
VARIANCE REDUCTION WITHQUASI CONTROL VARIATESbyMarkus EmsermannB.S., Clemson University, 1991M.S., Clemson University, 1993
A thesis submitted to theUniversity of Colorado at Denverin partial ful�llmentof the requirements for the degree ofDo
tor of PhilosophyApplied Mathemati
s2000



This thesis for the Do
tor of Philosophydegree byMarkus Emsermannhas been approvedby
Burton Simon
Stephen Billups
Karen Kafadar

Anatolii Puhalskii
William Wolfe

Date



Emsermann, Markus (Ph.D., Applied Mathemati
s)Varian
e Redu
tion with Quasi Control VariatesThesis dire
ted by Professor Burton Simon
ABSTRACTIn a simulation a random variable, Y , 
an often be identi�ed thatis likely to be highly 
orrelated with a random variable of interest, X. If�Y = E[Y ℄ is known then Y 
an be used as a 
ontrol variate to estimate �X =E[X℄ more eÆ
iently than by a dire
t simulation of X. We propose a methodthat uses Y to speed up the simulation when �Y is unknown. The method ise�e
tive when �Y 
an be eÆ
iently estimated in an auxiliary simulation thatdoes not involve X. For a simulation of length t > 0 time units, we invest ptunits estimating �Y with the auxiliary simulation, yielding an estimator �Zpt.The remaining q = (1 � p)t units are spent on the main simulation yieldingestimates ( ~Xqt; ~Yqt) for (�X ; �Y ). The two simulations 
an be interleaved sothey are e�e
tively done simultaneously. For ea
h p 2 (0; 1) and � 2 < wehave a quasi 
ontrol variate estimator for �X�Qt(p; �) = ~Xqt + �( ~Yqt � �Zpt); t > 0:
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We �nd p and � that minimize the asymptoti
 varian
e of �Qt(p; �)in terms of statisti
s that are estimated during the simulations and then de-s
ribe an easily implemented adaptive pro
edure that a
hieves the minimumvarian
e. The adaptive pro
edure evolves into the optimal quasi 
ontrol variates
heme if it is more eÆ
ient than a dire
t simulation, �Xt ! �X ; otherwise itdevelops into the dire
t simulation. This resear
h is motivated by sto
hasti
linear programs where problem data are random; in this setting, we estimatethe expe
ted value of the obje
tive fun
tion. We illustrate appli
ations involv-ing petroleum re�ning and power system reliability evaluation. In the formerappli
ation the 
onstraint matrix is random and a simple approximation 
anbe 
onstru
ted to generate an e�e
tive 
ontrol variate. For the power systemreliability evaluation illustration, a spe
ial \dual" approximation to the primalproblem is 
onstru
ted to form an e�e
tive 
ontrol variate. In both 
ases, atremendous improvment in eÆ
ien
y is realized.
This abstra
t a

urately represents the 
ontent of the 
andidate's thesis. Ire
ommend its publi
ation. Signed Burton Simon
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1. Introdu
tionWe are interested in estimating the expe
ted value of an output ran-dom variable, X, involved in a simulation. In addition to obtaining a pointestimate of �X = E[X℄, we would like to make it as reliable as possible. Thereliability of a point estimate is generally measured by its varian
e. In order toin
rease the reliability of an estimate, we attempt to redu
e its variablity with-out in
reasing the sampling e�ort, whi
h in simulations is generally measuredin 
omputer time. These methods are known as varian
e redu
tion te
hniques(VRTs) or eÆ
ien
y{improving te
hniques.This thesis generalizes a 
ommon VRT, the 
lassi
al 
ontrol variateestimation pro
edure, to the 
ase when the 
ontrol variate mean is unknown.We give motivation for this generalization, present theoreti
al results and de-velop an algorithm for its implementation. In addition, numeri
al results in-volving problems in engineering are presented demonstrating the usefulness ofour pro
edure.Basi
ally, a 
ontrol variate is a random variable, used to improveeÆ
ien
y in simulation experiments, whose expe
tation is known and that is1




orrelated with a statisti
al estimator of interest. By way of illustration, one
an often identify a random variable Y , also involved in the simulation, thatis likely to be highly 
orrelated with X. If so, using Y , an unbiased estimatorof X 
an be formed that is more eÆ
ient than a dire
t simulation of X aloneas follows: Q(�) = X + �(Y � �Y );where � is a s
alar parameter (whose value is determined later as to not disruptthe 
ow of the introdu
tion) and �Y is known.We investigate the 
ase where a random variable Y might be an e�e
-tive 
ontrol variate 
andidate but where the mean �Y of this random variable isunknown. We propose that in su
h 
ases it may be bene�
ial to spend time es-timating this unknown 
ontrol variate mean and then pro
eed with the 
lassi
al
ontrol variate simulation by using the estimate in pla
e of the true (unknown)mean. We 
all su
h an estimator a quasi 
ontrol variate (QCV). In Se
tion 2we 
onstru
t our QCV estimator and �nd its asymptoti
 varian
e in terms ofoptimal parameters that 
an be estimated during a simulation. We developan easily implemented adaptive pro
edure, whi
h a
hieves the minimum vari-an
e, that 
ontinually updates estimates of the simulation parameters. Theadaptive pro
edure evolves into the optimal quasi 
ontrol variate s
heme if itis more eÆ
ient than a dire
t simulation, �Xt ! �X ; otherwise it develops into2



the dire
t simulation. In Se
tion 3 we present numeri
al results involving two\real{world" appli
ations regarding petroleum re�ning and power system re-liability evaluation. In Se
tion 4 we 
on
lude by dis
ussing future work andextensions.1.1 Ba
kgroundS
ientists are often interested in determining the values of unknownparameters in 
omplex sto
hasti
 systems. For instan
e, in the simulation ofa job shop environment, the length of time required to 
omplete the work ona 
ertain task may be a random variable of interest to the experimenter. Heor she may wish to estimate the mean of this 
ompletion time to analyze the
omponent 
ow and make de
isions to help minimize the Total Flow Cost.In power system reliability evaluation, planners are interested in the system'sability to supply energy to 
onsumers by 
al
ulating a 
omprehensive set of re-liability indi
es. Probabilisti
 indi
es su
h as loss of load probability (LOLP)and expe
ted power not supplied (EPNS) are 
ommon performan
e measures ofele
tri
 fa
ilities. These indi
es are 
ompli
ated fun
tions of equipment outagesand load duration and provide guidan
e in determining the need for reliabil-ity improvements and system reinfor
ements. Also, �nan
ial de
ision-makingproblems 
an often be modeled as sto
hasti
 programs. In this 
ase, given3



a sequen
e of investment de
isions where the returns are random, a portfoliomanager would be interested in the expe
ted utility of terminal wealth. Theaforementioned 
ases illustrate where 
ertain information 
annot be dire
tly
omputed due to the 
omplex and sophisti
ated nature of the problem.These 
omplexities are due, in part, to problem dimensionality and
ompli
ated fun
tion evaluations. The values of these parameters oftentimesare high{dimensional integrals whose integrand properties may be unknown ortoo 
omplex to apply traditional numeri
al te
hniques. Thus, alternative ap-proa
hes must be used to estimate these parameter values. We are parti
ularilyinterested in the multidimensional integrals that o

ur in sto
hasti
 programs.Various approa
hes have been developed to address this problem of numeri
alintegration in sto
hasti
 programs. The general problem requires some form ofapproximation. The most 
ommon approximations involve 1) dis
retizationsof the probability distribution to produ
e bounds on these integrals and 2)Monte Carlo sampling. We are interested in the latter method of approxi-mation sin
e the former is quite restri
tive in that it requires a 
onsiderableamount of problem stru
ture. Monte Carlo sampling is based on approximat-ing the integral by an average of values of the integrand at randomly sele
tedpoints. Monte Carlo simulation is quite simple in nature and applies to virtu-ally any problem. Often, the Monte Carlo method is the only useful approa
h4



in estimating integrals, espe
ially when the integrand is not expli
itly given.Often experimenters need to estimate a 
ertain quantity within a pres
ribedlevel of statisti
al a

ura
y. If the 
ost of a
hieving this pre
ision is not withinthe 
omputing time budget 
onstraint, one may need to 
onsider alternatesampling plans that involve some method of varian
e redu
tion.There are several VRTs 
ommonly used in pra
ti
e; however, themethod of 
ontrol variates, is a popular varian
e redu
tion te
hnique due toits simpli
ity and potential for widespread use. The availability of VRTs dis-tinguishes the Monte Carlo method from the more simplisti
 sampling exper-iments that pre
eded it. One strategy for obtaining a 
ontrol variate is touse a simpler model's known performan
e as a 
ontrol variate to \
orre
t" theprin
ipal, 
omplex model's output stream in hopes of redu
ing variability.1.2 Literature ReviewLittle resear
h has been devoted to the 
on
ept of QCV estimation,where a portion of a given simulation time is invested in estimating an unknown
ontrol variate mean. Quasi 
ontrol variates (by another name) were 
onsid-ered by S
hmeiser, Taa�e and Wang [11℄ as an alternative to baised 
ontrolvariates, S
hmeiser, Taa�e and Wang [10℄. Their analysis of QCV pro
eduresrelies on heuristi
ally determined \
ost" measures asso
iated with estimating5



the 
ontrol variate mean and performing the main simulation. Central to theiranalysis is that the simulation experiments have a �nite number of repli
a-tions; they do not 
onsider asymptoti
s. We, provide an asymptoti
 analysisof QCV pro
edures in terms of asymptoti
 varian
e parameters, whi
h 
an usu-ally be estimated (
onsistently) in a straightforward manner. Although theirQCV pro
edure is not optimal from our (asymptoti
) perspe
tive, they makea strong 
ase for using a biased estimate �̂Y for �Y , instead of resorting toan unbiased estimator, in a time 
onstrained simulation experiment where theapproximation error, j�̂Y � �Y j, is suÆ
iently small in 
omparison with thesimulation error.1.3 Multidimensional Integration and Sto
hasti
 ProgrammingThe methodology for one{dimensional integration has been exten-sively developed. Resear
h in numeri
al analysis has produ
ed various quadra-ture methods that are extremely e�e
tive in approximating de�nite integrals.Unfortunately, higher dimensional integration does not have su
h readily avail-able formulae for their evaluation. A few of the major problems are dis
ussedbelow. Firstly, the domains of multidimensional integrals 
an take on anin�nite variety of shapes that may not be transformable into simpler regions6



whi
h would fa
ilitate integration. Even if these transformations were available,they are usually so 
lumsy and unmanageable that pra
titioners do not usethem. Se
ondly, the \
urse of dimensionality" is an inevitable problem forwhi
h numeri
al analysis has not o�ered e�e
tive remedies. For instan
e, if weneed M points to a
hieve a desired level of a

ura
y in one{dimension usingprodu
t formulas, the required number of nodes would in
rease to Md in d{dimensions. Thus, the amount of work required to evaluate multidimensionalintegrals grows mu
h faster than the number of dimensions. Also, little or noinformation may be readily available about the integrand in terms of its value,smoothness and variational 
hara
teristi
s. Lastly, error analysis is mu
h morediÆ
ult in higher dimensions than in one{dimension, where strong boundshave been developed. Hen
e, one possibility to attempt to 
ir
umvent thisdimensional e�e
t and a

ura
y question is to use Monte Carlo methods.1.4 The Monte Carlo MethodBe
ause Monte Carlo simulation appears to o�er the best possibilitiesfor higher dimensional integration [20℄, it seems to be the natural 
hoi
e foruse in sto
hasti
 programs. This method of \approximate integration" requirespseudorandom numbers generated from a given distribution; sin
e the integralsinvolved are in the form of expe
tations, probability theory gives justi�
ation7



for this approa
h. An early appli
ation of the Monte Carlo method in
ludesestimating the value of � by throwing a needle at parallel lines at equal dis-tan
es and then 
ounting the number of times the needle 
rosses the lines [30℄.More des
riptively, suppose we want to estimate
� = E[g(X)℄ = Z g(x) dPX(x); (1.1)where g is a fun
tion of n variables and X = (X1; X2; : : : ; Xn) is some randomve
tor having a given distribution fun
tion PX(�). To approximate � we 
angenerate M independent and identi
ally distributed (i.i.d.) repli
ates of X,fX1; X2; : : : ; XMg, and then 
ompute

b� = PMi g(Xi)M : (1.2)By the strong law of large numbers (see Theorem 2.2), we know thatlimM!1PMi g(Xi)M = � (1.3)almost surely (a:s:). Thus, we 
an use the average of the generated pointsg(Xi) ; i = 1; : : : ;M as a Monte Carlo estimate of �. This is the approa
h wetake for estimating high{dimensional integrals. The varian
e of the estima-tor (1.2) is 8



�2g(X)=M; (1.4)whi
h is a measure of the resulting error in a Monto Carlo simulation. Thismeans that the standard error of the estimator is proportional to 1=pM whi
h
an be regarded as slow 
onvergen
e. In addition, this error 
an be largeand thus varian
e redu
tion te
hniques are employed in order to obtain morereliable estimates of �. The implementation of the Monte Carlo method isrelatively simple and 
an apply to virtually any fun
tion. Also, an estimateof the deviation (1.4) 
an be obtained from the Monte Carlo simulation withlittle additional e�ort. For further information on Monte Carlo 
omputations,see Hammersley and Hands
omb [31℄. This estimation pro
edure is the basisfor sto
hasti
 programming problems.Remark 1.1 Note that (1.4) is merely the varian
e of the \parent" randomvariable divided by the number of realizations used to 
al
ulate the samplemean. This fa
t will be important to remember in the development of Se
-tion 2.2.1.4.1 Sto
hasti
 Programming ProblemsThe use of quantitative methods proved to be very su

essful for theanalysis of military operations duringWorld War II. In parti
ular, the invention9



of the Simplex method by G.B. Dantzig [16℄ to solve linear programming prob-lems marked the in
eption of the usage of analyti
al approa
hes, whi
h be
ameto be known as operations resear
h, to solving problems in planning, allo
a-tion and s
heduling. The development of modeling and solution te
hniques thatwould allow for sto
hasti
 elements within problem data qui
kly a

eleratedin the 1950s due, in part, by the rapid growing interest of the great potentialmathemati
al te
hniques had to \real world" problem solving where un
er-tainty was prevalent. This un
ertainty is usually 
hara
terized by a probabilitydistribution on the parameters. In pra
ti
e it 
an range from a few possibles
enarios to spe
i�
 and pre
ise joint probability distributions. Early appli
a-tions in
lude an airline 
eet{assignment problem by Ferguson and Dantzig [25℄,where passenger demand on ea
h route was un
ertain, and the 
lassi
al dietproblem �rst studied by Stigler [55℄ and latter employed by Dantzig [17℄ wherenutritional variations within food groups were 
onsidered. At that time thesetypes of appli
ations were known as Linear Programming under Un
ertaintyand eventually developed into a bran
h of optimization known as Sto
hasti
Programming. This �eld deals with the theory and methodology of in
orpo-rating probabilisti
, or sto
hasti
, variations into an optimization model. Thene
essity of this in
orporation is evident in problems su
h as portfolio manage-ment, energy modeling, airline s
heduling, produ
tion planning and inventory
10



theory where the assumption of 
ertainty in problem data 
annot be justi�ed.Thus there are numerous appli
ations where traditional deterministi
 mathe-mati
al programming models are inadequate and the de
ision maker is fa
edwith in
orporating un
ertainty in an appropriate and realisti
 manner withoutmaking solution pro
edures 
omputationally intra
table. The origin of the var-ious sto
hasti
 programming models of today stems from the two-stage linearprogram presented independently by Dantzig [15℄ and Beale [5℄, the 
han
e{
onstrained model developed by Charnes and Cooper [12℄ and the distributionproblem given by Tintner [56℄ and Mangasarian [42℄. In the two{stage pro-gramming problem, or what is 
ommonly known as the re
ourse problem, aninitial de
ision is made without the realization of the un
ertain parameters;and adjustments are made on
e a spe
i�
 realization of the data is observed tominimize total expe
ted 
ost. An important 
lass of probabilisti
 programmingarises when we assume 
han
e 
onstraints, or 
onstraints that pla
e lower limitson the probabilities of satisfying 
ertain inequalities. Often these problems 
anbe 
onverted into deterministi
 ones. The distribution problem of sto
hasti
programming is the 
al
ulation of the expe
ted value of the obje
tive fun
tionof a mathemati
al program in whi
h model 
oeÆ
ients are un
ertain and thevalues of the de
ision variables are 
hosen after the un
ertainty is resolved.Su
h sto
hasti
 programs where de
isions 
an be made after the randomness is
11



observed are 
alled wait and see models. This resear
h deals ex
lusively withthe distibution problem.The general formulation of a sto
hasti
 program is the following:minx E[f0(x; �)℄s.t. E[fi(x; �)℄ � 0; i = 1; : : : ; s;E[fi(x; �)℄ = 0; i = s+ 1; : : : ; m;x 2 X � <n: (1.5)
fi; i = 0; : : : ; m are real valued fun
tions.The \expe
tation fun
tionals" are de�ned as follows:

E[fi(x; �)℄ def= Z� fi(x; �) dP (�) i = 0; : : : ; m; (1.6)where � is a random ve
tor with support � � <k and P is a probabilitydistribution de�ned on <k.Remark 1.2 Sin
e we a 
on
erned with only the distribution problem ofsto
hasti
 programming we will not be dire
tly working with problems in theform of (1.5). This information is provided for 
larity and 
ompleteness. Al-though our resear
h dire
tly applies to su
h problems in estimating the expe
-tation fun
tionals, we are primarily interested in estimating the expe
ted valueof sto
hasti
 programs with random data.12



More spe
i�
ally, we are interested in estimating the mean E[X℄ of the obje
-tive fun
tion value of linear programs in the following form:X = minx 2 <nf 
x jAx � b; x � 0g; (1.7)where some of the problem data A, b are random.Only in small spe
ialized 
ases 
an the integrals in (1.6) be 
al
ulatedanalyti
ally. Generally, applied problems of interest require the evaluationof high{dimensional integrals, an inherent problem in the �eld of sto
hasti
programming. Approximation s
hemes, Monte Carlo estimation and boundingmethods are a few approa
hes used in dealing with their evaluation. We areprimarily interested in the Monte Carlo approa
h.1.4.2 EÆ
ien
y{Improving Te
hniquesEÆ
ien
y{Improving Te
hniques or varian
e redu
tion te
hniques areexperimental design methods used to in
rease the pre
ision of simulation{sampling based point estimators without in
reasing the sampling e�ort. Re
entresear
h in sto
hasti
 programming involves developing intelligent samplingpro
edures su
h as strati�
ation, importan
e sampling and 
ontrol variatesto obtain at least as \good" estimates with smaller sample sizes. Gaivoron-ski [Private Communi
ation℄ uses strati�ed sampling in sto
hasti
 quasi gradi-ent (SQG) methods in the parallel setting. SQG methods are sear
h pro
edures13



that use statisti
al estimates of gradients and employ analogous deterministi
sear
h pro
edures su
h as de
ent methods, ex
ept where the a
tual gradientsare repla
ed by statisti
al estimates. Infanger [32℄ used importan
e samplingas a varian
e redu
tion te
hnique in a Monte Carlo sampling{de
ompositionalgorithm for solving large{s
ale sto
hasti
 linear programs. There are manydi�erent VRTs; however, we 
onsider only one, the method of 
ontrol variates.Before we motivate the notion of 
ontrol variates, we give a de�nition that isimportant in its development.De�nition 1.3 (Correlation CoeÆ
ient) The 
orrelation 
oeÆ
ient,denoted by �XY , of random variables X and Y is de�ned to be�XY = �XY�X�Y ;provided that �XY , �X > 0 and �Y > 0 exist.The 
orrelation 
oeÆ
ient is a measure of a linear relationship of Xand Y . The 
orrelation 
oeÆ
ient is unitless and sati�es �1 � �XY � 1: Valuesof �XY 
lose to 1 indi
ate a positive linear relationship and values 
lose to -1indi
ate a negative linear relationship. Values of �XY 
lose to 0 indi
ate nolinear relationship. 14



1.4.3 Control VariatesThe method of 
ontrol variates is a 
ommon and widely used ap-proa
h to varian
e redu
tion. The development of these te
hniques beganduring World War II in order to in
rease the eÆ
ien
y of the Monte Carloevaluation of integrals that arose in nu
lear parti
le transport problems. Athrough exposition and detailed des
ription of the method of 
ontrol variates
an be found in [40℄. For sele
ted appli
ations where 
ontrol variates were im-plemented, see [38, 39, 47, 50, 54℄. The idea is to exploit possible 
orrelationsbetween random variables within a Monte Carlo simulation. We 
onsider theone{dimensional 
ase. Let the random variable X be an output random vari-able in a simulation for whi
h we would like to estimate its mean, �X . Supposethere is another random variable Y generated in the same simulation for whi
hwe know its mean, �Y . We 
an see that the following random variable is anunbiased estimator of �X :
Q(�) = X + �(Y � �Y ); (1.8)where � is a s
alar parameter. The random variable Y is 
alled a 
ontrolvariate for X. Also, we �nd that�2Q(�) = �2X + 2��XY + �2�2Y :15



Using basi
 
al
ulus, it 
an be veri�ed that�� = ��XY�2Y (1.9)minimizes the varian
e of Q(�). The amount of varian
e redu
tion is quanti�edin the following expression: �2Q(��) = (1� �2XY )�2X ; (1.10)where �2XY is the 
orrelation 
oeÆ
ient of X and Y .Thus, we immediately see that the higher X and Y are 
orrelated inmagnitude, the higher the varian
e redu
tion of Q(��). Unfortunately, �� isgenerally not known in advan
e and must be estimated from the simulation.If n simulation runs are performed resulting in (Xi; Yi); i = 1; : : : ; n, then we
an estimate �� by �̂� = �Pni=1(Xi �Xn)(Yi � Y n)Pni=1(Yi � Y n)2 ; (1.11)where Xn; Y n are the sample means of X and Y , respe
tively; see [40, page637℄. Of 
ourse, before we 
an employ this method of varian
e redu
tion, wemust have available a 
ontrol variate with known mean that is highly 
orrelatedwithX and relatively easily evaluated. The sele
tion of a 
ontrol variate is more16



of an art than a s
ien
e. Sin
e Monte Carlo simulations are driven in partby sequen
es of i.i.d. random variables for whi
h we know the distributions,often simple fun
tions of these input streams serve as good 
ontrol variables.For example, let X be an output random variable that represents the averagewaiting time in some queue for the �rst 100 people; suppose we want to estimate�X . A reasonable 
ontrol variate for X is the average servi
e time, say Y ,of the �rst 99 
ustomers. That is, longer{than{average servi
e times tend toyield longer{than{average waiting times and vi
e versa. Note that we know �Ysin
e we generated the servi
e{times from a known input distribution. Thus,this is a simple example illustrating how fun
tions of the input sequen
e ofrandom variables 
an serve as 
ontrol variates. We refer to su
h 
ontrol variatesas internal sin
e they are \freely" available (within the simulation) and addnothing to the simulation 
osts.
In some appli
ations, an approximate and analyti
ally solvable modelis 
onstru
ted that re
e
ts the basi
 
hara
teristi
s of the larger 
omplex prob-lem. This simpli�ed model has the property that we 
an pre
isely determinethe value of 
ertain parameters, i.e, the means of output random variables thatare not readily available in the 
omplex problem. Both models are employed inthe Monte Carlo simulation and driven by the same sequen
e of input random17



variables. Fun
tions of the approximate model 
an provide good 
ontrol vari-ates for the output variable of the 
omplex model. Thus, provided that thereare strong 
orrelations between random variables of the respe
tive models, thesolution of the analyti
al problem is used to \predi
t" or \
ontrol" the resultof the detailed one. These types of 
ontrol variates are 
alled external sin
ethey are not 
ostless; that is, they involve another simulation to evaluate the
ontrol variate. In our resear
h we employ external 
ontrol variates.

18



2. The Quasi Control Variate Method
One of the barriers to widespread appli
ation of 
ontrol variates isthe potential diÆ
ulty in sele
ting an appropriate 
ontrol variate with knownexpe
tation. Oftentimes, an experimenter has strong reason to believe thata given random variable Y , whose mean is unfortunately unknown, may behighly 
orrelated with the variable in whi
h he or she is interested. Thus, thes
ientist must be 
ontent with a possibly less e�e
tive 
ontrol variate or mustseek alternative varian
e redu
tion methods. We propose that in many 
asesit might be bene�
ial to spend time estimating this unknown 
ontrol variatemean and then pro
eed with the 
lassi
al 
ontrol variate approa
h by usingthe estimate in pla
e of the true (unknown) mean. The main 
on
ern is theallo
ation of valuable simulation time to a variable whose mean we are notinterested in. Why spend e�ort, whi
h 
ould be used estimating the parameterof interest, on a di�erent variable? One 
an see that if the proposed 
ontrolvariate is highly 
orrelated with the variable of interest and relatively less ex-pensive to generate realizations, it might be advantageous to apportion some19



of the work to estimating the 
ontrol variate mean. Thus, we propose a gener-alized 
ontrol variate te
hnique 
alled the quasi 
ontrol variate (QCV) s
heme.In the following se
tions, we extend the methodology of 
ontrol variates andpresent various pra
ti
al appli
ations.2.1 PreliminariesThe following are important theorems in probability and 
an be foundin most texts su
h as [61℄.Theorem 2.1 (Convergen
e in probability) For a sequen
eX1; X2; : : : ; Xnof i.i.d. random variables with �nite mean � and varian
e �2 de�ne �Xn =1n nXi=1Xi, then limn!1Pr(j �Xn � �j > t) = 0 for any t > 0: (2.1)Sin
e t 
an be arbitrarily small, �Xn be
omes arbitrarily 
lose to � as n!1.We say that �Xn 
onverges in probability to � and denote this by�Xn P! � as n!1: (2.2)Theorem 2.2 (Almost sure 
onvergen
e) For a sequen
e X1; X2; : : : ; Xnof i.i.d. random variables with �nite mean �,Pr( limn!1 �Xn = �) = 1; (2.3)where �Xn is given in Theorem 2.1. 20



We say that �Xn 
onverges almost surely to �, and denote this by�Xn ! � a:s: as n!1: (2.4)Almost sure 
onvergen
e implies 
onvergen
e in probability.De�nition 2.3 (Convergen
e in distribution) Suppose thatXn; n =1; 2 : : : ; and X are random variables with distribution fun
tions Fn; n =1; 2 : : : ; and F respe
tively. We say that Xn 
onverges in distributionto X, denoted Xn=)X, ifFn(x)!F (x) as n!1; (2.5)for all x at whi
h F is 
ontinuous.De�nition 2.4 (Counting pro
ess) A sto
hasti
 pro
ess fN(t); t �0g is said to be a 
ounting pro
ess if N(t) represents the total numberof \events" or \epo
hs" that have o

urred up to time t. De�ne T1 tobe the time of the �rst event and for n > 1, let Tn denote the elapsedtime between the (n� 1)st and nth event.Now, we give the de�nition of a 
ounting pro
ess 
alled a delayedrenewal pro
ess, whi
h will be
ome important in the development of the quasi
ontrol variate approa
h. 21



De�nition 2.5 If the sequen
e of nonnegative random variables fT1; T2; : : :gis independent and fT2; T3 : : :g is identi
ally distributed, then the 
ount-ing pro
ess fN(t); t � 0g is said to be a delayed renewal pro
ess. If T1has the same distribution as fT2; T3 : : :g, then the 
ounting pro
ess issaid to be a renewal pro
ess.We shall letF denote the interarrival distribution, and to avoid trivial-ities, assume that PrfT2 = 0g < 1, so that T2 is not identi
ally 0. Furthermore,let � = E[T2℄.Note, in the de�nition above, we allow for T1 to have a di�erent distributionthan the 
ommon distribution of T2; T3 : : :.The following theorems (see [28℄ and [61℄ respe
tively) are importantin the development of the varian
e of our quasi 
ontrol variate.Theorem 2.6 (Elementary Renewal Theorem) Let N(t) be de�ned a
-
ording to De�nition 2.5 and � = E [T2℄, thenlimt!1 N(t)t = 1� a.s.: (2.6)
Theorem 2.7 (Slutsky) If fXng, fYng are sequen
es of random variables onsome probability spa
e with Xn=)X and Yn P! 
, where 
 is a �nite 
onstant,22



then XnYn=)
X: (2.7)We now state and prove a lemma that will be useful in the develop-ment of our quasi 
ontrol variate.Lemma 2.8 Let F be the distribution fun
tion of a random variable � with�nite mean � and varian
e �2. Also let fN(t); t � 0g be a delayed renewalpro
ess representing the total number of repli
ations of � available up to timet, where the expe
ted time to generate an observation of � is 0 < � < 1 andthe expe
ted time to initialize the simulation is 0 < 
 <1. Also, de�ne��t = 1N(t) N(t)Xi=1 �i; (2.8)where f�1; �2; : : : ; �N(t)g are repli
ations of �.It follows that pt(��t � �)=)N(0; ��2): (2.9)We refer to the quantity ��2 as the asymptoti
 varian
e parameter (AVP) for��t.Proof: We �rst prove that N(t)!1 as t!1, a:s:. De�ne
Wn = nXi=1Di n � 1; (2.10)
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where D1 is the time to set up the Monte Carlo simulation (overhead) plus thetime to generate �1; also, for i � 2 let Di be the time required to generate theith repli
ation of �i. Then, it is 
lear thatN(t) � k () Wk � t: (2.11)The probability distribution of Wn 
an be 
al
ulated byPrfWn � xg = Fn(x); (2.12)where F1(x) = F (x) is assumed known, and Fn(x) is 
al
ulated by the 
onvo-lution formula: Fn(x) = Z 10 Fn�1(x� y)dF (y); n = 2; 3; : : : : (2.13)From Statement (2.11) we obtainPrfN(t) = kg = PrfN(t) � kg � PrfN(t) � k + 1g (2.14)= PrfWk � tg � PrfWk+1 � tg: (2.15)Therefore, from (2.13) PrfN(t) = kg = Fk(t) � Fk+1(t); k = 1; : : :. Now,let k0 be given, we �nd that Prf1 � N(t) < k0g= Pk0�1j=1 (Fj(t)� Fj+1(t)) =F1(t) � Fk0(t) whi
h 
onverges to 0 as t ! 1. Sin
e this is true for ea
h k0,N(t)!1 a:s: as t!1. Now,pt(�t � �) = s tN(t)qN(t)(��t � �): (2.16)
24



In the previous expression, q tN(t) 
onverges in probability to p� by (2:6) andthe remaining portion 
onverges in distribution to N(0; �2) by the CentralLimit Theorem sin
e N(t) ! 1 as t ! 1. Thus, it follows from Slutsky'stheorem that pt(��t � �) 
onverges in distribution to N(0; ��2): 2
Remark 2.9 Note that (2.9) is an asymptoti
ally exa
t result and impliesthat for large t, ��t is approximately distributed as a normal distribution withmean � and approximate varian
e ��2t�
 . Re
all, 
 is the expe
ted time requiredto initialize the simulation and no realizations of � are generated during thistime, thus we subtra
t it from t in the denominator of the approximate varian
eterm. We assume that t is large enough so that ��t is approximately distributedas a normal distribution and that the overhead 
 is not negligible. Note thatthis expression makes intuitive sense. Sin
e the expe
ted time to generate anobservation of � is � , the expe
ted number of 
opies of � we should have aftert units of time is t�
� . Hen
e, we expe
t the varian
e of � to be approximately��2t�
 . Sin
e we are interested in how overhead a�e
ts the simulation, we willuse, for �xed t, ��2t�
 as a measure of simulation eÆ
ien
y. We will refer to thismeasure of simulation eÆ
ien
y and refer to it as the asymptoti
 approximationof varian
e AAV. 25



2.2 Theoreti
al DevelopmentAn experimentor is interested in estimating the parameter �X . He orshe has available the following three simulation programs for the task: simula-tion A, simulation B and simulation C.Simulation A is a dire
t 
rude Monte Carlo simulation that simplygenerates fX1; X2; : : :g i.i.d. repli
ates of X. This simulation 
onsists of theoverhead asso
iated with setting up the experiment and the a
tual i.i.d. gen-eration of the random variable X. We assume that the time to generate arandom observation of X is random. To this end, let �Ax > 0 represent the�nite mean time it takes to generate a 
opy of X. Also, the overhead time mayalso vary and so we let �A denote the �nite mean of the random overhead timefor simulation A. Finally, let NA(t) be the delayed renewal pro
ess asso
iatedwith the generation of repli
ates of X. That is, the �rst event or epo
h o

urswith the 
ompletion of overhead and the generation of X1. The next epo
ho

urs with the generation of X2, and so on. Thus, simulation A generates thefollowing statisti
s: �Xt = 1NA(t) NA(t)Xi=1 Xi;and �2X(t) = tNA(t) 0� 1NA(t) NA(t)Xi=1 X2i � �X2t 1A :
26



Simulation B also estimates �X , but it keeps tra
k of additional quan-tites in the hope that the overhead asso
iated with 
olle
ting them pays o� inimproved simulation eÆ
ien
y. Simulation B provides the following statisti
s:( ~Xt; ~Yt; ~�2X(t); ~�2Y (t); ~�XY (t));whi
h are de�ned below. �B is the mean overhead time asso
iated with sim-ulation B. Analogously to simulation A, let txy > 0 represent the �nite meantime required to generate one repli
ate of the pair (X; Y ). This simulationalso has a delayed renewal pro
ess asso
iated with it, namely NB(t), where the�rst event represents the time to 
omplete the overhead and generate the �rstpair (X1; Y1). The remaining events 
orrespond to generating further 
opies of(X; Y ). Thus, we 
an write� ~Xt; ~Yt� = 1NB(t) NB(t)Xi=1 (Xi; Yi); (2.17)�2~X(t) = tNB(t) 0� 1NB(t) NB(t)Xi=1 ~X2i � ~X2t 1A (2.18)and �2~Y (t) = tNB(t) 0� 1NB(t) NB(t)Xi=1 ~Y 2i � ~Y 2t 1A : (2.19)In the 
lassi
al method of 
ontrol variates, simulation B is used to
onstru
t ~X�t = ~Xt � ~�XY (t)~�2Y (t) ( ~Yt � �Y ): (2.20)
27



Note that this method requires that �Y is known exa
tly. There are manyexamples where �Y is unknown, but �2XY is (potentially) large, suggestinga potential for a signi�
ant improvement in eÆ
ien
y by using simulation Binstead of A.We propose to use simulation C in 
onjun
tion with simulation Bto 
onstru
t an estimator that is analogous to (2.20) when �Y is unknown.Simulation C estimates �Y and produ
es the following statisti
s:�Zt = 1NC(t) NC(t)Xi=1 Zi; (2.21)and �2Z(t) = tNC(t) 0� 1NC(t) NC(t)Xi=1 Z2i � �Z2t1A : (2.22)where Z is a 
onsistent estimator for �Y , NC(t) is the asso
iated delayed re-newal pro
ess, �C is the asso
iated mean overhead and �z > 0 is the �nitemean time to generate one 
opy of Z. Let � � �B +�C and q � 1� p. We 
andivide t units of time between simulations B and C and 
onstru
t an estimatorfor �X as follows: �Qt(p; �) = ~Xqt + �( ~Yqt � Zpt) for t > 0: (2.23)Note, we will often eliminate the subs
ripts of ~Xqt; ~Yqt and Zpt to fa
ilitate thepresentation. 28



The impli
ation of the Remark 2.9 is that now we have derived theAAV of ��t. Thus, forti�ed with this knowledge we apply it to 
al
ulating theAAV of �Qt(p; �) given as follows:v2(p; �) = �xy�2X(t� �)(1� p) + �2 " �xy�2Y(t� �)(1� p) + �z�2Z(t� �)p#+ 2��xy�XY(t� �)(1� p) : (2.24)where p is the fra
tion of time exe
uting simulation C, q � 1�p is the fra
tionof time spent exe
uting simulation B and � 2 <.Thus, we have found v2(p; �) as a fun
tion of p and �. Note, that this expressionis the AAV of �Qt(p; �) as long as 0 < p < 1. If p = 0 then we must have � = 0so that �Qt(p; �) redu
es to �Xt. If p = 1 then �Qt(p; �) does not estimate �X , sothis 
ase is not relevant.Remark 2.10 In order to avoid trivial or pathologi
al situations, we assumethat �2X ; �2Y and �2Z are positive and �nite; otherwise, the quasi 
ontrol variatepro
edure would not be appli
able or appropriate. In addition, we assume that0 < �2XY < 1.One natural question arises. How long should we estimate the 
ontrolvariate mean with (2.21) (simulation C) and 
ontinue with our estimation of �Xwith the main simulation (2.17) (simulation B) to arrive at our �nal estimate�Qt? We sa
ri�
e the time that 
ould be spent estimating �X , by allo
ating too29



mu
h e�ort to the estimation of �Y by Zpt. Likewise, if too little time is spentestimating �Y , then �Xt (simulation A) may be a better estimate of �X than�Qt. Hen
e, we expe
t there exists an optimal proportion of time that shouldbe devoted to estimating ea
h mean. We formulate this problem by obtainingthe optimal proportion p� and 
oeÆ
ient �� (the optimal QCV parameters)required to minimize the AAV of the estimator �Qt.We �rst o�er a de�nition and a 
ommon theorem [41℄ that relate tooptimization.De�nition 2.11 Given a 
onvex set 
, a fun
tion f on the set 
 isstri
tly 
onvex if x1; x2 2 
, x1 6= x2 impliesf(�x1 + (1� �)x2) < �f(x1) + (1� �)f(x2) where 0 < � < 1:Theorem 2.12 Let f 2 C2 be a stri
tly 
onvex fun
tion de�ned on a region 
in whi
h the point x� is an interior point. Suppose in addition thatrf(x�) = 0.Then x� is the unique global minimum of f over 
.The following theorem establishes an important property of v2 andwill be useful in �nding the the optimal pair (p�; ��):Theorem 2.13 v2(p; �) de�ned by (2.24) is a stri
tly 
onvex fun
tion over the
onvex set S = f(p; �)j �1 < � <1; 0 < p < 1g:30



Proof: It is suÆ
ient to show that the Hessian of v2, rv2(p; �), is posi-tive de�nite for all points in S. Re
all from linear algebra that the Hessian ofv2(p; �), r2v2(p; �) = 26664 �2v2��2 �2v2���p�2v2�p�� �2v2�p2 37775 ;is positive de�nite on S if and only if
�2v2(p; �)��2 > 0 andDet(r2v2(p; �)) = �2v2(p; �)��2 �2v2(p; �)�p2 �  �2v2(p; �)�p�� !2 > 08(�; p) 2 S:We �nd that

�2v2(p; �)��2 = 2 " �xy�2Y(t� �)(1� p) + �z�2Z(t� �)p# > 0;�2v2(p; �)�p2 = 2(�p2 + �(�(�xy�2Xp3 � �z�2Z(p� 1)3) + 2�xy�XY p3))(t� �)p3(p� 1)3and�2v2(p; �)���p = 2(�(�xy�2Y p2 � �z�2Z(p2 � 2p+ 1)) + �xy�XY p2)(t� �)p2(p� 1)2 8 p 2 (0; 1):We �nd 31



Det(r2v2(p; �))= 4 h�xy�2Xp2(�xy�2Y p+ �z�2Z(1� p)) + �2�xy�2Y �z�2Z(1� p)+ �xy�XY p(2��z�2Z(1� p)� �xy�XY p2)i =((t� �)2p3(1� p)4):Note that for p 2 (0; 1) this expression is positive if and only if the numeratoris positive whi
h is given as follows:4[�xy�2Xp2(�xy�2Y p+ �z�2Z(1� p)) + �2�xy�2Y �z�2Z(1� p)+ �xy�XY p(2��z�2Z(1� p)� �xy�XY p2)℄= 4[� 2xy(�2X�2Y � �2XY )p3 + �xy�2X�z�2Zp2(1� p) + �2�xy�2Y �z�2Z(1� p)+ 2��xy�XY �z�2Zp(1� p)℄= 42�xy(�2X�2Y � �2XY )p3 + 4(1� p)�xy�z�2Z [(�Xt)2 + (�Y �)2 + 2�XY p�℄= 4� 2xy(�2X�2Y � �2XY )p3 + 4(1� p)�xy�z�2Z�X�Y ��X�Y p2 + �Y�X �2 + 2 �XY�X�Y p��= 4� 2xy�2X�2Y (1� �2)p3 + 4(1� p)�xy�z�2Z�X�Y ��X�Y p2 + �Y�X �2 + 2�p��8>>>>>>>><>>>>>>>>: = 4(1� p)�xy�z�2Z�X�Y (pq�X�Y + �q�Y�X )2 if � = 1;= 4(1� p)�xy�z�2Z�X�Y (pq�X�Y � �q�Y�X )2 if � = �1;� (2�xy�X�Y )2(1� �2)p3 > 0 otherwise. (2.25)Thus, from the above expressions we 
an 
on
lude that r2v2(p; �) is positivede�nite on S if j�j < 1. 2We now give the biggest result from this se
tion, namely the Theoremthat establishes what the optimal QCV parameters, (p�; ��) are.32



Theorem 2.14 Let r = p�z�Zp�xy�Y . The fun
tion v2(p; �) has a unique globalminimum at (p�; ��) subje
t to the 
ondition p 2 [0; 1) where
p� = 8>>>>>>><>>>>>>>:

pr2�2XY (1�r2)(1��2XY )�r2(1�r2)(1�r2)(1�r2��2XY ) if r2 + �2XY 6= 1 and �2XY > r21� 12�2XY if r2 + �2XY = 1 and �2XY > r20 if �2XY � r2; (2.26)and �� = ��XY�2Y ~��; where
~�� = 8>>>>>>><>>>>>>>:

p�2XY (1�r2)(1��2XY )+r(r2�1)(1�r2)[p�2XY (1�r2)(1��2XY )�r�2XY ℄ if r2 + �2XY 6= 1 and �2XY > r22�2XY �1�2XY if r2 + �2XY = 1 and �2XY > r20 if �2XY � r2: (2.27)
Proof: We �rst show that if �2XY > r2 then p� is an interior point of [0; 1).We 
onsider the following three 
ases: (i) �2XY > max(r2; 1 � r2), (ii) r2 <min(�2XY ; 1� �2XY ) and (iii) r2 + �2XY = 1, �2XY > r2. In 
ase (i) we have that1 � r2 < �2XY whi
h implies that p1� r2 < j�XY j and q1� �2XY < r. Thus,we have q(1� r2)(1� �2XY ) < rj�XY j )1� �2XY < rj�XY js1� �2XY1� r2) 1� �2XY � r2 < rj�XY js1� �2XY1� r2 � r2) (1� r2)(1� �2XY � r2) < qr2�2XY (1� r2)(1� �2XY )� r2(1� r2)) 1 > p�; 33



where the last impli
ation follows by dividing both sides of the inequality bythe negative quantity (1�r2)(1��2XY �r2). Case (ii) is similar to 
ase (i) ex
eptthat the sense of the inequalities in the series of impli
ations above is reversedwith the ex
eption of the last statement. Case (iii) is trival. Thus, we haveproven that p� < 1. We now show p� > 0. Suppose we are in 
ases (i) or (ii).Note the that the numerator of p� is (>< ) 0 () qr2�2XY (1� r2)(1� �2XY )(>< ) r2(1� r2) () q�2XY (1� �2XY ) (>< ) qr2(1� r2) () �2XY (1� �2XY )(>< ) r2(1 � r2) () �2XY (1 � �2XY ) � r2(1 � r2) (>< ) 0. Thus, p� > 0 ifand only if the produ
t of the previous expression and the denominator of p�is positive. We �nd (�2XY (1 � �2XY ) � r2(1 � r2))(1 � r2)(1 � �2XY � r2) =(1 � r2)(�2XY � r2)(r2 + �2XY � 1)2 whi
h is positive if and only if �2XY > r2.Case (iii) implies that �2XY > r2 = 1 � �2XY ) �2XY > 1=2 thus, (2.26b) givesp� > 0.We now show that rv2(p�; ��) = 0. We now �nd and set rv2(p; �) equal tothe zero ve
tor.
�v2(p; �)�� = 1(t� �)  2� "�xy�2Y1� p + �z�2Zp #+ 2�xy�XY(1� p) ! = 0 and (2.28)�v2(p; �)�p = 1(t� �)  �xy�2X(1� p)2 + �2 " �xy�2Y(1� p)2 � �z�2Zp2 #
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+ 2��xy�XY(1� p)2 ! = 0: (2.29)Solving for � in (2.28) above yields the following:
� = ��xy�XY p�xy�2Y p+ �z�2Z(1� p) (2.30)= ��XY�2Y  pp+ (1� p)r2! : (2.31)For notational 
onvenien
e let

�(p) � pp+ (1� p)r2 ; (2.32)so that
� = ��XY�2Y �(p): (2.33)Now, substituting this into equation (2.29) above yields the following:�xy(�2X(�xy�2Y p+ (1� p)�z�2Z)2 � �xy�2XY (�xy�2Y p2+(1� p)(�z�2Z(p+ 1)))) = 0 (2.34)() �2X�2Y 24 �xy�2Y p+ (1� p)�z�2Z�Y !2 � �xy�2XY (�2Y �xyp2+ (1� p)(�z�2Z(p+ 1)))i = 0 (2.35)35



() 24 �xy�2Y p+ (1� p)(�z�2Z)�Y !2 � � 2xy�2XY �2Y (p2+ (1� p)(r2(p+ 1)))i = 0 (2.36)() 24 �xy�2Y p+ (1� p)(�z�2Z)�2Y !2 � � 2xy�2XY (p2+ (1� p)(r2(p+ 1)))i = 0 (2.37)() ���xyp+ (1� p)�xy(r2)�2 � � 2xy�2XY (p2+ �1� p)(r2(p+ 1)))i = 0 (2.38)() � 2xy ��p+ (1� p)(r2)�2 � �2XY (p2 + (1� p2)r2)� = 0 (2.39)() �2XY = �(p2)�(p)2 : (2.40)Using the quadrati
 formula we 
an solve equation (2.40) for p and obtainexpressions (2.26a,b). Now, using equation (2.31) we �nd �� to arrive at ex-pressions (2.27a,b). Thus, it follows from Theorems 2.12 and 2.13 that (p�; ��)is the unique global minimum of v2 over S when �2XY > r2. If �2XY � r2then we note from expression (2.31) that for �xed p 2 (0; 1) the optimal QCV
oeÆ
ient is the following:
��p = ��XY�2Y  pp+ (1� p)r2! : (2.41)Substituting this expression into (2.24) yields36



v2(p; ��p) = �xy�2X(t� k)(1� p)(1� �p+ (1� p)r2 ): (2.42)It follows that v2(p; ��p) < �2X () 0 < p < �2XY � r21� r2 : (2.43)Thus, if r2 � �2XY , then v2(p; ��p) � �2X for every p 2 (0; 1), whi
h implies thatp� = 0 and therefore �� = 0 as well. 2The signi�
an
e of the previous theorem is that we now have in 
losedform the values of (p�; ��) in terms of a 
ommon statisti
al parameter, �2XYand a parameter r2 whose interpretation is given next. Also, it is importantto note that the 
lever algebra and fa
toring in (2.34) through (2.40) rendersthis possible; otherwise, the formulas for (p�; ��) would have been 
onfusing,disordered fun
tions of �xy; �z; �2X ; �2Y ; �2Z and �XY .Remark 2.15 The de�nition of r has an important interpretation. One shouldthink of r as the ratio of the \e�ort" required to generate a realization of the
ontrol variate Z verses a 
opy of (X; Y ) in the main simulation. As will beseen in the following se
tions, for the quasi 
ontrol variate approa
h to bebene�
ial, r needs to be small.The following proposition o�ers an important interpretation of�2XY �(p�). We 
an interpret �2XY �(p�) as the asymptoti
 squared 
orrelation37



between ~Xq�t and ~Yq�t � �Zp�t.Proposition 2.16 Let W t = ~Yq�t � �Zp�t, then �2~Xq�tW t ! �2XY �(p�) a.s.as t!1:Proof: (Note: to fa
ilitate notation, we will often omit subs
ripts when the 
on-text is 
lear.) We �rst show that �2~X; ~Y�Z = �2~X ~Y to justify the step from (2.44)to (2.45). Independent of t we have�2~X; ~Y�Z = E[ ~X( ~Y � Z)℄� E[ ~X℄E[ ~Y � ~X℄= E[ ~X ~Y ℄� E[ ~X Z℄� E[ ~X℄E[ ~Y � Z℄= E[ ~X ~Y ℄� E[ ~X℄E[Z℄� E[ ~X℄(E[ ~Y ℄� [Z℄)= E[ ~X ~Y ℄� E[ ~X℄E[Z℄= E[ ~X ~Y ℄� E[ ~X℄E[ ~Y ℄= �2~X ~Y :Thus, limt!1 �2~XW (t) = limt!1 �2~X; ~Y�Z(t) (2.44)= limt!1 (� ~X ~Y )2�2~X(�2~Y + �2Z) (2.45)= limt!1 � �XYNB(tq�)�2�2XNB(tq�) � �2YNB(tq�) + �2ZNC(tp�)� (2.46)= limt!1 �2XYNB(tq�)�2X�2Y hNC(tp�)+NB(tq�)r2�xyNB(tq�)NC(tp�)�z i (2.47)
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= limt!1 �2XY�2X�2Y h1 + NB(tq�)�xyr2NC(tp�)�z i (2.48)We now show that the expression in bra
kets in equation (2.48) 
onverges a.s.to 1=�(p�). Note that1 + NB(tq�)�xyr2NC(tp�)�z= 1 + tp�NC(tp�)NB(tq�)tq� �xy�z tq�tp� r2and that it follows from the Elementary Renewal Theorem (2.6) that the �rsttwo terms in this last expression 
onverge to �z�xy a:s: as t!1. Hen
e, �2~XW (t)
onverges to �2XY�2X�2Y h1 + q�r2p� i ;whi
h is equal to �2XY �(p�). 2The following Lemma is extremely important in that it establishespre
isely what the AAV of Qt(p�; ��) is.Lemma 2.17 The optimal AAV for Qt(p�; ��) is the following:�xy�2X(t� �)(1� p�)(1� �2XY �(p�)) (2.49)Proof: v2(p�; ��)= �xy�2X(t� �)(1� p�) + (��XY�2Y �(p�))2 1t� � " �xy�2Y(1� p�) + �z�2Zp� #
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+2(��XY�2Y �(p�))�xy�XY(t� �)(1� p�) (2.50)= 1t� � " �xy�2X1� p� + �xy�2XY (�2(p�)� 2�(p�))�2Y (1� p�) + �z�2Z�2XY �2(p�)�4Y p� # (2.51)= 1t� � " �xy�2X1� p� + �xy�2X  �2XY (�2(p�)� 2�(p�))(1� p�) + �2XY �2(p�)r2p� !#(2.52)= 1t� � " �xy�2X1� p� + �xy�2X  (�(p�)� 2)1� p� + �(p�)r2p� ! �2XY �(p�)# (2.53)= 1t� � " �xy�2X1� p� � �xy�2X�2XY �(p�)1� p� # (2.54)= �xy�2X(t� �)(1� p�)(1� �2XY �(p�)): 2 (2.55)We now determine for whi
h values of � and r that p� > 0.Theorem 2.18 The following statements are equivalent:(a) p� > 0 (It is optimal to devote some time to simulation C.),(b) v2(p�; ��) < �xy�2Xt�k (The optimal QCV pro
edure has a lower AAV thansimulation B alone.),(
) r2 < �2XY :Proof: The proof of Theorem (2.14) shows that (a) and (
) are equivalent.Sin
e p� and �� are the unique optimal parameters, we have v2(p�; ��) <v2(0; 0) = �xy�2Xt�k when p� > 0: If p� = 0 then (2.43) implies that �� = 0,so (a) and (b) are equivalent. 2We now state a Central Limit Theorem for �Qt(p�; ��). This theoremis important in that we establish the approximate distribution of �Qt for large40



t. This is important in 
onstru
ting 
on�den
e intervals for �Qt.Theorem 2.19 As t!1, pt( �Qt � �X)=)N �0; �xy�2X(1�p�)(1� �2XY �(p�))� :Proof:pt( �Qt(p�; ��)� �X)= pt( ~Xtq� + ��( ~Ytq� � Ztp�)� �X)= pt( ~Xtq� � �X) + ��pt( ~Ytq� � �Y )� ��pt(Ztp� � �Y )= ptqNC(tp�)qNC(tp�) h( ~Xtq� � �X) + ��( ~Ytq� � �Y )i���ptqNB(tq�)qNB(tq�) (Ztp� � �Y )= ptqNC(tp�) �qNC(tp�) � ~Xtq� + �� ~Ytq� � (�X + ���Y )����� ptqNB(tq�) �qNB(tq�)(Ztp� � �Y )�= ptq�qNC(tp�) ptptq� �qNC(tp�) � ~Xtq� + �� ~Ytq� � (�X + ���Y )����� ptp�qNB(tq�) ptptp� �qNB(tq�)(Ztp� � �Y )�Note, the 
oeÆ
ients of the bra
keted expressions in the last equality:ptq�qNC(tp�) ptptq�and ptp�qNB(tq�) ptptp�41




onverge a.s. to q �zp� and q �xyq� , respe
tively as t ! 1. Also, the asso
iatedbra
keted expressions 
onverge in distribution to a N(0; �2X + �2Y + 2���XY )and N(0; �2Z), respe
tively. Thus, it follows from Slutsky's Theorem, and theindependen
e of (X; Y ) and Z that as t!1,pt( �Qt � �X)=)N(0; �xy1� p� (�2X + (���Y )2 + 2���XY ) + �zp (���Z)2):However, the varian
e given in the distribution above 
an be simpli�ed to�xy�2X(1�p�)(1��2XY �(p�)). Note, the algebra for this simpli�
ation is given in (2.50){(2.55) and we do not reprodu
e it here. 22.3 ImplementationRe
all that the 
lassi
al 
ontrol variate estimator for �X was given asfollows: Q(��) = X + ��(Y � �Y ): (2.56)where �� is an unknown s
alar parameter that must be estimated from thesimulation. That is, if n repli
ations of (X; Y ) are generated resulting in(Xi; Yi); i = 1; : : : ; n, then we 
an estimate �� by
�̂� = �Pni=1(Xi �Xn)(Yi � Y n)Pni=1(Yi � Y n)2 ; (2.57)where Xn; Y n are the sample means ofX and Y , respe
tively. In QCV analysis42



one must estimate two unknown parameters, �� and p�. Here, an implementa-tion of the QCV estimation pro
edure is more 
omplex. The simulation must\simultaneously" estimate �� and determine how long to estimate the 
ontrolvariate mean, by estimating p�. [21℄ develops a dynami
 QCV pro
edure that
ontinually updates estimates of r and �2XY and adaptively 
hanges the amountof CPU time that is devoted to estimating the QCV mean and performing themain simulation. We now des
ribe this pro
edure in detail.2.4 An Optimal Dynami
 QCV pro
edureIn order to estimate �X an experimenter has available the three sim-ulations A, B and C as des
ribed in Se
tion 2.2. An optimal experimentaldesign is developed using these simulations where the 
riterion for optimalityis to minimize the AAV. The optimal QCV pro
edure basi
ally runs all threesimulations 
ontinually 
olle
ting and updating statisti
s in order to dire
t theoverall simulation by dynami
ally 
hanging the amount of time spent on ea
hof the simulations. We divide the simulation into n time segments and allo
atedi�erent portions to simulations A, B and C. Without loss of generality weassume that the time segment is unit length and the nth time step o

urs att = n; n = 0; 1; 2; : : : : (We assume that one unit of time is enough to allowfor any overhead asso
iated with our pro
edure.) After the (n � 1)st time43



segment we update estimators of r and �XY based on all simulation data upto that point in order to revise our s
heme for the nth segment. The strategyfor the nth segment is represented by the fra
tions of time spent on simula-tions A, B and C denoted by (�An ; �Bn ; �Cn ). De�ne at; bt and 
t to be the CPUtimes devoted to simulations A, B and C up to time t and �̂Ax �̂X(at), �̂xy�̂X(bt),�̂xy�̂Y (bt), �̂xy�̂XY (bt), �̂z�̂Z(
t), to be estimates of the unknown �Ax �X , �xy�X ,�xy�Y , �xy�XY , �z�Z , so that we 
an de�ner̂t = p�̂z�̂Z(
t)q�̂xy�̂Y (bt) and �̂XY (t) = �̂XY (bt)�̂X(bt)�̂Y (bt) ; (2.58)as the estimates of r and �XY , respe
tively, based on all simulation data up totime t. Now, based on Theorem 2.14, de�ne:
pt = 8>>>>>>><>>>>>>>:

pr̂2t �̂2XY (t)(1�r̂2t )(1��̂2XY (t))�r̂2t (1�r̂2t )(1�r̂2t )(1�r̂2t��̂2XY (t)) ; if r̂2t + �̂2XY (t) 6= 1 and �̂2XY (t) > r̂2t1� 12�̂2XY (t) ; if r̂2t + �̂2XY (t) = 1 and �̂2XY (t) > r̂2t0 if �2XY � r2; (2.59)and �t = � �̂XY (bt)�̂2Y (bt) ~�; where
~� = 8>>>>>>><>>>>>>>:

p�̂2XY (t)(1�r̂2t )(1��̂2XY (t))+r̂t(r̂2t�1)(1�r̂2t )[p�̂2XY (t)(1�r̂2t )(1��̂2XY (t))�r̂t�̂2XY (t)℄ ; if r̂2t + �̂2XY (t) 6= 1 and �̂2XY (t) > r̂2t2�̂2XY (t)�1�̂2XY (t) ; if r̂2t + �̂2XY (t) = 1 and �̂2XY (t) > r̂2t0 if �2XY � r2; (2.60)44



to be the estimates of p� and �� up to time t; let qt � 1� pt and 
onstru
t theestimate of v2(p�; ��) to bev2t = �̂xy �̂2X(bt + 
t � �B � �C)(1� pt)  1� ptpt + qtr̂2t �̂2XY (t)! : (2.61)Also, at time t we 
an estimate the AAV of �Xt from simulation A asu2t = �̂AX �̂2X(at)at � �A : (2.62)Let �t = u2t � v2t :If at; bt and 
t grow without bound, estimates of all the parameters will 
on-verge almost surely to their exa
t values, whi
h are needed to de
ide whether�Xt or �Qt(p�; ��) is more eÆ
ient. On the other hand, we want to spend anasymptoti
ally negligible fra
tion of time running a suboptimal experimentaldesign. We now des
ribe the re
ommended QCV pro
edure. Let Æi 2 (0; 13) i =1; 2; : : : be a sequen
e satisfying the following 
onditions:Æi ! 0;1Xi=1 Æi =145



and 1pn nXi=1 Æi ! 0:Now, assign �A0 > 0; �B0 > 0 and �C0 > 0 time units to simulations A, B and Cin the zeroth segment where �A0 + �B0 + �C0 = 1. For n � 1, the simulations areassigned
�Bn = 8>>><>>>: (1� 2Æn)max(qn; Æn); if �n > 0Æn if �n < 0; (2.63)
�Cn = 8>>><>>>: (1� 2Æn)max(pn; Æn); if �n > 0Æn if �n < 0: (2.64)and �An = 1� �Bn � �Cn (2.65)time units in the nth segment. At time t we 
an estimate �X by the followingweighted average of �Xat(from simulation A) and ~Xbt + �t( ~Ybt � �Z
t) (fromsimulations B and C). For t > 0 letQ0t = att �Xat + bt + 
tt � ~Xbt + �t( ~Ybt � �Z
t)� ; (2.66)and let v2Q0t be the AAV of Q0t.
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In summary, pseudo 
ode for the QCV pro
edure for t > 0 units of simulationtime is given as follows:Initialize �A0 > 0, �B0 > 0, �C0 > 0 su
h that �A0 + �B0 + �C0 = 1; let n = 0.beginwhile (n < t)do[1℄ Run simulations A, B and C for �An , �Bn and �Cn units of time resp.[2℄Obtain estimates of pn and �n using (2.58), (2.59) and (2.60).[3℄ Find �n = u2n � v2n using (2.61) and (2.62).[4℄ Let n n + 1:[5℄Using (2.63), (2.64) and (2.63), assign values for �An , �Bn and �Cn .end whileoutput: Q0t = att �Xat + bt + 
tt � ~Xbt + �t( ~Ybt � �Z
t)�and v2Q0t = �̂xy �̂2X(bt + 
t � �B � �C)(1� pt)  1� ptpt + qtr̂2t �̂2XY (t)! :end We now o�er justi�
ation why the re
ommended QCV pro
edure isa reasonable algorithm. Note, for the following results, we referen
e [21℄. Sofar, all of our analyses regarding simulation eÆ
ien
y allowed for overhead.To warrant the previous algorithm, we need to understand how the algorithmbehaves as t!1. Thus, asymptoti
ally, overhead is negligible and we 
onsiderthe asymptoti
 varian
e parameters (see Remark 2.9) of ea
h of the estimators47



�Xt and �Qt, namely u2 = �AX�2Xand v2 = �xy �2X(1� p�)  1� p�p� + q�r2�2XY ! ;whi
h are estimated by u2t = �̂AX �̂2X(at)and v2t = �̂xy �̂2X(1� pt)  1� ptpt + qtr̂2t �̂2XY (t)! ;respe
tively.Simply put, in the QCV algorithm, repla
e the AAV of ea
h estimator with itsasymptoti
 varian
e parameter (AVP). (Noti
e that the asymptoti
 varian
eparameters are independent of t.) Having established that, we 
an now justifyour algorithm. First, at; bt and 
t ea
h grow without bound as t !1. Thus,r̂t ! r, �̂XY (t) ! �XY , �̂AX �̂2X(at) ! �AX�2X , �Xt ! �X , ( ~Xt; ~Yt) ! (�X ; �Y ),�Zt ! �Y , pt ! p� and �t ! � and v2t ! v2. Thus, all estimators 
onverge totheir exa
t values. Now, de�ne � = u2 � v248



to be the true di�eren
e between the 
orresponding asymptoti
 varian
e pa-rameters. An optimal estimator has AVPv2� = min (u2; v2);i.e., use the QCV pro
edure if it is superior to simulation A; otherwise usesimulation A.If � > 0, then the AVP of our QCV estimator is less than that of �Xtfrom simulation A. In this 
ase it 
an be shown that 
tt ! p�, btt ! (1�p�) andatt ! 0 a:s: as t ! 1. Thus, the QCV pro
edure spends asymptoti
ally the\right" amount of time doing the 
orre
t simulations and an asymptoti
allynegligible amount of time running a suboptimal one. Likewise, if � < 0, thenthe AVP of our QCV estimator is more than that of �Xt from simulation A.In this 
ase it 
an be shown that bt+
tt ! 0, and att ! 1 a:s: as t ! 1. If� = 0, it is un
lear how the QCV pro
edure will behave and the method isnot guaranteed to work. However, when � 6= 0 it 
an be shown that vQ0t = v2�.2.5 Generi
 ExampleWe begin this se
tion by des
ribing a \generi
" implementation of theQCV pro
edure. Suppose one is interested in estimating � = E[f(�)℄ where� = (�1; �2; : : : ; �m) is a random ve
tor and f : <m ! < is a well behaved fun
-tion, e.g., uniformly 
ontinuous. The \generi
" approa
h begins by 
hoosing49



 j 2 <m, j = 1; : : : ;M and 
omputing and storing f( j) j = 1; : : : ;M . Now,let �1; �2; : : : be i.i.d. repli
ates of � and de�ne �i = argminj21;2;:::;M k �i� j kto be the index of the element of 	 = f 1;  2; : : : ;  Mg 
losest to �i. (In 
aseof a tie sele
t the last index found.)Simulation A estimates � by Monte Carlo simulation. Let Nt be thenumber of repli
ates of f(�i) the simulation generates up to time t. Thensimulation A provides �Xt = 1Nt NtXi=1 f(�i)and �2X(t) = tNt  1Nt NtXi=1 f(�i)2 � �X2t ! :Simulation B estimates � and �Y = E[f( �i)℄ along with the asymptoti
 
o-varian
e matrix by ( ~Xt ~Yt) = 1Mt MtXi=1(f(�i); f( �i)); (2.67)and0BBB� ~�2X(t) ~�XY (t)~�XY (t) ~�2Y (t) 1CCCA = tMt 0BBB� 1Mt MtXi=1 26664 f(�i)f( �i) 37775 [f(�i) f( �i)℄� 0BBB� ~X2t ~Xt ~Yt~Xt ~Yt ~Y 2t 1CCCA1CCCA ;where Mt is the number of pairs (f(�i); f( �i)) simulation B generates up totime t. 50



Simulation C estimates �Y and its asymptoti
 varian
e parameter by�Yt = 1Kt KtXi=1 f( �i)and �2Y (t) = tKt  1Kt KtXi=1 f( �i)2 � �Y 2t ! ;where Kt is the number of repli
ates of f( �i) that are generated up to time t.Sin
e ff( j)g; j = 1; 2; : : : ;M is evaluated before the main simulation starts,there is no need to evaluate f(�) in simulation C. Evaluating �i involves �ndingthe 
losest element of 	 to �i, whi
h has 
omplexity O(M), and is thereforefast (unless M is too big). Thus, r is small; see Remark 2.15. Also, if fis fairly smooth and 	 is \representative" of � then f(�i) and f( �i) will behighly 
orrelated. (A reasonable way to 
hoose 	 is to generateM independentrepli
ates of �). This approa
h is parti
ularly e�e
tive if f is expensive or tootime 
onsuming to evaluate.

51



3. Sto
hasti
 Linear ProgramsWe present two \real{world" appli
ations. The �rst is an illustrationof the generi
 QCV s
heme previously des
ribed and involves estimating ex-pe
ted pro�ts in oil re�ning, where the operations, i.e., blending and distilling
an be modeled using a linear program. Here, the te
hnology matrix (\A{matrix") is random. The se
ond appli
ation involves power system reliabilityevaluation and employs a linear program with a random right{hand side. Inthis situation a spe
ial \dual approximation" pro
edure suggested by [44℄ 
anbe implemented whi
h be dis
ussed in Se
tion 3.2.3.1 Petroleum Re�neryOil 
ompanies have been using linear programming to plan re�neryoperations for more than 30 years. The a
tivity to be planned is the optimalblend and pro
essing management of varying 
rude oils. Crude oil or just
rude, as petroleum dire
tly out of the ground is 
alled, is a remarkably variedsubstan
e, both in its use and 
omposition. It 
an be a straw-
olored liquid ortar-bla
k solid. Red, green and brown hues are not un
ommon. Crude oils alsovary in their physi
al 
hara
teristi
s, e.g., density, sulphur 
ontent, waxiness,52



et
., and pri
e. To produ
e �nished produ
ts, the 
rude oil goes through anumber of pro
esses su
h as fra
tional distillation, whi
h separates out thelight 
omponents from the thi
ker heavier oils; 
ra
king, whi
h breaks downthe heavy 
onstituents of the 
rude oil into lighter 
omponents; and reforming,whi
h 
hanges the 
hemi
al stru
ture of other 
omponents in order to meetprodu
t spe
i�
ations. This is just a brief des
ription of the operations of are�nery, and the a
tual pro
esses are remarkably 
omplex and will be dis
ussedin the next se
tion. The re�nery 
an be operated with varying blends of 
rudeoils, whi
h generally results in sub{optimal pro�ts. However, the aim of there�nery e
onomist is to determine the optimal blend of the various 
rude oilsto pro
ess in the distiller, the amount of the resulting heavier fra
tions to feedto the 
ra
ker, et
., in order to �nd the most pro�table way of meeting theexpe
ted market for gasoline, diesel, kerosene, propane and other produ
ts.3.1.1 Re�neryEssentially, a re�nery is a fa
tory that takes 
rude oil and transforms itinto gasoline, kerosene-type jet fuel and many other useful produ
ts. Re�ningbreaks 
rude oil down into various 
omponents, whi
h then are sele
tivelyre
on�gured into new produ
ts. Modern separation involves piping the 
rudeoil through hot furna
es. The resulting liquids and vapors are dis
harged into53



distillation towers. Inside the towers, the liquids and vapors separate into
omponents or fra
tions a

ording to weight and boiling point. The lightestfra
tions, in
luding gasoline and liquid petroleum gas (LPG), vaporize and riseto the top of the tower, where they 
ondense ba
k to liquids. Medium weightliquids, in
luding kerosene and diesel oil distillates, stay in the middle. Heavierliquids, 
alled gas oils, separate lower down, while the heaviest fra
tions withthe highest boiling points settle at the bottom.The re�ning pro
ess 
onsists of the following six distilling towers:(1) the topping,(2) the re{forming,(3) the thermi
 re{forming,(4) the va
uum,(5) the 
atalyti
 
ra
king unit and(6) the 
atalyti
 polymerizator.Topping The �rst step in re�ning 
rude oil is 
alled fra
tionationor topping where the 
rude oil blend is heated to 
ertain temperatures anddistilled into fra
tions of di�erent boiling ranges. The main fra
tions of thetopping are gasoline, propane, butane, Petroleum Fuel Distillates (PFD), ben-zolene, naphthalene, kerosene, high boiling residue and some non-vaporizedfra
tion whi
h is removed from the bottom of the fra
tionation tower.54



Re{forming Some fra
tions of the topping, espe
ially benzolene,naphthalene and kerosene 
an undergo a se
ond distillation in re{forming. Re{forming is a pro
ess that transforms heavy benzene fra
tions with high boilingpoint and low o
tane number into lighter benzene fra
tions with higher o
tanenumber. Thermi
 Re{forming The thermi
 re{forming pro
ess is similar tore{forming ex
ept that temperatures are higher; this results in higher gasolineprodu
tion than in reforming. The input to the thermi
 re{forming 
omes fromthe PFD, benzolene and naphthalene fra
tions of the topping.Va
uum Some of the heated residue from the topping is 
ushed intothe va
uum distillation 
olumn and undergoes a distilling with redu
ed pres-sures. This residue is further fra
tionated to produ
e a light fuel oil fra
tionand a very heavy bla
k fuel oil fra
tion.Catalyti
 
ra
king unit A liquid fra
tion of the va
uum 
alledWD is \
ra
ked" in the 
atalyti
 
ra
king unit. Large 
hains of mole
ules ofhigh{boiling hydro
arbons are broken up and 
hanged into smaller gasolinemole
ules. This pro
ess 
hanges the higher{boiling fra
tions of the petroleumdistillation into lower{boiling gasoline.Catalyti
 polymerizator The very light fra
tions of the 
atalyti

ra
king unit are treated in the 
atalyti
 polymerizator. In this unit one obtains55



gasoline of very high quality.3.1.2 Crude Oil QualityVariations in the quality of 
rude oils used by a re�nery results invarying produ
tion yields, whi
h in turn a�e
t pro�ts. Several parameters in-
uen
e the degree of 
rude oil variability. In addition to 
rude oil lo
ation,aging produ
tion reservoirs, 
hanges in relative �eld produ
tion rates, gather-ing system mixing of 
rude, pipeline degradation and inje
tion of signi�
antlydi�erent quality streams into 
ommon spe
i�
ation 
rude streams 
ontribute to
rude oil quality variation. \Value" to a re�nery is based on the expe
ted out-put minus the operating 
osts to be in
urred to a
hieve the desired yield [59℄.Ensuring that the quality of 
rude oil re
eived is equivalent to the pur
hasedquality is one of the greatest 
hallenges fa
ing the industry today. Analyti
altesting of a re
eived bat
h of 
rude oil 
an be performed whereby a 
ompletephysi
al distillation is done on a sample in the laboratory. The results of thisanalysis will determine how the 
rude is represented in the re�nery's linear pro-gram model. For instan
e, suppose a re�nery re
eives several bat
hes of 
rudeoil from various reserves. The re�ners do not know how these new 
rudes willfra
tionate. That is, they do not have beforehand knowledge of the quantitiesof the various produ
ts that will be produ
ed. For example, the amount of56



gasoline that 
an be produ
ed 
an vary from 13 to 45 per
ent of the inputand the amount of butane that 
an be distilled 
an vary from 0 to 8 per
entof the input. Similar variations exist for the other fra
tions. However, as wasmentioned, laboratory tests 
an be 
ondu
ted to determine how various 
rudeswill fra
tionate in the re�ning pro
ess. On
e these experiments are 
ompleted,the re�ners know what data to input into their LP model to determine optimalblend re
ipes for re�ning. Hen
e, we 
an view this situation as a wait{and{seesolution to a sto
hasti
 program where the randomness o

urs in the te
hnologymatrix of the LP. That is, optimal de
isions 
an be made after the randomnessis resolved.3.1.3 Linear Programming ModelWe now illustrate the use of linear programming in a petroleum re-�nery. The data is based on a Belgian re�nery given in [63℄. The stru
tureof the linear programming model is simple. The obje
tive fun
tion is pro�tmaximization; it will re
e
t the 
rude oil 
ost, additional manufa
turing 
ostsand the market value for �nished produ
ts. The 
onstraints of the LP modelthe produ
tion 
ow for the re�nery, des
ribing how the inputs 
an be used fora variety destinations. Three types of 
rude oil, (x1; x2 and x3 in tons), areused as input into the topping. The following eight fra
tions are produ
ed in57



the topping: gas, propane, butane, Petroleum Fuel Distillates (PFD), benzo-lene and naphthalene, kerosene, residue and loss. These fra
tions may have asmany as 26 destinations having de
ision variables (x4 through x29). Table 3.1gives the per
entages of ea
h 
rude oil that will be transformed into the variousfra
tions in topping; for instan
e, 6.0 per
ent of 
rude oil 1 (x1), 8.0 per
entof 
rude oil 2 (x2) and 6.8 per
ent of 
rude oil 3 (x3) are transformed into thePFD fra
tion. (Later we will treat these values as random variables re
e
tingthe varying 
rude oil qualities.)This table also indi
ates that this PFD fra
tion 
an be further pro
essed byany 
ombination of the following:(1) (x11) tons transformed into �nished produ
t Combustible PFD,(2) (x12) tons sent to Thermi
 re{forming for further pro
essing,(3) (x13) tons 
onverted to �nished produ
t Gasoline I,(4) (x14) tons 
onverted to �nished produ
t Gasoline II or(5) (x15) tons left as �nished produ
t PFD.The aforementioned is modeled in the LP as the following 
onstraint:0:06x1 + 0:08x2 + 0:068x3 = x11 + x12 + x13 + x14 + x15 = 0or equivalently0:06x1 + 0:08x2 + 0:068x3 � x11 � x12 � x13 � x14 � x15 = 0: (3.1)58



Yield of input, % ModelFra
tion x1 x2 x3 Destination VariableGas 0.45 0.27 0.30 Combustible x4Propane 0.25 0.03 0.30 Propane x5Combustible x6Butane 0.90 0.80 0.90 Butane x7Gasoline I x8Gasoline II x9Combustible x10PFD 6.00 8.00 6.80 Combustible PFD x11Thermi
 re{forming x12Gasoline I x13Gasoline II x14PFD x15Bensolene & 9.00 11.50 10.20 Thermi
 re{forming x16naphthalene JP4 x17Re{forming x18Kerosene 25.60 32.40 31.50 Re{forming x19JP4 x20Kerosene x21Gas oil x22Residue 57.30 Va
uum x23Fuel x2446.50 Va
uum x25Fuel x2649.50 Va
uum x27Fuel x28Loss 0.50 0.50 0.50 Loss x29Table 3.1. Topping
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For the quantity (x12) of PFD that is potentially piped to the Thermi
 re{forming unit as input (see item (2) in the list above), Table 3.2 shows it willbe further transformed into gas, gasoline, residue and loss.Yield of input, % ModelFra
tion (x12; x16) Destination VariableGas 29.00 Combustible x38Gasoline 65.00 Gasoline I x39Gasoline II x40Residue 5.00 Fuel x41Loss 1.00 Loss x42Table 3.2. Thermi
 Re{formingThus, we see that the initial fra
tions have innumerable destinationsand Tables A.1{ A.4, given in the appendix, present analogous data for theremaining distillation units. Sin
e varying produ
tion plans result in variableprodu
t yields, the re�nery wishes to �nd the one that will be most bene�
ial.The re�nery will, of 
ourse, 
hoose the one that maximizes pro�t. Here, pro�tis the amount of revenue that 
an be generated through the market value of theprodu
ts less the raw material and produ
tion 
osts. So, the obje
tive fun
tionwill re
e
t the 
rude oil 
ost and the revenue obtained from selling the following�nished produ
ts: propane, butane, gas oil, gasoline, JP4 (jet fuel), pit
h andkerosene. Table 3.3 gives the 
ost per ton for ea
h of the various 
rudes. Thequality of the 
rude is re
e
ted in its pri
e. Also, Table 3.4 lists the marketpri
e for ea
h of the produ
ts. 60



Crude Oil Cost/ton Variable1 $118 x12 $150 x23 $170 x3Table 3.3. Raw Material Costs

Produ
t Pri
e/ton VariablesPropane $275 x5; x31; x58Butane $285 x7; x33; x60Gas Oil $420 x22; x44; x53; x55Gasoline I $580 x8; x13; x35; x39; x51; x62Gasoline II $538 x9; x14; x36; x40; x52; x63JP4 $260 x17; x20Pit
h $207 x45Kerosene $277 x21Table 3.4. Produ
t Pri
es
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Thus the obje
tive is to maximize the following fun
tion:
f = �118x1 � 150x2 � 170x3 + 275(x5 + x31 + x58)+285(x7 + x33 + x60) + 420(x22 + x44 + x53 + x55)+580(x8 + x13 + x35 + x39 + x51 + x62)+538(x9 + x14 + x36 + x40 + x52 + x63) + 260(x17 + x20)+207x45 + 277x21:Other 
onstraints that are in
luded in the model involve distilling
apa
ities. The topping unit 
an hold at most 5000 tons of 
rude and thus wein
lude the following 
onstraint in our model:x1 + x2 + x3 � 5000: (3.2)The other 
apa
ity 
onstraints in
luded in the model are des
ribed in Table 3.5Column Input variables Capa
ity (tons)Topping x1; x2; x3 5000Re-forming x18; x19 500Thermi
 Re{forming x12; x16 250Va
uum x23; x25; x27 NoneCatalyti
 
ra
king x43 400Catalyti
 polymerizator x50 NoneTable 3.5. Distilling Capa
itiesThis 
on
ludes the des
ription of the linear program model for the62



petroleum re�nery problem. Note that the fra
tionation Tables 3.1{ 3.2 andTables A.1{ A.4 present the fra
tionation per
entages as known 
onstants. Aswas stated before, we wish to in
orporate un
ertainty in the LP model. Thus,we will 
onsider the data presented in the tables as the mean fra
tionation per-
entages and allow for a 20% uniform deviation. This un
ertainty distributionwas our 
hoi
e and although this deviation may not be realisti
, it suited ourpurposes to demonstrate the QCV pro
edure. For instan
e, in Table 3.1 notethat 25.6% of 
rude oil 1 will fra
tionate into kerosene. In the LP model thiswill be represented as a uniform random variable that ranges from 20.48 to30.72. All other data in the table will be treated similarily.3.1.4 Numeri
al ExperimentsWe now demonstrate the \generi
" version of the QCV pro
eduredes
ribed in Se
tion 2.5. Our goal is to estimate the expe
ted value of the ob-je
tive fun
tion of an LP whose te
hnology or 
onstraint matrix is random. Thelinear programming and simulation 
ode was written in C using the 
ompilierMi
rosoft Visual C++ 6.0. The �rst operation of the estimation pro
edure isto 
onstru
t and store the representative set 	 � f 1;  2; : : : ;  Mg (see se
-tion 2.5) whi
h in our setting is merelyM independent repli
ates of the randomte
hnology matrix. For ea
h of these M matri
es we 
ompute and store the63




orresponding LP obje
tive fun
tion value. The time spent on this 
onstru
-tion is the overhead and in
reases as a fun
tion of the number of points. Thefun
tion f is the obje
tive fun
tion of the LP.The experiment 
onsisted of allotting t = 1 minute time unit forthe entire simulation in
luding the overhead and the QCV pro
edure. Ea
htime segment was �ve se
onds long (see Se
tion 2.4). We are interested indetermining how various parameters of the simulation behave as a fun
tion ofthe number of points in 	. For instan
e, one would expe
t that the 
orrelation� would in
rease as a fun
tion of the number, M , of points in 	. Also, itwould seem reasonable that the ratio r should also in
rease. Thus, given a�nite simulation time of one minute, an item of interest is how many pointsto in
lude in 	. If too few points are used, one would not expe
t a large
orrelation and the QCV will not be e�e
tive. If many points are involved,too mu
h time will be spent in the overhead and very little time will be spentperforming the main simulation. Hen
e, one would expe
t an \optimal" 
hoi
efor the size of 	.Figure 3.1 illustrates how the various parameters behave as a fun
tionofM . Note that sin
e the pla
ement of the points in 	 is random, the resultingparameters, i.e., r, � and the AAV will also be random. Thus, the points on thegraphs are averages taken over 20 repli
ations of the experiment. As expe
ted,64



we see that the time it takes to build the approximation is a linear fun
tionof M . The 
orrelation fun
tion is the most en
ouraging. Noti
e that it risesqui
kly in a 
on
ave downward fashion rea
hing 0.90 with 100 points in theapproximation. The graph then tends to 
atten out. Thus, we get more \bangfor the bu
k" early in the 
onstru
tion a
hieving a high 
orrelation with onlya few points in the approximation. We also have displayed the ratio r and theoptimal proportion p� as a fun
tion ofM . We note that the more points we usein our approximation, the more time is spent on simulation C in estimating the
ontrol variate mean. The question then be
omes the following: \How manypoints should we in
lude in the approximation?". Figure 3.2 plots the AAVvarian
e as a fun
tion of M . We see that if we have too few points, e.g., lessthan 50, our varian
e will be large. The graph rea
hes a minimum at about 100points and then begins to in
rease with the addition of more points. This isbe
ause the marginal gain in higher 
orrelation is not worth the marginal e�ortof adding more points; also, with the addition of more points the time spenton 
onstru
ting the approximation be
omes a signi�
ant part of the allotedsimulation time and little is left for the main experiment.
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3.2 Sto
hasti
 LP with random RHSAs was illustrated in the previous se
tion, the estimation of the meanof the obje
tive fun
tion of an LP whose 
onstraint matrix is random is a greatexample of the \generi
" appli
ation of the QCV pro
edure. We now illustratethe QCV s
heme in a situation with a sto
hasti
 linear program with randomright hand sides. In this 
ase there is a spe
ial utilization of the QCV proposedby Oliveira, Pereira, Pinto and Cunha [44℄.Let A be an m� n matrix and let 
 2 <n: For b 2 <m, letP (b) = minx 2 <nf 
x jAx � b; x � 0g: (3.3)We will refer to this problem as the primal problem. One might be interestedin estimating � = E[P (�)℄, where � = (�1; �2; : : : ; �m)0 is a random (right handside) ve
tor. Of 
ourse one approa
h would be to generate N i.i.d. repli
a-tions f�1; �2; : : : ; �Ng of � and solve N linear programming problems to obtainP (�i), i = 1; : : : ; N: Our estimate of E[P (�)℄ would be�̂ = 1N NXi=1 P (�i); (3.4)whi
h is obtained in simulation A.If the linear program is large, one may spend mu
h time obtainingea
h solution. Consider the dual problem to (3.3)D(b) = max� 2 <mf b� j�A � 
; � � 0g; (3.5)
66
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and note that the feasible region is independent of b.Our goal is to 
onstru
t a 
ontrol variate that is highly 
orrelated with P (�),but 
an be obtained mu
h qui
ker than solving the primal problem. Thus, weneed to �nd a problem that retains the primal problem's 
hara
teristi
s yetis mu
h simpler to solve. Our simpler model will be a dual approximation tothe primal problem. Consider the polyhedron H = f�j�A � 
; � � 0g, whi
hwe 
onsider to be bounded and nonempty to fa
ilitate the exposition, and itsextreme points Ext(H) = f�1; �2; : : : ; �ng. It follows from the FundamentalTheorem of Linear Programming and the equivalen
e of extreme points andbasi
 feasible solutions [41℄ thatP (b) =maxi fb�ij�i 2 Ext(H)g: (3.6)This suggests how we should 
onstru
t our simpler model. Instead ofenumerating all the extreme points of H, 
onstru
t a potentially small subsetH 0 � Ext(H) and let D�(b) =maxi fb�ij�i 2 H 0g; (3.7)be the dual approximation or 
ontrol variate for the primal problem. Thus,provided that jH 0j is not prohibitively large, obtaining a solution to (3.7) ismu
h faster than solving the original primal problem for a given repli
ation of69



�. Thus, our QCV equation for this appli
ation be
omesP �(�) = P (�) + ��(D�(�)� �D�): (3.8)where (P (�); D�(�)) are the random pair generated in simulation B and �D� isthe estimate of E[D�(�)℄ 
omputed in simulation C.3.2.1 Constru
tion of the Dual ApproximationTwo methods are 
onsidered for 
onstru
ting a dual approximationto problem (3.6), that is, to generating the set H 0. One approa
h is to enumer-ate the desired number of verti
es of H using a deterministi
 algorithm andthe other is to randomly generate them from the density of �. It is not read-ily 
lear whi
h approa
h would be better suited for our needs. Deterministi
vertex enumeration would guarantee obtaining a new vertex at ea
h iterationwhereas a random sele
tion approa
h might spend valuable simulation timeprodu
ing the same vertex. However, sin
e we will be generally dealing withvery large problems, the 
han
e of generating a previously obtained vertexwould be very small. Also, generating the verti
es randomly may \probabilis-ti
ally" produ
e a better dual approximation sin
e it would generate those thatwould most likely appear in the a
tual Monte Carlo simulation. In 
onstrast,the deterministi
 algorithms simply pivot from one vertex to another and maybe able to �nd an abundant number of verti
es qui
kly. In random generation,70



a linear program would have to be solved for ea
h vertex. Finally, the purposeof deterministi
 algorithms is to �nd all the verti
es and extreme rays. Wemerely want to generate a subset of them. As will be seen in Se
tion 3.2.4, asuprisingly small subset of dual ve
tors is required to indu
e a high 
orrelationbetween the primal and dual approximation. Numeri
al experiments 
learlyindi
ated that the random generation of the verti
es is superior.3.2.2 Deterministi
 vertex enumerationMu
h literature and resear
h are devoted to polyhedral vertex enu-meration; it has appli
ations in roboti
s, quantum 
hemistry and multi
om-modity 
ows. Fukuda and Avis [4℄ develop a 
lever pivoting algorithm forvertex enumeration, whi
h is based on \inverting" �nite pivoting algorithmsfor linear programming. We 
oded and employed an adaptation of their pivot-ing algorithm for our purpose.We �rst give motivation for and then a verbal des
ription of the ver-tex enumeration algorithm. Suppose we wish to enumerate all verti
es of thefollowing non-empty, bounded, non-degenerate, n dimensional polyhedronH = fxjAx = b x � 0g; (3.9)where A is a full rank, m� n matrix and b 2 <m.We �rst give a de�nition. 71



De�nition 3.1 Given the set (3.9), let B be a nonsingular m � msubmatrix made up of 
olumns of A, su
h that B�1b � 0. Then, if alln�m 
omponents of x not asso
iated with 
olumns of B are set equalto zero, the solution to the resulting set of equations is said to be a basi
feasible solution to (3.9) with respe
t to the basis B. The 
omponents ofx asso
iated with 
olumns of B are 
alled basi
 variables; the remaining
omponents are 
alled non{basi
 variables whose asso
iated 
olumns arerepresented in the submatrix N of A.Assume that the following linear program has a unique optimal solu-tion x�: minx 2 <nf 
x jx 2 Hg: (3.10)The motivation and philosophy of their algorithm is based on thesimplex method of linear programming. Starting from some initial vertex, thesimplex method essentially traverses a sequen
e of adja
ent verti
es of H untilit rea
hes x�. We arrive at ea
h adja
ent vertex by performing a pivot wherebya non-basi
 variable is introdu
ed into the 
urrent basis and a basi
 variableleaves. The path 
hosen from the initial vertex depends on the pivot rule whi
hmust be 
hosen to avoid 
y
ling. Anti{
y
ling pivot rules guarantee that wewill rea
h the optimum in a �nite number of steps. We use a parti
ularlysimple rule, known as Bland's rule [9℄, whi
h guarantees a unique path from72



any starting vertex to the optimum vertex. Con
eptually, we 
ould implementthis simplex pro
edure from every vertex of H to arrive at our optimum x�.Now, if we look at the set of all paths from all the verti
es of H, we obtaina spanning forest of the graph of adja
ent verti
es of H. The root of ea
hsubtree of the forest is the optimum vertex. However, if the polyhedron isnon-degenerate (as we assume), ea
h vertex lies on exa
tly n hyperplanes. Inthis 
ase, the spanning forest has one 
omponent, whi
h is a spanning tree ofthe \skeleton" of the polyhedron, and ea
h vertex is produ
ed on
e. Before wedes
ribe how the algorithm works, we give another de�nition.De�nition 3.2 Let B be a basis for (3.10). Given a 
olumn v in B anda non{basi
 
olumn u in N , a valid reverse pivot is one that if we wereto pivot u into the basis to obtain the new feasible basis B � v+ u andthen apply Bland's rule to the updated tableau we would pivot ba
k tothe original basis B.The vertex enumeration algorithm pro
edes by �rst �nding the op-timum vertex x�. We now have a basi
 feasible solution and basis B for thisvertex. The vertex enumeration algorithm now pro
eeds by �xing the �rst
olumn of B and attempts to perform a valid reverse pivot for ea
h nonbasi

olumn with this �xed 
olumn of B. If it �nds no valid reverse pivot, the73



algorithm then holds the se
ond 
olumn of B �xed and again attempts to �nda valid reverse pivot with ea
h of the non{basi
 
olumns, and so forth. If inthe 
ourse of the aforementioned interation it �nds a valid reverse pivot, thealgorithm pivots to that vertex, saves it, updates the basis to B0 and startsthe entire pro
edure over by holding the �rst 
olumn of this basis B0 �xed andattempting to �nd a valid reverse pivot with the new set of non{basi
 
olumns.Now, if the algorithm does not �nd a valid reverse pivot for some given basis, itapplies Bland's rule and performs a simplex pivot moving ba
k up the tree basi-
ally \revisiting" a basis. Here, the algorithm 
ontinues where it left o� (whenit last en
ountered this vertex before des
ending into the tree) by s
anning theremaining non{basi
 
olumns to �nd valid reverse pivots. So, the algorithmpro
eeds to tra
e out the entire tree in depth �rst order by \reversing" Bland'srule.
Avis and Fukuda [4℄ analyze the time-
omplexity of the previouslydes
ribed algorithm. We reprodu
e the arguments here. Note, (3.9) 
an haveat most �nm� basi
 feasible solutions. For ea
h basis, we may evaluate m(n�m)
andidates for valid reverse pivots, ea
h 
andidate requiring O(m + n) time.The pivot requires O(m(n � m)) time per exe
ution. Therefore, the overalltime{
omplexity of the enumeration pro
edure is74



O (m + n)mn nm!! :3.2.3 Random vertex generationThe random generation of the dual verti
es of H is quite simple. Onemerely generates independent repli
ates f�1; �2; : : :g of � and solves D(�i) toobtain a vertex yi ; i = 1; : : : and if this vertex is not already on the 
urrent listit is added.3.2.4 Random vs. deterministi
 generationNumeri
al experiments 
learly suggest (at least for the test problemsand enumeration algorithms we used) that for our purposes a random genera-tion approa
h is superior to a deterministi
 approa
h. We performed variousnumeri
al experiments to determine the number of dual verti
es to be in
ludedin an approximation.We 
onsidered two generi
 polytopes, one that would have \equally"probable verti
es and one with non-equal probable verti
es. We 
hose thesearti�
ally 
onstru
ted problems for a 
ouple of reasons. Firstly, several realworld problems that were initially tested were demonstrated to have high 
or-relation with only a few dual verti
es and did not \
hallenge" the QCV s
heme.75



Se
ondly, we wanted 
ontrol and full knowledge of the polytopes so that a

u-rate statements 
ould be made about the numeri
al results. For example, inboth of the test problems below, we know that ea
h has 2n verti
es in the dualproblem.Test Problem 1. (\Equally" Probable Verti
es):minx 2 <nf ex j x � �; x � 0g: (3.11)where e = [1; : : : ; 1℄ is the unit ve
tor of length n and �i � U [�99; 101℄; i =1; : : : ; n. For the \equally" probable 
ase we would expe
t for the 
orrelationsthat resulted from enumerating the verti
es or generating them randomly to be
omparable. Figure (3.3) does suggest this sin
e the 
orresponding 
orrelationsare similar. However, we do noti
e a 
onsistently larger 
orrelation for thosethat were randomly generated. What is important however is how long ittakes to build the dual approximations. Noti
e that Figure 3.4 gives the timerequired to build a dual approximation where the x{axis represents the numberof dual verti
es in the approximation. The graph whi
h is based on a log{linear s
ale 
learly indi
ates that in order to a
hieve 
omparable 
orrelationthat the random enumeration pro
edure yields, one would have to spend asubstantially longer amount of time with the vertex enumeration pro
edure.76
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For 
larity, we wish to emphasize that n = 10; 25 or 50 
orresponds to thelinear program having 2n extreme points, basi
 feasible solutions or verti
es inthe dual problem.Test Problem 2. (Non-Equally Probable Verti
es):min nx1 + (n� 1)x2 + : : :+ xnst x1 � n�1 + nx1 + x2 � (n� 1)�2 + (n� 1)... . . . ...x1 + x2 + : : :+ xn � �n + 1xi � 0; i = 1; : : : ; nwhere �i � U [�1=2; 1=2℄.The non-equally probable test problem is more interesting. In this linearprogram, only a small subset of the dual verti
es will a
tually be generated in theMonte Carlo simulation. Thus, one would expe
t that vertex enumeration would beinferior to the Monte Carlo approa
h. That is, enumeration might produ
e unwanteddual verti
es that the Monte Carlo simulation would never generate, thus not aidingin the e�ort of in
reasing 
orrelation. Noti
e that Figure 3.5 suggests this sin
ethe 
orrelations that were generated by enumeration were below 0.3 as they did notappear on the graph for n = 25 and 50. Again, Figure (3.6), as in the \equally"probable 
ase, indi
ates that the amount of time required to build the approximation79
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is mu
h larger than for random generation. These experiments indi
ate that randomgeneration is superior, at least for the 
ases investigated, to enumeration for the
onstru
tion of the dual approximation.3.3 Power System Reliability EvaluationThe primary fun
tion of an ele
tri
 power system is to provide ele
tri
ity toits 
ustomers as e
onomi
ally as possible with minimal disruption. Due to random
omponent failures of the system that may be outside the 
ontrol of the powersystem personnel, the 
ontinuous supply of ele
tri
al energy may not be available ondemand. The supply of ele
tri
ity generally involves a 
omplex and highly integratedsystem; failures in any part 
an 
ause interruptions whi
h range from in
onvenien
inga few lo
al residents to widespread outages. The need for probabilisti
 evaluationof power system behavior has been re
ognized at least in the last forty years andhas now evolved to the point at whi
h most utilities use these te
hniques in one ormore areas of their planning, design and operation. Many of the methods used arebased on analyti
al models and evaluation pro
edures [6℄. However, the 
ontinualadvan
ement of high{speed 
omputing power has 
reated the opportunity to analyzemore 
omplex and intri
ate models using sto
hasti
 simulation methods, and in thelast de
ade there has been in
reased interest and use of Monte Carlo simulation inquantitative power system reliability appli
ations.Power system reliability evaluation has been extensively developed using82



probabilisti
 methods where a wide range of appropriate indi
es have been deter-mined. There are many possible indi
es that 
an be used to measure adequa
y orreliability of a power system [7, se
tion 2.6℄. The most popular reliability indi
esare the following: loss of load probability (LOLP) and expe
ted power not supplied(EPNS). Many power system planning appli
ations 
an be modeled using linear pro-gramming problems with sto
hasti
 right{hand sides [7, 44, 52℄. Here the linearprogram represents the power network equations and 
onstraints. The obje
tivefun
tion is to minimize the interruption of power supply to 
ustomers where theright{hand side 
ontains the 
apa
ities of the system generators, whi
h are subje
tto random failures. We des
ribe in detail this model in se
tion 3.3.3.3.3.1 Power SystemsThe major parts of an ele
tri
 power system are the generation, transmis-sion and distribution systems. One may think of a power system as an extremely
ompli
ated ele
tri
al network. Power systems are basi
ally a network of buses ornodes (buses and nodes will be used inter
hangeably) inter
onne
ted by transmissionlines that 
arry the power 
ow. A bus is essentially an assembly of 
ondu
tors for
olle
ting ele
tri
 
urrents and distributing them throughout the network. Also, ea
hbus has an asso
iated load that 
orresponds to a regional 
ustomer power demandthat it serves; furthermore, some buses have generators that inje
t power into thenetwork. Ea
h bus has the following four asso
iated parameters:(1) Voltage magnitude (V), 83



(2) Voltage Angle (Æ),(3) Real Power Inje
tion (P) and(4) Rea
tive Power Inje
tion (Q).These parameters along with a basi
 
overage of 
ir
uit theory and themathemati
al representation of load 
ow between the buses in the network will bedis
ussed in further detail in the next se
tion.3.3.2 Fundamentals of Cir
uit TheoryFor the following dis
ussion, we advise 
onsulting an engineering text on
ir
uit analysis su
h as [34℄ for the te
hni
al des
ription of the ele
tri
al terms and
on
epts; see also appendix C in [7℄. One may think of power as the rate of 
hangeof energy with respe
t to time. The unit of ele
tri
al power is the watt (W), whi
his a joule per se
ond. A load is an ele
tri
al devi
e 
onne
ted to a power sour
e. Theele
tri
al power 
onsumed by a load depends on two things: how mu
h voltage isapplied to the devi
e, and how mu
h 
urrent (
ow of ele
tri
ity) 
ows through thedevi
e. For example, a 100 watt light bulb 
onsumes 100 joules of ele
tri
 energyea
h se
ond.The mathemati
al representation of power 
ow through a network is asystem of nonlinear equations. These equations are based on Kir
hho�'s 
urrentand voltage laws. The 
urrent law basi
ally states that the 
urrent entering andleaving a bus or node must be equal and the voltage law states that the total voltagearound a 
losed loop must be zero. 84



Power 
ow in a network has two main 
omponents: the \real" power Pin watts (W) and the \rea
tive" power Q in voltamperes{rea
tive (var). In general,ele
tri
al engineers refer to P as the resistan
e and Q as the rea
tan
e. Let 
i be theset of all nodes 
onne
ted to bus i; i = 1; : : : ; n: The real (3.12) and rea
tive (3.13)power inje
tions at bus i are given by the following alternating 
urrent load 
owequations:Pi = Xj2
i Pij = Vi Xj2
i Vj(Gij 
os Æij +Bij sin Æij) (i = 1; : : : ; n) (3.12)Qi = Xj2
iQij = Vi Xj2
i Vj(Gij sin Æij �Bij 
os Æij) (i = 1; : : : ; n); (3.13)where Vi and Æi are the magnitude and angle of the voltage at bus i; Æij = Æi � Æj isknown as the power fa
tor angle. Gij and Bij are 
alled 
ondu
tan
e and sus
eptan
eof 
ir
uit ij, respe
tively, and n is the number of system buses. It 
an be shown thatGij = � RijR2ij +X2ij and Bij = XijR2ij +X2ij : (3.14)where Rij and Xij are the resistan
e and rea
tan
e of 
ir
uit ij.Note that ea
h bus has four variables, Vi; Æi; Pi and Qi and that the nonlinear systemhas 2n equations with 4n variables. Thus two of the aformentioned variables for ea
hbus must be prespe
i�ed; generally, Pi and Qi are spe
i�ed. These load
ow equations
an be solved numeri
ally for Vi and Æi using an iterative method su
h as the Gauss{Seidel or Newton-Raphson method. From the solution, the total real and rea
tivepower 
ows in line ij be
ome 85



Pij = ViVj(Gij 
os Æij +Bij sin Æij) (3.15)Qij = ViVj((Gij sin Æij �Bij 
os Æij): (3.16)However, sin
e reliability evaluation studies require that load 
ows must be repeatedfor ea
h state or s
enario of the system, e.g., tie{line failures or generator outages,assumptions are made in power networks that greatly simplify the nonlinear 
om-plexities of (3.12)-(3.13). Often, rea
tive power is of no 
on
ern and thus the sys-tem (3.13) 
an be dismissed. That is, many of the important reliability indi
esare asso
iated with real power load 
urtailments and 
al
ulating these only requiresreal power related information. Furthermore, in power systems, power fa
tor anglesÆij are generally very small and thus the following approximations 
an be made:sin Æij � Æi � Æj and 
os Æij � 1. Also, 
ir
uit rea
tan
es are normally mu
h largerthan 
ir
uit resistan
es (Xij >> Rij) thus, reliability engineers generally use thefollowing approximation from (3.14) for 
ir
uit 
ondu
tan
e and sus
eptan
e:Gij = � RijR2ij +X2ij � 0 and Bij = XijR2ij +X2ij � 1Xij : (3.17)Network rea
tan
es, resistan
es, real power, rea
tive power and voltageare usually expressed in a \per unit" (p.u.) system wherein a referen
e voltage andusually (mega watts) MW level are spe
i�ed and all variables are normalized withrespe
t to these referen
es. In a per unit system, the voltage magnitudes are usually86



unity. Here, all bus voltage magnitudes are assumed to be 1.0 p.u. Thus, basedon the above assumptions and using (3.15) the real line 
ow in a bran
h 
an be
al
ulated by Pij = Æi � ÆjXij ; (3.18)therefore bus real power inje
tions arePi = Xj2
i Pij = BiiÆi � Xj2
iBijÆj (i = 1; : : : ; n); (3.19)where Bij = 1Xij ; Bii = Xj2
iBij and (3.20)
i is the set of all bran
hes 
onne
ted to bus i.Now, equations (3.19) 
an be represented in matrix form:P = BÆ; (3.21)where B = [Bij ℄ is the sus
eptan
e matrix and Æ = (Æ1; Æ2; : : : ; Æn)0, where 0 meanstranspose. In addition, we assume that lines are lossless, that is, P1+P2+; : : : ;+Pn =0. This ensures that the load demanded is greater than or equal to the load generated.Note that (3.21) is a linear system and the real power inje
tions depend only on thebus voltage angles; however, B as de�ned in (3.20) is singular. Sin
e the equationfor node n is the negative of the sum of the equations for nodes 1; : : : ; n�1 the linear87



system involves only n � 1 independent equations. Essentially, the last equation isredundant. Thus, engineers typi
ally will assign a zero node voltage angle to noden and then solve the following system:
P0 = B0 Æ0; (3.22)where B0 is the (n � 1) � (n � 1) submatrix of B obtained by deleting the lastrow and 
olumn of B, Æ0 = (Æ1; Æ2; : : : ; Æn�1) and P0 = (P1; P2; : : : ; Pn�1). HereP0 = P1 + P2+; : : : ;+Pn�1 to ensure the equality of supply and demand and hen
enode n is often referred to as the sla
k bus.The solution of (3.22) involves matrix inversion whi
h 
an be a

omplisheddire
tly and is, therefore, mu
h faster then the iterative methods needed for solvingthe original nonlinear equations. This method of determining the real 
ows throughsolving �rst for the bus angles is often referred to as the linearized DC method ofload 
ows, in 
ontrast with the exa
t, non{linear solution, whi
h is termed the ACsolution. The term \DC load 
ow" arose be
ause the linear relationship between Pand Æ is analogous to the relationship between 
urrent and voltage in a dire
t 
urrentnetwork, whi
h 
ontains only resisters.3.3.3 Linear Programming Power Flow ModelPower system reliability evaluation 
an be modeled as a linear programwith sto
hasti
 right hand sides. There are two main 
lasses of 
onstraints: (1)88



power 
ow equations and (2) operating 
onstraints. Using the model we developedin the previous se
tion, the power 
ow equations are modeled by the following setof linear equations: B0 Æ0 + g0 = d0; (3.23)where B0 is the sus
eptan
e matrix, Æ0 is the ve
tor of node voltage angles, g0 =(g1; g2; : : : ; gn�1) is the a
tive power generation ve
tor and d0 = (d1; d2; : : : ; dn�1)is the load ve
tor. That is, g0i is the generating 
apa
ity in MW of the ith bus. Ifa given bus does not have a generator, then the 
orresponding generating 
apa
ityis 0. Likewise, d0i is the load at bus i. By rewriting (3.23) as B0Æ0 = d0 � g0 we
an 
ompare it to (3.22) so that d0 � g0 
orresponds to P0. A positive element ofd0�g0 represents a bus load and a negative value represents available 
apa
ity. Thus,given g0 and d0, the solution ve
tor Æ0 to (3.23) is found and a
tive power 
ow in
ir
uit ij is given as Pij = (Æi � Æj)=Xij ; see (3.18). Consequently, these equationsmodel the distribution of ele
tri
al power in the network 
ir
uits. Load un
ertaintyalways exists in a
tual power systems and it has long been re
ognized that they 
anhave a great impa
t in power system reliability evaluation. An a

epted approa
hto simulating load un
ertainty is to model the load as normal random variables.The mean values are estimated load means based on histori
al data. The standarddeviation is assigned a

ording to the per
eived load for
ast un
ertainty, su
h as 5%.The operating 
onstraints pla
e limits on power generation g0i � �g0i and89



power 
ow Pij � �Pij . The generating units in the 
apa
ity ve
tor are subje
t torandom failures and are thus modeled as random variables. For example, supposea generator on a bus, say i, is 
omprised of three units ea
h having a generating
apa
ity of 100 MW. Ea
h of these units is prone to failure and so we 
an model thetotal 
apa
ity available at generator i as the following random variable:�gi = 3Xk=1 100�k; (3.24)where �k ; k = 1; : : : ; 3 are independent Bernoulli random variables. If �k = 0 forsome k, then the 
orresponding generating unit is down, otherwise it is operating. If�k = 0 for all k, then no power 
an be supplied. This modeling te
hnique is similarilyused for all buses with generators. Likewise, weather related outages of transmissionlines 
an 
ause entire power interruption between system buses. To model powerline outages between 
ir
uit ij, we use the following random variable.�Pij = 3Xk=1CAPij�ij ; (3.25)where CAPij is the 
ow 
apa
ity of 
ir
uit ij and �ij is a Bernoulli random variable.Overloads 
aused by generator or 
ir
uit outages 
an often be eliminatedby res
heduling the system generators. In some severe situations, it may be ne
-essary to 
urtail load in the system; that is, to potentially redire
t energy throughthe network to minimize load 
urtailment. Load 
urtailment is represented by \�
-titious" generators pla
ed at ea
h bus. That is, when the required load at a given90



bus 
annot be 
ompletely satis�ed due to the insuÆ
ient total availability generating
apa
ity and/or limits of tie line 
apa
ities, the \�
titious generator variables" 
anprovide the required load su
h that power balan
e at ea
h bus is always guaranteed.Thus, the �
titious generator variables are load 
urtailment variables for ea
h as-so
iated bus and therefore the upper limit is assigned as the asso
iated bus load.The generator variables, the �
titious generator variables and tie lines 
onstitute agenerator{transmission system. The obje
tive is to minimize total load 
urtailmentwhile satisfying the power 
ow equations and operating 
onstraints. The followinglinear program [1, 43, 44, 52℄ 
an be used for this purpose:
L( �d; �g; �f) = min nXi=1 ris.t. BÆ + g + r = �d (3.26)g � �g (3.27)r � �d (3.28)jPij j � �Pij for all 
ir
uits ij (3.29)g; r � 0; Æ free: (3.30)where ri is the \�
titious generator variable" at bus i. Hen
e EPNS = E[L( �d; �g; �f)℄and LOLP = E[1L( �d;�g; �f)>0℄.We employ the load 
urtailment linear programming model presented inthe previous se
tion to demonstrate the use of quasi 
ontrol variates. The IEEE91



Sub
ommitee on the Appli
ation of Probability Methods has developed a ReliabilityTest System [48℄ (RTS) whi
h in
ludes both generation and major transmissionfa
ilities. The main obje
tive was to provide a standard basi
 model whi
h 
ouldbe used to test or 
ompare methods for reliability analysis of power systems. Usinga modi�ed version of the RTS we estimate the EPNS and LOLP. Tie line and busgenerating 
apa
ity data are given in Tables B.1 and B.2. Noti
e that this tablealso provides the probability failure of a given tie line and its 
apa
ities in MW.Generating unit 
apa
ities are given in Table B.3 and bus load data are provided inTable B.4.3.4 Numeri
al ExperimentsUsing the algorithm des
ribed in Se
tion 2.4 we allot 60 se
onds for thenth segment and allow for a total simulation time of t = 30 minutes. We 
onsidervarious dual approximations where �, given in the Table below, represents the num-ber of dual verti
es. Also, � is the 
orrelation between the obje
tive fun
tions of theanalyti
al problem and the dual approximation; r is the relative e�ort involved inobtaing the obje
tive fun
tion value of the approximate problem to that of solvingthe linear program in the main simulation. Results are given in Tables 3.6 and 3.7where the Speedup is de�ned as the estimated varian
e of the \
rude" Monte Carloestimate divided by the varian
e of the QCV estimator. Also, due to the length ofthe simulation time, overhead 
osts are insigni�
ant.
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EPNS� Speedup � r2 2.31 0.829764 0.0185775 2.70 0.853090 0.02049210 3.66 0.871843 0.02526215 3.35 0.876689 0.02574920 5.31 0.921301 0.02727125 6.40 0.941632 0.02888730 6.38 0.935184 0.03148440 6.12 0.942480 0.03480450 6.87 0.950231 0.03514680 8.72 0.963415 0.041050Table 3.6. EPNS Speedup
LOLP� Speedup � r2 4.73 0.900753 0.0205695 4.86 0.907416 0.02183310 6.29 0.931023 0.02368715 5.31 0.918041 0.02507620 5.78 0.931357 0.02667625 6.03 0.931847 0.02875230 8.10 0.950192 0.03100040 10.8 0.967068 0.03271050 8.51 0.954699 0.036998Table 3.7. LOLP Speedup
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4. Con
lusion and Future Work4.1 SummaryWe have generalized the notion of 
lassi
al 
ontrol variate methodology tothe 
ase where the 
ontrol variate mean is unknown and have developed a pro
edurefor its implementation in appli
ations. We have demonstrated through a 
oupleof \real{word" illustrations that the QCV s
heme potentially provides tremendousspeedup.4.2 Future Resear
hIn our resear
h, we 
onsidered having only one QCV estimator. A possibleextension to the QCV s
heme is the potential of multiple estimators. Also, we usedthe QCV s
heme to estimate the mean of the obje
tive fun
tions of sto
hasti
 linearprograms. It would be interesting to in
orporate the QCV method into algorithmsfor a
tually solving sto
hasti
 programs. One su
h algorithm may involve sto
has-ti
 quasi gradient methods whereby we attempt to improve eÆ
ien
y in estimatingthe quasi gradients. We demonstrated examples that involve ex
lusively linear pro-gramming models. We would like to see new appli
ations for the QCV method,i.e., sto
hasti
 integer problems, sto
hasti
 networks or sto
hasti
 vehi
le routingproblems.
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A. APPENDIX Re�ning Fra
tionation DataYield of input, % ModelFra
tion (x18; x19) Destination VariableGas 8.00 Combustible x30Propane 4.00 Propane x31Combustible x32Butane 4.50 Butane x33Combustible x34Gasoline 81.50 Gosoline I x35Gasoline II x36Loss 2.00 Re{forming x37Table A.1. Re{forming
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Yield of input, % ModelFra
tion (x23; x25; x27) Destination VariableWD 47.00 Catalyti
 
ra
king x43Gas Oil 5.00 Gas oil x44Residue 43.00 Pit
h x45Fuel x46Combustible x47Loss 5.00 Loss x48Table A.2. Va
uumYield of input, % ModelFra
tion (x43) Destination VariableGas 3.50 Combustible x49Catalyti
 7.50 Catalyti
 x50polymerizator polymerizatorGasoline 22.00 Gasoline I x51Gasoline II x52LCO 32.00 Gas Oil x53Fuel x54HYCO 28.50 Gas Oil x55Fuel x56Loss 6.50 Loss x57Table A.3. Catalyti
 Cra
king UnitYield of input, % ModelFra
tion (x43) Destination VariablePropane 10.00 Propane x58Combustible x59Butane 30.00 Butane x60Combustible x61Gasoline 60.00 Gasoline I x62Gasoline II x63Table A.4. Catalyti
 polymerizator
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B. APPENDIX Power System Bus and Tie{Line dataFrom To Sus
eptan
e Capa
ity Failurebus bus (p.u. 100 MW base) (MW) Probability1 2 71.9 175 0.000441 3 4.7 175 0.000581 5 11.8 175 0.000382 4 7.9 175 0.000452 6 5.2 175 0.000553 9 8.4 175 0.000433 24 11.9 400 0.001753 24 11.9 400 0.001754 9 9.6 175 0.000415 10 11.3 175 0.000396 10 16.5 175 0.001327 8 16.3 175 0.000348 9 6.1 175 0.000508 10 6.1 175 0.00050Table B.1. Bran
h Data

97



From To Sus
eptan
e Capa
ity Failurebus bus (p.u. 100 MW base) (MW) Probability9 11 11.9 400 0.001759 12 11.9 400 0.0017510 11 11.9 400 0.0017510 12 11.9 400 0.0017511 13 21.0 500 0.0005011 14 23.9 500 0.0005012 13 21.0 500 0.0005012 23 10.4 500 0.0006513 23 11.6 500 0.0006214 26 25.7 500 0.0004815 16 57.8 500 0.0004115 21 20.4 500 0.0005115 24 19.3 500 0.0005116 17 38.6 500 0.0004416 19 43.3 500 0.0004417 18 69.4 500 0.0004017 22 9.5 500 0.0006818 21 36.8 500 0.0004419 20 25.3 500 0.0004820 23 46.3 500 0.0004321 22 14.7 500 0.00057Table B.2. Bran
h Data (
ont.)
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Unit 1 Unit 2 Unit 3 Unit 4 Unit 5 Unit 6Bus p.u. p.u. p.u. p.u. p.u. p.u.1 0.20 0.20 0.76 0.762 0.20 0.20 0.76 0.767 0.10 0.10 0.10 0.1013 1.97 1.97 1.9715 0.12 0.12 0.12 0.12 0.12 1.5516 1.5518 4.0021 4.0022 0.50 0.50 0.50 0.50 0.50 0.5023 1.55 1.55 1.55Table B.3. Generating Unit Lo
ations
Load LoadBus (p.u.) Bus (p.u.)1 1.08 10 1.952 0.97 13 2.653 1.80 14 1.944 0.74 15 3.175 0.71 16 1.006 1.36 18 3.337 1.25 19 1.818 1.71 20 1.289 1.75Table B.4. Bus Load Data
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