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Thalos, Paul (M.S., Computer S
ien
e)Bishop's Dominating Number on a M �N ChessboardThesis dire
ted by Asso
iate Professor David C. FisherABSTRACTIn the game of Chess, a Bishop atta
ks diagonally any number of squares. Aset of Bishops \dominate" an m by n 
hessboard if for every square there iseither a Bishop on it or a Bishop atta
king it. What is the minimum numberof Bishops that are ne
essary to dominate a m by n 
hessboard? This thesiswill make a 
onje
ture (whi
h will be partially proven) for the answer to thisquestion.When m = n, I have a new proof for a result that m Bishops arerequired to dominate the Chessboard fully given �rst by Yaglom and Yaglom.When m < n � 2m, I �nd a similar result that the total number of Bishopsrequired is 2 jn2k. When n > 2m, I give a domination with 2 jn+m3 k Bishops,and 
onje
ture that this is the minimum number. This 
onje
ture is veri�edwhen m = 2 and m = 3. It is also veri�ed when n = 2m+ 1, 2m+ 2, 2m+ 3,2m + 4 and 2m + 5. Further, an Integer Programming formulation failed to�nd a 
ounterexample for values of m � 9 and values of n � 110.Signed David C. Fisher
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1. Bishop DominationD8D7D6D5D4D3D2D1���R���R���R
���R���R���R
���R���RD9 D10 D11 D12 D13 D14 D15���R���R���R���R���R���R���R

Figure 1.1. Diagonal labeling for an 8 � 8 Chessboard.The 8�8 Chessboard has been often been the stage to mu
h mathe-mati
al thought. A 
onventional game involves two players, where ea
h playerhas a Queen and a King and two Rooks, two Knights and two Bishops. I amprimarily 
on
erned with the Bishops alone, and this paper 
on
erns havingany number of Bishops. Given that a Chessboard is a two dimensional arrayof squares in rows and 
olumns, a single Bishop moves diagonally a
ross them.Given also if a Chessboard is 
olored with two distin
t 
olors as a Che
ker-board, a Bishop moves on a single 
olor alone. The domination, or atta
kingevery square of this Chessboard by various 
hess pie
es has been a topi
 of1



some interest, and doing so with the use of minimal number of pie
es of 
on-siderable interest.I now formally de�ne our problem. A set of Bishops \dominate"an m by n 
hessboard if for every square there is either a Bishop on it ora Bishop atta
king it. What is the minimum number of Bishops that arene
essary to dominate a m by n 
hessboard? Figure 1.1 and Figure 1.2 showa domination of the 8�8 Chessboard using 8 Bishops in a 
enter-most row.Yaglom and Yaglom [3℄ �rst showed that Bishop domination for a generalA1A2A3A4A5A6A7A8

��������������������������������A9 A10 A11 A12 A13 A14 A15����������������������������Figure 1.2. Antidiagonal labeling for an 8 � 8 Chessboard.square m�m Chessboard 
annot be a

omplished with fewer than m Bishops.Co
kayne, Gamble and Shepard [1℄ also independently show these results aswell as independent dominations for square Chessboards. We will also extend
2



these results to re
tangular Chessboards. We simplify our problem by assumingthat m � n, be
ause the Bishops domination problem for a m by n 
hessboardis equivalent to the problems of n by m 
hessboard. Through further analysis,we have de
omposed the rest of the problem into three di�erent 
ases. The �rst
ase dis
usses the issues when the rows m are equal to the number of 
olumnsn. The se
ond 
ase's main topi
 is about when m < n � 2m, and the third
ase dis
usses the issues for when n > 2m.

3



The following are a few de�nitions that were used throughout to help
larify and simplify our problem.Let Bm;n be the graph with nodes Vm;n, su
h thatVm;n = f(1; 1); (1; 2); : : : ; (1; n); : : : ; (m; 1); (m; 2); : : : ; (m;n)g :The edge set Em;n is a fun
tion of mn nodes, where if given two nodes (i; j)and (k; l) have an edge between them, then jk � ij = jj � lj 6= 0.We also note that sin
e Bm;n is isomorphi
 to Bn;m, then without loss of gen-erality we will assume throughout that m�n.The following are several subsets of Vm;n :(1) The ith row is: Ri = f(i; 1); (i; 2); : : : ; (i; n)g.(2) The jth 
olumn is: Cj = f(1; j); (2; j); : : : ; (m; j)g.(3) The pth diagonal is: Dp = n(i; j) 2 Vm;n j p = m + j � io.(4) The pth antidiagonal is denoted as Ap = n(i; j) 2 Vm;n j p = j + i� 1o.(5) The set of white and bla
k squares (denoted respe
tively as W and L)are a subset of squares that have size dmn2 e and size bmn2 
, su
h thatea
h set is denoted asW = n (i; j) j i + j is evenoL = n (i; j) j i + j is oddo
4



2. Square Chessboards, where 1 � m = nYaglom and Yaglom [3℄ show thatm Bishops are required to dominateall Chessboards with m rows and m 
olumns. Co
kayne, Gamble and Shepard[1℄ show that the independent domination number for the Bishops in squareChessboards is no more than the domination number. Here we will give a littledi�erent proof. D8D7D6D5D4D3D2D1���R���R���R
���R���R���R
���R���RD9 D10 D11 D12 D13 D14 D15���R���R���R���R���R���R���R

Figure 2.1. Here 8 Bishops dominate an 8�8 Chessboard.Theorem 1 For all m � 1, we have 
(Bm;m) = m.
5



A1A2A3A4A5A6A7A8

��������������������������������A9 A10 A11 A12 A13 A14 A15����������������������������Figure 2.2. Here 8 Bishops dominate an 8�8 Chessboard.Proof: We 
an dominate Bm;m with m Bishops in row dm2 e (see Fig.2.2 andFig. 2.1 ). So 
(Bm;m) � m.Suppose we 
an dominate Bm;m with less than m Bishops. Let adiagonal be \large" if it 
ontains at least dm2 e squares. Sin
e there are at leastm large diagonals, at least one of these diagonals must be bishopless. So toatta
k the squares of this large diagonal, we need at least dm2 e Bishops atta
kthese squares via antidiagonals of the same 
olor as the large diagonal. Thusthere are fewer than m�dm2 e = bm2 
 Bishops of the other 
olor, leaving a largediagonal of this other 
olor to be bishopless. Sin
e the squares 
orrespondingto this diagonal 
annot be 
overed with less than dm2 e Bishops in 
orrespondingantidiagonals, we have a 
ontradi
tion. Therefore 
(Bm;m) = m. 2
6



3. m�n Chessboards, where 1 � m < n � 2mIn this se
tion, we will be the �rst to prove in a domination of Bm;n,where 1 � m < n � 2m that at least bn2 
 Bishops of ea
h 
olor are needed.D4D3D2D1���R���R���R
���RD5 D6 D7 D8 D9 D10���R���R���R���R���R���R D4D3D2D1���R���R���R

���RD5 D6 D7 D8 D9 D10 D11���R���R���R���R���R���R���R
Figure 3.1. Here we have 
(B4;7) = 6 and 
(B4;8) = 8.Theorem 2 For all 1 � m < n � 2m, we have 
(Bm;n) = 2bn2
Proof: For any 1 � m < n � 2m, we 
an dominate Bm;n with 2 jn2 k Bishops,in squares (bm2 
 � 1; 2); (bm2 
; 2); (bm2 
 � 1; 4); (bm2 
; 4); : : : ; (bm2 
 � 1; 2bn2
);(bm2 
; 2bn2 
) ( Fig. 3.1 shows these dominations for B4;7 and B4;8). Therefore
(Bm;n) � 2bn2 
.To show 
(Bm;n) = 2bn2 
, we suppose a domination exists with fewerthan bn2 
 Bishops for some 
olor, say white. Sin
e jn2k � m, every white di-agonal whose size is at least m must have a Bishop in it, otherwise we 
annotatta
k every one of their squares via antidiagonals. Let us 
hoose p < m to7



be the largest integer, su
h that Dp is bishopless. Then p exists otherwise allwhite diagonals of Dk with 1 � k � n would have a Bishop, and sin
e there areless than jn2 k white Bishops then this is impossible. Let us also 
hoose q > nto be smallest integer, su
h that Dq is also bishopless and is of the same 
oloras Dp. One 
an show that q exists for a similiar reason as p. Sin
e there areq�p2 � 1 white diagonals between Dp and Dq, then we must assume q�p2 � 1 �bn2 
 �1, and assume q � p � 2 jn2 k.How many Bishops are needed to dominate the squares of antidiago-nals p and q? Diagonal p in
ludes all squares between (m�p+1; 1) and (m; p).Diagonal q in
ludes all squares between (1; q�m+ 1) and (n+m� q; n). Weknow that one end of Dp is in Am�p+1 and the other end is in Am+p�1, andone end of Dq is in Aq�m+1 and the other end is in A2n+m�q�1. Sin
e bn2 
 �m, then q � p � 2bn2 
 � 2m, so (q � m + 1) � (p + m � 1) � 2. Thus, theantidiagonals that 
over Dp are 
ontiguous with the antidiagonals that 
overDq (there may be overlap between these two sets of antidiagonals, but there isno \gap").So the total number of antidiagonals 
an be found as the di�eren
ebetween these antidiagonals on ea
h side as needed to 
over both Dp and Dq is(2n+m�q�1)�(m�p+1)2 = 2n�q+p2 = n� q�p2 � n�bn2 
 � bn2 
 . Sin
e there are lessthan bn2 
 white Bishops, then we have a 
ontradi
tion. The proof is similar forthe bla
k squares. Therefore, 
(Bm;n) = 2bn2 
.2
8



4. A Conje
ture for m� n Chessboards, whenn > 2m > 2We will introdu
e this se
tion by proving a theorem that is an upperbound for all 2m < n and 
onje
ture that this is also the lower bound. We�rst will give a domination that for ea
h of the separate 
olors 
ombined forall values of m and values of n. We will later go and begin a proof by 
ompleteindu
tion on m for all n.Theorem 3 For n > 2m > 2, we have 
(Bm;n) � 2bm+n3 
Proof: The following sets des
ribe a domination by pla
ement of Bishops.We �rst note that any square (i; j) 
an be atta
ked one of three ways. Theseare to dire
tly have a Bishop on the square, or to have a Bishop atta
k it viaantidiagonal Ai+j�1 atta
k it or to have a Bishop in diagonal Dm+j�i. Thefollowing two sets des
ribe domination lo
ations for Bishops, where we thesesets are not ne
essarily unique. The �rst set des
ribes the behavior observedfor the white 
olored squares, and the se
ond set des
ribes the pattern for thebla
k squares in a possible domination.
9



8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:
(2; 2);(1; 5); (1; 7); : : : ; (1; 2m + 1);(m; 3m+ 2); (m; 3m+ 4); : : : ; (m; 5m� 2);(1; 6m � 1); (1; 6m+ 1); : : : ; (1; 8m� 5);(m; 9m� 4); (m; 9m� 2); : : : ; (m; 11m � 8);(1; 12m� 7); (1; 12m� 5); : : : ; (1; 14m� 11);(m; 15m� 10); (m; 15m� 8); : : : ; (m; 17m� 14);(1; 18m � 13); (1; 18m� 11); : : : ; (1; 20m� 17);(m; 21m� 16); (m; 21m� 14); : : : ; (m; 23m� 20);... ... ... ...(1; 6(m� 1)k + 5); (1; 6(m� 1)k + 3); : : : ; (1; 6(m� 1)k + 2m+ 1);(m; 6(m� 1)k + 3m+ 2); (m; 6(m� 1)k + 3m+ 4); : : : ; (m; 6(m� 1)k + 5m � 2);

9>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>;
:

Figure 4.1. Positions of White Bishops in my Domination Pattern.For this �rst subset, have shown groupings of subsets of the bish-ops in row 1 and row m. We 
an note that the white Bishops start o� in anon
onforming manner atta
king diagonal Dm and antidiagonal A2, and havea maintained pattern for the Bishops at every 2m � 4 
olumns. The ending
olumns must then be handled with pla
ement of Bishops o� the pattern forsizes of 
hessboards that are not in full subsets.

10



This se
ond set des
ribes the 
on�guration Bishops for the bla
ksquares, it 
an be easily noted that we do not start the set with a squarethat is not on the border.8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:
(1; 2); (1; 4); : : : ; (1; 2m� 2);(m; 3m� 1); (1; 3m+ 1); : : : ; (m; 5m� 5);(1; 6m� 4) (1; 6m � 2) : : : ; (1; 8m� 8);(m; 9m� 7); (1; 9m � 5) : : : ; (m; 11m� 11);(1; 12m� 10); (1; 12m� 8); : : : ; (1; 14m� 14);(m; 15m� 13); (m; 15m � 11); : : : ; (m; 17m � 17);(1; 18m� 16); (1; 18m � 14); : : : ; (1; 20m� 20);(m; 21m� 19); (m; 21m � 17); : : : ; (m; 23m� 23);... ...; ... ...(1; 6(m� 1)k + 2); (1; 6(m� 1)k + 4); : : : ; (1; 6(m� 1)k + 2m� 2);(m; 6(m� 1)k + 3m� 1); (m; 6(m� 1)k + 3m + 1); : : : ; (m; 6(m� 1)k + 5m� 5);

9>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>;Figure 4.2. Positions of Bla
k Bishops in my Domination Pattern.

11



This next pi
ture a
tually displays and example of the 
ombined whiteand bla
k bishop in the the domination pattern for the white squars B5;n. Thisdomination is typi
al for all 
hessboards, and one 
an note that for every squareit either has a Bishop on it or is atta
ked by a Bishop. We basi
ally have groupsof m� 1 bishops on squares of the top and bottom rows.
p p pp p pp p pp p pp p pp p pFigure 4.3. An optimal 
on�guration for the white 
oloredsquares and large n.

12



We now show that for Chessboards with sizes of n not equal to thesizes given in our pattern, I now present a 
on�guration of Bishops that 
on
urswith our domination number and we 
all it a remainder theorem to representthe remainder of the Chessboard. This pattern is represented by the following�gures. B1B2 B2B3 B3 B3B4 B4 B4 B4B5 B5 B5 B5 B5
��I ��I ��I ��I ��IFigure 4.4. Remainder Con�guration for White Bishops.

13



The remainder for the set of Bishops that lie on the bla
k squaresstart at a smaller 
olumn index than the Bishops that lie on the white squares.B1B2 B2B3 B3 B3B4 B4 B4 B4B5 B5 B5 B5 B5
��I ��I ��I ��I ��IFigure 4.5. Remainder Con�guration for Bla
k Bishops.For any 
hessboard, a 
orrelation must be made when m and n donot lie on the bounds of the formula noting that there are 2n+2m�42 whitesquares and 2n+2m�42 bla
k squares on the boundary. The number of Bishops
an be found by noting that ea
h Bishop independently atta
ks 3 squares onthe boundary, thus equating to ln+m�23 m = jn+m3 k Bishops.

14



5. The Conje
ture is True when n = 2m + ` for` � 5
For the 
ases of n = 2m+1, 2m+2, 2m+3, 2m+4 and 2m+5, I haveshown the 
onje
ture true. The proof is similar to the one found in Chapter 3.Theorem 4 For all m, 
(Bm;2m+1) = 
(Bm;2m+2) = 2m.Proof: Suppose that we 
an use m� 1 Bishops to dominate the squares fora 
olor, say white. Let n be the total number of 
olumns in our 
hessboard,and so n = 2m + 1 or n = 2m + 2. Let us �rst de�ne ` = n� 2m, so ` = 1 or` = 2. As in Theorem 2, let us 
hoose diagonals p and q to represent bishoplessdiagonals with the properties that p is the largest integer less than m and qis the smallest integer greater than 2m + `. So p exists otherwise all whitediagonals of Dk with 1 � k � 2m+ ` would have a Bishop, and sin
e there areless than m white Bishops then this is impossible. One 
an show that q existsfor a similiar reason as does p.Sin
e there are m white diagonals between Dp and Dq, then we willassume q�p2 � 1 � m � 1 thus q � p � 2m. We know that one end of Dp is inAm�p+1 and the other end is in Ap+m�1, and one end of Dq is in Aq�m+1 and the15



other end is in A3m+2l�q�1. Sin
e q�p � 2m, we have (q�m+1)� (p+m�1)� 2. Thus, the antidiagonals that 
over Dp are 
ontiguous with the antidiago-nals that 
overs the squares 
over Dq (there may be overlap between these twosets of antidiagonals, but there is no \gap"). Therefore the total number ofantidiagonals that pass through the squares of Dp and Dq is found as the dif-feren
e between these antidiagonals on ea
h side, as given (2n+m�q�1)�(m�p+1)2= n� q�p2 � 2m+ `�m = m+ ` � m. Sin
e we assumed there are only m� 1white Bishops, then we have a 
ontradi
tion. The proof is similar for the bla
ksquares. Therefore for ` = 1; 2, we have 
(Bm;2m+`) = 2m.2Theorem 5 For all m, we have 
(Bm;2m+3) = 
(Bm;2m+4) = 
(Bm;2m+5) =2(m+ 1)Proof: We always have at least m+2 total diagonals with m squares, wherethere are lm2 m + 2 white diagonals with m squares and jm2 k + 2 bla
k diago-nals with m squares, and thus there 
annot be two of these diagonals of ea
h
olor bishopless. Now we 
onsider three 
ases for Bishops of a 
olor, and let` = 3; 4; 5.Case 1: No diagonal 
ontaining m squares is bishopless:For any n, we 
an dominate Bm;n with 2 jn+m3 k Bishops, (Figure 4.1 and Figure4.2 show these dominations for general 
hessboards Bn;m). Therefore 
(Bm;n)� 2 j2m+`+m3 k = 2 j3m+`3 k = 2 hm + b 3̀
i � 2 hm+ j53ki = 2(m + 1) .To show 
(Bm;n) = 2(m + 1), suppose a domination exists with at
16



most m Bishops for some 
olor, say white. Let us 
hoose p < m to be thelargest integer, su
h that Dp is bishopless. Then p exists otherwise all whitediagonals of Dk with 1 � k � 2m + ` would have a Bishop, and sin
e thereare at most m white Bishops then this is impossible. Let us also 
hoose q > nto be smallest integer, su
h that Dq is also bishopless and is of the same 
oloras Dp. One 
an show that q exists for a similiar reason as p. Sin
e there areq�p2 � 1 white diagonals between. Dp and Dq, then we must assume q�p2 � 1 �m, hen
e q � p � 2(m+ 1).How many Bishops are needed to dominate the squares of antidiago-nals p and q? Diagonal p in
ludes all squares between (m�p+1; 1) and (m; p).Diagonal q in
ludes all squares between (1; q�m+ 1) and (n+m� q; n). Weknow that one end of Dp is in Am�p+1 and the other end is in Am+p�1, and oneend of Dq is in Aq�m+1 and the other end is in A2(2m+`)+m�q�1. Either q � p� 2(m + 1) implies that (q �m + 1)� (p +m� 1) � 2, or q � p � 2(m + 1)implies that (q �m+ 1)� (p+m� 1) � 4.If q�p � 2(m+1) implies that (q�m+1)� (p+m�1) � 2, and theantidiagonals that 
over Di are 
ontiguous with the antidiagonals that 
overDj (there may be overlap between these two sets of antidiagonals, but there isno \gap"), where (q � p)� 2m+ 2 � 2m� 2m + 2 = 2. So the total numberof antidiagonals 
an be found as the di�eren
e between these antidiagonalson ea
h side as needed to 
over both Dp and Dq is (2(2m+`)+m�q�1)�(m�p+1)2 =2(2m+`)�2�(q�p)2 = 2m+ `�1� q�p2 � 2m+ `�1� 2(m+1)2 = 2m+ `�1� (m+1)= m+ `� 2 � m+1 Sin
e ` � 3 and there are at most m white Bishops, then17



we have a 
ontra
di
tion. The proof is similar for the bla
k squares. Therefore,
(Bm;n) = 2bm+n3 
.2Otherwise q�p � 2(m+1) implies that (q�m+1)� (p+m�1) � 4and the antidiagonals have a \gap", where (q�p)�2m+2 � (2m+2)�2m+2= 4. So the total number of antidiagonals 
an be found as the di�eren
e be-tween these antidiagonals on ea
h side as needed to 
over both Dp and Dq is(2(2m+`)+m�q�1)�(m�p+1)2 = 2(2m+`)�2�(q�p)+22 = 2m+ `� q�p2 � 2m+ `� 2(m+1)2= 2m + `� (m + 1) = m + `� 1 � m + 1 Sin
e ` � 3 and there are at mostm white Bishops, then we have a 
ontra
di
tion. The proof is similar for thebla
k squares. Therefore, 
(Bm;n) = 2(m+ 1).2Case 2: One diagonal with m squares is bishopless: Let us label thebishopless diagonal Dk, where m � k � n. Let Dk be some 
olor, say white.We know that k 6= m, or we have no way to atta
k square (1; 1). Similarly,we 
annot have k = n, but for square (n;m). Dk has squares that rangebetween (1; k � m + 1) to (m; k + 1) for some k. A Bishop 
an only atta
kone square of ea
h Ak�m+1 to Ak+m+1. So the number of Bishops needed arek �m+ 1 + n+m� (k +m+ 1)� n�m� 2 = 2m+ `+m� 2 = m+ `� 2� m+ 1. Thus, for all m > 2 we are requiring more than m Bishops. 2Case 3: More than one bishopless diagonal between Dp and Dq:Sin
e there are at least m + 1 squares that require Bishops from at least twobishopless diagonals of size m, then my domination mat
hes this number anduses only m+ 1 Bishops.2 18



6. The Conje
ture is True for all 2� n and3� n ChessboardsWe 
an note that the Bishops in this 
ase are also independently dominatingupto three squares, and quite easily verify the 
onje
ture. p p pp p pp p pFigure 6.1. Dominations for all 2� n Chessboards.Theorem 6 When m = 2 and for all n, we have 
(B2;n) = 2 jn+23 kProof: Let Pn be de�ned as the set of disjoint paths of length n. Then B2;n= Pn S Pn is disjoint union of all the paths of length n. It is well known that
(Pn) = ln3 m, thus 
(B2;n) = 
(PnSPn) = 
(Pn)+
(Pn) = ln3 m+ ln3 m = 2 ln3 m.2Theorem 7 For all n, we have 
(B3;n) = 2 jn+33 k = 2 jn3 k+ 2Proof: This will be done via indu
tion on n, and 
onje
ture that this holdstrue for all possible m. There are a total of four possible 
on�gurations of thelast six 
olumns that the dominations fall into. These six 
olumns repeat in19



pattern and I begin with a basis of n = 4; 5; 6; 7; 8 and 9.Applying Theorem 2 for n = 4; 5, we 
an state that the number ofBishops required are 2 for a 
olor. Also n = 6, we 
an apply Theorem 2, andstate that the number of Bishops required are 3 for a 
olor. When we apply ourformula, we have j43 + 1k = 2, j53 + 1k = 2 and j63 + 1k = 3. So the formulamat
hes these results. Applying Theorem 4 for n = 7; 8, we 
an state thatthe number of Bishop required are 3 for a 
olor. When we apply our formula,we have j73 + 1k = 3 and j83 + 1k = 3, and these formula also mat
hes theseresults. Applying Theorem 5 for n = 9, we 
an state that the number of Bish-ops required are 4 and applying our formula we have the number of Bishopsrequired is j93 + 1k = 4 and is also the same result. So these values form abasis for indu
tion.Now we 
an assume that for 
olumns n > 9 that 
(B3;k) � 2 jk3 + 1kholds true for 4 � k � n as the upper bound for the number of Bishops requiredto dominate B3;k. I must show through two 
ases of the last six 
olumns where(1; n) is either a white or a bla
k square that 
(B3;k) � 2 jk3 + 1k.
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r r rr r rr r rr r r
(1; 1) (1; 2) (1; 3) (1;n�5) (1;n�4) (1;n�3) (1;n�2) (1;n�1) (1;n)(2; 1) (2; 2) (2; 3) (2;n�5) (2;n�4) (2;n�3) (2;n�2) (2;n�1) (2;n)(3; 1) (3; 2) (3; 3) (3;n�5) (3;n�4) (3;n�3) (3;n�2) (3;n�1) (3;n)Figure 6.2. For all B3;n where (1; n) is bla
k.Case where square (1; n) is bla
k: Let D be the set of Bishop squaresthat dominates B3;n. Square (2; n) must be dominated, and so a Bishop 
aneither be at square (2; n) or we need to have a Bishop at either of the squares(1; n� 1) or (3; n� 1).

21



q q qq q qq q qq q qFigure 6.3. For all B3;n where (1; n) is bla
k, 
(B3;n) � 
(B3;n�2) + 1.Sin
e we need to dominate square (2; n) then either a Bishop lies onsquare (2; n) or there is a Bishop on either square (3; n�1) or square (1; n�1)So assume square (2; n) is 
ontained in D (see Figure 6.3), and we have usedone Bishop. Thus we have fully dominated two 
olumns from B3;n and are leftwith B3;n�2 to dominate. So our result is:
(B3;n) � 
(B3;n�2) + 1 � jn+13 k+ 1 � jn3 k+ 1. 2If a Bishop is not at square (2; n), then we must have a Bishop atsqaure (1; n � 1) and square (3; n � 1). So without loss of generality let usassume square (1; n�1) is in D. So now we have dominated two 
olumns fromB3;n. So there must be a Bishop at either sqaure (3; n�1) or sqaure (2; n�3) orsquare (1; n� 4). Having a Bishop lie on square (1; n� 4) dominates the samesquares as having the Bishop lie on the other squares and more. So assumethere is a se
ond Bishop on square (1; n� 4) (see Figure 6.4).
22



q q qq q qq q qq q qFigure 6.4. For all B3;n where (1; n) is bla
k, 
(B3;n) � 
(B3;n�6) + 2.We 
an observe from Figure 6.4 that square (1; n � 5) is not domi-nated by a Bishop. It is also possible to have square (3; n� 5) not dominatedby a Bishop. So either an additional Bishop lies on square (1; n � 5), square(2; n� 6) or on square (3; n� 7). Sin
e this Bishop is from B3;n�6 and woulddominate more squares, let us assume that a Bishop lies on square (2; n� 6),whi
h gives rise to the same domination result as given from the previous 
ase.So now we have used two Bishops to dominate a total of six 
olumns with theassumption of the domination of a square by a Bishop from B3;n�6. So ourresult is: 
(B3;n�6) + 2 � 
(B3;n) � 1 + jn�63 k +2 � jn3 k+ 1. 2
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r r rr r rr r rr r r
(1; 1) (1; 2) (1; 3) (1;n�5) (1;n�4) (1;n�3) (1;n�2) (1;n�1) (1;n)(2; 1) (2; 2) (2; 3) (2;n�5) (2;n�4) (2;n�3) (2;n�2) (2;n�1) (2;n)(3; 1) (3; 2) (3; 3) (3;n�5) (3;n�4) (3;n�3) (3;n�2) (3;n�1) (3;n)Figure 6.5. For all B3;n where (1; n) is white.Case where square (1; n) is white. Let D be the set of Bishop squares thatdominates B3;n, as we did when square (1; n) was bla
k. Sin
e a Bishop from Dmust dominate square (1; n), then this Bishop must lie on either square (1; n),square (2; n�1) or square (3; n�2). We 
an note that having square (2; n�1)
ontained in D is also a domination of the same minimal size as having square(1; n) 
ontained inD. So either square (2; n�1) or square (3; n�2) is 
ontainedin D.
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q q qq q qq q qq q qFigure 6.6. For all B3;n and (1; n) is white, 
(B3;n) � 
(B3;n�3) + 1.If square (1; n) is 
ontained in D, then we know we get the same dom-ination of equal size as if square (2; n�1) or if square (3; n�2) were 
ontainedin D. So let us assume that square (1; n) is not in D. If square (2; n � 1) is
ontained in D, then we 
an note that this dominates all the white squaresof B3;3 from B3;n. This redu
es our problem by three 
olumns, and if we letk = n� 3 we 
an refer to indu
tive hypothesis for B3;k. So our our result is:
(B3;n) � 
(B3;n�3) + 1 � 1 + jn�33 k+ 1. = jn3 k+ 1. 2
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q q qq q qq q qq q qFigure 6.7. Another form where (1; n) is white,
(B3;n�5) � 
(B3;n) + 2.In the last 
on�guration, square (2; n�1) is now not in D and square(3; n � 2) is 
ontained in D. We now note that we need to dominate square(3; n). If we had a Bishop there, we would dominate the same squares as pla
inga Bishop at square (2; n� 1). We also 
an �nd that pla
ing a Bishop at square(1; n � 2) also dominates the same squares as pla
ing the Bishop at square(2; n� 1) and more squares. Sin
e there are no other ways to dominate theseother squares, let us assume that the se
ond Bishop lies on square (1; n � 2)(see Figure 6.7). Now we 
an note that our result is 
(B3;n) � 
(B3;n�5) + 2.Having a Bishop lie on square (2; n� 5) would only dominate that square, andwe would want to have the Bishop lie on either square (1; n � 6) or square(3; n� 6). This Bishop is not part of the domination of B3;n�5. So our resultis: 
(B3;n) � 
(B3;n�5) + 2 � jn�23 k+ 2 � jn+13 k+ 1 � jn3 k+ 1. 2
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7. Integer Programing ResultsAn alternate method to model this problem is using systems of linear inequali-ties for spe
i�
 Chessboards. I wrote a 
 program to generate su
h inequalitiesinto spe
i�
 text �les that 
ontained the system of linear inequalities des
rib-ing diagonals and the squares that belong to ea
h diagonal and antidiagonalfor ea
h spe
i�
 Chessboard, whi
h were run through LINDO. I ran these pro-
esses in hopes of �nding a 
ounterexample to the 
onje
ture at hand. I wasnot able to �nd su
h a 
ounter example, my results ran for values m � 9 withrespe
tive values of n � 110.Squares of the diagonals range from from the Northeast to the South-west, and squares of antidiagonals range from the Southeast to the NorthWest.I for the sake of the program, my variable names were Diag# and Antid# andwere numbered sequentially, and squares were row-
olumn 
oordinates, start-ing with r#
#. The summation of a diagonal and antidiagonal subtra
tinga double 
ounted square was an inequality valued as greater than or equal toone. Diagonals minus the squares of the antidiagonal were valued as equal tozero. Antidiagonals minus the squares of the diagonal were valued as equal tozero. We now give an sample of systems of linear inequalities that des
ribe
27



the solution to the white squares for a B5;16. I also have displayed a sampleChessboard with the solution obtained. The solution obtained is interestingthat it is similar to the upper bound domination I have given.The Integer program that modeled the white squares is given as follows:minDiag1+Diag2+Diag3+Diag4+Diag5+Diag6+Diag7+Diag8+Diag9+Diag10stAntid8-r1
1-r2
2-r3
3-r4
4-r5
5=0Diag1-r1
1=0Diag1+Antid8-r1
1>=1Antid1-r1
3-r2
4-r3
5-r4
6-r5
7=0Diag2+Antid1-r1
3>=1Antid2-r1
5-r2
6-r3
7-r4
8-r5
9=0Diag3+Antid2-r1
5>=1Antid3-r1
7-r2
8-r3
9-r4
10-r5
11=0Diag4+Antid3-r1
7>=1Antid4-r1
9-r2
10-r3
11-r4
12-r5
13=0Diag5+Antid4-r1
9>=1Antid5-r1
11-r2
12-r3
13-r4
14-r5
15=0Diag6+Antid5-r1
11>=1Antid6-r1
13-r2
14-r3
15-r4
16=0Diag7+Antid6-r1
13>=1Antid7-r1
15-r2
16=0Diag8+Antid7-r1
15>=1Diag2+Antid8-r2
2>=1Diag3+Antid1-r2
4>=1Diag4+Antid2-r2
6>=1Diag5+Antid3-r2
8>=1Diag6+Antid4-r2
10>=1Diag7+Antid5-r2
12>=1Diag8+Antid6-r2
14>=1Diag9+Antid7-r2
16>=1 28



Antid9-r3
1-r4
2-r5
3=0Diag2-r3
1-r2
2-r1
3=0Diag2+Antid9-r3
1>=1Diag3+Antid8-r3
3>=1Diag4+Antid1-r3
5>=1Diag5+Antid2-r3
7>=1Diag6+Antid3-r3
9>=1Diag7+Antid4-r3
11>=1Diag8+Antid5-r3
13>=1Diag9+Antid6-r3
15>=1Diag3+Antid9-r4
2>=1Diag4+Antid8-r4
4>=1Diag5+Antid1-r4
6>=1Diag6+Antid2-r4
8>=1Diag7+Antid3-r4
10>=1Diag8+Antid4-r4
12>=1Diag9+Antid5-r4
14>=1Diag10+Antid6-r4
16>=1Antid10-r5
1=0Diag3-r5
1-r4
2-r3
3-r2
4-r1
5=0Diag3+Antid10-r5
1>=1Diag4-r5
3-r4
4-r3
5-r2
6-r1
7=0Diag4+Antid9-r5
3>=1Diag5-r5
5-r4
6-r3
7-r2
8-r1
9=0Diag5+Antid8-r5
5>=1Diag6-r5
7-r4
8-r3
9-r2
10-r1
11=0Diag6+Antid1-r5
7>=1Diag7-r5
9-r4
10-r3
11-r2
12-r1
13=0Diag7+Antid2-r5
9>=1Diag8-r5
11-r4
12-r3
13-r2
14-r1
15=0Diag8+Antid3-r5
11>=1Diag9-r5
13-r4
14-r3
15-r2
16=0Diag9+Antid4-r5
13>=1Diag10-r5
15-r4
16=0Diag10+Antid5-r5
15>=1
29



endtersegin200go99999999noquit
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The Bishop square lo
ations produ
ed by LINDO are given in the following setas fR2C2; R5C3; R5C1; R1C9; R1C11; R1C13; R1C15g.LINDO 5.3 (O
tober 1994)LINDO Systems, Chi
ago, ILLDW83-531000University of Colorado: : ? : LP OPTIMUM FOUND AT STEP 102OBJECTIVE VALUE = 5.58333349NEW INTEGER SOLUTION OF 7.00000000AT BRANCH 5 PIVOT 352BOUND ON OPTIMUM: 6.111111ENUMERATION COMPLETE. BRANCHES= 5 PIVOTS= 352LAST INTEGER SOLUTION IS THE BEST FOUNDRE-INSTALLING BEST SOLUTION...99999999: OBJECTIVE FUNCTION VALUE1) 7.000000VARIABLE VALUE REDUCED COSTDIAG2 1.000000 1.000000DIAG3 1.000000 1.000000DIAG4 1.000000 1.000000DIAG5 1.000000 1.000000DIAG6 1.000000 1.000000DIAG7 1.000000 1.000000DIAG8 1.000000 1.000000ANTID8 1.000000 0.000000
31



R2C2 1.000000 0.000000ANTID4 1.000000 0.000000R1C9 1.000000 0.000000ANTID5 1.000000 0.000000R1C11 1.000000 0.000000ANTID6 1.000000 0.000000R1C13 1.000000 0.000000ANTID7 1.000000 0.000000R1C15 1.000000 0.000000ANTID9 1.000000 0.000000R5C3 1.000000 0.000000ANTID10 1.000000 0.000000R5C1 1.000000 0.000000ROW SLACK OR SURPLUS DUAL PRICESNO. ITERATIONS= 371BRANCHES= 5 DETERM.= 1.000E 0: Again, we see from this example alone that there is a tend for thepla
ement of the Bishops toward the top and bottom rows.

Figure 7.1. LINDO results for white Bishops 
(B5;16).
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