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ABSTRACT

The convergence of a substructuring iterative method with Lagrange
multipliers known as Finite Element Tearing and Interconnecting (FETT) meth-
od is analyzed in this thesis. This method, originally proposed by Farhat and
Roux, decomposes finite element discretization of an elliptic boundary value
problem into Neumann problems on the subdomains, plus a coarse problem
for the subdomain null space components. For linear conforming elements
and preconditioning by Dirichlet problems on the subdomains, the asymptotic
bound on the condition number C'(1+log(H/h))?, where v = 2 or 3, is proved
for a second order problem, A denoting the characteristic element size and H
the size of subdomains. A similar method proposed by Park is shown to be
equivalent to FETI with a special choice of some components and the bound
C(1 + log(H/h))? on the condition number is established. Next, the origi-
nal FETI method is generalized to fourth order plate bending problems. The
main idea there is to enforce continuity of the transversal displacement field at
the subdomain crosspoints throughout the preconditioned conjugate gradient
iterations. The resulting method is shown to have a condition number that

does not increase with the number of subdomains, and again grows at most
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poly-logarithmically with the number of elements per subdomain; the condi-
tion number is bounded by C(1 + log(H/h))?. These optimal properties hold
for numerous plate bending elements that are used in practice including the
HCT, DKT, and a class of non-locking elements for the Reissner-Mindlin plate

models. The theoretical results are confirmed by numerical experiments.

This abstract accurately represents the content of the candidate’s thesis. 1

recommend its publication.
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1. Introduction

In this thesis, the Finite Element Tearing and Interconnecting (FETT)
method is analyzed. It is one of domain decomposition methods for solving
large systems of linear equations arising from finite element discretizations of
elliptic differential equations.

Elliptic equations often arise in modeling physical phenomena. The
Laplace equation,

—A¢p=—divVe=f in Q, (1.1)

models electrostatic interactions and many other potential problems. Phys-
ical quantities are often governed by systems of equations, as in the case of
linear elasticity which is modeled by a system of equations for the unknown
displacement vector u

—divo(u) = f.

In the isotropic case, the stress tensor o can be written as o(u) = 2us(u) +
A tr (e(u))d, where A and p are called Lamé constants, 0 is the Kronecker ten-
sor, and £(u) is the strain, e(u) = 1/2(Vu + (Vu)?). An equation describing
a plate bending problem can be obtained from the linear elasticity equation by
a limit process that considers thickness of the plate to be infinitesimally small.
In Kirchhoff-Love model, this yields a fourth order elliptic equation.

In order to set up a well-posed problem, the equations need to be

complemented by boundary conditions. A boundary value problem may be



reformulated in weak (variational) form [56]. Two basic kinds of boundary
conditions are recognized. Essential boundary conditions, such as a Dirichlet
boundary condition ¢ = 0 on 0f2 for (1.1), need to be explicitly imposed in the
weak form of the problem. Natural boundary conditions, such as a Neumann
boundary condition d¢/dn = 0 9N for (1.1), are “naturally” incorporated into
the weak form.

The process of discretization may be based on a Galerkin approxima-
tion. In that case, an approximate solution is sought in a finite-dimensional
subspace of the space in which the weak form is posed. Finding the Galerkin
approximation then requires solving a system of linear equations for the coeffi-
cients of the solution relative to a basis of the subspace. Finite element spaces
are widely used in this context. They are generated by basis functions that are
usually polynomial on each element of a triangulation of the domain and the
supports of basis functions have only small overlaps.

The matrix of the discrete system has several special properties. It is
symmetric and positive definite. Also, due to limited overlaps of finite element
basis functions, it is sparse; the number of nonzero entries in a row of the ma-
trix is a lot smaller than total number of entries in the row. The size and the
condition number of this matrix are affected by fineness of the triangulation.
For quasi-uniform meshes for which the finite element discretization is charac-
terized by the mesh size h of the triangulation, the condition number of the
matrix is of the order h_12 for second order elliptic problems and hl—4 for fourth
order elliptic problems.

Two classes of methods for solving the linear system exist, direct and

iterative. Direct methods, usually based on a variant of Gaussian elimination,



are common in everyday engineering practice. They are fairly robust; their dis-
advantage lies in their memory requirements and their speed. Gaussian elimi-
nation leads to fill-in and the destruction of the sparse structure of the matrix.
The fill-in can be reduced by re-numbering the variables, but for problems in
3D this helps only to a certain extent. In general, the number of operations
required to solve the system arising from the finite element discretization is
proportional to the square of the number of unknowns or worse.

Since systems arising from discretizations of problems in engineering
practice constantly push available computer resources to the limits, iterative
methods are often preferable for large-scale problems. Their main disadvan-
tage is probably their lack of robustness when too wide a class of problems is
considered. On the other hand, the memory requirements of iterative methods
are typically much smaller than those of the direct methods. Usually only a
small multiple of the number of nonzero entries of the original matrix needs to
be stored. The number of operations can be as low as a multiple of the number
of unknowns, but often the computational cost is not known in advance. The
speed of convergence depends on the condition number of the matrix of the
system. Since the condition number deteriorates with decreasing mesh size,
so does the speed of convergence of simple iterative methods. It is therefore
desirable to construct methods that overcome bad conditioning of the matrix
and that are, if possible, independent of other singular perturbations such as
inhomogeneities or bad Poisson ratios in the linear elasticity problem or, in the
case of plate bending model, the problems arising from the thickness of a plate
approaching zero and the model becoming a fourth order problem. Due to the

elliptic nature of the underlying problem, this sort of stability is often possible



to achieve and various algorithms have been proposed.

In this thesis, we will study one of domain decomposition methods.
This class of methods has gained enormous popularity in the last decade. Fol-
lowing a divide-and-conquer idea, domain decomposition methods divide the
original problem into a number of smaller subproblems. Sometimes such a divi-
sion arises from breaking up a complicated geometry. In many cases, though,
it is entirely artificial. The subproblems are easier to solve because of their
smaller size and often parallelism can be exploited. This is especially impor-
tant with the onset of parallel computing.

Domain decomposition methods can be seen from two different points
of view. They may arise from separation of a physical domain into regions,
where a problem is modeled by separate partial differential equations, with the
interfaces between the subdomains being handled by various conditions, such
as continuity. The opposite approach is to see domain decomposition methods
purely as methods for solving large algebraic linear systems arising from the
discretization of PDE’s. In this context, the large system is subdivided into
smaller problems, whose solutions can be used to produce a preconditioner for
the large system.

Every domain decomposition algorithm involves two principal issues.
It breaks up the original problem into subproblems, that are solved by some
known method, and it resolves interactions of local solutions, usually by the
means of an iterative method. Many domain decomposition methods have
been developed, originally, for the case of two subdomains. As the complexity
of problems of interest demands splitting the problem into small enough sub-

problems, a multi-domain case proves to be of more importance. Early works



demonstrate independence of proposed algorithms on the characteristic mesh
size. However, it has been shown that to achieve independence of the number
of subdomains, a coarse space needs to be introduced. Solving a small coarse
space problem distributes the information about the solution globally, thus
resolving global characteristics of the solution not visible by the subdomains.

In the next chapter, we give an overview of several well-know domain
decomposition algorithms. In particular, we will describe abstract Schwarz
methods, overlapping and substructuring methods and their relationship to
the finite element tearing and interconnecting method (FETI) [27, 32], the
main subject of this thesis. We also briefly discuss a domain decomposition
method based on smoothed prolongation [68, 64].

The remaining chapters, except for Sections 3.4 and 4.4, are based
on papers [50, 51, 53] by Mandel and Tezaur, and by Mandel, Tezaur and
Farhat. In Chapter 3, the derivation of the original FETI method is shown.
FETI tears the computational domain into non-overlapping subdomains and
enforces intersubdomain continuity via Lagrange multipliers applied at the
subdomain interfaces. The Lagrange multipliers are used as the unknowns
and FETI formulation is obtained by solving the saddle point problem for the
Lagrangian. Consistent treatment of subdomain singularities leads to a small
coarse problem which is solved in each iteration of the preconditioned conjugate
gradient method iteration. In Chapter 3, we also present a generalization of
the original FETT algorithm. We describe its particular application to a plate
bending problem.

Chapter 4 is concerned with analyzing the original and generalized

FETI methods. We show that the condition number of the preconditioned



FETI method is bounded independently of the number of subdomains and
poly-logarithmically in terms of subdomain size. That is, the condition num-
ber is bounded by C'(1+ log %)3, where H is the characteristic subdomain size
and h the mesh size. We present a complete analysis for decompositions with
crosspoints in 2D and edges and crosspoints in 3D for second order elliptic
problems. Furthermore, we demonstrate that the choice of the Lagrange mul-
tipliers given by Park [59, 58| assures that the condition number estimate can
be improved to C'(1 +log %)2 Finally, we also show that the generalized FETI
converges poly-logarithmically for a biharmonic problem.

In order to illustrate the potential of the generalized FETI method,
Chapter 5 summarizes some computational results. We consider the plate
bending problem on a unit square and demonstrate that the condition number
is almost independent of the number of subdomains and the size of the problem,

as predicted by the theoretical analysis.



2. Overview of Related Domain

Decomposition Methods

2.1 Finite Element Approximation, Model Problem and PCG

In this section, we are going to summarize some concepts and algo-
rithms used throughout this chapter and the rest of the thesis. We will consider
the following model problem. Let € be a bounded Lipschitz domain in IR? or
IR?. We will study the second-order elliptic equation with Dirichlet boundary

condition

Au=f in Q
u=0 on 0,

(2.1)

where

“ 9 ou

4,j=1

with the matrix [a;;] symmetric, uniformly positive definite and bounded on

Q2. The corresponding bilinear form is then given by

d
Ov Ow
CL(U,U}) = Z’]Z_I/Qalja—xza—x]
and is defined for all v and w in the Sobolev space H'(Q) (the space of gen-

eralized functions with square integrable first derivatives). Let us denote the

Ly(€2) inner product



By the divergence theorem (integration by parts), the problem (2.1) can be

written in weak (variational) form: Find v € H{ () such that

a(u,v) = (f,v) (2.2)

for all v in V = H}(Q), where H is the completion of smooth functions with
support in (2 with respect to the norm in H'(€2). Since the bilinear form a(u, v)
is symmetric, continuous and elliptic (coercive) [56], the problem has a unique
solution by the Lax-Milgram theorem.

Let us now use the standard Galerkin approximation. We look for
an approximate solution of (2.2) in a finite-dimensional subspace V() of the
space V. The Galerkin approximation is the solution of the following problem:

Find up, € V,(£2) such that
a(ul, o) = (£,01), (2.3

for all v" € V},(Q). This problem leads to a system of linear equation when a

basis for V}, is chosen. Let {¢}Y, be a basis for V(). Assuming

N
u' = up,
i=1
(2.3) becomes

4 10(%’, wi)ui = (f, ;)
j=1,.... N, i
Matrix K = [a(gi, ;)] is called the stiffness or Gramm matrix and
the right hand side vector [(f,¢;)] is called the load vector. The vector of
unknowns, [u;], is also called the vector of degrees of freedom.

For a wide class of approximation spaces V},, u" is a good approxima-
)

tion of u. In the case of finite element methods, the construction of suitable



spaces V}, relies on triangulation, which splits the domain €2 into small disjoint
regions of simple geometric shape, such as triangles or quadrangles in IR? or
tetrahedrons or hexahedrons in IR*; h refers to the characteristic size of these
regions. Under certain assumptions which prevent the triangulation from de-
generating (e.g, the size of the angles in triangles is bounded from below so as
they do not become too sharp), the finer the triangulation, the closer a finite
element Galerkin solution to the exact solution, [14].

Functions in a finite element space V}, usually arise from a polynomial
interpolation on the elements of the triangulation. Every polynomial defined on
a given region is uniquely determined by its values and perhaps also the values
of its derivatives at some nodal points, usually the vertices of the region. Each
function in V}, is thus determined by a set of values at nodal points, so called
degrees of freedom. Simple examples of finite element spaces include spaces
formed by continuous functions linear on triangle regions in IR? or tetrahedrons
in IR? or bilinear functions on quadrangles. These spaces are being referred
to as P; and @), respectively, and their entries are uniquely determined by
their function values at the vertices of the triangulation. Another type of finite
elements we will encounter later in this thesis is HCT elements, which are C'
continuous and determined by the function values and the values of the first
derivatives at the vertices of triangular regions in IR?.

The standard basis for a finite element space is the one in which each
of the basis functions has exactly one degree of freedom equal to 1 and the rest
0. The unknowns in the linear system arising from the discretization are di-
rectly the degrees of freedom of the Galerkin approximation (hence the name).

The overlaps of the supports of the basis functions are small, which causes



the stiffness matrix to be sparse. Due to the properties of the bilinear form,
the stiffness matrix is also symmetric and positive definite. Preconditioned
conjugate gradient (PCG) method is therefore often considered for solving the
system. A detailed description and analysis of PCG (and other methods) can
be found, e.g., in Golub and Van Loan, [38]. Here we give only a brief summary.

The conjugate gradient method is based on the observation that the

solution of Az = b is the only minimum of

1
Q(x) = ixTAx —z7b.

A sequence of vectors which converges to the solution of the system can be

obtained by setting
Tpt1 = Tp + QgPk,

where p, is a suitably chosen direction and vector xj 4+ agp; minimizes () on
the line x, 4+ apg. In PCG, vectors py are obtained by A-orthogonalization of
residua, which leads to the following algorithm:

Algorithm 1 (Conjugate Gradients) Given x, set

To = b— Al‘o.
For k=1,... do:
Br = 7“ka1ka1
B

P = Tg 1+ Pr—1 (p1 = o)

Br—1
&

P Apr

Ty = Tp_1+ Pk
Ty = Tg—1— akApk

10



Among iteration methods the conjugate gradient method is rather exceptional.
Assuming roundoff errors are not present, it gives the exact solution of the
system after a finite number of iteration, which equals at most the number of
unknowns. For large systems, however, performing so many iterations would
be impractical. Fortunately, much smaller number of iterations is often needed
to get a good enough approximate solution.

This is not true if the condition number of A is large. The performance
then can be improved by introducing a preconditioner M = ETE, where F is
some nonsingular matrix. We point out that M defined in this way is symmetric
and positive definite. Preconditioner M must have two essential properties:

e matrix F~7 AE~! is better conditioned than A,
e system Md = e can be easily solved.
E~T denotes the transpose of the inverse of E.
The preconditioned conjugate gradient (PCG) method is the conju-

gate gradient method applied to the system
ETAE ' (Ex) = E~"b.

This leads to the following algorithm.
Algorithm 2 (Preconditioned Conjugate Gradients) Given
Ty, set

Ty = (b — Al‘o)

For:=1,... do:

T
Br = Tk _1%k—-1

11



B

Pk = Zk-1+ DPk—1 (71 = 20)
Br—1
o = D
Pr Apr
T = Tp-1+ Pk
Tk = Trpo1 — apApy

We point out that matrix M ! is not formed explicitly and, instead, a
linear system with matrix M is solved in each iteration of PCG method. Stan-
dard preconditioners used in practice include diagonal scaling and incomplete

factorizations (e.g., Cholesky) [38].

2.2 Abstract Schwarz Methods

Abstract Schwarz methods take their name after Herman Schwarz, a
German mathematician of the past century, who used an alternating method
to construct harmonic functions on regions with non-smooth boundaries. They
provide an abstract framework which allows analysis of many different domain
decomposition methods. Here we briefly describe the general abstract algo-
rithm and refer to literature for details on analysis and practical /non-practical
choices of particular methods. This presentation is based on [6] and [23].

Let V be a Hilbert space with an inner product (-,-). We also con-
sider the inner product a(-,-) implied by the bilinear form of the variational

formulation of our problem: Find u € V so that
a(u,v) = (f,v) YoeV.

Let V;,i = 0,...,n be closed subspaces of V' that form a decomposi-
tion of V, i.e.

V=W+W+V+...+V,.

12



In addition to the inner product implied by the the bilinear form a, we consider
the inner products a;(-,-) implied by some bilinear forms a; defined on V; x
Vi, i =0,...,n. The Schwarz additive method can be then written as follows.

Algorithm 3 (Additive Schwarz) Given an initial approximation
u?, start with & = 0 and do:

1. Find w; € V; such that
ai(wi, v;) = (f,v) — a(u®,v;), Yo, € V.
2. Define the next iterate as
n
uFtt =k 4 Z wW;.
i=0

3. Set k =k +1 and go to 1.

The Schwarz multiplicative method is then defined by the following
algorithm.

Algorithm 4 (Multiplicative Schwarz) Given an initial approxi-
mation u°, starting with k¥ = 0 do:
1. Fort=0,...,n,

(i) find w; € V; so that

ai(wy, v;) = (f,v;) — a(u* T/ ), Vv, € Vi,

(i) set

uF D/ (1) ki) gy

2. Set k =k + 1 and go to step 1.
The algorithms above can be combined to form hybrid methods. They

are usually used as preconditioners in the conjugate gradient method. Various

13



choices of the subspaces V; yield a wide variety of different algorithms. Since
the multiplicative method above is not symmetric, it is usually symmetrized
by considering the sequence of subspaces in forward and reverse order; that is
Vo, Vi, oo, Vo, Vi, Vi, Vi, o0, VL, W,

Each sub-step of an additive and a multiplicative Schwarz method
can be interpreted as an approximate projection of the error. Denoting P; the
operator corresponding to the i-th sub-step of an additive method, that is the

operator that satisfies
a;(Pow,v) = a(w,v) Yo €V,

one step of the additive method satisfies

n
ek+1 —_ (I - Zpi)ek’
i=0
where ¥ = u — u* is the error of the k-th approximation. Similarly, the

reduction of the error of one step of the multiplicative method is governed by
the equation

e =(I—-P,)...(I1-P)(I — Py)e".

We refer to [25] and references included there for abstract analysis.
Here we only summarize the main results. They are due to a number of authors:
Dryja and Widlund [25, 24]; Nepomnyaschikh [55]; Bramble, Pasciak, Wang,
Xu [9, 70]; Lions [44]; Bjgrstad and Mandel [6], and others.

Let Cy be the constant such that for all u € V', there exists a repre-
sentation u = Y., u;, u; € V;, and

a;(ui,u;) < Coalu,u).

n
1=0

14



Let B = [b;;| be the matrix of strengthened Cauchy-Schwarz coefficients,
la(vi, v;)| < bija(vi,vi)1/2a(vj,vj)1/2 Vo, € V;,Vu; € Vj i, =1,...,n.
Furthermore, let w be the constant such that
a(ug, u;) < wa;(u,u) Yu; € Viyi=0,...,n.

Then the smallest eigenvalue of the operator ). P; of the abstract additive
method used a preconditioner in the conjugate gradients method is bounded
by 1/Cy and the largest by w(p(B)+1). The bound on the condition number of
the symmetric multiplicative method used as a preconditioner in the conjugate
gradients method is Cy(1 + 2wp(B))/(2 — @), where @ = max(1,w).

The space V} is usually regarded as a coarse space. It has been shown
that without the presence of the coarse space, the condition number of an
abstract Schwarz method grows with the number of subspaces. The coarse
space ensures a mechanism of global exchange of information otherwise lacking

in decompositions involving a large number of subdomains.

2.3 Overlapping Domain Decomposition

The first known domain decomposition method is due to Schwarz [63]
and is known as the Schwarz alternating method. It divides the domain €2,
on which the problem is defined, into two overlapping regions {2; and {25 and
performs a multiplicative Schwarz type algorithm.

Let us consider the model problem (2.1)

Au = [ in Q,

uw = 0 on 0f).

15



Let €; and €25 be overlapping subdomains of 2, 2; U Qs = Q. Furthermore,

let Fl = an N QQ and FQ = 692 N Ql.

Algorithm 5 (Alternating Schwarz) Given an initial guess u) for

the values on €2y, for £k =1, 2,

1. Solve

Auk

2. Solve

To be precise, u?|r,

... do:

= f in Ql;
=0 on an\FI;

ket
= us |, on I'y,

= f in Q27
= 0 on 892 \ FQ,

_ Lk
= uilp, on I'y.

and u%|p, stand in the algorithm above for the

trace of u¥ on I'; and uf on I'y, respectively, rather than the simple restrictions.

Approximate solutions of the

u

u

model system can be assembled as
k

= ug in €y,

= U]f in Ql \ QQ.

The variational formulation of the algorithm above is due to Lions

[44]. It is the multiplicative abstract Schwarz algorithm using the subspaces

Vi and V, of V = Hj(Q) formed by functions that vanish outside of €; and

(9, respectively. The bilinear forms a; and ay are simple restrictions of a.

16



Choosing some other bilinear forms a; and as can model the situation when
the problems in step 1. and 2. of the algorithm above were to be solved only
approximately. An additive version of the algorithm has been described by
Dryja [20] and Matsokin and Nepomnyaschikh [54].

In the discrete, multidomain case, overlapping methods often start
with a non-overlapping partition of {2 into subdomains (substructures) €;,
1 =1,...,N,, the diameter of the subdomains being of order H. Then, each
subdomain €; is extended to a larger region 2. It is assumed that neither
2; nor €2 cuts across any of the elements. The overlaps of subdomains €2},
1 =1,..., Ny are said to be generous, if the distance between boundaries of €2;
and €2, is greater than some fixed fraction of H. The subspaces V;,;i =1,...,n
of the abstract Schwarz method are then chosen as restrictions of the finite

element space V},(€2) to the subregions ;. That is,
Vi=V,NHy(), i=1,...,N;.

Approximate or exact solvers then can be chosen on the subspaces and addi-
tive, multiplicative or hybrid two-level Schwarz methods can be used. As far
as parallelization is concerned, additive versions clearly gain an edge, because
they can be easily parallelized. Multiplicative versions always involve sequen-
tial steps. Some parallelization is possible when mutually non-overlapping
subdomains (2, are grouped together. This process is often called coloring of
subdomains.

Without a coarse space, the condition number of such methods is of

the order 1/H? [24], where H is the diameter of the subdomains. Dryja and

17



Widlund in [24] propose to use the space of continuous piecewise linear func-
tions on the coarse mesh defined by the subdomain §2; as the coarse space V.
They prove that, in the case of generous overlap, the condition number relevant
for the conjugate gradient iteration is uniformly bounded. Mandel shows in
[47] that a similar method by Cowsar [16], which uses discrete harmonic ex-
tensions determined by piecewise constant values on interfaces of subdomains,
leads to a poly-logarithmic bound on the condition number.

In their later paper [21], Dryja and Widlund mention, that their nu-
merical experiments indicate that the convergence rate is often satisfactory
even for small overlaps. Running time is often smallest when the overlaps are
at minimum. The number of conjugate gradient iterations is higher in such
a case, because the condition number deteriorates, but this is being compen-
sated for by the fact that the local problems are smaller and therefore cheaper
to solve. Also, they are better conditioned and, if they are solved by iteration

solvers, the rate of convergence is faster.

2.4 Substructuring Methods
2.4.1 Poincaré-Steklov Operators and Schur Complement
Substructuring methods borrow their name form structural engineer-
ing. It was in the context of structural engineering that several substructuring
algorithms have been pioneered. We shall concentrate on substructuring meth-
ods on interfaces of subdomains.
Let us consider the model problem (2.1) and let 2 be divided into two
non-overlapping subdomains ©; and Q, (Figure 2.4.1). Our goal is to solve the

model problem only on the subdomains. Let I' = 0€2; N 0€), be the subdomain

18



Figure 2.1. Model problem

interface. It is well known that the solution u € Hj () exists for all f € Ly(Q).
The solution satisfies continuity conditions on the subdomain interface: conti-
nuity of fluxes of the solution and continuity of the solution. Let us introduce
a few notations. For k = 1,2, we define the space H},(€;) as the subspace of
H*'(Q) such that the functions in H}(€2;) vanish on 99,09, Let H,,' () be
the dual of H},(€). Let vy, be the trace operator mapping functions in H}, ()
to their traces on I'. Let H&f(F) be the fractional order Sobolev space on T’
consisting of traces of functions in H}(Qy) and let (H&U/Q(F))’ denote its dual.

Using the continuity of fluxes, we will split the problem into two

subproblems, £ =1, 2:

n - ([ay]Vu) = (- 1) 1g* on r
ur, =0 on 0QN0Q,.

The vector m is the normal vector to I' oriented, for example, from ; to €.

In variational terms, these are the problems of finding u, € H} (), k = 1,2

19



such that

ar (ug, vg) = /g*vk —|—/ fevk, Yur € Hp (), (2.4)
Jr Ja,
where
d
ov Ow
ak(v,w) = iJz_l /Qk ama—rla—r]

At this point it would be possible to design an iterative method working on the
subproblems using the continuity conditions. Usually, however, we first reduce
the problem to a problem on the subdomain interface using Poincaré-Steklov
operators.

First, we will look for the unknown Neumann data ¢g* on I'. We define

the Poincaré-Steklov operators @, : (H&éQ(F))’ — H&U/Q(F), k=1,2hy

Qry" = Yru, (2.5)

where, for g* € (H&éQ(F))’, uy, is the solution of (2.4) with fy = 0. Such uy is
the harmonic function satisfying the Neumann condition given by ¢g*. In other
words, the Poincaré-Steklov operator maps the Neumann boundary condition

into the corresponding Dirichlet boundary condition

Furthermore, we define Ry, : Hp' () — H&éQ(F), k = 1,2 by the equation

Ry fr = vrug,

where for f € Ly(§), ug is the solution of (2.4) with g* = 0. In terms of the

Poincaré-Steklov operators, the problem is to find the solution g* such that

(@1 + Q2)g" = Rafo — R fi. (2.6)
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That is to find the Neumann data ¢* on I' such that the traces of the solutions
ug, k = 1,2 of (2.4) coincide on T.

The second possibility is to enforce continuity of the solution on the
boundary a priori. This yields a dual formulation to (2.6). Consider the

Dirichlet problems, k£ =1, 2,

Aup = fr in Q.
U = ¢ on r
up =0 on 00 N Q.
We will look for the unknown Dirichlet data ¢ on I' such that the fluxes are
continuous for the solutions ug, k& = 1,2 of the problems above. Using the

Poincaré-Steklov operators, this problem can be written as

Q'+ Q") =Q,'Rify + Q' Ry fo. (2.7)

The equations above and iterative methods for solving them have
been studied, for example, by Agoshkov [2] and in a mixed-method setting
by Glowinski and Wheller [36]. The paper by Bakhvalov and Knyazev [4] is
concerned with highly discontinuous coefficients between the subdomains.

As the case of two subdomains is hardly of practical importance, we
conclude this section by introducing a multi-domain discrete analog of (2.7).
An analog of (2.6) is described in the next chapter.

Let us recall now the concept of Schur complement.

Definition 6 (Schur complement) Let A be an n x n matrix and o, C
{1,...,n} be index sets. We denote A(a, ) the submatrix that lies in the
rows of A indexed by « and the columns indexed by /3, and A(c/, #') the sub-

matrix given by deleting the rows indexed by a and the columns given by (.
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Let A(«, @) be nonsingular. Then the matrix
A, d)) — A(d, a)A(a, a) T A(a, o)

is called the Schur complement of A(q, ) in A.
We note that the Schur complement is the matrix that arises when

eliminating the unknowns x(«) from the equation Az = b. Then,

b(a') — A(a', ) Ala, @) 'b(a) =

(A(d/,a') — A, a)A(a, @) " A(a, o))z ().
We also observe that the Schur complement S of A(«, @) in A has the property

(Sy,y) = inf  (Az, z). (2.8)

zeR™ (o) =y

Let Q be a domain in IR? or IR? decomposed into N, non-overlapping
subdomains 2y, €y, ..., Qy,.. Let u; be the vector of degrees of freedom for
subdomain €2; corresponding to a conforming finite element discretization of
the second order elliptic problem (2.1) defined on €2, such that each subdomain
is a union of some of the elements. Let u;, K;, and f;, be the vector of degrees of
freedom, the local stiffness matrix, and the load vectors, respectively, associated
with the subdomain €2;.

Let L; denote the zero-one assembly matrix mapping the subdomain
degrees of freedom u; into global degrees of freedom wu, that is u; = L] u. The
stiffness matrix then is

Ns
K =Y LKL

i=1

and the load vector

N,
= Z Lif;.
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The problem to be solved,
Ku=f,

can be reduced to an interface problem by splitting the degrees of freedom
into interface and interior degrees of freedom. Let us assume that the interior
degrees of freedom are listed first. The subdomain stiffness matrices K; and

the restriction matrices L; can be split accordingly:

U; = ) K; = B 3 ; L; = [Lz’, Li]-
u; K; K;
By eliminating the interior degrees of freedom, we obtain the Schur comple-

ments of KZ in K;

S;=K; - K;K; 'K (2.9)
The problem then reduces to the interface problem
Su=f

for the interface unknowns u with the global Schur complement

and the interface right hand side
N ~ . .
f=> Li(fi - KK ' fi).
i=1
In most cases, explicit computation of S; would be too expensive, but
for gradient-descent methods, only evaluation of the action of S; is necessary.
This evaluation can be performed efficiently by factorizing K; and it corre-

sponds to solving a Dirichlet problem on every subdomain. The subdomain

problems can be solved in parallel.
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Let us demonstrate that the action of S; can be evaluated by solving

a Dirichlet problem on the subdomain §2;. Consider the discretized problem

e K?Hui] o |

on the subdomain

K; K; u; fi
where the Dirichlet data @; is known. From the first equation, we find u; =
K[lf(fﬂl This the solution of the Dirichlet problem given by the data u;.

Then, we substitute into the second equation and obtain
(K; — K;K; 'K a; = Syu; = f;.

Many preconditioners for the reduced problem are based on compu-
tations of the action of S;'. This can be evaluated by solving a Neumann

problem on the subdomain, for unknown u; and u; and given g;,

K, KT U 0

K, K, U 9i
where g; corresponds to the Neumann data. Then, u; = S;lgi. Indeed, from
the first equation, we find u; = —K{lf(fﬁi. Substituting into the second
equation, we find
(K; — K;K; 'K a; = Siu; = ;.

We note that the Schur complement S; is the discrete analog of the
inverse of the Poincaré-Steklov operator Q; ' : u|p — %, and the inverse of the
Schur complement is the analog of Q; : 24 — ulp (2.5).

One of the advantages of the reduced problem is that it improves the

condition number of the original problem. For our model problem, assuming

24



. , . . . . hll2 h12 .
the Poincaré-Friedrichs inequality [lu;'||7 50, < ¢|ui | 5 q, holds, the subdomain

stiffness matrix K; satisfies
cl[uf I p.0, < ui Kiui < Cllu[[} 5.0,

where u! is the finite element function corresponding to the vector of degrees
of freedom u;. Then, the subdomain Schur complement S; satisfies (cf. Lemma

26 and Lemma 33)

< a; Syu; < Cllaf I3

—h|2
cl|u; ||% 1.2,00;"

72a89i

This implies that, for a second order problem, the condition number of the
reduced problem is of order 1/h for triangulations of characteristic mesh size

h, while the condition number of the original problem is of the order 1/h?.

2.4.2 Various Preconditioners for the Reduced Problem

Instead of solving the reduced problem directly, iterative methods
such as the preconditioned conjugate gradient method can be applied in which
only matrix vector products are required. Since each iteration is quite ex-
pensive (it requires solving a Dirichlet problem on each subdomain), efficient
preconditioning is important to keep the number of iterations small.

Diagonal or block diagonal preconditioning of the reduced problem
requires knowing the diagonal of S. Instead of computing it directly, Chan
[13] proposes a “boundary probing” technique to construct an approximate
diagonal by evaluating actions of S on carefully selected vectors.

For geometrically simple subdomain in 2D, Bramble, Pasciak and

Schatz in [10] propose a method for preconditioning the original problem by
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first splitting the functions in the finite element space into discrete harmon-
ics on each subdomain and functions which vanish on the boundary of each
subdomain. This is equivalent to eliminating the interior degrees of freedom
as in the reduced system. Then the space of discrete harmonic functions is
divided into functions linear on interfaces and functions whose values are zero
at subdomain crosspoints. The preconditioner is then based on a bilinear form
defined on the space splitting. The condition number of the method is shown
to be bounded by C(1 + log H/h)?. A similar idea is exploited in [3] for the
p-version of finite elements and a bound C(1 + logp)? is obtained.

A different algorithm [8] by Bramble, Pasciak and Schatz is described
for the case of two subdomains €2; and €2y separated by the interface I'. They
propose to precondition the original problem in the following way: First split
the local solution ¢ on €2y into the component ¢p that satisfies the non-
homogeneous equation with the zero boundary condition on 0€2; and a discrete
harmonic function ¢y that satisfies the corresponding homogeneous equation.
A Dirichlet problem is solved on 25 to obtain ¢p. This is followed by a so-
lution of a mixed Neumann-Dirichlet problem on €2; using the Neumann data
obtained by solving the problem on €25. Finally another Dirichlet problem
is solved to obtain ¢y, a discrete harmonic function, that satisfies the corre-
sponding homogeneous equation. This is sometimes called Neumann-Dirichlet
decomposition. This algorithm has also been described in [24] and it is in fact
preconditioning the reduced system by either S;! or S, !, The inverses of the
Schur complements need not be explicitly computed; the action corresponds to
solving a Neumann (or mixed Neumann-Dirichlet) problem on one subdomain

and then extending the solution to the other subdomain by solving a Dirichlet
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problem with the Dirichlet data found from the Neumann problem. The idea of
the Neumann-Dirichlet preconditioner can be extended to multiple subdomain
case when there is a red-black ordering of the subdomains.

Several methods solving an equation with the global Schur comple-
ment are proposed by Mandel [47]. The methods are set in the space of all dis-
crete harmonic functions on the union of subdomain interfaces I' = U;0€2; — 0f2.
The methods are hybrid Schwarz methods using the coarse space V4 in a mul-
tiplicative fashion and other spaces are treated additively. A method of this
kind can also be interpreted as a two level variational multigrid. The methods
use V; that are associated with subdomains or globs. A glob is a vertex, an
edge that does not contain its endpoints, or a face of a subdomain interface.
Piecewise linear functions defined on the subdomain triangulation or a piece-
wise constant space based on glob-wise averaging of subdomain values is used
as the coarse space. Poly-logarithmic bounds are obtained.

Many other choices of the coarse space are discussed by Dryja, Smith
and Widlund [23]. Their exhaustive investigation comprises vertex based coarse
spaces, based on piecewise linear functions on substructures used as elements,
wire basket algorithms, that use averages on substructures, and face based
algorithms.

2.4.3 The Neumann-Neumann and Balancing Domain
Decomposition Methods

The balancing domain decomposition (BDD) is based on the so called

Neumann-Neumann preconditioner that preconditions the reduced problem

by a weighted sum of inverses of the local Schur complements. It is called
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Neumann-Neumann because it corresponds to solving Neumann problems only
on subdomains (as opposed to the Dirichlet-Neumann preconditioner, that uses
both Dirichlet and Neumann problems). Since this is a preconditioner in a way
dual to the method that is the subject of this thesis, we describe it in a little
more detail. To describe the preconditioner, weight matrices D;,2 =1,..., N
satisfying the decomposition of unity

Ny

I=> L,D;L}

i=1
are used. A simple choice for D; is a diagonal matrix with the diagonal elements
being the reciprocals of the number of subdomains the degree of freedom is
associated with.

The Neumann-Neumann method used as a preconditioner of the prob-
lem is as follows:

Given the residual r, distribute it to subdomains r; = DT LTr, solve the local
problems S;u; = r;, and average the results M ~'r = SN L, D;u; [7, 43].

The drawback of the Neumann-Neumann preconditioner is that it
lacks a mechanism of distributing the error globally. This has been resolved
by adding a coarse space to the problem. The resulting method is called the
balancing domain decomposition. Let Z; be the matrix with linearly indepen-
dent columns that generate the kernel of K;, Im Z; = Ker K;. If K; is regular,
Z; is a void matrix. The balancing preconditioner is as follows:

1. Balance the original residual r by solving the auxiliary problems
N,
ZI'DIL(r—SY L;D;Zjv;) =0, i=1,...,N,
j=1

2. Distribute the balanced residual to the subdomains and find a solution of
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the local problems
Ns
Siu; = D] L] (r —SY L;D;Zjv;), i=1,...,N,
j=1
3. Balance by solving the auxiliary problems
Ny
ZI'DIL](r — S8y L;Dj(uj + Zjw;) =0, i=1,...,Nj
j=1
4. Average the result on the interface
Ny
My = > LiDi(u; + Zw;)
i=1
The BDD is proven to be independent of number of subdomains,
and its condition number is independent of jumps of coefficients between sub-
domains with appropriate weight matrices ;. It can be written also as an
abstract additive Schwarz algorithm [24, 41].
2.4.4 The Neumann-Neumann Domain Decomposition
Algorithm for Plates and Shells
Let us introduce the Kirchhoff-Love model of plate bending following
[41]. We consider a plate occupying a domain in IR?, which is clamped on the
part of boundary 99y and simply supported on 9€ \ 9Qqy. The Kirchhoff-
Love model plate model characterizes the vertical displacement u € V' of the

plate as the solution of the variational problem
a(u,v) = F(v), YvelV, (2.10)

where the bilinear form on the right hand side is symmetric, continuous and

coercive

a(u,v) = /95(9(11,)) K e(0(v)),
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the functional on the right hand side is given by

ov
ro=[ror [ w2 g
(v) Q fv 90—800 Mg on 00—890 v

The space of kinematically admissible fields is

V ={ve H*(Q),v=0o0n dQ,v = g_v =0 on 0Q}.
n

In the definitions above f is the density of vertical forces, m, the density
of flexion moments applied on the part of the boundary where the plate is
free to rotate, and ¢ is the density of vertical boundary loading. The symbol
7.7 denotes a tensor product, £(f) = £(V0 + (V6)") is the curvature tensor,
O(u) = Vu represents the in-plane notation of the plate and K is the plate

flexural stiffness. K is symmetric, elliptic and continuous in the sense that

(@) : K :e(8(u)) > ct®le(0(u))]?

e(O(u)) 1 K :(0(v)) < Cte(0(u))lle(0(v))],

where ¢ is the plate thickness. For a simple case of an isotropic plate made of
an homogeneous material with Young modulus F and Poisson coefficient v, it
is given by

Et3

e(@(u)) : K :e(0(u)) = m

(1 — v)V?u : Vv + vAulv).

Since V is a subspace of H%((2), the appropriate finite element spaces are C'
continuous. Examples of such elements include the discrete Kirchhoff triangle
(DKT) and HCT elements.

The Neumann-Neumann and BDD preconditioner do not perform well

for the plate bending problem [41]. The condition number estimate of BDD is
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based on the estimate [45]
L] 320 LiDguil %,

Ns

>
Kk < sup ZNS
i=1

At crosspoints of subdomains, the vectors in the estimate are constructed from

cu; — Ker S;, S;u; — Im Zl} (2.11)
i[5,
contributions several subdomains different from those that share an edge lead-
ing to the crosspoint. This leads to a discontinuity that is inappropriate for
a fourth order problem. The BDD method for plates [42] avoids this prob-
lem arising at subdomain crosspoints by enhancing the coarse space of the
balancing domain decomposition algorithm. The coarse space is again Im Z;,
where

Zi = [%’1, <oy Ting s Yixs - - yzml]

{Zi1,..., T, } is a basis for Ker S; and for each crosspoint j = 1,...,m; of
the subdomain €2;, y;; is the solution of the problem S;y;; = e;;, with e;; the
vector corresponding to the unit normal load at the crosspoint j. With this
choice, the normal displacement component of the vectors w; coming out of
the coarse space problem is zero since S;u; — y;; implies that u; — S;y;; = ;5.
Then, the supremum (2.11) is taken over functions with zero at endpoints of
the edges, which makes it possible to prove a poly-logarithmic bound. For

another approach, imposing zeros at crosspoint directly, see [41].

2.4.5 Lagrange Multipliers and Poincaré-Steklov
Operators

Following [19], we show how Lagrange multiplier approach to en-
forcing solution continuity is related to interface formulations using Poincaré-
Steklov operators defined in Section 2.4.1. The discrete multi-domain case will

be treated in the next chapter.
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We consider the problem from Section 2.4.1 and the notation intro-
duced there. We reformulate our problem as a constrained minimization prob-

lem: Find the solution (uy,us) € H} () x HH () that minimizes

1 2
- Ap\Up, U v
9 Z k ks k /Qkf k

k=1

subject to the condition yyu; = yous. Then, for each (uy, uq, g*) € H} () x

HL () x (Hyl*(1)), we define the Lagrangian

1 2
A(uy, ug, A* 252 K (Uk, Ug) / fuk_/)\ Uy — Usg).

The Lagrange multiplier A\* is used to to enforce the continuity of the solution
on the boundary. The rest of the Lagrangian is the usual quadratic functional
implied by the weak form of the problem. The critical points (uq, us, A*) of the

saddle point problem of A now must satisfy the variational equality

;ak(uk, vg) — /F()\*(vl — vg) + p(uy — ug)dl' = ; /Qz fog,

for all (vy, v, 1i*) € HL () x HL(Q) x (Hgl?(I)). This problem has a unique

solution [19] which is the solution of the problem

(Q1+ Q)N = Roffy — Ri f

This is the equation (2.6). It shows that solving the Lagrange multiplier for-
mulation is equivalent to finding Neumann interface data on I' (cf. [18]).

The paper [19] uses the Lagrange formulation to introduce finite ele-
ment spaces of Lagrangians of small dimension per interface for regular meshes.
This can reduce the size of the problem substantially, but it is restricted to reg-
ular meshes. The space of Lagrangians can be chosen as the restriction of the
finite elements space on the subdomains to the interface. This is similar to the

approach taken by FETI as explained in the next chapter.
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2.5 A Two Level Method Based on Smoothed
Prolongation

The two-level method described in [68, 66] develops a simple abstract
framework based on the concept of smoothed tentative prolongator introduced
in [65]. The tentative prolongator is derived from a system of nonoverlapping
subdomains. As opposed to the previously described methods, the union of all
subdomains €2;, 7 = 1, ..., Ny does not cover whole €). Instead, there is a layer
one element wide between each two subdomains.

Our algorithm can be written as a variational two-level multigrid
with a special choice of components. We will first describe components of the
method and abstract assumptions that ensure coarse space size independent

convergence. Let us consider the system of linear algebraic equations
Ku=f,

where K is an n X n symmetric positive definite stiffness matrix arising from

a discretization of a second order elliptic PDE, for example (2.1).
Interpolation from the coarse space to the fine space is represented by

an operator M P, composed from a tentative prolongator P and prolongator

smoother M. Let us denote
Ky = MK, M =1-2K,,
p

where w € (0,2) is a given constant and p(K ) is an estimated upper bound
for p(Ky), the spectral radius of Kj,. The following assumption specifies
requirements on M, P and p(K,s). are needed for proving coarse space size

independent convergence.
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Assumption 7 There exist positive constants C;, C5 independent of n and
N, and a positive constant Cp(Ny, n) such that

(1) For every u € IR", there exists v € IR such that
|u — Po|| < C1Cp(Ny,n)p 2 (K)||lul . (2.12)

(2) The prolongator smoother M, is symmetric, commutes with K, p(M) < 1,
and

p(Kn) < p(Ku) < C3CH°(Ny,n)p(K). (2.13)

We also need to define a pre-smoother &y, and post-smoother Sy;;

and analogously for M’. The matrix NN is chosen so the smoother is consistent
with the system Ku = f. The smoothers §); and &), are relaxation operators
used to smooth the approximate solution corrected by an interpolated coarse
level error. The algorithm can now be written as follows.
Algorithm 8 Given an initial guess u, repeat until convergence:

(1) u<+ Sul(u, f),

(2) solve (PTMKMP)w = P"M(Ku — f),

(3) u < u— MPw,

(4) u <+ Sy (u, f).
Post process u < Sy (u, f).

The tentative prolongator P may be defined as P = DY2P, where

D = diag(K) and

Py = 1, if the node corresponding to u; belongs to subdomain €,

= 0, otherwise.
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The most practical choice of M is a polynomial in K. The choice described
below is a polynomial in K that attempts to minimize p(K,s) given an upper
bound on p(K) and a chosen degree of the polynomial. For certain degrees,
this polynomial can be found explicitly by the following recursive algorithm:
Algorithm 9 Let p be the estimate of p(K) satisfying p(K) < p < C,p(K),
with a given constant C,. Set p; = 9%, Ag =K and fori=1,2,... do:

(1) Ai= (I — §pi1Ai1)*Ai,

(2) M; =TI=(I — 50, ' 4))
Notice that deg(M;) < 21,

2

For a 2D problem, we choose the prolongator

smoother M = M, where
deg(Mj41) > gNY/? > deg(M,,), (2.14)

where ¢ € (0,1] is a given parameter and N, the average average number of
degrees of freedom per subdomain, and M) are the polynomials constructed
by the algorithm above.

With the choices of the tentative prolongator and prolongator smooth-
er described above, the convergence of our method can be shown to be indepen-
dent of the meshsize, N,,, inhomogeneities between subdomains, and boundary
conditions [68]. It thus overcomes one of the main disadvantages of standard
two-level multigrid methods, suffering from the dependence of the rate of con-
vergence on the size of the coarse space. On the other hand, its computational
complexity is lower in comparison with domain decomposition methods using
direct local solvers. This is true even for simple direct solvers as internal solvers
in our method (which are preferred, as iterative solvers tend to have negative

impact on the robustness of the method).
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Application of the method to solid problems is treated in [64] and
similar results are obtained. The method is provably robust with respect to

jumps in coefficients [67].
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3. Finite Element Tearing and

Interconnecting (Derivation and Extensions)

3.1 Original FETI

The FETI (Finite Element Tearing and Interconnecting) method is
a domain decomposition algorithm derived from a hybrid variational principle
and designed for the iterative solution of systems of equations arising from the
finite element discretization of self-adjoint elliptic partial differential equations.
It was developed in [28, 27, 33], and also discussed in detail in monograph [34].

In this method, a given spatial domain is “torn” into non-overlapping
subdomains where an incomplete solution of the primary field is first evalu-
ated using a direct solver. Next, intersubdomain field continuity is enforced
via Lagrange multipliers applied at the subdomain interfaces. This “gluing”
phase generates a smaller size symmetric dual problem where the unknowns
are the Lagrange multipliers, and which is best solved by a preconditioned con-
jugate gradient (PCG) algorithm. This idea is related to the fictitious domain
method where the Lagrange multipliers enforce boundary conditions as in Dinh
et al. [17].

In contrast with other related domain decomposition methods using
Lagrange multipliers as unknowns [36, 62|, the FETI method distinguishes itself

with the treatment of the null spaces of the subdomain stiffness matrices (rigid
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body modes) associated with the so-called floating subdomains, i.e., subdo-
mains without a sufficient number of essential boundary conditions to prevent
the local stiffness matrix from being singular. Resolving the rigid body modes
leads to a small “coarse” problem that is solved in each PCG iteration. This
is an added complication, but also a blessing. Farhat, Mandel, and Roux [32]
have shown numerically, and proved for the FETI method without precondi-
tioning, that the auxiliary problem plays the role of a coarse problem, namely,
it causes the condition number to be bounded independently of the number of
subdomains. In |[26], Farhat, Chen, and Mandel extended to time-dependent
problems, which lack the naturally occurring coarse problem.

The FETI method is in a sense dual to the Neumann-Neumann meth-
od with a coarse problem, developed by Mandel under the name Balancing
Domain Decomposition [45] (BDD), which we described in Chapter 2 and which
is based on an earlier method of de Roeck and Le Tallec [61]. A modified
method was analyzed by Dryja and Widlund [25]. It should be noted that
while the underlying ideas of FETI and BDD are in a way dual, FETI is not

the BDD method applied to the dual problem.

3.1.1 Problem Setting and Assumptions

Let us first introduce some notation used throughout this chapter and

T

the rest of this thesis. For u, v € IR", the inner product (u,v) = u' v serves also

as duality pairing. The ¢2 norm is denoted ||u| = (u,u)'/?

. For a symmetric
positive semidefinite matrix A, ||u|l4 = (Au, u)'/? the induced seminorm. This
is a norm if A is positive definite. The superscript T denotes pseudoinverse,

defined as follows.
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Definition 10 (Pseudoinverse) Let A be a linear operator. The
pseudoinverse A" is any linear operator such that if @ € Im A then AA"a = a.
In general, a pseudoinverse is not unique. Our algorithms will be
invariant to a specific choice of the pseudoinverse. If A is a symmetric oper-
ator on a finite dimensional space, A" can be chosen to be also symmetric.

Considering the spectral decomposition of A,
A= Zavgvg, Av, = ovy, vlv, =1, (3.1)
g

a pseudoinverse A' can be chosen as
+ L
AT =" —v,u.

o#£0 o

For A positive semidefinite, we denote

A =3 0%t

>0
In particular, with this notation we have, A = AY/2AY2 and AT = A-1/24-1/2,
We point out that Ker A® = Ker A for any real a.

We refer to Section 2.2 and the model problem (2.1) for explanation
of some of the terminology used next.

Let Q be a domain in IR? or IR? decomposed into N, non-overlapping
subdomains €y, Qy, ..., Qu,. Let u; be the vector of degrees of freedom for
subdomain €2; corresponding to a conforming finite element discretization of an
elliptic problem (e.g. linear elasticity, plate bending) defined on €, such that
each subdomain is a union of some of the elements. Let u;, K;, and f;, be the

vector of degrees of freedom, the local stiffness matrix, and the load vectors,
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respectively, associated with the subdomain €2;. We will use the block notation

| 5] (K0 0 |
- Uy f fo K 0 K 0
L UN, | I f]\rS J I 0 0 KNS J

Depending on the imposed boundary conditions and the location of the subdo-
main, the local stiffness matrix K; is positive definite or positive semidefinite.
A subdomain without sufficient essential boundary conditions to prevent the
subdomain stiffness matrix K, from being singular is called a floating subdo-
main. Let Z; be the matrix with linearly independent columns that generate

the kernel of K;, Im Z; = Ker K;. If K; is regular, Z; is a void matrix. Denote

[z 0 0
0 Z 0
Z = ;
Lo 0 Zy.
thus,
Im Z = Ker K, Ker Z = {0}.

A single mesh point z € {2 has several degrees of freedom associated
with it if it lies on the interface (intersection of the boundaries) of two or
more subdomains, see Figure 3.1. Let B be a given matrix such that Bu =
0 expresses the condition that for each mesh node shared by two or more
subdomains the values of the degrees of freedom associated with that node

coincide. We denote by W the space of all vectors of degrees of freedom, and
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Figure 3.1. Model domain: the mesh node = shared by subdo-
mains €2; and 2; and the degrees of freedom u;,, and u;, associ-
ated with the mesh node x.
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by A the space of the vectors of values of the continuity constraint; thus,
K:W —>W, B:W — A.

The problem to be solved is the minimization of the energy of the

system subject to intersubdomain continuity conditions
Lo T : .
E(u) = U Ku — f*u — min subject to Bu = 0, uweW. (3.2

We assume that the global structure is not floating, that is, the solu-

tion of (3.2) is unique. From (3.2), this is equivalent to the assumption that
Ker K N Ker B = {0}. (3.3)

The following notation will be needed to write the FETI algorithm

concisely:

G = BZ,
F=BK"B!,

d= BK™"f, (3.4)
e=2"f,

P=1-GG"G)'G".

Note that P is an ¢* orthogonal projection on (Im G)~ = Ker G.

Lemma 12 justifies the expression for P by showing that G'G is invertible.

3.1.2 Derivation of the Dual Problem
The method, as originally derived by Farhat and Roux [27], introduces

Lagrange multipliers to enforce the continuity of the solution. Solving the
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problem (3.2) leads to the system of equations

Ku + B™\ = f

(3.5)
Bu = 0
A solution u of the first equation in (3.5) exists if and only if
f-B"A€ImK. (3.6)
It must then have the form
u=K"(f - B"\) + Za. (3.7)

where « is to be determined. Substituting u from (3.7) into the second equation
of (3.5) yields
BK*(f — B"\) + BZa = 0. (3.8)

Now (3.8) multiplied by P together with (3.6) show that \ satisfies the system

of equations
P(FA—d)=0
(3.9)
G\ =e,
where we have used notation (3.4).

The first of the equations (3.9) is solved by a projected preconditioned
conjugate gradient method using an initial approximation )y that satisfies the
second equation. The conjugate gradient algorithm requires evaluating only
the actions of PF. Most of the computational work in F = BK*B7 is concen-
trated in the action of K. Since K is subdomain block diagonal, its action
can be computed in parallel and involves solving subdomain problems only.

Application of P requires solving a small coarse problem. For a scalar prob-

lem, the size of this problem is less than the number of subdomains N,. For a
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linear elasticity problem, the size of the problem is the number of rigid body
modes, which again does not exceed a small multiple of N,. A preconditioned
projected CG for the equation PFA = d using a symmetric preconditioner D
can be written as follows.

Algorithm 11 (FETI) Given an initial )y, compute the initial es-
timate

)\0 = G(GTG)ile + Pj\o

and the initial residual

TOZP(F)\Ofd)

Repeat for k£ = 1,2, ... until convergence:

Zk-1 = Dry

Y1 = Pz

& = 7“;?71.%71
&k
Pe = Y1+t Pr—1 (p1 = o)
Ek—1
&
= 2k
pr PFpy
Ao = Ag—1+ VDg
ry = Tk—1 — VP Fpy

The choice of the preconditioner is discussed in Section 3.3.

Lagrange multipliers A in FETI can be seen as interface forces and
moments in the physical system. From (3.7) and the definition of F in (3.4),
the residual P(F'A — d) = —Bu has the interpretation of jumps of the values

of degrees of freedom between subdomains. The condition f — BTA — Ker K
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means that the action of the loads and intersubdomain forces and moments

does not excite rigid body motions.

3.1.3 Saddle Point Formulation

Let us explain in more detail how enforcing the continuity using La-
grange multipliers yields the system (3.9). This approach is presented by
Farhat, Mandel and Roux [32], and it will be later used to derive a gener-
alized FETI method.

For the Lagrangian of the minimization problem (3.2),

1
L(u,\) = EUTKU — fTu+XT'Bu, weW, \eA,

we solve the dual problem: find A* such that

C(A") = maxC(A) = max inf L(u, \). (3.10)

AEA AEA ueW

By a direct computation,
—oo if f— BTX\ / Ker K,
C(N\) = (3.11)
—3(K*(f = B"X), f — B")) otherwise.
The dual problem (3.10) is thus equivalent to maximizing C(\) on the

admissible set

A={ e A |C()\) > —oc}.
The space of admissible increments is
{)\1 — )\2 | )\1 € A, )\2 € A} = {/L €A ‘BT/L — Ker K} = Ker GT. (312)

At the maximum of C(\), A € A, the derivative of C, DC(\; ), is zero in all

directions in pu € Ker G*:

DC(\;p) =0 Vu e Ker G".
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By a straightforward computation, this becomes
(~-BK™B*A\+ BK"f u) =0, VYuécKerG". (3.13)

In order to express (3.13) as a linear equation in the space Ker GT, we use the

I, orthogonal projection defined by (3.4). Then for u € Ker G7,

(=BK*B"X\+ BK*f, ) = (—~BK*B"\+ BK™f, Ppy)

— (P(~BK*B"\+BK*f), )

Therefore, the dual problem (3.10) is equivalent to the linear equation in

Ker GT for the unknown p,
w e Ker G, P(—=BK*BY(u+ X)) + BKTf) =0, (3.14)

where )\q is an arbitrary starting feasible solution, that is, Ay € A. Denoting

A = A\g + 14, we obtain the system (3.9).

3.1.4 Algebraic Properties of the Original FETI Method

Lemma 12 (GTG) ™' exists.

Proof. Let Gaw = BZa = 0. Then Za € Ker B, and Za € Ker K by the
definition of Z. It follows from (3.3) that Za = 0, hence a = 0, since Z was
assumed to be of full rank. See also [34, Theorem 5.4]. O

Theorem 13 The solution A of (3.9) is unique up to addition of a vector from
Ker B”. Any solution A of (3.9) yields the same solution u of the minimization
problem (3.2), using (3.7) with a = —(GTG) 'G"(d — F)).

Proof. The relation between A and « follows by a direct computation. To prove

uniqueness of A, it is sufficient to show that

Ker PFNKer G = Ker FNKer G = Ker B”. (3.15)
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First, BT\ = 0 implies FA = 0 and GT\ = 0, so
Ker BT ¢ Ker FNKer GT ¢ Ker PF N Ker G”.

Conversely, assume GTA\ = 0 and PF) = 0. Then, since GT = ZTB7, the
first equation implies BYA — Im Z = Ker K. Thus BY\ € Im K. From the

definition of P, GT'X\ = 0 is equivalent to PA = A. From PF)\ = 0, we obtain
0=MNPFENX=)MFX=(B"))' K*B"\.

Since K7 is positive semidefinite, this implies that B?\ € Ker KT = Ker K.
Together, BTA\ € Ker K NIm K = {0}. O

Non-uniqueness of the multipliers A corresponds to redundant inter-
subdomain continuity constraints, which occur naturally at crosspoints of more
than two subdomains.

Define the space of the Lagrange multipliers as the factorspace
A= A/Ker BT.

Since for any A € Ker BT, P, F\, and GT )\ are the zero vectors, the operators
P, F, and GT induce operators on A, which will be denoted by the same
symbols. To avoid confusion, all null spaces will refer to the space A, not the
factorspace A. For example, the null space of the induced operator GT on A
will be denoted by Ker G”/ Ker B”.

It is easy to see that F' is symmetric and positive semi-definite and
hence so is PFP. The next lemma shows that the operator PF' restricted
to Ker G/ Ker BT which coincides with the restriction of PF P, is positive

definite.
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Lemma 14 The operator PF' is symmetric and positive definite on the fac-

torspace Ker G*/ Ker B7.

Proof. For u,v € Ker G*', we have from the definition of P,
(PFPu,v) = (PFu,v) = (Fu,v),

which proves that PF is symmetric positive semidefinite on Ker G*. To prove
that PF is nonsingular on Ker G*/Ker B, let PFu =0 and G'u = 0. Since
F = BKB" and GT = Z"B" by definition, it follows that BT« € Ker K and
BTu — Ker K, hence BTu =0. O
The original FETI method is therefore the method of preconditioned
conjugate gradients in the factorspace A for the operator equation, equivalent
to (3.9),
PF) = Pd, A € A\ + Ker G7, (3.16)

where )\g is an initial approximation to the conjugate gradient method chosen

so that G\ = e, and all search directions are in the space Ker G1 C A.

3.2 Generalized FETI

There have been several extensions to the original method. Extension
to time-dependent problems was done in [26]. Generalization to plate-bending
problems is discussed in [51, 53] and, in detail, in this thesis.

For the original method for plate bending problems, the condition
number was observed to grow fast with the number of elements per subdo-
main [32]. This is caused by the fact that plate bending is a fourth order
problem, while the FETI domain decomposition method “tears” the approxi-
mate solution at subdomain crosspoints, which is suitable only for second order

problems.
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The limitation of method can be cured to extend the FETI method-
ology to obtain a non-overlapping domain decomposition method for plate
bending problems. This new method has the properties one usually looks for in
iterative substructuring methods: the condition number can be bounded inde-
pendently of the number of subdomains, and it grows only poly-logarithmically
with the number of elements per subdomain. The computational cost per it-
eration is proportional to the solution of a boundary value problem in each
subdomain, plus the solution of a sparse coarse problem with only few vari-
ables per subdomain. Such methods are commonly referred to as scalable and
quasi-optimal, though, of course, for very large number of subdomains, the
solution of the coarse problem would dominate.

The key idea of our method is to enforce the continuity of the ap-
proximate solution at the subdomain crosspoints throughout the iterations by
adding the corresponding Lagrange multipliers to the coarse problem. A simi-
lar idea was employed in the Balancing Domain Decomposition (BDD) method
for plates [42], where approximate continuity at crosspoints is enforced by
adding new basis functions to the original coarse space [46, 49] in order to keep
the energy of the approximate solution minimal with respect to displacements
that are solutions for point loads at the subdomain crosspoints (cf. Section
2.4.4). The distinguishing features of both the present method and the method
from [42] is that they are non-overlapping and work for standard finite elements
used in everyday engineering practice.

For other domain decomposition methods for the biharmonic equation
and plate bending see, for example, [12, 71|. Extensions to shells, implemen-

tation issues, and further computational can be found in [29, 31].
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3.2.1 Duality Derivation of the Generalized FETI

In this section, we present a derivation and formulation [52] of the
generalized FETI, based on the concept of coarse optimality of a dual objective
function.

Preserving the condition GT )\, = e throughout the iterations of the
Algorithm 11 can be interpreted as enforcing that every Ay be optimal with

respect to all possible increments of the form Ga:
G\ =e < C(\) > C\ — Ga), Va, (3.17)

where C is defined by (3.11).

The key to the generalization of the FETI method to plate bending
problems is to make all \; optimal in more directions. Let C' be some given
matrix with the same number of rows as G. Each column of C' will give rise to
an additional variable in the coarse problem. We shall satisfy in each iteration

the coarse optimality property
c(N) > c(A—Ga—CB),  Va,B. (3.18)

with A = \;. To satisfy this property, consider an auxiliary problem: For a

given A find o and 3 so that
C(\) wmax, A=X-Ga-Cp (3.19)

Since we only need solutions satisfying C(\) > —oo, we consider the maximiza-

tion problem (3.19) along with the constraint

G'A=e (3.20)
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Introducing new Lagrange multipliers u for (3.20), we get that «, £,

and p solve the saddle point problem
inﬁfsup Z(S\ — Ga — Cp,p) = sup mﬂfZ(S\ —~Ga—Cp,p)
af u poo
where
- 1
L) = —iATF)\ + ATd+ u"(G"A —e)

From the optimality conditions

L\ p) LA\ p) L\ p) _ 3
T_O’ T_0, T_0, A=)—Ga—Cp,

we obtain that (3.19) is equivalent to the block linear system

o GTF G"d
M| g|=|CTF |X—| C"d (3.21)
L GT e
where
G'FG G'FC G'@ Gl 0
F I G C 0
M=|cC"rG CTFC CTG |=|C" 0
I 0 0 0 G
GG G'C 0 0 G7

(3.22)
The solution A of (3.19) is unique up to the addition of a vector in Ker F' N

Ker GT, and we write it as

GTF GTd
A:X[G c oMY || ctF | A—|CTd||. (3.23)
GT e
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Note that since (3.19) has a solution for any A, so does (3.21), hence
G'F
Im | 0TF | CIm M. (3.24)
GT
Further, if A is coarse optimal, then A + ¢ is also coarse optimal if and only if
G'F
M* | ¢TF | 6 € Ker FNKer GT. (3.25)

{ G C 0
GT
The generalized FETI algorithm is thus obtained from Algorithm 11 by pre-
scribing the initial approximation Ay by
GTF GTd
MY CTF | Ao~ | CTd

Ao =Xo — [ G C 0
G e
and by replacing the step y,_1 = Pz, 1 by
G'F
Y1 = 21— [G,C,0|M™* | CTF | 21,
a7
cf. Algorithm 20 in the next section.
3.2.2 Derivation of Generalized FETI Algorithm
without Duality
The generalized FETI method can be also obtained by forcing the
iterates to satisfy also a weighted residual condition [53]. That is, we require

throughout the iterations that

CT"P(F)\—d) =0, G"\=e, (3.26)
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where C' is some given matrix. Search directions that preserve (3.26) form the
space

VI={AeA|G"\=0,C"PF)\=0}. (3.27)

The corresponding space of residuals is
V={uecIm B|G"w=0C"u=0}. (3.28)
Denote the associated subspaces of the factorspace A as
V' ={u+Ker B |[ueV'}=V"/Ker BT, V={u+Ker B |ueV}

Note that V and V are isomorphic: since V C Im B and Im BNKer BT = {0},
each class of V contains exactly one element of V.

We will need several properties of the spaces V and V.
Lemma 15

V =PFV'.

Proof. From the definition, clearly PFV' C V, hence PFV' C V. To show that
V € PFV', let u+ Ker BT € V. Since PF is a bijection on Ker G”/ Ker B”
by Lemma 14, there is A € Ker G/ Ker B such that PFX = u + Ker BT. It
follows that A € V. DO
Lemma 16 The space V' is the dual of V with the duality pairing (-, -).
Proof. Any A € V' defines a linear functional X' on V by XN (v) = (\,v). Let X
be an arbitrary linear functional on V. From Lemma 15, it follows that \'PF
is a linear functional on ‘7’, and, from Riesz representation theorem, there is a
unique A € V' such that N'(PFv) = (\,v) for all v € V'. From Lemma 14, PF
is a bijection on V, and it follows that the mapping between a linear functional

A and its representation A € V' is an isomorphism. 0O
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Lemma 17
A=V'eV .
Proof. From Lemma 14, PF is symmetric positive definite on Ker G/ Ker B”.

Hence, (PF)~' is also symmetric, positive definite on Ker G7/Ker B”, and,

using Lemma 15, it follows that

A=V'e (V) en' =V g (PR)V) ot =V @V, (3.29)

which was to be proved. 0O

We now define a projection operator () by
QA=A Q°=Q, ImQ=V' KerQ=V", (3.30)

and compute the matrix representation of (). This representation defines also
an operator on A, which will be denoted by the same symbol Q).
Lemma 18 The projector () is given by the formula
G'F
Mt CTR |,

Q=1~- [ G C 0
GT
where M is defined by (3.22).
Proof. Let \, A € A, Q(\ + Ker BT) = X\ + Ker B”. Since A € V', from the
definition of P, there exists u such that PFA = FA+ Gu. From the definition
of V!, GTX\ =0 and CT'PF) = 0, hence

GTFA + G"Gu = 0,
CTFA + CTGp = 0, (3.31)
GT A = 0.
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From the definition of (), we have A — A — V, so for any v € Im B, GTu =0
and CTu = 0 implies (A — \,u) = 0. Consequently, there exist o and 3 such

that for all u € Im B,
A=\ u) = (Ga,u) + (CB,u),
which implies that
A=A+Ga+CB+v,  ~ve€(ImB) =Ker B" (3.32)

Since A € V', substituting (3.32) into (3.31) gives that a, (3, u satisfy the linear

system
G"TFN+Ga+Cp) + G"Gu = 0

CTFA+Ga+CB) + CTGu = 0 (3.33)
GT'(A + Ga+ Cp) = 0.
On the other hand, it is easy to see from (3.31) and the definitions of @ and
V that if , 3, p satisfy (3.33), then A = A+ Ga + OB € QA+ Ker BT. [
Similarly as in the case of the original FETI, we need to find an initial
approximation Ay satisfying certain conditions, in this case (3.26).
Lemma 19 For any )\, € A, the system of equations
GTF(\+Ga+CB) + G'Gp = G"d
CTF(N+Ga+Cp) + C'Gu = C'd (3.34)
GT(\o + Ga+ CPB) = e

has a solution «, 3, u, and
Mo =X+ Ga+Cp (3.35)

satisfies

CTP(FX\y —d) =0, GT )\ = e. (3.36)
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Proof. As in the preceding proof, )\, satisfies (3.36) if and only if there is a p
such that
G"FN + G'Gu = G"d
C'F\, + C'Gu = C%d (3.37)
GT )\ = e
Substituting ¢ from (3.35) into (3.37) yields the system (3.34), which can be

written as
o
MﬁzXT d | X:{GCOL
LG(GTG)*leJ [0 0 GJ
7

From the factorization (3.22), it follows that Ker M = Ker X. Using symmetry
of M, we have Im M = (Ker M)~ = (Ker X)~ = Im X7, hence, (3.34) has a
solution. O

The generalized FETI method is the conjugate gradients method for
the operator PF : V' — V., preconditioned by QDQT : V. — V' where the
D : A — Ais a given operator symmetric on V. Since Q7 is also a projection
and Im Q7 = (Ker Q) = V, the application of Q¥ on V can be omitted,
and one obtains the following algorithm similar to the algorithm of the original
FETI (Algorithm 11).

Algorithm 20 (Generalized FETI) Given an initial )\, compute

the initial Ay from (3.34) and (3.35), and compute the initial residual
ro = P(FXy — d).
Repeat for k£ = 1,2, ... until convergence:

k1 = Drp
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Y1 = Qzp—1

5k = 7"]1;713/1971
&k
Pk = Yp1+ Pr—1 (p1 = o)
Ek—1
L&
L = 2k
pr PFpy
A = Ap_1+ Urpy
ry = Tk — VP Fpy

The choice of the preconditioner is discussed in Section 3.3.

3.2.3 Method Selection for Plate Problems and
Other Generalizations

We choose the columns of matrix €', which appears in the description
of the generalized FETI method above, as vectors with a one at the position of a
Lagrange multiplier that enforces the continuity of the transversal displacement
at a crosspoint, and zeros everywhere else. By a crosspoint we understand an
interface node adjacent to at least three subdomains or to two subdomains and
the complement of €2. For a more precise formulation, see Section 4.5.1.

A similar idea can be exploited for shell problems. The continuity of
the normal displacement needs to be enforced. To avoid finding normals and
the added complexity of enforcing continuity of the normal displacement, one
may enforce continuity of all displacement degrees of freedom. This, however,
increases the size of the coarse space. Other possibilities and computational
issues are discussed in [30].

Farhat et al. in [26] studies the case of time-dependent problems

where the subdomain stiffness matrices K; are perturbed by the addition of
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a multiple of the subdomain mass matrix, thus making the new local matrix
positive definite. Consequently, all matrices Z; are void and the natural coarse
problem is lost in time-dependent applications. The methodology developed
in [26] for reintroducing a coarsening operator in the FETT algorithm for dy-
namics problems is a special case of the present generalization where C' is
taken to be the matrix G before the perturbation, that is, C' = [BZZZ] where
the columns of ZZ are the basis of the kernel of the local stiffness matrix of
the subdomain €2;. The reason why the preconditioner works for the dynamics

problems is quite different from that for the plate bending.

3.3 The Dirichlet Preconditioner
Let us decompose the space of all degrees of freedom W into the
space of internal degrees of freedom and the degrees of freedom on subdomain

interfaces,
W=WxW.

In the corresponding block notation,

since B has nonzero entries for interface degrees of freedom only. Also,

7 = ,

A

and we have

G =BZ = BZ, Ker B! = Ker B7.
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Let S be the Schur complement of K obtained by elimination of degrees of

freedom internal to all subdomains. Then
F=BK"B" = BSTB" (3.38)

and Ker S = Im Z. Evaluation of the matrix-vector product S*u reduces to
the solution of independent Neumann problems on all subdomains, cf. Section

2.4.1. Inspired by (3.38), we choose D = BSBT, giving the preconditioner
QD = QBSB". (3.39)

This preconditioner is called the Dirichlet preconditioner, since evaluating the
matrix-vector product Sr is equivalent to solving independent Dirichlet prob-

lems on all subdomains, cf. Section 2.4.1.

3.4 Interface Formulation of Park et al.

In [59, 58|, K.C. Park has developed a similar substructuring method.
We will show that this method can essentially be written as FETI with a special
choice of the interface continuity operator B.

The method augments the Lagrangian by introducing another vari-
able u,4, the global vector of degrees of freedom, on the interfaces between
subdomains. This variable is redundant and is later eliminated, yielding an
analog of FETI. We will show that the method can be written as FETI and
discuss the resulting choice of B and its implications.

Let L be the subdomain assembly matrix, that is a zero-one matrix
mapping the local subdomain degrees of freedom to global ones. Using this

matrix, the continuity of the solution is enforced through the constraint

u = Luy,.
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The Lagrangian can be written as
L7 T T
L(u,ug, A) = U Ku— fiu+ A (u— Lu,).

Decomposing u = Za + (3 into a rigid body mode component and its comple-

ment (pure deformation component), we obtain
1
Emﬁwwﬂ:ifkﬁ—ﬂﬂ—ﬂZw%Vwa+ﬁ—hw.

The stationarity condition leads to the system of equations

k10 ol ﬁ_ ( f_
I 0 Z -L A 0
0 ZT 0 0 a —Zf

| 0 L 0 O_Lug_ L 0 |

Eliminating the deformation component, = K*(f — A), the system becomes

K+ 7 —L A K+ f
VAN 0 a | = | —Zf
- 0 0 Ug 0

The first equation of the system is

K"'\N+Za — Lu, = K" f. (3.40)

We first eliminate the term Za by multiplying (3.40) by the orthogonal pro-
jection P onto (Im Z)~ = Ker Z1, P, =1 — Z(Z'Z)"'Z*, and obtain the
equation

PzK+)\ - PzLUg = PzK+f, (341)
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equivalent to (3.40) holding for some «. Next, using the orthogonal projection

P, onto (Im P;L)~ = Ker (P;L)7,
P=1—P,L(L"P,L) ' L' Py,

in a similar way,

PP,K*\ = PP,K*¥f

This is the equation (15) in [58].
We may reverse the order of elimination of the terms, and we obtain

from (3.40)
P,PK*\= P,PK"f, (3.42)

where the orthogonal projections P, and P, are given by

P, = I-LIL"L)'L”

P, = I —PZ(Z P 2) ' 2Py

Since Im P, C Im P, = Ker L™, we have v = Ppv for v € Im (P,). Thus,
P[1K+l/ = PLK+PLV.

Now choosing

B=rp, (3.43)

we may write
P,=1-P2(Z"P2) ' 7" P, =1 -GG'G)'G" = P,

where we have used the notation (3.4). This shows that the method with the

equation (3.42) can be written as FETI with the special choice of B (3.43).
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Let us illustrate this choice. If a mesh node is on the interface of
two subdomains, then, omitting all other degrees of freedom and Lagrange

multipliers, the corresponding block of the assembly matrix L is

N
g

and the corresponding block of the projection P, is

| 1].

1
20 1 1

Similarly for a three node and four node interfaces, we get

2 -1 -1
1
3 —1 2 =11,
-1 -1 2

and

-1 -1 3 —1

-1 -1 -l 3J

respectively. The choice of B = P, has some interesting implications on the

analysis, which will be discussed in Section 4.4.

62



4. Convergence Analysis

In this chapter, we prove that for a second order problem the con-
dition number of the preconditioned FETI method is bounded independently
of the number of subdomains and poly-logarithmically in terms of subdomain
size, similarly as it is in the case for other optimal non-overlapping domain
decomposition methods [11, 23, 25, 49, 48]. We prove that the choice of the
interface continuity operator as given by Park et al. assures that the condition
number is bounded by C(1+1log %), Finally we also show that the generalized
FETI converges poly-logarithmically for the plate bending problem problem.

Analysis of domain decomposition methods typically demonstrates
spectral equivalence of the quadratic form that defines the problem in a varia-
tional setting and the quadratic form that defines the preconditioner, often by
way of P.L. Lions lemma [6, 23, 24, 44]. Since the preconditioner in the FETI
method is quite complicated and is not defined in terms of a quadratic form,
we proceed differently. We find a bound on the norm of the product of the
system operator and the preconditioner, so as to bound the maximal eigen-
value, and a bound on the inverse, to bound the minimal eigenvalue. Related
analyses were previously done for methods without crosspoints between the
subdomains, or done formally in functional spaces, cf., for example, Glowin-
ski and Wheeler [37] and Bakhvalov and Knyazev [4]. We present a complete
analysis in terms of upper and lower bound on the preconditioned operator

for decompositions with crosspoints in 2D and edges and crosspoints in 3D for
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second order elliptic problems. We show that the condition number is bounded
by C(1 + log %)7, where v = 2, 3, h is the characteristic mesh size, and H the

diameter of the subdomains.

4.1 Preliminaries

In this section, we present some results that will be used in analysis
of FETI methods. The results are mostly concerned with estimates for finite
element functions used to discretize our model problems.

We will assume that a domain €2 is divided into a set of nonoverlapping
subdomains €;,4 = 1,..., N,, Q = Q;U...UQy,. The subdomains are assumed
to be shape regular of diameter H according to the definition below. We will
formulate all results for one of the subdomains €2; and assume that constants
in the estimates do not depend on the index of the subdomain.

Definition 21 A subdomain Q; C IR? is said to be shape-regular of diameter
O(H) if it can be generated from a reference domain (square or cube) € of unit
diameter by a mapping F; such that €; = }"Z(Q) The mapping is assumed to
satisfy

l0Fil < eH,  0F; || < esH (4.1)

where OF; is the Jacobian of the mapping, ||.|| is the Euclidean IR? matrix
norm, and ¢, is a positive constant.

We will be using the Sobolev spaces Wy ,. For p = 2, the spaces
are Hilbert spaces and we denote them H* = Wi.2. Definitions of Sobolev
spaces can be found, for example, in [1]. For k # 1/2,1, we use || - || and
|- |kp.0 to denote the standard Sobolev norms and seminorms of functions in

Wy . Following [22], we define the scaled Sobolev norm for a scalar function
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[ullf 2.0, = [ult 2.0, + 5 lullo 20,
H

where the Sobolev seminorm is defined by

00, = [ IVu(@)|da.

We define the scaled Sobolev norm for a scalar function u € H'/2(08);)

||“||%/2,2,as2i = |“|§/2,2,89i + ﬁ”“”g,z,agia

where the Sobolev seminorm is defined by

u(y)[?
NV dad
‘U‘1/2,2,BQ /agz /89 ||$ - de g

Here || - || is the Euclidean norm in IR?. We note that the space H'/?(0€);) is
the space of traces of functions in the space H'(€2;).

If u = (uy, ug) is a vector function, then we define, for example,

ull¥ .0, = llurll¥ o0, + lu2]l¥ 5.0,

Other norms and seminorms of vector functions are defined analogously.

We present two variants of the Poincaré-Friedrichs inequality. We
prove the first for the sake of completeness and to demonstrate the technique
that is used to prove its variants for finite element functions. We note that
P.,k=0,1,... denotes the space of polynomials of degree at most k.
Lemma 22 Let G be a continuous linear functional on H'/2(95);) such that for
all u € Py, G(u) = 0 implies u = 0. Then there exists a constant ¢ independent

of H such that for all u € H'/?(99Q;),u € Ker G

||U||%,2,aszi < 1,2,00;-
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Proof. We prove the theorem for a reference domain of diameter 1 by contra-
diction. The result in the scaled norms then follows.

If the inequality is not true, there exists a sequence {u,} C Ker G
such that

ltallympo =1 and  fualy o0 — 0.

Due to the compact imbedding of H'/2(9Q) in Ly(99), there exists a subse-
quence of {u, } that converges in L,(8<2). Since ‘Un‘%,z,ag) — 0, the subsequence
{un,} is Cauchy in H'/?(9). Therefore it converges in H'/?(3Q) to some
u € H'Y?(9Q). The continuity of the norm and the seminorm on H'2(9%)
implies

lullspn =1 and  July,,s=0. (4.2)

Therefore, by the second equation in (4.2), u = k almost everywhere, where
k is some real number. Let us assume without loss of generality that u = k
everywhere; that is u € P. Since G is continuous G(u,,) — G(u) = 0. This
yields, by the assumption, u = 0 which contradicts the first equation in (4.2).
0

The proof of this Poincaré-Friedrichs inequality in scaled norms is
similar to the proof of the previous lemma.
Lemma 23 Let G be a continuous linear functional on H'(€);) such that for
all u € Py, G(u) = 0 implies u = 0. Then there exists a constant ¢ independent

of H such that for all u € H'(£);),u € Ker G

llull12.0, < cluli2,0;.
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4.1.1 Estimates for P1/Q1 Elements
Let V,”1 (%) be a conforming finite element space of P1 or Q1 elements
[14] satisfying the usual regularity and inverse properties and possibly some

essential boundary conditions. That is, for example in IR?, we assume that
Q; = Uker, . K,

where each element K of the triangulation 75, is a triangle or a rectangle.

Furthermore, for all £ € 7, ;
c1d(K) < h < ep(K), (4.3)

where d(K) is the diameter of I, and p(KC) the diameter of the circle inscribed
in IC. Then h is called the characteristic mesh size. A vertex of an element
K € Th; will be referred to as a mesh point, a nodal point, or just a vertex.
If essential boundary conditions are prescribed on ¥ C 0€2;, we assume that
w(X) > cop(092;), where p(-) denotes the measure. We note that functions in
V,FH(Q;) are continuous.

As in the previous chapter, the corresponding space of vectors of
degrees of freedom is denoted W;. Let Ip, : W; — V,P1(€;) denote the linear
one-to-one transformation that maps a vector of degrees of freedom to the
corresponding finite element function. This transformation is often called finite
element interpolation.

We decompose a vector of degrees of freedom U € W, into internal
and boundary degrees of freedom assuming the boundary degrees of freedom
are listed last. That is, in block notation, U = [UT, UT)T, where U is the vector

of boundary degrees of freedom. We denote W; the space of boundary degrees
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of freedom and define the matrix 7} so that U = T,U. Then, Ip;U defines a
function on 0€2; which depends on U only. By abuse of notation, we will write
Ip U = Ip, |07, UT]T on 09;.

We summarize some well known results and inequalities in a form
suitable for our purposes. The next lemma summarizes the fact that the H'/?
norm of a zero extension of a "piece” of a function can be bounded by the
norm of the function.
Lemma 24 Let X C 0); be a vertex, edge, or face (if d = 3) of subdomain
Q;. A face is understood not to contain adjacent edges, and an edge does not
contains its endpoints. For for all z € V,/'1(99;), define w € V,F'1(99;) by
w(z) = z(x) on all nodes of triangulation x € ¥, w(xz) = 0 on all other nodes

of 0€2;. Then

H 1
||w||2%,2,8ﬂi < C(1+log E)B(‘Z@,Q,ani + EHZHg,Z,BQ,-)’

where
B =1ifd =2 and ¥ is a vertex, or d = 3 and ¥ is an edge or a vertex;
6 =2ifd =2 and ¥ is an edge, or d = 3 and X is a face.
Proof. The inequality for d = 2 was proved in [49, 48]. The case when d = 3
follows from Lemmas 4.1 and 4.2 in [11] if ¥ is an edge or a vertex, and Lemma
4.3 in [11] if ¥ is a face. Cf. also [23]. O

The following lemma can be proved by using Lemmas 4.1 and 4.2
in [11] and estimates the H'/? seminorm of a spike function.
Lemma 25 There exists a constant ¢ independent of A and H such that for

all uw € VF1(€;), u(z) = 0 for all mesh points = € 98, = # =,

?%,2,891- < CHqu,oo,E)Qi

u
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The following lemma shows the equivalence of the discrete seminorm
defined by the Schur complement and the H'/? seminorm. In the next section
we will apply this result to the stiffness matrix K;, which is why we the same
symbol here. This result is standard [10, 69] and it is proved here for the sake
of completeness.

Lemma 26 Let K; be a symmetric matrix that satisfies
cHUp U} 50, S (KU U) < ClIp Ul 5o VYU € W,
Let U = T;U and the matrix K; be decomposed so that
K KT || U
KZU — _ _ B
K K U
Let S; be the Schur complement of K in K;. Then, there exist constants c¢

and Cj independent of h and H such that
couplU@,Q’aQi <{(S;U,U) < CU\IplU@,Q’aQZ_ VYU € W;.

Proof. From the definition of the Schur complement (Definition 6) and the

property (2.8), it follows that

(S,U,U) =(KU,U) —(K'K'U,K'U) = inf (K;U,U)
U=[0T,0T|T
Hence, from the assumption by invariance of the |- | 2, seminorm to adding

a constant and by the discrete extension theorem [22] for the scaled norms, we

obtain

<SZU, U> < C inf |IP1U + ]{3‘1,2791. S CCeHIPlU + k”%,Q,ﬁQi’

- U:[UT,UT}T
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. fBQ- [Plﬁdili . .
where k& € IR. Choosing k = —ﬁ, yields the equivalence of the scaled
9,

norm to the seminorm by the Poincaré-Friedrichs inequality (Lemma 22). On
the other hand, by the trace theorem, invariance of the seminorms to adding

a constant, and the Poincaré-Friedrichs inequality (Lemma 23), we have

1 712 . o
EC‘IPlU‘%,Q,(‘?Qi < CU:[[;E’},fUT}T [Ip1 U190, < (S;U,U),

where ¢; and ¢, are constants arising from the trace and Poincaré-Friedrichs
inequality respectively. 0O

The following theorem shows a variant of the Poincaré-Friedrichs in-
equality. We note that the dimension of W; implicitly depends on h and for a
uniform mesh, the lemma follows from Lemma 22.
Lemma 27 Let S; be the Schur complement from Lemma 26. There exists a

constant C independent of H and h such that for all U € W;, U — Ker S;
||IPIU||%,2,E)QZ- < C‘]PIU|%,2,E)QZ-'

Proof. 1f there is an essential boundary condition imposed on 0f);, then
Ker S; = {0} and the statement follows from the Poincaré-Friedrichs inequal-
ity Lemma 22. Otherwise, Ker S; is spanned by the vector of ones. Then the
condition U — Ker S; implies 1, U; = 0 for U = [U;,...,Uy]". Following
along the lines of the proof of Lemma 22, we obtain a sequence of vectors

U e W, = RVY™ such that

(Ip U™ o F; — u in  Ly(02),

and

logh — 0 (44)

lullsopn=1 and  uls,
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Therefore, u = k almost everywhere, where k € IR. Thus, (Ip,U") o F; — k in

L2(8Q). Then, from the quasi-uniformity of the triangulation, we obtain

2
) 1 - c N(n)
I n o 2 o n _ 2> no_
I(ZprU") 0 Fi = Kllg 5,00 CN(n)”U k"= N(n)? (jz—:l(U] k))

Since U™ — Ker S;, it holds that Z;V:(?) UJ” = 0. Thus,

ck? < ([(IpU™) © Fi = kllg 5 50 — 0.

This is possible only if £ = 0 which is a contradiction with (4.4). O
4.1.2 Estimates for HCT Elements
Let VHZCT(Q;) be the finite element space of HCT elements satisfying

the usual regularity and inverse properties and possibly some essential bound-

ary conditions. That is, we assume that
Qi - UKE’Th,i,C’

where each element K of the triangulation 7, is a triangle. Furthermore,

condition (4.3) is satisfied and h denotes the characteristic mesh size. We note

that functions in VT (Q;) are C; continuous and the space V27 (©;) can be
written as
VhHCT(Qz') -

{v e CY () : VK € Ty, vk, € P5(K;) for all subtriangles K; of K,

ov ) .
%hkaj € Py (aya;) for all sides (ay, a;) of the triangle I}
On each triangle, a function v in V;ZT(Q;) is determined by the values v(a;)
and the values of its derivatives %(ai) at the vertices of the triangle. The
J
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internal vertex of subtriangles is not arbitrary, but it is determined to guarantee
the unisolvence of the element. This is as much detail as we will need in our
considerations. We refer to [14] for more details about the HCT element.

The corresponding space of vectors of degrees of freedom is denoted
W;. Let Ipy : W; — V,ET(Q;) denote the linear one-to-one transformation
that maps a vector of degrees of freedom to the corresponding finite element
function. As in the previous section, we decompose a vector of degrees of free-
dom U into internal and boundary degrees of freedom assuming the boundary
degrees of freedom are listed last. That is, in block notation, U = [UT, Urr,
where U is the vector of boundary degrees of freedom. We denote W; the space
of boundary degrees of freedom and define the matrix 7} so that U = T;U.
Then, IycpU defines a function on 0€2; which depends on U only. By abuse of
notation, we will write IycrU = Iger[0F, UT]Y on 0.

We summarize here some well known results and inequalities in a
form suitable for our purposes. The following lemma estimates the norm of a
“spike” function and is proved in [42].
Lemma 28 Let z be a vertex of a subdomain €;. For u € V2T (Q;) such
that u(x) = 0, define z € V,;7¢T(Q,) by 2(z) = u(z) =0, Vz(x) = Vu(zx), and
z(y) = 0,Vz(y) = 0 at all other nodes y of 9€2;. Then

H 1
19213 00, < € (1+ 1085 ) (11l 500, + 571Vl 00, ) -

The following estimate of the trace norm of the extension by zero is
proved as in [10, Lemma 3.5].

Lemma 29 Let u € V;7¢T(€Q;). Then there exists a constant C such that if
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supp u N 0€); is contained in a segment o of J€); of length 7, then

.
ulf a0, < [0l 5y +C (141087 ) 0l

The following estimate is a modification of the previous lemma.
Lemma 30 Let u € V,7°7(Q;) and suppu NS be contained in a segment of
0€); and x; and y; be its endpoints. Let x5 and y be the nodal points next to
x1 and y; respectively in the segment. Let (79, y,) denote the segment between
2y and y,. Let the length of this segment be 7 > h. Assume that the function

u satisfies the condition ||u||o 0 (z1.4) < €||©][0,00,(22,50)- Then

-
0} 0, < 18 gy + C (14108 7 ) [l
Proof. By the previous lemma, the inequality holds with (z,y,) replaced by

the segment (2,,%). By the definition of the H/? seminorm, we have

u(z) — u(y)[?
—d dy +
S(z1,y1) ‘u‘l :2,(22,y2) /a;l ,22) /wlny) ||T o ||2 !

/ / Ju(z (2)\ drdy.
(yly2) J(z1.y2) ||:1:—y||

\ uli

Using the fact that

. c1C
u(z) = u(y)] < min{ == {[uflo,cc.@s ) |z =yl 2¢[[wllo,00.(@2) }s
h

the last two terms are bounded by ¢;||u/o,00,(s,42)- O

We will also need a straightforward extension of the discrete Sobolev
inequality of Dryja [22] to piecewise polynomial functions of order p > 1 [57].
Lemma 31 For every p > 1 there exists a constant C' = C(p) such that for
every u continuous on o C 0f); of length 7 such that u € P, on the side of

every element,

T 1
[0l e < C (14108 7) (100 + =Nl ).
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The following lemma establishes a useful inequality between discrete
and Sobolev norms.
Lemma 32 Let u € VAT (Q;) and u(xg) = 0 for some zy € 9. Let U =

I;6pu and U = T;U. Then, for all such U,
MU < e+ H)[Vullg 90,

where ¢ is independent of A and H.
Proof. Let E be an element edge on 0¢2; and x; and x5 be its endpoints. Each
component of Vu is a polynomial of degree at most two on E. Since all norms

in a finite dimensional space are equivalent, it holds that

h(IVu(z)|* + [[Vu(z2) 7)<

1 2
¢ min
! FEPyX Pa, f(x1)=Vu(z1),f(x2)=Vu(z2) ||f||0,27E

< Cl||vu||g,2,E
Summing over all edges of the boundary, we obtain
_ c1 _
MIUIP < SIVullszo0, + U7,

where Uj denotes the displacement degrees of freedom of U. We show that
hl|Upl|* < coH?||Vul[§ 4,50, Since u(xg) = 0, we can write for any mesh point
2 on the boundary
u(e) = [ Vuly)- r(y)dy,
(z0,7)
where (zg,z) C 0€); is the part of the boundary between xy and =z, and 7 is
the vector tangential to the boundary. Squaring, using the Cauchy inequality,

and considering that the length of (zg,x) is bounded by ¢y H, we obtain

u()’ < H|Vull2, o0,
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The statement of the lemma then follows by summing over all mesh points on
the boundary. D
The following lemma shows the equivalence of the discrete seminorm
defined by the Schur complement and the H'/? seminorm of the gradient of
the corresponding finite element function and is an analog of Lemma 26 of the
previous section.
Lemma 33 Let K; be a matrix that satisfies
MucrUls g0, < (KU U) < CllycrUls,q, YU € W,
Let U = T,U and let the matrix K; be decomposed so that
K K" ||U
KZU — _ B B
K K U
Let S; be the Schur complement of K in K;. Then, there exist constants c¢

and () independent of h and H such that
CO‘VIHCTU|?%’2’QQZ. S <SlU, U> S CU‘VIHCTU|?%’2’QQZ. VU € Wz
Proof. From the definition of the Schur complement it follows that

(S;U,U) = (KU, U) — (K 'K'U,K'U) = inf (K;UU)

U:[UT,UT}T
Hence, by the discrete extension theorem [41], we obtain
<SZU, U) S C _inff ‘]PlU‘Q’Q’Qi S CCe‘VIpth’Q’aQZ_.
U:[UT,UT}T 2
On the other hand, the trace theorem and invariance of the |- \%72& seminorm

to adding a linear function, and the Poincaré-Friedrichs theorem,

~ 19 .
|C]Plb‘1259. < ¢6p inf ‘IP16|2,2,QZ-'
277 g U:[UT,UT}T
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The following theorem shows another variant of the Poincaré-Fried-
richs inequality. We again emphasize that the dimension of W; implicitly de-
pends on h and is an analog of Lemma 27 of the previous section.

Lemma 34 Let S; be the Schur complement from Lemma 33. There exists a

constant C independent of H and h such that for all U € W;, U — Ker S;
IVInerUllsp00, < CIVIgerUls s p0,-

Proof. Let us prove the case when Ker S is nontrivial. In the other case, the
statement follows from the standard Poincaré-Friedrichs inequality. Following
along the lines of the proof of Lemma 22, we obtain a sequence of vectors

U e W, = RV™ such that
(VIgerU™) o Fi = u in Ly(8Q) x Ly(052),
and
lulypon=1 and  |uly,p0 =0 (4.5)

Therefore, u = (k1, ko) € IR x IR almost everywhere. Thus, (VIgcrU™)oF; —
(k1,ks) in Ly(0Q) x Ly(9). We decompose the vector U™ into two vectors
corresponding to the partial derivative with respect to x, U, and the partial

derivative with respect to y, U. Then, by the proof of Lemma 32, we obtain

rn 1 rn rrn
[V e U)o Fi = (ki ko)l 00 > ey (10T = P+ 102 = K1)
. N(n) 2 . N(n) 2
> Ur. —k - Uy, —k .
= N(??)Q ;( 1,i 1) + N(??)Q Z:ZI( 2,i 2)

Since U™ — Ker S;, it holds that ZZ'A;({L) Ul”’i =0 and Zili(ln) Uz, = 0. Thus,

52

c(kf + k3) < |[(VIgcrU™) o F; — (kl’kQ)HOQaQ — 0.
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This is possible only if (kq, ko) = (0,0) which is a contradiction with (4.5). O

4.2 Abstract Analysis Framework

This section develops a framework for estimating the condition num-
ber of our method. We estimate the minimum and maximum eigenvalues of
the matrix of the FETI formulation and the preconditioner.

The following simple lemma will be the basis of our estimates. It will
allow to reduce estimates of norms to estimates of boundedness and coercivity.
The proof follows a standard argument and it is presented for completeness
only.

Lemma 35 Let X be a Banach space, X' the dual of X, and A: X — X' a

linear operator that is onto and satisfies the conditions

(y, Az) = (z, Ay), Ve,y e X (4.6)
callel < (3, Az) < Callalli, Vo e X (47
with constants C'4,cs > 0. Then
1 1
|Allxox < Ca, A | xrox < —.
CA
Proof. From (4.6),
||A$||X' o <$=Aj> <J},AJI>

= — — 2 -~ -
[ Allx—x = sup = sup < Oy
ex lzllx  agex lzllxllZlx  aex [l2]lx

From (4.7) and the fact that A is onto, we obtain

1 Az|[ Az A
= 1A% e g SBAD S (@ AD)

— — D = C
A xox — wex flzllx — eeXgex lallx[Z]x = rex Jalk =

concluding the proof. 0O
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Assume that the preconditioner of a FETI method can be written in
the form RDR”, where R is a projection, and RDR" is an isomorphism from
H onto H'. Let H and its dual H' are subspaces of Ker G'. Furthermore,
let X = Im RT. The original FETI satisfies this with B = P and H =
Ker GT/Ker B”. The generalized FETI satisfies the assumption with R = Q
and H =V.

For the purpose of analysis, we equip the space H with the norm
o]l = || B v||s = <SBTU,BTU>1/2. (4.8)

Since BYv — Ker S for v € H, (4.8) indeed defines a norm rather than only

seminorm. The dual space H' is equipped with the dual norm

A0
1Al = sup 20, (49)
ver [|v]la
Since H C A, it immediately follows
A v A, Bw
| Al|# = sup ) sup < ) (4.10)

vert [BT0lls  wew, Buen BT Bwl|s
The norm on ‘H was chosen so that the preconditioner RD is trivially
coercive and bounded.

Lemma 36 For all v € H,
(v, RDv) = ||v]]3,.

Proof. Let v € H =Im R”. Since R" is a projection, we have by definition of

the preconditioner D,
(v, RDv) = (R"v, BSB"v) = (v, BSB'v) = (Bv, SB™v) = ||v||3,,

which was to be shown. O
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Coercivity and boundedness of the system operator PF on H' will be
estimated using the following lemma.
Lemma 37 For all A\ € H',

A, Bw)? A, Bw)?
(N, FA) = sup % = sup %
weW ,w—Ker S ||,U)||S weW ||U)||S

Proof. Let A € H'. Then

(A FX) = (STB"A,B")\) = (S V*BT), 87 12BT)) =

. ST12BT\, x)?
||Sfl/2BT)\||2 = sup < ,T> —

veW ]2
(BT ), 5’1/2@2 (BT ), 5*1/2x2>2
sup 7 = sup 9
TEW, w=zitay ||T1 + T2|| T2€EW, mo—Ker S ||T2||
z1EKer S z9—Ker S
since S™'2z; = 0 and ||z||> = ||z, ||? + ||lz2||>. Now write any w € W as
w = wy + wo, wy € Ker S, Wy = 571/2@ — Ker S.

A € H' implies that (BT, w;) = 0, hence (BT, wy) = (BT\,w) = (), Bw). It
follows that

BT )\, wy)? A, Bw)?
ey R 0807
wa €W, wa—Ker S <w27 Sw2> weW ||w||S

which was to be proved. O

It is well known [39] that after k iterations of the preconditioned
conjugate gradient method, the energy norm or the error ||le||| = (PFe,e)'/?
is reduced by a factor of at least 2((/k—1)/(y/k+1))*, where & is the condition
number. The condition number is given in our case by

Amax(RDPF)

k= k(RDPF) = N (RDPEY’

(4.11)

where A\pax and Ay, are the maximum and minimum eigenvalue, respectively.

We are now ready to prove an abstract bound on k.
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Theorem 38 Assume there exist constants C;, Cy such that

(i) for any A € H' and w € W such that Bw € H, there is @ € W such that

(\, Bo) = (\,Bw),  and  [[@[§ < C1[|B" Buw|3;
(ii) for any A € H' and w € W, w — Ker S, there is @ € W such that Bw € H,

(\, Bw) = (\,Bw),  and  [|B'Ba|§ < Coflwlls.

Then H(RDPF) S 0102.

Proof. Lemma 35 applied to the operator RD together with Lemma 36 give
1QDIG e <1, I(BD) H3pos < 1. (4.12)

From assumption (i), we have

(\, Bw)? 1 (\, Bw)?
sup ~———5— > —  Sup =5 (4.13)
weW ||’ll)||% Cl weW ,BweH ||BTBU)||%
while assumption (ii) gives the converse bound
(\, Bw)? (\, Bw)?
sup ————<Cy sup == (4.14)
weEW wEKer S ||’U)||% weW ,BweH ||BTBU)||2S

Using (4.10) and Lemma 37, we see that the inequalities (4.13) and (4.14)

imply the inequality

Ci1||)\||§{, <\, PF)\) < Co|[M5,, VAEH.
Applying Lemma 35 to the operator PF', we obtain

IPF 5 < Cor I(PF) 390 < Ch. (4.15)
From (4.12) and (4.15), we have

|QDPF|lsy 30 < |QDssre | PF 3¢ < C
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and
[(QDPF) 302y < [[(@D) Mawonll(PF) o < Ch.

The result follows. O

4.3 Analysis of the Original FETI

In this section, we use the abstract analysis framework from the pre-
vious section to prove a bound on the condition number of FETI for a second

elliptic problem, utilizing results from Section 4.1.

4.3.1 Assumptions
We need more specific assumptions in order to be able to prove a
bound on the condition number k. Let us recall the model problem (2.1).

Assume we are solving the boundary value problem
Au =g in Q, u=0 on 0,

where A is a second order elliptic operator

G, ov(x)
Av=— > o (oz(T) o > ,

ij=1

with «(z) a measurable function such that 0 < ap < a(z) < a; a.e. in Q.
The domain €2 is assumed to be divided into non-overlapping subdo-
mains Q;, 7 = 1,..., Ny, that are shape regular of diameter H (Definition 21).
Assume that V3(€2) is a conforming P1 or Q1 finite element space on a triangu-
lation of €2, which satisfies the standard regularity and inverse assumptions (cf.
Section 4.1). In particular, we recall that the degrees of freedom are values at
nodes of the triangulation h denotes the characteristic element size. Each sub-
domain €; is assumed to be a union of some of the elements, and all functions

in V,,(Q) are zero on 0.
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Let us define the restriction operator R; : W — W, by the equation

Riw = Wy,

where w = [wiw] ... wi ", w; € W;i=1,...,N,.

We will assume that the interface continuity operator B is defined as
follows. Let w,(x) and w4(x) denote the pair of degrees of freedom correspond-
ing to the mesh node z € 99, N 99, and let (Bw),,(x) be the entry of vector
Bw that corresponds to the mesh point z, and subdomains , and Q,. We

require each such (Bw),,(z) to have form

(Bw),s(z) = ops(w,(x) — ws(x)), (4.16)

where o, is either 1 or -1. Note that o,s does not depend on x, that is,
coefficients o,, are uniform along edges (and faces, in 3D) between two sub-
domains. For each node x that belongs to the interface of two and more
subdomains, z € N0, i = S, 59, ..., Sy, vector Bw contains n — 1 entries,
(Bw)sys,, (2),k = 1,...,8,_1. For an example of the definition of the values
of Bw for (s, s2,53) = (1,3,2) in 2D around a crosspoint, see Fig. 4.1. We
point out that B chosen in this way has full row rank, that is, this definition
implies that there are no redundant constraints in enforcing the continuity of
the solution at the nodes where more than two subdomains meet.

Only the improved estimate in statement 3 of Lemma 39 will require
the specific definition of this section. If redundant constraints are allowed, the
estimates, with the exceptions of the improved estimates, still hold which can
be shown by minor modifications of the proofs. See Section 4.4.

An additional connectivity assumption on the decomposition is need-

ed. Let N,y, r,s = 1,...,N,, r # s be the number of interface conditions
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between subdomains €2, and €2, N,, the number of degrees of freedom of
subdomain €2, and N = maxflg1 N;;. We will assume that there exists constants
¢ and ng independent of h and H such that for all r,s = 1,..., Ny, r # s, for
which N,s > 0, there exists a sequence of indices {r;}, ro =, 1, = s, k < ng
such that

N, ... >cN Vi=1,..k

Throughout the next section, ¢, C, ¢y, ¢o, c3, ¢4, ¢5 and cg denote posi-

tive constants independent of H and h.

4.3.2 Discrete Norm Bounds
The stiffness matrices K;,i = 1,..., N, satisfy the assumption of
Lemma 26. Therefore, using Lemma 26 for each subdomain and summing

over all subdomains, we obtain

N, N,
C1 Z |IP1Riw|2%,2,8Q,- < ||w||% < ¢y Z |IP1Riw|2%,2,8Qi Yw € VV, (417)
i=1 =1

where the positive constants cq, ¢s are independent of the characteristic mesh
size h and the subdomain diameter H. The constants ¢, ¢y may depend on
the regularity of the shape of subdomains.

The following lemmas verify the assumptions of Theorem 38.
Lemma 39 For all A € Ker G” and all w € W such that BT Bw — Ker S,

there exists w € W such that
(A, Bw) = (\, Bw) and |w||% < C(1+logH/h)*||B" Bwl||%.

where o = 1, and a = 0 in the following special cases:
(1) 1BB" = I, which means that there are no nodes shared by more than

two subdomains.
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Figure 4.1. Definition of B
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(2) d = 2, and the matrix B has the following property: If w € Im BT, z is
a crosspoint (node shared by more than two subdomains), Ip; Rw(x) =
Ip1Ryw(y) for all i such that z € 0€; and all nodes y that are adjacent
to x on 0%;, then Ip;R;w(x) = 0 for all i such that x € 9€;.

(3) d =2, B is defined as in Section 4.3.1 and all nodes in the triangulation
belong to either one, two, or an odd number of subdomains.

Proof. Let us first prove that, in the general case, we obtain o < 1. Let w € W
and define w = BT (BB")"' Bw. The triangle inequality shows that

+ HEBT (1 - (5388") 1) Bu

S 2 2 s

Denote z = $B*(I — (:BB")"')Bw. From the definition of B in

1 ..
1])s < HiBTBw (4.18)

(4.16), z is zero at all nodes that belong to at most two subdomains. The
remaining nodes lie on crosspoints or edges (in the 3D case) of subdomains.
From the definition of B, at every such node x, z is a linear combination of the
entries of BT Bw that correspond to the same node z and the coefficients of the
linear combinations are bounded only in terms of the number of subdomains
the node belongs to. Using Lemma 24 for the crosspoints of subdomains and

the equivalence (4.17), we obtain for the 2D case that

N Ns o
2]|5 <> \Ileiz@,in < C(L+1log(H/N))Y . ||IP1R1‘BTB“)||§,2,30,--
i=1 i=1

(4.19)

The Poincaré inequality, Lemma 27, yields

Ny o o
Y M RiB'Bw|i, 5o < |IB" Buw|s

‘ 2
=1

In the 3D case, the argument for subdomain crosspoints is the same. In ad-
dition, we note that the coefficients of the linear combination do not change

along a subdomain edge, so it remains to apply Lemma 24 on every edge.
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Let us now turn to the special cases that give a = 0. If BB =1,

we choose W = + BT Bw = w, which proves the special case 1.

1
2

Now we prove special case 2. From the definition of the H'/2 norm,
the equivalence of norms (4.17), and the fact that Ip, R; BT Bw is a piecewise

linear function, it follows that

Ng o
|BY Bw||%2 > CZUPIRiBTBw@Q’aQi (4.20)
i=1
I I 2
> ¢ 3 (Ip1RiB" Bu(x) — Ipi RiB" Bu(y)) .

x crosspoint, z€08Q;
y adjacent to x,y€9Q;

For any crosspoint z, it follows from the assumption that for every w € Im BT,
Z (]PlRﬂI)(CE) — Ilelw(y))2 =0= Z (Ilelw(l'))2 = 0.

i,09;3x 3,00
y adjacent to z, y€oQ;

Consequently, by compactness, and since there are only finitely many different
numbers of subdomains sharing a crosspoint, for all w € Im BT
> (IpRyw(z))? < C > (Ip Raw(x) — Ipi Riw(y))” .

i,00; 3% i,0Q;3z
y adjacent to z, y€oQ;

By summation over all crosspoints x, using Lemma 25 and (4.20), we get
2[5 < ClIl B ull3,

which concludes the proof of this case.

In order to prove case 3, we verify the assumptions of case 2. We for-
mulate the proof only for a crosspoint shared by three subdomains (Fig. 4.1).
The proof is similar for a different odd number of subdomains. Let w € Im B”.
Since IpiRyw(zg) — IptRiw(z,) = 0, and IpyRyw(xs) — Ip1 Ryw(zs) = 0,

we have IpiRiw(z,) = IpiRyw(zs). Similarly, we obtain IpiRyw(z,) =
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Ip1 Ry (z,), and IpyRyw(xs) = IpiRaw(z,). Moreover w € Im BT implies
IpiRyw(z,) = —Ip1 Row(ny), Ipy Row(xy) = —Ipy Ryw(x,), and Ip) Ryw(zs) =
—Ip1 Ryw(zs), which can be satisfied only if Ip; Ryw(zy) = Ip1 Ryw(zs) = ... =
0. O

Remark 40 In general, the exponent @ = 1 in Lemma 39 cannot be improved.
To see that, let us consider the configuration with values of u and Bu in the
neighborhood of a crosspoint as in Fig. 4.2, which violate the assumptions of
special case 2. Extending the values of u in Fig. 4.2 to decay as log”(t/H),
v < 1/2, where ¢ is the distance from the crosspoint, we obtain a vector u € A
such that

1B ul|s ~ C, ||[P1U||%,2,aszmam ~ [logh/H|".

If w = Bw, then on 0Q; N 0y, u = wy — wy, which gives

IN

|IP1U"%,2,8Q1Q602 ‘IPlu}l‘%,Q,aﬂlﬂaﬂz + |IP1U}2|%,2,8Q1Q692

< ‘IPl’wl‘%g,an + |IP1“)2|%,2,8Q2

< wlls,

and therefore ||w||s > C(v)|logh/H|" for all v < 1/2.
Lemma 41 Let A\ € Ker GT. Then for all w € W, w — Ker S, there is a

w € W such that BTBw — Ker S,
(\, Bw) = (), Bw), and |B" Bi||5 < C(1+ log H/h)?||wl|%
Proof. Let w € W be arbitrary, and put Bw = PBw. Then
(A, Bw) = (\, Bw). (4.21)

Denote Bz = Bw — B, z € Ker S. Then, since P is an orthogonal projection,

1Bz < || Buwl|.
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Figure 4.2. Counter-example
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Now, from the definition of B and the Poincaré inequality, Lemma 27,
we obtain

h||Bw||* < 2h||w|* < CH||w]||%

Also, since z € Ker S, it is constant on each 0€);, using the connectivity as-

sumption, we have the following by Lemma 24:
RT 1 2 h‘ 2 2
|B" Bz||5 < CEHBzH (1+1logH/h)".
Together this yields
|B"Bz||%4 < C(1 4 log H/h)*||w||%.

By the definition of B, R;B” Bw on 09; U d); is a linear combination (with
bounded coefficients) of (a bounded number of) wy from all 0§ adjacent to
0€Q; U0Q2;. From Lemma 24 and the Poincaré-Friedrichs inequality Lemma 27,
we obtain

|BT Bulls < C(1 +log(H/M)llulls, Yw e W.
Finally, summarizing,
|B" Bu||s < |B' Bwl|s + || B Bz||ls < C(1 +log H/h)|w]s.
From this and (4.21), the statement of the lemma follows. O

4.3.3 Condition Number Estimate
We are now ready to prove the final result. It follows from the ab-
stract estimate in Lemma 35 with the assumptions verified by Lemma 39 and

Lemma 41.
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Theorem 42 Under the assumptions of section 4.3.1, the condition number

of the FETI method with the Dirichlet preconditioner satisfies

Amas(PDPF) H
_ Dmael ) o1 4 log )
f = o (PDPF) = G+l o)

with v = 3, and v = 2 in the special cases listed in Lemma 39.

4.4 Analysis of the Method by Park

We consider the same assumptions as for the original FETT for second
order problems except for the choice of B. We consider B given by projection
matrix P, (3.43). The essential property of this matrix B used here is that
B = B"B = BT, since B is an orthogonal projection.

We present two lemmas that verify assumptions of Theorem 38.
Lemma 43 For all A € Ker GT'/Ker B and all w € W such that Bw €

Ker G''/Ker B”, there exists w € W such that

(\, Bw) = (\, Bw),  |alls =B Buwls

Proof. Since BT = B and B? = B, we may choose w = w. 0
Lemma 44 Let A € Ker G7/Ker B”. Then for allw € W, w — Ker S, there

is a w € W such that BT Bw — Ker S and
(\, Bw) = (), Bw), | B Bi||5 < C(1 + log H/h)?||wl|%
Proof. Let w € W and B@w = PBw. Then
(\, Bw) = (\, Bw) (4.22)

Let z € Ker S, Bz = Bw — Bw@. Then, since P is an orthogonal projection,

1Bz < || Buwl|.
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Now, from the definition of B and the Poincaré inequality, we obtain
h||Bw||* < 2h||w|* < CH||w]||%

Also, since z € Ker S, it is constant on each 0€);, and using the connectivity

assumption, we have the following by Lemma 24
D, 2 h’ 2 2
1Bzlls < €4l B2[I°(1 + log H/h)".
Together this yields
|B2|[§ < C(1 +log H/h)*|Jwlfs.

By the definition of B, (Bw); on 9$; U 8Q; is a linear combination (with
bounded coefficients) of (a bounded number of) wy from all 9§ adjacent to
0Q; U 0Q,. From Lemma 24 and the Poincaré-Friedrichs inequality (Lemma
27),

[Bwlls < C(1 +log(H/h))[w]s, VweW.

Finally, summarizing,
|Bills < [|Buwlls + | B” Bzl < C(1 +log H/h)|wlls.

From this, (4.22), and BT B = B, the result follows. O
Theorem 45 Under the assumption of Section 4.3.1, the condition number
of the Park’s variant of FETT method with the Dirichlet preconditioner (3.39)

satisfies
2

Amaz (QDPF) H

= e < (1410 )
i (@QDPF) = 7 N8,

Proof. Lemmas 43 and 44 verify the assumptions (i) and (ii) of Theorem 38

with C; = 1 and Cy = C(1 + log H/h)? respectively. O
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4.5 Convergence Estimates for Plate Bending

The following approximate parametric variational principle formu-
lated in [42] will allow us to considerate to the plate bending problem and
the biharmonic equation.

Assumption 46 ([41, 42]) We consider elements with displacement
and rotation degrees of freedom at the vertices only, and assume that there ex-
ist constants ¢; > 0, ¢y such that if the plate thickness ¢ satisfies 0 < ¢t < h,

then for each element 1", the local stiffness matrix K satisfies
o KPT < Kp < e KHET (4.23)

where KHCT is the HCT element level stiffness matrix of the biharmonic equa-
tion [15], with the rotations interpreted as derivatives of the transversal dis-
placement in the HC'T element.

That is, as the thickness of the plate goes to zero, the stiffness matrix
of the element should be spectrally equivalent to that of the HCT element for
the biharmonic equation. We refer to [14] and Section 4.1.2 for more details
on HCT elements. Here we just summarize that HCT elements are in C*
and they use cubic splines for values on element sides, linear interpolation for
normal derivatives on the sides, and piecewise polynomial extension into the
element interior. In [41], Assumption 46 is verified for the particular case of
the DKT element [5]. Assumption 46 also holds for the following general class
of non-locking P1 Reissner-Mindlin elements.

Theorem 47 ([41]) Assume that the energy functional for an ele-

ment 7' is spectrally equivalent to

1
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where h = diam(T"), u € P;(T) is the transversal displacement, and 6 €
(P, (T))?, is the rotation. Then (4.23) holds.

Elements with the energy functional of the form (4.24) include the
DKT element as restated in [60]. It should be noted that for the related
Timoshenko beam element, the thin limit is exactly the discretization by cubic

splines of the biharmonic equation [35].

4.5.1 Assumptions

Before proving a bound on the condition number x of the generalized
FETI method, we need to introduce some specific assumptions. We refer to
the model problem (2.10) and using the spectral equivalence, that we discussed
in the previous section, we consider the biharmonic boundary value problem

in a variational form. Find v € HZ({) such that
a(u,v) = f(v), Yv € HF(Q),
where
a(u,v) = /Q 0111011V + 012U 20 + OO, Yu,v € Hg(Q)

Let the domain €2 be divided into non-overlapping subdomains €2;, i = 1, ..., N,
that are shape regular of diameter O(H) (Definition 21). Without loss of
generality, we suppose that H < 1. Furthermore, we require that, for all
r,s =1,..., Ny, if 09, N0, is an edge, then its length is larger than a certain
prescribed fraction of the length of 0€2,.. We note that this condition implies
the connectivity condition as that of the original FETI. It is possible to prove
the result using the general condition, but, for the sake of simplicity, we prove

it using the stronger assumption.
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We assume that the problem is discretized using reduced HCT ele-
ments. The general case of plate bending then follows from spectral equivalence
of the local element stiffness matrices following Assumption 46. Let V2T (Q)
denote the corresponding finite element space, and h denote the characteristic
element size. Each subdomain €2; is assumed to be a union of some of the
elements. The degrees of freedom are values of the transversal displacement
and its derivatives (rotations) at the nodal points of the discretization.

We define B as follows, cf., Fig. 4.3. For each node x on subdomain
interface and each pair (r, s) such that z € Q, N 0Q, and 02, and 0L, share
an edge (i.e, do not meet only at a crosspoint), Bw includes one subvector of

three elements,

(Bw),s(x) = o5 (wy (1) — ws(z)),

where w, (z) and wy(x) denote subvectors of w containing the three degrees of
freedom associated with node z and subdomain €2, and €, respectively, and
0,5 1S chosen to be either 1 or —1. We point out that o,, does not depend
on x € 05), NOSY, i.e., coefficients o,, are uniform along the edge between (2,
and . Note that, unlike in the case described in Section 4.3.1, this definition
implies redundant constraints at subdomain crosspoints.

Let us make the definition of the matrix C' from Section 3.2.3 more
precise. Let m = dim A and {k;, j = 1,...,n} be the the complete list of
indices of Lagrange multipliers corresponding to conditions (expressed through
B) enforcing continuity of the solution (but not the continuity of the deriva-

tives) at crosspoints. Then C' = [¢;;] is the m x n matrix satisfying

Cij = 1 le:]{JJ
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cj = 0 otherwise.

4.5.2 Discrete Norm Bounds
Using Lemma 33 for subdomain stiffness matrices K; for each subdo-

main and summing over all subdomains, we obtain

C % \VIHCTRﬂU@,QﬁQi < ||w||% < ¢y % |VIHCTRi?1)‘2%,278Qi Yw € W,

- - (4.25)
where the positive constants cq, ¢s are independent of the characteristic mesh
size h and the subdomain diameter H. The constants ¢, ¢y may depend on
the regularity of the shape of subdomains. For definitions of Sobolev spaces,
see, for example [1]. Throughout this section, ¢, C, ¢y, ¢q, ¢3, ¢4, ¢5 and ¢g denote
positive constants independent of H and h.

The next two lemmas contain the principal technical estimates.

Lemma 48 For all A € V' and all w € W such that Bw € V, there exists a

w € W such that
(A, Bw) = (\, Bw) and |w||% < C(1+logH/h)*||B" Bwl||%.

where a = 1, and a = 0 if %BBT = I, which happens when there are no nodes
shared by more than two subdomains.
Proof. Let us first prove that, in the general case, we obtain a < 1. Let

w € W and Bw € V. That is Z'B"Bw = 0 and C"Bw = 0. We define

w = BY(BB")*Bw. Then, B = Bw. By the triangle inequality, we may
write

lolls < 138" Bwlls + [5B" (I — (3BB")")Bu|s. (4.26)

Denote z = $B"(I — (:BB")")Bw. From the definition of B, z

is zero at all nodes that belong to at most two subdomains. The remaining
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nodes lie on subdomain crosspoints. At every such node, IycrR;z(x) is a
linear combination of the entries of BT Bw that correspond to the same node
x and the coefficients of the linear combinations are bounded only in terms
of the number of subdomains to which the node belongs. In addition, since
CTBw = 0, the transversal displacement components of z at crosspoints are
zero. Using (4.25) and Lemma 24 for the subdomain crosspoint vertices, one

subdomain at a time, we obtain

125 <
H N 1 ST 9 DT D 2
C(1+ log E) > (EHVIHCTRZ'B Bwllg4 90, + |VIgcr RiB B“)|%,2,am>
i—1

This together with the Poincaré inequality, Lemma 34, and (4.26) yields the
result.

%BTBw =w. O

1 ppT . =
If ;BB = I, we simply choose w =

Now we derive the converse bound.
Lemma 49 For all A € V' and w € W,w — Ker S, there is a @ € W such

that Bw € V,
2

_ _ I H
(\, Bw) = (\, Bi), and ||BTB1E||§§C’<1+10gF> %

Proof. Let A€ V', w € W,w — Ker S, and consider B& = PBw + PFPCo.
Since A € V', it is easily verified that (A, Bw) = (\, Bw). Vector a can be

found from the condition C7 B = 0, which can be rewritten as
(PFPCa,Cda) = —(PBw,Ca) Va.
By the definition of F', we can rewrite this as

(St*B"PCa, B"PCa) = —(w, B"PCa) Va.
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Since ST is positive semidefinite, the equation yields « such that
(ST'*BTPCa, ST BTPCa) = —(SV?w, ST/2BTPCa)
and, from the Cauchy inequality, ||S*'/?BY PCa/| < ||SY2w||. Therefore,
1StTBTPCal|s < |lw]|s- (4.27)

We need to estimate ||BY Bw||s. Let B;; be the matrix constructed
from B by zeroing out all the rows that do not correspond to the interface
conditions between (2; and €);. Then,

— — NS — —
B"Bw= Y BB,
1,j=1,i<j
and, by triangle inequality and (4.25),

Ns
|B"Bil|ls < > (|V]HCTB Bw\ 2.00; T
ig=1,i<

Since C" Bw = 0, Lemma 30 can be applied to VIycrB];Bw,i,j=1,...,N;.

289)

It follows that
o - H -
18" Bl < e 3 (I Lucr B, + (14108 3 ) IV Lcr Bl e, )
k

where summation is carried out over all edges I'y, of the intersubdomain inter-

face. The L*° norm, by Lemma 31, can be bounded as follows

||VIHCTB’U~)||%OO(FIC) <

H 1 . B
_> <E||VIHCTBW||3,2,rk + |V]HCTB“)|;2’F'¢> '

Co (1 + log .

Thus,
|B" Bu|[§ <

(:1((:2—|-1)< +log ) Z(—HVIHCTBwHO”k—I-VIHCTBUMQF)
k
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Denote u = w + STBTPCa. Then, Bio = PBu. The triangle in-

equality and (4.27) yield
lulls < Ilwlls + 1S BT PCalls < 2lju]ls.
So now we only have to prove that

1 _ _
) (EHWHCTPBqum + |V IncrPBul} m) < esllul%.
k

We first use the triangle inequality to get
|V]HCTPBU"%,2IIC S |V]HCTBU|%,2,F,€ + |V]HCT(] - P)Bu\%g,rk.

From the definition of B, each entry reduces to a linear combination with coeffi-
cients +1,constant along every edge. Since (I — P)Bu € Im G, Iycr(I — P)Bu
is a restriction of a linear function on every edge, |VIycp(I — P)Bu|%’2’rk =0.

Furthermore,

N
Z |V]HCTBU|2%,2,F,€ S 2 Z ‘VIHCTU@Q,&QI.- (428)
k

i=1

To estimate the L? terms, we again first use the triangle inequality:
||VIHCTPBU||U,2,Fk < 2||VIHCTU||U,2,Fk + ||VIHCT(I — P)BU‘HO,Q,FIC'

Since VIyer(I—P)Bu is alinear function on every edge and P is an orthogonal

projection, we have
> IV Tuer(I = P)Bullg o p, < cahl|(I — P)Bull?
k < esh||Bul|* < 2cshl|ul)?.
Furthermore, Lemma 32 shows that

N
hllull* < es(1+ H*) 3 IV Incrull§ 2,00,
i=1

Finally, since u — Ker S, the Poincaré inequality (Lemma 34) and the equiva-

lence of the norms (4.25) conclude the estimate. O
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4.5.3 Condition Number Estimate
We have now everything ready to prove the final result.
Theorem 50 Under the assumptions of Section 4.5.1, the condition number of

the generalized FETI method with the Dirichlet preconditioner (3.39) satisfies

Amaz (QDPF)

H Y
= 2manCEPE) o () fog 2
. )\mm(QDPF)_C< +°gh>

with v = 3, and 7 = 2 if there are no crosspoints between more than two
subdomains.

Proof. Since V and V' can be replaced by the factorspaces V and V', Lem-
mas 48 and 49 verify the assumptions (i) and (ii), of Theorem 38, with C} =

C(1+1logH/h)*, a=0or1, and Cy = C(1 + log H/h)?, respectively. 0O
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Figure 4.3. Definition of B for plate bending
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5. Computational Results

We refer to the paper by Farhat et al. [32] for numerical results for
second order problems confirming our theoretical results. The paper also deals
with parallel implementation issues and performance. Here we summarize re-
sults for plate bending problems based on the paper by Mandel, Tezaur and
Farhat [53], due to Farhat.

We consider the plate bending problem on a unit square. The plate is
discretized by a uniform mesh of three-node triangular DK'T plate elements and
subjected to a uniform pressure load. The thickness of the plate is 1072, the
Young modulus E = 10% and the Poisson coefficient v = 0.3. The FETI and
generalized FETI methods are preconditioned by the Dirichlet preconditioner

(Section 3.3) [32, 34], and the following stopping criterion is used

21

_10-3
T e =10 (5.1)

where z; 1 is the preconditioned residual in Algorithm 20. This condition is a
good estimator of the global error as shown in [34].

We construct several meshes with different mesh size h and several
mesh partitions with different subdomain size H, and report the performance
of the original FETI and the generalized FETI. Three series of computational
experiments are reported. The condition number is denoted by x and the
number of iterations by n;; in the tables.

The first series of experiments shows the performance of the method
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for three different numbers of subdomains (H = 1/2,1/4,1/8) and three dif-
ferent meshes corresponding to h = 1/10, h = 1/20, and h = 1/40. Results
in Table 5.1) demonstrate that for a given H, the condition number of the
original FETI grows fast with the mesh size h, while that of the new FETI
method is much smaller and grows only weakly with A. For large number of
subdomains (N, = 64) the new FETI method converges about 7 times faster
than the original one.

In the second series of experiments (Table 5.2), the mesh size is fixed
to h = 1/120 (28800 elements and 86400 degrees of freedom), and H is varied
between H = 1/2 (4 subdomains) and H = 1/12 (144 subdomains). In this
case, the condition numbers of both FETI methods are shown to decrease
with the number of subdomains. This is an expected result because when
h is fixed and H is decreased, the size of the coarse problem increases for
both algorithms. The generalized FETI shows only a small dependence on
the number of subdomains as predicted by the theory. For large number of
subdomains, the new FETI method clearly outperforms the original FETI.

Finally, the subdomain problem size is fixed to h/H = 1/15, and the
number of subdomains as well as the size of the global problem are increased.
The performance results reported in Table 5.3 show that in this case too, the
new FETI method outperforms significantly the original one.

Since solution time is ultimately the most important criterion for
assessing performance, Both FETI methods were also benchmarked for the
same plate bending problem described above with 960000 degrees of freedom
and 64 subdomains. The performance results obtained on a 64-processor IBM

SP2 are summarized in Table 5.4. They show that even though the new FETI
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Table 5.1. Fixed number of subdomains, series of refined meshes

FETI Generalized FETI
% Nt K Nt K
2x2 subdomains, H:%
=118 2578 [ 12 7.6
> | 22 30101 |15 12.6
= 26 409987 | 17 18.6
4x4 subdomains, H=1
5| 61 6795 |21 115
o | 86 84199 |27 17
5 | 119 1038120 | 36 24.4
8x8 subdomains, H:%
L1172 21707 | 25 13
> | 247 275004 | 34 19.4
- | 323 3920613 | 42 27.6

Table 5.2. Fixed global mesh 120x120, h=13;, series of refined
mesh partitions

Decomposition FETI Generalized FETI
H % Nt K Nt K

> = 27 2079032 | 18 23.2

5 = 64 839240 | 29 22.4

: = 104 391470 | 32 21

= = 135 234504 | 33 19.9

z - 164 160173 | 32 18.6

2 = 222 94285 | 31 16.6

5 = 255 63896 | 29 14.9

- = 245 46921 | 27 13.6
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Table 5.3. Fixed local mesh (15x15,2

meshes and mesh partitions

1

15

), series of refined

Decomposition FETI Generalized FETI
H h Nt K Nt K

5 = 20 11088 | 13 10

5 = 49 19004 | 21 13.4

T = 74 29041 | 25 14.6

= - 109 40120 | 28 15.4

z = 145 55068 | 29 15.9

3 o 222 94285 | 31 16.6

& 5 318 144556 | 32 16.9
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Table 5.4. Performance results for 960000 degrees of freedom

and 64 subdomains

FETI Generalized FETI
n;; | Total time | Time per iter. | n; | Total time | Time per iter.
314 265 s 0.8s 45 105 s 1.1s

method consumes an amount of CPU time (55.5 s.) equivalent to that of 50
of its iterations to set up and preprocess the coarse problem (3.33), and even
though each of its iterations is 1.3 times more expensive than an iteration
of the original FETI method, the new FETI method is 2.5 times faster than

the original one at solving the system of 960000 plate bending equations on a

64-processor IBM SP2.
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