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&KDSWHU

� � ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � %DVLF 0 RGHORI WKH. LWH� � � � � � � � � � � � � � � � � � � � � � � � � �

� �� ) RUFH( TXDWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� �� 3URSRVHG%LIXUFDWLRQ' LDJUDP � � � � � � � � � � � � � � � � � � � � �

� �� ' \ QDPLFVRI WKH. LWH � � � � � � � � � � � � � � � � � � � � � � � � � �

� � $ QDO\ VLVRI WKH%DVLF 0 RGHO � � � � � � � � � � � � � � � � � � � � � � � �

� �� ) L[ HG3RLQWV� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� �� 7 KHRU\ RI / LQHDUL] DWLRQ� � � � � � � � � � � � � � � � � � � � � � � � � �

� �� &ODVVLnFDWLRQRI / LQHDUL] HG6\ VWHPV � � � � � � � � � � � � � � � � � � �

� �� / LQHDUL] DWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� �� 1 XP HULFDO6ROXWLRQRI WKH%DVLF 0 RGHO � � � � � � � � � � � � � � � � �

� �� 3KDVH3RUWUDLWRI WKH%DVLF 0 RGHO� � � � � � � � � � � � � � � � � � � �

� � ( mHFWLYH0 RGHORI WKH. LWH � � � � � � � � � � � � � � � � � � � � � � � � �

� �� &DVHRI WKH5 LVLQJ . LWH � � � � � � � � � � � � � � � � � � � � � � � � � �

� �� &DVHRI WKH) DOOLQJ . LWH � � � � � � � � � � � � � � � � � � � � � � � � �

� �� 3XWWLQJ ,W$ OO7RJHWKHU� � � � � � � � � � � � � � � � � � � � � � � � � �

� � $ QDO\ VLVRI WKH( mHFWLYH0 RGHO� � � � � � � � � � � � � � � � � � � � � � �

� �� ) L[ HG3RLQWV� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� �� / LQHDUL] DWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� �� $ FWXDO%LIXUFDWLRQ' LDJUDP IRUWKH( mHFWLYH0 RGHO� � � � � � � � � �

� �� 3KDVH3RUWUDLWRI WKH( mHFWLYH0 RGHO� � � � � � � � � � � � � � � � � �

� � &RQFOXVLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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) LJXUH

� �� 7KHIRUFHVRQWKHNLWHFRQVLVWRI ZLQG� OLIW� GUDJ� VWULQJ WHQVLRQDQG

JUDYLW\� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� �� 7KLVLVWKHSORWRI VLQt � � b � mFRVt �  b n� ZKHUHt LVWKHDQJOHV V V

DWZKLFK WKHNLWHLVDWHTXLOLEULXP� � � � � � � � � � � � � � � � � � � �

� �� 7KLV LV WKH JUDSK RI ) LJXUH � �� ZLWK WKH D[ HV LQYHUWHG� ' UDZQ LQ

WKLVIDVKLRQ� LWEHFRPHVWKHSURSRVHGELIXUFDWLRQGLDJUDP RI WKHEDVLF

PRGHORI WKHNLWH� � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� �� 7KLVJUDSK VKRZVWKHFRPSRQHQWVRI IRUFHLQWKHWDQJHQWLDOGLUHFWLRQ�

7KHSRVLWLYHFRPSRQHQWRI IRUFHLV) FRVt � 7KHQHJDWLYHFRPSRQHQWV/

DUH) FRVt DQG) VLQt � � � � � � � � � � � � � � � � � � � � � � � � � �* '

B� �� $ WUDMHFWRU\ LVDFXUYHLQWKH� t � t � SKDVHVSDFH� � � � � � � � � � � � � �

� �� 7KLVJUDSKVKRZVWKHWUDMHFWRULHVLQWKHSKDVHVSDFHQHDUDVDGGOHSRLQW� � �

� �� 7UDMHFWRULHVLQWKHSKDVHVSDFHDUHUHSHOOHGIURP XQVWDEOHQRGHV� � � � � �

� �� 7UDMHFWRULHVLQWKHSKDVHVSDFHDUHDWWUDFWHGWRVWDEOHQRGHV� � � � � � �

� �� 7KLVJUDSKVKRZVDWUDMHFWRU\ LQWKHSKDVHVSDFHQHDUDQXQVWDEOHVSLUDO� � �

� �� 7KLVJUDSK VKRZVWKHWUDMHFWRULHVLQWKHSKDVHVSDFHQHDUDVWDEOHVSLUDO� � �

� �� 7KLVJUDSKVKRZVWZRSXUHLPDJLQDU\ HLJHQYDOXHVLQWKHFRPSOH[ SODQH�

1 RQOLQHDUWHUPVFRXOGKDYHWKHHmHFWRI VKLIWLQJ WKHP RmWKHLPDJLQDU\

D[ LV� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� �� 7KLVJUDSK VKRZVD QHXWUDOO\ VWDEOH FHQWHURI D OLQHDUV\ VWHP� / LQ�

HDUL] DWLRQ RI D QRQOLQHDUV\ VWHP FDQQRWGHWHFWFHQWHUV� +RZHYHU� LI

WKH V\ VWHP RI 2 ' ( V ZHUHOLQHDUWR EHJLQ ZLWK� WKHQ WZR LPDJLQDU\

HLJHQYDOXHVLQGLFDWHDFHQWHU� � � � � � � � � � � � � � � � � � � � � � � �
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� �� 7KLVLVWKHELIXUFDWLRQ GLDJUDP RI WKHEDVLF PRGHODFFRUGLQJ WR OLQ�

HDUL] DWLRQ� : H KDYH GHWHUPLQHG WKDWRQH RI WKH n[ HG SRLQWV LV DQ

XQVWDEOHVDGGOHSRLQWDQGWKHRWKHUKDVXQNQRZQVWDELOLW\� � � � � � � � �

� �� � ) RXUWK�RUGHU5XQJH�. XWWDPHWKRG� ,QHDFKVWHSWKHULJKWKDQGVLGHRI

WKH2 ' ( VLVHYDOXDWHGIRXUWLPHV� RQFHDWWKHLQLWLDOSRLQW� t � WZLFHQ

DWPLGSRLQWV� DQGRQFHDWWKHHQGSRLQW� t � ) URP WKHVHIRXUYDOXHVQ� �

WKHnQDOIXQFWLRQYDOXH�VKRZQDVDnOOHGGRW� LVFDOFXODWHG� � � � � � � �

� �� � 7KH5XQJH�. XWWDPHWKRGZDVXVHGWRFDOFXODWHWKHWUDMHFWRULHVIRUWKH

SKDVHSRUWUDLWRI WKHEDVLF PRGHO� 7KHn[ HGSRLQWt  � �� � � � LVD

VDGGOHSRLQWDQGWKHRWKHUt  � �� � � � DFHQWHU� � � � � � � � � � � � � � �

� �� : KHQWKHNLWHLVULVLQJ� WKHZLQGDSSHDUVWREHJRLQJ GRZQIURP WKH

SHUVSHFWLYHRI WKHNLWH� 7KHHmHFWLYHZLQGVSHHGDVYLHZHGE\ WKHNLWH
� � �FDQEHH[ SUHVVHGDVw  �wb �b YVLQt � � � � � b YFRVt � � � � � � � � �H

� �� 7KLVJUDSK VKRZVWKHJHRPHWULF UHODWLRQVKLSVXVHG WR GHWHUPLQHWKH

HmHFWLYHDQJOHt IRUWKHFDVHRI WKHULVLQJ NLWH� � � � � � � � � � � � � � �H

� �� : KHQ WKHNLWHLVIDOOLQJ� WKHZLQGDSSHDUVWR EHJRLQJ XS IURP WKH

SHUVSHFWLYHRI WKHNLWH� 7KHHmHFWLYHZLQGVSHHGDVYLHZHGE\ WKHNLWH
� � �FDQEHH[ SUHVVHGDVw  �wb YVLQt � � � � b �b YFRVt � � � � � � � � � �H

� �� 7KLVJUDSK VKRZVWKHJHRPHWULF UHODWLRQVKLSVXVHG WR GHWHUPLQHWKH

HmHFWLYHDQJOHt IRUWKHFDVHRI WKHIDOOLQJ NLWH� � � � � � � � � � � � � �H

�� �� 7KLVJUDSK VKRZVWKDW%�m� ! � IRUm ! � � 1RWLFHWKDW%� �  ��

DQG%�m� ! � IRUm! � � � � � � � � � � � � � � � � � � � � � � � � � � �

� �� 7KLVELIXUFDWLRQGLDJUDP VXPPDUL] HVWKHVLJQVRI j DQGz� � � � � � � � �

� �� 7KLV ELIXUFDWLRQ GLDJUDP VXPPDUL] HV WKH W\ SH DQG VWDELOLW\ RI n[ HG

SRLQWV� EDVHGRQWKHGHWHUPLQDQW� c � DQGWKHWUDFH� ~ RI WKH-DFRELDQ

PDWUL[ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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� �� 7KLVSKDVHSRUWUDLWRI WKHHmHFWLYHPRGHOVKRZVWUDMHFWRULHVWKDWVWDUW
{DWDQJOHVEHWZHHQ� DQG � ZKLFKLVWKHYDOLGUHJLRQIRURXUNLWHPRGHO��

7KHn[ HGSRLQWVRFFXUDW� �� � � � � UDGLDQVDQG� �� � UDGLDQVZLWK n  

� �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� �� 7KHPLGGOHJUDSK LVD] RRPHGLQYLHZ RI WKHVWDEOHQRGH� 7KHXSSHU

OHIWSLFWXUHLVDQDQJOHYHUVXVWLPHSORWRI WKHWUDMHFWRU\ VWDUWLQJ DW
BWKHXSSHUOHIWFRUQHURI WKHSKDVHSRUWUDLW� t � t �  � � �� � � � � �� � � � 7KH

ERWWRP PLGGOHJUDSKVKRZVZKDWKDSSHQVZKHQWKHNLWHLVSODFHGSUH�

FLVHO\ RQWKHVWDEOHQRGH� 7KHNLWHGRHVQRWPRYHIURP WKDWSRVLWLRQ�

7KHn[ HGSRLQWRFFXUVDW� �� � UDGLDQVZLWK n  � �� � � � � � � � � � � � � � �

� �� 7KHSKDVHSRUWUDLWGUDZQKHUHLQFOXGHWKHVDGGOHSRLQW� 7UDMHFWRULHV

WKDWVWDUWRXWZLWK D SRVLWLYH YHORFLW\ DUH GUDZQ WRZDUG WKH VWDEOH

QRGH RQ WKH ULJKW� 7UDMHFWRULHV VWDUWLQJ ZLWK QHJDWLYH YHORFLW\ DUH

GUDZQWRZDUGDVWDEOHQRGHQRWLQWKHYDOLGSK\ VLFDOERXQGDULHVRI WKH

V\ VWHP� 7KHWKUHHDQJOHYHUVXVWLPHSORWVVKRZ ZKDWKDSSHQVZKHQ

WKHNLWHLVSODFHGDWWKHWKUHHLQGLFDWHGSRLQWV� 7KHn[ HGSRLQWRFFXUV

DW� �� � � � � UDGLDQVZLWK n  � �� � � � � � � � � � � � � � � � � � � � � � � � �

� �� 7KLVGUDZLQJ VKRZVWKHVDGGOHSRLQWRQWKHOHIWDQGWKHVWDEOHQRGH

RQWKHULJKW� 7UDMHFWRULHVOHDYLQJ WKHVDGGOHSRLQWDORQJ WKHJURZLQJ

HLJHQYHFWRUVRRQDUHGUDZQLQWRWKHGHFD\ LQJ HLJHQYHFWRURI WKHVWDEOH

QRGH� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� �� 7KLVSKDVHSRUWUDLW?] RRPV� LQRQWKHXQVWDEOHQRGH� $ WUDMHFWRU\ WKDW

VWDUWVLQ WKHORZHUULJKWFRUQHUJRHVGRZQ WR ] HUR� ZKLFK SK\ VLFDOO\

PHDQV WKDWWKH NLWH KLWV WKH JURXQG� 7UDMHFWRULHVWKDWVWDUWDWWKH

n[ HG SRLQWDV ZHOODV WUDMHFWRULHV WKDWVWDUWRXWLQ WKH XSSHUULJKW

FRUQHUDOVRJRGRZQWR] HUR� MXVWQRWDVIDVW� 7KHn[ HGSRLQWRFFXUV

DW� �� � UDGLDQVZLWK n  � �� � � � � � � � � � � � � � � � � � � � � � � � � � �
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7DEOH

� �� 7KHGHWHUPLQDQWc � DQGWKHWUDFH~� RI WKH-DFRELDQPDWUL[ DUHXVHG

WRGHWHUPLQHWKHVWDELOLW\ RI WKHV\ VWHP ORFDOWRWKHn[ HGSRLQW� : KHQ
�c  � � ~  � � RU~ b � c  � WKHOLQHDUL] DWLRQLQLQFRQFOXVLYH� � � � � �

$ �� 7KLVWDEOHVXPPDUL] HVWKHVSHFLnF n[ HGXVHGLQWKHSKDVHSRUWUDLWV� � � �

$ �� 7KLVWDEOHVXPPDUL] HVWKHHLJHQYDOXHVDQGHLJHQYHFWRUVIRUHDFK n[ HG

SRLQWFDOFXODWHGIURP WKH-DFRELDQPDWULFHV� � � � � � � � � � � � � � � �

[



$ &. 1 2 : / ( ' * ( 0 ( 1 7 6

, ZRXOGOLNHWRH[ SUHVVP\ GHHS JUDWLWXGHWR' U� %ULJJVIRUKLVLQVSLUDWLRQ

DQGJXLGDQFH� KLVKHOSIXOVXJJHVWLRQVDQGHQFRXUDJHPHQW� IRUKLVWLPH� HQHUJ\

DQGPDQ\ SURRIUHDGLQJ VHVVLRQV� , ZRXOGOLNHWRWKDQN- RKQ6WDUUHWWIRUWKH

SURJUDP PLQJ LGHDV� ) LQDOO\ � , ZRXOGOLNHWRWKDQN0 DUF� $ P DQGD� 0 DULVVD�

%HWWLMHDQ� ' RGLHDQG' HQQLVIRUWKHLUP RUDOVXSSRUWDQGP DQ\ SHS WDONV�

[ L



� � , QWURGXFWLRQ

. LWHVKDYHEHHQDURXQGIRUDWOHDVW� �� � � \ HDUV� : HNQRZ WKDWDQFLHQW

&KLQHVHDVZHOODVDQFLHQW( J\ SWLDQVoHZ NLWHV� 7 KURXJK WKHDJHV� NLWHVKDYH

EHHQXVHGIRUUHOLJLRXVFHOHEUDWLRQV� FRP SHWLWLRQV� SOHDVXUHDQGH[ SHULP HQWDWLRQ�

. LWHVKDYHDOVRKDGVRP HYHU\ LQWHUHVWLQJ SUDFWLFDODSSOLFDWLRQV�

&KLQHVHOHJHQGKDVLWWKDWWKHHPSHURURI WKH+DQG\ QDVW\ DWWDFKHG

EDPERRSLSHVWRNLWHVDQGoHZ WKHP RYHUHQHP\ FDP SVRQP RRQOHVVQLJKWV� 7 KH

ZLQGEORZLQJ WKURXJK WKHSLSHVP DGHDQHHULHVRXQG� 7 KHHPSHURUVHQW

LQnOWUDWRUVLQWRWKHFDP SVWRVSUHDGWKHZRUGWKDWWKHQRLVHZDVWKDWRI JKRVWV

SURFODLP LQJ WKHGHIHDWRI WKHLULQYDVLRQ� 7 KHLQYDGHUVZHUHVRVFDUHGWKH\ OHIWLQ

DKXUU\ �

$ VDER\ � %HQMDP LQ) UDQNOLQXVHGDNLWHWRSXOOKLP VHOI DFURVVDSRQG

ZKLOHoRDWLQJ RQKLVEDFN� / DWHULQKLVOLIHKHXVHGNLWHVWRLQYHVWLJDWH

DWP RVSKHULF HOHFWULFLW\ � . LWHVWXGLHVZHUHDOVRPDGHE\ SK\ VLFLVWDQGLQYHQWRU

$ OH[ DQGHU* UDKDP %HOO�

,Q� � � � � ( QJOLVK VFKRROWHDFKHU* HRUJH3RFRFNLQYHQWHGDOLJKWZHLJKW�

NLWH�GUDZQYHKLFOH� ZKLFK KHQDP HGDFKDUYRODQW� 7 KLVFDUULDJHGUDZQE\ WZR

NLWHVFRXOGFDUU\ nYHSHRSOHDQGUHDFK VSHHGVRI � � WR� � P LOHVSHUKRXU�

. LWHVZHUHXVHGGXULQJ WKHFRQVWUXFWLRQRI WKHVXVSHQVLRQEULGJHMXVW

EHORZ 1 LDJDUD) DOOVLQ1 HZ <RUNVWDWH� . LWHVZHUHoRZQDFURVVWKHULYHUZLWK

VP DOOURSHV� : KHQHQRXJK VP DOOURSHVZHUHoRZQDFURVV� WKH\ ZHUHXVHG

WRJHWKHUWRSXOOFDEOHVDFURVVWKHULYHU� 7 KLVPDGHLWSRVVLEOHWREHJLQ

FRQVWUXFWLRQ�

6DPXHO) UDQNOLQ&RG\ LQYHQWHGDV\ VWHP RI P LOLWDU\ REVHUYDWLRQZKLFK

WKH%ULWLVK $ UP\ XVHGLQ� � � � � $ NLWHUDLVHGDQREVHUYHULQDEDVNHWZLWK D

WHOHVFRSH� FDP HUDDQGJXQ� 1 RWHVZHUHVHQWWRDQGIURP WKHJURXQGWRUHOD\

�



LQIRUP DWLRQ� ( QHP\ P RYHP HQWVFRXOGEHWUDFNHGIURP WKHDLUXVLQJ WKLVV\ VWHP �

7 KHXVHRI NLWHVIRUP LOLWDU\ REVHUYDWLRQEHFDP HREVROHWHZLWK WKH

LQYHQWLRQRI WKHDLUSODQH� +RZHYHU� NLWHVZHUHVWLOOXVHGLQWKHHDUO\ WZHQWLHWK

FHQWXU\ IRUPLOLWDU\ SXUSRVHV� . LWHVZHUHoRZQDURXQGPLOLWDU\ HVWDEOLVKP HQWV

WRNHHS RXWVS\ SODQHV� 7 KHVWULQJVDQGZLUHVDWWDFKHGWRWKHNLWHVZRXOGFDWFK

DLUSODQHZLQJVRUHQWDQJOHSURSHOOHUV�

7 KHNLWHKDVEHHQXVHGWRVROYHP DQ\ RWKHUSUREOHP V� IURP SXOOLQJ ERDWV

DFURVVERGLHVRI ZDWHU� WRUDLVLQJ P HWHRURORJLFDOLQVWUXPHQWVIRUWKHVWXG\ RI

ZHDWKHU� IURP IDFLOLWDWLQJ DHULDOSKRWRJUDSK\ WREHLQJ XVHGDVVLJQDOVLQDLU�VHD

UHVFXHRSHUDWLRQV�

,QWKLVSDSHUZHORRNDWWKHSUREOHP RI o\ LQJ WKHNLWH� : HZLOO

P DWKHPDWLFDOO\ P RGHODNLWHLQoLJKW� 7 KHUHDUHWZRYHUVLRQVRI WKHPRGHO� ,Q

VHFWLRQ� ZHGHYHORS WKHEDVLF P RGHOE\ VWXG\ LQJ WKHIRUFHVRQWKHNLWH� ,Q

VHFWLRQ� ZHGHVFULEHWKHP HWKRGRI OLQHDUL] DWLRQWRVWXG\ WKHEHKDYLRUQHDU

n[ HGSRLQWV� 7 KHQZHDSSO\ WKHWKHRU\ WRRXUEDVLF P RGHO� $ IWHUH[ KDXVWLQJ

TXDOLWDWLYHPHWKRGV� ZHXVHDFRPSXWHUWRVROYHWKHV\ VWHP RI HTXDWLRQV

QXPHULFDOO\ � 7 KLVJLYHVXVDELJ SLFWXUHRI WKHEDVLF V\ VWHP 
VEHKDYLRU� ,Q

VHFWLRQ� ZHUHnQHWKHEDVLF P RGHOE\ DGGLQJ HmHFWLYHTXDQWLWLHVWRSURGXFHWKH

HmHFWLYH P RGHO� 7 KHQLQVHFWLRQ� ZHGRERWK DTXDOLWDWLYHVWXG\ DQGD

QXPHULFDOVWXG\ � RI WKHHmHFWLYHP RGHO� : HZLOOFORVHE\ FRP SDULQJ WKHWZR

P RGHOV�

�



� � %DVLF 0 RGHORI WKH . LWH

$ NLWHLVDZLQG�VXSSRUWHGo\ LQJ GHYLFHFRQVLVWLQJ RI DZRRGHQRUVLPLODU

IUDP HZRUNFRYHUHGZLWK SDSHU� FORWK RUV\ QWKHWLF PDWHULDO� $ NLWHP D\ EH

WKRXJKWRI DVDUXGLPHQWDU\ DLUIRLO� ,QWKLVVHFWLRQRI WKHSDSHUZHZLOOGHYHORS D

V\ VWHP RI HTXDWLRQVWKDWP RGHOWKHEDVLF IRUFHVRQDNLWH� ) LJXUH� �� VKRZVWKH

IRUFHVWKDWZHZLOOEHORRNLQJ DWLQWKLVnUVWP RGHO� 7 KHUHLVWKHZLQG� WKH

WHQVLRQRI WKHVWULQJ� WKHIRUFHGXHWROLIW� WKHIRUFHGXHWRGUDJ� DQGWKHIRUFH

GXHWRJUDYLW\ � : HZLOOGHnQHWKHIROORZLQJ TXDQWLWLHV�

7  WKHWHQVLRQLQWKHVWULQJ�

)  WKHIRUFHGXHWRGUDJ�'

)  WKHIRUFHGXHWROLIW�/

)  WKHIRUFHGXHWRJUDYLW\ �*

w  WKHZLQGYHORFLW\ �

t  WKHDQJOHEHWZHHQWKHJURXQGDQGWKHNLWHVWULQJ�

� �� ) RUFH ( TXDWLRQV

7 KHP RYHP HQWRI WKHNLWHLQWKLVP RGHOZLOOEHPHDVXUHGE\ WKHDQJOH

EHWZHHQWKHVWULQJ DQGWKHKRUL] RQWDO� 7 KHNLWHLVDVVXP HGWREHn[ HGWRWKH

VWULQJ DQGGRHVQRWURWDWHDURXQGWKHVWULQJ� 2 WKHULQJUHGLHQWVQHHGHGLQWKH

HTXDWLRQVRI P RWLRQDUHDVIROORZV�

�



) LJXUH� �� � 7KHIRUFHVRQWKHNLWHFRQVLVWRI ZLQG� OLIW� GUDJ� VWULQJ WHQVLRQDQGJUDYLW\�

|  WKHGHQVLW\ RI DLU�

$  WKHVXUIDFHDUHDRI WKHNLWH�

P  WKHP DVVRI WKHNLWH�

&  WKHFRHp FLHQWRI GUDJ GHSHQGHQWRQWKHDQJOHt �'

&  WKHFRHp FLHQWRI OLIWGHSHQGHQWRQWKHDQJOHt �/

7 KHYHUWLFDOIRUFHVRQWKHNLWHDUHWKH\ �FRP SRQHQWRI WKHWHQVLRQLQWKH

VWULQJ� 7 � WKHIRUFHGXHWRJUDYLW\ RQWKHNLWH� ) � DQGWKHIRUFHGXHWROLIW� ) �\ * /

7 KHVHIRUFHVPXVWEDODQFH� ZKLFK P HDQVWKDW

7 � )  ) � � � �\ * /

7 KHKRUL] RQWDOIRUFHVDUHWKH[ �FRPSRQHQWRI WKHWHQVLRQRI WKHVWULQJ� 7 � DQG[

WKHIRUFHGXHWRGUDJ� ) � $ JDLQ� WKHVHIRUFHVPXVWEDODQFH� JLYLQJ'

7  ) � � � �[ '

�
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7 KH\ �FRP SRQHQWRI WKHWHQVLRQLQWKHVWULQJ LV7 VLQt DQGWKH[ �FRPSRQHQWLV

7 FRVt � ( TXDWLRQV� � � DQG� � � EHFRPH

7 VLQt � )  ) � � �* /

DQG

7 FRVt  ) � � � �'

7 KHZLQGWKDWNHHSVWKHNLWHDoRDWKDVDVSHHGRI w� 7 KHIRUFHGXHWROLIWLV

JLYHQE\
� �)  | & w $ � � � �/ /�

/ LNHZLVHWKHIRUFHGXHWRGUDJ LVJLYHQE\

� �)  | & w $ � � �' '�

>$ GRPDLWLV� 2 
' HOO� 0 DUFKDM@� 7 KHOLIWFRHp FLHQW� & � LVXVXDOO\ GHWHUP LQHG'

{H[ SHULP HQWDOO\ LQDZLQGWXQQHO� ) RUDQDQJOHOHVVWKDQ WKHOLIWFRHp FLHQWFDQ�

EHP RGHOHGE\

&  EVLQ� t �/

ZKHUHELVDFRQVWDQWZKLFK LVGHWHUP LQHGH[ SHULPHQWDOO\ >$ GRPDLWLV� 2 
' HOO@�

7 KHGUDJ FRHp FLHQW� & � FDQEHH[ SUHVVHGDV'

&  DFRVt �'

ZKHUHDLVDOVRDFRQVWDQW� DOVRGHWHUPLQHGH[ SHULP HQWDOO\ >$ GRP DLWLV� 2 
' HOO@�

7 KHIRUFHGXHWRJUDYLW\ RQWKHNLWH� ) � LVWKHPDVVRI WKHNLWH� P � WLPHVWKH*

DFFHOHUDWLRQRI JUDYLW\ DWWKHHDUWK
VVXUIDFH� J� 6XEVWLWXWLQJ ) � ) � ) � &* / ' /

DQG& LQWRHTXDWLRQV� � � DQG� � � JLYHV'

� �7 VLQt � P J  | Ew $ VLQ� t � � �
�

DQG
� �7 FRVt  | Dw $ FRVt � � � �
�

�



6ROYLQJ HTXDWLRQ� � � IRU7 DQGVXEVWLWXWLQJ LQWRHTXDWLRQ� � � UHVXOWVLQ

� �� �� | Dw $ � VLQt � P J  | Ew $ VLQ� t �
� �

) XUWKHUVLPSOLnFDWLRQJLYHV

E b � P J
VLQt b VLQ� t  �

�D D| w $

: HXVHWKHWULJRQRP HWULF LGHQWLW\ VLQ� t  � VLQt FRVt WRJHW

� E b � P J
VLQt � � b FRVt �  � � � ��D D| w $

,I ZHQRZ OHW
E � P J

m DQG n  �
�D D| w $

DQGUHDOL] HWKDWDOOWKHIRUFHVDUHEDODQFHG� HTXDWLRQ� � � EHFRP HV

VLQt � � b � mFRVt �  b n� � � � �V V

ZKHUHt LVWKHDQJOHDWZKLFK WKHNLWHLVDWHTXLOLEULXP�V

� �� 3 URSRVHG %LIXUFDWLRQ ' LDJUDP

3ORWWLQJ HTXDWLRQ�� � � KHOSVGHWHUPLQHZKDWLQIRUP DWLRQWKHHTXDWLRQ

KDVWRRmHU� 7RGHWHUP LQHWKHP D[ LPXP YDOXHRI n DVDIXQFWLRQRI t � WKH

GHULYDWLYHLVVHWHTXDOWR] HUR�

Gn
 b VLQt � � mVLQt � � � � b � mFRVt � � b FRVt �  � �

Gt

7 KLVFRQGLWLRQUHGXFHVWR

� �� m�FRV t b VLQ t � b FRVt  � �

��8 VLQJ WKHWULJRQRPHWULF LGHQWLW\ FRV� t  FRV t b VLQ t JLYHV

� mFRV� t  FRVt � � � � �

�



) LJXUH� �� � 7KLVLVWKHSORWRI VLQt � � b � mFRVt �  b n� ZKHUHt LVWKHDQJOHDWV V V

ZKLFK WKHNLWHLVDWHTXLOLEULXP�

e/ HWt VDWLVI\ HTXDWLRQ� � � � FRUUHVSRQGLQJ WRWKHPD[ LPXP YDOXHRI n ZKLFK ZH
eZLOOFDOOn �

* LYHQFHUWDLQSDUDPHWHUVLQWKHV\ VWHP � WKHUHDUHSRVLWLRQVLQZKLFK WKH

NLWHLVQRWP RYLQJ� 7 KHVHSRLQWVDUHFDOOHGn[ HGSRLQWVRUHTXLOLEULXP SRLQWV�

3HUWXUELQJ WKHV\ VWHP VOLJKWO\ IURP WKHVHn[ HGSRLQWVFDXVHVRQHRI WZRWKLQJVWR

KDSSHQ� ,I WKHV\ VWHP GULIWVEDFNWRWKLVn[ HGSRLQW� WKHSRLQWLVDVWDEOHSRLQW�

,I WKHV\ VWHP GULIWVDZD\ IURP WKHn[ HGSRLQW� WKHSRLQWLVDQXQVWDEOHSRLQW�

7 KHV\ VWHP LV?DWWUDFWHG� WRVWDEOHSRLQWVDQG?UHSHOOHG� IURP XQVWDEOHSRLQWV�

) L[ HGSRLQWVFDQEHFUHDWHG� GHVWUR\ HG� RUKDYHWKHLUVWDELOLW\ FKDQJHG

ZKHQWKHSDUDP HWHUVDUHFKDQJHG� ,QG\ QDP LFV� WKHVHTXDOLWDWLYHFKDQJHVDUH

FDOOHGELIXUFDWLRQV� 7 KHSDUDPHWHUYDOXHVDWZKLFK WKHVHFKDQJHVRFFXUDUH

FDOOHGELIXUFDWLRQSRLQWV� 7 KHJUDSK LQ) LJXUH� �� FDQEHP DGHLQWRD

ELIXUFDWLRQGLDJUDP E\ LQYHUWLQJ WKHD[ HVLQRUGHUWRYLHZ n DVWKHLQGHSHQGHQW
eYDULDEOHDVVKRZQLQ) LJXUH� �� � : HVHHWKDWIRU� › n � n � WKHUHDUHWZR

e eSRVVLEOHHTXLOLEULXP YDOXHV�n[ HGSRLQWV� RI t � 7 KHSRLQW�n � t � LQWKHJUDSK

RI ) LJXUH� �� LVFDOOHGWKHWXUQLQJ SRLQW�

2 EVHUYHWKDWZKHQWKHZLQGKDVDYHU\ KLJK YHORFLW\ �

n  b VLQt � � b � mFRVt � � � � ,QWKLVOLP LW� WZRFRQGLWLRQVDUHSRVVLEOH� ( LWKHUV V

�

b

qs



) LJXUH� �� � 7KLVLVWKHJUDSK RI ) LJXUH� �� ZLWK WKHD[ HVLQYHUWHG� ' UDZQLQWKLV
IDVKLRQ� LWEHFRPHVWKHSURSRVHGELIXUFDWLRQGLDJUDP RI WKHEDVLF PRGHORI WKHNLWH�

t  � RU� b � mFRVt  � IRUVRP Ht � � � � {  � � � 7 KHODWWHUFDVHRFFXUVLI DQG
�RQO\ LI mw � 7 KHUHIRUH� LQRUGHUWRDFKLHYHPXOWLSOHHTXLOLEULXP VWDWHV��

E �
m w �

D �

2 QWKHRWKHUKDQG� ZKHQWKHZLQGKDVDYHU\ ORZ YHORFLW\ �

n  b VLQt � � b � mFRVt � � � � WKHUHDUHQRVROXWLRQVWRHTXDWLRQ� � � � � ,QIDFW�V V

eWKLVFRQGLWLRQRFFXUVZKHQn ! n �

� �� ' \ QDP LFV RI WKH . LWH

1 HZWRQ
VVHFRQGODZ RI P RWLRQ� )  P D� VWDWHVWKDWWKHVXP RI DOO

H[ WHUQDOIRUFHVRQDQREMHFWLVWKHPDVVRI WKHREMHFWWLP HVLWVDFFHOHUDWLRQ� 7 KH

WDQJHQWLDOYHORFLW\ � Y� RI DP DVVPRYLQJ RQDFLUFXODUSDWK LVWKHUDGLXVRI WKH

FLUFOH� U� WLPHVWKHUDWHRI FKDQJHRI WKHDQJOH� / HWWLQJ WKHUDWHRI FKDQJHRI WKH

DQJOHZLWK UHVSHFWWRWLPHEH
Gt

s  �
GW

�

b*

b

q*

qs



WKHWDQJHQWLDOYHORFLW\ LV

Y Us�

DQGWKHWDQJHQWLDOIRUFHLV

UP Bs�

&RPSXWLQJ WKHFRPSRQHQWVRI IRUFHLQWKHWDQJHQWLDOGLUHFWLRQ� WKHUHDUH

WKUHHFRPSRQHQWVWKDWP DNHXS WKHIRUFHRI WKHQRQ�VWDWLRQDU\ NLWH� 5 HIHUULQJ

WR) LJXUH� �� � WKHSRVLWLYHFRP SRQHQWRI IRUFHLV) FRVt � 7 KHQHJDWLYH/

FRP SRQHQWVDUH) FRVt DQG) VLQt � 7 KHWHQVLRQLQWKHVWULQJ� 7 � LV* '

SHUSHQGLFXODUWRWKHWDQJHQW� WKHUHIRUHWKHUHDUHQRFRP SRQHQWVRI 7 LQWKH

WDQJHQWLDOGLUHFWLRQ� &RPELQLQJ WKHVHIRUFHVJLYHV�

P UBs  b P J FRVt � ) FRVt b ) VLQt �/ '

�



) LJXUH� �� � 7KLVJUDSK VKRZVWKHFRPSRQHQWVRI IRUFHLQWKHWDQJHQWLDOGLUHFWLRQ�
7KHSRVLWLYHFRPSRQHQWRI IRUFHLV) FRVt � 7KHQHJDWLYHFRPSRQHQWVDUH) FRVt/ *

DQG) VLQt �'

8 VLQJ HTXDWLRQV� � � DQG� � � � ZHVHHWKDW

� �� �UP Bs  b P J FRVt � � | $ w EVLQ� t � FRVt b � | $ w DFRVt � VLQt �
� �

B5 HFDOOWKDWs  t � : HFDQLQWURGXFH) � t � s� DQG* � t � s� DQGZULWHWKHV\ VWHP DV

Bt  ) � t � s�  s � � � �

DQG
� �| $ w E | $ w D J

Bs  * � t � s�  VLQ� t FRVt b FRVt VLQt b FRVt � � � � �
� UP � UP U

( TXDWLRQV� � � � DQG� � � � DUHWKHRUGLQDU\ GLmHUHQWLDOHTXDWLRQVWKDWGHVFULEHWKH

WDQJHQWLDOP RWLRQRI WKHNLWHXQGHUWKHDVVXP SWLRQVRI WKLVP RGHO�

� �
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� � $ QDO\ VLVRI WKH %DVLF 0 RGHO

1 RZ WKDWWKHJRYHUQLQJ V\ VWHP RI 2 ' ( VKDVEHHQGHnQHG� ZHREVHUYH

WKDWDQDO\ WLFDOVROXWLRQVDUHLPSRVVLEOHWRREWDLQ� : HZLOOKDYHWRUHVRUWWR

RWKHUP HWKRGVIRUXQGHUVWDQGLQJ WKHEHKDYLRURI WKHV\ VWHP �

6XSSRVHZHVHWWKHNLWHLQP RWLRQDWDFHUWDLQDQJOHDWWLP H � � t � � � �

BZLWK DFHUWDLQDQJXODUYHORFLW\ � t � � � � : HZRXOGOLNHWREHDEOHWRSUHGLFWZKDW

WKHNLWHZLOOEHGRLQJ DWDQ\ IXWXUHWLPH� $ WDWLP HW� WKHSRVLWLRQDQGDQJXODU

BYHORFLW\ RI WKHNLWHZLOOEHUHSUHVHQWHGE\ WKHIXQFWLRQVt �W� DQGt �W� � %\

BFRQVWUXFWLQJ DQDEVWUDFWVSDFH� DVLQ) LJXUH� �� � ZLWK FRRUGLQDWHV� t � t � � WKH

BVROXWLRQ�t �W� � t �W� � FRUUHVSRQGVWRDSRLQWP RYLQJ DORQJ WKHFXUYH� 7 KLVFXUYHLV

FDOOHGDWUDMHFWRU\ DQGWKHVSDFHLVFDOOHGWKHSKDVHVSDFH� 6LQFHHDFK SRLQWLQ

WKHSKDVHVSDFHFDQVHUYHDVDQLQLWLDOFRQGLWLRQ� WKHSKDVHVSDFHLVFRP SOHWHO\

nOOHGZLWK WUDMHFWRULHV� >6WURJDW] @

B) LJXUH� �� � $ WUDMHFWRU\ LVDFXUYHLQWKH� t � t � SKDVHVSDFH�

� �

q

q

(q(t), q(t))

(q(0), q(0))



2 XUJRDOLVWREXLOGWKHSKDVHVSDFHIRURXUV\ VWHP RI 2 ' ( V� 7 KHnUVW

VWHS LVWRGHWHUP LQHWKHORFDWLRQRI WKHn[ HGSRLQWV� 1 H[ W� ZHZLOOTXDOLWDWLYHO\

GHWHUP LQHWKHEHKDYLRUQHDUWKHn[ HGSRLQWV� 7 KHQZHFDQJLYHWKHV\ VWHP

VHYHUDOGLmHUHQWLQLWLDOFRQGLWLRQVDQGSORWWKHWUDMHFWRULHV�

� �� ) L[ HG 3 RLQWV

$ n[ HGSRLQW� RUHTXLOLEULXP SRLQW� RFFXUVZKHQWKHUHLVQRP RYHP HQWLQ

BWKHV\ VWHP � WKDWLV� ZKHQt  s  � � ,P DJLQHSODFLQJ WKHNLWHLQWKHDLUDWD

n[ HGSRLQWDQGWKHQSHUWXUELQJ LWMXVWDOLWWOH� ,I WKHNLWHRVFLOODWHVDIHZ WLPHV

DQGWKHQUHWXUQVWRWKHn[ HGSRVLWLRQ� WKHQWKHn[ HGSRLQWLVVWDEOH� ,I WKHNLWH

P RYHVDZD\ IURP WKHn[ HGSRLQW� LWLVXQVWDEOH�

6R� KRZ GRZHTXDOLWDWLYHO\ GHWHUP LQHWKHEHKDYLRUQHDUn[ HGSRLQWV" : H

ZLOOXVHWKHP HWKRGRI OLQHDUL] DWLRQ� %XWnUVW� VRP HH[ SODQDWLRQLVUHTXLUHG� / HW

� t � s � EHDn[ HGSRLQWDQGOHW� t � s � EHDQHZ ORFDWLRQUHODWLYHWRWKHn[ HGV V S S

SRLQWDIWHUVOLJKWO\ SHUWXUELQJ WKHNLWH� : HKDYH

t �W�  t �W� b t DQG s �W�  s�W� b s � � � � �S V S V

7RVHHZKHWKHUWKHSHUWXUEDWLRQJURZVRUGHFD\ V� DQGWRGHWHUP LQHWKHUDWHDW

B BZKLFK LWJURZVRUGHFD\ V� ZHVXEVWLWXWHDQGQRWHt  � � 5 HFDOOWKDWt  ) � t � s� �V

VR

B B B Bt  t � t  t  ) � t � t � s � s � �S V S V S V S

1 RZ ZHXVHD7D\ ORUVHULHVH[ SDQVLRQDURXQGWKHn[ HGSRLQW� t � s � �V V

#) #) � �Bt  ) � t � s � � t � t � s � � s � t � s � � 2 � t � s � t s � � � � � �S V V S V V S V V S SS S#t #s

� �ZKHUH2 � t � s � t s � GHQRWHVTXDGUDWLF WHUP VLQt DQGs � 6LQFHRXUS S S SS S

SHUWXUEDWLRQVDUHDVVXP HGWREHYHU\ VP DOO� WKHVHTXDGUDWLF WHUP VDUHH[ WUHP HO\

� �



VP DOO� 1 RWHDOVRWKDW) � t � s �  � VLQFH� t � s � LVDn[ HGSRLQW� 7 KXV� HTXDWLRQS S V V

� � � � EHFRP HV
#) #) � �Bt  t � t � s � � s � 2 � t � s � t s � �S S V V S S SS S#t #s

: HFDQGLmHUHQWLDWHs VLP LODUO\ WRJHWS

#* #* � �Bs  t � t � s � � s � t � s � � 2 � t � s � t s � �S S V V S V V S SS S#t #s

,QP DWUL[ IRUP� WKHVHHTXDWLRQVDSSHDUDV
� � � � � �

#) #)Bt � t � s � � t � s � tS V V V V S% & % & % &#t #s � TXDGUDWLF WHUPV� � � � �# $ # $ # $
#* #*Bs � t � s � � t � s � sS V V V V S#t #s

' URSSLQJ WKHTXDGUDWLF WHUPVLQHTXDWLRQ� � � � � VLQFHWKH\ DUHH[ WUHP HO\ VP DOO�

OLQHDUL]HVWKHV\ VWHP� 7 KHPDWUL[
� �

#) #)
% &#t #s# $

#* #*
#t #s � t �s �V V

LVFDOOHGWKH- DFRELDQPDWUL[ DWWKHn[ HGSRLQW� t � s � �V V

� �� 7 KHRU\ RI / LQHDUL] DWLRQ

$ WWKLVSRLQWLWEHKRRYHVXVWRGLVFXVVWKHWKHRU\ RI OLQHDUL] DWLRQDIWHU

ZKLFK ZHZLOOUHWXUQWRWKHNLWHSUREOHP �

6XSSRVHZHDUHJLYHQDV\ VWHP
� � � � � �

B[ D E [% & % & % & �# $ # $ # $
B\ F G \

ZKLFK FDQEHZULWWHQLQYHFWRUIRUP DV

B]  $ ] � � � � �

� �



ZKHUH � � � � � �
B[ D E [% & % & % &B]  DQG $  DQG ]  �# $ # $ # $
B\ F G \

7 KHP DWUL[ $ FDQEHWKRXJKWRI DVWKH- DFRELDQPDWUL[ RI WKHNLWHV\ VWHP� 7 KH

VROXWLRQWRHTXDWLRQ� � � � KDVWKHIRUP

AwW]  9 H �

AZKHUHw DQGWDUHVFDODUVDQG
� �

Y�% &9  �# $
Y�

&DOFXODWLQJ WKHGHULYDWLYHRI ] DQGVXEVWLWXWLQJ LQWRHTXDWLRQ� � � � UHVXOWVLQ

A AwW wWA AB]  9 wH  $ 9 wH �

AwW' LYLGLQJ ERWK VLGHVE\ H � � ZHJHW

A$ 9  w9 � � � � �

AZKLFK LVDQDOJHEUDLF HLJHQYDOXHSUREOHP � ZKHUHw LVWKHHLJHQYDOXHDQG9 LVWKH

HLJHQYHFWRU� : HQRZ ZULWHHTXDWLRQ� � � � DV

A�$ b w, �9  � �

ZKHUH, LVWKH� [ � LGHQWLW\ PDWUL[ � 1 RWLFHWKDW
� �

ADb w E% &A�$ b w, �9  9  � �# $
AF Gb w

A,QRUGHUIRUDQRQ�WULYLDOVROXWLRQWRH[ LVW� WKHGHWHUPLQDQWRI �$ b w, � PXVWEH

] HUR�

A A�Db w� �Gb w� b EF � �

� �



7 KLVFRQGLWLRQUHVXOWVLQWKHFKDUDFWHULVWLF HTXDWLRQ

�A Aw b �D� G�w� �DGb EF�  � � � � � �

1 RWLFHWKDWD� GLVWKHWUDFH� ~� DQGDGb EFLVWKHGHWHUP LQDQW� c � RI $ �

( TXDWLRQ� � � � FDQEHZULWWHQDV

�A Aw b ~w� c  � �

8 VLQJ WKHTXDGUDWLF IRUPXODWRVROYHIRUWKHHLJHQYDOXHVJLYHV
S

�~ h ~ b � cAw � � � � �
�

AwW5 HFDOOWKDWWKHVROXWLRQWRWKHV\ VWHP ZLOOEHRI WKHIRUP � ]  9 H � : HZLOO

UHIHUWRWKLVIRUP RI VROXWLRQDVDQHLJHQVROXWLRQ� 2 EVHUYHWKDWWKHHLJHQYHFWRU9
AwWJLYHVXVWKHGLUHFWLRQRI P RWLRQRI WKHWUDMHFWRU\ � DQGH LQGLFDWHVWKDWWKH

AP RWLRQLVH[ SRQHQWLDO� ZLWK 5 H�w� DVWKHJURZWK RUGHFD\ UDWH�

$ VDUHVXOW� WKHEHKDYLRURI WKHWUDMHFWRULHVQHDUDn[ HGSRLQWGHSHQGVRQ

WKHHLJHQYDOXHV� + RZHYHU� LWLVQRWQHFHVVDU\ WRFRP SXWHWKHHLJHQYDOXHV� : H

QRWLFHIURP HTXDWLRQ� � � � WKDWZHFDQWHOOHYHU\ WKLQJ ZHQHHGWRNQRZ IURP WKH

WUDFHDQGWKHGHWHUPLQDQWRI WKHP DWUL[ $ � ,WLVLP SRUWDQWWRQRWH� WKRXJK� WKDW

DQ\ WUDMHFWRU\ EHKDYLRUNQRZOHGJHJDLQHGLQWKLVIDVKLRQ� LVRQO\ ORFDOWRWKH

n[ HGSRLQW� : HZLOOGLVFXVVWKHUHDVRQVIRUWKLVODWHULQWKHSDSHU�

� �� & ODVVLnFDWLRQ RI / LQHDUL] HG 6\ VWHP V

%HIRUHOLQHDUL] LQJ WKHV\ VWHP RI 2 ' ( VWKDWP RGHORXUNLWH� OHWXVGLVFXVV

WKHGLmHUHQWSRVVLELOLWLHVWKDWFDQRFFXUZLWK WKHWUDMHFWRULHV� 5 HFDOOWKDW�
S

�~ h ~ b � cAw �
�

� �



) LUVW� ZHZLOOGLVFXVVWKHFDVHLQZKLFK c � � ZKLFK UHVXOWVLQRQHSRVLWLYHUHDO

DQGRQHQHJDWLYHUHDOHLJHQYDOXH� + HQFH� WKHnUVWHLJHQVROXWLRQ

Aw W�]  9 H�

JURZVH[ SRQHQWLDOO\ DQGWKHVHFRQG�

Aw Wb]  9 Hb

GHFD\ VH[ SRQHQWLDOO\ � 7 KHn[ HGSRLQWLQWKLVVLWXDWLRQLVNQRZQDVDVDGGOH

SRLQW� 2 EVHUYHLQ) LJXUH� �� WKDWXQOHVVWKHLQLWLDOFRQGLWLRQLVRQWKH

HLJHQYHFWRUDVVRFLDWHGZLWK WKHQHJDWLYHHLJHQYDOXH� WKHUHVXOWLQJ WUDMHFWRU\ LV

UHSHOOHGIURP WKHn[ HGSRLQW� 7 KHUHIRUH� DVDGGOHSRLQWLVXQVWDEOH�

) LJXUH� �� � 7KLVJUDSK VKRZVWKHWUDMHFWRULHVLQWKHSKDVHVSDFHQHDUDVDGGOHSRLQW�

7 KHVHFRQGFDVHLVc ! � � : HWKHQQHHGWRORRNDWWKHVLJQRI ~ DQG
� �~ b � c � ,I ~ b � c ! � DQG~ ! � � WKHQERWK HLJHQYDOXHVDUHSRVLWLYHUHDO

QXPEHUV� ,QWKLVVLWXDWLRQ� WKHHLJHQVROXWLRQVJURZ DQGDOORI WKHWUDMHFWRULHVDUH

UHSHOOHGDZD\ IURP WKHn[ HGSRLQW�) LJXUH� �� � � 7 KHn[ HGSRLQWLVNQRZQDVDQ

XQVWDEOHQRGH�

� �

x

This e igenvector
corresponds to the

growing e igensolut ion.

This e igenvector
corresponds to the

decaying e igensolut ion.

y



) LJXUH� �� � 7UDMHFWRULHVLQWKHSKDVHVSDFHDUHUHSHOOHGIURP XQVWDEOHQRGHV�

�$ QRWKHUVLWXDWLRQRFFXUVZKHQc ! � DQG~ b � c ! � � EXW~ � � � %RWK

HLJHQYDOXHVDUHQHJDWLYHUHDOQXPEHUVLQWKLVFDVH� WKHHLJHQVROXWLRQVGHFD\ DQG

WKHWUDMHFWRULHVDSSURDFK WKHn[ HGSRLQWDVVKRZQLQ) LJXUH� �� � 7 KHn[ HGSRLQW

LQWKLVFDVHLVNQRZQDVDVWDEOHQRGH�

) LJXUH� �� � 7UDMHFWRULHVLQWKHSKDVHVSDFHDUHDWWUDFWHGWRVWDEOHQRGHV�

7 KHVDGGOHSRLQW� WKHXQVWDEOHQRGHDQGWKHVWDEOHQRGHDOOKDYHGLVWLQFW

UHDOHLJHQYDOXHV� 1 RZ� OHW
VORRNDWZKDWKDSSHQVZKHQWKHHLJHQYDOXHVDUH

� �

x

y

x

y



) LJXUH� �� � 7KLVJUDSK VKRZVDWUDMHFWRU\ LQWKHSKDVHVSDFHQHDUDQXQVWDEOHVSLUDO�

�FRP SOH[ ZKLFK RFFXUVZKHQWKHc ! � DQG~ b � c � � � 5 HFDOOWKDWFRPSOH[

HLJHQYDOXHVFRP HLQFRP SOH[ FRQMXJDWHSDLUVDVJLYHQE\
S

�~ L � c b ~Aw h �
� �

S
� A$ VVXP LQJ WKDW � c b ~ � � DQGWKDW~ ! � � ZHQRWLFHWKHUHDOSDUWRI w LV

SRVLWLYH� LQGLFDWLQJ DJURZLQJ VROXWLRQ� 7 KHVHHLJHQVROXWLRQVJURZ E\ RVFLOODWLRQ�

DVLQ) LJXUH� �� � 7 KHLP DJLQDU\ SDUWJLYHVWKHIUHTXHQF\ RI RVFLOODWLRQ� 7 KHn[ HG

SRLQWLVFDOOHGDQXQVWDEOHVSLUDO�
S

�2 QWKHRWKHUKDQG� DVVXP LQJ WKDW � c b ~ � � DQG~ � � � WKHUHDOSDUW

RI WKHVHHLJHQYDOXHVDUHQHJDWLYHZKLFK LQGLFDWHVGHFD\ � $ JDLQWKHLPDJLQDU\

SDUWJLYHVWKHIUHTXHQF\ RI RVFLOODWLRQ� 7 KHHLJHQVROXWLRQLQWKLVFDVHLVDWWUDFWHG

WRWKHn[ HGSRLQW� DVVKRZQLQ) LJXUH� �� � 7 KLVn[ HGSRLQWLVFDOOHGDVWDEOH

VSLUDO�

6LQFHRXUV\ VWHP LVQRQOLQHDU� ZHZLOOKDYHWRGURS ZKDWZHDVVXP HDUH

VP DOOWHUP VIURP WKHHTXDWLRQZKHQOLQHDUL] LQJ WKHHTXDWLRQ� 6R� KRZ GRHVWKLV

OLQHDUL] HGDQDO\ VLVDSSO\ WRRXUQRQOLQHDUV\ VWHP " ,QWKHFDVHVRI WKH

VDGGOHSRLQW� VWDEOHDQGXQVWDEOHQRGHV� VWDEOHDQGXQVWDEOHVSLUDOV� WKHW\ SHDQG

� �

x

y



) LJXUH� �� � 7KLVJUDSK VKRZVWKHWUDMHFWRULHVLQWKHSKDVHVSDFHQHDUDVWDEOHVSLUDO�

VWDELOLW\ RI n[ HGSRLQWVRI DQRQOLQHDUV\ VWHP LVJLYHQE\ WKHOLQHDUDQDO\ VLV�

+ RZHYHU� WKHUHDUHVRP HFDVHVLQZKLFK WKHOLQHDUDQDO\ VLVFDQQRWGHWHUPLQHWKH

VWDELOLW\ RI n[ HGSRLQWVRI DQRQOLQHDUV\ VWHP �

2 QHVXFK VFHQDULRRFFXUVZKHQERWK HLJHQYDOXHVDUHSXUHLPDJLQDU\

QXPEHUV� 3HUWXUELQJ WKHn[ HGSRLQWKDVWKHHmHFWRI VKLIWLQJ WKHP RmWKH

LPDJLQDU\ D[ LV� DVVKRZQLQ) LJXUH� �� � 7 KHUHIRUH� LI WKHHLJHQYDOXHVRI D

OLQHDUL] HGQRQOLQHDUV\ VWHP DUHSXUHLP DJLQDU\ � QRFRQFOXVLRQVFDQEHGUDZQ

DERXWWKHVWDELOLW\ >6WURJDW] @�

+ RZHYHU� LI WKHV\ VWHP LVWUXO\ OLQHDUDQGERWK HLJHQYDOXHVDUHSXUH

LPDJLQDU\ � WKHn[ HGSRLQWLVNQRZQDVDFHQWHU� 7 KHn[ HGSRLQWLQWKLV

SDUWLFXODUFDVHLVVXUURXQGHGE\ DIDP LO\ RI FORVHGRUELWV� 7 KHVWDELOLW\ RI D

FHQWHULVFDOOHGQHXWUDOVLQFHQHDUE\ WUDMHFWRULHVDUHQHLWKHUDWWUDFWHGWRQRU

UHSHOOHGIURP WKHn[ HGSRLQWDVVKRZQLQ) LJXUH� �� �

7 KHOLQHDUL] HGDQDO\ VLVRI DQRQOLQHDUV\ VWHP LVVXPP DUL] HGLQ7DEOH

� � �� � �

� �

x

y



) LJXUH� �� � 7KLVJUDSK VKRZVWZRSXUHLPDJLQDU\ HLJHQYDOXHVLQWKHFRPSOH[ SODQH�
1RQOLQHDUWHUPVFRXOGKDYHWKHHmHFWRI VKLIWLQJ WKHP RmWKHLPDJLQDU\ D[ LV�

) LJXUH� �� � 7KLVJUDSKVKRZVDQHXWUDOO\ VWDEOHFHQWHURI DOLQHDUV\ VWHP� / LQHDUL] DWLRQ
RI DQRQOLQHDUV\ VWHP FDQQRWGHWHFWFHQWHUV� +RZHYHU� LI WKHV\ VWHP RI 2 ' ( VZHUH
OLQHDUWREHJLQZLWK� WKHQWZRLPDJLQDU\ HLJHQYDOXHVLQGLFDWHDFHQWHU�

� �

Im

Re

x

y



' HWHUP LQDQWc ( LJHQYDOXHV 6WDELOLW\ RI ) L[ HG
DQG WKH 7UDFH ~ RI WKH - DFRELDQ 3 RLQWRI

0 DWUL[ 1 RQOLQHDU6\ VWHP
c � � 5 HDOZLWK RSSRVLWHVLJQV 8 QVWDEOH6DGGOH3RLQW

~ � � 5 HDO� %RWK 1 HJDWLYH 6WDEOH1 RGH
�~ b � c ! � ~  � %RWK 3XUH,P DJLQDU\ 8 QNQRZQ

~ ! � 5 HDO� %RWK 3RVLWLYH 8 QVWDEOH1 RGH
c ! � ~ � � &RPSOH[ &RQMXJDWHVZLWK 6WDEOH6SLUDO

1 HJDWLYH5 HDO3DUWV
�~ b � c � � ~  � %RWK 3XUH,P DJLQDU\ 8 QNQRZQ

~ ! � &RPSOH[ &RQMXJDWHVZLWK 8 QVWDEOH6SLUDO
3RVLWLYH5 HDO3DUWV

�~ b � c  � %RWK ( TXDO 8 QNQRZQ
c  � $ W/ HDVW2 QHLV=HUR 8 QNQRZQ

7DEOH� �� � 7KHGHWHUPLQDQWc � DQGWKHWUDFH~� RI WKH-DFRELDQPDWUL[ DUHXVHGWR
GHWHUPLQHWKHVWDELOLW\ RI WKHV\ VWHP ORFDOWRWKHn[ HGSRLQW� : KHQc  � � ~  � � RU

�~ b � c  � WKHOLQHDUL] DWLRQLQLQFRQFOXVLYH�

� �� / LQHDUL] DWLRQ

1 RZ WKDWZHDUHHTXLSSHGWROLQHDUL] HDV\ VWHP DQGVWXG\ WKHEHKDYLRU

DURXQGLWVn[ HGSRLQWV� OHW
VUHWXUQWRHTXDWLRQ� � � � � 2 EVHUYHWKDW

#) #* #)
  � DQGWKDW  � �

#t #s #s

7 KH- DFRELDQP DWUL[ WKHQEHFRP HV�
� � � �

#) #) � �% & % &#t #s- � t � s �   �# $ # $V V
#* #* #* �#t #s #t

#*1 RWLFHWKDWWKHGHWHUP LQDQWLVc  b DQGWKHWUDFHLV~  � � ,QRUGHUWR#t

GHWHUP LQHWKHVLJQRI c ZHPXVWFRP SXWH
‚ �

� �#* # | $ w E | $ w D J
 VLQ� t FRVt b FRVt VLQt b FRVt � � � � �

#t #t � UP � UP U

� �



6HWWLQJ
�D| $ w E �

o  DQG m ! �
� UP D �

HTXDWLRQ� � � � EHFRP HV�

r s#* J� � o b mVLQ� t VLQt � mFRVt FRV� t b FRV t � VLQ t � VLQt � � � � �
#t U

8 VLQJ WULJRQRPHWULF LGHQWLWLHV� ZHnQGWKDW

r s#* J� � o b � mVLQ t FRVt � � mFRVt FRV� t b � FRV t � � � VLQt �
#t U

) DFWRULQJ RXWFRVt DQGVXEVWLWXWLQJ

� P J
n  �D| w $

\ LHOGV
‚ �

#* � n VLQt� o FRVt b � mVLQ t � � mFRV� t b � FRVt � � �
#t FRVt FRVt

) URP HTXDWLRQ� � � � ZHNQRZ WKDWDWHTXLOLEULXP n  b VLQt � � b � mFRVt � �V V

6XEVWLWXWLQJ WKLVYDOXHRI n JLYHVXV

#* � t � s �V V  o FRVt � � mFRV� t b FRVt � �V V V#t

#*: HQHHGWRGHWHUPLQHWKHVLJQRI � 2 EVHUYHWKDWWKHFRQVWDQWo LVSRVLWLYH�#t

{ #*$ OVR� DVVXPLQJ WKDW� � t � VRWKDWFRVt ! � � WKHVLJQRI FDQEHV V� #t

GHWHUP LQHGE\ WKHVLJQRI

� mFRV� t b FRVt � � � � �V V

1 RWLFHDOVRWKDWDWHTXLOLEULXP

n  b VLQt � � b � mFRVt � �V V

,I ZHWDNHWKHGHULYDWLYHRI n ZLWK UHVSHFWWRt ZHJHWV

Gn
 b FRVt � � mFRV� t � � � � �V VGt V

� �



) LJXUH� �� � 7KLVLVWKHELIXUFDWLRQGLDJUDP RI WKHEDVLFPRGHODFFRUGLQJ WROLQHDUL] D�
WLRQ� : HKDYHGHWHUPLQHGWKDWRQHRI WKHn[ HGSRLQWVLVDQXQVWDEOHVDGGOHSRLQWDQG
WKHRWKHUKDVXQNQRZQVWDELOLW\�

#*1 RWLFHWKDW� � � � DQG� � � � LQYROYHWKHVDP HH[ SUHVVLRQ� 6RWKHVLJQRI LVWKH#t

GnVDPHDVWKHVLJQRI ZKLFK ZHUHFDOOIURP ) LJXUH� �� DV�Gt V

�
! e� � � IRUt � t#n V

VJQ  �
! e#t �V b � IRUt ! tV

#*+ RZHYHU� VLQFHc  b � WKHVLJQRI c LV#t

�
! e� � � IRUt ! tV

VJQc  �
! e� b � IRUt � tV

1 RWLFHIURP 7DEOH� � �� � WKDWLI ~  � ZHFDQQRWGHWHUP LQHWKHVWDELOLW\ �

6RWKHRQO\ YDOLGSLHFHRI LQIRUP DWLRQZHFDQDFTXLUHIURP OLQHDUL] LQJ WKLV

V\ VWHP LVWKDWZKHQVJQc  b � � WKHn[ HGSRLQWLVDQXQVWDEOHVDGGOHSRLQW� 6R

QRZ RXUELIXUFDWLRQGLDJUDP � ) LJXUH� �� � ORRNVDOLWWOHELWP RUHLQWHUHVWLQJ�

� �� 1 XP HULFDO6ROXWLRQ RI WKH %DVLF 0 RGHO

: HKDYHIRXQGWKHn[ HGSRLQWVDQGKDYHTXDOLWDWLYHO\ GHWHUP LQHGWKH

EHKDYLRUQHDUWKHn[ HGSRLQWV� 1 RZ ZHFDQJLYHWKHV\ VWHP VHYHUDOGLmHUHQW

� �

b*

b

qs

q* Saddle Point

Unknown
Stabil i ty

D > 0

D < 0



) LJXUH� �� � � ) RXUWK�RUGHU5XQJH�. XWWDPHWKRG� ,QHDFK VWHS WKHULJKWKDQGVLGHRI
WKH2 ' ( VLVHYDOXDWHGIRXUWLPHV� RQFHDWWKHLQLWLDOSRLQW� t � WZLFHDWPLGSRLQWV� DQGQ

RQFHDWWKHHQGSRLQW� t � ) URP WKHVHIRXUYDOXHVWKHnQDOIXQFWLRQYDOXH�VKRZQDVQ� �

DnOOHGGRW� LVFDOFXODWHG�

LQLWLDOFRQGLWLRQVDQGSORWWKHWUDMHFWRULHVLQWKHSKDVHVSDFH� : HZLOOXVHD

IRXUWK�RUGHU5 XQJH�. XWWDP HWKRG� ,QHDFK VWHS� WKHIXQFWLRQV) DQG* � �WKH

ULJKWKDQGVLGHVRI � � � � DQG� � � � � DUHHYDOXDWHGIRXUWLPHV� RQFHDWWKHLQLWLDO

SRLQW� WZLFHDWPLGSRLQWV� DQGRQFHDWDQHQGSRLQW�) LJXUH� �� � � � ) URP WKHVH

FDOFXODWLRQV� WKHVROXWLRQLVXSGDWHG>3UHVV@� 5 HFDOOWKHGHnQLWLRQVRI ) DQG* �

Bt  ) � t � s�  s � � � �

DQG
� �| $ w E | $ w D J

Bs  * � t � s�  VLQ� t FRVt b FRVt VLQt b FRVt � � � � �
� UP � UP U

7 KHP HWKRGUHTXLUHVFRP SXWLQJ WKHIROORZLQJ TXDQWLWLHVDWHDFK WLP H

VWHS�
�

t  t � �Y � � Y � � Y � Y �Q� � Q � � � ��

DQG
�

s  s � �Z � � Z � � V � Z �Q� � Q � � � ��

� �

1

2

3

4

qn

qn+1



ZKHUHK LVWKHVWHS VL] HDQG

Y  K) � t � s � �� Q Q

Z  K* � t � s � �� Q Q

� �Y  K) � t � Y � s � Z � �� Q � Q �� �

� �Z  K* � t � Y � s � Z � �� Q � Q �� �

� �Y  K) � t � Y � s � Z � �� Q � Q �� �

� �Z  K* � t � Y � s � Z � �� Q � Q �� �

Y  K) � t � Y � s � Z � �� Q � Q �

Z  K* � t � Y � s � Z � �� Q � Q �

7 KHFRP SXWHUFRGHZDVZULWWHQLQ&� � DQGFDQEHIRXQGLQ$ SSHQGL[ $ �

� �� 3 KDVH 3 RUWUDLWRI WKH %DVLF 0 RGHO

: HXVHWKHIRXUWK�RUGHU5 XQJH�. XWWDP HWKRGWRnOOWKHSKDVHVSDFHZLWK

VHYHUDOWUDMHFWRULHVXVLQJ n[ HGYDOXHVRI mDQGn � ) LJXUH� �� � � �

� �



) LJXUH� �� � � 7KH5XQJH�. XWWDPHWKRGZDVXVHGWRFDOFXODWHWKHWUDMHFWRULHVIRUWKH
SKDVHSRUWUDLWRI WKHEDVLF PRGHO� 7KHn[ HGSRLQWt  � �� � � � LVDVDGGOHSRLQWDQG
WKHRWKHUt  � �� � � � DFHQWHU�

7 KHOLQHDUL] DWLRQLQGLFDWHGWKDWRQHn[ HGSRLQWLVDVDGGOHSRLQW� ZKLFK

FDQEHVHHQQHDUWKHRULJLQ� 7 KHOLQHDUL] DWLRQZDVQRWFRQFOXVLYHRQWKHRWKHU

n[ HGSRLQW� ,I WKHV\ VWHP RI 2 ' ( VZRXOGKDYHEHHQOLQHDUWREHJLQZLWK� WKLV

n[ HGSRLQWZRXOGKDYHVKRZQXS DVDFHQWHUDVGLVFXVVHGLQVHFWLRQ� �� � 1 RWLFH

WKRXJK� WKDWWKHSKDVHSRUWUDLWGRHVVKRZ DFHQWHUDURXQGWKHRWKHUn[ HGSRLQW�

: KDWLVWKHSK\ VLFDOLQWHUSUHWDWLRQRI WKHSKDVHSRUWUDLW" : KHQWKH
eLQLWLDODQJOHRI WKHNLWHLVOHVVWKDQt � WKHHTXLOLEULXP LVDVDGGOHSRLQW� 6RP H

WUDMHFWRULHVZLOOEHDWWUDFWHGWRWKHHTXLOLEULXP SRLQWWKHQWXUQDZD\ IRULW

EHIRUHDFWXDOO\ DUULYLQJ DWLW� 6RPHWUDMHFWRULHVZLOOEHUHSHOOHG� 7 KHRQO\

WUDMHFWRU\ WKDWZLOOEHDWWUDFWHGWRDQGVWD\ DWWUDFWHGWRWKHHTXLOLEULXP SRLQW

� �

Saddle Point Center

q = 0

= pq

= -pq

p
2

q =



DUHWKRVHWKDWVWDUWRQWKHGHFD\ LQJ HLJHQYHFWRU� ,QWKDWFDVH� WKHNLWHZLOOnQG

DQGVWD\ DWWKHHTXLOLEULXP SRLQW� 2 WKHUZLVH� WKHNLWHZLOOQRWUHPDLQVWDEOH�
e2 QWKHRWKHUKDQG� ZKHQWKHLQLWLDODQJOHRI WKHNLWHLVJUHDWHUWKDQt �

WKHn[ HGSRLQWDSSHDUVWREHDFHQWHU� ,I WKHNLWHLVSODFHGSUHFLVHO\ RQWKHn[ HG

SRLQW� LWZLOOUHP DLQWKHUH� ,I WKHNLWHLVSODFHGVOLJKWO\ RmRI WKHn[ HGSRLQW� LQ

WKHRU\ � LWZLOORVFLOODWHXS DQGGRZQZLWK FRQVWDQWSHULRGDQGIUHTXHQF\ �

� �



� � ( mHFWLYH 0 RGHORI WKH . LWH

7 KHEDVLFP RGHORI WKHNLWHODFNVDGGLWLRQDO?HmHFWLYHTXDQWLWLHV�

LQWURGXFHGE\ PRYHP HQWVRI WKHNLWH� $ VWKHNLWHP RYHVDORQJ Dn[ HGDUF� WKH

?HmHFWLYHZLQGVSHHG� DQG?HmHFWLYHDQJOH� RI WKHZLQGFKDQJHV� 7 KHVH

TXDQWLWLHVLQWURGXFHGE\ WKHG\ QDP LFVRI WKHNLWHFDQJUHDWO\ HmHFWWKHVWDELOLW\

RI WKHV\ VWHP � : HZLOOQRZ HQKDQFHRXUEDVLF P RGHOZLWK WKHVHHmHFWLYH

TXDQWLWLHV�

7RXQGHUVWDQGWKHVH?HmHFWLYH� TXDQWLWLHV� ZHFRQVLGHUDVLPSOHH[ DPSOH�

6XSSRVH\ RX DUHVWDQGLQJ IDFLQJ DZLQGZKLFK LVEORZLQJ DW� � P LOHVSHUKRXU�

7 KHZLQGWKDW\ RX IHHOLV� � P LOHVSHUKRXU� 1 RZ VXSSRVH\ RX UXQLQWRWKHZLQG

DW� P LOHVSHUKRXU� <RX QRZ IHHO� � P LOHVSHUKRXURI ZLQG� 7 KLVUHODWLYHZLQG

VSHHG\ RX IHHOFDQEHFRQVLGHUHGWKH?HmHFWLYHZLQGVSHHG� � ,QYHFWRUODQJXDJH�

WKHUHODWLYHYHORFLW\ EHWZHHQWZRWKLQJVLVWKHGLmHUHQFHLQWKHLUYHFWRUV�

,QWKLVVHFWLRQZHZLOOGHYHORS DVOLJKWO\ GLmHUHQWP RGHORI WKHNLWH� RQH

WKDWLQFOXGHVWKHVHHmHFWLYHTXDQWLWLHV>$ GRP DLWLV@�

� �� & DVH RI WKH 5 LVLQJ . LWH

&RQVLGHUWKHNLWHLQFUHDVLQJ LQDOWLWXGHDORQJ DFLUFXODUDUF� 7 KHFOLPELQJ

BNLWHZLOOKDYHDSRVLWLYHYDOXHIRUt � 7 KHZLQGVSHHG� w� FDQEHH[ SUHVVHGLQWKH

� [ � \ � FRRUGLQDWHV\ VWHP DV�w� � � � 7 KHNLWHVSHHG� Y� LVWKHSURGXFWRI WKH

BDQJXODUYHORFLW\ DQGWKHUDGLXVRI WKHDUF� Y Ut � 7 KH[ DQG\ FRP SRQHQWVRI

WKHNLWH
VYHORFLW\ FDQEHH[ SUHVVHGDV�b YVLQt � YFRVt � DVVKRZQLQ) LJXUH� �� �

7 KH?HmHFWLYH� �RUUHODWLYH� ZLQGVSHHGDVYLHZHGE\ WKHNLWH� w � FDQEHH

� �



) LJXUH� �� � : KHQ WKHNLWHLVULVLQJ� WKHZLQG DSSHDUVWR EHJRLQJ GRZQ IURP WKH
SHUVSHFWLYHRI WKHNLWH� 7KHHmHFWLYHZLQGVSHHGDVYLHZHGE\ WKHNLWHFDQEHH[ SUHVVHG

� � �DVw  �wb �b YVLQt � � � � � b YFRVt � �H

H[ SUHVVHGDV
� � �w  �wb �b YVLQt � � � � � b YFRVt � � � � �H

ZKLFK VLP SOLnHVWR
� � �w  w � Y � � YwVLQt � � � � �H

7 KHGLUHFWLRQRI WKHZLQGDVVHHQE\ WKHNLWH� RU?HmHFWLYHDQJOH� � LVP RUH

VXEWOHWRUHVROYH� ) LUVW� FRQVLGHU) LJXUH� �� ZKLFK GHSLFWVWKHUHODWLYHZLQG

VSHHG� w � DVYLHZHGIURP WKHNLWH
VSHUVSHFWLYH� : KHQWKHNLWHLVULVLQJ� WKHH

ZLQGDSSHDUVWREHJRLQJ GRZQIURP WKHSHUVSHFWLYHRI WKHNLWH� 7 KH?HmHFWLYH

ADQJOH� � t � LVWKHVXP RI t DQGWKHDQJOHt ZKHUHH

YFRVtb �At  WDQ �
w� YVLQt

7 KHUHVXOWDQWVXP LV
YFRVtb �t  t � WDQ � � � � �H w� YVLQt

� �

q

l
v

q
q

y

x

r

vs in q

vcos q



) LJXUH � �� � 7KLV JUDSK VKRZV WKH JHRPHWULF UHODWLRQVKLSV XVHG WR GHWHUPLQH WKH
HmHFWLYHDQJOHt IRUWKHFDVHRI WKHULVLQJ NLWH�H

7 KHUHIRUH� t LVWKH?HmHFWLYHDQJOH� EHWZHHQWKHHmHFWLYHZLQGVSHHGDQGWKHH

NLWHVWULQJ�

2 EVHUYHDQRWKHUUHODWLRQVKLS WKDWFRQWDLQVt WKDWZHZLOOEHXVLQJ ODWHUH

LQWKHDQDO\ VLVRI WKHHmHFWLYHP RGHO�

A A Aw FRVt  w FRV� t � t �  w �FRVt FRVt b VLQt VLQt � � � � � �H H H H

1 RWLFHIURP ) LJXUH� �� WKDW

w� YVLQt YFRVtA AFRVt  DQG VLQt  �
w wH H

6XEVWLWXWLQJ LQWRHTXDWLRQ� � � � UHVXOWVLQ
� ‚ � ‚ � �

w� YVLQt YFRVt
w FRVt  w FRVt b VLQt �H H H w wH H

ZKLFK UHGXFHVWR

w FRVt  wFRVt � � � � �H H

� �

q

l

v
q

q

vcos q

vsin q

qe

y

x

l e

q̂

q̂



) LJXUH � �� � : KHQ WKH NLWH LV IDOOLQJ� WKH ZLQG DSSHDUV WR EH JRLQJ XS IURP WKH
SHUVSHFWLYHRI WKHNLWH� 7KHHmHFWLYHZLQGVSHHGDVYLHZHGE\ WKHNLWHFDQEHH[ SUHVVHG

� � �DVw  �wb YVLQt � � � � b �b YFRVt � � �H

� �� & DVH RI WKH ) DOOLQJ . LWH

) RUFRP SOHWHQHVV� ZHZLOOORRNDWWKHFDVHZKHUHWKHNLWHLVGHFUHDVLQJ LQ

BDOWLWXGHDORQJ DFLUFXODUDUF� 7 KHIDOOLQJ NLWHZLOOKDYHDQHJDWLYHYDOXHIRUt �

: KHQWKHNLWHLVIDOOLQJ� WKHZLQGDSSHDUVWREHJRLQJ XS IURP WKHSHUVSHFWLYHRI

WKHNLWH� 7 KHZLQGVSHHGLVVWLOO�w� � � EXWQRZ WKH[ DQG\ FRPSRQHQWVRI WKH

NLWH
VVSHHGFDQEHH[ SUHVVHGDV�YVLQt � b YFRVt � � DVVKRZQLQ) LJXUH� �� � 7 KH

?HmHFWLYH� ZLQGVSHHGDVYLHZHGE\ WKHNLWH� w � LVQRZH

� � �w  �wb YVLQt � � � � b �b YFRVt � � �H

ZKLFK VLP SOLnHVWR
� � �w  w b � YwVLQt � Y �H

7 KH?HmHFWLYHDQJOH� LQWKLVFDVHLVVLPLODUWRWKHULVLQJ NLWH� ) LJXUH� ��

GHSLFWVWKHUHODWLYHZLQGVSHHG� w � DVYLHZHGIURP WKHNLWH
VSHUVSHFWLYH� : KHQH

WKHNLWHLVIDOOLQJ WKHZLQGDSSHDUVWREHJRLQJ XS IURP WKHNLWH
VSHUVSHFWLYH�

� �

q

l
v

q
q

y

x

r

vcos  q

vsin q



) LJXUH � �� � 7KLV JUDSK VKRZV WKH JHRPHWULF UHODWLRQVKLSV XVHG WR GHWHUPLQH WKH
HmHFWLYHDQJOHt IRUWKHFDVHRI WKHIDOOLQJ NLWH�H

A7 KH?HmHFWLYHDQJOH� t LVQRZ WKHGLmHUHQFHRI t DQGWKHDQJOHt � ZKHUHH

YFRVtb �At  WDQ �
wb YVLQt

7 KHUHVXOWDQWGLmHUHQFHLV

YFRVtb �t  t b WDQ �H wb YVLQt

$ VZLWK WKHULVLQJ NLWH�

w FRVt  wFRVt �H H

FDQDOVREHVKRZQDQDO\ WLFDOO\ �

� �� 3 XWWLQJ ,W$ OO7RJHWKHU

: HKDYHEHHQXVLQJ Y WRUHSUHVHQWWKHNLWHVSHHG� ,QRUGHUWRXVHUs IRU

WKHNLWHVSHHG� QRWLFHWKDWWKHVLJQRI s UHoHFWVWKHNLWHGLUHFWLRQFKDQJHV� 7 KH

HTXDWLRQIRUWKH?HmHFWLYH� ZLQGVSHHGLQERWK WKHFDVHRI WKHULVLQJ NLWHDQG

WKHFDVHRI WKHIDOOLQJ NLWHLVUHSUHVHQWHGE\

� � � �w  w � � UswVLQt � Us � � � � �H

� �

q

l

v

q

vcos q

l  -  vsin q
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vsin q
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q̂



7 KHHTXDWLRQIRUWKH?HmHFWLYHDQJOH� LQERWK FDVHLV

Us FRVtb �t  t � WDQ � � � � �H w� Us VLQt

6XEVWLWXWLQJ WKHVHHmHFWLYHTXDQWLWLHVLQWRDOORI WKHIRUFHWHUP VRI HTXDWLRQ� � � �

JLYHV
� �| $ w E | $ w D JH HBs  VLQ� t FRVt b FRVt VLQt b FRVt �H H H H� UP � UP U

ZKHUHw DQGt DUHGHnQHGE\ HTXDWLRQV� � � � DQG� � � � � 6XEVWLWXWLQJ w DQGH H H

UHDUUDQJLQJ JLYHVWKHVHFRQGHTXDWLRQLQRXU?HmHFWLYH� P RGHO�

Bt  ) � t � s�  s � � � �

DQG

D| $ J� � �Bs  * � t � s�  �w � U s � � Uws VLQt � �mVLQ� t FRVt b FRVt VLQt � b FRVt �H H H H� UP U
� � � �

� �



� � $ QDO\ VLVRI WKH ( mHFWLYH 0 RGHO

- XVWDVLQWKHEDVLF PRGHO� WKLVV\ VWHP LVLPSRVVLEOHWRVROYHDQDO\ WLFDOO\ �

: HZLOOIROORZ WKHVDPHVWHSVDVLQWKHEDVLF PRGHO� : HZLOOnQGWKHn[ HG

SRLQWV� WKHQOLQHDUL] HWKHV\ VWHP DURXQGWKRVHn[ HGSRLQWV� : HZLOOQXPHULFDOO\

SORWWKHWUDMHFWRULHVLQWKHSKDVHVSDFHDQGFORVHE\ FRP SDULQJ WKHEDVLF PRGHO

WRWKH?HmHFWLYH� PRGHO�

� �� ) L[ HG 3 RLQWV

5 HFDOOWKDWDn[ HGSRLQWRFFXUVZKHQWKHUHLVQRP RYHPHQWLQWKH

BV\ VWHP � 6LQFHt DQG Bs ERWK GHVFULEHP RYHP HQW� n[ HGSRLQWVRFFXUZKHQ

Bt  Bs  � � 7 KHDQJOHRI WKHn[ HGSRLQWLQWKLV?HmHFWLYH� P RGHOVDWLVnHV

HTXDWLRQ� � � � � VRWKHFRRUGLQDWHVRI WKHn[ HGSRLQWDUH� t � � � �V

� �� / LQHDUL] DWLRQ

7 KH- DFRELDQP DWUL[ IRUWKHV\ VWHP � � � � DQG� � � � ZKHQt  t DQGV

s  s  � EHFRP HVV � �
� �% &- � t � � �  �# $V
j z

ZKHUH
#* #*

j  DQG z  �
#t #s

2 EVHUYHWKDW

w � t � � �  w DQG FRVt � t � � �  FRVt �H H

� �



%HIRUHFDOFXODWLQJ j � ZHQHHGWRFRP SXWHWZRLQJUHGLHQWV� ) LUVWQRWHWKDW
#w #tH H� t � � �  � � VLQFHs  � � : HDOVRQHHG � t � � � � 2 EVHUYHWKDW#t #t

‚ �
wb �t  FRV FRVt �H wH

8 VLQJ WKHIDFWWKDWw � t � � �  w ZHnQGWKDWH

#t H  � � � � � �
#t

$ IWHUVRP HFRPSXWDWLRQ� ZHKDYH

r s J� �j  o b mVLQ� t VLQt � � mFRVt FRV� t b FRV t � VLQ t � VLQt �H H H H H H U

: HFDQHOLP LQDWHWKHHmHFWLYHDQJOHVE\ UHFDOOLQJ WKDWFRVt � t � � �  FRVt ZKLFKH

JLYHVXV

r s J� �j  o b mVLQ� t VLQt � � mFRVt FRV� t b FRV t � VLQ t � VLQt �
U

ZKLFK LVH[ DFWO\ HTXDWLRQ� � � � RI WKHEDVLFP RGHO� ) ROORZLQJ WKHVDP HVWHSVZH

XVHGRQHTXDWLRQ� � � � � ZHDUULYHDW

j � t � s �  o FRVt � � mFRV� t b FRVt � �V V V V V

: HQRZ WXUQWRWKHFRPSXWDWLRQRI z� t � � � � 7 ZRGHULYDWLYHVWKDWZHV

QHHGDUH
#w #tH H� t � � � DQG �t � � � �
#s #s

�� � � �5 HFDOOLQJ WKDWw  �w � Us � � Uws VLQt � � LWLVVWUDLJWIRUZDUGWRnQGWKDWH

#wH  UVLQt �
#s

8 VLQJ HTXDWLRQ� � � � � ‚ �
wb �t  FRV FRVt �H wH

� �



WKHFDOFXODWLRQVDUHDJDLQVWUDLJKWIRUZDUGDQGOHDGWR

#t UFRVtH� t � � �  �
#s w

: HFDQVXPP DUL] HWKHVH- DFRELDQFDOFXODWLRQVDVIROORZV�

r s
�j � t � � �  o FRVt � � mFRV� t b FRVt � DQG z� t � � �  FwUFRVt � mFRV t b � �

� � � �

ZKHUH
D| $

F �
� UP

� �� $ FWXDO%LIXUFDWLRQ ' LDJUDP IRUWKH ( mHFWLYH 0 RGHO

1 RZ WKDWj DQGs DUHFRPSXWHG� ZHUHWXUQWRWKH- DFRELDQP DWUL[ �
� �

� �% &- � t � s �  # $V V
j z

DQGQRWLFHWKDWWKHGHWHUPLQDQWRI WKLVP DWUL[ LVb j DQGWKHWUDFHLVz� ,QRUGHU

WRGHWHUP LQHWKHVLJQVRI WKHGHWHUP LQDQWDQGWUDFH� ZHQHHGWRGHWHUPLQHWKH

VLJQVRI j DQGz� : HZLOOnUVWFRQVLGHU

j  o FRVt � � mFRV� t b FRVt � �V V V

{DQGQRWLFHWKDWo FRVt ! � DVVXP LQJ � � t � � 6RWKHVLJQRI j LVWKHVLJQRIV V �

� mFRV� t b FRVt � � � � �V V

$ WHTXLOLEULXP � n  b VLQt � � b � mFRVt � DQGV V

Gn
 � mFRV� t b FRVt �V VGt V

� �



Gn) URP HTXDWLRQ� � � � � ZHVHHWKDWWKHVLJQRI j  WKHVLJQRI � 5 HFDOOWKHJUDSKGt V

eRI n IURP ) LJXUH� �� � : KHQt � t � n LVLQFUHDVLQJ DQGWKHGHULYDWLYHLVV

eSRVLWLYH� : KHQt ! t � n LVGHFUHDVLQJ DQGWKHGHULYDWLYHLVQHJDWLYH� 7 KHUHIRUH�V

�
! e� � � IRUt � tV

VJQj  
! e� b � IRUt ! t �V

+ RZHYHU� VLQFHWKHGHWHUP LQDQW� c  b j �
�
! e� � � IRUt ! tV

VJQc  ! e� b � IRUt � t �V

7 KHVLJQRI WKHWUDFHRI WKH- DFRELDQ� z� RQWKHRWKHUKDQGLVP RUH

FRP SOLFDWHG� 5 HFDOO
�z  FwUFRVt � � mFRV t b � � �

ZKHUH
D| $ E

F DQG m �
� UP D

� {6LQFHF! � � m! � DQG� � t � � z  � LPSOLHVWKDW� �

�� mFRV t b �  � �

7 KLVHTXDWLRQKDVURRWVt WKDWVDWLVI\E

�
FRVt  � � � � �E �

�� � m�

/ HW
VVHWHTXDWLRQ� � � � DVLGHIRUDPRPHQWDQGQRWLFHWKHWXUQLQJ SRLQW
eLQWKHELIXUFDWLRQGLDJUDP� : HKDYHDOUHDG\ OHWt EHWKHDQJOHDWZKLFK WKH

eWXUQLQJ SRLQWRFFXUV� t VDWLVnHV

e e� mFRV� t b FRVt  � �

� �



e7RVROYHIRUt ZHXVHDWULJRQRP HWULF LGHQWLW\ DQGDUULYHDWWKHTXDGUDWLF

HTXDWLRQ�
� e e� mFRV t b FRVt b � m � �

WRZKLFK ZHFDQDSSO\ WKHTXDGUDWLF IRUPXODWRnQGWKDW
�� �t u � �� � �eFRVt  � � �

� m � m �
{e: HNHHS WKHSRVLWLYHURRWEHFDXVH� � t � � : HQHHGWRFRQVLGHUZKHWKHUt LVE�

e e eJUHDWHUWKDQRUOHVVWKDQt � 2 EVHUYHWKDWLI t ! t � WKHQFRVt � FRVt � : HE E

WKHQGHnQHDQHZ IXQFWLRQ%�m� E\
�� �t u � �� � � �e%�m�  FRVt b FRVt  � � b �E �� m � m � �� � m�

� �S2 EVHUYHWKDW%� �  � � $ OVRQRWLFHWKDWOLP %�m�  � 1 RWLFHWKHSORWRIm� �� �

�) LJXUH� �� � 7KLVJUDSK VKRZVWKDW%�m� ! � IRUm! � � 1RWLFHWKDW%� �  � DQG�
%�m� ! � IRUm! � �

�%�m� LQ) LJXUH� �� � : KHQm! � � %�m� w � � : KHQm � WKHQ%�m�  � � 6LQFH�

� � eSm! WKHQ� � %�m� � DQGFRVt ! FRVt ZKLFK OHDGVXVWRWKHUHODWLRQVKLSE� �

et ! t � � � � �E

� �

1

2

a

B (a)

1
2



/ HW
VWXUQRXUDWWHQWLRQEDFNWRz� : HHYDOXDWHWKHVLJQRI z IRUt ! t E

DQGt � t �E �
!� � � IRUt � t E

VJQz  
!� b � IRUt ! t �E

#1 #17 KHJUDSK LQ) LJXUH� �� VXP PDUL] HVWKHVLJQVRI j  DQGz  �#t #s

) LJXUH� �� � 7KLVELIXUFDWLRQGLDJUDP VXPPDUL] HVWKHVLJQVRI j DQGz�

7 KHVLJQVRI j DQGz DOORZ XVWRGHWHUP LQHWKHVLJQVRI WKHGHWHUP LQDQW� c � DQG

WKHWUDFH� ~� ) LJXUH� �� VXP PDUL] HVWKHVWDELOLW\ FKDUDFWHULVWLFV�

) LJXUH� �� � 7KLVELIXUFDWLRQGLDJUDP VXPPDUL] HVWKHW\ SHDQGVWDELOLW\ RI n[ HGSRLQWV�
EDVHGRQWKHGHWHUPLQDQW� c � DQGWKHWUDFH� ~ RI WKH-DFRELDQPDWUL[ �

� �

b* b

q*
F < 0

F > 0

qb

qs

x < 0

x > 0

b*

b

q*

qb

qs
D>0, t<0  Stable Node or  Stable Spira l

D>0, t >0  Unstable Node or  Unstable Spi ra l

D<0, t>0  Saddle Point



� �� 3 KDVH 3 RUWUDLWRI WKH ( mHFWLYH 0 RGHO

: HZLOOORRNDWIRXULQWHUHVWLQJ DVSHFWVRI WKHELIXUFDWLRQGLDJUDP � ) LUVW�

WKHOLQHDUL] DWLRQVWXG\ WROGXVWKDWWKHUHLVDt ! t ZKLFK LVDn[ HGSRLQWDQGE

WKDWn[ HGSRLQWLVHLWKHUDVWDEOHQRGHRUDVWDEOHVSLUDO� : HFKRVHDn WKDW

FRUUHVSRQGVWRVXFK Dt �VHH) LJXUH� �� � � ) LJXUH� �� VKRZVWKHSKDVHSRUWUDLWZH

SORWWHGE\ XVLQJ RXUFRP SXWHUSURJUDP � �7 KHFRP SXWHUFRGHDQGVSHFLnF

QXPHULFDOH[ DP SOHVDUHLQ$ SSHQGL[ $ � � ,WLVHDVLHUWRVHHWKHVWDEOHSRLQWLI

) LJXUH� �� � 7KLVSKDVHSRUWUDLWRI WKHHmHFWLYHPRGHOVKRZVWUDMHFWRULHVWKDWVWDUWDW
{DQJOHVEHWZHHQ� DQG � ZKLFKLVWKHYDOLGUHJLRQIRURXUNLWHPRGHO� 7KHn[ HGSRLQWV�

RFFXUDW� �� � � � � UDGLDQVDQG� �� � UDGLDQVZLWK n  � �� � � � � � �

ZH?] RRP � LQRQWKDWSRLQWDVVKRZQLQ) LJXUH� �� � 1 RWLFHWKDWWKHWUDMHFWRULHV

FRP HWRJHWKHULQWRDOLQHWKDWLVDWWUDFWHGWRWKHn[ HGSRLQW� 7 KHn[ HGSRLQW�

t  � �� � LQWKLVSDUWLFXODUH[ DP SOH� LVDVWDEOHQRGH� ) LJXUH� �� KDVnYH

� �

p
2q = 0

= -1.0

= 1.0

q =

q

q

Stab le  NodeSadd le  Po in t



?VDWHOOLWH� JUDSKVWKDWVKRZ WKHEHKDYLRURI WKHDQJOHt ZLWK UHVSHFWWRWLP H�

IURP � WR� � VHFRQGV� ,QRWKHUZRUGV� LI WKHNLWHZHUHSODFHGDW

B� t � t �  � � �� � � � � �� � � � � LWZRXOGP RYHXS WR� �� � UDGLDQVDQGVWD\ WKHUH� ,I WKH

BNLWHZHUHSODFHGDW� t � t �  � � �� � � � � �� � � � UDGLDQV� LWZRXOGULVHVOLJKWO\ � WKHQIDOO

GRZQWR� �� � UDGLDQVWKHQVWD\ WKHUH� 3ODFLQJ WKHNLWHH[ DFWO\ RQWKHVWDEOH

BQRGH� � t � t �  � � �� � � � � P HDQVWKDWWKHNLWHGRHVQRWP RYHDWDOO�

) LJXUH� �� � 7KHPLGGOHJUDSKLVD] RRPHGLQYLHZ RI WKHVWDEOHQRGH� 7KHXSSHUOHIW
SLFWXUHLVDQDQJOHYHUVXVWLPHSORWRI WKHWUDMHFWRU\ VWDUWLQJ DWWKHXSSHUOHIWFRUQHU

BRI WKHSKDVHSRUWUDLW� t � t �  � � �� � � � � �� � � � 7KHERWWRP PLGGOHJUDSK VKRZVZKDW
KDSSHQVZKHQWKHNLWHLVSODFHGSUHFLVHO\ RQWKHVWDEOHQRGH� 7KHNLWHGRHVQRWPRYH
IURP WKDWSRVLWLRQ� 7KHn[ HGSRLQWRFFXUVDW� �� � UDGLDQVZLWK n  � �� � � � � � �

� �

= 0.001

= -0.001

q = 0.805 q = 0.815

T i m e

T i m eT i m e

T i m e

0 .815

0 .81

0 .81

0 .805

0 .81

0 .805

q  
R

ad
ia

ns

0 . 815

0 .81

T i m e

R
ad

ia
ns

0 . 81

Stable
Node

q  
R

ad
ia

ns
q  

R
ad

ia
ns

q  
R

ad
ia

ns

q

q



$ FDOFXODWLRQRI WKHHLJHQYDOXHVDQGHLJHQYHFWRUVRI WKH- DFRELDQP DWUL[

HYDOXDWHGDWWKHn[ HGSRLQW� YHULI\ WKDWLWLVLQGHHGDVWDEOHQRGHDQGQRWD

VWDEOHVSLUDO� %RWK HLJHQYDOXHVDUHUHDODQGQHJDWLYHLQGLFDWLQJ WKDWDOOWKH

VROXWLRQWUDMHFWRULHVGHFD\ LQWRWKHn[ HGSRLQW� ,I WKHn[ HGSRLQWZRXOGKDYH

EHHQDVWDEOHVSLUDO� WKHHLJHQYDOXHVZRXOGKDYHKDGLP DJLQDU\ SDUWV� �$ SSHQGL[

$ FRQWDLQVWKHHLJHQYDOXHVDQGHLJHQYHFWRUVIRUDOOWKHn[ HGSRLQWV��

7 KHVHFRQGDVSHFWRI WKHELIXUFDWLRQGLDJUDP LQ) LJXUH� �� LVZKHQ
et � t � 7 KHOLQHDUL] DWLRQLQGLFDWHVWKDWWKHn[ HGSRLQW� t � s � LVDVDGGOHSRLQW�V V

) LJXUH� �� VKRZVWKHSKDVHSRUWUDLWFORVHWRWKHVDGGOHSRLQW�

7 KLVVDGGOHSRLQWLVYHU\ LQWHUHVWLQJ� 7UDMHFWRULHVWKDWVWDUWRXWZLWK D

SRVLWLYHYHORFLW\ DUHGUDZQWRZDUGWKHVWDEOHQRGHRQWKHULJKW� 7UDMHFWRULHV

VWDUWLQJ ZLWK QHJDWLYHYHORFLW\ DUHGUDZQWRZDUGDVWDEOHQRGHQRWLQWKHYDOLG

SK\ VLFDOERXQGDULHVRI WKHV\ VWHP � $ VDGGOHSRLQWKRZHYHU� KDVWUDMHFWRULHVWKDW

DUHGUDZQLQWRWKHn[ HGSRLQWEHIRUHWXUQLQJ DZD\ � 7 KHFRP SXWHUJHQHUDWHG

SKDVHSRUWUDLWLQ) LJXUH� �� GRHVQRWVKRZ DQ\ WUDMHFWRULHVEHLQJ GUDZQWRZDUG

WKHn[ HGSRLQW� %\ nQGLQJ WKHHLJHQYHFWRUVRI WKH- DFRELDQP DWUL[ � ZHGLVFRYHU

WKDWWKHHLJHQYHFWRUFRUUHVSRQGLQJ WRWKHGHFD\ LQJ HLJHQVROXWLRQLV�b � � � �� � � � � �

ZKLFK LVYHU\ FORVHWRWKH[ �D[ LV� $ FOHDUHUSLFWXUHRI WKHVDGGOHSRLQWLVGUDZQ

LQ) LJXUH� �� �

5 HFDOOWKDWOLQHDUL] DWLRQLQGLFDWHVEHKDYLRUWKDWLVRQO\ ORFDOWRn[ HG

SRLQWV� : HFDQVHHWKDWWUDMHFWRULHVOHDYLQJ WKHORFDWLRQRI WKHVDGGOHSRLQWLQ

BWKHSRVLWLYHt GLUHFWLRQ� GRVRDORQJ WKHJURZLQJ HLJHQYHFWRU� 7 KHQWKH\ DUH

GUDZQWRZDUGWKHVWDEOHQRGHRQWKHULJKW� ,I WKHNLWHZHUHSODFHRQRQHRI WKHVH

WUDMHFWRULHV� LWZRXOGHYHQWXDOO\ nQGWKHDQJOHWKDWLVFKDUDFWHUL] HGE\ WKHVWDEOH

QRGH� 7 KHWUDMHFWRULHVWKDWOHDYHWKHORFDWLRQRI WKHVDGGOHSRLQWLQWKHQHJDWLYH

Bt GLUHFWLRQ� DOVRGRVRDORQJ WKHJURZLQJ HLJHQYHFWRU� 7 KHVHWUDMHFWRULHVDUH

GUDZQWRZDUGDVWDEOHQRGH� WKDWKDVDQHJDWLYHDQJOH� ZKLFK LVRXWRI WKHYDOLG
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SK\ VLFDOUHJLRQRI RXUV\ VWHP� ,I WKHNLWHZHUHSODFHGRQRQHRI WKHVH

WUDMHFWRULHV� LWZRXOGKLWWKHJURXQG�

) LJXUH � �� � 7KH SKDVH SRUWUDLWGUDZQ KHUH LQFOXGH WKH VDGGOH SRLQW� 7UDMHFWRULHV
WKDWVWDUWRXWZLWK DSRVLWLYHYHORFLW\ DUHGUDZQWRZDUGWKHVWDEOHQRGHRQWKHULJKW�
7UDMHFWRULHVVWDUWLQJ ZLWKQHJDWLYHYHORFLW\ DUHGUDZQWRZDUGDVWDEOHQRGHQRWLQWKH
YDOLGSK\ VLFDOERXQGDULHVRI WKHV\ VWHP� 7KHWKUHHDQJOHYHUVXVWLPHSORWVVKRZ ZKDW
KDSSHQVZKHQWKHNLWHLVSODFHGDWWKHWKUHHLQGLFDWHGSRLQWV� 7KHn[ HGSRLQWRFFXUV
DW� �� � � � � UDGLDQVZLWK n  � �� � � � � � �
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) LJXUH� �� � 7KLVGUDZLQJ VKRZVWKHVDGGOHSRLQWRQWKHOHIWDQGWKHVWDEOHQRGHRQ
WKHULJKW� 7UDMHFWRULHVOHDYLQJ WKHVDGGOHSRLQWDORQJ WKHJURZLQJ HLJHQYHFWRUVRRQ
DUHGUDZQLQWRWKHGHFD\ LQJ HLJHQYHFWRURI WKHVWDEOHQRGH�

7 KHWKLUGUHJLRQRI LQWHUHVWLQRXUELIXUFDWLRQGLDJUDP LVZKHQ
en � n � n � 7 KHOLQHDUL] DWLRQLQGLFDWHVWKDWWKHn[ HGSRLQW� t � s � LVDQE V V

XQVWDEOHQRGHRUXQVWDEOHVSLUDO� ) LJXUH� �� VHHP VWRLQGLFDWHWKDWWKHSRLQWLV

DQXQVWDEOHQRGH� $ JDLQ� WKLVFDQEHYHULnHGE\ FDOFXODWLQJ WKHHLJHQYDOXHV�

7 KH\ DUHERWK UHDODQGSRVLWLYHZKLFK LQGLFDWHVWKHVROXWLRQVJURZ DQGKHQFHDUH

UHSHOOHGIURP WKHn[ HGSRLQW�

7 KHIRXUWK DQGODVWLWHP RI LQWHUHVWLQWKHELIXUFDWLRQGLDJUDP LVWKH

SRLQW�n � t � � 7 KHn[ HGSRLQWFKDQJHVIURP DVWDEOHQRGHWRDQXQVWDEOHQRGHDVE E

n LQFUHDVHV� 7 KHSRLQWDWZKLFK WKLVRFFXUVLVWKHELIXUFDWLRQSRLQW�

7 KH?. LWHVDQG%LIXUFDWLRQ7 KHRU\ � SDSHU� >$ GRP DLWLV@� VXJJHVWHGWKDW

WKLVELIXUFDWLRQSRLQWZDVD+RSI ELIXUFDWLRQ� $ +RSI ELIXUFDWLRQRFFXUVZKHQ

WKHUHDOSDUWVRI WZRFRPSOH[ FRQMXJDWHHLJHQYDOXHVFKDQJHIURP QHJDWLYHWR

SRVLWLYHRUSRVLWLYHWRQHJDWLYH� $ OORI WKHHLJHQYDOXHVLQWKLVP RGHOZHUHUHDO

QXPEHUV� 6RWKLVSRLQW�n � t � LVQRWD+ RSI ELIXUFDWLRQ�E E
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) LJXUH� �� � 7KLVSKDVHSRUWUDLW?] RRPV� LQRQWKHXQVWDEOHQRGH� $ WUDMHFWRU\ WKDW
VWDUWVLQWKHORZHUULJKWFRUQHUJRHVGRZQWR ] HUR� ZKLFK SK\ VLFDOO\ PHDQVWKDWWKH
NLWHKLWVWKHJURXQG� 7UDMHFWRULHVWKDWVWDUWDWWKHn[ HGSRLQWDVZHOODVWUDMHFWRULHV
WKDWVWDUWRXWLQWKHXSSHUULJKWFRUQHUDOVRJRGRZQWR] HUR� MXVWQRWDVIDVW� 7KH
n[ HGSRLQWRFFXUVDW� �� � UDGLDQVZLWK n  � �� � � � � � �
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� � & RQFOXVLRQ

7 KHEDVLFP RGHODQGWKHHmHFWLYHPRGHOKDYHYHU\ GLmHUHQWTXDOLWDWLYH

EHKDYLRU� 7 KHOLQHDUL] DWLRQRI WKHEDVLF P RGHOLQGLFDWHGDVDGGOHSRLQW� ZKLFK

ZHIRXQGLQWKHSKDVHSRUWUDLW� ,I WKHV\ VWHP KDGEHHQOLQHDU� WKHOLQHDUL] DWLRQ

ZRXOGKDYHFRQFOXVLYHO\ GHWHUP LQHGWKHH[ LVWHQFHRI DFHQWHU� + RZHYHU� VLQFHWKH

V\ VWHP ZDVQRQOLQHDU� ZHFRXOGQRWXVHWKHUHVXOWVIURP WKHOLQHDUL] DWLRQRQWKDW

n[ HGSRLQWEHFDXVHRI WKHVHQVLWLYHQDWXUHRI ERWK HLJHQYDOXHVRQWKHLPDJLQDU\

D[ LV� 0 XFK WRRXUVXUSULVHWKRXJK� WKHSKDVHSRUWUDLWGLGKDYHDFHQWHU� 7 KH

EDVLF P RGHOZDVLQWHUHVWLQJ WRVWXG\ � KRZHYHU� LWLVFOHDUO\ QRWUHSUHVHQWDWLYHRI

DNLWHLQoLJKW�

7 KHHmHFWLYHPRGHO� RQWKHRWKHUKDQG� VHHP VWRP RGHOWKHNLWHP RUH

FORVHO\ � 7 KHV\ VWHP RI 2 ' ( VWKDWUHSUHVHQWWKHHmHFWLYHPRGHOLVPXFK PRUH

GLp FXOWWRDQDO\ ] H� 7 KHORZHUOHJ RI WKHELIXUFDWLRQGLDJUDP LQGLFDWHGDVDGGOH

SRLQW� MXVWDVLQWKHEDVLF P RGHO� 7 KHXSSHUOHJ KRZHYHU� ZDVVSOLWLQWRWZR

SDUWV� RQHFRUUHVSRQGLQJ WRDVWDEOHSRLQWDQGWKHRWKHUDQXQVWDEOHSRLQW� : H

WKHQFDOFXODWHGWKHHLJHQYDOXHVZKLFK YHULnHGWKHVWDEOHSRLQWZDVDVWDEOHQRGH

DQGWKHXQVWDEOHSRLQWZDVDQXQVWDEOHQRGH� ,I WKH\ KDYHERWK EHHQVSLUDOV

LQVWHDGRI QRGHV� WKHELIXUFDWLRQSRLQWZRXOGKDYHEHHQD+ RSI ELIXUFDWLRQ�
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$ SSHQGL[ $ � &DOFXODWHG 9 DOXHV DQG & � � &RGH

7 KLVDSSHQGL[ FRQWDLQVWKHVSHFLnF QXPEHUVDVZHOODVWKH&� � FRGH
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7 KHWXUQLQJ SRLQWRI WKHHmHFWLYHP RGHOLV
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3KDVH ) LJXUH
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� �� � � �
( mHFWLYH � �� � � � �
0 RGHO � �� � �� � � � � � � �� � � � � � DQG

%LJ 3LFWXUH � �� �
( mHFWLYH
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6WDEOH1 RGH
( mHFWLYH
0 RGHO � �� � �� � � � � � � �� � � � � � � �� � � � �

6DGGOH3RLQW
( mHFWLYH
0 RGHO � �� � �� � � � � � � �� � � � � �� �

8 QVWDEOH1 RGH

7DEOH$ �� � 7KLVWDEOHVXPPDUL] HVWKHVSHFLnF n[ HGXVHGLQWKHSKDVHSRUWUDLWV�
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) L[ HG &RUUHVSRQGLQJ
0 RGHO 3RLQWV ( LJHQYDOXHV ( LJHQYHFWRUV

6DGGOH � �� � � � � � �� � � � � � �� � � � �
%DVLF 3RLQW b � �� � � � � b � �� � � � � � �� � � � �

&HQWHU � � � �� � � � L � � �� � � � � � � � �� � � � L�
� b � �� � � � L � � �� � � � � � b � �� � � � L�

6WDEOH b � �� � � � � � �� � � � � b � �� � � � �
1 RGH b � �� � � � � b � �� � � � � � �� � � � �

( mHFWLYH 6DGGOH b � �� � � � � b � �� � � � � � �� � � � �
3RLQW � � �� � � � � b � �� � � � � b � �� � � � �

8 QVWDEOH � �� � � � � b � �� � � � � b � �� � � � �
1 RGH � �� � � � � b � �� � � � � b � �� � � � �

7DEOH$ �� � 7KLV WDEOHVXPPDUL] HVWKHHLJHQYDOXHVDQG HLJHQYHFWRUV IRUHDFK n[ HG
SRLQWFDOFXODWHGIURP WKH-DFRELDQPDWULFHV�

7 KLVLVWKH&� � FRGHWKDWLP SOHP HQWVWKH5 XQJH�. XWWDP HWKRGIRUWKH

HmHFWLYHP RGHO�
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� �
� � ( ) ) ( &75. � &
� �
� � 7KLV XWLOLW\ GUDZV SKDVH SRUWUDLWV I RU WKH HI I HFWLYH
� � PRGHO GHVFULEHG LQ WKLV SDSHU� , WXVHV D I RXUWK RUGHU
� � 5XQJH� . XWWD PHWKRG�
� �
� � 7KLV XWLOLW\ UHTXLUHV D 3& ZLWK YLGHR FDSDEOH RI
� � � � � [ � � � DWWZR FRORUV� : KHQ LWUXQV LWVHWV WKH
� � YLGHR PRGH I RU JUDSKLQJ DQG UHVHWV YLGHR PRGH EDFN
� � WR QRUPDO ZKHQ I LQLVKHG�
� �
� � 7KLV XWLOLW\ ZDV GHYHORSHG XVLQJ 0LFURVRI W9LVXDO
� � &� � 9HU � � � � �
� �
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� LQFOXGH � FRQLR� K!
� LQFOXGH � VWGLR� K!
� LQFOXGH � VWGOLE� K!
� LQFOXGH � WLPH� K!
� LQFOXGH � PDWK� K!

� GHI LQH *5$3+ � � VHW� XQVHWI RU GHEXJJLQJ SXUSRVHV

� LI GHI *5$3+
� LQFOXGH � JUDSK� K!
� HQGLI

� GHI LQH , 7( 5$7, 216 � � � � � /
� GHI LQH 0( 7+2' � 5XQJH� . XWWD�

HQXP ERROHDQ ^ ) $/ 6( � 758( ` �

� � ' HFODUH JOREDO YDULDEOHV
ORQJ LO� LWHUDWLRQV�
GRXEOH UKR� ELJ$� D� E� ODPEGD( � U� P� WKHWD( � J� ODPEGD�

WKHWD� HWD� P\ [ � VFUUDWLR� SL� ZOHI W� ZULJKW� ZWRS�
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� � SODFH JULG RQ ZRUNLQJ DUHD
VWDWLF YRLG JULG� YRLG�
^
� LI GHI *5$3+
I RU� L ZOHI W� L�  ZULJKW� L �  OU � [ GLY�

^
I RU� M ZERWWRP� M�  ZWRS� M �  WE � \ GLY�

^
BVHWSL[ HOBZ� L� M� �
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`
� HQGLI
`

� � KHOSHU I XQFWLRQ I RU GUDZLQJ OLQHV
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VWDWLF YRLG OLQH� GRXEOH [ � � GRXEOH \ � � GRXEOH [ � � GRXEOH \ � �
^
� LI GHI *5$3+

BPRYHWRBZ� [ � � \ � � �
BOLQHWRBZ� [ � � \ � � �

� HQGLI
`

� � GUDZ ZRUNLQJ DUHD JUDSK ERXQGDULHV
VWDWLF YRLG OLQHU� YRLG�
^
� LI GHI *5$3+

VWUXFWWP 
 QHZWLPH�
WLPHBWDFORFN�
FKDU EXI >� � � @�

WLPH� 	 DFORFN � � � � *HWWLPH LQ VHFRQGV
QHZWLPH  ORFDOWLPH� 	 DFORFN � � � � &RQYHUWWR VWUXFWWP

BVHWWH[ WSRVLWLRQ� � � � � �
VSULQWI � EXI � � / HI W  � OI � 5LJKW  � OI � �

ZOHI W� ZULJKW� �
BRXWWH[ W� EXI � �
BVHWWH[ WSRVLWLRQ� � � � � �
VSULQWI � EXI � � 7RS  � OI � %RWWRP  � OI � �

ZWRS� ZERWWRP� �
BRXWWH[ W� EXI � �
BVHWWH[ WSRVLWLRQ� � � � � �
VSULQWI � EXI � � , WHUDWLRQV  � OG� 0HWKRG  � V� ?

6FUUDWLR  � OI � � LWHUDWLRQV� 0( 7+2' � VFUUDWLR� �
BRXWWH[ W� EXI � �
BVHWWH[ WSRVLWLRQ� � � � � �
VSULQWI � EXI � � / DPEGD  � OI � 7LPH  � V� �

ODPEGD� DVFWLPH� QHZWLPH � � �
BRXWWH[ W� EXI � �
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OLQH� ZOHI W� ZERWWRP� ZULJKW� ZERWWRP� �
OLQH� ZULJKW� ZWRS� ZOHI W� ZWRS� �
OLQH� ZULJKW� ZWRS� ZULJKW� ZERWWRP� �
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ODPEGD  DWRI � DUJY>� @� �
`
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HOVH � � 7DNH GHI DXOWV LI SDUDPV ZHUH QRWSDVVHG RQ FPG OLQH
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� � ' HI LQH [ DQG \ ZRUNLQJ DUHD UDQJHV
ZOHI W � SL�
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ZULJKW SL�
ZWRS  SL�
ZERWWRP  � SL�
LWHUDWLRQV  , 7( 5$7, 216�
ODPEGD  � � � � �
`

� LI GHI *5$3+
� � 6HWVFUHHQ YLGHR PRGH WR � � � [ � � � ZKLWH RQ EODFN
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� � ' HI LQH RWKHU FRQVWDQWV
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D  � � � �

� � 7KH GHI DXOWZRUNLQJ DUHD LV � � RI I XOO VFUHHQ VL] H� *LYH XVHU
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� � 6SHFLI \ � RI KRU] DQG YHUWJULG LQFUHPHQWV

[ GLY  � � �
\ GLY  � � �

� � $GG � VXEWUDFW� VFUUDWLR RI LPDJH� VFUHHQ VL] H GLI I HUHQFH?
� � WR ZRUNLQJ VFUHHQ VL] H DUHD�
OI  ZOHI W� OUDGM�
EW ZERWWRP � WEDGM�
UW ZULJKW� OUDGM�
WS  ZWRS � WEDGM�

� � 6HWWKH YLHZLQJ DUHD VFUHHQ VL] H � LW
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� LI GHI *5$3+
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