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ABSTRACT

Let S = (P,B,Z) be a finite generalized quadrangle (G@)) having order
(s,t). Let p be a point of S. A whorl about p is a collineation of S fixing all the
lines through p. An elation about p is a whorl that does not fix any point not
collinear with p, or is the identity. If & has an elation group acting regularly
on the set of points not collinear with p we say that S is an elation generalized
quadrangle (EGQ) with base point p. S. E. Payne posed the following question:
Can there be two non-isomorphic elation groups about the same point p? In this
presentation, we show that there are exactly two (up to isomorphism) elation
groups of the Hermitian surface H (3, ¢*) over the finite field of characteristic 2.
Moreover, we investigate some possible FG(Q’s that may be constructed as a
coset geometry from the new elation groups, and show that the EG(Q we con-

struct are isomorphic to the Hermitian surface.
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1. Introduction and Review
1.1 Preface
The goal of this thesis is to answer a question posed by S.E. Payne: Given

an elation generalized quadrangle and a point p, can there be non-isomorphic
elation groups having the base point p? In this thesis we will give a proof that
the Hermitian surface H (3, ¢?) has two non-isomorphic elation groups. Initially,
Tim Pentila completed a search for the cases ¢ = 2 and ¢ = 4, using the Magma
software package. In each case, he discovered ¢ — 1 new elation groups that
were non-isomorphic to the known elation group. For all cases ¢ = 2°¢, we will
construct the g2 —1 elation groups of H (3, ¢*). Moreover, we will show that they

are non-isomorphic to the known elation group, while being pairwise isomorphic.

We start with a representation of the standard elation group due to S.E.Payne,
and adjoin an involution ¢ to form a Sylow, subgroup (denoted Ss), having or-
der 2¢5, of the group of whorls about the point (0o0). We then show that the
only non-elations in Sy are contained in the coset of the commutator subgroup
containing the involution ¢. We proceed to show that the factor group Ss/.S} is
elementary abelian; i.e., a vector space over GF'(2), and then using the complete
set of linear functionals from Sy /S onto GF'(2), we construct the complete set of
elation groups about (cc). This set has size ¢>. We then show, using nilpotency
class, that ¢ — 1 of these groups are non-isomorphic to the standard elation

group. Furthermore, we show that these ¢ — 1 groups are pairwise isomorphic.



Next we proceed to find conditions for the existence of 4-gonal families in
these new elation groups. Given these conditions, we will construct a family
of EG(Q and and prove that these EG(Q) are flock-G(). Moreover, we will be
able to show that all the new G we have constructed are classical, and hence

isomorphic to H(3, ¢?).

1.2 Historical Background

The notion of a finite generalized quadrangle (GQ) is a fairly recent one.
J. Tits first introduced generalized polygons in 1959 [29]. Generalized polygons
are the building blocks of Tits buildings, and are the precursors of more general
geometries such as partial geometries, partial quadrangles, semi-partial geome-
tries, and near polygons [30]. In actuality, generalized quadrangles have been
around for some time as line systems corresponding to symplectic polarities in
three-dimensional projective space over a field. But the explicit study of such
geometric objects is due to Tits. Initially, progress was made in the study of
what are now called classical generalized quadrangles (see [Dem68] and [FH64)-
that is, those quadrangles that can be imbedded in projective space. It was in
the late 1960’s that other researchers began looking deeply at these geometric

objects, and since then, many new examples and results have been discovered.

The focus of this thesis is the classical GQ known as H(3,¢?), the Hermi-
tian surface in three-dimensional projective space over the field GF(¢?). Here
we will study a certain class of collineations called elations. More specifically,

we answer the question posed by S.E. Payne: Can there be two non-isomorphic



elation groups about the base point p?

In this thesis we show that there are two elation groups of H(3,¢?), up to
isomporphism. We also look into the construction of elation generalized quad-
rangles (EGQ) arising from the newly described elation group of the Hermitian
surface. Although we do not have a complete classification of these FGQ), we

show that all of our constructions are isomorphic to the classical H (3, ¢?).

1.3 Basic Definitions and Combinatorics

We start with some basic definitions. Let P and B be two non-empty sets,
called points and lines, with an incidence relation Z such there are two positive
integers s and t satisfying

G1) Each point is incident with ¢ + 1 lines; any two points are mutually
incident with at most one line.

G2) Each line is incident with s + 1 points; any two lines are mutually
incident with at most one point.

G3) Given a line L and a point x not incident with L there is a unique point
y and a unique line M such that tZ MZyZ L .

Such a collection § = (P,B,Z) is called a generalized quadrangle of
order (s,t) written GQ(s,t); when s =t the GQ is said to have order s. The
dual of a GQ(s,t) is the GQ(t, s) obtained by interchanging the roles of points
and lines. Furthermore, any theorem or definition given for a G@Q can be dualized
by interchanging the words points and lines. It will therefore be assumed that

whenever a definition or theorem is given, its dual has also been given.



Two points incident with a common line are said to be collinear and two
lines incident with a common point are concurrent. If x and y are collinear
we use the notation z ~ y. Similarly, if L and M are concurrent we denote this
L~ M.

If X is a set of points (respectively, lines) of S, then X1 denotes the set
of all points collinear (resp., lines concurrent) with everything in X; X+ is also
called the trace of X. If X = {z} is a singleton set, it is common to write X+

i

as 1. The span of X, written X1+, is the set of all points collinear (resp.,

lines concurrent) with all of X+. By convention z € z=.

Straightforward counting arguments demonstrate the following;:

o [P|l=(1+s)(1+st).

|B| = (14 t)(1 + st).
e Forx € P, |[at| =1+ s+ st.
e For L e B, |Lt|=1+1t+ st.

e For two non-collinear points z,y, [{z,y}*| =1+ 1

and 2 < [{x,y} <t + 1.

e For two non-concurrent lines L, M, [{L, M}*|=s+1

and 2 < [{L, M} < s+ 1.

Let x,y be two noncollinear points of a GQ(s,t). We say that {z,y} is a
regular pair provided |{z,y}**| =t + 1. If  is a point such that for every v,

with o ¢ y, we have|{z, y}*| =t + 1, then we say z is a regular point. A set



{z,y, z} of pairwise non-collinear points is called a triad of points. If {z,y, z}

is a triad of points, then all points in {z,y, z}* are called centers.

The next important theorem is known as Higman’s inequality.

Theorem 1.3.1 (D.G. Higman) [13] Let S = (P,B,I) be a GQ of order
(s,t). Then s < t* and dually t < s*. Furthermore, t = s* if and only if for
some pair (x,y) of non-collinear points every triad (x,y,w) has ezactly s + 1

centers if and only if every triad of points has exactly 1 + s centers.

Proof: We give the proof in Theorem A.1. ]

Corollary 1.3.2 Let S = (P, B,I) be a GQ of order (¢*,q). Then every set of

three pairwise non-concurrent lines has exactly q + 1 transversals.

1.4 Elation Generalized Quadrangles

The focus of this thesis is a certain class of GQ called elation generalized
quadrangles. Here we explain this class of quadrangles.

Let S = (P,B,Z) be a GQ(s,t), s > 1,t > 1, and let p € P be a point
of §. A whorl about p is a collineation of & that leaves invariant each line
incident with p. If there is a group of whorls acting transitively on the points
not collinear with p we say that p is a center of transitivity. Let 6 be a whorl
about p. If § = id or if @ fixes no point of P\ p*, then @ is an elation about p.
If there is a group G of elations about p acting regularly on P \ pt, we say S is
an elation generalized quadrangle (FG(Q)) with elation group G and base

point p. We will often denote this quadrangle as (S®, G), or simply S®.



We now describe a standard construction of elation generalized quadrangles.
Let G be a group with order s?t. Then let F = {4y, Ay,..., A} be a family
of r 4+ 1 subgroups of G, each with order s, and let F* = {A§, A}, ..., A} be
another family of r 4+ 1 subgroups of G, each having order st where A; < A? for
each 0 <7 <r.

Our geometry, which we denote S| is defined as follows. There are three
types of points; (i) elements g € G, (ii) cosets Afg, (iii) a symbol (co0). There are
two types of lines; (i) cosets A;g, (ii) symbols [A4;]. Incidence is as follows; the
symbol (c0) is incident with the r+ 1 lines of type (ii), the s cosets of A} are the
other s points on a line [A4;], each point Afg is incident with lines corresponding
to the cosets A;h that are completely contained in the coset A}g, the remaining
points on a line A;h are the group elements contained in the coset A;h. The

diagram in figure 1.1 may be helpful.

Figure 1.1: The coset geometry S(>)



Theorem 1.4.1 Let G be a group of order s*t and let F' = {Ag, A1, ..., A} be
a family of t + 1 subgroups, each with order s, and let F* = { A}, A}, ..., A} be
another family of t + 1 subgroups, each having order st where A; < AY for each
0 < i <t. Then if we build the coset geometry S as prescribed above, S

is a GQ, having order (s,t), if and only if properties K1 and K2 hold, where

K1:A;A; N A, ={id} for all distinct 1,7, k.

K2: A;NA; = {id} for alli # j.

Proof: See Theorem A.2 in Appendix A.

In the previous theorem, we call F' a 4-gonal family of G, and {G, F, F*} is

called a Kantor family.

Let (S, G) be an elation GQ with base point p (and group G of elations
about p). Then we can obtain a 4-gonal family in the following way. To obtain
the set F* we choose a point ¢ not collinear with p and consider {p,¢}*. For
each of the t+1 points z € {p, ¢}* define a subgroup A} to be the stabilizer of =
in G. Then define A; to be the stabilizer in G of the line through ¢ and x. The
set F = {Ao, A1,..., A} will be a four-gonal family for G with accompanying
set F*={A}, A5, ..., A}

Theorem 1.4.2 [28]. Suppose that S = (P,B,Z) is a GQ with order (s,t),

s,t > 1, with s and t powers of the same prime p. Suppose (c0) is a regular



Figure 1.2: Construction of F and F* from (S®, Q)

point that is a center of transitivity, and let H be the full group of whorls about

(00). Let G be a Sylow, subgroup of H. Then we have
1. |G| = s%*, or

2. p=2, |G| =2s%*, and S contains a proper thick (s,t > 1) subGQ of order

t isomorphic to W (t); consequently, s = t>.

1.5 Introduction to g-clans

There is a strong connection between flocks of a quadratic cone and general-
ized quadrangles. In fact, there is a large clas of GQ) known as flock generalized
quadrangles. The connection between the two structures arises from particular

sets of 2 x 2 matrices.



Definition 1.5.1 If we let & = (a1, ag), then the matriz

A=
c d

is said to be anisotropic provided Q(a) := aAa’ = 0 if and only if & = 0.

Theorem 1.5.2 Let a,b,c,d € GF(q) where g = 2°¢. Then the matrix

4 a b

c d
: : o . ad .
is anisotropic if and only if tr ((b+c)2) = 1, where tr : GF(q) — GF(2) is

the absolute trace function.

Put g =2°and let X : 2 — 2, Y : y — vy, and Z : z — 2z be three

functions from F to F. Put

Ty Yi

0 Zt

At:

and define the set C = {4, : t € F}.

Definition 1.5.3 The set C is a g-clan provided all pairwise differences As— A,

(s,t € F,s #t) are anisotropic.

Note: The anisotropic condition on A; — A,, with A;, A, € C, is precisely

that

”<@Hmma+@):1

(yt + ys)2



1.6 Some examples of g-clans

11
Example 1.6.1 (Classical) Let A; =t where tr(d) = 1.
0 d

To see that this is a g-clan look at

t—s t—s

At —As -
0 (t—s)d

AV
and notice that tr <%) = tr(d) = 1.

t t?

Example 1.6.2 (Kantor) A; = , wheret € F = GF(q), q = 2°, and
0

e-odd.

To see that this is a g-clan look at

t—s t?— g2
At—ASZ
0 t—-3s°

Then we have

tr <(t _(tj)ﬁt;;;g)) — tr(1) +tr (15217:2)

The equation 2 + x 4+ 1 = 0 has no solutions in GF(2) and so its roots lie

in a quadratic extension of GF'(2). But e is odd and so GF'(4) is not a subfield

of F. Therefore 2% + x + 1 is irreducible in F and hence ¢r(1) = 1. Furthermore,

10



the polynomial sx? + (s + t)z + t has the root x = s/(s +t). It follows that

t
tr )= 0. and Kantor’s example is indeed a g-clan.
2+ s2

t
Example 1.6.3 (Payne) [17] A, = , wheret € F = GF(q), q = 2°,
0 ¢°
and e odd.

Counsider the difference

t—s t3—s°

At - As -
0 -5
Then
(t —s)(t° — s°) st(s? + t2)
t =tr(l)+tr | 5————%=
" ( (5 — 9)2 r+0r | st 1 )
In this case tr(l) = 1 because e is odd. Furthermore, the polyno-

mial (st)z? + (s> + st + t*)z + (s> + t*) = 0 has the root z = 1, and so
trist(s* + %) /(t* + st + s%)?] = 1. It follows that Payne’s example is a g-

clan.

1.7 ¢-Clans and Flocks

Let K = {(zo, 71,29, 73) € PG(3,q) : 3 = xor2}. Then K is a quadratic
cone in PG(3,q) with vertex (0,0,0,1). Recall that all quadratic cones of
PG(3,q) are equivalent under the action of PI'L(4,q), hence WLOG we can

choose our favorite cone.

11



Definition 1.7.1 Let K be a quadratic cone with vertex V. A flock of K is a

partition F' = {Cy :t € F} of K\ {V'} into q pairwise disjoint conics Cy.

Each conic is a plane intersection C; = m; N K, where my = [y, yt, 21, 1]T, and we

often consider the flock to be the set of planes 7.

Theorem 1.7.2 (J.A. Thas) [27]. IfF = GF(2°), let X : t — x;, Y : ¢t — y,
and Z : t — 2z be three functions on F. For each t € F, put m = [xs,yy, 24, 1]7,
Ty Yt

Co=mNK, F={C;:teF}. Also put A; = and C' = {A; : t € F}.
0 Zt

Then C' is a q-clan if and only if F' is a flock.

Proof: The set F is a flock provided every two distinct conics C; and Cj
with s different from ¢ are disjoint. If m; = [z, ys, 26, 1]T and 74 = |2, ys, 25, 1]
are planes defining the conics C; and Cy, we want that 7; and 7, meet at a line

external to K. Therefore, the following system:

LL’tX(] + thl + ZtXQ + X3 =0
LL’SXO + yle + ZSXQ + X3 =0
X2 = XoX,

can have only the trivial solution. Subtracting the second equation from the
first we get

(ry — )Xo+ (yr — ys) X1 + (2 — 25) X2 =0

Not all of Xy, X7, Xy are zero. So assume WLOG that Xy, # 0 and divide

12



through by X, to get the following equation.

X, X
0= (2, fs)yz + (yr — ys)y; + (2 — 2s)
X v/ XX
= (ZL’t — Jﬂ's)Yz + (yt - ys> )(02 2 —+ (Zt — Zs)
VXX
Letting Y = 022 we get

X5

(2 — xs)Yz + (e —ys)Y + (20 — 2z,) = 0.

Since we are in even characteristic this equation has no solutions if and only
if % has trace equal to 1 for any s, € F, s 2 t. This is exactly the
condition that C be a g-clan.

]

Note: Two flocks are projectively equivalent when there exists a pro-

jective semilinear map of PG(3,q) leaving the cone invariant and mapping one

flock to the other.

Tty Yt
Suppose that C = {4, = :t € F} is a ¢g-clan. It is easy to

0 Zt
check that C' = {A; = A, — Ay : t € F} is also a g-clan. The g-clan C has

an associated flock F'(C) = {m; = [z, ys, 2, 1]T : t € F}, and C’ has the asso-
ciated flock F'(C') = {m, = [x; — Zo, Yt — Yo, 2 — 20, 1]T : t € F}. Then since

T'is a projective linear map on PG(3, q)

T: [Zlf,y, Z, 1]T = [$—$0>y—90> Z =20, 1]
that leaves the cone invariant, without loss of generality we can assume that each

g-clan C contains the zero matrix, which by convention we will label as Aj.

13



1.8 4-Gonal Families from ¢-Clans

01
Let F = GF(q) where ¢ = 2°. Put P = and for a, 3 € F? =F x F
10

define o o 3 by
aof=aPp’

Then (a, 3) — o 3 is a non-singular, alternating, bilinear form with the prop-

erty that a o § =0 if and only if {«, 5} is F-dependent.

On the set G® = F?2 x F2 x F = {(a,3,¢) : a,3 € F? ¢ € F} define the

binary operation
(a, Bye) - (o, 0", ¢) = (a+d, B+ 0 c+ +Fod)

This operation makes G® into a group of order ¢° with center Z = {(0,0), (0,0),¢)}.
This group has two important families of elementary abelian subgroups of order
@ For 0 #~eF put L, ={(y®a,c) € G®:a e Fce F} and for
0#£aeF? put R, ={(vy®@a,c) € G®:vy € F? ceF}.

Theorem 1.8.1 [8]. Each L., and each R, are elementary abelian groups of
order ¢*. And for nonzero o,y € F2, L, = L, (resp., R = Ra) if and only if
{a, 7} are F-dependent, so we may think of the groups L., and R, as indexed by

the points of PG(1,q).

Note: We use the elements of F = FU {oo} to index the points of PG(1,q)

as follows: v, = (0,1) and v, = (1,¢) for ¢t € F.

14



Ty Yt 00
Let C = {A; = : t € F} be a g-clan with Ag = . Also
0 =z 00
00
put A, = , and Y, = Yoo = (0,1). Then define g(a,t) = aA;a” for
00

t € F and a € F2. It will be useful to recognize that

gla+6,t) = (a+ B)Ala+ 8)" = gla,t) + g(3,t) + y(a o )

For each t € F there are subgroups A(t) and A*(t) of G® defined in the

following way:
Alt) ={(1, @ a, g(a, 1)) € GZ e € F?} < A*(t) = A(t) - Z = L,,,, < G®.

It is easy to see that A(t) is a subgroup when noticing that

(f}/yt & alvg(a17t>> : (Vyt ® 04279(062’t)) = (Vyt ® (al + Oég),Q(Q/l + Oég,t))

Observe also that A(t) is a subgroup of order ¢? and A*(t) is a subgroup of
order ¢. Tt is also helpful to see that for ¢t € F, a typical element of A(t) has

the form
(o, yrx, a%:ﬂt + ayany; + a%zt), where oo = (a1, an) € F2.
Further, an element of A(oco) looks like (0, , 0).

Theorem 1.8.2 [8]. Put J(C) = {A(t) : t € F}, J*(C) = {A*(t) : t € F}.
Then the triple (G®,J(C), J*(C)) is a Kantor family, i.e., J(C) is a 4-gonal
family for G®. The associated GQ is denoted GQ(C) and is referred to as a
flock GQ.

15



Proof: We know that Y : ¢ +— g, is a permutation and so for distinct
t,u € F we have y; # y,. Showing property K, is easy when looking at two

elements from A(t) and A*(u) with u # ¢. If
(@, yeev, @Fwy + cnaay, + a32) = (&, Yud, €)
then o = & which forces both to be equal to (0,0) which then forces ¢ = 0.

Therefore, A(t) N A*(u) = (0,0,0) = {id}.

Showing property K is easy in one case. Look at A(00)A(t)NA(u). Because

Ay — A, is anisotropic we get this intersection being the indentity.

What we need to show is that A(s)A(t) N A(u) is the identity when none of

s, t,u equal oo.

Suppose that for elements (7, ® a, g(a, t)) € A(t) and (v, ® a, g(a,u)) €
A(u) we have the product
(Y @, g, 1)) (1, @ v, g, w)) = (43, yra+yuf, g(a, 1) +9(8, u)+yi(o f))

is contained in A(v). Then the following two conditions must be satisfied:

Ly + yuf = yo(a+ B), or (Y + yu)o = (Yu + )3 = 7 for some v € F?;
2. gla,t) + g(B,u) + yi(ao B) = gla+ B,v).

From condition 1, we get a = (y; + y.) 'y and 3 = (yu + y»)'v. Then
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(1)

using the definition of “o” we now get

aofB= (g +yu) " VP(yu+yo) )"
= (Y + yu) " (yu + 30) APy
= W+ va)  Wuty) -0

=0

where the third equality holds since o is an alternating form. Now using condi-

tion 1, a o 8 = 0, and the equation labeled (x) for condition 2 we get

Ozg(a,t) —i—g(ﬁ,u) —|—g(Oé,U) —l—g(ﬁ,v)

= (e +yu) 297, 1) + 9(7,0) + Wu + 10) 2(g(y, ) + g(7,v))

=7By"
where B = is the matrix
07
$t+xv xu+$v yt+yv yu+yv
B = (yt + yv>2 (yu + yv>2 (yt + yv)2 (yu + yv>2
0 Zt + 2y AT A

(yt +yv)2 (yu _l'yv)z
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Easy computations show that

XZ= xtzt(yv + yu)4 + xuzu(yt + yv)4 + xvzv(yt + yu)4
+ (@20 + Tuze) (Yo + 90)° (Yo + Yu)®
+ (@20 + To2) (Yu + Ye)* (Yo + Yu)?

+ (Tu2o + To2u) (Yu + yt)2(yv + yt)2

and

Y2 = (s + vu)? (e + o) 2 (Yu + 90)?

Hence

tT’(XZ/Y2) — 4 ((Zl't +x )zt 20) (ve+m)(z+20) (g +20) (20 + Zu))

(yt + yu)2 (yt + yv)2 (yu + yv)2
4 (e + ) (20 + 20) . (xy + ) (20 + 20)
- < Wi+ 1) )” ( W+ 1) )*
(X0 + 2) (20 + 20)
o ( (Yu + Y0)? )

1

since A; + A,, A; + A,, and A, + A, are anisotropic matrices.

We have just shown that B is an anisotropic matrix and so yByT = 0 if
and only if v = (0,0). Using v = (0,0), condition (7) forces « = § = (0,0). So
the only element, (v, ® o, g(a, 1)) € A(t) and (7, ® o, g(e,u)) € A(u), whose
product is contained in A(v) is (0,0, 0), which is the identity and property K2
holds. Since both K1 and K2 hold, J(C) is a 4-gonal family for G®.
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1.9 A Construction of the Hermitian Surface H(3,¢?)
Let F = GF(q), where ¢ = 2¢, and fix a 0 € IF such that ¢r(d) = 1. For each

tl/? .0 tl/?
teF, put A; = . Then,
0 t2.9

(81/25 - t1/25)(81/25 - t1/25)
(51/2 _ 251/2)2

tr =tr (52)

=tr(0)

=1

00
and C = {A; : t € F} is a ¢g-clan. Put A, = . Then as in section 1.8,
00

for each t € F = IF U oo, define the subgroup A(t) as

Aty ={(m®@a,g(a,t)) : a € F?}
Clearly, A(t) < A*(t) where

A(t)={(n®a,c):a € F*,c € F}

Let J(C) = {A(t) : t € F} and J*(C) = {A*(t) : t € F}}.

Theorem 1.9.1 (S.E. Payne and J.A. Thas) If (G®, J(C),J*(C)) a Kan-
tor family, as prescribed above, let S = GQ(C) be the corresponding EGQ. Then

S is a GQ(q?, q) isomorphic to the Hermitian surface H(3,q?).

Proof: See Theorem A.3 in Appendix A.
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1.10 Regularity in H(3,q?)
Let Q(5,q) be an elliptic quadric of PG(5, q). It can be shown that Q(5, q)
is a GQ of order (q, ¢?).

Theorem 1.10.1 The quadrangle Q(5,q) is isomorphic to the point-line dual
of H(3,¢%).

Proof: See Theorem A.4 in Appendix A.

Theorem 1.10.2 Any pair of lines in Q(5,q) is a reqular pair.

Proof: The 3-space defined by any pair of non-concurrent lines of Q(5, q)
intersects (5, ¢) in an hyperbolic quadric (or regulus), and so it is clear that

any pair of lines of Q(5, q) is a regular pair.

Corollary 1.10.3 Every point of H(3,q?) is a reqular point.

Let S be H(3,¢?) with elation point (co), as contructed by Payne. If we
can find an whorl about (o) which is not an elation and is an involution, it will
follow from Theorem 1.4.2 that a Sylowsy subgroup of the group of whorls about

the point (0c0) in H(3, ¢?) will have size 2¢°.
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2. Main Results

From here on we assume that ¢ = 2¢ and that S is the Hermitian surface
H (3, ¢*) constructed as in Theorem 1.9.1. Suppose that W is the entire group of
whorls about the point (00). We note that any elation group must be a 2-group,
and furthermore, all Sylow 2-subgroups are conjugate in W. We aim to find a
Sylow 2-subgroup of W which we call S;. Then contained in Sy we are looking
to find a subgroup E < S5, of elations about (c0), such that F is not isomorphic
to the regular elation group (which we will denote G) of S. Clearly, such a group

will have index [E : S] = 2, and thus be normal in S.

2.1 Forming a Sylow, Subgroup in the Group of Whorls

For all (a,f,¢) € G®, define the map [«o,5,¢c] : G® — G® so that
(o, B, )t = (o, 3,¢) - (o, B,¢) = (& +a,8 + B, +c+ B oa). Let
G = {la,3,c : (a,B,¢) € G®}. Then G is the regular elation group of S.
Next, define the involution ¢ : G® +— G® so that for («, 3,¢) € G® we have
(a, B3,¢)? = (aP, 8P, c). The map ¢ is a whorl of W about the point (0o). Next,

consider the following computations.
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(v, B, ¢)?l" B0t — (o, P, P, )l 1od
=(aP+a,BP+f,c+c + BPo(/P)T)?
=(aP+d,pP+ 3, c+c + B3PoPTa™)?
=(aP+d,fP+ 3, c+c +Bo0d)?

— ((aP+a')P,(BP + B)P,c+¢ + Boa)
=(a+dP,f+ 3P c+cd +Bod)

= (a, B, P!

Note: Because (aP,8P,c) = (a,f3,¢)?, we will denote [o/P,3'P,c] by

[O/, /8/’ Cl](j).

We have shown that ¢ o [/, 3, ] o ¢ = [a, 3,c]? € G. That is, the map ¢
normalizes G in the group of whorls about (o), and we can define the semi-

direct product Sy = G x ().

Remark 2.1.1 The group S, is a Sylows subgroup of W.

A typical element in Sy can be identified as [« 3, c|o ¢*, where i = 0, 1. That
is, an element of Sy should be thought of as the composition of the maps [a, 3, ¢|
and ¢'. We now investigate products of elements in Sy, where multiplication of
elements is simply composition of functions. We have the following possible

products:
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1. It is trivial to see that

[, 8, - [, B, = |a+a B+, ctd +a'op

Therefore, it makes sense to define the following:
(Oé, ﬁ? C) ' (Oé/, 6,7 C/)] = [Of, ﬁv C] : [0/7 6,7 C/]
2. It is also easy to see that

0, 8,d] - [0/, #, ¢ 0 6= [(0,8,0)- (o, 8,)] 0 6
3. It takes a bit more work to show that

We start with
(z,v, z)[a’ﬁ’c]°¢ = <(:L’ +a)P,(y+B)P,z+c+yo a)

Then we compute
[a/7ﬁl7c/]o¢
(w+ )P, (y+B)Pz+c+yoa)
=|(r+a)P+ad,(y+ PP+, z+c+yoa

¢
+d +(y+ B)Po o/}

=|lz+a+dPy+B+3Pz+c+c
+yoa+(y+ﬁ)Poo/}

*

:(x7y7z) 'g
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where ¢* = (o, 5,¢) - (/' P, f'P, ).

That is,

. Using the computations above we can also show the following:

la, B,d 0 ¢- [o, 3, ¢] = [(a, B,c)- (o, B, d)ﬂ o
To see this we rewrite the element
((x+a)P+o/,(y+6)P+6’,z+c+yoa+c’+(y+B)Poo/>
in the following form.
<:l?+0z+o/P,y+ﬁ+ﬁ’P,z+c+yooz+c'+(y+B)Poo/>q5

This can be done since ¢ is an involution.

Using these results we can now rewrite products of arbitrary elements of S

in the typical representation of elements of S as follows.

[a,ﬁ,c] o ¢j . [O/,ﬁ/,c/] o ¢2 _ (a,ﬁ,c) . (O/,ﬁ/,cl)d)j] o ¢j+i

It is now easy to obtain the following theorem.
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01
Theorem 2.1.2 Let F = GF(q) where ¢ = 2°. Put P = , and let
10

G be the usual group of elations of H(3,q%) about the point (c0). If ¢ is the
involution such that (o, 3,¢)® = (aP, BP,c), then every non-identity element in

Sy = G x (¢) has order two, or four.

Proof: Choose an arbitrary element id # g = 7(a, 3,¢) 0 ¢' € S. If i is

even then

92: [a,ﬁ,c] O¢i ' [a,ﬁ,c] O¢i
:[a7/67c].(a767c>o¢22
—[0,0,8Pa"]

Then ¢ = {id} iff {a, 3} is F-dependent, and we always have g* = {id}. Now

suppose that ¢ is odd.
92: [Oé,/B,C] O¢i ' [Oé,ﬁ,C] O(bi
= [aa ﬁy C] ’ [Ol,ﬁ, C]¢ o ¢2i
— |a+aP,3+ 8P, 3Pa”|

= [% o, a1 + 04261]

where v = (a,a), 0 = (b,b), and a = a; + ay € F and b = 31 + B = ca for some

c €. So {v,0} is an F-dependent set and we easily see that g* = id. |
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Theorem 2.1.3 There are ¢* — 1 involutions in S,.
Proof: Suppose that 7(a, 3,¢) o ¢' € S has order two. Then

@, Bycl0 ¢ [a,B,c]0 o' = [(. Bc) - (@, 8.0)% | 0 6*
= :(av ﬁ? C) ’ (OZ, 57 C)¢Z]
— [0,0,0

Case 1. i = 2k:

which equals zero if and only if {«, 3} is an F-dependent set; i.e., 3 = ta for
some t € F. So for each fixed o # 0 there are ¢ choices for each ¢ and ¢. This

gives us a total of (¢> — 1)¢* = ¢* — ¢* elements of order 2.
Case 2. 1 =2k + 1:

If o« = (a1,a2) and B = (b1, by), then we get

1,a2), (b1, ba), )'((abaz)P,(bl,bg)P,cﬂ
1,a2 bl,bz >'<(a27a1)7(b27b1)70)]

= (a1 + as, a1 + (12), (bl + bg, bl + 62), CL1b2 + (Zgbl}

CL
a

(
0.8, (03,0 = [
(
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This equals [(), 0, 0} if and only if a1 = as and b; = by. So we get ¢> — 1 choices

for @ and 3, both not equal to (0,0).

Adding the two cases we get ¢* — 1 involutions in Ss.

Corollary 2.1.4 There are 2¢° — ¢* elements of order four in Ss.

2.2 Elation Groups of H(3,¢*) As Subgroups of S,

We first look into the group S5 and determine which elements are not ela-

tions about (00).

Theorem 2.2.1 The only elements in S that fix any points not collinear with

(00) are the conjugates of ¢.

Proof: Suppose that ) is a point opposite (0o) that is fixed by ¢. As Sy
is a group of whorls about (c0) and G < S, the size of the orbit of @ under S,

is exactly ¢°.

From the orbit stabilizer theorem we also know that

|:Sa]
(S2)q]

We immediately get |(S2)q| = 2. But since ¢ € (S2)g we must have (S3)g =
{id, ¢}.

= size of the orbit of () under S
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Now choose any point Q' opposite (c0). Because G acts regularly on points
not collinear with (o0o0), there is a unique g € G such that QY = Q. So

(Q)9%9" = @Q'. Thus gpg~"' € So and using the orbit-stabilizer theorem again

we get Sg = {id, gpg~'}.

Corollary 2.2.2 A subgroup E < Sy, with |E| = ¢°, is an elation group of

H(3,q?) if and only if E contains no conjugates of ¢.

Observation 2.2.3 See that gog~' = gopg~ o' = [g, 8] - ¢. It appears that

all non-elations will be in a coset of the commutator subgroup containing ¢.

First we determine what the conjugates of ¢ look like in the group 5.

Let g = (a, 3,¢) € G®. Tts easy to show that ¢~ = (a, 3,¢+ B0 «a). Then
o, B,d] - [er, By e+ Boa] = [(a,ﬁ,c)-(oz,ﬁ,c—l—ﬁoa)} = [0,0,0] =id € S,. So
conjugates of ¢ can be written as follows:
.. 6+ | B+ Boal =[a,8,c-[0,0.0] 06+ |0, 8,c+ Boal
—[a,8,do¢- [a,ﬁ,c—kﬁoa}
~|(a.8.0)- (aP,8, P.c+ Boa)| 06

= _Oé—i-OéP,ﬁ—FﬁP,C-l-C-i-BOOé—FﬂOOAP]O¢

=|a+aP,g+ 0P soa+goar|op

It is easy to see that a« + aP = (a,a) and 8+ P = (b, b) for some a,b € F.
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Furthermore, we also have foa+ foaP = ab, so we can simplify this last term
to the following
(a,a), (b,b),ab| o ¢

It follows that there are at most ¢? elements in S, that are not elations.

Before we determine all elation groups contained in Sy we will need some

results from the theory of groups.

Theorem 2.2.4 Given a group G, the commutator subgroup, G' = [G, G|, is a
normal subgroup of G. Moreover, if H< G, then G/H 1is abelian if and only if
G' < H.

Proof: For completeness we include the proof from [26].

A subgroup G’ is normal in G if and only if for every g € G, all conjugates
hgh~! remain in G. Therefore, if G’ < G, then G’ < G if and only if v(G') < G’

for every conjugation ~.

Let f be a homomorphism, f : G — G. Then fla,b] = [fa, fb]. It follows
that f(G') < G’. But conjugation is a homomorphism from G to G. So the

commutator subgroup is a normal subgroup in G.
Next, suppose that H < G. If G/H is abelian then HaHb = HbHa for all

a,b € G. So Hab = Hba. So, ab(ba)™" = aba™'b~! = [a,b] € H and G’ < H.
Conversely, suppose that G’ < H. Then ab(ba)™* € H and Hab = Hba which
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implies HaHb = HbHa.
|
We know that [Sy : G] = 2 and so G < S,. Furthermore, the quotient group
S/ G has order 2 and so must be cyclic and abelian. It follows that the commu-

tator subgroup is contained in G.

It turns out that all elements that are not elations will be in the coset of
the commutator subgroup containing ¢. We show this and that the quotient
group S3/S% is an elementary abelian group of order 2¢?. We will then be able

to employ the following theorem.

Theorem 2.2.5 (Correspondence Theorem) Let K <G and let v : G —
G/K be the natural map. Then S — v(S) = S/K is a bijection from the family

of all the subgroups S of G which contain K to the family of all subgroups of
G/K. Moreover, if we denote S/K by S*, then:

1. T < S if and only if T* < S*, and then [S : T| = [S* : T*];
2. T<S if and only if T* < S*, and then S/T = S*/T*.

This ensures that finding a subgroup of index 2 that does not contain the
non-elation elements will be the same as finding a subgroup of Sy /S) that does
not contain the elements corresponding the commutator subgroup coset contain-

ing ¢. First we form the commutator subgroup.
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2.3 The Commutator Subgroup

Our main goal in this section is to show that the commutator subgroup
equals the Frattini subgroup, denoted ®(Ss), which is the intersection of all
maximal subgroups. Then given this result, the quotient group S5/.S} is elemen-

tary abelian and therefore a vector space over GF(q).

We first need to form the inverse of a general element in S. Let g = [«, 3, c]o

¢. Then if a = (a1,a2) and § = (by, by) we get

g = [(am a1), (b2, b1), ¢ + arbs + a2b1] °¢

= |aP,BP.c+ Foalog

If g =[o/, 3, (] then

g/—l — [O/,/@/,C/ + ﬁ/ ° a/]

We can use this information to create all commutators. Let g = [, 3, ] 0 ¢’
and ¢’ = [/, #,d]o¢’, and suppose that a = (ay,a2), & = (a},db), B = (b1, ba),
and 3 = (b}.0,). We have a number of cases. First, if ¢ is odd and j is even

then

9.9 = (@), (5.5),¥; (a1 +a) + th(az + @) + B |
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where @ = a} + ay, and b = b} + b},. Now see that if @ = b = 0 we get

l9,¢'] = [(_), 0,b\a; + bhas + bray + bga’z}

= [6, 6, b’l(al + ag) + a’l(bl + 62):| .

But we can choose b},b;,bs,a},ar,as to obtain any element in F. Therefore,
all possible elements of the form [0,0, ¢|, which are all in the center of Sy, are
contained in the commutator subgroup. That is, if an element |, 3, ] o ¢ is in

S4, then [, 3,c*] o ¢' € S) for all ¢* € F.

From now all our computations will neglect the third coordinate. If 7 is even

and 7 is odd we get
9.9 = |(@,a), (b, ), *

where @ = a; + ay and b = by + bs.

The next case is for + and j even. Then
l9,9' = [(1(1*]
The final case is for ¢ and j both odd. We get
l9,9' = [6,07*]
All products of commutators will yield an element of the form |(a,a), (b,b), x|,

and we can then multiply this element by an element in the center of S;. We

have shown the following result.
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Theorem 2.3.1 The commutator subgroup S4 is the set of all elements of the
form

(a,a), (b,b),c|, wherea,b,c €T

Furthermore, the commutator subgroup has size ¢>.

To show that S, = ®(S2) we need some additional group theoretic results.

Lemma 2.3.2 (Frattini Argument) Let K be a normal subgroup of a finite

group G. If P is a Sylow p-subgroup of K (for some prime p), then
G = KNg(P).

Proof: For completeness we include the proof from [26].

If g € G, then gPg~! < gKg~! = K. It follows that gPg~! is a Sylow
p-subgroup of K, and so there exists a k € K such that kPk=™' = gPg~'.
Hence, P = (k7'g)P(k™'g)™", so that k'g € Ng(P). Therefore, we can factor

as g = k(k™1g).

Lemma 2.3.3 IfG is a nilpotent group, then every maximal subgroup is normal

m G.

Proof: Let M be a maximal subgroup of G. Since M < Ng(M), we get
Ne(M) =G.
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Theorem 2.3.4 Let G be a finite group.
1. ®(Q) is nilpotent.

2. If G is a p-group, then ®(G) = G'GP where G' is the commutator subgroup,

and GP is the subgroup of G generated by all p'" powers.
3. If G is a finite p-group, then G/®(G) is a vector space over Z,.

Proof: For completeness, we include the proof from [26].

1. Let P be a Sylow p-subgroup of ®(G) for some p. Then since ®(G)<G, the
Frattini argument gives G = ®(G)Ng(P). But ®(G) consists of non-generators,
and so G = Ng(P). So P<G implies that P<a®(G). Since P was an arbitrary Sy-
low p-subgroup we must have ®(G) the direct product of its Sylow p-subgroups.
But all p-groups are nilpotent, and their direct product is then also nilpotent,

and ®(G) is nilpotent.

2. If M is a maximal subgroup of G, then M <G and [G : M| = p. Thus
G/M is abelian and G’ < M; moreover, G/M has exponent p, so that 2? € M

for all x € G. Therefore, G'GP € ®(G).

3. |G| = p™. Since G'G? = ®(G), and hence G’ < (@), the quotient group
G/®(G) is an abelian group. If M is any maximal subgroup it must have order
p"~ 1 and so |G/M| = p. So the coset Mz has order p and so M = (Mx)? = MxP

and 2P € M. Now consider the coset ®(G)z where € G. From above we have
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2P € ®(G) for all x € G. It follows that (®(G)x)? = &(G) and G/P(G) is

elementary abelian.

Theorem 2.3.5 The quotient group Sa/Sh is a vector space over GF(2).

Proof: 5, is a 2-group, and so we show that for every g € S, we have
g* € S). If g € Sy has order 2, then ¢g> € S. If g € S has order 4, we have
already shown that g% = [(a,a), (b, b),c} where a,b,c € F. It is easy to see
that the subgroup generated by all squares of elements in S is contained in the
commutator subgroup. So by Theorem 2.3.4 we get S}, = ®(S,) and S3/.5) is a

vector space over Zs.

2.4 The Quotient Group S§/S8’

Elements in the quotient group will be representatives of the cosets of SJ.
We can choose the representatives of the form [(0,a), (0,b),0] o ¢' which would
give us 2¢*> = |Sy/S)| representatives in Sy/S5. It is easy to see that each
representative is in a different coset of S). Furthermore, we will denote each
of these coset representatives as triples (a,b,7) where a,b € GF(q) and i € 2.

Then we can define the group operation in Sy/S} by
(a,b,i) - (c,d,j) = (a+c,b+d,i+j)

where addition is in the appropriate field. We note that (0,0,1) € Sy/S) corre-

sponds to the coset containing ¢.
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2.5 Looking for Hyperplanes

Let ¢ = 2° and treat F = GF(q) as an e-dimensional vector space over

GF(2). Then for a fixed ¢ € GF(q)*, the map

[y

e—

tre(z) = (Cx)*

2

Il
=)

is a linear functional; i.e., tre : GF(q) — GF(2). Letting ¢ vary over F* gives
us exactly ¢ — 1 non-zero linear functionals on F. Given a linear map T on a
vector space V' we always have dim (V') = dim null(T) + dim range(T). But
range(tre) is a one dimensional subspace, and so null(T) is a hyperplane in F.
So for each ¢ € F* there is a unique hyperplane in F. So we have ¢ — 1 distinct
hyperlplanes. But each hyperplane corresponds to a non-zero vector in F and
there are exactly ¢ — 1 such vectors in GF'(q). Hence {tr; : ( € F*} gives us all

linear functionals on GF(q).
Now choose a triple (a,b,i) € Sy/S5. This is a vector space over GF(2).
Furthermore, the map
O¢o(a,b,i) =tre(a) +try(b) + 1

is a linear functional from S5/S% onto GF(q). The kernel is a hyperplane and it
is easy to see that the vector (0,0, 1) is not in the kernel of ©,. This gives us

q? hyperplanes of S,/S% without the forbidden element (0,0, 1).
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If we then define the map O ,(a,b,i) = tr¢(a) + try(b) we get the other
q? hyperplanes of Sy/S5, each one containing the element (0,0,1). We have
accounted for all 2¢? linear functionals on Sy/S5. It follows that all elation sub-
groups of Sy will correspond to the ¢ hyperplanes from the kernels of the maps
O¢,». It is worth noting that when ¢ = o = 0 the elation group is the familiar

example.

We can now give an explicit description of all elation groups in the Sylow
2-subgroup Sy of the group of whorls of H(3,4?). The hyperplanes in S,/S% are
the kernels of the maps O ,. In other words, for a fixed pair, (,0 € GF(q)
(both not zero) one hyperplane is the set of all (a,b,i) € Sy/S) such that
0c(a) + 0,(b) +i = 0. To pull back to the original group Sy we simply ask
which coset of S contains the general element [(al, as), (by, by), c] o¢'. It is the
coset S} - [(O,a2 + a1), (0,0 + bl),O} ¢'. This is summarized in the following

theorem.

Theorem 2.5.1 Let Sy be the above mentioned Sylow 2-subgroup of the group
of whorls of H(3,q%). Fiz two elements (,0 € GF(q) and put O¢,(a,b,i) =

tre(a) + try(b) +1i. Then there is an elation group E¢, < Sy where

E¢y = { [(al,a2), (by, bg),C] o : Oc¢olar + ag, by + by, i) = O}

For each case where at least one of ( or o is non-zero, we will call these cor-
responding q* — 1 elation groups of H(3,q?) “exotic” elation groups. When

¢ =0 =0 we will call the group the “familiar” elation group of H(3,q?).
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We will say that the ordered pair {(, o} defines the group E. We would like
to simplify the notation. Fix {,0 € GF(q), and for each pair o, € GF(q) X
GF(q), define the function ﬂ : GF(q) x GF(q) — GF(2) to be oii-\ﬂ =

tre(a) +try(B). If we then use the notation

qotB — ,potB
we can redefine the group E;, as

Ee, = { [a, 3, C]c,o ca, B € GF(q) x GF(q), ¢ € GF(q)}

with the group operation
[aaﬁac]ﬁ,a % [O/,ﬁl,cl]g,g _ [a + a/a—}—ﬁ’ﬁ + ﬁla+ﬁ’c+ C, + CY/OH—ﬁPﬁT]C,U

Next we show that these exotic elation groups are not isomorphic to the

familiar elation group.

2.6 Lower central Series

Definition 2.6.1 Set I'1(G) = G, and I's(G) = |G, G|. Inductively define I, =
[,_1(G),G]. The lower central series of a nilpotent group G is the normal

series

G =T1(G) D To(G) D T5(G) - T(G) = {id}

The length of the lower central series is the number of strict inclusions in
the series. If the length of the series is n we say the group G has nilpotency

class n. If two groups have different length central series then the two groups
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are non-isomorphic. This follows since for any group automorphism ¢ we have

ola,b] = [o(a),o(b)].

Every p-group is nilpotent and has a lower central series. The group G has
class 2 since G = [G,G] = Z(G) and every element in the commutator has
order 2. We note that the group Sy has nilpotency class greater than 2, since
since 54 is not abelian. We are interested in showing that each of these exotic

elation groups has nilpotency class 3.

Observation 2.6.2 Let E = E;, < Sy be an exotic elation group of H(3,q%).

Then
E =[E,E| = {[<a,a>, (b,b),¢c| : c € GF(q) and tre(a) + tro(b) = o}
Proof: We have already verified that Sf = {[(a, a), (b,b), c} ca,b,c € F},

and clearly E' C SY.

Put g = [(al,ag), (bl,bg),C] o¢'and ¢’ = [(a’l,a’z), (b’l,b’Q),c’} o@’. If i and
j are both odd, or both even, then [g,¢'] = [0,0,*]. If i is odd and j is even,
then [g,¢'] = [(a*,a), (b*,b"), x| where a* = a} + @ and b* = b + V. Since
g € E¢, we have tr¢(a*) + tr,(b*) = 0. The case with i even and j odd is the

same. This completes the proof.

Note: Tt is easy to see that |E/ | = ¢*/4.
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Theorem 2.6.3 Let E = E;, < Sy be an exotic elation group of H(3,q>).

Then E has nilpotency class 3.

Proof: We show this for £ = E; ;. The proof follows since {id} # I's(E) =
[E', E] € Z(E) whence T'4(E) = {id}. To show this consider T's(E) = {[g, ¢ :
g€ E.g €E} Let g = |(a,0),(b,0),c| and ¢’ = [(a1, ), (31, 8).d] 0 6.
Then

99979~ = |(@.a), (b.b).c| - |(an ). (B ). d] 0 6 | (@), (D). ]
|(@2,04), (B2, B1), A+ Boa] 0 9

—[(a+ara+az),(b+ 81,0+ B), | 00

':(CL—FOQ,CL—FOQ),(b+6g,b+61), *] O(b

- ‘6,6,*]

€ Z(F)

Similar computations show that when ¢’ = W[(al,ag), (01, ﬁg),d] we still get

99’97 gt e Z(E).

So we get the lower central series

The proof for all E;, # Ey will follow once we show that E., = E~ ,» when

at least one of (, o are not equal to zero.
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Theorem 2.6.4 All of the ¢*> — 1 “exotic” elation groups of H(3,q?) are pair-

wise isomorphic.

Proof:

We saw in Appendix B that if ¢ = ¢, then

( )

1 a

0107 . ) _
Wy = o' € PTU(4,¢°) :p+p+af+ pa=0
0 01

=

Qi

0 001

\ J
is a unitary representation of a Sylow, subgroup of the group of whorls about
the point p = (0,0,0,1) in H(3,¢*). We will use the following representation of

this group.

Wy = {[o, B, 0 ¢" - aff + B+ p+ i =0}

with group operation
o, B, plo ¢’ %[0, B, 1] 0 ¢ = [+, B+ 87 c+? +a(F)? +B(a/)?] 0"
Let x = (1,a,b,¢) € P\ {p*}. Then, for any id # g € W, we have
29 = (1,(a+a)”, (b+B)", (c+p+aB+ba))

Ifi=0, then 29 # x. If i = 1, then 29 = x only if « = a4+ a%, § = b+ b?, and

= 0. That is, g is not an elation only if o, 5 € GF(q), p =0, and i = 1.
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When we compute the commutator subgroup of Wy we get
Wy ={[a,b,c] : a,b,c € GF(q)}

So all non-elations in W, will be contained in the coset of the commutator

subgroup containing ¢.

We have 2¢? distinct coset representatives of Wy /Wj listed below (split into

two sets of size ¢?).

{[er, 3,0] : = (0,h),5=(0,k),h,k € GF(q)}

{[a, ,0] 0 ¢p: = (0,h),5 = (0,k)h,k € GF(q)}

Since GF(¢*) = GF(q) x GF(q), there are no problems when considering
each matrix entry to be in GF(q) x GF(q). Suppose that 6 € GF(q) with
tr(6) = 1, and let i be a root of the polynomial 2% + x + §. Then i? =i + 1 is
also a root of the polynomial. We can let any element in o« € GF(q) x GF(q)
be represented as a = a + bi, where a,b € GF(q). It then easily follows that

tr(b) = tr(a + af).

Furthermore, we already know that W, /W3 is a vector space over GF(2).
So if o = (v, ) € GF(q) x GF(q), and for some ( € GF(q) we let T (o) =

tre(ar + ag), we can define the ¢* linear functionals

T Wo /Wi GF(2) : [a, 3,0] 0 ¢' = Ty(a) + T, (B) +i
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The element [0,0,0] o ¢ is in the kernel of 7. It follows that

B = {la 6, 1] 0 g7}

are ¢* elation groups of H(3,¢?) about p. There are exactly ¢* elation groups
about p in W5, and each E¢, # Eyo must be one of the exotic elation groups

about p.

As before, for a fixed (,0 € GF(q), we will use the notation

¢,o
arp ST @+To(8))
a =a

and redefine the group E¢, as

E¢o = {lo, B, 1o s @B+ Ba+ p+ i =0}

with the following group operation.

[OK, 67 ,U/:IC,O' * [0/7 /8/7 /"L/:IC,O' =

By L9 Lo s ST
at+ o BB T a3 + Bl
CYU

1,0 0,1 1,1
ot & ash 3 ot aTB
Put a®"” = a®, "’ =P, and a*"” = P, and define the map ® so that

D . [Oé,ﬂ,,u]Lo — [05 +6aﬁaﬂ]1,1

We show that ® is a group isomorphism bewteen F, o and E ;, keeping in mind

that ® does not effect the required relationship on «, 3, p.
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P

<[047 s, M]l,o * [O/, s, N/]I,O)
= ([a+ o, 5+ 5%, 4+ a(F) + B(@) o)

=[o+a®+ B+ 8% B+ 8% u+ 1" + a(F)F + By

P

<[047 B, /~L]1,0>¢ * <[O/7 B, N/]I,O)
=[a+ 8,8, pha* [+ 6,8, 1
— o+ B+ (o) + BT G gy g T
+ (a+ B)(F) T 4 B(a + BT,

= [+ + 6+ 8% 64+ 0% n+ 1+ a(F) + Ba)

Next define the map ®* so that

d* [Oé,ﬂ,,u]l,o — [67057:“]0,1

We show that ®* is a group isomorphism bewteen £ ¢ and Ej 1, keeping in mind

that ®* does not affect the required relationship between «, 3, p.

.
([Oé, ﬁ? IU]LO * [O_//, ﬁa Ml]1,0>
= (la+ ™ B+ 8%+ 1% + a(B)" + B(@)10)

=B+8%a+a® p+ 1 +a(B) + B(a)) o,

d*
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(100 .110) " ¢ (10,5 4000) "

= [ﬁ7 a, ILL:|071 * [ﬁ/a O{/, ,U]O,l

=B+ 8% a+d® p+ 1+ a(B) + B(a’) o

Next, for § € GF(q)* define the map ®s so that

D : [, B, plro — [0, 673,62l

We show that ®; is a group isomorphism bewteen E; o, and Ej, keeping in mind

that &5 does not affect the required relationship between «, 3, p.

( 1o * [o 75,[/]170)%
(a+a@ﬂ+ﬁmu+u@+maﬁ+ﬁmﬁh0%

0 a+ o), 676 + 5%), 0 2u + 072 +

+ 0723 + 672B() 50

(DRI DE

= [0 a, 8718, 6 )50 x [0, 0B, 62 50

=67 (a+ @™ ), 6 (B4 BT, 6 2 52
+ (@) 4 5726(60)% s

= [0 (a+ ), 67 (B+87),0 2+ 072 +

+62a(F)% +626(a’) 5o
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It is easy to see that ®s is also an isomorphism between Ey; and Ejs. Next

define the map ®¢, such that

(I)C,cr : [Oé, 67 /~L]1,1 — [C_lav 0_17 C_IO-_IM]C,U

We show that @, , is a group isomorphism, keeping in mind that ®., does not

affect the required relationship between «, 3, u.

T

(s B, s * (e, B, )
= (la+ a8+ 8% u+ i+ a(F) + 5(@))
= [(Ma+a), 07 (B+ 8%, ¢ro (w4 1 + a(B)% + B(a)N)]e.
<[0475,M]1,1)¢C’U * <[0/75',M/]1,1>¢C’U
= [, 07 1B, ¢ o e (¢ 0T (0T
= [T /SO 7 (g Ui oy
ool latoo— By lomla()5 Tatoo— By clemlg(ar)s latoo— B

= [(Ha+a®), 07 (B+8), o+ 1 + a(B) + B())co

The isomorphisms @, ®*, &5, @, show that all ¢ — 1 exotic elation groups
are isomorphic. That is, there are exactly two elation groups of H(3,¢?), up to
isomorphism.

|
Although we have shown isomorphism, to satisfy curiosity, we mention some

other isomorphisms between these exotic elation groups in the original represen-
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tation of the exotic elation groups.

Theorem 2.6.5 Let s,t be distinct non-zero elements of GF(q). Then if t =

s6 € GF(q), the two elation groups Ey¢ ¢ and Eg¢ s-11¢ are isomorphic under the

map
A : [a,ﬁ,c] o [5@,5_1/5,0} o ¢

This gives us ¢ — 1 orbits of size g — 1.

Proof: Suppose that t = s§ € GF(q)* and consider the map:
A:faBe|o¢ = [50,678,c| 0 o

Then A is a group isomorphism of Ss.

Recall that
= { |:(CL1, CLQ), (bl, bg), Ci| e} (# : ("‘)tgg(al -+ as, bl + bQ, Z) = O}

55051 (6() (al + a9, by + bo, Z) = 0}
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We now apply A to an elation group Ey ..

AlE (]

= { _5((11,&2),5_1(51, bg),c— e} ¢Z : @tg7c(a1 + (Ig,bl + bg,’i) = 0}

= { _5(a1,@2)75_1(b17 52)70- © ébi : @sC,S_ltC (5[% + a2]75_1[b1 + bz]ai) = O}
= { [(961,552), (y1,y2),¢| 0 @' : Oy (s-10)¢ (T1 + Ta, Y1 + Yo, 1) = 0}

= B¢ s—11¢

Hence Etc,c = ESC,(S*H)C'

Next suppose that Eg ;-0 = Eygp for any t € GF(q) and §,( € GF(q).
Then s = t3¢~!, and

sTHC= (B¢ T
=t7'57¢HC
_ ﬁ—1<2
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But this equals 3 if and only if ( = 3. That is, under the map A, E;( is not
the image of Ey5 4 for any t € GF(q)* when [ # (. This gives us ¢ — 1 orbits

for each t € GF(q)*, each orbit containing ¢ — 1 groups for each 6 € GF(q)*.

Theorem 2.6.6 Let (, 0 be distinct non-zero elements of GF(q). Then if ( =

0d € GF(q), Ecp =2 Eyo and Ey ¢ = Ey, under the map
A [a,ﬁ,c] Y [5@,5‘1/6,0} o'
This gives us 2 orbits of size ¢ — 1.
Proof: Recall the following group isomorphism:
A [a,ﬁ,c] Y [5@,5‘1/6,0} o'
Then since ¢ = g for some § € GF(q) we get

E07C :{ (&1,CL2), (bl,bg),c o ¢Z . @ng(al +a2,bl + bg,i) =0
:{ (&1,CL2), (bl,bg),c @) ¢Z . @Oyg—lg(al +a2,b1 + bg,i) = O}

= { :(al, az), (b, by), C: 0" Opy(0(ar + as),6 7 (by + ba), i) = 0}

W—/

Using the same argument as in the previous theorem we get

AlEoc] = { [5(&1, az), 5_1(b1> ba), C] © Cbl 1 O, (5(a1 + as), 5_1(191 + by), Z) = O}
= { [(fﬁhxz% (yhyz),c] 0 ¢ Qg (21 + Ta, Y1 + Yo, 1) = o}

EO,U
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Since for all (,0 € GF(q)* there is some ¢ such that ( = 04, we must have
Ey¢ = Ey, for all non-zero (,0 € GF(q). Similar computations show that
E¢ = E, for all non-zero ¢,0 € GF(q).

|

We have partitioned the ¢> — 1 exotic elation groups into g + 1 orbits of

size ¢ — 1. We will list the orbits as [Ey ¢ cl, ..., [y, _iccls [Er0], [Eoa], where t;

ranges over GF(q)*. Next, consider the map

Z: [a,ﬁvc] O¢i = [50[,5/6,520} o¢i

Now consider the following elation group where ( = (- 9.

EtQC = { _(al,ag), (61,62),0_ 9] (# . @tQC(al + as, bl + bQ,i) = O}
{ (al,aQ), (bl,bg),c o gb’ : @t55755(a1 +a2,b1 + bg,i) = O}

{ :(a17a2)7 (61752)70: © ¢Z : @tﬁ,ﬁ(5(a1 + a2),5(b1 + b2)=i) = O}

<«

B [Bprage] = { |0(a1,a2), 0(b1,b2),b¢| 0 6" : Oy p(8(ar + az), (b +ba), 1) = 0}

=Eipp

and By = Eygp for all ¢, € GF(g). So A provides an isomorphism between

the q — 1 A—Ol"bitS [Eth,C]’ ceey [th71<7<].

We mention one other known group isomorphism. Consider the map A?

where 0 = 2%. Then
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AR [a,ﬁ,c} o (;Si — [of’,ﬁ”,c"} o (bl

is also a group isomorphism for any automorphism o. To see the image of

*

such a map, let ¢ = 2° and consider the following, where («) = GF(q)* and

a,c € GF(q).

where the second to last equality follows since raising to the 2* power is an iso-

morphism and does not change the value of the absolute trace function.

2.7 Building Subgroups A(t) in the Exotic Elation Group F

Let ¢ = 2¢ and denote o € GF(q¢?) by (ay,as) where a; € GF(q). Using the
absolute trace function tr : GF(q) — GF(2) we define the map T : GF(q) X
GF(q) — GF(2) by
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T(a) = tr(ay) + tr(az)

Similar to when we worked with the unitary representation of these groups,

we put a® = aPT®. We now define the elation group E, ¢ as follows
Bio={|a.B.¢| 10,5 € GF(q) x GF(g), c€ GF(g)}.
with group product
[a, 3, c] * [o/, 3, c’] =[a+a? B4+ 8%c+d + (a)PFT.

For the remainder of this paper we will assume that £/ = E; . We also note
that in some computations we will revert back to the old notation, using aP7()

instead of a®.

For each t € GF(q), let 4(t) be a function from GF(q) x GF(q) into GF(q) x
GF(q), and let g, be a map from GF(q) x GF(q) into GF(q). For each t € GF(q)

we also have a subset A(t) of order ¢? such that

A(t) = { [a, oﬁ(t),gt(a)} }

What are the necessary and sufficient conditions on §(t) and g¢; so that A(t) is

a group?
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2.8 The Function 4(?)

Consider the product

g- g/ = [Oé, Ofxt)? gt(a)] . [O/a O/é(t)> gt(a/)

Hence o) + (a/°")% = (a + (a/)?)
We show that §(t) is an additive function.

First let @ = 0. Then 0°®) + o/°® = o/9® and 0°®) = 0. Now if T'(a) = 0,

we get a9® + o/ 90 = (a 4+ o/)°® which holds regardless of the value of T'(a).

We next show that a’® P = (aP)’® for all « € GF(q) x GF(q). We first
suppose that T'(a) = 1. Then o®® + o/9OP = (a4 o/P)’" and if we put

o' = aP, then
Y 4+ (aP)YP = (a + aPP)°Y = 0 = a°YP = (aP)°®

Next, we show that 3°®P = (B3P)°® when T(5) = 0. If we have some 3
such that T'(3) = 0 we know that we can choose two elements o = (ay,0) and
o = (o},0) such that T'(a) =T(/) =1 and o+ o'P = (. Letting f = a+o'P

it is clear that that §() satisfies (aP + o/)’") = [(a +o'P)P] o8
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From above we know §(t) satisfies a®® + /0P = (o + o/ P)°’"”. Using the
fact that T'(a/) = T(a/P) = 1 we get
80 4 o/ P — (o + o/ Py
O 4 o/ po) — (o + O/P)‘S(t)
(a’D +a/P°W) P = (a+ o' P)’" p
a®Op 1+ /PP =(a+a'P)V P
aP’® 4 o' PP = (a 4+ o'P)’" P
aP® 4 o/50 — (4 o/ PY® P
(@P+d) " =(a+a'P)? P
ﬁpé(t) _ ﬁé(t)P
So when T(3) = 0 we get 32O P = 3P°*® . This completes the argument that
P =o' P°Y for all a € GF(q) x GF(q). Now recall that when T'(a) = 1,
§(t) must satisfy o’® + o/ 0P = (a + o/ P)°®. Using the above computations
we see that when T'(a) = 1 we get a®® + /P = (a +a/P)°®. Tt follows that
d(t) is an additive function on all of GF(q) x GF(q). Furtunately, there is an

easy classification of additive functions from GF'(q) into GF(q).

Theorem 2.8.1 If f: GF(q) — GF(q) is an additive function, then

F(z) = apx + ar12” + aga? + -+ + ae_q2?

where a; € GF(q).

Proof: See Theorem A.6 in Appendix A. ]
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Suppose that §(¢) is the additive function that is used in the definition of
the subgroup A(t). Given the above theorem, for all o« € GF(q) x GF(q) we
must have

[’ P = (aoa +a0f + a4+ age_lapzefl) P
= (aoOé)P + (CLlOép) P+ (CLQO&p2> P+ + (age_lOépzeil) P
2e—1

= ag(P) + a1 (aP)? + as(aP)”’ + - + ase_1 (aP)?

= (aP)’®

Unfortunately, we do not have a complete answer about which additive func-

tions will suffice. However, we do have the following conjecture about §(t).

Conjecture 2.8.2 Let 6(t) : GF (¢?) — GF (¢?). Then let
A(t) = {[a,a‘;(t),gt(a)] o € GF(q) x GF(q),c € GF(q)}

be a subset of E1. A necessary condition that A(t) be a subgroup is that 6(t) be

additive function of the form

for some a € GF (q).

2.9 The Function g,

We need to determine properties of g; so that A(t) is a subgroup. Multiplying

two elements in A(t) we easily get the following condition on g;.
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gi(a) + gi(a’) + gila + (a')) = (/)" P(”O)T (2.1)

gi(a) + g:(a’) + gt(a‘;’ +a)= a‘;'P(a"S(t))T (2.2)

We choose the additive function o’® = ta, for t € GF(q). Then g, must

satisfy

gt(ao7 +a) +g,((d) +a) = t[a&/Po/T - a&/P(o/)T (2.3)

Note that if we let o = o/ we get ¢:(0) = 0.

Next suppose that o = (a1, a2) and o = (o, ), and we consider the
following cases.

(i) T(o) =T(a') = 1: Then from equation 2.3 we get
glar + ag, a2 + o) = g(as + o, a1 + a3)
(ii) T(a) # T(c'): Then from equation 2.3 we get
glon +aj, ar+ah) + glaz + o, on +ay) = t[ala/z + o0 + ooy + 0420/2]

(iii) Let T'(a) = 0: Then from equation 2.1 we get

01
ge(@) + () + gi(a + ') = @ (o))"
£0

Before we determine acceptable functions ¢g;, we characterize all functions

from GF(q) x GF(q) to GF(q) as polynomials.
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Theorem 2.9.1 Let gi(«) be a function from GF(q)x GF(q) into GF(q). Then
there is a distinct polynomial associated with g,(«) of the form
gi(a) = Z c;rafad, where ¢, € GF(q)
0<j,k<q—1
Proof: See Theorem A.7 in Appendix A.
|
Thinking of ¢g;(«) as a polynomial, if we evaluate the function g;(«) only
on elements from GF(q) = {a = (a1,0) : oy € GF(q)}, because the function is

additive on these elements, it must be of the form

_ 2 22 2¢~1 i

g(o) = amai +asa; + -+ ae10f  + ¢ ;0 0,
0<i<q—1
1<j<q—1

where ayp = 0 since g;(0) = 0. Then recalling that g,(a) = g;(aP) we have the

following restriction for g,.

gla) =a(m+m)’+-+ > cgrlafed+olad)+ > difaian)
1<j<k<2¢—1 1<i<2e—1

Using the fact that g:(a + o) + gi(a) + g:(a') = tla10f + asa)] we compute the

following;:
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gi(a+a') + gi(a) + gi(a')
—ai(a )+ Y dilman)'+ ) eju(afad +afab) +
1<i<2e—1 1<j<k<2e—1
a(of +ah)’+-+ D dilafah) + > crlofad +afaf) +
1<i<2e—1 1<j<k<2e—1
(o +af Faz+ab) + Y diar o) (ag +ay) +

1<i<2e—1

> cn(lon +alllaz + 0 + o + i as + o))
1<j<k<2¢e—1

_ k_J 7k k15 N 1k 119
= E Cik <a1a2 + ajas + afag + afay + [ + o] ag + ag)? +

1<j<k<2e—1
[ + o)) [ag + O/Q]k) - Z d; |:(041042)i + (o aby)’ + [ay + o[ [an + a;]j]
1<i<2e-1
o 0t o7
t0

= tlaraf, + o

We now make the substitution o/ = aP and get

Z di(al + &2)% = t(Ozl + (1/2)2

1<i<2e—1

for all ay, 0 € GF(q). That is,

Z dzﬂlztﬁ — (t+d1>ﬁ+d262—|—-.._|_dq_lﬂq—1:0

1<i<2¢e—1
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for all § € GF(q). But this is a polynomial of degree ¢ — 1, and if every element
of GF(q) is a root it must be the zero polynomial. It follows that d; = ¢ and

d; = 0 when ¢ # 1. We have shown that necessarily,

gi(a) = ar(ar o)+ - +ae_1 (a1 +a2)* T +tajan+ Z Cj,k(alfag+a{a]2€)

1<j<k<2e—1

Lets make the assumption o} = a; and as # 0 = . Then

0t
taag =« o
to
=gila+a) + gi(a) + gi()

— k_ i J Ak
=t + E Cjk <a1a2 + oo )
1<j<k<2e-1

So we have

k_Jj Jak) —
Z Cjk <a1a2 + a1a2> =0.

1<j<k<2e—1

Since for a fixed s, this is a polynomial of degree less than or equal to 2¢ — 1
that is zero at all aq € GF'(¢), we must have ¢;, = 0 for all 1 < j, k <2°—1.

We have shown the following.
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Theorem 2.9.2 Let g(a) : GF(q) x GF(q) — GF(q). Then let A(t) =
{[a, toz,gt(a)}} be a subset of the elation group E. A necessary condition that

A(t) be a subgroup is that g,(cv) be a function of the form

f) t i ;
gi(a) =« ol + ai(ay + az)? |.
L] |

We are now ready to talk about 4-gonal families when g;(«) fits the forms

defined above. Define the subgroup A(co) as
A(o0) = {[O,a,O}}
and form a set of 1 + ¢ subgroups of order ¢? as
F={A(t):te GF(q) Uoo}
and then let A(t)* equal A(t) - Z(FE) which gives
A(t)* = {[a,m,c} a e GF(q) x GF(q), c € GF(q)}

It is clear that if we form A*(¢) in this manner, then only subgroups A(t) that

trivially intersect the center will allow F and F* to satisfy K2.

We want to know which of the families built from F and F* satisfy K1, as
we already know they satisfy K2. Essentially, we are looking at relationships
between values on the diagonal entries of a g(¢) and g(s) that allow the sets to
form an EGQ. Once this is decided will will decide which GQ are isomorphic to

the classical H(3,¢?).
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Recall that K1 says that A(t)A(s)(A(k) = {id} when s,t¢, and k are

distinct. The following result will be helpful.

Theorem 2.9.3 (Payne) Let A(t), A(s), and A(k) be subgroups of order q>.
Then A(t)A(s)(A(k) = {id} if and only if A(t™) A(s™) (A (k™) = {id} for

every permutation w of s,t, k.

We will check A(t)A(s) () A(k) = {id} when k = oo and s, t, k # co. Choose
g = W[a,ta,gt(a)} € A(t) and also choose ¢’ = 71‘[0/, sa’,gs(a’)} € A(s), with
t # s and g;(a) defined as

ft) t = ;
gi(a) =« ol + a; (o + a2)2
o] |

Then for the product g - g’ we get

[ f(t) t

f(s) s
o, to, o aT] : [o/, sal, o o'’

0 f(t) 0 f(s)

= [a+a'a,ta+so/a, *]

g-9 =

where

*x=f(t)[aF + a3] + f(s)[(a})? + (ah)?] + tanay + saljady +

e—1
e Z [ai(al + as +a; + 0/2)22]
i=1
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For any o € GF(q?), g - ¢ is in A(k), where k = oo, if and only if the

following conditions hold.

(i) a =« which means that aPa" = 0.
(ii) [f(t) + f(s)] (a2 +a2) + [t - s} ajay =0 for any id # o € GF(q?).
If we were to have f(t) = f(s) for distinct s and ¢, then choose o with

a; = 0 and ay # 0 to violate K1. It follows that f(¢) must be a bijection on

GF(q). Furthermore, property (ii) is equivalent to

S CETCIN

Next suppose that k € GF(q). Then we violate K1 provided we satisfy the

following two conditions.

(i) {a,a'} is a GF(q)-dependent set with

, k+t , k+t cnd o k+t
o = o — o = —_— (0% Aoy — —_— (0%
k+s ! k+s) * 2 E+s) 2

k+t

0450 (120) g0+ 50 (B2

2 2
Y (U I
k+s k+s

for all non-identity oo = (v, ag). This condition, when simplifed, says that

(a2 +al) +

109 = 0

we satisfy K1 if and only if for all distinct s, ¢,k € GF(q) we satisfy

. (f(k‘)[82 + 2+ [+ + FER + tz]) »
k[s? + 2] + t[k2 + s%] + s[k2 + 2]
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Since all cases for K1 will be some permutation of the last two cases we
know that we have found necessary conditions for F' = {A(¢) : t € GF(q) U oo}

to satisfy K1.
From here we would like to see if WLOG we can assume that f(0) = 0.

If & = (ay, ay), consider the map

A [a,g,c} — [a,ﬁ,c+5(a§+a§)]

where 6 € GF(q). Clearly, A : id — id. Next see that

A(g-g’)zﬁ([avﬁ } [ ])
=8 (ot @F 54 @+ + @ PE))

+(a)?, B+ (8)% e+ + () PBT +

5( o + (1/1 [(1/2 + ((1//2)&]2)]
T [a, B,e+6(af + o3) } ol . [o/, B,.d+6(af +a3) ] o ¢l

A(g) -

and A is an automorphism of E. It is easy to see that when f(t) is a bijection
on GF(q), then
A Af(t) —> Ah(t)
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where

As(t) = [a,ta, Q 1)t al + ¥ [ai(al + a2)2b} ] 4

\ 0 f(t) i=1 )

and ) .
oo ("0 o ]

\ 0 h(t) i=1 )

where h(t) = f(t) + £(0).

Furthermore, A fixes every point A*(t). Since A is an automorphism of £

and its coset geometries we can WLOG assume that

t t e—1 )
A(t) = o, ta, o /) al + [ai(al + Oég)zz] ]
0 f(t) i=1

where f(t) is a bijection such that f(0) = 0. In this setting we satisfy K1 if and

only if the following conditions hold.

’ o[ B e
(i)
o[22 21 ¢ 20
Pl e
(iii)

64



These conditions are certainly true if we choose the function f(t) = ft,

where tr(8) = 1. We aim to show the following theorem.

Theorem 2.9.4 Consider the set
F = {A(t) = {[a,ta,gt(a): } e GF(q)} U {A(oo) ={[0,0,0]} }

where g,(a) = a fo) 1 al + eil [ai(oq + a2)2i] :

0 f(t) i=1

Then if we let F* = {A*(t) = A(t) - Z(E)} U {A*(oo) = A(c0) - Z(E)}, a
necessary condition that F be a 4-gonal family is that f(t) = (Gt for some fized
B € GF(q) such that tr(3) = 1.

Proof: Using condition (i) above, the result follows from Theorem 2.9.5

due to Pentilla and O’Keefe, letting v = 1.

Theorem 2.9.5 Let f: GF(q) — GF(q) be a function satisfying f(0) =0 and

let v € Aut GF(q). The equation

o [Lls]

for all z,y € GF(q) with x # y if and only if f(x) = Bx? for some ( €
GF(q) with tr(8) = 1.
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Proof: We rely on the proof in [16].

Let m be an integer satisfying 1 <m <q¢—1, (m,q—1) =1 and

e

for all z,y € GF(q) with x # y. It follows immediately that I is a permutation
of GF(q), for otherwise there exist z,y € GF(q) with f(z) = f(y) and

@)+ f)
” [ CER

] =tr(0)=0

Let R be the minimal set of residues modulo ¢ — 1 such that for any z €
{0,...,q — 2} there exists a unique y € R and ¢ € {0,...,h — 1} such that
z = 2'y(mod g — 1). We remark that 0 € R. For p € R, let [, = [{p2' : i =
0,...,h— 1} (that is, [, is the length of the orbit of p under Aut GF(q)). Let

flz) = 372 q;a and let

27’6
Qpi, = <a'p2k+m) 5

where p2% +m is the unique integer such that 0 < p2F+m < ¢ — 1 and

p2k +m = p2¥ + m(mod ¢ — 1). It was shown in Glynn [11] that

27Llp

Wil [flp—1
Z (Z Qpk [(z F1yprmt z”*"”ﬂ) =0
n=1 k=0

for all z € GF(q) and for all p € R\ {0}. Further, tr(a,,) = 1.

Suppose that m = v € AutGF(q). Since m is a power of 2, the arguments

in Glynn’s Lemma 4.10 [11] show that the only non-zero o,y is agy = a,, (the
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coefficient of ™ in f), hence f(x) = ax” for some a € GF(q) with tr(a) = 1.

The converse is immediate, since

ar’ + ay’
(z +y)

]:tr(a):1

2.10 Property(G)

In the remaining sections we show that when we consider the function
a®® = ta, the only FGQ which arise are classical. We start with the fol-

lowing definition for Property (G).

Definition 2.10.1 A GQ S with parameters (¢*,q) has Property (G) at the
point p provided the following holds. Let Ly and My be distinct lines incident with
the point p. Let My, My, M3, My be distinct lines and Ly, Lo, L3, Ly be distinct

lines for which L; ~ M; whenever i+ j < 7. Then Ly ~ M.

Figure 2.1 may be helpful.
To help see the motivation behind this definition we restate the following

theorem.

Theorem 2.10.2 (R.C. Bose) [3] Let S be a GQ) with parameters (s,t). Then

the following statements are equivalent:
(i) t = s

(13) For some pair (x,y) of non-collinear points, each triad (x,y, z) has a con-

stant number of centers, in which case this constant is 1 + s.
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Figure 2.1: Property(G)

(1i1) Every triad of points has a constant number of centers, in which case this

constant i1s 1 + s.

This theorem tells us that every triad of points in a G with parameters
(q,¢?) has exactly 1 + ¢ centers. Dually, it the follows that every triad of lines
in a GQ with parameters (¢2,¢) has exactly ¢ + 1 transversals. This result is
known as the theorem of Bose. Now let Li, Lo, L3z be distinct skew lines and
My, My, M3, M, be transversals of Lq, Lo, L3 such that M; and L; are both in-
cident with the point p. We would like to know if each of the transversals
of My, My, M3 also intersect the line M,. If so, we are guaranteed to have a

(g+1) x (¢g+ 1) grid about the point p.

Results by both J. Thas and Matt Brown have shown that any G with
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parameters (g%, ¢) and having property (G) at a point must be a flock-GQ. We
wish to show that all EGQ arising from these 4-gonal families in exotic elation

groups of H(3,¢*) are flock-GQ.

We start with the following facts about incidence in these exotic G(), where
the notation rtw, t e F, suggests that two points are collinear via a line of type
A(t)-g. Also, for the remainder of this section, disregard the notation & = P

and simply consider & as an element of GF(g?).

v, B, c] ~ A*(00) - [, B, ]
—{[0.8.¢): 8 € ¥ €F,} [0, B,

{[a,ﬂ’ + B, +c+aPTIRT] 3 e F2 € Fq}

{[a,ﬁ,c] :BeFce IFq}

{[o,ﬁ,c] :ﬁeﬂ«“g,ceﬂ?q} [a,0,0]

A

*(OO) : [a> 07 O]

[a,ﬁ,c] %A(OO) ' [avﬁ7c]
“Qﬁﬂ:HeFﬁ-wﬁ@
= {[a,ﬂ/—Fﬂ,c—l—aPﬁ'T] 3 e Fg}
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(iii)

[a,ﬂ,c] ’QA*(t) ’ [O‘767C]

= { [a',to/,c’] o/ €Flce Iﬁ‘q} e, B, ]

o'+ aPT@ to/ 4 BPTE) ¢ 4 ¢4 qPHT@ ﬁ’T} }

{ o + aPT@) <a + aPT@) ) + taPT@) 4 ﬁPT(a'>,c*] }
{ o 4+ aPTE) ¢ <a + a Pt )> + (ta + 3) PT@), c*} }
A

“(#) - 0, (ta + B)PT@ 0]

[, 8,¢] ~ A(1) - v, B, ]
[t gi( }-[a,ﬁ,c]

{ [a + aPT@ to! 4 P ¢+ gi(a') +t-o/P1+T(°‘/)ozT} }

[a + aPT (a +aPTC@ )> + (ta + B)PT) ¢+
(

gi(aP™) 4 +gi(o/ + aPT )|}

A(t) - [0, (ta + B)PT@ ¢ + gi(a)]

To see this, we use g;(a+ ) + gi(a) + g:(a’) = o/ Pa™ and gi(«) = gi(aP).

In Figure 2.2 we have constructed a 3 x 3 grid at the point (co), with lines

[A(c0)] and [A(?)], and containing the fixed point [a, 3, ¢].

The coordinates of each point and line are given in the following list:
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A(OO)LO

A(OO>L1

Figure 2.2: 3 x 3 Grid.

A(00), = A(o0) - [a, B, ]
A(o0), = A(00) - [a",0,g:(a”) + gelax) + ]
Alt), = A(t)- [0, (ta + B)PT@ g,(a) + ]
At)r, = A()- [0, (ta + B+ )P, c+ g(a) + aPB"]
Py = [ ta* + (ta + B)PTOH) e 4 g(a) + gila®)]
P = [a,8 + B,c+aPB”]

[a, ta+ (ta + B+ B)PTED g.(&) + gi(a) + ¢+ tapa}
[a*, B+ B+ (ta+ B)PTE+) g (a*) + gi(a) + c + a*PBT]

We must have a* = &, so we rewrite the coordinate for Ps.
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[a*, ta* + (ta+ B+ B PTOH) g (a*) + g,(a) + ¢ + taPa*T]
[a*, /@ + ta* + (ta+ B)PTOF) g (o) + gila) + ¢ + a*PﬁT}

The point P, exists if and only if the following conditions hold:

tOK* + ﬂ/PT(OH_a*) — ﬁ + ta x

taPa*T = a*PﬁT

The theorem of Bose guarantees that a solution will exist. We now consider

the case where Ly = [A(t)] and M, = [A(s)], t # s.

In Figure 2.3 we have constructed a 3 x 3 grid at the point (c0), having lines

[A(t)] and [A(s)], and the fixed point [« 3, c].
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Figure 2.3: 3 x 3 Grid.

A(s), = A(s) - [0, (s + B) P, go(a) + ]
At), = A(t) - [0, (ta + B)PT@. g,(a) + ]
At), = A(t) - [o, ([t + sla + (sa + ﬂ)PT(“+aS))PT(“S),
9i(01) + g013) + go() + ]

Py £ [a,, sa, + (s + B)PTEH) g (a,) + gs(a) + ¢

Py = [ay, toy + (ta+ B)PTOTD) g, () + gi() + (]
(o, tas 4+ ([t + sl + (s + By PP ) PTIE)) T,

9i(0) + gu(as) + gs(er) + g(a) + ]

Py =t <
[O/> sa + (([t + sjay + (ta + ﬁ)PT(aJrat))pT(at)) pr@).

\ gs(a,> + gS(at) + gt(at) + gt(oz) + C}
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We must have o* = o/, and so we rewrite the coordinates for Ps.

;

[Oé*, ta* + (([t + slas + (sa + ﬁ)PT(aJras))pT(as)) pre),

gi(0%) + gilcs) + gs(on) + gsla) + c}
P, =

[a*, s + (([t + slay + (ta + ﬁ)PT(a+at))PT(at)> pre),

9s(0*) + go(o) + ge(on) + gu(@) + c}

\
For notational “simplicity”, given fixed pairs of elements o, 3 € Iﬁ‘g and

s,t € F,, define the following functions:

()= ([t + 5]y + (sa + B) pT(a+v>> pre)
fiv) = ([t + 5]y + (ta + B) pT<a+w>> pro
R () = g:(7) + 9s(7) + gs()

R () = 9:(7) + 95(7) + g(@)
So we have a 3 x 3 grid if and only if the following conditions hold:
ta* + fo(ag)PT@) = sa* + f,(ay) PT@)

9:(@") + ha(as) = gs(@”) + ()

The theorem of Bose guarantees that such a 3-tuple a*, ay, ay, must exist.
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In Figure 2.4 we have constructed a near 4 x 4 grid containing the 3 x 3 grid

with point [« 3, c].

Figure 2.4: Near 4 x 4 Grid.

The computations used to determine the previous 3 x 3 grid give us the

following information for the points and lines of the near 4 x 4 grid:
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Pt =la, B,

A(t)1y = A(t) - [0, (ta + B) P gy(a) + ¢
A(t)r, = A1) - [0, f*(as), h*(cs) + ]
At) L, = A(t) - 0, f7(as), h*(ass) + ]
A(s)1, = A(t) - [0, (s + B)PT, go(@) + ¢]
A(s)r, = A(t) - [0, f(aw), h' () + ¢]

A(s)1, = A(t) - [0, f(aw), h' () + ]
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r

Py = [ay, tay + (ta + B) PO g () + gi(a) + €]

Py = oy, sag + (sa+ B)PTOT) g (ay) + gs(@) + ]

[0, 10 4 (@) P gi0) + (o) + c]
P =t
[ [a, 507 + 2(a) P70, gy(a%) + () + ]
6,1+ (@) PT@, g(a) + h*(a,) + ]
P3 :é
| |6, sé+ i) PT@ g (&) + bt (ay) + c]
_d, tev + () PT@ gy (&) + h* () + c}
Py =t
| [ 5+ F1(a) P, g,(c) + h (@) + ]

P5 = I:O?s’ SQs + (SOZ + ﬁ)PT(dS)ng(dS) + gs(Oé) + C}

Ps L [, tay + (to + 5)PT(a+dt)a ge(a) + gi(a) +

Given this near 4 x 4 grid, the points P, P;, and P, tell us that we satisfy

the following conditions:
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ta + (o) PT@) = sa* + fH(ap)PT)
té + f5(a,) PT® = sa + f'(a,) PT@

ta + (o) PT@ = sa + fH(a,)PT@

Multiplying each equation by the appropriate power of P and adding equa-

tions we see that if we put
a= a*PT(d+d) ‘l’ dPT(a*-l—d) + &PT(Q*-FOQ) (24)
then we also satisfy the following condition:

ta + f4(a,) PT® = sa + f'(a,)PT® (2.5)

Given this near 4 x 4 grid we also satisfy another set of conditions:

gi(@”) + h*(as) = go(@”) + D' ()
91(@) + 1°(@) = 95(&) + 1 (cw)

g¢(c) + h*(as) = gs(c) + h'(ay)

Adding these equations together we get the equivalent condition:

9 () + go(@) + ge(&) + h*(ds) = gs(@*) + gs(@) + gs(&) + h' (@)  (2.6)
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We now ask if there is some point C' which completes the 4 x 4 grid to give

us property (G). This point would have to have the following coordinates:

G, té+ f(@) T, g4(a) + h*(a,) + ]

G 56 f1 (@) PT@, g,(0) + b(@) + ]
We note that if there is a solution it will be a unique solution.

This point is on both A(t)r, and A(s)y, if and only if

ta + (@) PT@ = sé + fi(a,) PT@ (2.7)

ge(6) + h*(as) = go(&) + M (a) (2.8)

If we let & = @ as defined in equation 2.4 we have satisfied equation 2.7.

Then using equation 2.6 and the fact that

0t
gila+a) = g(a)+ g(d) +a a
t0

we see that satisfying equation 2.8 depends on satisfying

t(a*P&a+ a*Pa+ aPa) = s(a*Pa+ o*Pa+ GPa) .
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Equivalently, since t # s, we must satisfy
o*Pa+a*Pa+ aPa=0

The point is that a solution to equations 2.7 and 2.8 does not depend on
the choice of the function g;. Then recalling that at least one choice g; produces
H (3, ¢%), which S.E.Payne has shown, see [8], has property(G) at the point (c0),

we see that we will satisfy equations 2.7 and 2.8 for any choice of g;.

Therefore, when the near 4 x 4 grid contains lines [A(t)] and [A(s)] incident
with (00), we have satisfied property(G) at the point (co). Similar computations
show this is also true when the near 4 x 4 grid contains the lines [A(o0)] and

[A(t)], although we omit the details here.

2.11 A Theorem of Matt Brown

We now state a powerful result due to Matt Brown, see [5].

Theorem 2.11.1 Let S = (P,B,I) be a GQ(q,q*), ¢ > 1, and assume that S

satisfies property(G) at some line l. Then S is the dual of a flock-GQ).

It follows that each EG(Q constructed from the exotic elation groups of

H(3,q?) are flock-GQ.
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2.12 The Final Push

Consider the following theorem from [28].

Theorem 2.12.1 Let S be a GQ and let H be a group of whorls about the point
x acting transitively on the set X = P\ {x}*. The set of elations in H does not

form a group if and only if (at least) one of the following conditions is satisfied:
(1) There is a j > 2 for which |fiz(c)| = j for some o € H.

(2) There is a proper thick sub-GQ of S containing x (and all the lines through

x) fized pointwise by a non-identity element of H.

Theorem 2.12.2 Let S(F) be a non-classical flock generalized quadrangle of
order (¢*,q), ¢ > 1, q-even. Then the set of all elations about (o) does form a

group.

Recall that ¢ is a whorl about (co) that fixes more that one point in
P\ {(c0)}. It follows that every “exotic” EGQ that we have constructed is

classical, and hence isomorphic to the Hermitian surface H (3, ¢?).

2.13 Suggested Problems
In this section we suggest how to further this research. First, and possibly

the most obvious question:
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Question (1): Are there any new examples of EG(Q that may be constructed

from these new groups?

We might also ask the following question:

Question (2): Are there conditions that guarantee an EFG(@) have non-

isomorphic elation groups?

The following conjecture was recently made by K. Thas.

Conjecture 2.13.1 (K. Thas) If Property(F ) does not hold for (S, G), then

S has non-isomorphic elation groups.

Property (F') depends on whether each A* € F* is normal in the elation

group.
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Appendix A. Theorems

d d 2
Lemma A.1 dZt? > (Ztl> .
i=1

1=1

Proof: Taken from [1].

d

Set dm = Z t;. Then after some straightforward manipulations we see that
i=1

d 7

d 2
d <Z ti) d
0<) (m—t)?=—L 4y ¢
i=1 i=1

The result easily follows.

We will use this lemma to help prove the followng inequality due to Higman.

Theorem A.1 Let S = (P,B,I) be a GQ of order (s,t). Then s < t* and
dually t < s*. Furthermore, t = s* if and only if for some pair (x,y) of non-
collinear points every triad (x,y,w) has exactly s+ 1 centers if and only if every

triad of points has exactly 1 + s centers.

Proof: Taken from [22].

Now we let z,y be fixed non-collinear points with perp given by

{z,y}r ={20,..., 2},

83



and let V' = {wy,...,wy} be the set of all points such that {z,y, w} is a triad.
It follows that d = 5%t — st — s +t. Now for 1 < i < d, let t; be the number of Z;
such that z; € {z,y, w;}*. And for 0 < i < ¢+ 1 let n; be the umber of triads
{z,y,w} with exactly i centers. Counting the total number of triads we get

t+1
Znizszt—st—s—i—t
=0

Now counting the total number of ordered pairs (w, z) such that z € {z,y, w}*

we get
d t+1
Noti=ini= (1)t~ 1)s = (>~ 1)s
i=1 i=0

This follows since for each of the ¢ 4+ 1 points in {z,y}* there are s points on

each of the t — 1 lines not through x or y.

Now counting the number of ordered triples (w,z,2’) such that w €

L

{z,y, 22"} we get
d t+1
» t+1 9
Sttt =iti— = (") - 2=

t+1

A ) ways to pick z, 2/ from {x,y}*+, there are

This follows since for each of the (
exactly t — 1 points (not in {x,y}*) which are the intersection of lines through

z, 7. But the triples are ordered and so it is obvious that

d = —1)(s+1)

If we put dm = Z t; it follows from Lemma 1 that
i=1
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0< Z(m — 1)t =t(s —1)(s* — t)

It is now an easy conclusion that ¢t < s2. Furthermore, if ¢t = s? we we must
have m = t; for each 1 < i < d and every triad has the same number of centers.

4

In this case there are s* — s + s — s total triads each having the same number

k of centers. It follows that
k(s' —s° + 5% —s) :Zti:(s4—1)s:s5—s

and we must have k = s + 1.

Theorem A.2 Let G be a group of order s®t and let F = {Ag, Ay1,..., A} be a
family of t + 1 subgroups, each with order s, and let F* = {A§, Aj,..., A;} be
another family of t + 1 subgroups, each having order st where A; < AY for each
0 < i <r. Then if we build the coset geometry S as prescribed above, S

is a GQ, having order (s,t), if and if properties K1 and K2 hold, where

K1:A;A; A, ={id} for all distinct 1,7, k.

K2: AjA; = {id} for alli # j.

Proof: We follow the proof in [20].

Two lines must be incident with at most one common point. We observe

that two distinct lines of type (ii) are incident only at the point (00). Then for
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each 0 < j < r, the cosets {A;g : ¢ € G} partition the group elements, from
which it follows that two lines A;g and A;h may only be incident at a point A%g.
Next suppose that two points are incident with two lines A;g and A;h, i@ # j.
Since any element in a coset A;g or A;h can be chosen as a coset representative,
we can WLOG assume that the points are group elements g and h. But then
g,h € Ajg N A;h, or equivalently id, gh~* € A; N A;. We have shown that no
two points are incident with two different lines if and only if A; N A; = {id} for

each i # 7. From now, we assume that the following property holds:

P1:A,NA; = {id} for alli# j.

Next we show that there are no triangles in the geometry. First, there can
be no triangle with vertex (oo) as no two points Afg and Ajh, i # j, are on a
common line, and no element g is incident with the point (co). Furthermore,
since the cosets A;g partition the group (and so intersect only on the line [A4,]),
there can be no triangle with vertices A%g, Ajh, and g, where AZg # A7h. We
have two additional cases two consider.

First, suppose that A%g, g, and h are the vertices of a traingle. Then there
are cosets A;jg and Ajh which are contained in A%g, and the elements g, h are

in some coset A;g, i # j. See Figure A.1.
But this is if and only if g, h € AjgN A;g, or equivalently id, hg=! e ATNA;.

It follows that no triangles of this type occur if and only if the following property
holds.
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Figure A.1: P2: A N A; = {id} for all i # j.

P2: AiNA; = {id} for alli # j.

From now assume that property P2 holds. We now have to show that there

are no triangles in the geometry that have g, h, and u as its vertices as in Figure

A2

Figure A.2: P3: A;A; N Ay, = {id} for all distinct 4, j, k.
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Assume that such a triangle exists. Then the following coset relationships

would hold.

Aph = Ayu — hu=! € A
Azg = AZU I gu_l S Az

Ajg = A]h e hg_l c Aj

But then (hg™!)- (gu™') = hu~! implies that |A;A; N Ay| > 2. Next assume
that |A;A4; N Ag| > 2. Then if id # g € A;A; N Ay we see that Ay = Agg and
g = aja;, giving us Aja; = A,g and since g # a; (which follows since g € Ay
and property P, holds) the line A;g has the points ¢ and a,. But then the line
A; intersects A;g at the point a; and the line Aj at the point id, giving us a

triangle with vertices g, a;, and id. See Figure A.3.

Aja; = Ajg A = Apg

Figure A.3: P3: A;A; N A, = {id} for all distinct 4, j, k.

We have shown that no triangles exist, having vertices g, h and wu, if and

only if the following property holds.
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P3: A;A; N A, = {id} for all distinct i, j, k.

From now on we assume that property P; also holds. Our final step is to
show that given a line [ and a point P not on L there is a unique point-line pair
(Q, m) such that PImIQII.

First, if (c0) is not on a line A;g then there is unique line [A4;] and point Afh
such that (co)l[A;]IAfgIA;g. Next suppose that the point Afg is not incident
with a line A;h. Then then there is unique line [A4;] and point Afh such that
Al gI[A;]JTAThIA;h. We have to consider two additional cases.

First, suppose that the point A}g is not incident with a line A;h, i # j.
We need to find, as is pictured in Figure A.4, a point z € Afg and a line A;g

(uniqueness follows from property P2) such that x € A;g N Ajh.

4] Al 4

Figure A.4: P4:A7A; =G for all i # j.

So Ajg = Az, Ajh = Ajz, Afg = Az, and A;h = A;x, giving us r €

Aig N Ajh. But, the cosets Ajg and Ajh were chosen arbitrarily, and so for
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each g,h € G there would have to be elements a} € A} and a; € A; such that

afg = a;h, or gh™! = (a*)_laj € AfA;. We have shown that this case holds if

(3

and only if the following property holds.

PA: ATA; =G foralli # j.

Obviously, for each g € G, there is a unique line containing ¢ and incident
with a point on each line [A4;]. So finally, suppose that the point g is not incident
with a line A;h, that is g &€ A;h. First define

Q=U{4,:0<r<r}

Since P; and P, hold, each coset of A; different from A; but contained in A}

is disjoint from A;, and we have the following

Since g € A;h, we can WLOG assume that the point is id ¢ A;g. First
consider the case g € Af \ A;. Here Afg = A7 is a point on the lines A;¢g and

A;, the second of which is collinear with the point id.

So we may assume that g ¢ A7. We need to find a line A; such that
|4; N A;jg| =1 . So there must be an i # j such that A; N A;g # 0.

So if A;g is a coset of A; disjoint from €2, it must be that A;g C A;. But we

have already shown that A7 C A; U {A;g : A;,g N Q = 0}. So assuming that P

through P, holds, this case holds if and only if the following property holds.
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Figure A.5: P5: Af = A, U{A;g: AigNnQ =0}

Figure A.6: P5: Af = A, U{A;g: AigNnQ =0}

Looking back at the properties P1,..., P5 it is easy to see that P2 implies
P1, and since G is finite, P2 also implies P4. Hence we need only assume that
properties P2, P3, and P5 hold. It turns out that P holds if and only if r = ¢.
We show this, and that the coset geometry is a GQ(s,t), if and only if r = ¢

and properties P2 and P3 hold. Assuming that P2 and P3 hold we need the
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following lemmas.

Lemma A.2 Let g€ G and i # j. Then |[AjgN A <1.

Proof: (Lemma A.2) Suppose that both z,y € A;gNA;. Then z = a,;9 = a;

1 -1

and y = ajg = a;. Hence, g = a;a;_ = a;a; , and a;tal = aj_la;- 2 id and we

have violated property P;, and so also P;.

Lemma A.3 Let g € Q\ A;. Then A;gNQ ={g}.

Proof: (Lemma A.3). Notice that g € A;, for some i # j, so g = a;. But
then A; # Ajg C A;A;, whose intersection with every other Ay is the identity.
Since id ¢ Ajg we must have A;g intersecting €2 only in the element g.

]

We next claim that if S = (P, B, I) is the coset geomtry defined above, then
assuming properties P2 an P3, property P5 holds if and only if r = ¢. As there
are r + 1 subgroups of order s in €, it is easy to see that |2\ A;| = r(s — 1).
This means that there are exactly 1+r(s—1) distinct cosets of A; that intersect
2, and so there are st — [1 4+ r(s — 1)] cosets of A; that are disjoint from Q. If
we assume that Ps holds we get |Af| = st = s+ s[st —1 —r(s — 1)] which gives
us st(s — 1) = rs(s — 1), which holds if and only if r = t.

We relabel properties P2 and P3, as K2 and K1 respectively. Now with
r =t it is trivial to count that each line is incident with exactly s + 1 points,

and that each point is on exactly ¢ + 1 lines. This completes the proof.
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Theorem A.3 Using the Kantor family (G®, J(C), J*(C)) as prescribed above,
let S = GQ(C) be the EGQ. Then S is a GQ(q?, q) isomorphic to the Hermitian
surface H(3,q?).

Proof: See [22].

Theorem A.4 The quadrangle H(3,q%) is isomorphic to the point-line dual of
Q(5.9).

Proof: Taken from [22].

Let Q be an elliptic quadric of PG(5,q), and extend PG(5,q) to PG(5, ¢%).
Then the extension of @ is an hyperbolic quadric Q@ in PG(5,¢*). Hence, Q"
is the Klein quadric corresponding to the lines of PG(3,¢?). So to Q in QF
there correspond a set V' of lines in PG(3,¢?), To a given line L of Q(5, q) there
correspond ¢+ 1 coplanar lines through a point x of PG(3,¢?). Let H be the set
of points on the lines of V. Then with each point of Q(5,q) there corresponds
a line of V', and with each line of Q(5, ¢) there corresponds a point of H. With
distinct lines L, L of Q(5, ¢) correspond distinct points x, 2’ of H (a plane of Q7
contains at most one line of Q). Since each point y of Q(5,¢) is on ¢ + 1 lines
of Q(5,q), these ¢?+ 1 lines are mapped onto the ¢*+ 1 points of the image of .
Hence we obtain an anti-isomorphism from Q(5, ¢) onto the structure (H,V, I),
where [ is the natural incidence relation. So (H,V,I) is a GQ of order (¢?,q)
embedded in PG(3,¢%). Then the following result of F. Buekenhout and C.

Lefevre guarantees that (H,V,I) must be H(3,¢?). |

93



Theorem A.5 (Buekenhout, Lefevre) [}/ A projective GQ S = (P,B,T)

with ambient space PG(n,q) must be obtained in one of the following ways:

(i) There is a unitary or symplectic polarity = of PG(n,q), n =3 or 4, such
that P is the set of absolute points of m and B is the set of totally isotropic

lines of .

(i1) There is a nonsingular quadric Q of projective index 1 in PG(n,q), n = 3,

4 or b, such that P is the set of points of Q and B is the set of lines on Q.

Proof: See [22].

Theorem A.6 If f: GF(q) — GF(q) is an additive function, then

f(x) = apr + aya? 4 aga?” + -+ aea?

where a; € GF(q).

Proof: Let ¢ = p° and f : GF(q) — GF(q) be the GF(q)-additive (and

G F(p)-linear) function

F(x) = apx + ar12” + aga? + -+ + ae_q2?

Suppose that f(z) = 0 for all x € GF(q). Then since the deg[f(z)] = e—1
it must be the zero polynomial, and so ag = a; = --- = a._; = 0. Hence, the
set {x,a?,... " '} are linearly independent in the additive group (or vector

space) of GF(p)-linear functions and so form a basis of a subspace of dimension
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e. It follows that there are exactly ¢° distinct functions of this form.

Now consider the entire additive group of operators T : GF(q) — GF(q)
where we think of the field as an e-dimensional vector space over Z,. The
dimension of this vector space is the same as the dimension of all e x e matrices
over GF(p) which is e? (since there is a basis of matrices each with a single
non-zero entry). Since the matrices have coefficients in Z, there are exactly
p¢ = (p°)¢ = ¢° linear operators 7. But this is exactly the same number of
GF(q)-additive functions (which are GF(p)-linear). Therefore, we have found

all GF(q)-additive functions.

Theorem A.7 Let gi(a) be a function from GF(q) x GF(q) into GF(q). Then

there is a distinct polynomial associated with g,(«) of the form

gi(a) = Z c;rafad, where ¢y, € GF(q)
0<j,k<q—1
Proof: Any polynomial of the form
gi(a = (o, 9)) = Z cijatad, where ¢;; € GF(q)
0<i,j<q—1
is a function from GF(q) x GF(q) — GF(q). We show that no two of these

polynomials represent the same function.
Suppose that we have
fle)= Y cjoied and gla)= > diaia]

0<i,j<q-1 0<i,j<q—-1
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Then supppose that

0=h(a) = fi(a) — g()

_ i J i
= E CijOy 0y — E d; joan

0<i,j<q—-1 0<4,j<q—-1
= E (cij — dij)ajag for all aq,as € GF(q)
0<i,j<q-1

If we fix ay = a then we get

0<i,j<q—-1
g—1 /q-1

(A

= E (Ci,j — d”)a a
i=0 \j=0

for all o« € GF(q).

But A(«) is a polynomial in o with degree less than ¢ and so having g roots
it must be the zero polynomial. It follows that
q—1

0= Z (C,’J — d,-J)aj for all a € GF((])

J=0

But this is again a polynomial in a € GF(q) of degree less than ¢ with ¢
roots and therefore we get ¢; ; = d; ; for all 0 < 7,5 < ¢ —1, and no two distinct

polynomials of this form will result in the same functional from GF(q) x GF(q)
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into GF(q).

But now recall that there are exactly ¢¢° functions from GF(q) x GF(q) into

GF(q) and this is the same number of distinct polynomials

fila) = Z c;rakad, where cj € GF(q),

0<j,k<q—1

mapping GF(q) x GF(q) into GF(q). This completes the proof.
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Appendix B. The Hermitian Surface: A Unitary Representation
Let ¢ = 2¢ and consider the projective space PG(V'), where V is an (n+1)-
dimensional vector space over GF(q*). Without loss of generality we can choose

the Hermitian form H : V x V +— GF(q) where
H(z,y) = x1yi + 2293 + 35 + T4y
That is, H(Z,y) = TA(g?)T, where

0001
0 01O
0100

1000

The set of all absolute points and totally isotropic lines of PG(3,¢?) forms the

Hermitian surface H(3,¢?). This is a GQ of order (¢2, q).

The projective unitary group, denoted PGU(4,q?), is the subgroup of
PGL(4,¢?) preserving the Hermitian form. So PGU(4,¢*) = {B € PGL(4,¢*) :
BA(BN)" = kA, k € GF(¢*)} and |PGU(4,¢*)| = ¢®(¢+ 1)(¢* + 1)(¢" — 1). If
we adjoin the complete set of automorphisms of GF(¢?) to PGU(4,q?%), we
form the group PTU(4,q¢*). This is the complete group of collineations of
the Hermitian surface. Then |PTU(4,q¢%)| = |Aut(GF(¢?))| - |PGU(4,¢%)| =

2¢-¢°(q+ 1) (¢ +1)(¢* = 1).
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The binary operation * in PT'U(4, ¢?) is composition of maps. Consider a

point x = (1, To, 3, 74) € H(3,¢?) and elements g = Aoo and ¢ = A’ o0’ in

PT'U(4,¢?). We compute 99 in a number of steps.

QUA =
i=1
4
ono _
i=1
7=1
ona*A’oa’ _ Z
4
j=1
=2
4

Li=1

r 4 [oaton

-1
leal,i] (a) ;)7 ,)
Lim1

/

It follows that in PT'U (4, ¢?), we have the group product

Aoox A oo’

= (4- ) o(o-0).

Theorem B.1 The set of all upper triangular matrices in PGU (4, ¢*) with ones

on the diagonal forms a Sylow, subgroup of PGU(4,¢*) having order ¢b.

Proof: Consider the matrix

c
1 de
01 f

o o O

001
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Then

ab?+ba!+c+c? b+adi+e! a+ f1 1
e+ da? + b9 d+d? 1 0
BA(BN)T =
f+al 1 0 0
1 0 0 0

and B € PGU(4,4?%) if and only if the following conditions hold: d + d4 = 0,

ab? +ba? +c+c? =0, f4+a? =0, and e + da? + b? = 0. It easily follows

that there are ¢ such matrices in PGU (4, ¢?), and this set of matrices forms a
Sylows subgroup of PGU (4, ¢?%).

]

We will call this group Sylows subgroup U,. If we then adjoin to U, all

of the field automorphisms of GF(¢?) that have order a power of 2 we form a

Sylows, subgroup (that we will denote I'y) of PTU(4, ¢*) having order (#aut)-q°.

The group I'y is the stabilizer of the flag in H(3,¢*) having point p =
(0,0,0,1) and line x; = x5 = 0. We next construct the standard elation group

about p.

If P is the set of all points of H(3,q?), we have P\ {p*} = {(1,0a, 3, ) €
PG(3,¢?) : u+p+aB +aB = 0}. So there are ¢° points in P\ {p*},
since a3 + af € GF(q) and p + [ is the relative trace function mapping
pn € GF(¢?) to GF(q). Furthermore, p* \ {p} = {(0,1,a,b) : a € GF(q), b €

GF(¢®)}U{(0,0,1,¢): c € GF(¢*}, giving us all ¢* + ¢?> + 1 points in p=.
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The group of matrices

( )

1 a 0

010 , _
M, = €GL4,q):p+ptaf+af=0
001 a

=

00 01

\ J

is an elation group about p, as this group acts regularly on the set of points
in P\ {p*} ( the My-orbit of (1,0,0,0) is the set of points {(1,a,0,p) :

w4 i+ af+ap =0} ) and fixes every line through p.

Consider the group G = {(a, i1, 3) : a, B € GF(¢?) : p+ i+ aB +ap = 0}

with binary operation

(a, 1, B) - (o, 1, B) = (@ + &, p+ ' + aff + B, 5+ ')

This group is the standard elation group of H(3,¢?) (when viewed as an EGQ).

If we form the map

o
=9
o @
R =

T: (o, p, B) =

o
(@]
—
Qi

we see that T'[(a, pu, 8) - (o', 1/, 8')] = T[(a, i, B)] - T[(e, i/, 3')]. Therefore, M,

is the standard elation group about p.

Next consider the Hermitian preserving involution

¢ : (a,b,c,d) — (a,b,c,d).
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Then, ¢ fixes p. Moreover, ¢ : (0,0,1,w) — (0,0,1,w), and if y € GF(q) then
¢:(0,1,y,w) — (0,1,y,w). Since all Hermitian lines through p will be either
L, = {(0,1,y,0)+w(0,0,0,1)}U{(0,0,0,1)} or L' = {(0,0,1,0)+w(0,0,0,1)}U
{(0,0,0,1)}, we see that ¢ fixes all lines through p. Yet ¢ fixes the set of points
in {(1,,a,p) : a,pp € GF(q)}, which are in P\ {p*}. So ¢ is a whorl about p,

and M, x (¢) is a Sylow, subgroup of the group of whorls about p.
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