoothing.The following assumption speci�es the requirements on S, p and �%(AS)in the form suitable for our purposes.Assumption 5.3.3. There exist positive constants C1; C2, indepen-dent of m;n, and constant CD(m;n) such that:1. There is a mapping Qc : IRn ! Range (P ) such thatk(I �Qc)uk � C1CD(m;n)%� 12 (A)kukA 8u 2 IRn: (5.11)2. The prolongator smoother S is symmetric, commutes with A, satis�es%(S) � 1 and the smoothing property of Hackbusch in the form%(S2A) � �%(S2A) � C22C�2D (m;n)%(A): (5.12)Remark 5.3.4. We note that (5.6) follows from (5.11). Adding therequirement (5.12) is necessary to guarantee improved convergence. A pairof requirements similar to (5.11), (5.12) is very common in the multigrid the-ory [45, 14]. In our estimates, the purpose of the constant CD(m;n) is to absorb129



the dependence of the estimates (5.11) and (5.12) on dimensions m;n. Whenverifying the assumption above, the goal is to show that constants C1 and C2are either m;n�independent, or depend on m and n only weakly (e.g. polylog-aritmically.) As the convergence rate estimate will turn out to depend only onthe constants C1; C2, it will thus be m;n independent.Let us recall Algorithm 6 of Section 3.2, where we have constructed the prolon-gator smoother S to be a polynomial in A satisfying (Lemma 3.3.2)%(S2A) � Cdeg2(S)%(A):Typically, for second order elliptic problems, it is possible to prove the weakapproximation property in the formk(I �Qc)uk � CHh %� 12 (A)kukA;where h is the �ne space characteristic resolution (meshsize) and H is the ten-tative coarse space resolution (we have obtained this result in the proof ofTheorem 5.2.4). Then, when choosing S of degree at least CH=h, we can setCD(m;n) = H=h and the constants C1 and C2 are independent of H; h, enablingus to prove coarse space size independent convergence.Let us recall that ! is the damping parameter from the de�nition (5.8)of S 0. We now formulate the abstract convergence estimate.Theorem 5.3.5. Let ei denote the error after i iterations given bysteps 1{4 of Algorithm 16 , and let eSi be the error ei smoothed by step 5. Then,under Assumption 5.3.3, we have the following error estimate:keSi k2A � (1� C3)ike0k2A; (5.13)130



whereC3(!) = (C1C2)�2!(2� !)1 + (C1C2)�2!(2� !) � C3(1) = (C1C2)�21 + (C1C2)�2 ; ! 2 (0; 2): (5.14)Proof. In view of Remark 5.3.1 b), it su�ces to prove the estimatekei+1k2AS � (1� C3)keik2AS (5.15)for the error of iterations without the �nal smoothing step.As the �rst step in this proof, we will adopt a di�erent view of ourmethod, namely we will demonstrate that our two-level method with the smoothedprolongator SP̂ , pre-smoother S and post-smoother S 0 applied to the problemwith the matrix A can be viewed as a two-level method with tentative prolon-gator P̂ applied to the problem with a \smoothed" matrix AS = AS2.First de�ne QS : IRn ! Ker (S)? to be the orthogonal projection withrespect to the Euclidean inner product. Note that S may be singular. Since Scommutes with A, the eigenvectors of S and AS coincide. Consequently, QS isAS-symmetric and kQSkAS = 1. It is routine to derive that the linear part ofthe steps 1{4 is given byS 0[I � SP (P TASP )+P TSA]S = S 0SQS [I � P (P TASP )+P TAS ]QS ; (5.16)where (P TASP )+ is a pseudo-inverse of P TASP . SinceKer (P TASP ) = fx 2 IRm : Px 2 Ker (S)g;the algorithm is independent of a particular choice of the pseudo-inverse. Thus,the method can alternatively be viewed as a standard two-level method for solv-ing a problem with matrix AS (in place of A) and prolongator P (in place of131



SP .) Adopting this view will aid us in estimating the right hand side in (5.16)in the AS-operator matrix norm.Let us de�ne T = Ker (P TAS) \ Ker (S)? and consider the AS-orthogonal decompositionKer (S)? = T � Range (QSP ):Consider the coarse level correction part P of the error propagation operator onthe right-hand side of (5.16),P = QS [I � P (P TASP )+P TAS ]QS :It is easy to see that P restricted to Ker (S)? is an AS-orthogonal projectionand Range (P) � T:Further, as S commutes with A, S 0 commutes with S. Therefore, taking intoaccount that %(S) � 1, %(S 0) � 1, kQSkAS = 1 and kPj Ker (S)?kAS = 1 we havekS 0SQS [I � P (P TASP )+P TAS ]QSk2AS = kS 0SPQSk2AS� k(S 0S)jTk2ASkPj Ker (S)?k2ASkQSk2AS= k(S 0S)jTk2AS� supx2Tx6=0 min(kSxk2ASkxk2AS ; kS 0xk2ASkxk2AS ) : (5.17)The rest of the proof consists in demonstrating that at least one of theexpressions in the minimum above is bounded by 1 � C3 for any x 2 T n f0g,with C3 de�ned by (5.14). 132



We will now show that for our de�nition of S 0 the following algebraiclift holds: kS 0xk2ASkxk2AS � 1� kSxk2ASkxk2AS (C1C2)�2!(2� !); (5.18)where x Range (P) � T is an error lying in the range of the coarse grid correctionoperator. In other words, we will show that if (for the particular x 2 T ) Thislift guarantees for a particular error x 2 T that if S is ine�cient in reducing theerror x (kSxkAS=kxkAS � q, q 2 (0; 1]), then S 0 will be e�cient in the sensethat kS 0xk2ASkxk2AS � 1� q2(C1C2)�2!(2� !):Let us de�ne � = �%(AS)%(AS) :By Assumption 5.3.3, we have � � 1. Simple manipulations yieldkS 0xk2AS = k(I � !�%(AS)AS)xk2AS = k(I � !� %�1(AS) AS)xk2AS= kxk2AS � 2!� %�1(AS)kASxk2 +  !� %�1(AS)!2 kASxk2AS� kxk2AS � 2!� %�1(AS)kASxk2 +  !�!2 %�1(AS)kASxk2= kxk2AS "1� !�  2� !�! %�1(AS)kASxk2kxk2AS # :ConsequentlykASxk2kxk2AS � Ĉ(x)%(AS) implies kS 0xk2ASkxk2AS � 1� Ĉ(x)!�  2� !�! : (5.19)Let us recall that AS = SAS, and S commutes with A. Therefore we obtainkS2xk2A = kSxk2AS ; (5.20)133



kASxk2kxk2AS = kASxk2kS2xk2A kS2xk2Akxk2AS = kAS2xk2kS2xk2A kSxk2ASkxk2AS : (5.21)Now, consider x 2 T � Ker (P TAS2). Then, setting u = S2x, we have u 2Ker (P TA) = Range (P )?A, where ?A denotes the A-orthogonal complementof a set. For operator Qc satisfying the weak approximation property (5.11), weestimate the ratio kAS2xk2=kS2xk2A using the standard orthogonality argument:kuk2A = hAu; ui= hAu; u�Qcui� kAuk ku�Qcuk� C1CD(m;n)%�1=2(A)kAuk kukA;which, in view of (5.20), means thatkAS2xkkS2xkA = kAukkukA � C�11 C�1D (m;n)%1=2(A):Substituting this estimate into (5.21), using Assumption 5.3.3 and the de�nitionof �, we obtainkASxk2kxk2AS � C�21 C�2D (m;n)%(A)kSxk2ASkxk2AS � (C1C2)�2�%(AS)kSxk2ASkxk2AS : (5.22)Thus, as � � 1, by (5.19) with Ĉ(x) = (C1C2)�1�kSxk2AS=kxk2AS , we havekS 0xk2ASkxk2AS � 1� kSxk2ASkxk2AS (C1C2)�2!  2� !�!� 1� kSxk2ASkxk2AS (C1C2)�2!(2� !);completing the proof of (5.18). 134



Finally, due to (5.16), (5.17), (5.18) and kSxk2AS=kxk2AS 2 [0; 1], wemay writekS 0[I � SP (P TASP )+P TSA]Sk2AS = kS 0SQS [I � P (P TASP )+P TAS ]QSk2AS� sup�2[0;1]minn�; 1� �(C1C2)�2!(2� !)o :The expression on the right hand side is bounded by [1 + (C1C2)�2!(2� !)]�1which completes the proof of the theorem.5.4 Practical Issues5.4.1 GeneralizationsAlthough we have formulated the method for scalar problems, it is notdi�cult to generalize it for solving nonscalar ones, such as 2D and 3D elasticity orthe plate and shell problems. This can be done in the same manner as describedin Section 3.4.2, with only one di�erence, namely that we now need to add the(block) diagonal scaling.We note that MLS was formulated with second order problems in mind.Its use for solving higher order problems, although possible, is unwarranted bythe theory. From the practical point of view, the smoothing procedure based onmatrices resulting from discretizations of higher order problems would generatetoo extensive overlapping of the smoothed coarse space basis function supportsand produce rapid �ll-in in the coarse problem. A true algebraic multigrid usingthe concept of smoothed transfer operators, suitable for solving higher orderproblems, was proposed in Van�ek, Mandel and Brezina [87].135



5.4.2 Computational ComplexityThe following theorem gives the computational complexity estimatefor the two-level method with smoothed prolongator implemented on a serialarchitecture.Theorem 5.4.1. Let the assumptions of Theorem 5.3.5 be ful�lled andthe Cholesky factorization be used to solve the coarse-level problem. Then theoptimal number of elements per subdomain using MLS in 3D is Nes � n1=2and the system (5.2) can be solved to the level of truncation error in O(n7=6)operations. In 2D, the optimal number of elements per subdomain is Nes � n2=5and the system (5.2) can be solved to the level of truncation error in O(n6=5)operations.Proof. The setup phase requires O(N1=des n) operations to construct thesmoothed prolongator P = SP̂ , O(n) operations to construct the coarse levelmatrix P TAP , and O(( nNes ) 3d�2d ) operations to compute the Cholesky factoriza-tion of the coarse matrix.Each iteration will require O(N1=des n) operations to perform the smooth-ing, O(n) operations to evaluate the prolongation, restriction, and compute thedefect, and O(( nNes ) 2d�1d ) to compute the back-substitution.Theorem 5.3.5 guarantees that the number of iterations needed to con-verge to a required precission is O(1). Minimizing the overall expense, we obtainthe estimates of the theorem.Although MLS can take advantage of parallel implementation and theiteration time can be reduced dramatically, its lack of locality of data preventsasymptotic improvements in computational complexity, which remains O(n7=6)136



operations in 3D and O(n6=5) operations in 2D. Despite this, Theorem 5.4.1shows that of all the methods we have considered MLS has the lowest compu-tational complexity. In 3D, MLS' asymptotic computational complexity equalsthat of the massively parallel implementations of both BOSS (Theorem 3.4.2)and ACDD(1) (Theorem 4.5.11).
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6. Numerical ExperimentsWe now present the results of numerical experiments. We begin with arather academic set of problems and preceed to the practically more interestingproblems on \real-world" geometries. In all the problems below, the methodsBDD, ACDD, BOSS and MLS described in the text are applied as a precon-ditioner M�1 in the Orthomin implementation of conjugate gradient method(Algorithm 2). The stopping criterion used wascond(M�1A)hM�1ri; riihM�1b; bi � �2;where � = 10�6 for all the problems except when explicitly speci�ed otherwise.Note that this criterion guarantees the energy norm error estimate keikAkx�kA � � (cf.Section B.1; notes on estimating the condition number can also be found there).For comparison of the methods, we report the condition number es-timate for the preconditioned system and the number of iterations required tosatisfy the stopping criterion. The CPU times are not reported, as this informa-tion could be misleading due to varying maturity of the code for the methods.Before presenting the results of the tests, let us note that the weightmatrices Di used in ACDD Algorithm 14 were chosen to be the diagonal entriesof local sti�ness matrices Ai corresponding to the interface degrees of freedom.138



6.1 Model ProblemsThe original BDD method is known to be very robust with respectto variation in the coe�cient values of problem (1.2). We have conducted aseries of experiments in an attempt to determine how well will this robustnessbe preserved with respect to changing number of iterations used to approximatethe exact local subdomain inverses used in ACDD. We denote the method withapproximate local solvers by ACDD(k), where k is the number of iterationsperformed on each subdomain.As we are interested in the behavior with respect to varying coe�-cients, the problem was set up on a simple cubical domain subdivided into 125subdomains with uniform discretization mesh. The global number of degrees offreedom in the discretized system was 68921. The iteration we chose for approx-imating the local inverses was SSOR. Implementation of an algebraic multigridprocedure to replace SSOR is currently in progress; it is expected to yield muchimproved results.In the �rst set of experiments, we solve the weighted Poisson equationon the given domain. The jumps in coe�cients follow the checkerboard patterndepicted in Figure 6.1. Table 6.1 contains the number of iterations requiredto reduce the relative residual to " = 10�7. In the case of Poisson equation(�1;2 = 1), if only one iteration of SSOR is performed, the method converges in23 iterations. This is an almost �vefold increase compared to BDD, but still asigni�cant improvement over the diagonally preconditioned conjugate gradientmethod, which failed to converge in 300 iterations.139



Table 6.1. Comparison of BDD with ACDD(k) for di�erent values of k in caseof the checkerboard coe�cient pattern.The numbers of iterations required and condition number estimates�1;2 = 1 �1;2 = 10�1 �1;2 = 10�2 �1;2 = 10�3Method used Iter. Cond. Iter. Cond. Iter. Cond. Iter. Cond.BDD 5 1.18 11 3.07 10 3.06 10 3.05ACDD(200) 5 1.18 11 3.07 10 3.06 10 3.05ACDD(150) 6 3.83 11 3.07 10 3.06 10 3.05ACDD(100) 7 3.89 12 3.07 11 3.06 11 3.05ACDD(50) 10 3.89 12 3.08 11 3.05 11 3.04ACDD(40) 11 3.90 12 3.08 12 3.06 11 3.02ACDD(30) 12 4.11 13 3.14 12 3.09 11 2.97ACDD(20) 12 4.20 13 2.27 12 3.17 12 3.04ACDD(10) 13 4.42 14 3.73 13 3.40 12 3.18ACDD(8) 14 4.53 15 3.96 13 3.50 12 3.20ACDD(5) 15 4.88 16 4.60 14 3.74 12 3.26ACDD(4) 15 5.18 17 4.95 14 3.85 13 3.29ACDD(3) 16 5.75 18 5.47 15 4.01 13 3.34ACDD(2) 18 6.87 20 6.64 16 4.49 14 3.74ACDD(1) 23 9.37 25 9.40 19 5.81 17 5.24
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Table 6.2 contains the results of solving a problem with randomly dis-tributed coe�cients in a given range. The distribution of coe�cients is expo-nential. The results for coe�cients in the intervals [10�1; 101], [10�2; 102] and[10�3; 103] are reported. In these experiments, we observe that for coe�cients in[10�1; 101], we recover convergence properties of BDD if we perform about 10 it-erations of SSOR on each subdomain. For coe�cients in the interval [10�2; 102],we see a similar pattern. Note that the condition number estimates in this casespeak in favor of the application of approximate subdomain solvers. If only oneiteration on each subdomain is performed, the number of iterations needed toreduce the relative residual to 10�6 is less than twice that of BDD. For largevariation in the coe�cients, the convergence properties of ACDD(�) appear tobe superior to those of BDD.
Table 6.3 contains the results of solving a problem with randomly dis-tributed coe�cients in a given range. Here the distribution of coe�cients isuniform. The double-columns lists the results for coe�cients in the intervals[10�1; 101], [10�2; 102] and [10�3; 103], respectively. In these experiments, weobserve a similar behavior in all three ranges of coe�cients. We recover conver-gence properties of BDD if we perform only a few iterations of SSOR on eachsubdomain. If only one iteration on each subdomain is performed, the numberof iterations needed to reduce the relative residual to 10�6 is less than twice thatneeded for BDD. 141



Table 6.2. Comparison of BDD with ACDD(k) for problem with exponentiallydistributed random coe�cients.The numbers of iterations required and condition number estimatesJumps 10�1 � 101 Jumps 10�2 � 102 Jumps 10�3 � 103Method used Iters. Cond. est. Iters. Cond. est. Iters. Cond. est.BDD 19 5.91 48 94.89 185 2247.80ACDD(200) 19 5.90 43 47.94 100 292.38ACDD(150) 19 5.86 42 42.05 97 305.12ACDD(100) 19 5.78 41 36.12 96 321.66ACDD(50) 18 5.75 41 30.26 96 367.80ACDD(40) 18 5.79 41 29.09 97 383.90ACDD(30) 18 6.03 42 27.94 100 430.36ACDD(20) 19 5.57 44 28.46 106 517.70ACDD(10) 21 8.95 47 33.85 116 663.38ACDD(8) 22 9.93 50 37.63 120 708.81ACDD(5) 25 12.30 56 47.35 131 807.44ACDD(4) 26 13.56 59 52.36 139 858.97ACDD(3) 29 15.35 64 59.83 147 952.00ACDD(2) 32 18.25 67 78.68 163 1223.60ACDD(1) 38 25.12 89 130.74 201 1798.80
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Table 6.3. Comparison of BDD with ACDD(k) for problem with uniformlydistributed random coe�cients.The numbers of iterations required and condition number estimatesJumps 10�1 � 101 Jumps 10�2 � 102 Jumps 10�3 � 103Method used Iter. Cond. est. Iter. Cond. est. Iter. Cond. est.BDD 16 4.38 13 3.25 11 2.59ACDD(200) 16 4.38 13 3.25 11 2.59ACDD(150) 16 4.38 13 3.25 11 2.59ACDD(100) 16 4.38 13 3.24 11 2.60ACDD(50) 16 4.35 13 3.22 12 2.64ACDD(40) 15 4.34 13 3.21 12 2.69ACDD(30) 15 4.34 13 3.23 12 2.79ACDD(20) 15 4.40 13 3.35 12 3.02ACDD(10) 15 4.77 14 4.03 13 3.49ACDD(8) 15 4.98 14 4.33 13 3.63ACDD(5) 17 5.92 16 4.98 14 3.89ACDD(4) 18 6.52 16 5.29 15 4.00ACDD(3) 19 7.37 17 5.71 16 4.21ACDD(2) 22 8.77 19 6.37 18 5.09ACDD(1) 26 11.97 23 8.15 22 7.56
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Table 6.4. Comparison of BDD with BOSS and MLS for problem with coe�cientsjumps in a checkerboard pattern formed by 125 subdomains. Coarse spaces ofdimensions 2744 and 125 were used for MLS and BOSS. Prolongation smootherof degree 1 was used, and MLS used 2 pre-smoothers, 2 post-smoothers.Method BDD BOSS BOSS MLS MLSCS dim. 125 125 2744 125 2744�1; �2 It. Cond. It. Cond. It. Cond. It. Cond. It. CondPoisson 5 1.18 8 2.35 5 1.10 9 2.93 5 1.2110�1; 101 11 3.07 12 3.01 5 1.12 14 4.31 6 1.2710�2; 102 10 3.06 12 3.11 5 1.13 15 4.49 6 1.2910�3; 103 10 3.05 12 3.11 5 1.13 16 4.50 6 1.29The results of our numerical experiments con�rm the theoretically pre-dicted convergence of the method. We observed that the method using approxi-mate subdomain solvers mimics the desirable properties of BDD. Using approxi-mate local solvers, while keeping the asymptotic cost of each local solve the sameas for BDD, provides for considerable savings in the setup phase, as with theiterative subdomain solvers, there is no need for expensive matrix factorizations.Table 6.5 displays the results of a comparison of BDD with BOSS ofChapter 3 and MLS of Chapter 5. Prolongator smoother of degree 1 was used inboth BOSS and MLS. The domain was subdivided into 125 subdomains and thecoe�cients of the problem were generated randomly, with a uniform distribution.All three methods performed well for all ranges of coe�cients. The results suggestBOSS to be least sensitive of the three with respect to the variation of thecoe�cients.Table 6.6 displays the results of a comparison of BDD with BOSS andMLS methods. Prolongator smoother of degree 4 was used. The domain was144



Figure 6.1. The checkerboard coe�cient pattern. Dark subdomains correspondto values �1, the light ones to �2.
Table 6.5. Comparison of BDD with BOSS and MLS for problem with uniformlydistributed random coe�cients and coarse space of dimension 125. Prolongationsmoother of degree 1 was used, and MLS used 2 pre-smoothers, 2 post-smoothers.Range of BDD BOSS MLSjumps Iter. Cond. Iter. Cond. Iter. Cond.Poisson 5 1.18 8 2.35 9 2.9310�1 � 101 16 4.38 8 2.50 10 3.1410�2 � 102 13 3.25 8 2.32 11 3.1410�3 � 103 11 2.59 8 2.27 11 3.16
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Table 6.6. Comparison of BDD with BOSS and MLS for problem with uniformlydistributed random coe�cients and coarse space of dimension 125. Prolongationsmoother of degree 4, and 4 pre-smoothers and 4 post-smoothers were used inMLS. Range of jumps BDD BOSS MLSIter. Cond. Iter. Cond. Iter. Cond.Poisson 5 1.18 4 1.11 6 1.6610�1 � 101 16 4.38 untest untest 6 1.4510�2 � 102 13 3.25 untest untest 6 1.4410�3 � 103 11 2.59 untest untest 6 1.45subdivided into 125 subdomains and the coe�cients of the problem were gener-ated randomly, with a uniform distribution. We may observe an improvement inthe convergence gained by employing a more powerful prolongation smoother.Tables 6.7 and 6.8 display the results of a comparison of BDD withBOSS and MLS for problem with exponentially distributed random coe�cientsand prolongator smoother of degree 1 and 4, respectively. The domain wassubdivided into 125 subdomains. Both BOSS and MLS appear to be more stablewith respect to the random variation in the coe�cients and, as before, using amore powerful prolongator smoother results in more robust iteration.Tables 6.9 and 6.10 present the comparison of results of application ofBDD, BOSS and MLS to a problem subdivided into 2,7444 subdomains, withuniformly and exponentially distributed random coe�cients in di�erent ranges.Prolongator smoother of degree 1 was used. We see that for uniformly distributedcoe�cients, both BOSS and MLS are very robust, resulting in condition num-ber estimates not exceeding 1.20. For the exponentially distributed coe�cients,we observe deterioration of performance for MLS, reaching condition numberestimate of about 24. 146



Table 6.7. Comparison of BDD with BOSS and MLS for problem with ex-ponentially distributed random coe�cients and coarse space of dimension 125.Prolongation smoother of degree 1 was used for both BOSS and MLS, and 2pre-smoothers and 2 post-smoothers in MLS.Range of jumps BDD BOSS MLSIter. Cond. Iter. Cond. Iter. Cond.Poisson 5 1.18 8 2.35 9 2.9310�1 � 101 16 4.38 9 2.92 12 4.0810�2 � 102 13 3.25 11 3.67 20 10.3610�3 � 103 185 2247.8 12 4.52 39 46.99
Table 6.8. Comparison of BDD with BOSS and MLS for problem with ex-ponentially distributed random coe�cients and coarse space of dimension 125.Prolongation smoother of degree 4 was used for BOSS and MLS, and 4 pre- andpostsmoothers in MLS.Range of jumps BDD BOSS MLSIter. Cond. Iter. Cond. Iter. Cond.Poisson 5 1.18 4 1.11 6 1.6610�1 � 101 16 4.38 untest untest 6 1.5910�2 � 102 13 3.25 untest untest 13 4.8710�3 � 103 185 2247.8 untest untest 32 46.33
Table 6.9. Comparison of BDD with BOSS and MLS for problem with uniformlydistributed random coe�cients and coarse space of dimension 2,744, degree 1 ofprolongator smoother, and 2 pre- and postsmoothers in MLS.Range of jumps BDD BOSS MLSIter. Cond. Iter. Cond. Iter. Cond.Poisson 7 1.52 4 1.15 4 1.1810�1 � 101 11 2.51 4 1.05 4 1.1710�2 � 102 11 2.71 4 1.05 5 1.1810�3 � 103 11 2.71 4 1.15 4 1.18
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Table 6.10. Comparison of BDD with BOSS and MLS for problem with expo-nentially distributed random coe�cients and coarse space of dimension 2,744,Prolonation smoother of degree 1 was used, and 2 pre-smoothers and 2 post-smoothers in MLS.Range of jumps BDD BOSS MLSIter. Cond. Iter. Cond. Iter. Cond.Poisson 7 1.52 4 1.15 4 1.1810�1 � 101 18 5.24 4 1.11 5 1.4010�2 � 102 90 124.12 6 1.47 12 5.0310�3 � 103 540 5,513.4 8 1.93 26 24.086.2 Real World ProblemsWe have also applied the BOSS and MLS method to several real-worldproblems. The data for these tests was made available by Charbel Farhat of theAerospace Engineering Department, University of Colorado at Boulder.Table 6.11 presents results for a shell problem of automobile wheel (Fig-ure 6.2) discretized by 3 node shell elements with 6 degrees of freedom pre node.The discrete system obtained by discretization had 59490 degrees of freedom.Prolongator smoother of degree 1 was used in both BOSS and MLS. Two sizesof coarse problem were tested. Good convergence was observed for both BOSSand MLS for the coarse space of 1,260 nodes. For the small coarse space of 158nodes, the condition number of the problem increases to 57.60 for BOSS andto 77.71 for MLS. This can be explained by the fact that the ratio of �ne spacecoarse space resolutions is large here, so prolongator smoother of degree 1 cannotguarantee convergence independent of this ratio. The degree of the prolongatorsmoother would have to be increased.Table 6.12 presents results for the 3D elasticity problem discretized on148



Table 6.11. Comparison of BOSS and MLS for solving the shell problem on amesh discretizing an automobile wheel with 9,915 nodes and 59,490 degrees offreedom. Prolongator smoother of degree 1 was used, and 4 pre-smoothers and4 post-smoothers in MLS.Method used BOSS MLSNodes in coarse space Iter. Cond. Iter. Cond.1260 13 5.42 13 6.03158 37 57.60 40 77.71

Figure 6.2. The mesh of the automobile wheel (data courtesy of Charbel Farhat,University of Colorado at Boulder).
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Table 6.12. Comparison of BOSS and MLS for solving the 3D elasticity problemwith 25,058 nodes and 75,174 degrees of freedom, Prolongator smoother of degree1 was used, and 2 pre-smoothers, 2 post-smoothersin MLS.Method used BOSS MLSNodes in coarse space Iter. Cond. Iter. Cond.1438 7 1.55 8 2.0597 18 8.64 26 19.88the mesh of Figure 6.2 by tetrahedra elements. The discrete system obtained bydiscretization had 59,490 degrees of freedom. Prolongator smoother of degree1 was used in both BOSS and MLS. Two sizes of coarse problem were tested.Good convergence was observed for both BOSS and MLS for the coarse space of1,434 nodes. For the small coarse space of 97 nodes, the condition number of theproblem increases to 8.64 for BOSS and to 19.68 for MLS. Although these arestill good results, we can see that aplication of prolongator smoother of degreegreater than 1 may be appropriate for this coarse space. We note that the BOSSmethod is more robust with respect to the variation of the coarse space size,which can be explained by its link to overlapping Schwarz methods.Table 6.13 presents results for the shell problem discretized on the meshof a propeller (Figure 6.2) by 8 node brick elements. The discretized system had123,120 degrees of freedom. Prolongator smoother of degree 1 was used in bothBOSS and MLS.
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Figure 6.3. The mesh of the solid with tetrahedron elements (data courtesy ofCharbel Farhat, University of Colorado at Boulder).
Table 6.13. Comparison of BOSS and MLS for solving a shell problem: a pro-peller with 41,040 nodes and 123,120 degrees of freedom. Prolongator smootherof degree 1 was used, and 4 pre-smoothers, 4 post-smoothers in MLS.Method used BOSS MLSNodes in coarse space Iter. Cond. Iter. Cond.1730 16 20.52 11 14.19
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Figure 6.4. The mesh of the turbine with 123,120 elements (data courtesy ofJohn Abel, Cornell University).
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7. ConclusionsThis study was motivated by the need to solve large algebraic systemsarizing from discretizations of three-dimensional problems, and by the intolerableasymptotic complexity growth for traditional direct solvers. We have presentedthree methods for e�cient solution of such large sparse systems. Convergenceresults for these methods have been proved suggesting very good performance.For ACDD, method of Chapter 4 a condition number bound proportional to(1+ log(H=h))2 has been established. The BOSS method of Chapter 3 and MLSmethod of Chapter 5 allow certain level of adaptivity, achieved by using intergridtransfer operator smoothed by a polynomial smoother. Increasing the amountof smoothing has a positive e�ect on the convergence properties, but it increasescomputational complexity, as with increasing degree of the smoothing polyno-mial the overlapping of our subdomains increases. In case of the BOSS method,this allows us to move on the scale between domain decomposition without anoverlap and domain decomposition with large overlapping, depending on the sizeof the coarse space and the di�culty of the problem to be solved. The use ofsmoothed transfer operators also resolves the issue of generating a decompositioninto overlapping subdomains. The method starts by generating a nonoverlappingcovering of all nodes of the mesh by a simple greedy algorithm and achieves thedesired amount of overlapping by applying a smoothing polynomial of appropri-ate degree. 153



This feature is also shared by the MLS method, where no subdomainproblems are solved, but a combination of coarse grid correction and smoothingsimilar to a multigrid V -cycle takes place instead. Degree 1 of the prolongatorsmoother was su�cient in most computational experiments.All three methods are suitable for unstructured meshes and can beimplemented fully black-box. If additional information is available, the methodsuse it to improve their convergence properties. This additional input usuallycomes in the form of the basis of the nullspace of the unconstrained matrix ofthe problem (rigid body modes for elasticity).The methods have been applied to both arti�cial and real-world prob-lems to test their robustness with respect to aspects such as the discontinuities ofcoe�cients and unstructured meshes. We have established that these methods,when used as preconditioners, provide a signi�cant improvement in conjugategradient performance. At the same time, the asymptotic computational com-plexity estimates obtained suggest that using ACDD, BOSS or MLS to solve3D problems discretized on a mesh with large fractal dimension requires, evenfor serial implementations, less work than just the back-substitution stage of adirect solver. Numerical experiments show that the methods are applicable to abroader range of problems than considered in this thesis. This suggests the di-rection of future research: The application of BDD to solving the plate and shellproblems was studied in [56], which also applies to ACDD, but similar analysisremains to be carried out for both BOSS and MLS.On the practical front, in order to extend applicability of ACDD(k),the implementation of more e�cient multigrid local approximate solvers, now154



in progress, has to be �nished. These solvers are fully algebraic to preserve theblack-box philosophy of ACDD.The original implementation of ACDD was written for solving scalarproblems only and although some of the libraries have already been rewritten tosupport nonscalar problems, the rest of the project will have to conform beforecomputational results measuring the performance for nonscalar problems areavailable.
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A. Appendix Theoretical ResultsIn this chapter we state and and prove some results used in the text.These results are well-known to readers acquainted with domain decompositionmethods.A.1 Poincar�e-Friedrichs InequalityThe following is a version of the well-known Poincar�e-Friedrichs inequal-ity. We include it here for the sake of completeness and because it is formulatedmore generally then usual and the traditional versions (see, e.g., [72, Theorem7.1],[76]) easily follow from here.Lemma A.1.1. Let Pm denote the space of polynomials of degree atmost m and let B be a Banach space, m > 0, and K : Hm(
)!B be a boundedlinear operator such that the following implication holdsKu = 0 and u 2 Pm�1 =) u = 0: (A.1)Further let 
 be a domain such that diam (
) = 1. Then there exists a constantC(
) > 0 such thatkuk2Hm(
) � C(
)(jKuj2 + ku(m)k2L2(
)) 8u 2 Hm(
): (A.2)Since the converse inequality holds trivially, we obtain the followingCorollary A.1.2. Under the assumptions of Lemma A.1.1 it holdsthat kuk2Hm(
) � jKuj2 + ku(m)k2L2(
):156



Proof. As the statement is obviously valid for u = 0, we assume u 6= 0and proceed by contradiction. Assume that (A.2) does not hold. Then thereexists a sequence fuig in Hm(
) such thatkuikHm(
) = 1 and Kui!0; ku(m)i kL2!0:The compact imbedding of H1(
) into L2(
), known as Rellich theorem [22],implies that also Hk(
) is compactly imbedded in Hk�1(
), k = 1; : : : ; m,so there exists a subsequence fuijg of fuig convergent in Hk�1(
), and u(m)ij !0in L2(
). Therefore (recalling that ku(m)ij kL2!0), fuijg is a Cauchy sequence inHm(
), hence it converges to an element u 2 Hm(
). Thus ku(k)ij kL2(
)!ku(k)kL2(
);k = 1; : : :m, i.e. all generalized derivatives of uij of degree up to m converge inL2 to the respective generalized derivatives of u, and since ku(m)ij kL2(
)!0, weconclude that ku(m)kL2(
) = 0, and u 2 Pm�1. Due to the Hm-convergence andcontinuity of K, we havekukHm(
) = 1 and Kuij!0 = Ku:Asumption (A.1) implies that u = 0, which is the sought contradiction.Remark A.1.3. The advantage of proof we present here is its gener-ality. Constructive proofs found in the literature rely on speci�c geometries. Letus note that the constant C(
) in Lemma A.1.1 depends only on the shape ofthe domain.The following theorem is easily obtained from Lemma A.1.1 by scalingthe L2 and H1 norms form a domain of diameter 1 to one of diameter H.Theorem A.1.4. Let Pm denote the space of polynomials of degree atmost m and let B be a Banach space, m > 0, and K : Hm(
)!B be a bounded157



linear operator such that the following implication holdsKu = 0 and u 2 Pm�1 =) u = 0: (A.3)Further let 
 be a domain such that diam (
) = H. Then there exists a constantC(
) > 0 such thatkuk2Hm(
) � C(
)H2(jKuj2 + ku(m)k2L2(
)) 8u 2 Hm(
): (A.4)Following lemma is a variation of standard Poincar�e inequality on thespace of traces.Lemma A.1.5. Let 
 be a domain such that diam (
) = 1. Let B bethe linear operator on H1=2(@
i) de�ned byB(v) = vj@
i\�D (A.5)if meas(@
i \ �D) > 0, i.e., if there are some Dirichlet boundary conditionsimposed on @
i, and B(v) = Z@
i vds (A.6)otherwise. Then there exists a constant C(
) such that for all u 2 Ker B,juj1=2;@
i � kuk1=2;@
i � C(
) juj1=2;@
i: (A.7)Proof. It is su�cient to prove the proposition for the case of an arbi-trary operator B such that for all constant functions, B(u) = 0 implies u = 0.The left-hand inequality in (A.7) is immediate. Suppose the right-hand inequal-ity in (A.7) is false. Then there exists a sequence fung in Ker B such thatkunk1=2;@
̂ = 1 and junj1=2;@
̂ ! 0; (A.8)158



which implies that junj0;@
̂ ! 1: (A.9)Because of the compact imbedding H1=2(@
̂) ,!,! L2(@
̂); there exists a sub-sequence funkg of fung such thatunk ! u in L2(@
̂): (A.10)Since unk is bounded in H1=2(@
̂), there exists (see e.g. [95]) a subsequence, fornotational convenience also denoted funkg, such thatunk * u weakly in H1=2(@
̂):Since B is a bounded operator and unk 2 Ker B,B(unk)! B(u) = 0: (A.11)From (A.8), kunkk1=2;@
̂ ! kuk1=2;@
̂ = 1; (A.12)junkj1=2;@
̂ ! juj1=2;@
̂ = 0: (A.13)It follows from (A.13) and the de�nition of the H1=2 seminorm that there exists aconstant L such that u = L almost everywhere. Since B(u) = 0, the assumptionon B yields u = 0, which contradicts to (A.12).Remark A.1.6. As in the case of Theorem A.1.4, for general domainsthe constant C(
) in (A.7) depends on the properties of the domain and thescaling of appropriate norms reveals that for a domain \blown up" to diameterH, equation (A.7) changes tojuj1=2;@
i � kuk1=2;@
i � C(
)H1=2 juj1=2;@
i: (A.14)159



As an application of Theorem A.1.4 and Lemma A.1.5, we have thefollowing lemma.Lemma A.1.7. Let A denote the n�n sti�ness matrix resulting from�nite element discretization of an elliptic second order di�erential equation on adomain of diameter 1 with a mesh of typical meshsize h, and S be the m �mSchur complement matrix obtained form A by eliminating the interior degreesof freedom. Then cond(A) = O( 1h2 ); cond(S) = O( 1h): (A.15)Proof. Let a(u; v) = f(v) be the variational formulation from dis-cretization of which A was obtained. Using the equivalence of Euclidean andcontinuous L2 norms and the Poincar�e inequality (A.4), we can estimate theRayleigh quotient of A asRQ(A) = hAx; xihx; xi � a(�x;�x)hdk�xk2L2(
) � C2Pk�xk2L2(
)hdk�xk2L2(
) = C2Phd 8x 2 IRn: (A.16)As the �nite element matrix A is naturally scaled so that its diagonal elementsare of order hd�2, the upper bound of the spectrum of A may be found fromGer�sgorin theorem [47] to beRQ(A) � %(A) � C 1hd�2 :From the last estimate and (A.16), we obtaincond(A) � C 1h2 :In order to investigate the conditioning of S, let us �rst write its def-inition S = A11 � A12A�122 A21, where A11; A12; A21 and A22 are the blocks of A160



corresponding to its decomposition into interior and interface degrees of freedom.As the matrix A12A�122 A21 is positive de�nite, we obtain%(S) � %(A11) � %(A) � Chd�2: (A.17)For the lower estimate of the spectrum of S we use the equivalence of Euclideanand continuous L2 norms, the trace version of Poincar�e inequality (A.7) and thewell-known equivalence k�xkS � k��xkH1=2(@
): We obtainRQ(S) = hS�x; �xih�x; �xi � s(��x;��x)hd�1k��xk2L2(@
) (A.18)� C2Pk��xk2L2(@
)hd�1k��xk2L2(@
) � C2Phd�1 8�x 2 IRm: (A.19)From the last inequality and equation (A.17) it follows that cond(S) � C 1h ,concluding the proof.
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B. Appendix Results Used In ComputationalExperimentsB.1 The Stopping Criterion for PCGSince the conjugate gradient method is an iterative method, a practicalcriterion is needed to determine when to stop the iteration. We need to be certainthat our approximation is close to the true solution x� of the system Ax = b inthe sense that keikBkx�kB � � for some symmetric positive de�nite matrix B and � > 0.Perhaps the most commonly used choice is B = ATA, leading to the bound onthe residual norm krikkbk � �. Thus we can check whether the relative residual,measured in Euclidean norm, is smaller than the required precision � and if so,the iteration is terminated. The weaknesses of this measure of convergence arenotoriously well known. A criterion with a better vision of the true distance ofthe current approximation from the exact solution is needed. Since the measureof a distance of the last iteration to the true solution is unavailable, we usea test based on the residual and the estimate of the condition number. Thestopping criterion used in our numerical experiments was based on the estimateof the relative error measured in the A-energetic norm (cf. Ashby, Manteu�eland Saylor [3]) keikAkx�kA �  cond(M�1A)hM�1ri; riihM�1b; bi !1=2 � �; (B.1)
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k � k; h�; �i denoting the Euclidean norm and inner product, respectively. Theiteration will be terminated when the second inequality in (B.1) is satis�ed.We used an approximation of cond(M�1A) obtained from the extremeeigenvalues of a tridiagonal Lanczos matrix. This matrix can be constructedfrom the data obtained during the conjugate gradient iteration. In addition,the two eigenvalues of the Lanczos matrix do not have to be computed in eachiteration. We start by taking 1 to be the �rst approximation cond(M�1A) andcompute a new approximation of the extreme eigenvalues of the Lanczos matrixonly when (B.1) is satis�ed with the current estimate of cond(M�1A). If (B.1)holds also for the new estimate, we terminate the iteration process.The approximation of cond(M�1A) was obtained as follows. We are in-terested in the extreme eigenvalues � corresponding to the generalized eigenvalueproblem Ax = �Mx. Alternatively, we are searching for the exterme values ofthe Rayleigh quotient RQ(u) = hAu; uihMu; ui:on the Krylov subspace K = fr;M�1=2AM�1=2r; : : :g.In each step of the preconditioned conjugate algorithm 2 we solve theproblem Mzk = rkand compute pk = zk�1 + �kpk�1: (B.2)Recall the orthogonal propertiesrTiM�1rj = zTjMzj = pTi Apj = 0 i 6= j:163



Let us create a bidiagonal matrix
Bk =

2666666666666664
1; ��2; 0; 0; : : : ; 00; 1; ��3; 0; : : : ; 0...0; 0; : : : ; 0; 1 ��k0; 0; : : : ; 0; 0 1

3777777777777775 :It is easy to see that (B.2) is equivalent to zk�1 = pp � �kpk�1. Denoting Zk =[z0; : : : ; zk�1]; Pk = [p1; : : : ; pk], this fact can be written asZk = PkBk:If we consider zk 2 K normalized so that kzkkM = 1, (this amounts to using ascaling matrix Sk = diag((z0Mz0)�1=2; : : : (zk�1Mzk�1)�1=2). We haveZkSk = hz0(zT0Mz0)�1=2; : : : ; zk�1(zk�1Mzk�1)�1=2i :Let us now consider the Rayleigh quotient for any unit vector (in M-norm)u = ZkSk� RQ(u) = �TSkBTk P Tk APkBkSk��TSkZTkMSkZk�We observe that in the numerator, P Tk APk = Dk is the diagonal matrix withentries pTi Apj, and in the denominator SkZTkMSkZk = I. ThusRQ(u) = �TSkBTkDkBkSk��T � :Thus the values of the Rayleigh quotient will be determined by the spectrumof the three-diagonal matrix SkBTkDkBkSk, a task easily accomplished by thestandard methods (cf. [51]). 164
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