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ABSTRACTThe convergence of a substructuring iterative method with Lagrangemultipliers known as Finite Element Tearing and Interconnecting (FETI) meth-od is analyzed in this thesis. This method, originally proposed by Farhat andRoux, decomposes �nite element discretization of an elliptic boundary valueproblem into Neumann problems on the subdomains, plus a coarse problemfor the subdomain null space components. For linear conforming elementsand preconditioning by Dirichlet problems on the subdomains, the asymptoticbound on the condition number C(1+ log(H=h))
, where 
 = 2 or 3, is provedfor a second order problem, h denoting the characteristic element size and Hthe size of subdomains. A similar method proposed by Park is shown to beequivalent to FETI with a special choice of some components and the boundC(1 + log(H=h))2 on the condition number is established. Next, the origi-nal FETI method is generalized to fourth order plate bending problems. Themain idea there is to enforce continuity of the transversal displacement �eld atthe subdomain crosspoints throughout the preconditioned conjugate gradientiterations. The resulting method is shown to have a condition number thatdoes not increase with the number of subdomains, and again grows at most
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poly-logarithmically with the number of elements per subdomain; the condi-tion number is bounded by C(1 + log(H=h))3. These optimal properties holdfor numerous plate bending elements that are used in practice including theHCT, DKT, and a class of non-locking elements for the Reissner-Mindlin platemodels. The theoretical results are con�rmed by numerical experiments.
This abstract accurately represents the content of the candidate's thesis. Irecommend its publication. Signed Jan Mandel
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1. IntroductionIn this thesis, the Finite Element Tearing and Interconnecting (FETI)method is analyzed. It is one of domain decomposition methods for solvinglarge systems of linear equations arising from �nite element discretizations ofelliptic di�erential equations.Elliptic equations often arise in modeling physical phenomena. TheLaplace equation, ��� = �div r� = f in 
; (1.1)models electrostatic interactions and many other potential problems. Phys-ical quantities are often governed by systems of equations, as in the case oflinear elasticity which is modeled by a system of equations for the unknowndisplacement vector u �div �(u) = f :In the isotropic case, the stress tensor � can be written as �(u) = 2�"(u) +� tr ("(u))�, where � and � are called Lam�e constants, � is the Kronecker ten-sor, and "(u) is the strain, "(u) = 1=2(ru+ (ru)T ). An equation describinga plate bending problem can be obtained from the linear elasticity equation bya limit process that considers thickness of the plate to be in�nitesimally small.In Kirchho�-Love model, this yields a fourth order elliptic equation.In order to set up a well-posed problem, the equations need to becomplemented by boundary conditions. A boundary value problem may be
1



reformulated in weak (variational) form [56]. Two basic kinds of boundaryconditions are recognized. Essential boundary conditions, such as a Dirichletboundary condition � = 0 on @
 for (1.1), need to be explicitly imposed in theweak form of the problem. Natural boundary conditions, such as a Neumannboundary condition @�=@n = 0 @
 for (1.1), are \naturally" incorporated intothe weak form.The process of discretization may be based on a Galerkin approxima-tion. In that case, an approximate solution is sought in a �nite-dimensionalsubspace of the space in which the weak form is posed. Finding the Galerkinapproximation then requires solving a system of linear equations for the coe�-cients of the solution relative to a basis of the subspace. Finite element spacesare widely used in this context. They are generated by basis functions that areusually polynomial on each element of a triangulation of the domain and thesupports of basis functions have only small overlaps.The matrix of the discrete system has several special properties. It issymmetric and positive de�nite. Also, due to limited overlaps of �nite elementbasis functions, it is sparse; the number of nonzero entries in a row of the ma-trix is a lot smaller than total number of entries in the row. The size and thecondition number of this matrix are a�ected by �neness of the triangulation.For quasi-uniform meshes for which the �nite element discretization is charac-terized by the mesh size h of the triangulation, the condition number of thematrix is of the order 1h2 for second order elliptic problems and 1h4 for fourthorder elliptic problems.Two classes of methods for solving the linear system exist, direct anditerative. Direct methods, usually based on a variant of Gaussian elimination,
2



are common in everyday engineering practice. They are fairly robust; their dis-advantage lies in their memory requirements and their speed. Gaussian elimi-nation leads to �ll-in and the destruction of the sparse structure of the matrix.The �ll-in can be reduced by re-numbering the variables, but for problems in3D this helps only to a certain extent. In general, the number of operationsrequired to solve the system arising from the �nite element discretization isproportional to the square of the number of unknowns or worse.Since systems arising from discretizations of problems in engineeringpractice constantly push available computer resources to the limits, iterativemethods are often preferable for large-scale problems. Their main disadvan-tage is probably their lack of robustness when too wide a class of problems isconsidered. On the other hand, the memory requirements of iterative methodsare typically much smaller than those of the direct methods. Usually only asmall multiple of the number of nonzero entries of the original matrix needs tobe stored. The number of operations can be as low as a multiple of the numberof unknowns, but often the computational cost is not known in advance. Thespeed of convergence depends on the condition number of the matrix of thesystem. Since the condition number deteriorates with decreasing mesh size,so does the speed of convergence of simple iterative methods. It is thereforedesirable to construct methods that overcome bad conditioning of the matrixand that are, if possible, independent of other singular perturbations such asinhomogeneities or bad Poisson ratios in the linear elasticity problem or, in thecase of plate bending model, the problems arising from the thickness of a plateapproaching zero and the model becoming a fourth order problem. Due to theelliptic nature of the underlying problem, this sort of stability is often possible
3



to achieve and various algorithms have been proposed.In this thesis, we will study one of domain decomposition methods.This class of methods has gained enormous popularity in the last decade. Fol-lowing a divide-and-conquer idea, domain decomposition methods divide theoriginal problem into a number of smaller subproblems. Sometimes such a divi-sion arises from breaking up a complicated geometry. In many cases, though,it is entirely arti�cial. The subproblems are easier to solve because of theirsmaller size and often parallelism can be exploited. This is especially impor-tant with the onset of parallel computing.Domain decomposition methods can be seen from two di�erent pointsof view. They may arise from separation of a physical domain into regions,where a problem is modeled by separate partial di�erential equations, with theinterfaces between the subdomains being handled by various conditions, suchas continuity. The opposite approach is to see domain decomposition methodspurely as methods for solving large algebraic linear systems arising from thediscretization of PDE's. In this context, the large system is subdivided intosmaller problems, whose solutions can be used to produce a preconditioner forthe large system.Every domain decomposition algorithm involves two principal issues.It breaks up the original problem into subproblems, that are solved by someknown method, and it resolves interactions of local solutions, usually by themeans of an iterative method. Many domain decomposition methods havebeen developed, originally, for the case of two subdomains. As the complexityof problems of interest demands splitting the problem into small enough sub-problems, a multi-domain case proves to be of more importance. Early works
4



demonstrate independence of proposed algorithms on the characteristic meshsize. However, it has been shown that to achieve independence of the numberof subdomains, a coarse space needs to be introduced. Solving a small coarsespace problem distributes the information about the solution globally, thusresolving global characteristics of the solution not visible by the subdomains.In the next chapter, we give an overview of several well-know domaindecomposition algorithms. In particular, we will describe abstract Schwarzmethods, overlapping and substructuring methods and their relationship tothe �nite element tearing and interconnecting method (FETI) [27, 32], themain subject of this thesis. We also brie
y discuss a domain decompositionmethod based on smoothed prolongation [68, 64].The remaining chapters, except for Sections 3.4 and 4.4, are basedon papers [50, 51, 53] by Mandel and Tezaur, and by Mandel, Tezaur andFarhat. In Chapter 3, the derivation of the original FETI method is shown.FETI tears the computational domain into non-overlapping subdomains andenforces intersubdomain continuity via Lagrange multipliers applied at thesubdomain interfaces. The Lagrange multipliers are used as the unknownsand FETI formulation is obtained by solving the saddle point problem for theLagrangian. Consistent treatment of subdomain singularities leads to a smallcoarse problem which is solved in each iteration of the preconditioned conjugategradient method iteration. In Chapter 3, we also present a generalization ofthe original FETI algorithm. We describe its particular application to a platebending problem.Chapter 4 is concerned with analyzing the original and generalizedFETI methods. We show that the condition number of the preconditioned
5



FETI method is bounded independently of the number of subdomains andpoly-logarithmically in terms of subdomain size. That is, the condition num-ber is bounded by C(1+ log Hh )3, where H is the characteristic subdomain sizeand h the mesh size. We present a complete analysis for decompositions withcrosspoints in 2D and edges and crosspoints in 3D for second order ellipticproblems. Furthermore, we demonstrate that the choice of the Lagrange mul-tipliers given by Park [59, 58] assures that the condition number estimate canbe improved to C(1+log Hh )2. Finally, we also show that the generalized FETIconverges poly-logarithmically for a biharmonic problem.In order to illustrate the potential of the generalized FETI method,Chapter 5 summarizes some computational results. We consider the platebending problem on a unit square and demonstrate that the condition numberis almost independent of the number of subdomains and the size of the problem,as predicted by the theoretical analysis.
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2. Overview of Related DomainDecomposition Methods2.1 Finite Element Approximation, Model Problem and PCGIn this section, we are going to summarize some concepts and algo-rithms used throughout this chapter and the rest of the thesis. We will considerthe following model problem. Let 
 be a bounded Lipschitz domain in IR2 orIR3. We will study the second-order elliptic equation with Dirichlet boundarycondition Au = f in 
u = 0 on @
; (2.1)where Au = � dXi;j=1 @@xi  aij @u@xj! :with the matrix [aij] symmetric, uniformly positive de�nite and bounded on
. The corresponding bilinear form is then given bya(v; w) = dXi;j=1 Z
 aij @v@xi @w@xjand is de�ned for all v and w in the Sobolev space H1(
) (the space of gen-eralized functions with square integrable �rst derivatives). Let us denote theL2(
) inner product (v; w) = Z
 vw:
7



By the divergence theorem (integration by parts), the problem (2.1) can bewritten in weak (variational) form: Find u 2 H10 (
) such thata(u; v) = (f; v) (2.2)for all v in V = H10 (
), where H10 is the completion of smooth functions withsupport in 
 with respect to the norm in H1(
). Since the bilinear form a(u; v)is symmetric, continuous and elliptic (coercive) [56], the problem has a uniquesolution by the Lax-Milgram theorem.Let us now use the standard Galerkin approximation. We look foran approximate solution of (2.2) in a �nite-dimensional subspace Vh(
) of thespace V . The Galerkin approximation is the solution of the following problem:Find uh 2 Vh(
) such that a(uh; vh) = (f; vh); (2.3)for all vh 2 Vh(
). This problem leads to a system of linear equation when abasis for Vh is chosen. Let f'gNi=1 be a basis for Vh(
). Assuminguh = NXi=1 ui'i;(2.3) becomes NXi=1 a('i; 'j)ui = (f; 'j);j = 1; : : : ; N .Matrix K = [a('i; 'j)] is called the sti�ness or Gramm matrix andthe right hand side vector [(f; 'j)] is called the load vector. The vector ofunknowns, [ui], is also called the vector of degrees of freedom.For a wide class of approximation spaces Vh, uh is a good approxima-tion of u. In the case of �nite element methods, the construction of suitable8



spaces Vh relies on triangulation, which splits the domain 
 into small disjointregions of simple geometric shape, such as triangles or quadrangles in IR2 ortetrahedrons or hexahedrons in IR3; h refers to the characteristic size of theseregions. Under certain assumptions which prevent the triangulation from de-generating (e.g, the size of the angles in triangles is bounded from below so asthey do not become too sharp), the �ner the triangulation, the closer a �niteelement Galerkin solution to the exact solution, [14].Functions in a �nite element space Vh usually arise from a polynomialinterpolation on the elements of the triangulation. Every polynomial de�ned ona given region is uniquely determined by its values and perhaps also the valuesof its derivatives at some nodal points, usually the vertices of the region. Eachfunction in Vh is thus determined by a set of values at nodal points, so calleddegrees of freedom. Simple examples of �nite element spaces include spacesformed by continuous functions linear on triangle regions in IR2 or tetrahedronsin IR3 or bilinear functions on quadrangles. These spaces are being referredto as P1 and Q1, respectively, and their entries are uniquely determined bytheir function values at the vertices of the triangulation. Another type of �niteelements we will encounter later in this thesis is HCT elements, which are C1continuous and determined by the function values and the values of the �rstderivatives at the vertices of triangular regions in IR2.The standard basis for a �nite element space is the one in which eachof the basis functions has exactly one degree of freedom equal to 1 and the rest0. The unknowns in the linear system arising from the discretization are di-rectly the degrees of freedom of the Galerkin approximation (hence the name).The overlaps of the supports of the basis functions are small, which causes
9



the sti�ness matrix to be sparse. Due to the properties of the bilinear form,the sti�ness matrix is also symmetric and positive de�nite. Preconditionedconjugate gradient (PCG) method is therefore often considered for solving thesystem. A detailed description and analysis of PCG (and other methods) canbe found, e.g., in Golub and Van Loan, [38]. Here we give only a brief summary.The conjugate gradient method is based on the observation that thesolution of Ax = b is the only minimum ofQ(x) = 12xTAx� xT b:A sequence of vectors which converges to the solution of the system can beobtained by setting xk+1 = xk + �kpk;where pk is a suitably chosen direction and vector xk + �kpk minimizes Q onthe line xk + �pk. In PCG, vectors pk are obtained by A-orthogonalization ofresidua, which leads to the following algorithm:Algorithm 1 (Conjugate Gradients) Given x0, setr0 = b� Ax0:For k = 1; : : : do: �k = rTk�1rk�1pk = rk�1 + �k�k�1pk�1 (p1 = r0)�k = �kpTkApkxk = xk�1 + �kpkrk = rk�1 � �kApk10



Among iteration methods the conjugate gradient method is rather exceptional.Assuming roundo� errors are not present, it gives the exact solution of thesystem after a �nite number of iteration, which equals at most the number ofunknowns. For large systems, however, performing so many iterations wouldbe impractical. Fortunately, much smaller number of iterations is often neededto get a good enough approximate solution.This is not true if the condition number of A is large. The performancethen can be improved by introducing a preconditioner M = ETE, where E issome nonsingular matrix. We point out thatM de�ned in this way is symmetricand positive de�nite. Preconditioner M must have two essential properties:� matrix E�TAE�1 is better conditioned than A,� system Md = e can be easily solved.E�T denotes the transpose of the inverse of E.The preconditioned conjugate gradient (PCG) method is the conju-gate gradient method applied to the systemE�TAE�1(Ex) = E�T b:This leads to the following algorithm.Algorithm 2 (Preconditioned Conjugate Gradients) Givenx0, set r0 = (b� Ax0):For i = 1; : : : do: zk�1 = M�1rk�1�k = rTk�1zk�1
11



pk = zk�1 + �k�k�1pk�1 (p1 = z0)�k = �kpTkApkxk = xk�1 + �kpkrk = rk�1 � �kApkWe point out that matrixM�1 is not formed explicitly and, instead, alinear system with matrixM is solved in each iteration of PCG method. Stan-dard preconditioners used in practice include diagonal scaling and incompletefactorizations (e.g., Cholesky) [38].2.2 Abstract Schwarz MethodsAbstract Schwarz methods take their name after Herman Schwarz, aGerman mathematician of the past century, who used an alternating methodto construct harmonic functions on regions with non-smooth boundaries. Theyprovide an abstract framework which allows analysis of many di�erent domaindecomposition methods. Here we brie
y describe the general abstract algo-rithm and refer to literature for details on analysis and practical/non-practicalchoices of particular methods. This presentation is based on [6] and [23].Let V be a Hilbert space with an inner product h�; �i. We also con-sider the inner product a(�; �) implied by the bilinear form of the variationalformulation of our problem: Find u 2 V so thata(u; v) = hf; vi 8v 2 V:Let Vi; i = 0; : : : ; n be closed subspaces of V that form a decomposi-tion of V , i.e. V = V0 + V1 + V2 + : : :+ Vn:12



In addition to the inner product implied by the the bilinear form a, we considerthe inner products ai(�; �) implied by some bilinear forms ai de�ned on Vi �Vi; i = 0; : : : ; n. The Schwarz additive method can be then written as follows.Algorithm 3 (Additive Schwarz) Given an initial approximationu0, start with k = 0 and do:1. Find wi 2 Vi such thatai(wi; vi) = hf; vii � a(uk; vi); 8vi 2 Vi:2. De�ne the next iterate as uk+1 = uk + nXi=0wi:3. Set k = k + 1 and go to 1.The Schwarz multiplicative method is then de�ned by the followingalgorithm.Algorithm 4 (Multiplicative Schwarz) Given an initial approxi-mation u0, starting with k = 0 do:1. For i = 0; : : : ; n,(i) �nd wi 2 Vi so thatai(wi; vi) = hf; vii � a(uk+i=(n+1); vi); 8vi 2 Vi;(ii) set uk+(i+1)=(n+1) = uk+i=(n+1) + wi:2. Set k = k + 1 and go to step 1.The algorithms above can be combined to form hybrid methods. Theyare usually used as preconditioners in the conjugate gradient method. Various13



choices of the subspaces Vi yield a wide variety of di�erent algorithms. Sincethe multiplicative method above is not symmetric, it is usually symmetrizedby considering the sequence of subspaces in forward and reverse order; that isV0; V1; : : : ; Vn�1; Vn; Vn; Vn�1; : : : ; V1; V0.Each sub-step of an additive and a multiplicative Schwarz methodcan be interpreted as an approximate projection of the error. Denoting Pi theoperator corresponding to the i-th sub-step of an additive method, that is theoperator that satis�es ai(Piw; v) = a(w; v) 8v 2 Vi;one step of the additive method satis�esek+1 = (I � nXi=0 Pi)ek;where ek = u � uk is the error of the k-th approximation. Similarly, thereduction of the error of one step of the multiplicative method is governed bythe equation ek+1 = (I � Pn) : : : (I � P1)(I � P0)ek:We refer to [25] and references included there for abstract analysis.Here we only summarize the main results. They are due to a number of authors:Dryja and Widlund [25, 24]; Nepomnyaschikh [55]; Bramble, Pasciak, Wang,Xu [9, 70]; Lions [44]; Bj�rstad and Mandel [6], and others.Let C0 be the constant such that for all u 2 V , there exists a repre-sentation u = Pni=0 ui; ui 2 Vi, andnXi=0 ai(ui; ui) � C0 a(u; u):
14



Let B = [bij] be the matrix of strengthened Cauchy-Schwarz coe�cients,ja(vi; vj)j � bija(vi; vi)1=2a(vj; vj)1=2 8vi 2 Vi; 8vj 2 Vj; i; j = 1; : : : ; n:Furthermore, let ! be the constant such thata(ui; ui) � ! ai(ui; ui) 8ui 2 Vi; i = 0; : : : ; n:Then the smallest eigenvalue of the operator PPi of the abstract additivemethod used a preconditioner in the conjugate gradients method is boundedby 1=C0 and the largest by !(�(B)+1). The bound on the condition number ofthe symmetric multiplicative method used as a preconditioner in the conjugategradients method is C0(1 + 2!̂�(B))=(2� !̂), where !̂ = max(1; !).The space V0 is usually regarded as a coarse space. It has been shownthat without the presence of the coarse space, the condition number of anabstract Schwarz method grows with the number of subspaces. The coarsespace ensures a mechanism of global exchange of information otherwise lackingin decompositions involving a large number of subdomains.2.3 Overlapping Domain DecompositionThe �rst known domain decomposition method is due to Schwarz [63]and is known as the Schwarz alternating method. It divides the domain 
,on which the problem is de�ned, into two overlapping regions 
1 and 
2 andperforms a multiplicative Schwarz type algorithm.Let us consider the model problem (2.1)Au = f in 
;u = 0 on @
:15



Let 
1 and 
2 be overlapping subdomains of 
, 
1 [ 
2 = 
. Furthermore,let �1 = @
1 \ 
2 and �2 = @
2 \ 
1.Algorithm 5 (Alternating Schwarz) Given an initial guess u02 forthe values on 
2, for k = 1; 2; : : : do:1. Solve Auk1 = f in 
1;uk1 = 0 on @
1 n �1;uk1 = uk�12 j�1 on �1;2. Solve Auk2 = f in 
2;uk2 = 0 on @
2 n �2;uk2 = uk1j�2 on �2:To be precise, uk1j�1 and uk2j�2 stand in the algorithm above for thetrace of uk1 on �1 and uk2 on �2, respectively, rather than the simple restrictions.Approximate solutions of the model system can be assembled asuk = uk2 in 
2;uk = uk1 in 
1 n 
2:The variational formulation of the algorithm above is due to Lions[44]. It is the multiplicative abstract Schwarz algorithm using the subspacesV1 and V2 of V = H10 (
) formed by functions that vanish outside of 
1 and
2, respectively. The bilinear forms a1 and a2 are simple restrictions of a.16



Choosing some other bilinear forms a1 and a2 can model the situation whenthe problems in step 1. and 2. of the algorithm above were to be solved onlyapproximately. An additive version of the algorithm has been described byDryja [20] and Matsokin and Nepomnyaschikh [54].In the discrete, multidomain case, overlapping methods often startwith a non-overlapping partition of 
 into subdomains (substructures) 
i,i = 1; : : : ; Ns, the diameter of the subdomains being of order H. Then, eachsubdomain 
i is extended to a larger region 
0i. It is assumed that neither
i nor 
0i cuts across any of the elements. The overlaps of subdomains 
0i,i = 1; : : : ; Ns are said to be generous, if the distance between boundaries of 
iand 
0i is greater than some �xed fraction of H. The subspaces Vi; i = 1; : : : ; nof the abstract Schwarz method are then chosen as restrictions of the �niteelement space Vh(
) to the subregions 
0i. That is,Vi = Vh \H10 (
0i); i = 1; : : : ; Ns:Approximate or exact solvers then can be chosen on the subspaces and addi-tive, multiplicative or hybrid two-level Schwarz methods can be used. As faras parallelization is concerned, additive versions clearly gain an edge, becausethey can be easily parallelized. Multiplicative versions always involve sequen-tial steps. Some parallelization is possible when mutually non-overlappingsubdomains 
0i are grouped together. This process is often called coloring ofsubdomains.Without a coarse space, the condition number of such methods is ofthe order 1=H2 [24], where H is the diameter of the subdomains. Dryja and
17



Widlund in [24] propose to use the space of continuous piecewise linear func-tions on the coarse mesh de�ned by the subdomain 
i as the coarse space V0.They prove that, in the case of generous overlap, the condition number relevantfor the conjugate gradient iteration is uniformly bounded. Mandel shows in[47] that a similar method by Cowsar [16], which uses discrete harmonic ex-tensions determined by piecewise constant values on interfaces of subdomains,leads to a poly-logarithmic bound on the condition number.In their later paper [21], Dryja and Widlund mention, that their nu-merical experiments indicate that the convergence rate is often satisfactoryeven for small overlaps. Running time is often smallest when the overlaps areat minimum. The number of conjugate gradient iterations is higher in sucha case, because the condition number deteriorates, but this is being compen-sated for by the fact that the local problems are smaller and therefore cheaperto solve. Also, they are better conditioned and, if they are solved by iterationsolvers, the rate of convergence is faster.2.4 Substructuring Methods2.4.1 Poincar�e-Steklov Operators and Schur ComplementSubstructuring methods borrow their name form structural engineer-ing. It was in the context of structural engineering that several substructuringalgorithms have been pioneered. We shall concentrate on substructuring meth-ods on interfaces of subdomains.Let us consider the model problem (2.1) and let 
 be divided into twonon-overlapping subdomains 
1 and 
2 (Figure 2.4.1). Our goal is to solve themodel problem only on the subdomains. Let � = @
1 \@
2 be the subdomain
18



Ω 2Ω

Γ

1

n

Figure 2.1. Model probleminterface. It is well known that the solution u 2 H10 (
) exists for all f 2 L2(
).The solution satis�es continuity conditions on the subdomain interface: conti-nuity of 
uxes of the solution and continuity of the solution. Let us introducea few notations. For k = 1; 2, we de�ne the space H1D(
k) as the subspace ofH1(
k) such that the functions inH1D(
k) vanish on @
k\@
. Let H�1D (
k) bethe dual of H1D(
k). Let 
k be the trace operator mapping functions in H1D(
k)to their traces on �. Let H1=200 (�) be the fractional order Sobolev space on �consisting of traces of functions in H1D(
k) and let (H1=200 (�))0 denote its dual.Using the continuity of 
uxes, we will split the problem into twosubproblems, k = 1; 2: Auk = fk in 
kn � ([aij]ruk) = (�1)k+1g? on �uk = 0 on @
 \ @
k:The vector n is the normal vector to � oriented, for example, from 
1 to 
2.In variational terms, these are the problems of �nding uk 2 H1D(
k); k = 1; 2
19



such that ak(uk; vk) = Z� g?vk + Z
k fkvk; 8vk 2 H1D(
k); (2.4)where ak(v; w) = dXi;j=1 Z
k aij @v@xi @w@xj :At this point it would be possible to design an iterative method working on thesubproblems using the continuity conditions. Usually, however, we �rst reducethe problem to a problem on the subdomain interface using Poincar�e-Steklovoperators.First, we will look for the unknown Neumann data g? on �. We de�nethe Poincar�e-Steklov operators Qk : (H1=200 (�))0 ! H1=200 (�); k = 1; 2 byQkg? = 
kuk; (2.5)where, for g? 2 (H1=200 (�))0, uk is the solution of (2.4) with fk = 0. Such uk isthe harmonic function satisfying the Neumann condition given by g?. In otherwords, the Poincar�e-Steklov operator maps the Neumann boundary conditioninto the corresponding Dirichlet boundary conditionQk : @uk@n ! 
kuk:Furthermore, we de�ne Rk : H�1D (
k)! H1=200 (�); k = 1; 2 by the equationRkfk = 
kuk;where for fk 2 L2(
k), uk is the solution of (2.4) with g? = 0. In terms of thePoincar�e-Steklov operators, the problem is to �nd the solution g? such that(Q1 +Q2)g? = R2f2 � R1f1: (2.6)20



That is to �nd the Neumann data g? on � such that the traces of the solutionsuk; k = 1; 2 of (2.4) coincide on �.The second possibility is to enforce continuity of the solution on theboundary a priori. This yields a dual formulation to (2.6). Consider theDirichlet problems, k = 1; 2,Auk = fk in 
kuk = g on �uk = 0 on @
 \ @
k:We will look for the unknown Dirichlet data g on � such that the 
uxes arecontinuous for the solutions uk; k = 1; 2 of the problems above. Using thePoincar�e-Steklov operators, this problem can be written as(Q�11 +Q�12 )g = Q�11 R1f1 +Q�12 R2f2: (2.7)The equations above and iterative methods for solving them havebeen studied, for example, by Agoshkov [2] and in a mixed-method settingby Glowinski and Wheller [36]. The paper by Bakhvalov and Knyazev [4] isconcerned with highly discontinuous coe�cients between the subdomains.As the case of two subdomains is hardly of practical importance, weconclude this section by introducing a multi-domain discrete analog of (2.7).An analog of (2.6) is described in the next chapter.Let us recall now the concept of Schur complement.De�nition 6 (Schur complement) Let A be an n � n matrix and �; � �f1; : : : ; ng be index sets. We denote A(�; �) the submatrix that lies in therows of A indexed by � and the columns indexed by �, and A(�0; � 0) the sub-matrix given by deleting the rows indexed by � and the columns given by �.21



Let A(�; �) be nonsingular. Then the matrixA(�0; �0)� A(�0; �)A(�; �)�1A(�; �0)is called the Schur complement of A(�; �) in A.We note that the Schur complement is the matrix that arises wheneliminating the unknowns x(�) from the equation Ax = b. Then,b(�0)� A(�0; �)A(�; �)�1b(�) =(A(�0; �0)� A(�0; �)A(�; �)�1A(�; �0))x(�0):We also observe that the Schur complement S of A(�; �) in A has the propertyhSy; yi = infx2IRn;x(�0)=yhAx; xi: (2.8)Let 
 be a domain in IR2 or IR3 decomposed into Ns non-overlappingsubdomains 
1; 
2; :::; 
Ns . Let ui be the vector of degrees of freedom forsubdomain 
i corresponding to a conforming �nite element discretization ofthe second order elliptic problem (2.1) de�ned on 
, such that each subdomainis a union of some of the elements. Let ui, Ki, and fi, be the vector of degrees offreedom, the local sti�ness matrix, and the load vectors, respectively, associatedwith the subdomain 
i.Let Li denote the zero-one assembly matrix mapping the subdomaindegrees of freedom ui into global degrees of freedom u, that is ui = LTi u. Thesti�ness matrix then is K = NsXi=1 LiKiLTiand the load vector f = NsXi=1 Lifi:22



The problem to be solved, Ku = f;can be reduced to an interface problem by splitting the degrees of freedominto interface and interior degrees of freedom. Let us assume that the interiordegrees of freedom are listed �rst. The subdomain sti�ness matrices Ki andthe restriction matrices Li can be split accordingly:ui = 2664 _ui�ui 3775 ; Ki = 2664 _Ki ~KTi~Ki �Ki 3775 ; Li = [ _Li; �Li]:By eliminating the interior degrees of freedom, we obtain the Schur comple-ments of _Ki in Ki Si = �Ki � ~Ki _K�1i ~KTi : (2.9)The problem then reduces to the interface problemS�u = �ffor the interface unknowns �u with the global Schur complementS = NsXi=1 �LiSi �LTiand the interface right hand side�f = NsXi=1 �Li( �fi � ~Ki _K�1i _fi):In most cases, explicit computation of Si would be too expensive, butfor gradient-descent methods, only evaluation of the action of Si is necessary.This evaluation can be performed e�ciently by factorizing _Ki and it corre-sponds to solving a Dirichlet problem on every subdomain. The subdomainproblems can be solved in parallel. 23



Let us demonstrate that the action of Si can be evaluated by solvinga Dirichlet problem on the subdomain 
i. Consider the discretized problemon the subdomain 2664 _Ki ~KTi~Ki �Ki 3775 2664 _ui�ui 3775 = 2664 0�fi 3775 ;where the Dirichlet data �ui is known. From the �rst equation, we �nd _ui =_K�1i ~KTi �ui. This the solution of the Dirichlet problem given by the data �ui.Then, we substitute into the second equation and obtain( �Ki � ~Ki _K�1i ~KTi )�ui = Si�ui = �fi:Many preconditioners for the reduced problem are based on compu-tations of the action of S�1i . This can be evaluated by solving a Neumannproblem on the subdomain, for unknown �ui and _ui and given �gi,2664 _Ki ~KTi~Ki �Ki 3775 2664 _ui�ui 3775 = 2664 0�gi 3775 ;where �gi corresponds to the Neumann data. Then, �ui = S�1i �gi. Indeed, fromthe �rst equation, we �nd _ui = � _K�1i ~KTi �ui. Substituting into the secondequation, we �nd ( �Ki � ~Ki _K�1i ~KTi )�ui = Siui = �gi:We note that the Schur complement Si is the discrete analog of theinverse of the Poincar�e-Steklov operator Q�1i : uj� ! @u@� , and the inverse of theSchur complement is the analog of Qi : @u@� ! uj� (2.5).One of the advantages of the reduced problem is that it improves thecondition number of the original problem. For our model problem, assuming
24



the Poincar�e-Friedrichs inequality kuhi k21;2;
i � cpjuhi j21;2;
i holds, the subdomainsti�ness matrix Ki satis�esckuhi k21;2;
i � uTi Kiui � Ckuhi k21;2;
i;where uhi is the �nite element function corresponding to the vector of degreesof freedom ui. Then, the subdomain Schur complement Si satis�es (cf. Lemma26 and Lemma 33) ck�uhi k212 ;2;@
i � �uTi Si�ui � Ck�uhi k212 ;2;@
i:This implies that, for a second order problem, the condition number of thereduced problem is of order 1=h for triangulations of characteristic mesh sizeh, while the condition number of the original problem is of the order 1=h2.2.4.2 Various Preconditioners for the Reduced ProblemInstead of solving the reduced problem directly, iterative methodssuch as the preconditioned conjugate gradient method can be applied in whichonly matrix vector products are required. Since each iteration is quite ex-pensive (it requires solving a Dirichlet problem on each subdomain), e�cientpreconditioning is important to keep the number of iterations small.Diagonal or block diagonal preconditioning of the reduced problemrequires knowing the diagonal of S. Instead of computing it directly, Chan[13] proposes a \boundary probing" technique to construct an approximatediagonal by evaluating actions of S on carefully selected vectors.For geometrically simple subdomain in 2D, Bramble, Pasciak andSchatz in [10] propose a method for preconditioning the original problem by
25



�rst splitting the functions in the �nite element space into discrete harmon-ics on each subdomain and functions which vanish on the boundary of eachsubdomain. This is equivalent to eliminating the interior degrees of freedomas in the reduced system. Then the space of discrete harmonic functions isdivided into functions linear on interfaces and functions whose values are zeroat subdomain crosspoints. The preconditioner is then based on a bilinear formde�ned on the space splitting. The condition number of the method is shownto be bounded by C(1 + logH=h)2. A similar idea is exploited in [3] for thep-version of �nite elements and a bound C(1 + log p)2 is obtained.A di�erent algorithm [8] by Bramble, Pasciak and Schatz is describedfor the case of two subdomains 
1 and 
2 separated by the interface �. Theypropose to precondition the original problem in the following way: First splitthe local solution � on 
2 into the component �P that satis�es the non-homogeneous equation with the zero boundary condition on @
2 and a discreteharmonic function �H that satis�es the corresponding homogeneous equation.A Dirichlet problem is solved on 
2 to obtain �P . This is followed by a so-lution of a mixed Neumann-Dirichlet problem on 
1 using the Neumann dataobtained by solving the problem on 
2. Finally another Dirichlet problemis solved to obtain �H , a discrete harmonic function, that satis�es the corre-sponding homogeneous equation. This is sometimes called Neumann-Dirichletdecomposition. This algorithm has also been described in [24] and it is in factpreconditioning the reduced system by either S�11 or S�12 . The inverses of theSchur complements need not be explicitly computed; the action corresponds tosolving a Neumann (or mixed Neumann-Dirichlet) problem on one subdomainand then extending the solution to the other subdomain by solving a Dirichlet
26



problem with the Dirichlet data found from the Neumann problem. The idea ofthe Neumann-Dirichlet preconditioner can be extended to multiple subdomaincase when there is a red-black ordering of the subdomains.Several methods solving an equation with the global Schur comple-ment are proposed by Mandel [47]. The methods are set in the space of all dis-crete harmonic functions on the union of subdomain interfaces � = [i@
i�@
.The methods are hybrid Schwarz methods using the coarse space V0 in a mul-tiplicative fashion and other spaces are treated additively. A method of thiskind can also be interpreted as a two level variational multigrid. The methodsuse Vi that are associated with subdomains or globs. A glob is a vertex, anedge that does not contain its endpoints, or a face of a subdomain interface.Piecewise linear functions de�ned on the subdomain triangulation or a piece-wise constant space based on glob-wise averaging of subdomain values is usedas the coarse space. Poly-logarithmic bounds are obtained.Many other choices of the coarse space are discussed by Dryja, SmithandWidlund [23]. Their exhaustive investigation comprises vertex based coarsespaces, based on piecewise linear functions on substructures used as elements,wire basket algorithms, that use averages on substructures, and face basedalgorithms.2.4.3 The Neumann-Neumann and Balancing DomainDecomposition MethodsThe balancing domain decomposition (BDD) is based on the so calledNeumann-Neumann preconditioner that preconditions the reduced problemby a weighted sum of inverses of the local Schur complements. It is called
27



Neumann-Neumann because it corresponds to solving Neumann problems onlyon subdomains (as opposed to the Dirichlet-Neumann preconditioner, that usesboth Dirichlet and Neumann problems). Since this is a preconditioner in a waydual to the method that is the subject of this thesis, we describe it in a littlemore detail. To describe the preconditioner, weight matrices Di; i = 1; : : : ; Nssatisfying the decomposition of unityI = NsXi=1 �LiDi �LTiare used. A simple choice forDi is a diagonal matrix with the diagonal elementsbeing the reciprocals of the number of subdomains the degree of freedom isassociated with.The Neumann-Neumann method used as a preconditioner of the prob-lem is as follows:Given the residual r, distribute it to subdomains ri = DTi �LTi r, solve the localproblems Siui = ri, and average the results M�1r = PNsi=1 �LiDiui [7, 43].The drawback of the Neumann-Neumann preconditioner is that itlacks a mechanism of distributing the error globally. This has been resolvedby adding a coarse space to the problem. The resulting method is called thebalancing domain decomposition. Let Zi be the matrix with linearly indepen-dent columns that generate the kernel of Ki, Im Zi = Ker Ki. If Ki is regular,Zi is a void matrix. The balancing preconditioner is as follows:1. Balance the original residual r by solving the auxiliary problemsZTi DTi �LTi (r � S NsXj=1 �LjDjZjvj) = 0; i = 1; : : : ; Ns2. Distribute the balanced residual to the subdomains and �nd a solution of
28



the local problemsSiui = DTi �LTi (r � S NsXj=1 �LjDjZjvj); i = 1; : : : ; Ns3. Balance by solving the auxiliary problemsZTi DTi �LTi (r � S NsXj=1 �LjDj(uj + Zjwj) = 0; i = 1; : : : ; Ns4. Average the result on the interfaceM�1r = NsXi=1 �LiDi(ui + Ziwi)The BDD is proven to be independent of number of subdomains,and its condition number is independent of jumps of coe�cients between sub-domains with appropriate weight matrices Di. It can be written also as anabstract additive Schwarz algorithm [24, 41].2.4.4 The Neumann-Neumann Domain DecompositionAlgorithm for Plates and ShellsLet us introduce the Kirchho�-Love model of plate bending following[41]. We consider a plate occupying a domain in IR2, which is clamped on thepart of boundary @
00 and simply supported on @
0 n @
00. The Kirchho�-Love model plate model characterizes the vertical displacement u 2 V of theplate as the solution of the variational problema(u; v) = F (v); 8v 2 V; (2.10)where the bilinear form on the right hand side is symmetric, continuous andcoercive a(u; v) = Z
 "(�(u)) : K : "(�(v));
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the functional on the right hand side is given byF (v) = Z
 fv + Z@
�@
00 mg @v@n + Z@
�@
0 gv:The space of kinematically admissible �elds isV = fv 2 H2(
); v = 0 on @
0; v = @v@n = 0 on @
00g:In the de�nitions above f is the density of vertical forces, mg the densityof 
exion moments applied on the part of the boundary where the plate isfree to rotate, and g is the density of vertical boundary loading. The symbol":" denotes a tensor product, "(�) = 12(r� + (r�)T ) is the curvature tensor,�(u) = ru represents the in-plane notation of the plate and K is the plate
exural sti�ness. K is symmetric, elliptic and continuous in the sense that"(�(u)) : K : "(�(u)) � ct3j"(�(u))j2"(�(u)) : K : "(�(v)) � Ct3j"(�(u))jj"(�(v))j;where t is the plate thickness. For a simple case of an isotropic plate made ofan homogeneous material with Young modulus E and Poisson coe�cient �, itis given by"(�(u)) : K : "(�(u)) = Et312(1� �2)((1� �)r2u : r2v + ��u�v):Since V is a subspace of H2(
), the appropriate �nite element spaces are C1continuous. Examples of such elements include the discrete Kirchho� triangle(DKT) and HCT elements.The Neumann-Neumann and BDD preconditioner do not perform wellfor the plate bending problem [41]. The condition number estimate of BDD is30



based on the estimate [45]� � sup8<:PNsj=1 k�LTj PNsi=1 �LiDiuik2SjPNsi=1 kuik2Si : ui ? Ker Si; Siui ? Im Zi9=; (2.11)At crosspoints of subdomains, the vectors in the estimate are constructed fromcontributions several subdomains di�erent from those that share an edge lead-ing to the crosspoint. This leads to a discontinuity that is inappropriate fora fourth order problem. The BDD method for plates [42] avoids this prob-lem arising at subdomain crosspoints by enhancing the coarse space of thebalancing domain decomposition algorithm. The coarse space is again Im Zi,where Zi = [xi1; : : : ; xini ; yi1; : : : yimi ]:fxi1; : : : ; xinig is a basis for Ker Si and for each crosspoint j = 1; : : : ; mi ofthe subdomain 
i, yij is the solution of the problem Siyij = eij, with eij thevector corresponding to the unit normal load at the crosspoint j. With thischoice, the normal displacement component of the vectors ui coming out ofthe coarse space problem is zero since Siui ? yij implies that ui ? Siyij = eij.Then, the supremum (2.11) is taken over functions with zero at endpoints ofthe edges, which makes it possible to prove a poly-logarithmic bound. Foranother approach, imposing zeros at crosspoint directly, see [41].2.4.5 Lagrange Multipliers and Poincar�e-SteklovOperatorsFollowing [19], we show how Lagrange multiplier approach to en-forcing solution continuity is related to interface formulations using Poincar�e-Steklov operators de�ned in Section 2.4.1. The discrete multi-domain case willbe treated in the next chapter. 31



We consider the problem from Section 2.4.1 and the notation intro-duced there. We reformulate our problem as a constrained minimization prob-lem: Find the solution (u1; u2) 2 H1D(
1)�H1D(
2) that minimizes12 2Xk=1 ak(uk; uk)� Z
k fvksubject to the condition 
1u1 = 
2u2. Then, for each (u1; u2; g?) 2 H1D(
1) �H1D(
2)� (H1=200 (�))0, we de�ne the Lagrangian�(u1; u2; �?) = 12 2Xk=1 ak(uk; uk)� Z
k fuk � Z� �?(u1 � u2):The Lagrange multiplier �? is used to to enforce the continuity of the solutionon the boundary. The rest of the Lagrangian is the usual quadratic functionalimplied by the weak form of the problem. The critical points (u1; u2; �?) of thesaddle point problem of � now must satisfy the variational equality2Xi=1 ak(uk; vk)� Z�(�?(v1 � v2) + �?(u1 � u2)d� = 2Xi=1 Z
i fvk;for all (v1; v2; �?) 2 H1D(
1)�H1D(
2)� (H1=200 (�))0. This problem has a uniquesolution [19] which is the solution of the problem(Q1 +Q2)�? = R2f2 � R1f1This is the equation (2.6). It shows that solving the Lagrange multiplier for-mulation is equivalent to �nding Neumann interface data on � (cf. [18]).The paper [19] uses the Lagrange formulation to introduce �nite ele-ment spaces of Lagrangians of small dimension per interface for regular meshes.This can reduce the size of the problem substantially, but it is restricted to reg-ular meshes. The space of Lagrangians can be chosen as the restriction of the�nite elements space on the subdomains to the interface. This is similar to theapproach taken by FETI as explained in the next chapter.32



2.5 A Two Level Method Based on SmoothedProlongationThe two-level method described in [68, 66] develops a simple abstractframework based on the concept of smoothed tentative prolongator introducedin [65]. The tentative prolongator is derived from a system of nonoverlappingsubdomains. As opposed to the previously described methods, the union of allsubdomains 
i, i = 1; : : : ; Ns does not cover whole 
. Instead, there is a layerone element wide between each two subdomains.Our algorithm can be written as a variational two-level multigridwith a special choice of components. We will �rst describe components of themethod and abstract assumptions that ensure coarse space size independentconvergence. Let us consider the system of linear algebraic equationsKu = f;where K is an n � n symmetric positive de�nite sti�ness matrix arising froma discretization of a second order elliptic PDE, for example (2.1).Interpolation from the coarse space to the �ne space is represented byan operator MP , composed from a tentative prolongator P and prolongatorsmoother M . Let us denoteKM =M2K; M 0 = I � !�KM ;where ! 2 (0; 2) is a given constant and ��(KM) is an estimated upper boundfor �(KM), the spectral radius of KM . The following assumption speci�esrequirements on M , P and ��(KM). are needed for proving coarse space sizeindependent convergence.
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Assumption 7 There exist positive constants C1, C2 independent of n andNs and a positive constant CD(Ns; n) such that(1) For every u 2 IRn, there exists v 2 IRNs such thatku� Pvk � C1CD(Ns; n)��1=2(K)kukK: (2.12)(2) The prolongator smootherM , is symmetric, commutes withK, �(M) < 1,and �(KM) � ��(KM) � C22C�2D (Ns; n)�(K): (2.13)We also need to de�ne a pre-smoother SM and post-smoother SM 0;SM (u; f) = Mu+Nf;and analogously for M 0. The matrix N is chosen so the smoother is consistentwith the system Ku = f . The smoothers SM and SM 0 are relaxation operatorsused to smooth the approximate solution corrected by an interpolated coarselevel error. The algorithm can now be written as follows.Algorithm 8 Given an initial guess u, repeat until convergence:(1) u SM(u; f),(2) solve (P TMKMP )w = P TM(Ku� f);(3) u u�MPw,(4) u SM 0(u; f).Post process u SM(u; f).The tentative prolongator P may be de�ned as P = D1=2 ~P ; whereD = diag(K) and~Pij = 1; if the node corresponding to ui belongs to subdomain 
j;= 0; otherwise. 34



The most practical choice of M is a polynomial in K. The choice describedbelow is a polynomial in K that attempts to minimize �(KM) given an upperbound on �(K) and a chosen degree of the polynomial. For certain degrees,this polynomial can be found explicitly by the following recursive algorithm:Algorithm 9 Let �̂ be the estimate of �(K) satisfying �(K) � �̂ � C��(K),with a given constant C�. Set �̂i = �̂9i , A0 = K and for i = 1; 2; : : : do:(1) Ai = (I � 43 �̂�1i�1Ai�1)2Ai�1,(2) Mi = Qi�1j=0(I � 43 �̂�1j Aj)Notice that deg(Mi) � 3i�12 . For a 2D problem, we choose the prolongatorsmoother M = Mk, wheredeg(Mk+1) � qN1=2es � deg(Mk); (2.14)where q 2 (0; 1] is a given parameter and Nes the average average number ofdegrees of freedom per subdomain, and Mk are the polynomials constructedby the algorithm above.With the choices of the tentative prolongator and prolongator smooth-er described above, the convergence of our method can be shown to be indepen-dent of the meshsize, Nes, inhomogeneities between subdomains, and boundaryconditions [68]. It thus overcomes one of the main disadvantages of standardtwo-level multigrid methods, su�ering from the dependence of the rate of con-vergence on the size of the coarse space. On the other hand, its computationalcomplexity is lower in comparison with domain decomposition methods usingdirect local solvers. This is true even for simple direct solvers as internal solversin our method (which are preferred, as iterative solvers tend to have negativeimpact on the robustness of the method).
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Application of the method to solid problems is treated in [64] andsimilar results are obtained. The method is provably robust with respect tojumps in coe�cients [67].
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3. Finite Element Tearing andInterconnecting (Derivation and Extensions)3.1 Original FETIThe FETI (Finite Element Tearing and Interconnecting) method isa domain decomposition algorithm derived from a hybrid variational principleand designed for the iterative solution of systems of equations arising from the�nite element discretization of self-adjoint elliptic partial di�erential equations.It was developed in [28, 27, 33], and also discussed in detail in monograph [34].In this method, a given spatial domain is \torn" into non-overlappingsubdomains where an incomplete solution of the primary �eld is �rst evalu-ated using a direct solver. Next, intersubdomain �eld continuity is enforcedvia Lagrange multipliers applied at the subdomain interfaces. This \gluing"phase generates a smaller size symmetric dual problem where the unknownsare the Lagrange multipliers, and which is best solved by a preconditioned con-jugate gradient (PCG) algorithm. This idea is related to the �ctitious domainmethod where the Lagrange multipliers enforce boundary conditions as in Dinhet al. [17].In contrast with other related domain decomposition methods usingLagrange multipliers as unknowns [36, 62], the FETI method distinguishes itselfwith the treatment of the null spaces of the subdomain sti�ness matrices (rigid
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body modes) associated with the so-called 
oating subdomains, i.e., subdo-mains without a su�cient number of essential boundary conditions to preventthe local sti�ness matrix from being singular. Resolving the rigid body modesleads to a small \coarse" problem that is solved in each PCG iteration. Thisis an added complication, but also a blessing. Farhat, Mandel, and Roux [32]have shown numerically, and proved for the FETI method without precondi-tioning, that the auxiliary problem plays the role of a coarse problem, namely,it causes the condition number to be bounded independently of the number ofsubdomains. In [26], Farhat, Chen, and Mandel extended to time-dependentproblems, which lack the naturally occurring coarse problem.The FETI method is in a sense dual to the Neumann-Neumann meth-od with a coarse problem, developed by Mandel under the name BalancingDomain Decomposition [45] (BDD), which we described in Chapter 2 and whichis based on an earlier method of de Roeck and Le Tallec [61]. A modi�edmethod was analyzed by Dryja and Widlund [25]. It should be noted thatwhile the underlying ideas of FETI and BDD are in a way dual, FETI is notthe BDD method applied to the dual problem.3.1.1 Problem Setting and AssumptionsLet us �rst introduce some notation used throughout this chapter andthe rest of this thesis. For u; v 2 IRn, the inner product hu; vi = uTv serves alsoas duality pairing. The `2 norm is denoted kuk = hu; ui1=2. For a symmetricpositive semide�nite matrix A, kukA = hAu; ui1=2 the induced seminorm. Thisis a norm if A is positive de�nite. The superscript + denotes pseudoinverse,de�ned as follows.
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De�nition 10 (Pseudoinverse) Let A be a linear operator. Thepseudoinverse A+ is any linear operator such that if a 2 Im A then AA+a = a.In general, a pseudoinverse is not unique. Our algorithms will beinvariant to a speci�c choice of the pseudoinverse. If A is a symmetric oper-ator on a �nite dimensional space, A+ can be chosen to be also symmetric.Considering the spectral decomposition of A,A =X� �v�vT� ; Av� = �v�; vT� v� = 1; (3.1)a pseudoinverse A+ can be chosen asA+ = X� 6=0 1�v�vT� :For A positive semide�nite, we denoteA� = X�>0 ��v�vT� :In particular, with this notation we have, A = A1=2A1=2 and A+ = A�1=2A�1=2.We point out that Ker A� = Ker A for any real �.We refer to Section 2.2 and the model problem (2.1) for explanationof some of the terminology used next.Let 
 be a domain in IR2 or IR3 decomposed into Ns non-overlappingsubdomains 
1; 
2; :::; 
Ns . Let ui be the vector of degrees of freedom forsubdomain 
i corresponding to a conforming �nite element discretization of anelliptic problem (e.g. linear elasticity, plate bending) de�ned on 
, such thateach subdomain is a union of some of the elements. Let ui, Ki, and fi, be thevector of degrees of freedom, the local sti�ness matrix, and the load vectors,
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respectively, associated with the subdomain 
i. We will use the block notation
u = 266666666664

u1u2...uNs
377777777775 ; f = 266666666664

f1f2...fNs
377777777775 ; K = 266666666664

K1 0 : : : 00 K2 : : : 0: : : : : : : : : : : :0 0 : : : KNs
377777777775 :Depending on the imposed boundary conditions and the location of the subdo-main, the local sti�ness matrix Ki is positive de�nite or positive semide�nite.A subdomain without su�cient essential boundary conditions to prevent thesubdomain sti�ness matrix Ki from being singular is called a 
oating subdo-main. Let Zi be the matrix with linearly independent columns that generatethe kernel of Ki, Im Zi = Ker Ki. If Ki is regular, Zi is a void matrix. Denote

Z = 266666666664
Z1 0 : : : 00 Z2 : : : 0: : : : : : : : : : : :0 0 : : : ZNs

377777777775 ;thus, Im Z = Ker K; Ker Z = f0g:A single mesh point x 2 
 has several degrees of freedom associatedwith it if it lies on the interface (intersection of the boundaries) of two ormore subdomains, see Figure 3.1. Let B be a given matrix such that Bu =0 expresses the condition that for each mesh node shared by two or moresubdomains the values of the degrees of freedom associated with that nodecoincide. We denote by W the space of all vectors of degrees of freedom, and
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Figure 3.1. Model domain: the mesh node x shared by subdo-mains 
i and 
j and the degrees of freedom uim and ujn associ-ated with the mesh node x.
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by � the space of the vectors of values of the continuity constraint; thus,K : W !W; B : W ! �:The problem to be solved is the minimization of the energy of thesystem subject to intersubdomain continuity conditionsE(u) = 12uTKu� fTu! min subject to Bu = 0; u 2 W: (3.2)We assume that the global structure is not 
oating, that is, the solu-tion of (3.2) is unique. From (3.2), this is equivalent to the assumption thatKer K \ Ker B = f0g: (3.3)The following notation will be needed to write the FETI algorithmconcisely: G = BZ;F = BK+BT ;d = BK+f; (3.4)e = ZTf;P = I �G(GTG)�1GT :Note that P is an `2 orthogonal projection on (Im G)? = Ker GT .Lemma 12 justi�es the expression for P by showing that GTG is invertible.3.1.2 Derivation of the Dual ProblemThe method, as originally derived by Farhat and Roux [27], introducesLagrange multipliers to enforce the continuity of the solution. Solving the42



problem (3.2) leads to the system of equationsKu + BT� = fBu = 0 (3.5)A solution u of the �rst equation in (3.5) exists if and only iff �BT� 2 Im K: (3.6)It must then have the formu = K+(f � BT�) + Z�: (3.7)where � is to be determined. Substituting u from (3.7) into the second equationof (3.5) yields BK+(f � BT�) +BZ� = 0: (3.8)Now (3.8) multiplied by P together with (3.6) show that � satis�es the systemof equations P (F�� d) = 0GT� = e; (3.9)where we have used notation (3.4).The �rst of the equations (3.9) is solved by a projected preconditionedconjugate gradient method using an initial approximation �0 that satis�es thesecond equation. The conjugate gradient algorithm requires evaluating onlythe actions of PF . Most of the computational work in F = BK+BT is concen-trated in the action of K+. Since K+ is subdomain block diagonal, its actioncan be computed in parallel and involves solving subdomain problems only.Application of P requires solving a small coarse problem. For a scalar prob-lem, the size of this problem is less than the number of subdomains Ns. For a43



linear elasticity problem, the size of the problem is the number of rigid bodymodes, which again does not exceed a small multiple of Ns. A preconditionedprojected CG for the equation PF� = d using a symmetric preconditioner Dcan be written as follows.Algorithm 11 (FETI) Given an initial ��0, compute the initial es-timate �0 = G(GTG)�1e+ P ��0and the initial residual r0 = P (F�0 � d):Repeat for k = 1; 2; : : : until convergence:zk�1 = Drk�1yk�1 = Pzk�1�k = rTk�1yk�1pk = yk�1 + �k�k�1pk�1 (p1 = y0)�k = �kpTkPFpk�k = �k�1 + �kpkrk = rk�1 � �kPFpkThe choice of the preconditioner is discussed in Section 3.3.Lagrange multipliers � in FETI can be seen as interface forces andmoments in the physical system. From (3.7) and the de�nition of F in (3.4),the residual P (F� � d) = �Bu has the interpretation of jumps of the valuesof degrees of freedom between subdomains. The condition f � BT� ? Ker K
44



means that the action of the loads and intersubdomain forces and momentsdoes not excite rigid body motions.3.1.3 Saddle Point FormulationLet us explain in more detail how enforcing the continuity using La-grange multipliers yields the system (3.9). This approach is presented byFarhat, Mandel and Roux [32], and it will be later used to derive a gener-alized FETI method.For the Lagrangian of the minimization problem (3.2),L(u; �) = 12uTKu� fTu+ �TBu; u 2 W; � 2 �;we solve the dual problem: �nd �� such thatC(��) = max�2� C(�) � max�2� infu2W L(u; �): (3.10)By a direct computation,C(�) = 8>><>>: �1 if f � BT� 6? Ker K;�12hK+(f �BT�); f � BT�i otherwise: (3.11)The dual problem (3.10) is thus equivalent to maximizing C(�) on theadmissible set A = f� 2 � j C(�) > �1g:The space of admissible increments isf�1 � �2 j �1 2 A; �2 2 Ag = f� 2 � jBT� ? Ker Kg = Ker GT : (3.12)At the maximum of C(�), � 2 A, the derivative of C, DC(�;�), is zero in alldirections in � 2 Ker GT :DC(�;�) = 0 8� 2 Ker GT :45



By a straightforward computation, this becomesh�BK+BT�+BK+f; �i = 0; 8� 2 Ker GT : (3.13)In order to express (3.13) as a linear equation in the space Ker GT , we use thel2 orthogonal projection de�ned by (3.4). Then for � 2 Ker GT ,h�BK+BT�+BK+f; �i = h�BK+BT�+BK+f; P�i= hP (�BK+BT�+BK+f); �iTherefore, the dual problem (3.10) is equivalent to the linear equation inKer GT for the unknown �,� 2 Ker GT ; P (�BK+BT (�+ �0) +BK+f) = 0; (3.14)where �0 is an arbitrary starting feasible solution, that is, �0 2 A. Denoting� = �0 + �, we obtain the system (3.9).3.1.4 Algebraic Properties of the Original FETI MethodLemma 12 (GTG)�1 exists.Proof. Let G� = BZ� = 0. Then Z� 2 Ker B, and Z� 2 Ker K by thede�nition of Z. It follows from (3.3) that Z� = 0, hence � = 0, since Z wasassumed to be of full rank. See also [34, Theorem 5.4].Theorem 13 The solution � of (3.9) is unique up to addition of a vector fromKer BT . Any solution � of (3.9) yields the same solution u of the minimizationproblem (3.2), using (3.7) with � = �(GTG)�1GT (d� F�).Proof. The relation between � and � follows by a direct computation. To proveuniqueness of �, it is su�cient to show thatKer PF \Ker GT = Ker F \ Ker GT = Ker BT : (3.15)46



First, BT� = 0 implies F� = 0 and GT� = 0, soKer BT � Ker F \ Ker GT � Ker PF \ Ker GT :Conversely, assume GT� = 0 and PF� = 0. Then, since GT = ZTBT , the�rst equation implies BT� ? Im Z = Ker K: Thus BT� 2 Im K. From thede�nition of P , GT� = 0 is equivalent to P� = �. From PF� = 0, we obtain0 = �TPF� = �TF� = (BT�)TK+BT�:Since K+ is positive semide�nite, this implies that BT� 2 Ker K+ = Ker K.Together, BT� 2 Ker K \ Im K = f0g:Non-uniqueness of the multipliers � corresponds to redundant inter-subdomain continuity constraints, which occur naturally at crosspoints of morethan two subdomains.De�ne the space of the Lagrange multipliers as the factorspace~� = �=Ker BT :Since for any � 2 Ker BT , P�, F�, and GT� are the zero vectors, the operatorsP , F , and GT induce operators on ~�, which will be denoted by the samesymbols. To avoid confusion, all null spaces will refer to the space �, not thefactorspace ~�. For example, the null space of the induced operator GT on ~�will be denoted by Ker GT=Ker BT .It is easy to see that F is symmetric and positive semi-de�nite andhence so is PFP . The next lemma shows that the operator PF restrictedto Ker GT=Ker BT , which coincides with the restriction of PFP , is positivede�nite.
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Lemma 14 The operator PF is symmetric and positive de�nite on the fac-torspace Ker GT= Ker BT .Proof. For u; v 2 Ker GT , we have from the de�nition of P ,hPFPu; vi = hPFu; vi = hFu; vi;which proves that PF is symmetric positive semide�nite on Ker GT . To provethat PF is nonsingular on Ker GT=Ker BT , let PFu = 0 and GTu = 0. SinceF = BKBT and GT = ZTBT by de�nition, it follows that BTu 2 Ker K andBTu ? Ker K, hence BTu = 0.The original FETI method is therefore the method of preconditionedconjugate gradients in the factorspace ~� for the operator equation, equivalentto (3.9), PF� = Pd; � 2 �0 +Ker GT ; (3.16)where �0 is an initial approximation to the conjugate gradient method chosenso that GT�0 = e, and all search directions are in the space Ker GT � �.3.2 Generalized FETIThere have been several extensions to the original method. Extensionto time-dependent problems was done in [26]. Generalization to plate-bendingproblems is discussed in [51, 53] and, in detail, in this thesis.For the original method for plate bending problems, the conditionnumber was observed to grow fast with the number of elements per subdo-main [32]. This is caused by the fact that plate bending is a fourth orderproblem, while the FETI domain decomposition method \tears" the approxi-mate solution at subdomain crosspoints, which is suitable only for second orderproblems. 48



The limitation of method can be cured to extend the FETI method-ology to obtain a non-overlapping domain decomposition method for platebending problems. This new method has the properties one usually looks for initerative substructuring methods: the condition number can be bounded inde-pendently of the number of subdomains, and it grows only poly-logarithmicallywith the number of elements per subdomain. The computational cost per it-eration is proportional to the solution of a boundary value problem in eachsubdomain, plus the solution of a sparse coarse problem with only few vari-ables per subdomain. Such methods are commonly referred to as scalable andquasi-optimal, though, of course, for very large number of subdomains, thesolution of the coarse problem would dominate.The key idea of our method is to enforce the continuity of the ap-proximate solution at the subdomain crosspoints throughout the iterations byadding the corresponding Lagrange multipliers to the coarse problem. A simi-lar idea was employed in the Balancing Domain Decomposition (BDD) methodfor plates [42], where approximate continuity at crosspoints is enforced byadding new basis functions to the original coarse space [46, 49] in order to keepthe energy of the approximate solution minimal with respect to displacementsthat are solutions for point loads at the subdomain crosspoints (cf. Section2.4.4). The distinguishing features of both the present method and the methodfrom [42] is that they are non-overlapping and work for standard �nite elementsused in everyday engineering practice.For other domain decomposition methods for the biharmonic equationand plate bending see, for example, [12, 71]. Extensions to shells, implemen-tation issues, and further computational can be found in [29, 31].
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3.2.1 Duality Derivation of the Generalized FETIIn this section, we present a derivation and formulation [52] of thegeneralized FETI, based on the concept of coarse optimality of a dual objectivefunction.Preserving the condition GT�k = e throughout the iterations of theAlgorithm 11 can be interpreted as enforcing that every �k be optimal withrespect to all possible increments of the form G�:GT�k = e () C(�k) � C(�k �G�); 8�; (3.17)where C is de�ned by (3.11).The key to the generalization of the FETI method to plate bendingproblems is to make all �k optimal in more directions. Let C be some givenmatrix with the same number of rows as G. Each column of C will give rise toan additional variable in the coarse problem. We shall satisfy in each iterationthe coarse optimality propertyC(�) � C(��G�� C�); 8�; �: (3.18)with � = �k. To satisfy this property, consider an auxiliary problem: For agiven ~� �nd � and � so thatC(�)! max; � = ~��G�� C� (3.19)Since we only need solutions satisfying C(�) > �1, we consider the maximiza-tion problem (3.19) along with the constraintGT� = e (3.20)
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Introducing new Lagrange multipliers � for (3.20), we get that �, �,and � solve the saddle point probleminf�;� sup� ~L(~��G�� C�; �) = sup� inf�;� ~L(~��G�� C�; �)where ~L(�; �) = �12�TF�+ �Td+ �T (GT�� e)From the optimality conditions@ ~L(�; �)@� = 0; @ ~L(�; �)@� = 0; @ ~L(�; �)@� = 0; � = ~��G�� C�;we obtain that (3.19) is equivalent to the block linear systemM 26666664 ���
37777775 = 26666664 GTFCTFGT 37777775 ~�� 26666664 GTdCTde

37777775 (3.21)whereM = 26666664 GTFG GTFC GTGCTFG CTFC CTGGTG GTC 0
37777775 = 26666664 GT 0CT 00 GT 37777775 2664 F II 0 3775 2664 G C 00 0 G 3775 :(3.22)The solution � of (3.19) is unique up to the addition of a vector in Ker F \Ker GT , and we write it as� = ~�� � G C 0 �M+0BBBBBB@26666664 GTFCTFGT 37777775 ~�� 26666664 GTdCTde

377777751CCCCCCA : (3.23)
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Note that since (3.19) has a solution for any ~�, so does (3.21), henceIm 26666664 GTFCTFGT 37777775 � Im M: (3.24)Further, if � is coarse optimal, then �+ � is also coarse optimal if and only if� G C 0 �M+ 26666664 GTFCTFGT 37777775 � 2 Ker F \ Ker GT : (3.25)The generalized FETI algorithm is thus obtained from Algorithm 11 by pre-scribing the initial approximation �0 by�0 = ��0 � � G C 0 �M+0BBBBBB@26666664 GTFCTFGT 37777775 ��0 � 26666664 GTdCTde
377777751CCCCCCAand by replacing the step yk�1 = Pzk�1 byyk�1 = zk�1 � [G;C; 0]M+ 26666664 GTFCTFGT 37777775 zk�1;cf. Algorithm 20 in the next section.3.2.2 Derivation of Generalized FETI Algorithmwithout DualityThe generalized FETI method can be also obtained by forcing theiterates to satisfy also a weighted residual condition [53]. That is, we requirethroughout the iterations thatCTP (F�� d) = 0; GT� = e; (3.26)52



where C is some given matrix. Search directions that preserve (3.26) form thespace V 0 = f� 2 � j GT� = 0; CTPF� = 0g: (3.27)The corresponding space of residuals isV = fu 2 Im B j GTu = 0; CTu = 0g: (3.28)Denote the associated subspaces of the factorspace ~� as~V 0 = fu+Ker BT j u 2 V 0g = V 0=Ker BT ; ~V = fu+Ker BT j u 2 V g:Note that V and ~V are isomorphic: since V � Im B and Im B\Ker BT = f0g,each class of ~V contains exactly one element of V .We will need several properties of the spaces ~V and ~V 0.Lemma 15 ~V = PF ~V 0:Proof. From the de�nition, clearly PFV 0 � V , hence PF ~V 0 � ~V . To show that~V � PF ~V 0, let u+ Ker BT 2 ~V . Since PF is a bijection on Ker GT=Ker BTby Lemma 14, there is ~� 2 Ker GT=Ker BT such that PF ~� = u+Ker BT . Itfollows that ~� 2 V 0.Lemma 16 The space ~V 0 is the dual of ~V with the duality pairing h�; �i.Proof. Any � 2 ~V 0 de�nes a linear functional �0 on ~V by �0(v) = h�; vi. Let �0be an arbitrary linear functional on ~V . From Lemma 15, it follows that �0PFis a linear functional on ~V 0, and, from Riesz representation theorem, there is aunique � 2 ~V 0 such that �0(PFv) = h�; vi for all v 2 ~V 0. From Lemma 14, PFis a bijection on ~V , and it follows that the mapping between a linear functional�0 and its representation � 2 ~V 0 is an isomorphism.53



Lemma 17 ~� = ~V 0 � ~V ?:Proof. From Lemma 14, PF is symmetric positive de�nite on Ker GT=Ker BT .Hence, (PF )�1 is also symmetric, positive de�nite on Ker GT=Ker BT , and,using Lemma 15, it follows that~� = ~V 0 � ( ~V 0)?(PF )�1 = ~V 0 � ((PF ) ~V )?(PF )�1 = ~V 0 � ~V ?; (3.29)which was to be proved.We now de�ne a projection operator Q byQ : ~�! ~�; Q2 = Q; Im Q = ~V 0; Ker Q = ~V ?; (3.30)and compute the matrix representation of Q. This representation de�nes alsoan operator on �, which will be denoted by the same symbol Q.Lemma 18 The projector Q is given by the formulaQ = I � � G C 0 �M+ 26666664 GTFCTFGT 37777775 ;where M is de�ned by (3.22).Proof. Let �; �� 2 �, Q(�� + Ker BT ) = � + Ker BT . Since � 2 V 0, from thede�nition of P , there exists � such that PF� = F�+G�. From the de�nitionof V 0, GT� = 0 and CTPF� = 0, henceGTF� + GTG� = 0;CTF� + CTG� = 0;GT� = 0: (3.31)
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From the de�nition of Q, we have � � �� ? V , so for any u 2 Im B, GTu = 0and CTu = 0 implies h� � ��; ui = 0. Consequently, there exist � and � suchthat for all u 2 Im B, h�� ��; ui = hG�; ui+ hC�; ui;which implies that� = ��+G� + C� + 
; 
 2 (Im B)? = Ker BT (3.32)Since � 2 V 0, substituting (3.32) into (3.31) gives that �, �, � satisfy the linearsystem GTF (��+G� + C�) + GTG� = 0CTF (��+G� + C�) + CTG� = 0GT (��+G� + C�) = 0: (3.33)On the other hand, it is easy to see from (3.31) and the de�nitions of Q andV that if �, �, � satisfy (3.33), then � = ��+G� + C� 2 Q�� +Ker BT .Similarly as in the case of the original FETI, we need to �nd an initialapproximation �0 satisfying certain conditions, in this case (3.26).Lemma 19 For any ��0 2 �, the system of equationsGTF (��0 +G� + C�) + GTG� = GTdCTF (��0 +G� + C�) + CTG� = CTdGT (��0 +G�+ C�) = e (3.34)has a solution �; �; �, and �0 = ��0 +G�+ C� (3.35)satis�es CTP (F�0 � d) = 0; GT�0 = e: (3.36)
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Proof. As in the preceding proof, �0 satis�es (3.36) if and only if there is a �such that GTF�0 + GTG� = GTdCTF�0 + CTG� = CTdGT�0 = e (3.37)Substituting �0 from (3.35) into (3.37) yields the system (3.34), which can bewritten asM 26666664 ���
37777775 = XT 2664 dG(GTG)�1e 3775 ; X = 2664 G C 00 0 G 3775 :From the factorization (3.22), it follows that Ker M = Ker X. Using symmetryof M , we have Im M = (Ker M)? = (Ker X)? = Im XT ; hence, (3.34) has asolution. The generalized FETI method is the conjugate gradients method forthe operator PF : V 0 ! V , preconditioned by QDQT : V ! V 0, where theD : �! � is a given operator symmetric on V . Since QT is also a projectionand Im QT = (Ker Q)? = V , the application of QT on V can be omitted,and one obtains the following algorithm similar to the algorithm of the originalFETI (Algorithm 11).Algorithm 20 (Generalized FETI) Given an initial ��0, computethe initial �0 from (3.34) and (3.35), and compute the initial residualr0 = P (F�0 � d):Repeat for k = 1; 2; : : : until convergence:zk�1 = Drk�1 56



yk�1 = Qzk�1�k = rTk�1yk�1pk = yk�1 + �k�k�1pk�1 (p1 = y0)�k = �kpTkPFpk�k = �k�1 + �kpkrk = rk�1 � �kPFpkThe choice of the preconditioner is discussed in Section 3.3.3.2.3 Method Selection for Plate Problems andOther GeneralizationsWe choose the columns of matrix C, which appears in the descriptionof the generalized FETI method above, as vectors with a one at the position of aLagrange multiplier that enforces the continuity of the transversal displacementat a crosspoint, and zeros everywhere else. By a crosspoint we understand aninterface node adjacent to at least three subdomains or to two subdomains andthe complement of 
. For a more precise formulation, see Section 4.5.1.A similar idea can be exploited for shell problems. The continuity ofthe normal displacement needs to be enforced. To avoid �nding normals andthe added complexity of enforcing continuity of the normal displacement, onemay enforce continuity of all displacement degrees of freedom. This, however,increases the size of the coarse space. Other possibilities and computationalissues are discussed in [30].Farhat et al. in [26] studies the case of time-dependent problemswhere the subdomain sti�ness matrices Ki are perturbed by the addition of
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a multiple of the subdomain mass matrix, thus making the new local matrixpositive de�nite. Consequently, all matrices Zi are void and the natural coarseproblem is lost in time-dependent applications. The methodology developedin [26] for reintroducing a coarsening operator in the FETI algorithm for dy-namics problems is a special case of the present generalization where C istaken to be the matrix G before the perturbation, that is, C = [Bi ~Zi] wherethe columns of ~Zi are the basis of the kernel of the local sti�ness matrix ofthe subdomain 
i. The reason why the preconditioner works for the dynamicsproblems is quite di�erent from that for the plate bending.3.3 The Dirichlet PreconditionerLet us decompose the space of all degrees of freedom W into thespace of internal degrees of freedom and the degrees of freedom on subdomaininterfaces, W = _W � �W:In the corresponding block notation,B = [ 0 �B ]; �B : �W ! �;since B has nonzero entries for interface degrees of freedom only. Also,Z = 2664 _Z�Z 3775 ;and we have G = BZ = �B �Z; Ker BT = Ker �BT :
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Let S be the Schur complement of K obtained by elimination of degrees offreedom internal to all subdomains. ThenF = BK+BT = �BS+ �BT (3.38)and Ker S = Im �Z. Evaluation of the matrix-vector product S+u reduces tothe solution of independent Neumann problems on all subdomains, cf. Section2.4.1. Inspired by (3.38), we choose D = �BS �BT , giving the preconditionerQD = Q �BS �BT : (3.39)This preconditioner is called the Dirichlet preconditioner, since evaluating thematrix-vector product Sr is equivalent to solving independent Dirichlet prob-lems on all subdomains, cf. Section 2.4.1.3.4 Interface Formulation of Park et al.In [59, 58], K.C. Park has developed a similar substructuring method.We will show that this method can essentially be written as FETI with a specialchoice of the interface continuity operator B.The method augments the Lagrangian by introducing another vari-able ug, the global vector of degrees of freedom, on the interfaces betweensubdomains. This variable is redundant and is later eliminated, yielding ananalog of FETI. We will show that the method can be written as FETI anddiscuss the resulting choice of B and its implications.Let L be the subdomain assembly matrix, that is a zero-one matrixmapping the local subdomain degrees of freedom to global ones. Using thismatrix, the continuity of the solution is enforced through the constraintu = Lug:59



The Lagrangian can be written asL(u; ug; �) = 12uTKu� fTu+ �T (u� Lug):Decomposing u = Z� + � into a rigid body mode component and its comple-ment (pure deformation component), we obtainL(�; �; ug; �) = 12�TK� � fT� � fTZ�+ �T (Z� + � � Lug):The stationarity condition leads to the system of equations266666666664
K I 0 0I 0 Z �L0 ZT 0 00 �L 0 0

377777777775
266666666664

���ug
377777777775 =

266666666664
f0�Zf0
377777777775Eliminating the deformation component, � = K+(f � �), the system becomes26666664 K+ Z �LZT 0 0�LT 0 0

26666664 26666664 ��ug
37777775 = 26666664 K+f�Zf0

37777775The �rst equation of the system isK+�+ Z�� Lug = K+f: (3.40)We �rst eliminate the term Z� by multiplying (3.40) by the orthogonal pro-jection PZ onto (Im Z)? = Ker ZT , PZ = I � Z(ZTZ)�1ZT , and obtain theequation PZK+�� PZLug = PZK+f; (3.41)
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equivalent to (3.40) holding for some �. Next, using the orthogonal projectionPl onto (Im PZL)? = Ker (PZL)T ,Pl = I � PZL(LTPZL)�1LTPZ;in a similar way, PlPZK+� = PlPZK+f:This is the equation (15) in [58].We may reverse the order of elimination of the terms, and we obtainfrom (3.40) PzPLK+� = PzPLK+f; (3.42)where the orthogonal projections PL and Pz are given byPL = I � L(LTL)�1LTPz = I � PLZ(ZTPLZ)�1ZTPL:Since Im Pz � Im PL = Ker LT , we have � = PL� for � 2 Im (Pz). Thus,PLK+� = PLK+PL�:Now choosing B = PL; (3.43)we may writePz = I � PLZ(ZTPLZ)�1ZTPL = I �G(GTG)�1GT = P;where we have used the notation (3.4). This shows that the method with theequation (3.42) can be written as FETI with the special choice of B (3.43).61



Let us illustrate this choice. If a mesh node is on the interface oftwo subdomains, then, omitting all other degrees of freedom and Lagrangemultipliers, the corresponding block of the assembly matrix L is2664 11 3775and the corresponding block of the projection PL is12 2664 1 �1�1 1 3775 :Similarly for a three node and four node interfaces, we get13 26666664 2 �1 �1�1 2 �1�1 �1 2
37777775 ;and 14 266666666664

3 �1 �1 �1�1 3 �1 �1�1 �1 3 �1�1 �1 �1 3
377777777775 ;respectively. The choice of B = PL has some interesting implications on theanalysis, which will be discussed in Section 4.4.
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4. Convergence AnalysisIn this chapter, we prove that for a second order problem the con-dition number of the preconditioned FETI method is bounded independentlyof the number of subdomains and poly-logarithmically in terms of subdomainsize, similarly as it is in the case for other optimal non-overlapping domaindecomposition methods [11, 23, 25, 49, 48]. We prove that the choice of theinterface continuity operator as given by Park et al. assures that the conditionnumber is bounded by C(1+log Hh )2. Finally we also show that the generalizedFETI converges poly-logarithmically for the plate bending problem problem.Analysis of domain decomposition methods typically demonstratesspectral equivalence of the quadratic form that de�nes the problem in a varia-tional setting and the quadratic form that de�nes the preconditioner, often byway of P.L. Lions lemma [6, 23, 24, 44]. Since the preconditioner in the FETImethod is quite complicated and is not de�ned in terms of a quadratic form,we proceed di�erently. We �nd a bound on the norm of the product of thesystem operator and the preconditioner, so as to bound the maximal eigen-value, and a bound on the inverse, to bound the minimal eigenvalue. Relatedanalyses were previously done for methods without crosspoints between thesubdomains, or done formally in functional spaces, cf., for example, Glowin-ski and Wheeler [37] and Bakhvalov and Knyazev [4]. We present a completeanalysis in terms of upper and lower bound on the preconditioned operatorfor decompositions with crosspoints in 2D and edges and crosspoints in 3D for63



second order elliptic problems. We show that the condition number is boundedby C(1 + log Hh )
, where 
 = 2; 3, h is the characteristic mesh size, and H thediameter of the subdomains.4.1 PreliminariesIn this section, we present some results that will be used in analysisof FETI methods. The results are mostly concerned with estimates for �niteelement functions used to discretize our model problems.We will assume that a domain 
 is divided into a set of nonoverlappingsubdomains 
i; i = 1; : : : ; Ns, �
 = �
1[: : :[ �
Ns . The subdomains are assumedto be shape regular of diameter H according to the de�nition below. We willformulate all results for one of the subdomains 
i and assume that constantsin the estimates do not depend on the index of the subdomain.De�nition 21 A subdomain 
i � IRd is said to be shape-regular of diameterO(H) if it can be generated from a reference domain (square or cube) 
̂ of unitdiameter by a mapping Fi such that 
i = Fi(
̂). The mapping is assumed tosatisfy k@Fik � csH; k@F�1i k � csH�1 (4.1)where @Fi is the Jacobian of the mapping, k:k is the Euclidean IRd matrixnorm, and cs is a positive constant.We will be using the Sobolev spaces Wk;p. For p = 2, the spacesare Hilbert spaces and we denote them Hk � Wk;2. De�nitions of Sobolevspaces can be found, for example, in [1]. For k 6= 1=2; 1, we use k � kk;p;
 andj � jk;p;
 to denote the standard Sobolev norms and seminorms of functions inWk;p. Following [22], we de�ne the scaled Sobolev norm for a scalar function
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u 2 H1(
i) kuk21;2;
i = juj21;2;
i + 1H2kuk20;2;
i;where the Sobolev seminorm is de�ned byjuj21;2;
i = Z
i kru(x)k2dx:We de�ne the scaled Sobolev norm for a scalar function u 2 H1=2(@
i)kuk21=2;2;@
i = juj21=2;2;@
i + 1H kuk20;2;@
i;where the Sobolev seminorm is de�ned byjuj21=2;2;@
i = Z@
i Z@
i ju(x)� u(y)j2kx� ykd dxdy:Here k � k is the Euclidean norm in IRd. We note that the space H1=2(@
i) isthe space of traces of functions in the space H1(
i).If u = (u1; u2) is a vector function, then we de�ne, for example,kuk21;2;
i = ku1k21;2;
i + ku2k21;2;
i :Other norms and seminorms of vector functions are de�ned analogously.We present two variants of the Poincar�e-Friedrichs inequality. Weprove the �rst for the sake of completeness and to demonstrate the techniquethat is used to prove its variants for �nite element functions. We note thatPk; k = 0; 1; : : : denotes the space of polynomials of degree at most k.Lemma 22 Let G be a continuous linear functional on H1=2(@
i) such that forall u 2 P0, G(u) = 0 implies u = 0. Then there exists a constant c independentof H such that for all u 2 H1=2(@
i); u 2 Ker Gkuk 12 ;2;@
i � cjuj 12 ;2;@
i:65



Proof. We prove the theorem for a reference domain of diameter 1 by contra-diction. The result in the scaled norms then follows.If the inequality is not true, there exists a sequence fung � Ker Gsuch that kunk 12 ;2;@
̂ = 1 and junj 12 ;2;@
̂ ! 0:Due to the compact imbedding of H1=2(@
̂) in L2(@
̂), there exists a subse-quence of fung that converges in L2(@
̂). Since junj 12 ;2;@
̂ ! 0, the subsequencefunkg is Cauchy in H1=2(@
̂). Therefore it converges in H1=2(@
̂) to someu 2 H1=2(@
̂). The continuity of the norm and the seminorm on H1=2(@
̂)implies kuk 12 ;2;@
̂ = 1 and juj 12 ;2;@
̂ = 0: (4.2)Therefore, by the second equation in (4.2), u = k almost everywhere, wherek is some real number. Let us assume without loss of generality that u = keverywhere; that is u 2 P0. Since G is continuous G(unk) ! G(u) = 0. Thisyields, by the assumption, u = 0 which contradicts the �rst equation in (4.2).The proof of this Poincar�e-Friedrichs inequality in scaled norms issimilar to the proof of the previous lemma.Lemma 23 Let G be a continuous linear functional on H1(
i) such that forall u 2 P0, G(u) = 0 implies u = 0. Then there exists a constant c independentof H such that for all u 2 H1(
i); u 2 Ker Gkuk1;2;
i � cjuj1;2;
i:
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4.1.1 Estimates for P1/Q1 ElementsLet V P1h (
i) be a conforming �nite element space of P1 or Q1 elements[14] satisfying the usual regularity and inverse properties and possibly someessential boundary conditions. That is, for example in IR2, we assume that
i = [K2Th;iK;where each element K of the triangulation Th;i is a triangle or a rectangle.Furthermore, for all K 2 Th;ic1d(K) � h � c2�(K); (4.3)where d(K) is the diameter of K, and �(K) the diameter of the circle inscribedin K. Then h is called the characteristic mesh size. A vertex of an elementK 2 Th;i will be referred to as a mesh point, a nodal point, or just a vertex.If essential boundary conditions are prescribed on � � @
i, we assume that�(�) � cc�(@
i), where �(�) denotes the measure. We note that functions inV P1h (
i) are continuous.As in the previous chapter, the corresponding space of vectors ofdegrees of freedom is denoted Wi. Let IP1 : Wi ! V P1h (
i) denote the linearone-to-one transformation that maps a vector of degrees of freedom to thecorresponding �nite element function. This transformation is often called �niteelement interpolation.We decompose a vector of degrees of freedom U 2 Wi into internaland boundary degrees of freedom assuming the boundary degrees of freedomare listed last. That is, in block notation, U = [ _UT ; �UT ]T , where �U is the vectorof boundary degrees of freedom. We denote �Wi the space of boundary degrees67



of freedom and de�ne the matrix Ti so that �U = TiU . Then, IP1U de�nes afunction on @
i which depends on �U only. By abuse of notation, we will writeIP1 �U = IP1[0T ; �UT ]T on @
i.We summarize some well known results and inequalities in a formsuitable for our purposes. The next lemma summarizes the fact that the H1=2norm of a zero extension of a "piece" of a function can be bounded by thenorm of the function.Lemma 24 Let � � @
i be a vertex, edge, or face (if d = 3) of subdomain
i. A face is understood not to contain adjacent edges, and an edge does notcontains its endpoints. For for all z 2 V P1h (@
i), de�ne w 2 V P1h (@
i) byw(x) = z(x) on all nodes of triangulation x 2 �, w(x) = 0 on all other nodesof @
i. Thenkwk212 ;2;@
i � C(1 + log Hh )�(jzj212 ;2;@
i + 1H kzk20;2;@
i);where� = 1 if d = 2 and � is a vertex, or d = 3 and � is an edge or a vertex;� = 2 if d = 2 and � is an edge, or d = 3 and � is a face.Proof. The inequality for d = 2 was proved in [49, 48]. The case when d = 3follows from Lemmas 4.1 and 4.2 in [11] if � is an edge or a vertex, and Lemma4.3 in [11] if � is a face. Cf. also [23].The following lemma can be proved by using Lemmas 4.1 and 4.2in [11] and estimates the H1=2 seminorm of a spike function.Lemma 25 There exists a constant c independent of h and H such that forall u 2 V P1h (
i), u(x) = 0 for all mesh points x 2 @
i, x 6= x0,juj212 ;2;@
i � ckuk20;1;@
i
68



The following lemma shows the equivalence of the discrete seminormde�ned by the Schur complement and the H1=2 seminorm. In the next sectionwe will apply this result to the sti�ness matrix Ki, which is why we the samesymbol here. This result is standard [10, 69] and it is proved here for the sakeof completeness.Lemma 26 Let Ki be a symmetric matrix that satis�escjIP1U j21;2;
i � hKiU; Ui � CjIP1U j21;2;
i 8U 2 Wi:Let �U = TiU and the matrix Ki be decomposed so thatKiU = 2664 _K ~KT~K �K 3775 2664 _U�U 3775 :Let Si be the Schur complement of _K in Ki. Then, there exist constants c0and C0 independent of h and H such thatc0jIP1 �U j212 ;2;@
i � hSi �U; �Ui � C0jIP1 �U j212 ;2;@
i 8 �U 2 �Wi:Proof. From the de�nition of the Schur complement (De�nition 6) and theproperty (2.8), it follows thathSi �U; �Ui = h �K �U; �Ui � h _K�1 ~KT �U; ~KT �Ui = infU=[ _UT ; �UT ]T hKiU; UiHence, from the assumption by invariance of the j � j1;2;
i seminorm to addinga constant and by the discrete extension theorem [22] for the scaled norms, weobtain hSi �U; �Ui � C infU=[ _UT ; �UT ]T jIP1U + kj1;2;
i � CcekIP1 �U + kk 12 ;2;@
i;
69



where k 2 IR. Choosing k = �R@
i IP1 �UdxR@
i dx , yields the equivalence of the scalednorm to the seminorm by the Poincar�e-Friedrichs inequality (Lemma 22). Onthe other hand, by the trace theorem, invariance of the seminorms to addinga constant, and the Poincar�e-Friedrichs inequality (Lemma 23), we have1ctcp cjIP1 �U j212 ;2;@
i � c infU=[ _UT ; �UT ]T jIP1U j1;2;
i � hSi �U; �Ui;where ct and cp are constants arising from the trace and Poincar�e-Friedrichsinequality respectively.The following theorem shows a variant of the Poincar�e-Friedrichs in-equality. We note that the dimension of �Wi implicitly depends on h and for auniform mesh, the lemma follows from Lemma 22.Lemma 27 Let Si be the Schur complement from Lemma 26. There exists aconstant C independent of H and h such that for all �U 2 �Wi, �U ? Ker SikIP1 �Uk 12 ;2;@
i � CjIP1 �U j 12 ;2;@
i:Proof. If there is an essential boundary condition imposed on @
i, thenKer Si = f0g and the statement follows from the Poincar�e-Friedrichs inequal-ity Lemma 22. Otherwise, Ker Si is spanned by the vector of ones. Then thecondition �U ? Ker Si implies PNj=1 �Uj = 0 for �U = [ �U1; : : : ; �UN ]T . Followingalong the lines of the proof of Lemma 22, we obtain a sequence of vectors�Un 2 �Wi � IRN(n) such that(IP1 �Un) � Fi ! u in L2(@
̂);and kuk 12 ;2;@
̂ = 1 and juj 12 ;2;@
̂ = 0 (4.4)
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Therefore, u = k almost everywhere, where k 2 IR. Thus, (IP1 �Un) � Fi ! k inL2(@
̂). Then, from the quasi-uniformity of the triangulation, we obtaink(IP1 �Un) � Fi � kk20;2;@
̂ = c 1N(n)k �Un � kk2 � cN(n)2 0@N(n)Xj=1 ( �Unj � k)1A2Since �Un ? Ker Si, it holds that PN(n)j=1 �Unj = 0. Thus,ck2 � k(IP1 �Un) � Fi � kk20;2;@
̂ ! 0:This is possible only if k = 0 which is a contradiction with (4.4).4.1.2 Estimates for HCT ElementsLet V HCTh (
i) be the �nite element space of HCT elements satisfyingthe usual regularity and inverse properties and possibly some essential bound-ary conditions. That is, we assume that
i = [K2Th;iK;where each element K of the triangulation Th;i is a triangle. Furthermore,condition (4.3) is satis�ed and h denotes the characteristic mesh size. We notethat functions in V HCTh (
i) are C1 continuous and the space V HCTh (
i) can bewritten asV HCTh (
i) =fv 2 C1(
i) : 8K 2 Th;i; vjKj 2 P3(Kj) for all subtriangles Kj of K;@v@n jakaj 2 P1(akaj) for all sides (ak; aj) of the triangle KgOn each triangle, a function v in V HCTh (
i) is determined by the values v(ai)and the values of its derivatives @v@xj (ai) at the vertices of the triangle. The
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internal vertex of subtriangles is not arbitrary, but it is determined to guaranteethe unisolvence of the element. This is as much detail as we will need in ourconsiderations. We refer to [14] for more details about the HCT element.The corresponding space of vectors of degrees of freedom is denotedWi. Let IP1 : Wi ! V HCTh (
i) denote the linear one-to-one transformationthat maps a vector of degrees of freedom to the corresponding �nite elementfunction. As in the previous section, we decompose a vector of degrees of free-dom U into internal and boundary degrees of freedom assuming the boundarydegrees of freedom are listed last. That is, in block notation, U = [ _UT ; �UT ]T ,where �U is the vector of boundary degrees of freedom. We denote �Wi the spaceof boundary degrees of freedom and de�ne the matrix Ti so that �U = TiU .Then, IHCTU de�nes a function on @
i which depends on �U only. By abuse ofnotation, we will write IHCT �U = IHCT [0T ; �UT ]T on @
i.We summarize here some well known results and inequalities in aform suitable for our purposes. The following lemma estimates the norm of a\spike" function and is proved in [42].Lemma 28 Let x be a vertex of a subdomain 
i. For u 2 V HCTh (
i) suchthat u(x) = 0, de�ne z 2 V HCTh (
i) by z(x) = u(x) = 0;rz(x) = ru(x), andz(y) = 0;rz(y) = 0 at all other nodes y of @
i. Thenkrzk212 ;2;@
i � C �1 + log Hh ��kruk212 ;2;@
i + 1H kruk20;2;@
i� :The following estimate of the trace norm of the extension by zero isproved as in [10, Lemma 3.5].Lemma 29 Let u 2 V HCTh (
i). Then there exists a constant C such that if
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supp u \ @
i is contained in a segment � of @
i of length � , thenjuj212 ;2;@
i � juj212 ;2;� + C �1 + log �h� kuk20;1;� :The following estimate is a modi�cation of the previous lemma.Lemma 30 Let u 2 V HCTh (
i) and suppu \@
i be contained in a segment of@
i and x1 and y1 be its endpoints. Let x2 and y2 be the nodal points next tox1 and y1 respectively in the segment. Let (x2; y2) denote the segment betweenx2 and y2. Let the length of this segment be � � h. Assume that the functionu satis�es the condition kuk0;1;(x1;y1) � ckuk0;1;(x2;y2). Thenjuj212 ;2;@
i � juj212 ;2;(x2;y2) + C �1 + log �h� kuk20;1;(x2;y2) :Proof. By the previous lemma, the inequality holds with (x2; y2) replaced bythe segment (x1; y1). By the de�nition of the H1=2 seminorm, we havejuj212 ;2;(x1;y1) = juj212 ;2;(x2;y2) + Z(x1;x2) Z(x1;y2) ju(x)� u(y)j2kx� yk2 dxdy +Z(y1;y2) Z(x1;y2) ju(x)� u(y)j2kx� yk2 dxdy:Using the fact thatju(x)� u(y)j � minf c1ch kuk0;1;(x2;y2)kx� yk; 2c kuk0;1;(x2;y2) g;the last two terms are bounded by c2kuk0;1;(x2;y2).We will also need a straightforward extension of the discrete Sobolevinequality of Dryja [22] to piecewise polynomial functions of order p > 1 [57].Lemma 31 For every p � 1 there exists a constant C = C(p) such that forevery u continuous on � � @
i of length � such that u 2 Pp on the side ofevery element, kuk20;1;� � C �1 + log �h��juj212 ;2;� + 1� kuk20;2;�� :73



The following lemma establishes a useful inequality between discreteand Sobolev norms.Lemma 32 Let u 2 V HCTh (
i) and u(x0) = 0 for some x0 2 @
i. Let U =I�1HCTu and �U = TiU . Then, for all such �U ,hk �Uk2 � c(1 +H2)kruk20;2;@
i;where c is independent of h and H.Proof. Let E be an element edge on @
i and x1 and x2 be its endpoints. Eachcomponent of ru is a polynomial of degree at most two on E. Since all normsin a �nite dimensional space are equivalent, it holds thath(kru(x1)k2 + kru(x2)k2) � c1 minf2P2�P2;f(x1)=ru(x1);f(x2)=ru(x2) kfk20;2;E� c1kruk20;2;ESumming over all edges of the boundary, we obtainhk �Uk2 � c12 kruk20;2;@
i + hk �U0k2;where U0 denotes the displacement degrees of freedom of �U . We show thathkU0k2 < c2H2kruk20;2;@
i. Since u(x0) = 0, we can write for any mesh pointx on the boundary u(x) = Z(x0;x)ru(y) � �(y)dy;where (x0; x) � @
i is the part of the boundary between x0 and x, and � isthe vector tangential to the boundary. Squaring, using the Cauchy inequality,and considering that the length of (x0; x) is bounded by c2H, we obtainu(x)2 � c2Hkruk20;2;@
i:74



The statement of the lemma then follows by summing over all mesh points onthe boundary.The following lemma shows the equivalence of the discrete seminormde�ned by the Schur complement and the H1=2 seminorm of the gradient ofthe corresponding �nite element function and is an analog of Lemma 26 of theprevious section.Lemma 33 Let Ki be a matrix that satis�escjIHCTU j22;2;
i � hKiU; Ui � CjIHCTU j22;2;
i 8U 2 Wi:Let �U = TiU and let the matrix Ki be decomposed so thatKiU = 2664 _K ~KT~K �K 3775 2664 _U�U 3775 :Let Si be the Schur complement of _K in Ki. Then, there exist constants c0and C0 independent of h and H such thatc0jrIHCT �U j212 ;2;@
i � hSi �U; �Ui � C0jrIHCT �U j212 ;2;@
i 8 �U 2 �Wi:Proof. From the de�nition of the Schur complement it follows thathSi �U; �Ui = h �K �U; �Ui � h _K�1 ~KT �U; ~KT �Ui = infU=[ _UT ; �UT ]T hKiU; UiHence, by the discrete extension theorem [41], we obtainhSi �U; �Ui � C infU=[ _UT ; �UT ]T jIP1U j2;2;
i � CcejrIP1 �U j 12 ;2;@
i:On the other hand, the trace theorem and invariance of the j � j 12 ;2;
i seminormto adding a linear function, and the Poincar�e-Friedrichs theorem,jrIP1 �U j212 ;2;@
i � ctcp infU=[ _UT ; �UT ]T jIP1U j2;2;
i:75



The following theorem shows another variant of the Poincar�e-Fried-richs inequality. We again emphasize that the dimension of �Wi implicitly de-pends on h and is an analog of Lemma 27 of the previous section.Lemma 34 Let Si be the Schur complement from Lemma 33. There exists aconstant C independent of H and h such that for all �U 2 �Wi, �U ? Ker SikrIHCT �Uk 12 ;2;@
i � CjrIHCT �U j 12 ;2;@
i:Proof. Let us prove the case when Ker S is nontrivial. In the other case, thestatement follows from the standard Poincar�e-Friedrichs inequality. Followingalong the lines of the proof of Lemma 22, we obtain a sequence of vectors�Un 2 �Wi � IRN(n) such that(rIHCT �Un) � Fi ! u in L2(@
̂)� L2(@
̂);and kuk 12 ;2;@
̂ = 1 and juj 12 ;2;@
̂ = 0 (4.5)Therefore, u = (k1; k2) 2 IR� IR almost everywhere. Thus, (rIHCT �Un)�Fi !(k1; k2) in L2(@
̂) � L2(@
̂). We decompose the vector �Un into two vectorscorresponding to the partial derivative with respect to x, �Un1 , and the partialderivative with respect to y, �Un2 . Then, by the proof of Lemma 32, we obtaink(rIHCT �Un) � Fi � (k1; k2)k20;2;@
̂ � c 1N(n)(k �Un1 � k1k2 + k �Un2 � k2k2)� cN(n)2 0@N(n)Xi=1 ( �Un1;i � k1)1A2 + cN(n)2 0@N(n)Xi=1 ( �Un2;i � k2)1A2 :Since �Un ? Ker Si, it holds that PN(n)i=1 �Un1;i = 0 and PN(n)i=1 �Un2;i = 0. Thus,c(k21 + k22) � k(rIHCT �Un) � Fi � (k1; k2)k20;2;@
̂ ! 0:76



This is possible only if (k1; k2) = (0; 0) which is a contradiction with (4.5).4.2 Abstract Analysis FrameworkThis section develops a framework for estimating the condition num-ber of our method. We estimate the minimum and maximum eigenvalues ofthe matrix of the FETI formulation and the preconditioner.The following simple lemma will be the basis of our estimates. It willallow to reduce estimates of norms to estimates of boundedness and coercivity.The proof follows a standard argument and it is presented for completenessonly.Lemma 35 Let X be a Banach space, X 0 the dual of X, and A : X ! X 0 alinear operator that is onto and satis�es the conditionshy; Axi = hx;Ayi; 8x; y 2 X (4.6)cAkxk2X � hx;Axi � CAkxk2X ; 8x 2 X (4.7)with constants CA; cA > 0. ThenkAkX!X0 � CA; kA�1kX0!X � 1cA :Proof. From (4.6),kAkX!X0 = supx2X kAxkX0kxkX = supx;~x2X hx;A~xikxkXk~xkX = supx2X hx;Axikxk2X � CA:From (4.7) and the fact that A is onto, we obtain1kA�1kX0!X = infx2X kAxkX0kxkX = infx2X sup~x2X hx;A~xikxkXk~xkX � infx2X hx;Axikxk2X � cA;concluding the proof.
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Assume that the preconditioner of a FETI method can be written inthe form RDRT , where R is a projection, and RDRT is an isomorphism fromH onto H0. Let H and its dual H0 are subspaces of Ker GT . Furthermore,let H = Im RT . The original FETI satis�es this with R = P and H =Ker GT=Ker BT . The generalized FETI satis�es the assumption with R = Qand H = ~V .For the purpose of analysis, we equip the space H with the normkvkH = k �BTvkS = hS �BTv; �BTvi1=2: (4.8)Since �BTv ? Ker S for v 2 H, (4.8) indeed de�nes a norm rather than onlyseminorm. The dual space H0 is equipped with the dual normk�kH0 = supv2H h�; vikvkH : (4.9)Since H � ~�, it immediately followsk�kH0 = supv2H h�; vik �BTvkS = supw2 �W; �Bw2H h�; �Bwik �BT �BwkS : (4.10)The norm on H was chosen so that the preconditioner RD is triviallycoercive and bounded.Lemma 36 For all v 2 H, hv; RDvi = kvk2H:Proof. Let v 2 H = Im RT . Since RT is a projection, we have by de�nition ofthe preconditioner D,hv; RDvi = hRTv; �BS �BTvi = hv; �BS �BTvi = h �BTv; S �BTvi = kvk2H;which was to be shown. 78



Coercivity and boundedness of the system operator PF on H0 will beestimated using the following lemma.Lemma 37 For all � 2 H0,h�; F�i = supw2 �W;w?Ker S h�; �Bwi2kwk2S = supw2 �W h�; �Bwi2kwk2S :Proof. Let � 2 H0. Thenh�; F�i = hS+ �BT�; �BT�i = hS�1=2 �BT�; S�1=2 �BT�i =kS�1=2 �BT�k2 = supx2 �W hS�1=2 �BT�; xi2kxk2 =supx2 �W; x=x1+x2x12Ker S x2?Ker S h �BT�; S�1=2xi2kx1 + x2k2 = supx22 �W; x2?Ker S h �BT�; S�1=2x2i2kx2k2since S�1=2x1 = 0 and kxk2 = kx1k2 + kx2k2. Now write any w 2 �W asw = w1 + w2; w1 2 Ker S; w2 = S�1=2x2 ? Ker S:� 2 H0 implies that h �BT�; w1i = 0, hence h �BT�; w2i = h �BT�; wi = h�; �Bwi. Itfollows that h�; F�i = supw22 �W; w2?Ker S h �BT�; w2i2hw2; Sw2i = supw2 �W h�; �Bwi2kwk2S ;which was to be proved.It is well known [39] that after k iterations of the preconditionedconjugate gradient method, the energy norm or the error jjjejjj = hPFe; ei1=2is reduced by a factor of at least 2((p��1)=(p�+1))k; where � is the conditionnumber. The condition number is given in our case by� = �(RDPF ) = �max(RDPF )�min(RDPF ) ; (4.11)where �max and �min are the maximum and minimum eigenvalue, respectively.We are now ready to prove an abstract bound on �.79



Theorem 38 Assume there exist constants C1, C2 such that(i) for any � 2 H0 and w 2 �W such that �Bw 2 H, there is ~w 2 �W such thath�; �B ~wi = h�; �Bwi; and k ~wk2S � C1k �BT �Bwk2S;(ii) for any � 2 H0 and w 2 �W , w ? Ker S, there is ~w 2 �W such that �B ~w 2 H,h�; �B ~wi = h�; �Bwi; and k �BT �B ~wk2S � C2kwk2S:Then �(RDPF ) � C1C2.Proof. Lemma 35 applied to the operator RD together with Lemma 36 givekQDk2H!H0 � 1; k(RD)�1k2H0!H � 1: (4.12)From assumption (i), we havesupw2 �W h�; �Bwi2kwk2S � 1C1 supw2 �W; �Bw2H h�; �Bwi2k �BT �Bwk2S (4.13)while assumption (ii) gives the converse boundsupw2 �W;w2Ker S h�; �Bwi2kwk2S � C2 supw2 �W; �Bw2H h�; �Bwi2k �BT �Bwk2S : (4.14)Using (4.10) and Lemma 37, we see that the inequalities (4.13) and (4.14)imply the inequality1C1k�k2H0 � h�; PF�i � C2k�k2H0; 8� 2 H0:Applying Lemma 35 to the operator PF , we obtainkPFk2H0!H � C2; k(PF )�1k2H!H0 � C1: (4.15)From (4.12) and (4.15), we havekQDPFkH0!H0 � kQDkH!H0kPFkH0!H � C280



and k(QDPF )�1kH0!H0 � k(QD)�1kH0!Hk(PF )�1kH!H0 � C1:The result follows.4.3 Analysis of the Original FETIIn this section, we use the abstract analysis framework from the pre-vious section to prove a bound on the condition number of FETI for a secondelliptic problem, utilizing results from Section 4.1.4.3.1 AssumptionsWe need more speci�c assumptions in order to be able to prove abound on the condition number �. Let us recall the model problem (2.1).Assume we are solving the boundary value problemAu = g in 
; u = 0 on @
;where A is a second order elliptic operatorAv = � dXi;j=1 @@xi  �(x)@v(x)@xj ! ;with �(x) a measurable function such that 0 < �0 � �(x) � �1 a.e. in 
.The domain 
 is assumed to be divided into non-overlapping subdo-mains 
i, i = 1; :::; Ns, that are shape regular of diameter H (De�nition 21).Assume that Vh(
) is a conforming P1 or Q1 �nite element space on a triangu-lation of 
, which satis�es the standard regularity and inverse assumptions (cf.Section 4.1). In particular, we recall that the degrees of freedom are values atnodes of the triangulation h denotes the characteristic element size. Each sub-domain 
i is assumed to be a union of some of the elements, and all functionsin Vh(
) are zero on @
. 81



Let us de�ne the restriction operator Ri : �W ! �Wi by the equationRiw = wi;where w = [wT1 wT2 : : : wTNs]T , wi 2 �Wi; i = 1; : : : ; Ns.We will assume that the interface continuity operator �B is de�ned asfollows. Let wr(x) and ws(x) denote the pair of degrees of freedom correspond-ing to the mesh node x 2 @
r \ @
s and let ( �B �w)rs(x) be the entry of vector�B �w that corresponds to the mesh point x, and subdomains 
r and 
s. Werequire each such ( �B �w)rs(x) to have form( �Bw)rs(x) = �rs(wr(x)� ws(x)); (4.16)where �rs is either 1 or -1. Note that �rs does not depend on x, that is,coe�cients �rs are uniform along edges (and faces, in 3D) between two sub-domains. For each node x that belongs to the interface of two and moresubdomains, x 2 T @
i; i = s1; s2; : : : ; sn, vector �Bw contains n � 1 entries,( �Bw)sksk+1(x); k = 1; : : : ; sn�1. For an example of the de�nition of the valuesof �Bw for (s1; s2; s3) = (1; 3; 2) in 2D around a crosspoint, see Fig. 4.1. Wepoint out that �B chosen in this way has full row rank, that is, this de�nitionimplies that there are no redundant constraints in enforcing the continuity ofthe solution at the nodes where more than two subdomains meet.Only the improved estimate in statement 3 of Lemma 39 will requirethe speci�c de�nition of this section. If redundant constraints are allowed, theestimates, with the exceptions of the improved estimates, still hold which canbe shown by minor modi�cations of the proofs. See Section 4.4.An additional connectivity assumption on the decomposition is need-ed. Let Nrs; r; s = 1; : : : ; Ns; r 6= s be the number of interface conditions82



between subdomains 
r and 
s, Nrr the number of degrees of freedom ofsubdomain 
r and N = maxNsi=1Nii. We will assume that there exists constantsc and n0 independent of h and H such that for all r; s = 1; : : : ; Ns; r 6= s, forwhich Nrs > 0, there exists a sequence of indices frig, r0 = r, rk = s, k < n0such that Nri�1ri � cN 8i = 1; : : : ; k:Throughout the next section, c; C; c1; c2; c3; c4; c5 and c6 denote posi-tive constants independent of H and h.4.3.2 Discrete Norm BoundsThe sti�ness matrices Ki; i = 1; : : : ; Ns satisfy the assumption ofLemma 26. Therefore, using Lemma 26 for each subdomain and summingover all subdomains, we obtainc1 NsXi=1 jIP1Riwj212 ;2;@
i � kwk2S � c2 NsXi=1 jIP1Riwj212 ;2;@
i 8w 2 W; (4.17)where the positive constants c1; c2 are independent of the characteristic meshsize h and the subdomain diameter H. The constants c1; c2 may depend onthe regularity of the shape of subdomains.The following lemmas verify the assumptions of Theorem 38.Lemma 39 For all � 2 Ker GT and all w 2 �W such that �BT �Bw ? Ker S,there exists ~w 2 �W such thath�; �B ~wi = h�; �Bwi and k ~wk2S � C(1 + logH=h)�k �BT �Bwk2S:where � = 1, and � = 0 in the following special cases:(1) 12 �B �BT = I, which means that there are no nodes shared by more thantwo subdomains. 83



Figure 4.1. De�nition of �B
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(2) d = 2, and the matrix �B has the following property: If �w 2 Im �BT , x isa crosspoint (node shared by more than two subdomains), IP1Ri �w(x) =IP1Ri �w(y) for all i such that x 2 @
i and all nodes y that are adjacentto x on @
i, then IP1Ri �w(x) = 0 for all i such that x 2 @
i.(3) d = 2, �B is de�ned as in Section 4.3.1 and all nodes in the triangulationbelong to either one, two, or an odd number of subdomains.Proof. Let us �rst prove that, in the general case, we obtain � � 1. Let w 2 �Wand de�ne ~w = �BT ( �B �BT )�1 �Bw. The triangle inequality shows thatk ~wkS � 



12 �BT �Bw



S + 




12 �BT  I � �12 �B �BT��1! �Bw




S : (4.18)Denote z = 12 �BT (I � (12 �B �BT )�1) �Bw. From the de�nition of �B in(4.16), z is zero at all nodes that belong to at most two subdomains. Theremaining nodes lie on crosspoints or edges (in the 3D case) of subdomains.From the de�nition of B, at every such node x, z is a linear combination of theentries of �BT �Bw that correspond to the same node x and the coe�cients of thelinear combinations are bounded only in terms of the number of subdomainsthe node belongs to. Using Lemma 24 for the crosspoints of subdomains andthe equivalence (4.17), we obtain for the 2D case thatkzk2S � c NsXi=1 jIP1Rizj212 ;2;@
i � C(1 + log(H=h)) NsXi=1 kIP1Ri �BT �Bwk212 ;2;@
i:(4.19)The Poincar�e inequality, Lemma 27, yieldsNsXi=1 kIP1Ri �BT �Bwk212 ;2;@
i � k �BT �Bwk2SIn the 3D case, the argument for subdomain crosspoints is the same. In ad-dition, we note that the coe�cients of the linear combination do not changealong a subdomain edge, so it remains to apply Lemma 24 on every edge.85



Let us now turn to the special cases that give � = 0. If 12 �B �BT = I,we choose ~w = 12 �BT �Bw = w, which proves the special case 1.Now we prove special case 2. From the de�nition of the H1=2 norm,the equivalence of norms (4.17), and the fact that IP1Ri �BT �Bw is a piecewiselinear function, it follows thatk �BT �Bwk2S � c NsXi=1 jIP1Ri �BT �Bwj212 ;2;@
i (4.20)� c Xx crosspoint; x2@
iy adjacent to x; y2@
i �IP1Ri �BT �Bw(x)� IP1Ri �BT �Bw(y)�2 :For any crosspoint x, it follows from the assumption that for every �w 2 Im �BT ,Xi; @
i3xy adjacent to x; y2@
i (IP1Ri �w(x)� IP1Ri �w(y))2 = 0) Xi;@
i3x(IP1Ri �w(x))2 = 0:Consequently, by compactness, and since there are only �nitely many di�erentnumbers of subdomains sharing a crosspoint, for all �w 2 Im �BTXi; @
i3x(IP1Ri �w(x))2 � C Xi; @
i3xy adjacent to x; y2@
i (IP1Ri �w(x)� IP1Ri �w(y))2 :By summation over all crosspoints x, using Lemma 25 and (4.20), we getkzk2S � Ck �BTuk2S;which concludes the proof of this case.In order to prove case 3, we verify the assumptions of case 2. We for-mulate the proof only for a crosspoint shared by three subdomains (Fig. 4.1).The proof is similar for a di�erent odd number of subdomains. Let �w 2 Im �BT .Since IP1R1 �w(x�) � IP1R1 �w(x�) = 0, and IP1R1 �w(x�) � IP1R1 �w(x�) = 0,we have IP1R1 �w(x�) = IP1R1 �w(x�). Similarly, we obtain IP1R2 �w(x�) =86



IP1R2 �w(x
), and IP1R3 �w(x�) = IP1R3 �w(x
). Moreover �w 2 Im �BT impliesIP1R1 �w(x�) = �IP1R2 �w(x�), IP1R2 �w(x
) = �IP1R3 �w(x
), and IP1R3 �w(x�) =�IP1R1 �w(x�), which can be satis�ed only if IP1R1 �w(x�) = IP1R1 �w(x�) = ::: =0.Remark 40 In general, the exponent � = 1 in Lemma 39 cannot be improved.To see that, let us consider the con�guration with values of u and �Bu in theneighborhood of a crosspoint as in Fig. 4.2, which violate the assumptions ofspecial case 2. Extending the values of u in Fig. 4.2 to decay as log
(t=H),
 < 1=2, where t is the distance from the crosspoint, we obtain a vector u 2 �such that k �BTukS � C; kIP1uk 12 ;2;@
1\@
2 � j logh=Hj
:If u = �Bw, then on @
1 \ @
2, u = w2 � w1, which givesjIP1uj 12 ;2;@
1\@
2 � jIP1w1j 12 ;2;@
1\@
2 + jIP1w2j 12 ;2;@
1\@
2� jIP1w1j 12 ;2;@
1 + jIP1w2j 12 ;2;@
2� kwkS;and therefore kwkS � C(
)j logh=Hj
 for all 
 < 1=2.Lemma 41 Let � 2 Ker GT . Then for all w 2 �W , w ? Ker S, there is a~w 2 �W such that �BTB ~w ? Ker S,h�; �Bwi = h�; �B ~wi; and k �BT �B ~wk2S � C(1 + logH=h)2kwk2SProof. Let w 2 �W be arbitrary, and put �B ~w = PBw. Thenh�; �Bwi = h�; �B ~wi: (4.21)Denote Bz = �Bw� �B ~w, z 2 Ker S. Then, since P is an orthogonal projection,k �Bzk � k �Bwk: 87



Figure 4.2. Counter-example
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Now, from the de�nition of �B and the Poincar�e inequality, Lemma 27,we obtain hk �Bwk2 � 2hkwk2 � CHkwk2S:Also, since z 2 Ker S, it is constant on each @
i, using the connectivity as-sumption, we have the following by Lemma 24:k �BT �Bzk2S � C hH kBzk2(1 + logH=h)2:Together this yields k �BT �Bzk2S � C(1 + logH=h)2kwk2S:By the de�nition of �B, Ri �BT �Bw on @
i [ @
j is a linear combination (withbounded coe�cients) of (a bounded number of) wk from all @
k adjacent to@
i [@
j . From Lemma 24 and the Poincar�e-Friedrichs inequality Lemma 27,we obtain k �BT �BwkS � C(1 + log(H=h))kwkS; 8w 2 �W:Finally, summarizing,k �BT �B ~wkS � k �BT �BwkS + k �BT �BzkS � C(1 + logH=h)kwkS:From this and (4.21), the statement of the lemma follows.4.3.3 Condition Number EstimateWe are now ready to prove the �nal result. It follows from the ab-stract estimate in Lemma 35 with the assumptions veri�ed by Lemma 39 andLemma 41.
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Theorem 42 Under the assumptions of section 4.3.1, the condition numberof the FETI method with the Dirichlet preconditioner satis�es� = �max(PDPF )�min(PDPF ) � C(1 + log Hh )
with 
 = 3, and 
 = 2 in the special cases listed in Lemma 39.4.4 Analysis of the Method by ParkWe consider the same assumptions as for the original FETI for secondorder problems except for the choice of �B. We consider �B given by projectionmatrix PL (3.43). The essential property of this matrix �B used here is that�B = �BT �B = �BT , since �B is an orthogonal projection.We present two lemmas that verify assumptions of Theorem 38.Lemma 43 For all � 2 Ker GT=Ker �BT and all w 2 �W such that �Bw 2Ker GT=Ker �BT , there exists ~w 2 �W such thath�; �B ~wi = h�; �Bwi; k ~wkS = k �BT �BwkSProof. Since �BT = �B and �B2 = �B, we may choose ~w = �w.Lemma 44 Let � 2 Ker GT=Ker BT . Then for all w 2 �W , w ? Ker S, thereis a ~w 2 �W such that �BTB ~w ? Ker S andh�; �Bwi = h�; �B ~wi; k �BT �B ~wk2S � C(1 + logH=h)2kwk2SProof. Let w 2 �W and �B ~w = PBw. Thenh�; �Bwi = h�; �B ~wi (4.22)Let z 2 Ker S, Bz = �Bw � �B ~w. Then, since P is an orthogonal projection,k �Bzk � k �Bwk: 90



Now, from the de�nition of �B and the Poincar�e inequality, we obtainhk �Bwk2 � 2hkwk2 � CHkwk2S:Also, since z 2 Ker S, it is constant on each @
i, and using the connectivityassumption, we have the following by Lemma 24k �Bzk2S � C hH kBzk2(1 + logH=h)2:Together this yields k �Bzk2S � C(1 + logH=h)2kwk2S:By the de�nition of �B, ( �Bw)i on @
i [ @
j is a linear combination (withbounded coe�cients) of (a bounded number of) wk from all @
k adjacent to@
i [ @
j . From Lemma 24 and the Poincar�e-Friedrichs inequality (Lemma27), k �BwkS � C(1 + log(H=h))kwkS; 8w 2 �W:Finally, summarizing,k �B ~wkS � k �BwkS + k �BT �BzkS � C(1 + logH=h)kwkS:From this, (4.22), and �BT �B = �B, the result follows.Theorem 45 Under the assumption of Section 4.3.1, the condition numberof the Park's variant of FETI method with the Dirichlet preconditioner (3.39)satis�es � = �max(QDPF )�min(QDPF ) � C �1 + log Hh �2 :Proof. Lemmas 43 and 44 verify the assumptions (i) and (ii) of Theorem 38with C1 = 1 and C2 = C(1 + logH=h)2 respectively.91



4.5 Convergence Estimates for Plate BendingThe following approximate parametric variational principle formu-lated in [42] will allow us to considerate to the plate bending problem andthe biharmonic equation.Assumption 46 ([41, 42]) We consider elements with displacementand rotation degrees of freedom at the vertices only, and assume that there ex-ist constants c1 > 0, c2 such that if the plate thickness t satis�es 0 < t � h,then for each element T , the local sti�ness matrix KT satis�esc1KHCTT � KT � c2KHCTT (4.23)where KHCTT is the HCT element level sti�ness matrix of the biharmonic equa-tion [15], with the rotations interpreted as derivatives of the transversal dis-placement in the HCT element.That is, as the thickness of the plate goes to zero, the sti�ness matrixof the element should be spectrally equivalent to that of the HCT element forthe biharmonic equation. We refer to [14] and Section 4.1.2 for more detailson HCT elements. Here we just summarize that HCT elements are in C1and they use cubic splines for values on element sides, linear interpolation fornormal derivatives on the sides, and piecewise polynomial extension into theelement interior. In [41], Assumption 46 is veri�ed for the particular case ofthe DKT element [5]. Assumption 46 also holds for the following general classof non-locking P1 Reissner-Mindlin elements.Theorem 47 ([41]) Assume that the energy functional for an ele-ment T is spectrally equivalent toZT jr�j2 dx+ 1t2 + h2 ZT j� �ruj2 dx; (4.24)
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where h = diam(T ), u 2 P1(T ) is the transversal displacement, and � 2(P1(T ))2, is the rotation. Then (4.23) holds.Elements with the energy functional of the form (4.24) include theDKT element as restated in [60]. It should be noted that for the relatedTimoshenko beam element, the thin limit is exactly the discretization by cubicsplines of the biharmonic equation [35].4.5.1 AssumptionsBefore proving a bound on the condition number � of the generalizedFETI method, we need to introduce some speci�c assumptions. We refer tothe model problem (2.10) and using the spectral equivalence, that we discussedin the previous section, we consider the biharmonic boundary value problemin a variational form. Find u 2 H20 (
) such thata(u; v) = f(v); 8v 2 H20 (
);where a(u; v) = Z
 @11u@11v + @12u@12v + @22u@22v; 8u; v 2 H20 (
)Let the domain 
 be divided into non-overlapping subdomains 
i, i = 1; :::; Ns,that are shape regular of diameter O(H) (De�nition 21). Without loss ofgenerality, we suppose that H < 1. Furthermore, we require that, for allr; s = 1; : : : ; Ns, if @
r \@
s is an edge, then its length is larger than a certainprescribed fraction of the length of @
r. We note that this condition impliesthe connectivity condition as that of the original FETI. It is possible to provethe result using the general condition, but, for the sake of simplicity, we proveit using the stronger assumption. 93



We assume that the problem is discretized using reduced HCT ele-ments. The general case of plate bending then follows from spectral equivalenceof the local element sti�ness matrices following Assumption 46. Let V HCTh (
)denote the corresponding �nite element space, and h denote the characteristicelement size. Each subdomain 
i is assumed to be a union of some of theelements. The degrees of freedom are values of the transversal displacementand its derivatives (rotations) at the nodal points of the discretization.We de�ne �B as follows, cf., Fig. 4.3. For each node x on subdomaininterface and each pair (r; s) such that x 2 
r \ @
s and @
r and @
s sharean edge (i.e, do not meet only at a crosspoint), �Bw includes one subvector ofthree elements, ( �Bw)rs(x) = �rs(wr(x)� ws(x));where wr(x) and ws(x) denote subvectors of w containing the three degrees offreedom associated with node x and subdomain 
r and 
s, respectively, and�rs is chosen to be either 1 or �1. We point out that �rs does not dependon x 2 @
r \ @
s, i.e., coe�cients �rs are uniform along the edge between 
rand 
s. Note that, unlike in the case described in Section 4.3.1, this de�nitionimplies redundant constraints at subdomain crosspoints.Let us make the de�nition of the matrix C from Section 3.2.3 moreprecise. Let m = dim � and fkj; j = 1; : : : ; ng be the the complete list ofindices of Lagrange multipliers corresponding to conditions (expressed throughB) enforcing continuity of the solution (but not the continuity of the deriva-tives) at crosspoints. Then C = [cij] is the m� n matrix satisfyingcij = 1 if i = kj
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cij = 0 otherwise:4.5.2 Discrete Norm BoundsUsing Lemma 33 for subdomain sti�ness matrices Ki for each subdo-main and summing over all subdomains, we obtainc1 NsXi=1 jrIHCTRiwj212 ;2;@
i � kwk2S � c2 NsXi=1 jrIHCTRiwj212 ;2;@
i 8w 2 W;(4.25)where the positive constants c1; c2 are independent of the characteristic meshsize h and the subdomain diameter H. The constants c1; c2 may depend onthe regularity of the shape of subdomains. For de�nitions of Sobolev spaces,see, for example [1]. Throughout this section, c; C; c1; c2; c3; c4; c5 and c6 denotepositive constants independent of H and h.The next two lemmas contain the principal technical estimates.Lemma 48 For all � 2 V 0 and all w 2 �W such that �Bw 2 V , there exists a~w 2 �W such thath�; �B ~wi = h�; �Bwi and k ~wk2S � C(1 + logH=h)�k �BT �Bwk2S:where � = 1, and � = 0 if 12 �B �BT = I, which happens when there are no nodesshared by more than two subdomains.Proof. Let us �rst prove that, in the general case, we obtain � � 1. Letw 2 �W and �Bw 2 V . That is �ZT �BT �Bw = 0 and CT �Bw = 0. We de�ne~w = �BT ( �B �BT )+ �Bw. Then, �B ~w = �Bw. By the triangle inequality, we maywrite k ~wkS � k12 �BT �BwkS + k12 �BT (I � (12 �B �BT )+) �BwkS: (4.26)Denote z = 12 �BT (I � (12 �B �BT )+) �Bw. From the de�nition of �B, zis zero at all nodes that belong to at most two subdomains. The remaining95



nodes lie on subdomain crosspoints. At every such node, IHCTRiz(x) is alinear combination of the entries of �BT �Bw that correspond to the same nodex and the coe�cients of the linear combinations are bounded only in termsof the number of subdomains to which the node belongs. In addition, sinceCT �Bw = 0, the transversal displacement components of z at crosspoints arezero. Using (4.25) and Lemma 24 for the subdomain crosspoint vertices, onesubdomain at a time, we obtainkzk2S �C(1 + log Hh ) NsXi=1 � 1H krIHCTRi �BT �Bwk20;2;@
i + jrIHCTRi �BT �Bwj212 ;2;@
i�This together with the Poincar�e inequality, Lemma 34, and (4.26) yields theresult. If 12 �B �BT = I, we simply choose ~w = 12 �BT �Bw = w.Now we derive the converse bound.Lemma 49 For all � 2 V 0 and w 2 �W;w ? Ker S, there is a ~w 2 �W suchthat �B ~w 2 V ,h�; �Bwi = h�; �B ~wi; and k �BT �B ~wk2S � C �1 + log Hh �2 kwk2S:Proof. Let � 2 V 0, w 2 �W;w ? Ker S, and consider �B ~w = P �Bw + PFPC�.Since � 2 V 0, it is easily veri�ed that h�; �Bwi = h�; �B ~wi. Vector � can befound from the condition CT �B ~w = 0, which can be rewritten ashPFPC�;C ~�i = �hP �Bw;C ~�i 8~�:By the de�nition of F , we can rewrite this ashS+ �BTPC�; �BTPC ~�i = �hw; �BTPC ~�i 8~�:96



Since S+ is positive semide�nite, the equation yields � such thathS+1=2 �BTPC�; S+1=2 �BTPC�i = �hS1=2w; S+1=2 �BTPC�iand, from the Cauchy inequality, kS+1=2 �BTPC�k � kS1=2wk. Therefore,kS+ �BTPC�kS � kwkS: (4.27)We need to estimate k �BT �B ~wkS. Let �Bij be the matrix constructedfrom �B by zeroing out all the rows that do not correspond to the interfaceconditions between 
i and 
j. Then,�BT �B ~w = NsXi;j=1;i<j �BTij �B ~w;and, by triangle inequality and (4.25),k �BT �B ~wkS � NsXi;j=1;i<j �jrIHCT �BTij �B ~wj 12 ;2;@
i + jrIHCT �BTij �B ~wj 12 ;2;@
j� :Since CT �B ~w = 0, Lemma 30 can be applied to rIHCT �BTij �B ~w; i; j = 1; : : : ; Ns.It follows thatk �BT �B ~wk2S � c1Xk �jrIHCT �B ~wj212 ;2;�k + �1 + log Hh � krIHCT �B ~wk20;1;�k� ;where summation is carried out over all edges �k of the intersubdomain inter-face. The L1 norm, by Lemma 31, can be bounded as followskrIHCT �B ~wk2L1(�k) �c2 �1 + log Hh �� 1H krIHCT �B ~wk20;2;�k + jrIHCT �B ~wj212 ;2;�k� :Thus,k �BT �B ~wk2S �c1(c2 + 1)�1 + log Hh �2Xk � 1H krIHCT �B ~wk20;2;�k + jrIHCT �B ~wj212 ;2;�k� :
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Denote u = w + S+ �BTPC�. Then, �B ~w = P �Bu. The triangle in-equality and (4.27) yieldkukS � kwkS + kS+ �BTPC�kS � 2kwkS:So now we only have to prove thatXk � 1H krIHCTP �Buk20;2;�k + jrIHCTP �Buj212 ;2;�k� � c3kuk2S:We �rst use the triangle inequality to getjrIHCTP �Buj 12 ;2;�k � jrIHCT �Buj 12 ;2;�k + jrIHCT (I � P ) �Buj 12 ;2;�k :From the de�nition of �B, each entry reduces to a linear combination with coe�-cients �1,constant along every edge. Since (I�P ) �Bu 2 Im G, IHCT (I�P ) �Buis a restriction of a linear function on every edge, jrIHCT (I�P ) �Buj 12 ;2;�k = 0.Furthermore, Xk jrIHCT �Buj212 ;2;�k � 2 NsXi=1 jrIHCTuj212 ;2;@
i: (4.28)To estimate the L2 terms, we again �rst use the triangle inequality:krIHCTP �Buk0;2;�k � 2krIHCTuk0;2;�k + krIHCT (I � P ) �Buk0;2;�k:SincerIHCT (I�P ) �Bu is a linear function on every edge and P is an orthogonalprojection, we haveXk krIHCT (I � P ) �Buk20;2;�k � c4hk(I � P ) �Buk2� c5hk �Buk2 � 2c5hkuk2:Furthermore, Lemma 32 shows thathkuk2 � c6(1 +H2) NsXi=1 krIHCTuk20;2;@
iFinally, since u ? Ker S, the Poincar�e inequality (Lemma 34) and the equiva-lence of the norms (4.25) conclude the estimate.98



4.5.3 Condition Number EstimateWe have now everything ready to prove the �nal result.Theorem 50 Under the assumptions of Section 4.5.1, the condition number ofthe generalized FETI method with the Dirichlet preconditioner (3.39) satis�es� = �max(QDPF )�min(QDPF ) � C �1 + log Hh �
with 
 = 3, and 
 = 2 if there are no crosspoints between more than twosubdomains.Proof. Since V and V 0 can be replaced by the factorspaces ~V and ~V 0, Lem-mas 48 and 49 verify the assumptions (i) and (ii), of Theorem 38, with C1 =C(1 + logH=h)�, � = 0 or 1, and C2 = C(1 + logH=h)2, respectively.
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Figure 4.3. De�nition of B for plate bending
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5. Computational ResultsWe refer to the paper by Farhat et al. [32] for numerical results forsecond order problems con�rming our theoretical results. The paper also dealswith parallel implementation issues and performance. Here we summarize re-sults for plate bending problems based on the paper by Mandel, Tezaur andFarhat [53], due to Farhat.We consider the plate bending problem on a unit square. The plate isdiscretized by a uniformmesh of three-node triangular DKT plate elements andsubjected to a uniform pressure load. The thickness of the plate is 10�3, theYoung modulus E = 106 and the Poisson coe�cient � = 0:3. The FETI andgeneralized FETI methods are preconditioned by the Dirichlet preconditioner(Section 3.3) [32, 34], and the following stopping criterion is usedkzk�1kkfk � " = 10�3 (5.1)where zk�1 is the preconditioned residual in Algorithm 20. This condition is agood estimator of the global error as shown in [34].We construct several meshes with di�erent mesh size h and severalmesh partitions with di�erent subdomain size H, and report the performanceof the original FETI and the generalized FETI. Three series of computationalexperiments are reported. The condition number is denoted by � and thenumber of iterations by nit in the tables.The �rst series of experiments shows the performance of the method101



for three di�erent numbers of subdomains (H = 1=2; 1=4; 1=8) and three dif-ferent meshes corresponding to h = 1=10, h = 1=20, and h = 1=40. Resultsin Table 5.1) demonstrate that for a given H, the condition number of theoriginal FETI grows fast with the mesh size h, while that of the new FETImethod is much smaller and grows only weakly with h. For large number ofsubdomains (Ns = 64) the new FETI method converges about 7 times fasterthan the original one.In the second series of experiments (Table 5.2), the mesh size is �xedto h = 1=120 (28800 elements and 86400 degrees of freedom), and H is variedbetween H = 1=2 (4 subdomains) and H = 1=12 (144 subdomains). In thiscase, the condition numbers of both FETI methods are shown to decreasewith the number of subdomains. This is an expected result because whenh is �xed and H is decreased, the size of the coarse problem increases forboth algorithms. The generalized FETI shows only a small dependence onthe number of subdomains as predicted by the theory. For large number ofsubdomains, the new FETI method clearly outperforms the original FETI.Finally, the subdomain problem size is �xed to h=H = 1=15, and thenumber of subdomains as well as the size of the global problem are increased.The performance results reported in Table 5.3 show that in this case too, thenew FETI method outperforms signi�cantly the original one.Since solution time is ultimately the most important criterion forassessing performance, Both FETI methods were also benchmarked for thesame plate bending problem described above with 960000 degrees of freedomand 64 subdomains. The performance results obtained on a 64-processor IBMSP2 are summarized in Table 5.4. They show that even though the new FETI
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Table 5.1. Fixed number of subdomains, series of re�ned meshesFETI Generalized FETIhH nit � nit �2x2 subdomains, H=12110 18 2578 12 7.6120 22 30101 15 12.6140 26 409987 17 18.64x4 subdomains, H=14110 61 6795 21 11.5120 86 84199 27 17140 119 1038120 36 24.48x8 subdomains, H=18110 172 21707 25 13120 247 275004 34 19.4140 323 3920613 42 27.6
Table 5.2. Fixed global mesh 120x120, h= 1120 , series of re�nedmesh partitionsDecomposition FETI Generalized FETIH hH nit � nit �12 160 27 2079032 18 23.213 140 64 839240 29 22.414 130 104 391470 32 2115 124 135 234504 33 19.916 120 164 160173 32 18.618 115 222 94285 31 16.6110 112 255 63896 29 14.9112 110 245 46921 27 13.6
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Table 5.3. Fixed local mesh (15x15, hH= 115), series of re�nedmeshes and mesh partitionsDecomposition FETI Generalized FETIH h nit � nit �12 130 20 11088 13 1013 145 49 19004 21 13.414 160 74 29041 25 14.615 175 109 40120 28 15.416 190 145 55068 29 15.918 1120 222 94285 31 16.6110 1150 318 144556 32 16.9
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Table 5.4. Performance results for 960000 degrees of freedomand 64 subdomainsFETI Generalized FETInit Total time Time per iter. nit Total time Time per iter.314 265 s 0.8 s 45 105 s 1.1 smethod consumes an amount of CPU time (55.5 s.) equivalent to that of 50of its iterations to set up and preprocess the coarse problem (3.33), and eventhough each of its iterations is 1.3 times more expensive than an iterationof the original FETI method, the new FETI method is 2.5 times faster thanthe original one at solving the system of 960000 plate bending equations on a64-processor IBM SP2.
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