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1 The Max-Plus AlgebraThe thesis implements linear algebra algorithms for matrices under the operations� (pronounced `o-plus') and 
 (pronounced `o-times'). The symbol � in a � bmeans the maximum of the scalars a and b and the symbol 
 refers to addition.The role of 
 is generally played by conventional addition. If it is clear wherethe `
'-symbols are used, they are sometimes omitted. This is exactly the sameas the multiplication `�' or `�' symbol in conventional algebra.De�nition 1 (Monoid-�eld): A set K endowed with two binary operations �and 
 is a monoid-�eld if� (K;�) is a commutative monoid (the operation � is associative, commu-tative and has a zero element �);� (K � �;
) is a group with an identity element e;� for all a; b; c 2 K, the left distributive law, a
 (b� c) = (a
 b)� (a
 c),and the right distributive law, (a� b)
 c = (a
 c)� (b
 c), hold;� the operation 
 satis�es �
 e = e
 � = �.We say that the monoid-�eld is� idempotent if the operation � is idempotent, that is, if a� a = a;8 a 2 K;1



� commutative if the operation 
 is commutative.De�nition 2 (The algebraic structure <max): The symbol <max denotes theset <[f�1g with max and + as the two binary operations � and 
, respectively.We call this structure the max-plus algebra.Proposition 1: The algebraic structure <max satis�es the following properties:� �� (� � x) = (�� �)� x i.e., max(�;max(�; x)) = max(max(�; �); x);� �� � = � � � i.e., max(�; �) = max(�; �);� �1� x = x��1 = x i.e., max(�1; x) = max(x;�1) = x;� �
 (� 
 x) = (�
 �)
 x i.e., �+ (� + x) = (�+ �) + x;� �
 � = � 
 � i.e., � + � = � + �;� 0
 x = x
 0 = x i.e., 0 + x = x+ 0 = x;� �x
 x = x
�x = 0 i.e., �x+ x = x+ (�x) = 0;� �1
 x = x
�1 = �1 i.e., �1+ x = x+ (�1) = �1;� �
 (x� y) = (�
 x)� (�
 y) i.e., � +max(x; y) = max(�+ x; �+ y);� (�� �)
 x = (�
 x)� (� 
 x) i.e., max(�; �) + x = max(�+ x; � + x);� z
 = 
z where z; 
 2 < and the multiplication on the right is that of <;2



for all �; �; x; y 2 <max.Theorem 1: The algebraic structure <max is an idempotent commutative monoid-�eld (There is no inverse under �) with � = �1 and e = 0.If we compare the properties of � and 
 of <max with those of + and � of <,we see that:� we have lost the inverse of addition (for a given a, an element b does notexist such that max(b; a) = �1 whenever a 6= �1);� we have gained the idempotency of addition.The relation \�" will have its usual meaning with the convention that �1 � �for all � and � � �1 only if � = �1.De�nition 3 (The algebraic structure �<max): The set < [ f�1g [ f1gendowed with the operations max and + as � and 
 and with the convention that(�1) +1 = �1 is denoted �<max.1.1 Matrix Multiplication in (<max)n�nThis paper is mainly interested in computations of matrices in the max-plusalgebra. In this section, we de�ne basic operations of matrices in the max-plusalgebra including a program written in the Matlab language.Let (<max)n�n be the set of n� n matrices with coe�cients in <max endowedwith the following two internal operations:3



� the componentwise addition denoted �;� the matrix multiplication denoted 
:(A
B)ij = nMk=1Aik 
Bkj ;and the external operations:� 8� 2 <max;8A 2 (<max)n�n; �A = (�Aij):The set (<max)n�n has� the zero matrix, again denoted �1, which has all its entries equal to �1;� the identity matrix, again denoted 0, which has the diagonal entries equalto 0 and the other entries equal to �1.Example 1: Consider the following matrix multiplication.� 3 72 4 �
 � 1 03 2 � = � (3
 1) � (7 
 3) (3
 0)� (7 
 2)(2
 1) � (4 
 3) (2
 0)� (4 
 2) � = � 10 97 6 � :Program 1 (Matrix Multiplication): If A 2 (<max)m�r and B 2 (<max)r�n,then the following program computes C = A
B.function C = maxmult(A,B)[m,r]=size(A); [s,n]=size(B);if r==s C=-inf*ones(m,n);for i=1:m for j=1:n for k=1:rC(i,j)=max(C(i,j),(A(i,k)+B(k,j)));end end endelse disp('Inner matrix dimensions must agree.') end4



1.2 An ApplicationWhere do we use max-plus algebra? One application can be found in calculatingthe 2-packing number of an m� n grid. The 2-packing number is the maximumsize of a set S of nodes of the grid such that every pair of nodes in S are morethan 2 apart. Fisher [2] found the 2-packing number of an m� n grid for all mand n. However, the techniques used there were speci�c to this problem. Herewe give an example of how the max-plus algebra can be used to solve problemsof this type by �nding the 2-packing number of a 4 � n grid for all n in �nitetime.A node's status is given by a code: 0 if it is in the set S, 1 if it is above, belowor to the right of a node in S, and 2 otherwise. Each column of the 4�n grid canbe represented as a 4-digit trinary number. For example, 0112 means that the�rst node is in S, the second node and the third node are next (above, below, orright) to a node in S, and the forth is left of a node in S. Since substrings 02, 20,00, 010, 1212, and 2121 are not allowed in each column and we cannot have 11unless 0 is next to it on at least one side, there are 17 states: 0110, 0112, 0121,0122, 1011, 1012, 1101, 1210, 1221, 1222, 2101, 2110, 2122, 2210, 2212, 2221, and2222. Now we can form a 17 � 17 matrix A indexed by the states. If A = (Aij),5



thenAij = 8>>><>>>: �1012 if state Ai cannot be right of state Ajif state Ai can be right of state Aj and has no node in Sif state Ai can be right of state Aj and has one node in Sif state Ai can be right of state Aj and has two nodes in S.
A =

266666666666666666666666666666666664
� � � � � � � � � � � � 2 � 2 � 2� � � � � � � � � � 1 � � � � � �� � � � � � � � � � � 1 � 1 � � �� � � � � � � � � � � � 1 � 1 1 1� � � � � � � 1 � � � � � 1 � � �� � � � � � � � 1 1 � � � � 1 1 1� � 1 1 � � � � � � � � � � � � �� 1 � 1 � � � � � � � � � � � � �0 � � � � � � � � � � � � � � � �� 0 0 0 � � � � � � � � � � � � �� � � � � � � � 1 1 � � 1 � � 1 1� � � � � 1 � � � � � � � � � � �� � � � 0 0 � � � � � � � � � � �� � � � � � � � � � � � 1 � 1 � 1� � � � � � 0 � � � 0 � � � � � �� � � � � � � 0 � � � 0 � 0 � � �� � � � � � � � 0 0 � � 0 � 0 0 0

377777777777777777777777777777777775 :We call this matrix the transfer matrix. We denote �1 as � in the above matrixfor ease of reading. Let x1 be an initial vector of length 17. If state i can bethe state for a 4 � 1 grid, then xi is the number of nodes in S in state i. If thestate i cannot be a state for a 4 � 1 grid, then xi is �1. For example, x6 is 1,because the 6th state 1012 can be a state of a 4� 1 grid and it has one node inS. However, x7 is �1, because the �rst node of the 7th state 1101 must be 2.So,x1 = (2;�1;�1; 1;�1; 1;�1;�1;�1;�1;1;�1;�1;1;�1;�1;0)T:We can compute xk from xk�1 for k > 1 by the transfer matrix A; xk = A
xk�1.6



Then the 2-packing number, �(P4�Pn), is the maximum entry in xn. Here is anexample, x2 = Ax1 = (2; 2; 2; 1; 2; 1; 2; 2; 2; 1; 1; 2; 1; 1; 1; 1; 0)Tx3 = Ax2 = (3; 2; 3; 2; 3; 3; 3; 3; 2; 2; 3; 2; 2; 2; 2; 2; 2)Tx4 = Ax3 = (4; 4; 3; 3; 4; 3; 4; 3; 3; 3; 3; 4; 3; 3; 3; 3; 2)Tx5 = Ax4 = (5; 4; 5; 4; 4; 4; 4; 5; 4; 4; 4; 4; 4; 4; 4; 4; 3)Tx6 = Ax5 = (6; 5; 5; 5; 6; 5; 6; 5; 5; 5; 5; 5; 4; 5; 4; 5; 4)Tx7 = Ax6 = (6; 6; 6; 6; 6; 6; 6; 6; 6; 5; 6; 6; 6; 5; 6; 5; 5)Tx8 = Ax7 = (8; 7; 7; 7; 7; 7; 7; 7; 6; 6; 7; 7; 6; 7; 6; 6; 6)Tx9 = Ax8 = (8; 8; 8; 7; 8; 7; 8; 8; 8; 7; 7; 8; 7; 7; 7; 7; 6)T :So, �(P4�P2) = 2, �(P4�P3) = 3, �(P4�P4) = 4, �(P4�P5) = 5, �(P4�P6) = 6,�(P4 � P7) = 6, �(P4 � P8) = 8, and �(P4 � P9) = 8. Notice that x9 � x2 =(6; 6; 6; 6; 6; 6; 6; 6; 6; 6; 6; 6; 6; 6; 6; 6; 6)T , i.e., x9 = 6 
 x2. Thus, x10 = Ax9 =A(6
x2) = 6
Ax2 = 6
x3. We may easily establish that xk = 6
xk�7 for k � 9.Since �(P4�Pk) is the maximum entry of xk, we have �(P4�Pk) = yT
xk wherey = [0; 0; : : : ; 0]T . Then �(P4�Pk) = yT
xk = yT
(6
xk�7) = 6
yT
xk�7 =6 + �(P4 � Pk�7).Chapter 2 deals with systems of linear equations in the max-plus algebra. Itcontains algorithms for solving linear systems. Chapter 3 talks about di�erent7



methods of �nding eigenvalues and eigenvectors of any square matrix. Chapter 4shows some examples of characteristic equation and the Cayley-Hamilton theoremin the max-plus algebra. Chapter 5 includes references. The main objectiveof this thesis was to write computer programs for Matlab that perform matrixcomputations in the max-plus algebra. Underlying theory is mostly based onBaccelli, Cohen, Olsder, and Quadrat [1].2 Systems of Linear Equations in (<max)nIn this chapter, we are mainly concerned with systems of linear equations. Thereare two kinds of linear systems in <max for which we are able to compute solutions:x = Ax� b and Ax = b (the general system being Ax� b = Cx� d).2.1 Solving Ax� b = Cx � dIn the max-plus algebra, the general system of equations is Ax � b = Cx � d,where A and C are n� n matrices and b and d are n-vectors.De�nition 4 [1]: The system Ax� b = Cx� d is said to be in canonical formif A, C, b, and d satisfyCij = �1 if Aij > Cij; and Aij = �1 if Aij < Cijdi = �1 if bi > di; and bi = �1 if bi < di:The solutions of the canonical form are the same as the solutions of the originalsystem. 8



Example 2: Consider the system� 5 2�1 2 � �x1x2 �� � 13 � = � 6 12 1 � �x1x2 �� � 05 � ;which can be put into canonical form as follows:��1 2�1 2 � �x1x2 �� � 1�1 � = � 6 �12 �1 � � x1x2 �� ��15 � ;which implies� (�1
 x1)� (2
 x2)(�1
 x1)� (2
 x2) �� � 1�1 � = � (6 
 x1)� (�1
 x2)(2 
 x1)� (�1
 x2) �� ��15 �) � (2 
 x2)� 1 = 6
 x12 
 x2 = (2
 x1)� 5 ) 6 
 x1 = (2
 x1)� 5) 6
 x1 = 5 ) x1 = �1 ) x2 = 3:This system has a solution. In general, a linear system may or may not have asolution. Moreover, even if a solution exists, it may not be unique.2.2 Solving x = Ax� bThis section shows how to solve the system x = Ax� b.De�nition 5 (Precedence graph): The precedence graph of a square n � nmatrix A with entries in <max is a weighted digraph with n nodes and an arc (j; i)if Aij 6= �1, in which case the weight this arc receives is the numerical value ofAij. The precedence graph is denoted G(A).Example 3: Let A = 26664�1 2 �1 �31 �1 �1 �1�1 0 �1 �1�1 5 �2 �137775. Then, the precedence graphof A is shown in Figure 1. 9



s ss s������������6 -� ?�	 �1 234 21�3 5 0�2 �1Figure 1: The precedence graph of ATo exclude degenerate cases, it is assumed that not all components of A areidentical to �1. Moreover, this paper considers mainly those A in (<max)n�nwhose precedence graph is strongly connected.Theorem 2 [1]: If there are only circuits of nonpositive weight in G(A), thereis a solution to x = Ax� b which is given by x = A�b, where A� = 0 �A� � ���An�An+1� � � �. Moreover, if the circuit weights are all negative, the solutionis unique.Note that, in the related min-plus algebra, that is, a� b means the minimum ofthe scalars a and b, if the circuit weights are nonnegative, then there is a solution.Proof: If A�b does exist, it is a solution:A(A�b)� b = AA�b� 0b = (0�AA�)b = A�b:Existence of A�b. The meaning of (A�)ij is the maximum weight of all paths ofany length from j to i. Thus, a necessary and su�cient condition for the existenceof (A�)ij is that no strongly connected components of G(A) have a circuit with10



positive weight. Otherwise, there would exist a path from j to i of arbitrarilylarge weight for all j and i belonging to the strongly connected component whichincludes the circuits of positive weight (by traversing this circuit a su�cientnumber of times).Uniqueness of the solution. Suppose that x is a solution of x = Ax � b.Then x satis�es x = b�Ax;x = b �A(Ax� b);x = b�Ab�A2x;x = b�Ab� � � � �Ak�1b�Akx; (1)and thus x � A�b, where the order relation on the vectors is de�ned by x � yif x � y = x. Moreover, if all the circuits of the graph have negative weights,then Ak ! �1 when k ! 1. Indeed, the entries of Ak are the weights of thepaths of length k which necessarily traverse some circuits of A a number of timesgoing to 1 with k, but the weights of these circuits are all negative. Using thisproperty in Equation (1) for k large enough, we obtain that x = A�b. 2Example 4: Consider the following equationx = ��1 1�3 �2 �x� � 02 � :11



Then,b = � 02 � ; Ab = � 30 � ; A2b = � 20 � ; A3b = � 1�1 � ; A4b = � 0�2 � : : : :Notice that the entries of Akb are decreasing as k gets larger. Thus,x = � 02 �� � 30 �� � 20 �� � 1�1 �� � 0�2 �� � � � = � 32 � :This is the unique solution, since all the circuit weights are negative.Program 2 (Finding the Weight of each Circuit): If A 2 (<max)m�n, thenthe following program computes the weights of each circuit of A. If the weightof any circuit is positive, the program will be terminated and there will be nosolution. The next program linear2 uses this function call to check the positivityof any circuit of A.function c=cycleok(A),[m,n]=size(A); c=-1;for i=1:n c=A(i,i); if c>0 break; end p(i)=i; endif c<=0 rcom=p;for r=2:n repeat=n;for k=1:r-1 repeat=repeat*(n-k); endfor k=1:r repeat=repeat/k; endfor i=1:r rcombi(i)=rcom(i); endtempy=0;for i=1:r-1 tempy=tempy+A(rcombi(i),rcombi(i+1)); endc=tempy+A(rcombi(r),rcombi(1)); if c>0 break; endfactorial=r-1;for i=1:r-2 if r-2>0 factorial=factorial*(r-1-i); end endfor i=1:r-1 rcombitemp(i)=rcombi(i+1); endfor i=1:factorial-1 rcombitemp=perm(rcombitemp);for i=2:r rcombi(i)=rcombitemp(i-1); endtempy=0;for i=1:r-1 tempy=tempy+A(rcombi(i),rcombi(i+1)); endc=tempy+A(rcombi(r),rcombi(1));if c>0 break; end end12



for l=2:repeat i=r;while rcom(i)==n-r+i, if i>1 i=i-1; end endrcom(i)=rcom(i)+1;for j=i+1:r rcom(j)=rcom(i)+j-i; endfor i=1:r rcombi(i)=rcom(i); endtempy=0;for i=1:r-1 tempy=tempy+A(rcombi(i),rcombi(i+1)); endc=tempy+A(rcombi(r),rcombi(1)); if c>0 break; endfactorial=r-1;for i=1:r-2if r-2>0 factorial=factorial*(r-1-i); end endfor i=1:r-1 rcombitemp(i)=rcombi(i+1); endfor i=1:factorial-1 rcombitemp=perm(rcombitemp);for i=2:r rcombi(i)=rcombitemp(i-1); endtempy=0;for i=1:r-1tempy=tempy+A(rcombi(i),rcombi(i+1)); endc=tempy+A(rcombi(r),rcombi(1)); if c>0 break; endendendrcom=p;endendProgram 3 (Solution of x = Ax� b): If A 2 (<max)m�n and b 2 (<max)n�1,then the following program �nds the solution of x = Ax�b by using the algorithmof Theorem 2. There is no solution if the weight of any circuit is positive.function x=linear2(A,b),[m,n]=size(A); [r,s]=size(b);if m==n if r==n if s==1 c=cycleok(A);if c>0 disp('There is no solution.')else temp=b; x=b; check=inf*ones(n,1);while x~=check, temp=maxmult(A,temp);for i=1:n x(i,1)=max(x(i,1),temp(i,1)); endcheck=maxmult(A,x);for i=1:n check(i,1)=max(check(i,1),b(i,1)); endend end endelse disp('Column size for b must be 1.') endelse disp('Inner matrix dimensions must agree.') endelse disp('Matrix A must be square.') end13



Program 3 uses program 2 and it can waste time if there is no circuit with apositive weight. Also checking the weight of all circuits is ine�cient so the nextprogram modi�es this check.Program 4 (Solution of x = Ax� b): If A 2 (<max)m�n and b 2 (<max)n�1,then the following program computes the solution of x = Ax � b. If there isa solution, then 8 i; Ai � 0 � A � � � � � Ai�1, since the weights of circuits arenonpositive. The order relation on the matrices is also de�ned by A � B ifA�B = B. So A2b; A3b; : : : are less than b �Ab. Therefore, if Aib is greaterthan Ai�1b, we can discontinue the computation of Akb for k > i. This algorithmis much faster than program 3 as the size of A increases.function xval=maxlin2(A,b),[m,n]=size(A); [r,s]=size(b);if m==n if r==n if s==1check=inf*ones(n,1); temp=b; x=b; boo=1; boolean=0;while boo==1, tempy=temp; temp=maxmult(A,tempy);for i=1:n x(i,1)=max(x(i,1),temp(i,1)); endcheck=maxmult(A,x);for i=1:n check(i,1)=max(check(i,1),b(i,1)); endfor i=1:n if x(i,1)==check(i,1) boo=0;else boo=1; break; end endif boo==1 for i=1:n if temp(i,1)<tempy(i,1)boolean=0; break; else boolean=1; end end endif boolean==1 break; end endif boolean==1 disp('There is no solution.')else xval=x; endelse disp('Column size for b must be 1.') endelse disp('Inner matrix dimensions must agree.') endelse disp('Matrix A must be square.') end14



2.3 Solving Ax = bThe other class of linear systems for which we can obtain a general result consistsof the systems Ax = b. Unfortunately, we cannot guarantee that there exists asolution for any system Ax = b. We need to weaken the notion of `solution.' Asubsolution of Ax = b is an x which satis�es Ax � b.Theorem 3 [1]: Given an n � n matrix A and an n-vector b with entries in�<max, the greatest subsolution of Ax = b exists and is given by�xj = maxi (�bi +Aij):In other words, x = �((�b)TA)T = �(AT(�b)).Proof: We have thatAx � b () Mj Aijxj � bi; 8 i() xj � bi �Aij; 8 i; j() xj � mini (bi �Aij); 8 j() �xj � maxi (�bi +Aij); 8 j:Conversely, it can be checked similarly that the vector x de�ned by �xj =maxi(�bi +Aij); 8 j, is a subsolution. Therefore, it is the greatest one. 2As a consequence, in order to attempt to solve the system Ax = b, we may�rst compute its greatest subsolution and then check by inspection whether itsatis�es the equality. 15



Example 5: Let us compute the greatest subsolution of the following equality:� 2 34 5 � �x1x2 � = � 67 � :By the theorem, �x = [�6 �7 ] � 2 34 5 � = [�3 �2 ]T :Then the greatest subsolution is (x1; x2) = (3; 2);� 2 34 5 � � 32 � = � 57 � � � 67 � :Program 5 (Subsolution of Ax = b): If A 2 (�<max)m�n and b 2 (�<max)n�1,then the following program computes the greatest subsolution of Ax = b.function x=linear(A,b),[m,n]=size(A); [r,s]=size(b);if m==n if r==n if s==1 x=-(maxmult(-b',A))';else disp('Column size for b must be 1.') endelse disp('Inner matrix dimensions must agree.') endelse disp('Matrix A must be square.') end3 Eigenvalues and Eigenvectors3.1 Existence and UniquenessGiven an n�nmatrix A with entries in <max, we consider the problem of existenceof eigenvalues and eigenvectors, that is, the existence of � and x 6= 0 such thatAx = �x:In this section the maximum cycle mean will be de�ned and the existence ofeigenvalues and eigenvectors will be proved. The entry (i; j) of A� = 0 � A �16



� � � � An � An+1 � � � � denotes the maximum weight of all paths of any lengthwhich go from node j to node i. The numerical value of Aij equals the weightof the arc from node j to node i. If no such arc exists, then Aij = �1. Themeaning of (Ak)ij is the maximum weight with respect to all paths of length kfrom j to i. If no such path exists, then (Ak)ij = �1. Let � = (i1; i2; : : : ; ik)be a path in a weighted graph of A. Then the weight of this path, j�jw, is theproduct Ai1i2 
 Ai2i3 
 � � � 
 Aik�1ik , and the length of this path, j�jl, is k � 1.Now we have the following de�nition.De�nition 6 (Cycle mean): The mean weight of a path is de�ned as the sumof the weights of the individual arcs of this path, divided by the length of this path.If the path is denoted �, then the mean weight equals j�jw=j�jl. If such a path is acircuit one talks about the mean weight of the circuit, or simply the cycle mean.We are interested in the maximum of these cycle means, where the maximum istaken over all circuits in the matrix A. All circuits with a cycle mean equal tothe maximum cycle mean are called critical circuits.Theorem 4 [1]: If G(A) is strongly connected, there exists one and only oneeigenvalue (but possibly several eigenvectors). This eigenvalue is equal to themaximum cycle mean of the graph:� = max� j�jwj�jl ;where � ranges over the set of circuits of G(A).17



Proof:Existence of x and �. Consider matrix B = ��A, where � = max� j�jw=j�jl.The maximum circuit weight of G(B) is 0. Hence, B� and B+ = BB� exist andmatrix B+ has some columns with diagonal entries equal to 0. Suppose a node kis in the maximum circuit, then the maximum weight of paths from k to k is 0.Therefore, we have 0 = B+kk. Let Bk denote the k-th column of B. Then, sinceB = ��A, B+ = BB� and B� = 0�B+, for that k,B+k = B�k ) BB�k = B+k = B�k ) ��AB�k = B�k ) AB�k = �B�k :Hence x = B�k = B+k is an eigenvector of A corresponding to the eigenvalue �.Uniqueness of �. Let �1 and �2 be eigenvalues. Assume that �1 < �2. Weknow that there are v1 and v2 with Av1 = �1v1 and Av2 = �2v2. Pick t 2 <maxlarge enough so that tv1 � v2 component by component. Then,tv1 � v2 = tv1;An(tv1 � v2) = An(tv1);Antv1 �Anv2 = Antv1;tAnv1 �Anv2 = tAnv1;t�n1v1 � �n2v2 = t�n1v1:For some n, �n2v2 6� t�n1v1, since �1 < �2. So t�n1v1 � �n2v2 6= t�n1v1. This is acontradiction. Therefore, �1 = �2: 2 18



3.2 Maximum Cycle Mean MethodThis section includes computer programs in the Matlab language which will �ndthe eigenvalue of an n � n matrix A. This program is based on the algorithmof �nding the maximum cycle mean. It involves numerous 
ops. Finding eigen-vectors this way relates to �nding critical circuits and paths with the maximumweight, and this approach is intractable for large n.Program 6 (Generating the permutation of f1; 2; : : : ; ng): If a is an n-vector, a = [1; 2; : : : ; n]T , then the following program generates a permutation.function permutation=perm(a)n=length(a); permutation=a;if n>1 j=n-1; while permutation(j) > permutation(j+1),j=j-1; end k=n;while permutation(j) > permutation(k),k=k-1; endtemp=permutation(j); permutation(j)=permutation(k);permutation(k)=temp; r=n; s=j+1;while r > s, temp=permutation(r);permutation(r)=permutation(s);permutation(s)=temp; r=r-1; s=s+1; endendProgram 7 (Generating the r-combinations of the set f1; 2; 3; : : : ; ng):If a is an n-vector, a = [1; 2; : : : ; n]T , then the following program generatesr-combinations, for r = 1; 2; : : : ; n.function rcombination=rcombi(a),n=length(a); rcom=a; cycle=n;for i=1:n rcombi(i,1)=i; endfor r=2:n repeat=n;for k=1:r-1 repeat=repeat*(n-k); endfor k=1:r repeat=repeat/k; endfor i=1:r rcombi(1+cycle,i)=rcom(i); end19



cycle=cycle+repeat;for l=2+cycle-repeat:cycle i=r;while rcom(i)==n-r+i, if i>1 i=i-1; end endrcom(i)=rcom(i)+1;for j=i+1:r rcom(j)=rcom(i)+j-i; endfor i=1:r rcombi(l,i)=rcom(i); endendrcom=a;endrcombination=rcp(rcombi,n);Program 8 (Finding an eigenvalue): If A 2 (<max)n�n, then the followingprogram computes the eigenvalue of matrix A. This program uses program 6 andprogram 7 is built inside of this program for the sake of time. This program isbased on the maximum cycle mean algorithm.function eigenvalue=tmaxeig2(A),[m,n]=size(A);if m==n eigenvalue=0;for i=1:n p(i)=i;eigenvalue=max(eigenvalue,A(p(i),p(i))); endrcom=p; for r=2:n repeat=n;for k=1:r-1 repeat=repeat*(n-k); endfor k=1:r repeat=repeat/k; endfor i=1:r rcombi(i)=rcom(i); endtempy=0; for i=1:r-1tempy=tempy+A(rcombi(i),rcombi(i+1)); endtempy=tempy+A(rcombi(r),rcombi(1)); tempy=tempy/r;eigenvalue=max(eigenvalue,tempy); factorial=r-1;for i=1:r-2 if r-2>0 factorial=factorial*(r-1-i); end endfor i=1:r-1 rcombitemp(i)=rcombi(i+1); endfor i=1:factorial-1 rcombitemp=perm(rcombitemp);for i=2:r rcombi(i)=rcombitemp(i-1); endtempy=0; for i=1:r-1tempy=tempy+A(rcombi(i),rcombi(i+1)); endtempy=tempy+A(rcombi(r),rcombi(1)); tempy=tempy/r;eigenvalue=max(eigenvalue,tempy); endfor l=2:repeat i=r;while rcom(i)==n-r+i,if i>1 i=i-1; end endrcom(i)=rcom(i)+1;20



for j=i+1:r rcom(j)=rcom(i)+j-i; endfor i=1:r rcombi(i)=rcom(i); endtempy=0; for i=1:r-1tempy=tempy+A(rcombi(i),rcombi(i+1)); endtempy=tempy+A(rcombi(r),rcombi(1)); tempy=tempy/r;eigenvalue=max(eigenvalue,tempy); factorial=r-1;for i=1:r-2if r-2>0 factorial=factorial*(r-1-i); end endfor i=1:r-1 rcombitemp(i)=rcombi(i+1); endfor i=1:factorial-1 rcombitemp=perm(rcombitemp);for i=2:r rcombi(i)=rcombitemp(i-1); endtempy=0; for i=1:r-1tempy=tempy+A(rcombi(i),rcombi(i+1)); endtempy=tempy+A(rcombi(r),rcombi(1)); tempy=tempy/r;eigenvalue=max(eigenvalue,tempy);endendrcom=p;endelse disp('Matrix must be square.') endExample 6: Let A = 264�3 �2 81 0 42 3 �6 375. Then the cycle means of A arelength 1: A11 = �3; A22 = 0; A33 = �6length 2: A12 = �2 + 12 = �12 ; A13 = 8 + 22 = 5; A23 = 4 + 32 = 72length 3: A13 = �2 + 4 + 23 = 43 ; A12 = 8 + 3 + 13 = 4:So, the eigenvalue is max(�3; 0; �6; �12 ; 5; 72 ; 43 ; 4) = 5. This implies thatthe critical circuit is A13. In order to determine an eigenvector, we need to �ndG(B) whereB = ��A = �5264�3 �2 81 0 42 3 �6375 = 264�8 �7 3�4 �5 �1�3 �2 �11 375 :Suppose that x = [x1; x2; x3]T is an eigenvector. Since node 1 and 3 determinethe critical circuit in Figure 2, we may choose either x1 or x3 to be 0. The21



s ss������������������������ ����6?�-� 	� ��123 �33 �4�7�2�1 �5�11 �8Figure 2: The precedence graph of Bmaximum weight of a path from node 1 to node 2 is �4 and �3 from node 1 tonode 3 in G(B). So, x = B+1 = [0; �4; �3]T .3.3 Power MethodBefore the discussion of the power method, we need to consider the equationxt+1 = Axt, where t = 0; 1; 2; : : : (t can be time or iteration), x 2 (<max)n�1, andA 2 (<max)n�n. x0 is called the initial vector. Assume that x0 is an eigenvectorof A. Then x1 = Ax0 = �x0, x2 = Ax1 = A�x0 = �2x0; : : : where � is thecorresponding eigenvalue. More generally,xt = �tx0; t = 0; 1; 2; : : : : (2)Equation (2) yields (xt+1)i�(xt+1)j = (xt)i�(xt)j and (xt+1)i = �
(xt)i for i; j =1; : : : ; n. Thus the solution of these equations exhibits a kind of periodicity. Inparticular, xk+p = �p 
 xk, where p is a period, so � = (xk+p)i � (xk)ip for anyi = 1; : : : ; n. Recall that this is the maximum cycle mean of A. An eigenvector22



x can be represented as xk+p�1 � �xk+p�2 � �2xk+p�3 � � � � � �p�1xk. Because,A(xk+p�1 � �xk+p�2 � �2xk+p�3 � � � � � �p�1xk)= Axk+p�1 �A�xk+p�2 �A�2xk+p�3 � � � � �A�p�1xk= xk+p � �xk+p�1 � �2xk+p�2 � � � � � �p�1xk+1= �xk+p�1 � �2xk+p�2 � �3xk+p�3 � � � � � �pxk= �(xk+p�1 � �xk+p�2 � �2xk+p�3 � � � � � �p�1xk):Example 7: Let x0 = � 00 � and A = � 3 72 4 �. Then,x1 = � 3 72 4 � � 00 � = � 74 � ;x2 = � 3 72 4 � � 74 � = � 119 � ;x3 = � 3 72 4 � � 119 � = � 1613 � ;x3 � x1 = � 99 � :This gives the eigenvalue � = 92 = 4:5 (2 is the period), and the eigenvector� 119 �� 4:5 � 74 � = � 11:59 �.Because of this periodicity, we call this method a power method.Program 9 (Finding eigenvalues and eigenvectors): IfA 2 (<max)n�n, thenthe following program computes the eigenvalue and an eigenvector of matrix A.function [eigenvalue,eigenvector] = maxeig(A)[m,n] = size(A);if m==n oldx = zeros(n,1); storx = zeros(n,1);compx = zeros(n,1); iteration=2; ok=0;while ok==0, newx = maxmult(A,oldx);23



storx(1:n,iteration)=newx;for k=1:(iteration-1) ok=1;for i=1:ncompx(i,k)=storx(i,iteration)-storx(i,iteration-k);if compx(1,k)~=compx(i,k) ok=0; break endendnu=compx(1,k); de=k; index=iteration-k;if ok==1 break endenditeration=iteration+1; oldx = newx;endeigenvalue=nu/de; eigenvector=storx(1:n,iteration-2);for i=1:(iteration-index-2)evec=maxmult(storx(1:n,iteration-i-2),i*eigenvalue);for j=1:neigenvector(j,1)=max(eigenvector(j,1),evec(j,1));end endtemp=inf;for i=1:n temp=min(temp,eigenvector(i,1)); endfor i=1:n eigenvector(i,1)=eigenvector(i,1)-temp; endelse disp('Matrix must be square.') endBelow is a summary table of 
ops and iterations of an n � n matrix, n =10; 20; 30; 40; 50, by the power method. The data represents 100 random matricesfor each n with entries chosen from a uniform distribution on the interval (0; 9).From the table, it can be seen that the program runs quickly and the number ofiterations is small. The interesting observation is that the data is linear and thenumber of iterations is smaller when n is bigger.
24



n=10 n=20 n=30 n=40 n=50
ops iter 
ops iter 
ops iter 
ops iter 
ops iterAverage 893.4 7.11 2984.14 7.31 5199.68 6.19 5526.52 4.19 7801.77 3.92Median 853 7 2539.5 6.5 3983 5 5200 4 7969 4Max 2529 16 9984 21 18811 19 13628 9 24204 10Min 289 3 1391 4 2029 3 1852 2 2812 2Table 1: Flops and Iterations by the Power Method3.4 Linear Programing ApproachLet A 2 (<max)n�n and Ax = �x, where x is an eigenvector and � is the eigen-value. If A = 264 a11 a12 a13a21 a22 a23a31 a32 a33 375 and x = 264x1x2x3 375, then264 a11 a12 a13a21 a22 a23a31 a32 a33 375264x1x2x3 375 = �264x1x2x3 375 :Using standard notation, this can be rewritten asmax(a11 + x1; a12 + x2; a13 + x3) = � + x1;max(a21 + x1; a22 + x2; a23 + x3) = � + x2;max(a31 + x1; a32 + x2; a33 + x3) = � + x3:Since each entry � + xi on the right hand side is the maximum of aij + xj fori; j = 1; 2; 3, it implies that a11 + x1 � �+ x1;a12 + x2 � �+ x1;a13 + x3 � �+ x1;25



a21 + x1 � �+ x2;a22 + x2 � �+ x2;a23 + x3 � �+ x2;a31 + x1 � �+ x3;a32 + x2 � �+ x3;a33 + x3 � �+ x3:This implies that Ax = �x is equivalent to26666666666666664 0 0 0 11 �1 0 11 0 �1 1�1 1 0 10 0 0 10 1 �1 1�1 0 1 10 �1 1 10 0 0 1
3777777777777777526664x1x2x3� 37775 � 26666666666666664 a11a12a13a21a22a23a31a32a33

37777777777777775 : (3)Let Hn be an n2 � (n+ 1) matrix in the conventional algebra, then the simplexmethod solves the linear programming problemPrimal max bTy subject to HTn y = c; y � 0; andDual min cTz subject to Hnz � b: (4)Notice that expression (4) is the same as the inequality (3). Theoretically, forany matrix A 2 (<max)n�n, we can use inequality (3) to �nd the eigenvalue andan eigenvector of A by linear programming. In general Hn depends on the size26



of matrix A, but not on A. Hn = 266664JeT1 � I 1JeT2 � I 1... ...JeTn � I 1 377775 ;where J is an n � 1 vector of 1's, I is an identity matrix in the conventionalalgebra, and ei is the ith unit vector, i.e., ei = [0; 0; : : : ; 0; 1; 0; : : : ; 0]T where 1 isin the ith position.We need to minimize cTz so that Hnz � b. Let c = [0; 0; : : : ; 0; 1]T . Then,cTz = � and the sum of all entries of Hnz is equal to n2� = n2cTz.Hnz � b ) n2cTz � n2Xi=1 bi;) cTz � Pn2i=1 bin2 :So, if we minimize cTz and maximize Pn2i=1 bin2 , we can have an equality of thesetwo expressions. Notice that Pn2i=1 bin2 is bTy, where y = [ 1n2 ; 1n2 ; : : : ; 1n2 ]T , andthis y gives HTn y = c.Linear programs assume that the rows of Hn in (4) are linearly independent,because a linear dependency among the rows of Hn would lead either to contra-dictory constraints or to a redundancy that could be eliminated. Therefore, it iscrucial for Hn to have a full rank. The matrix Hn in (3) has rank 1. So withoutloss of generality, Hn needs to be re�gured by getting rid of the �rst column.The power method �nds an eigenvector and the eigenvalue of a matrix A 2(<max)n�n. But we do not know whether the iteration converges or not, since27



the upper bound of the period is unknown. Linear programming guarantees thatan eigenvector and the eigenvalue can be found in a polynomial time. Unfortu-nately the linear programs that I used will �nd the eigenvalues �, but not theeigenvectors. However, they do give a primal solution which is the critical circuitthat we use to �nd the eigenvalue. With this critical circuit, we can �nd aneigenvector by using the maximum cycle mean method. If the linear programs�nd an eigenvector, it is the greatest subeigenvector x, i.e., Ax � �x.Here is a table of 
ops for B 2 (<max)n�n, n = 10; 20; 30, when the eigenvaluesare calculated by a linear program. 15 random matrices have been used for eachn. The 
ops are higher than the corresponding 
ops of the power method.n=10 n=20 n=30
ops 
ops 
opsAverage 187819.5 2672503.7 13854109.1Median 164130 2861503 13343509Max 229428 3267824 15260416Min 164062 2049414 11445719Table 2: Flops by a Linear Program4 Characteristic Polynomial and the Cayley-Hamilton TheoremThis chapter de�nes a characteristic polynomial, characteristic equation and pro-vides an analogue of the Cayley Hamilton Theorem in the max-plus algebra.De�nition 7: An elementary product from A 2 (<max)n�n is a product of n28



entries of A, exactly one from each row and each column. A positive elemen-tary product is an elementary product A1j1A2j2 � � �Anjn where the permutation(j1; j2; : : : ; jn) is even. A negative elementary product is an elementary product�A1j1A2j2 � � �Anjn where the permutation (j1; j2; : : : ; jn) is odd.De�nition 8: The characteristic polynomial of A 2 (<max)n�n is de�ned bypA(x) = det(xI �A); (5)where I is the identity matrix. pA(x) is the sum of all positive and negativeelementary products from xI �A.The characteristic equation is given byp+A(x) = p�A(x); (6)where the positive determinant p+A(x) is the sum of all positive terms from pA(x)and the negative determinant p�A(x) is the sum of all negative terms from pA(x).If we consider the conventional algebra, this characteristic equation coincideswith the equation obtained by setting the characteristic polynomial (5) equal tozero. But the crucial feature of (6) is that there are no terms with `negative'coe�cients, since the inverse of � does not exist.Example 8: Let A = (Aij) be a 3 � 3 matrix with Aij 2 <max. Then,xI �A = 264x�A11 �A12 �A13�A21 x�A22 �A23�A31 �A32 x�A33 375 :29



The positive elementary products of xI � A are (x � A11)(x � A22)(x � A33);(�A12)(�A23)(�A31); and (�A13)(�A21)(�A32): The negative elementary prod-ucts of xI � A are �(x � A11)(�A23)(�A32); �(�A12)(�A21)(x � A33); and�(�A13)(x � A22)(�A31): Then each elementary product can be simpli�ed asfollowing:(x�A11)(x�A22)(x�A33) = x3 � (A11 +A22 +A33)x2+(A11A22 +A11A33 +A22A33)x�A11A22A33;(�A12)(�A23)(�A31) = �A12A23A31;(�A13)(�A21)(�A32) = �A13A21A32;�(x�A11)(�A23)(�A32) = �A23A32x+A11A23A32;�(�A12)(�A21)(x�A33) = �A12A21x+A12A21A33;�(�A13)(x�A22)(�A31) = �A13A31x+A13A22A31:Therefore,p+A(x) = x3 � (A11A22 �A11A33 �A22A33)x�A11A23A32 �A12A21A33 �A13A22A31;p�A(x) = (A11 �A22 �A33)x2 � (A12A21 �A13A31 �A23A32)x�A11A22A33 �A12A23A31 �A13A21A32;where, as usual, the 
-symbols have been omitted.30



Example 9: Let A = (Aij) be a 4 � 4 matrix with Aij 2 <max. Then,xI �A = 26664x�A11 �A12 �A13 �A14�A21 x�A22 �A23 �A24�A31 �A32 x�A33 �A34�A41 �A42 �A43 x�A44 37775 :By computing the positive and the negative elementary products of xI �A, thecharacteristic equation is p+A(x) = p�A(x), wherep+A(x) = x4 � (A11A22 �A11A33 �A11A44 �A22A33 �A22A44 �A33A44)x2�(A11A23A32 �A11A24A42�A11A34A43 �A12A21A33 �A12A21A44�A13A22A31 �A13A31A44 �A14A22A41 �A14A33A41 �A22A34A43�A23A32A44 �A24A33A42)x�A11A22A33A44 �A11A23A34A42 �A11A24A32A43 �A12A21A34A43�A12A23A31A44 �A12A24A33A41 �A13A21A32A44 �A13A22A34A41�A13A24A31A42 �A14A21A33A42 �A14A22A31A43 �A14A23A32A41;p�A(x) = (A11 �A22 �A33 �A44)x3 � (A12A21 �A13A31 �A14A41 �A23A32�A24A42 �A34A43)x2 � (A11A22A33 �A11A22A44 �A11A33A44�A12A23A31 �A12A24A41 �A13A21A32 �A13A34A41 �A14A21A42�A14A31A43 �A22A33A44 �A23A34A42 �A24A32A43)x�A11A22A34A43 �A11A23A32A44 �A11A24A33A42 �A12A21A33A44�A12A23A34A41 �A12A24A31A43 �A13A21A34A42 �A13A22A31A44�A13A24A32A41 �A14A21A32A43 �A14A22A33A41 �A14A23A31A42:31



If we consider A = 26664 1 2 2 �60 1 4 20 1 2 53 1 �2 1 37775in the algebraic structure <max, then the characteristic equation becomesx4 � 3x2 � 6x� 11 = 2x3 � 5x2 � 10x � 14;which can be simpli�ed tox4 = 2x3 � 5x2 � 10x � 14; (7)since the omitted terms are dominated by the corresponding terms on the otherside of the equality. The equation (7) is equivalent to4x = max(3x+ 2; 2x+ 5; x+ 10; 14):The geometric interpretation of this equation is shown in Figure 3.
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Figure 3: The graph of x4 = 2x3 � 5x2 � 10x � 14:
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Figure 3 shows that the intersection point of y = 4x and y = 14 is higher thanthe other three intersection points. This implies that x = 3:5 is the solution ofx4 = 2x3 � 5x2 � 10x � 14. Therefore, � = 3:5.Theorem 5 (The Cayley-Hamilton Theorem [1]): Let p+A(x) be the positivedeterminant and p�A(x) be the negative determinant of A 2 (<max)n�n. Then thefollowing identity holds: p+A(A) = p�A(A):From example 8, the characteristic equation of A = 26664 1 2 2 �60 1 4 20 1 2 53 1 �2 1 37775 is theequation (7). A simple calculation shows that if one substitutes A in the equation(7), one obtains the identity:26664 14 12 12 1314 14 14 1413 12 14 1513 11 11 14 37775 = 26664 12 10 10 1314 12 11 1312 12 12 128 8 11 12 37775� 26664 7 8 11 1210 10 11 1413 11 10 129 10 10 8 37775�26664 11 12 12 410 11 14 1210 11 12 1513 11 8 11 37775� 26664 14 �1 �1 �1�1 14 �1 �1�1 �1 14 �1�1 �1 �1 14 37775 :
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