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ABSTRACT

An a priori error analysis of the finite volume element method, a
locally conservative, Petrov-Galerkin, finite element method for the numerical
solution of elliptic and parabolic partial differential equations arising in fluid
dynamics applications, is presented. Existing error estimates apply to dis-
cretizations of steady diffusion equations by linear finite elements in two spatial
dimensions. These results are extended to steady advection-reaction—diffusion
equations and are generalized to polynomial finite elements of arbitrary order
in three spatial dimensions and to the full range of admissible regularities for
the exact solution. Optimal-order error estimates for h, p, and h-p versions of
the method with uniform refinement are derived in a discrete H! norm, un-
der minimal regularity assumptions for the exact solution, the finite element
triangulation, and the finite volume construction. With additional symmetry
assumptions for the finite volumes, multi-dimensional H' superconvergence
results are obtained for linear finite elements. Using an elliptic projection ar-

gument, we outline the analysis of continuous-time and backward Euler and
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Crank-Nicolson discrete-time methods for general parabolic equations.
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1. The Finite Volume Element Method

1.1 Introduction

This thesis presents an a priori error analysis of the finite volume
element method (FVE) for elliptic and parabolic partial differential equations.
As introduced by Baliga and Patankar [4] and elaborated by McCormick [39]
and in the references cited therein, we can view FVE as a combination of the
standard finite volume method (FV), also known as cell-centered finite differ-
ences (see Mitchell and Griffiths [36] for details), and the standard Galerkin
finite element method (FE) (see Ciarlet [11] for details). In FVE, the governing
partial differential equation is posed as a local (integral) conservation law on
a set of control or finite volumes—regions of local conservation—that parti-
tions the problem domain, as in FV. The unknown FVE solution and known
(boundary and source term) data are systematically discretized by a C'° piece-
wise polynomial trial space of degree p > 1 that is defined on a finite element
triangulation with maximum mesh diameter i that partitions the problem do-
main, as in FE. Thus, the finite volume element method can be viewed as
either a systematic generalization of the standard finite volume method or as a
locally conservative, as well as globally conservative, (Petrov-Galerkin) variant
of the standard finite element method. In analogy to the A, p, and h-p version
FE of Babuska (see [2, 3, 27, 51] and the references cited therein), we consider
h, p, and h-p version FVE where increased accuracy is obtained by refining

the computational mesh parametrized by h and/or by increasing the order p



of the FE polynomial space. Other methods that are either closely related or
identical to the h-version FVE include: control volume finite element methods
[4], generalized box methods [5], and the method of support operators [48],

Although a large body of theoretical infrastructure and of results for
elliptic and parabolic equations exists for both FV and FE, analysis for the h-
version FVE is limited to the foundation laid by Cai and McCormick [8], Cai,
Mandel, and McCormick [9], and culminating in Cai [10] for the numerical
solution of steady diffusion equations by linear finite elements in two spatial
dimensions. Starting from this foundation, we extend and generalize FVE error
analysis to steady and transient advection-reaction—diffusion equations and to
polynomial finite elements of arbitrary order in three spatial dimensions. To
construct an error analysis for FVE, we are guided by the large body of FE
theory for elliptic and parabolic problems and their solution by arbitrary order
finite elements—as contained in Ciarlet [11], Douglas [12], Douglas and Dupont
[13, 14], Wheeler [55], and in references cited therein—and by modern F'V error
analysis for the lowest-order methods based on FE-style arguments for linear
finite elements: e.g., Bank and Rose [5], Ewing et al.[17, 18], Hackbusch [21],
Heinrich [23], Herbin [24], Kreiss et al.[31], Lazarov et al.[32, 33], Manteuffel
and White [35], Morton and Sili [38], Samarskii et al. [46], Siili [50], and Weiser
and Wheeler [54].

By adapting FV and FE arguments to fit the context of FVE and
developing some new arguments unique to FVE, we derive optimal-order error
estimates under the full range of admissible regularities for the exact solu-

tion for A, p, and h-p version FVE with uniform refinement in a discrete H!



norm for Lagrange finite elements of arbitrary order—under minimal regular-
ity assumptions for the exact solution, the finite element triangulation, and
the finite volume construction. With additional uniformity assumptions for
the finite volumes, H' superconvergence results are obtained for linear finite
elements. Using an elliptic projection argument, we outline the analysis of
continuous-time and backward Euler and Crank-Nicolson discrete-time meth-

ods for general parabolic equations.

1.1.1 Contents of the Thesis

The remainder of the thesis is organized as follows. In this chapter, we
give the necessary introduction for the finite volume element method (FVE)
for elliptic equations before we proceed with an analysis of the method. In
Section 1.2, we outline how FVE arises from the approximation of certain
integral conservation laws that lead to elliptic partial differential equations.
In Section 1.3, we detail a three step procedure describing the construction
of numerical methods for elliptic equations. In Sections 1.4, 1.5, and 1.6, we
compare and contrast three specific numerical methods that arise from our
three step procedure: the finite volume method (FV) in Section 1.4, the finite
element method (FE) in Section 1.5, and most importantly, the finite volume
element method (FVE) in Section 1.6. Finally, a brief outline of the historical
development of computational fluid dynamics and roles played by the three
methods is given in Section 1.7.

In Chapter 2, we present some theoretical preliminaries. In Sections

2.1 and 2.2, we define and discuss the computational meshes (i.e., the FE

triangulation 7", the FVE primal mesh 7%/?, and the FVE dual mesh V*/7)



that are fundamental to the implementation and analysis of FVE. In Sections
2.3 and 2.4, we define h, p, and h-p version FE and FVE and discuss their
relative merits. In Section 2.5, we introduce standard definitions and results
for Sobolev spaces that are fundamental to FE and FVE analysis. In Section
2.6, we briefly outline an FE analysis for the steady diffusion equation to set a
reference point for an FVE analysis in the next two chapters.

In Chapter 3, we present an h, p, and h-p version FVE analysis for
diffusion equations. In Section 3.1, we provide some preliminary definitions and
notation that facilitates the transition from FE to FVE analysis. In Section
3.2, we motivate our FVE analysis and its relation to previous FE work. In
Section 3.3, we define some discrete norm counterparts to the continuous L2
and H' Sobolev norms of Section 2.5 and demonstrate a discrete Poincaré
inequality. As in the FE analysis of Section 2.6, these tools are crucial to FVE
analysis. In Section 3.4, we determine an upper bound or continuity result
in terms of an FVE diffusion functional and our discrete H' semi-norm for
the FVE bilinear form that is used to discretize the model diffusion equation
discussed in Section 2.6. In Section 3.5, we state and outline applications of
the linear Bramble-Hilbert lemma which is at the heart of our FVE analysis.
In Section 3.6, we use the Bramble-Hilbert lemma to derive error estimates
for the FVE approximation of elements from fractional-order Sobolev spaces
by elements from the piecewise polynomial trial spaces employed by the h,
p, and h-p version FVE methods: in terms of our FVE diffusion functional,
H'(Q)-equivalent optimal-order approximation results are derived for pth-order

trial spaces in Section 3.6.1; robust and practical superconvergence results for



linear trial spaces on a “symmetric” volumization are derived in two and three
dimensions in Section 3.6.2. In Section 3.7, we derive an “asymptotic” discrete
ellipticity result for the FVE diffusion bilinear form in terms of our discrete
H' semi-norm—aided by the approximation theory from the previous section.
Finally in Section 3.8, we construct an FVE analysis for diffusion equations
with the components developed in the preceding sections: optimal-order and
superconvergence results are obtained for h, p, and h-p version FVE in our
discrete H!' semi-norm. The key results of this chapter are summarized in
Section 3.9.

In Chapter 4, we note modifications for an &, p, and h-p version FVE
analysis for general elliptic equations and elliptic projections. After presenting
some preliminary theoretical infrastructure in Section 4.1, we develop upper
bounds in terms of FVE advection and reaction functionals and our discrete
L?* and H' norms for the FVE bilinear forms corresponding to the treatment
of advection and reaction terms in a general elliptic equation in Section 4.2.
In Section 4.3, we develop L?-equivalent optimal-order approximation theory
results for our FVE advection and reaction functionals. Our goal here is to find
estimates for advection and reaction that do not interfere or add any additional
“volume symmetry” constraints to the diffusion optimal-order and supercon-
vergence results of the previous chapter. In Section 4.4, we derive “asymptotic”
discrete ellipticity results for the FVE reaction and advection bilinear forms.
Finally in Section 4.5, we construct an FVE analysis for reaction—diffusion and
advection-reaction—diffusion equations with the components developed in the

preceding sections: optimal-order and superconvergence results are obtained



for h, p, and h-p version FVE in our discrete H' semi-norm. In Section 4.6,
we extend the theory developed so far to analyze the elliptic map which is the
key theoretical tool in our analysis of parabolic equations. The key results of
this chapter are summarized in Section 4.7.

In Chapter 5, we outline an FVE analysis for parabolic equations.
First, we define continuous-time and discrete-time numerical methods for gen-
eral parabolic equations in Section 5.1: the continuous-time method is an FVE
variant of the “method of lines”; the discrete-time methods are FVE variants of
Backward Euler and Crank-Nicholson “time marching” methods. In Sections
5.2 and 5.3, the components of FVE parabolic analysis are developed and as-
sembled to yield optimal-order and superconvergence results for h, p, and h-p
version continuous-time and discrete-time FVE. The key results of this chapter
are summarized in Section 5.4 and future work based on the thesis is outlined
in Section 5.5.

The main results of the thesis are summarized in Theorems 3.3, 4.3,

4.4, 5.4, and 5.5.



1.2 Background

The finite volume element method for elliptic equations is based on
the fact that these equations arise from integral conservation laws [39]. For
definiteness and simplicity, we work in two spatial dimensions (modifications to
our analysis for one or three dimensions will be stated as needed) and consider

the following model elliptic equation for an unknown distribution u:
Lu=V-(au—DVu)+ru=f inQ, (1.1)

where a = (ay, az2), D, and r are advection, diffusion and reaction coefficients,
f is a source term, and 2 C R? is the spatial domain. In Chapter 5, we will
consider a model parabolic equation based on (1.1) augmented by the mass
storage term m dyu. For simplicity, we assume here that the coefficients are
smooth functions of space alone to avoid difficulties caused by discontinuities
and nonlinearities in our analysis, though these cases can be handled (see
Section 4.7).

For (1.1), we consider Dirichlet or flux boundary conditions:
u=g or (au—DVu)-n=g on 0, (1.2)

where 0 is the boundary of Q, ¢ is boundary data on 0}, and n is the
outward unit normal on J€). To guarantee an unique solution in the case of
flux boundary conditions, the source term and boundary data must also satisfy

a compatibility condition:

/Qfdx—l—/mgdSzo. (1.3)

When coupled with boundary conditions (1.2), the elliptic equation (1.1) is ca-

pable of accurately modeling a wide range of physical phenomena in disparate



application areas. Therefore, numerical methods for the elliptic problem de-
fined by equation (1.1) subject to (1.2), like FVE, and their corresponding
analysis are vitally important.

Although we stated at the outset that we are investigating numerical
solutions of the elliptic partial differential equation (1.1), we are more precisely
studying local integral conservation laws on subdomains V' C € that lead to

equations such as (1.1):
/ (au—Dvu)-nds+/ rudX:/de, YV O, (14)
av Vv Vv

where gV is the boundary of V', n is the outward unit normal on the boundary
dV, and dS is a spatial boundary measure. The first integral on the left-hand
side of equation (1.4) is the net advective-diffusive outflow or outflux of u
across V. The second integral on the left-hand side of equation (1.4) is the
net internal reaction within V' which can be thought of as a type of nonlinear
source term. And the single integral on the right-hand side of equation (1.4)
is the net contribution due to external sources imposed within V. The local
(when V' C Q) and global (when V' = Q) conservation law (1.4) states that
the advective-diffusive flux across volume boundary 9V is counter-balanced by
reactions and sources within the volume V. In Chapter 5, we will introduce
time dependence and augment (1.4) with the mass storage integral [, m dyu dx.

Equation (1.4) is called the primitive form of the elliptic equation
(1.1) because it contains the essence of the physical model within the least
restrictive mathematical model. Finally, it is equation (1.4)—and not equation

(1.1)—that we hope to mimic discretely in our numerical methods.



1.3 Numerical Methods

FVE is a hybrid method composed from standard finite volume (FV)
and finite element (FE) parent methods and is best understood in terms of
these methods. Therefore, we will detail a general framework for developing
numerical methods that includes FV, FE, and FVE so that the similarities and
differences between the methods may be clearly delineated and understood.

When we develop numerical methods, we take the middle ground
between the strong form equation (1.1) and the conservation law equation

(1.4) and work with the associated variational or weak form equation:
/w,cudx:/fwdx, Ve W, (1.5)
Q Q

where W is a test space of functions defined on the spatial domain 2. Setting
the stage for later developments, we let (-,-) denote the standard L?(Q) inner

product and rewrite equation (1.5) in short hand notation:
(Lu,w) = (f,w), YwéeW. (1.6)

Now the procedure by which we produce numerical methods is easily
enumerated in a three step discretization process:
(1) Discretize the spatial domain €2 in order to
(a) define a finite number of sub-domains in € on which to pose equa-
tion (1.5) and to
(b) form a computational mesh whose finite number of degree-of-
freedom (DOF) points will define the numerical approximation
to the distribution u of equation (1.5);

(2) Discretize the test space W of equation (1.5):



(a) replace W by a finite dimensional subspace of polynomials test
functions defined on the spatial sub-domains of Step 1 so that
(b) equation (1.5) is localized on each sub-domain of Step 1;
(3) Discretize the unknown distribution u and data f of equation (1.5) by
(a) finite difference or finite element approximations with respect to
the DOF points of the computational mesh of Step 1 in order to
(b) pose a discrete version of equation (1.5) on each sub-domain of
Step 1.
In Step 1, we discretize the spatial domain  in two different but
interconnected ways: first, we discretize 2 by
e standard finite element triangulations of Q: 7" with triangular or rect-
angular elements denoted by T'; 7"/?, the p-fold refinement of 7" that
connects DOF points for polynomials of order p defined each element T'
in 7". Hence, 7" and T"? are basic or primal computational meshes.
The details of the triangulation constructions are given in Section 2.1;
second, we discretize €2 by
e standard finite volume volumizations of €, denoted by V" or V"¢,
with convex or star-shaped volumes, denoted by V', to form dual com-
putational meshes corresponding to the triangulations 7" and T/?,
respectively. The details of the volumization constructions are given
in Section 2.2.
The finite number of degrees-of-freedom located at the vertices the T"/? tri-
angulation are used represent the numerical approximation to the unknown

distribution u of equation (1.5); the set of DOF points on the computational
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mesh is denoted by {x;};cs, where [ is a DOF point indexing set. Fach DOF
point x; of the computational mesh is surrounded by a finite volume, denoted
by V;, so that there is a one-to-one correspondence between DOF points and
finite volumes—the specifics of the finite volume construction are given in Sec-
tion 2.2. Therefore, the set of finite volumes in the volumizations V" or V/?
can be denoted and enumerated by {V;};c;. According to standard finite vol-
ume methodology, the value of the unknown u at DOF point x; represents the
volume average of u on volume V;.

In Step 2, we discretize the test space by replacing W by one of the
following choices:

e SP(T"), the space of piecewise polynomials of order p > 1 defined on
each triangle or rectangle T' of the triangulation 7"

o SO(VM) or S°(VMP), the space of piecewise constants defined on the
volumizations V" or V"7 respectively.

In Step 3, we discretize the unknown wu, derivatives of w, and the
source term f by replacing them with

e finite element approximations u”, Vu", and f”, where v* and f" are
representations of v and f in terms of a finite dimensional trial space
chosen to be SP(T").

e finite difference approximations to u, Vu, and f formed by pth-order
interpolation and/or extrapolation between vertices of the 7" triangu-
lation.

Now we can easily describe FV, FE, and FVE by tracing the development of

each numerical method through each of the three steps discussed above.
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1.4 The Finite Volume Method (FV)

In the finite volume method (FV), we create the computational mesh
T" and its dual mesh V" in Step 1 of Section 1.3. In Step 2 of Section 1.3, we
choose S°(V") as the test space; the set of basis elements for S°(V") is the set

of characteristic functions {x;}iesr (recall that I is a DOF point indexing set)

with y; defined by
1, if xeV,

Xi(x) (1.7)

0, otherwise.
Referring back to equation (1.5), we choose the x; basis functions as
test functions and apply Green’s Theorem (i.e., perform integration by parts)

to the advection and diffusion term. As a result, we obtain the FV weak form:
/ (au—Dvu)-nds+/ rudX:/ fdx, YVieVt,  (1.8)
ov; Vi Vi

where dV; is the boundary of V;, n is the outward unit normal on the bound-
ary dV;, and dS is a spatial boundary measure. Referring to the short-hand
notation of equation (1.6), we perform integration by parts on (Lu, x;) to ob-
tain the left-hand side integrals of equation (1.8). To set the stage for later

developments, we rewrite equation (1.8) in the short-hand notation:

B(u,xi) = (fixi), Vxi€ SV, (1.9)

where the the bilinear form B(-,-) on the left-hand side of equation (1.9) con-
sists of all of the integrals on the left-hand side of (1.8).

In Step 3 of Section 1.3, F'V uses a somewhat ad hoc finite difference
methodology that usually corresponds to a reduced or “lumped” quadrature

strategy for the integrals of equation (1.8). That is, expressions for u, Vu, and

12



| are obtained by interpolation and/or extrapolation between vertex values of
u and f in the 7" triangulation (see Mitchell and Griffiths [36] or Roache [43]
for details).

At this point we will defer a discussion about the specifics of obtain-
ing a finite volume numerical solution and the implementation of boundary
conditions until we address those issues in conjunction with the finite volume
element method.

The principal advantage of the finite volume approach is that its weak
form (1.8) closely mimics the integral conservation law (1.4). The method
will be locally conservative on each V;, as well as globally conservative on
Q) which is a crucial measure of the physical “correctness” of the numerical
solution. Of course, the conservative property does not imply the mathematical
correctness of the numerical solution. Usually, we find that the crude finite
difference approximations to the integrands of (1.8) limit the effectiveness of
FV to relatively simple mesh structures (e.g., Cartesian-product meshes) and

simple treatments of boundary conditions.
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1.5 The Finite Element Method (FE)

To alleviate some of the difficulties due to FV, one usually turns to
the finite element method (FE). For FE, we create the computational mesh 7"
with triangular or rectangular elements and its p-fold refinement 7"/? in Step
1 of Section 1.3. In Step 2 of Section 1.3, we choose SP(T") as the test space
and denote this choice as W”. The set of nodal basis elements for this space
W" is the set {¢;}ier:

bi(x;) = i, (1.10)

where d;; is the Kréonecker delta, and ¢;(x) is found by pth-order interpolation
between the DOF points at the vertices of 7"/?. The support of ¢; is denoted
by T;* and it consists of all elements of the triangulation 7" that have x; as a
vertex.

Referring back to equation (1.5), we choose the ¢; basis functions as
test functions and perform integration by parts on the advection and diffusion
terms. As a result, we obtain the FE weak form given by (1.11) on sub-domains

away from the domain boundary 9€:
/Th DVu -V —ua- Ve +rudsdx = /Thf@dx, Ve e Wh (1.11)

where T is the support of ¢;. To describe modifications on the domain bound-
ary 0f2, we define 0€; as the intersection of the domain boundary with ﬁ—the
closure of the i¢th test function support: 9€; = aﬂﬂﬁ. When 0€2; has positive

measure, the FE weak form (1.11) includes the boundary flux integral

/am(au—DVu)-nqbidS. (1.12)
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Regarding boundary modifications, let us pause for a few comments
regarding implementation of the boundary conditions specified in (1.2) with
respect to the boundary integral of (1.12)—additional details can be found
the texts of Ciarlet [11] or Johnson [28]. If a Dirichlet boundary condition
is imposed, the boundary flux integrand of (1.12) is an unknown and can be
solved for separately if desired. The information from the Dirichlet boundary
condition is imposed directly upon the trial space discretization of u on 9f2 and
information from boundary nodes on 9§} are passed to the right-hand side of
our discrete equations (cf. equation (1.16) below) in an obvious manner that
is discussed in the texts cited above. However, if a flux boundary condition is
imposed, the boundary flux is known data and boundary flux integral of (1.12)
is moved to the right-hand side of equation (1.11). In the discussion below,
we’ll assume that a homogeneous flux boundary condition has been imposed
in order to simplify the presentation.

Referring to the short-hand notation of equation (1.6), we perform
integration by parts on (Lu, ¢;) to obtain the left-hand side integrals of equa-
tion (1.11) and the boundary integral of (1.12). To set the stage for later

developments, we rewrite equation (1.11) in short-hand notation:

Alu, ¢i) = (f, 1), Vi € Wh, (1.13)

where the the bilinear form A(-,-) on the left-hand side of equation (1.13)
consists of all of the integrals on the left-hand side of (1.11).

In Step 3 of Section 1.3, the Galerkin FE uses W" as a trial space, as
well as a test space, to represent the unknown v and source f of equation (1.11),

but other higher order polynomial spaces defined on the mesh can be used as
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a trial space and the result is termed Petrov-Galerkin FE. In the remainder of
this dissertation, we’ll refer to the Galerkin FE as “the” finite element method
since it is the FE of choice in the bulk of applications. To describe our finite
element method, we define " € W" as the trial space representation of the

numerical solution:

u' = z;u;% bi(x), (1.14)

where u? = u"(x;) so that u" has a nodal representation. Similarly, we define

f* € W" as our trial space representation of the source term:

=37 fi (%), (1.15)

jeI

where f; = f(x;) so that f* = TI} f is the pth-order interpolant of f into
SP(T™).

Referring to equation (1.13), the finite element method solution of

equation (1.1) is described as follows: find u"* € W" such that
A, 60) = (f* &1), Vi e W (1.16)

Equivalently, the simultaneous solution to the finite dimensional problem given

by equation (1.16) is given by the corresponding matrix problem:
Au :fFE, (117)
where the finite element matrix A of (1.17) has entries [A];; defined by

[A]i

A(ijvqbi)v (1'18)

and the vector u of (1.17) contains the nodal values of the finite element solu-

tion and has entries [u]; given by

.o

(1.19)

[u]]‘ =U;.
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As a result of the definitions of " in (1.14), A in (1.18), and u in (1.19), we
see that the ith entry of the vector formed by the matrix/vector inner product
on the left-hand side of equation (1.17), [Au];, is equivalent to the left-hand
side of equation (1.16) for the ith test function:
[Au]; = > ul gy, 1) = A(u”, ). (1.20)
jeI

Similarly, we define the ith entry of the finite element right-hand side vector
of (1.17)—[frg];i—as the right-hand side of equation (1.16) for the ith test

function: recalling the definition of f" in (1.15), we have
[freli = (f*, 00) =D fi (¢, 80). (1.21)

jeI

The principal advantage of the finite element approach is its mathe-
matical generality: FFE triangulations can be fitted to very general geometries
and boundary conditions; the trial and test spaces defined on those triangula-
tions provide accurate and robust approximations to the unknown u and data
f. However, the mathematical generality of FE can be a weakness as well as a
strength: the computational overhead required to set up the FE matrix system
of equations can be expensive compared to the set up costs for F'V on general
computational meshes. Furthermore, this overhead is relatively fixed: the set
up cost for FE is largely problem independent for a general mesh—relatively
simple diffusion problems require nearly as much work as complex advection—
reaction—diffusion problems. From the physical standpoint, the boundary inte-
gral (1.12) implies that FE will match the form of the governing conservation
law globally on € but not on any sub-domain of 2; hence an important char-

acteristic of the problem-—local conservation—has been lost.
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1.6 The Finite Volume Element Method (FVE)

To realize the local conservation property of the finite volume method
within a finite element framework, we turn to the finite volume element method
(FVE)—see Baliga and Patankar [4] and McCormick [39] for fundamentals. In
Steps 1 and 2 of Section 1.3, we follow the a “combined” FE and FV method-
ology: in Step 1, we construct a FE triangulation 7" with triangular or rect-
angular elements, its p-fold refinement 7"/?, and a dual mesh V*/? that is tied
to T"/? rather than 7" as in FV—the importance of this distinction will be
discussed below; in Step 2, choose S°(V*/?) = X" as a test space. After in-
tegration by parts, FVE has the same weak form as FV—cf. equations (1.8)
and (1.9)—which preserves a finite dimensional analog of the local conservation
property of the integral conservation law (1.4). However in Step 3 of Section
1.3, we break away from the usual F'V discretization of the unknown u and the
data f and turn to the usual FE discretization: replace u and f with repre-
sentations u” and f" in the trial space SP(7") = W" as in equations (1.14)
and (1.15). We can do this because the volumization V*/? establishes a one-to-
one correspondence between the vertices of 7/ which are the DOF points for
SP(T"). Hence, the use of the FE trial space is equivalent to systematic and
generalized FV-style interpolations or extrapolations between nodes of T"/7.

Regarding boundary conditions, the general remarks for the finite
element method also apply to the finite volume element method. As in the FE
development of the previous section, we’ll assume a homogeneous flux boundary
to simplify our presentation. Further discussion of boundary conditions and

their impact on our FVE analysis will be deferred to later chapters.
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Referring to equation (1.9), the finite volume element method solution
for equation (1.1)—or perhaps more appropriately equation (1.4)—is described

as follows: find u* € W" such that
B(uh7Xi) = (fh7Xi)7 \V/XZE 'th (122)
where f satisifies an L? projection relationship with f,

(f* xi) = (f,xi), Vxied™ (1.23)

to ensure that the numerical source term conserves mass on each volume in
VP Equivalently, the simultaneous solution to the finite dimensional problem

given by equation (1.22) is given by the corresponding matrix problem:
Bu= fFVE7 (124)

where the finite volume element matrix B of (1.24) has entries [B];; defined by

[B]i; = B(¢), xi), (1.25)

and as before the vector u of (1.24) contains the nodal values of the finite
volume element solution and has entries [u]; of the form given by (1.19). As a
result of the definitions of v in (1.14), B in (1.25), and u in (1.19), we see that
the ith entry of the vector formed by the matrix/vector inner product on the
left-hand side of equation (1.24) is equivalent to the left-hand side of equation
(1.22) for the ith test function:

[Bll]i = Zu? B(@;Xi) = B(uh,Xi). (1,26)

jel
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Similarly, we define the ith entry of the finite volume element right-hand side
vector of (1.24)—fpyp—as the right-hand side of equation (1.22) for the ith
test function: recalling the definition of f* in (1.15), we have
[fFVE]i = (fh7Xi) = ij (ij,Xi)- (1-27)
jeI

The principal advantage of the finite volume element approach is that
its FV weak form (1.8) mimics the integral conservation law (1.4) while incor-
porating the mathematical generality of FE for very general geometries and
boundary conditions. From the FV perspective, FVE represents a systematic
and general approach to generating finite difference stencils that is only slightly
more complex than the standard FV approach. While from the FE perspec-
tive, FVE represents a locally conservative variant of the standard FE by the
choice of a simpler, lower order, volume-oriented test space.

From the standpoint of application, FVE favors its FV parent as it
agrees with FV in Steps 1 and 2 of its formation. In Step 3, FVE can build upon
FV by using a FE trial space rather than interpolate or extrapolate between
nodes of 7". From the standpoint of analysis, FVE favors its FE parent as
it can be viewed as a Petrov-Galerkin variant of the standard finite element
method. In classical finite volume analysis (see Mitchell and Griffiths [36],
Kreiss et al.[31], Manteuffel and White [35], and the references listed therein)
FV is viewed as a special type of finite difference method and analyzed in terms
of finite difference truncation error in C'* norms. However, in modern finite
volume analysis (see [5, 17, 18, 21, 23, 32, 33, 38, 46, 50, 54]) F'V is viewed as a
special type of finite element method and its error is analyzed in terms of finite

element approximation theory results: results for the error in approximating
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elements of a fractional-order Sobolev space with piecewise polynomials. Since
FVE is even closer to FE than FV, our analysis will follow that of FE even
more closely.

Once we have established some theoretical infrastructure in the next
chapter, we’ll come back to the theoretical similarities between FVE and FE.
But for now, we need to close the book with regard to the basic description of
the methods by briefly discussing the historical development of the computa-
tional fluid dynamics and the roles played by FV, FE, and FVE.
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1.7 Historical Development

Historically (see Batchelor [6]), the local and global conservation law
(1.4) was the starting point for theoretical fluid dynamics in the 18th century;
later with the development of continuum mechanics, it was shown (under suit-
able conditions) that (1.4) implied (1.1). In the current century (see Roache
[43], Shashkov and Steinberg [48]), finite difference numerical methods based
on (1.4) have enjoyed great success in a wide range of application problems in
fluid dynamics.

Starting in the 19th century (see Guenther and Lee [20]) with the
development of the calculus of variations and functional analysis, attention
in mathematical and physical circles shifted from local conservation laws to
integral-based variational principles that (under suitable conditions) lead to
equations like (1.1) in fluid dynamics as well as in other branches of contin-
uum mechanics. In the current century (see Johnson [28] and Oden [40]),
finite element numerical methods (discussed in Section 2.6) based on integral
variational principles have succeeded in cases where finite differences have en-
countered difficulties and even failures.

Coupled with a sophisticated yet elegant analysis (see [11, 12, 13,
14, 55]) that is one the crowning jewels of modern applied mathematics, it ap-
peared likely that Galerkin finite element methods would largely supplant finite
differences by the end of this century. However, this has not happened in fluid
dynamics and is not likely to happen in the future. Somewhat superficially,

the issue of computational efficiency has been problematic: the computational
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set-up costs for finite elements are relatively expensive when compared to fi-
nite differences on general computational grids that discretize domains with
complex geometries.

More fundamentally, the problem lies in the choice of the underlying
model for computation. Standard finite volume or cell-centered finite difference
methods (FV) rely on the local and global conservation law (1.4), which is
always physically valid even when extrapolation to (1.1) is not. Standard
Galerkin finite element methods (FE) rely on an integral formulation of (1.1)
arising from variational principles and are not locally conservative; however,
FE is globally conservative. Hence, FE violate the spirit and the letter of the
fundamental local conservation laws that govern fluid dynamics.

Furthermore, the difficulties that arise in FV are not due to its con-
servation law model but are usually due to somewhat ad hoc discretizations
of the unknown solution, known data, and boundary conditions for problems
posed on difficult geometries. Conversely, the successes of FE are largely due to
its systematic discretizations based on piecewise polynomial spaces defined on
FE triangulations for general geometries and not due to its variational model.

At the same time, variational principles are fundamental (and con-
servation laws are not) in related disciplines of continuum mechanics such as
structural mechanics and electrostatics which are based on a principle of “vir-
tual work.” In those applications, FE is the preferred numerical method (see
Babugka and Osborn [2] and the references cited therein).

In FVE, we try to combine the best of FV and FE. First, it is the lo-

cal and global conservation law (1.4)—and not a FE weak form of (1.1)—that
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we mimic discretely in FVE. Second, FVE approximates (1.4) using meshes
described in the next two sections, by replacing v and f in (1.4) with finite
element approximations u” and f* which are based on a finite element trian-
gulation 7" that partitions Q, and by posing equation (1.4) on a finite subset
VP of volumes that partitions .

FVE is a full-fledged finite element method that is based on a local
conservation model rather than a variational model; but at the same time,
FVE can recover more computationally efficient equations like those of FV
with the use of certain reduced or lumped quadratures (see [5]). In general,
FVE enjoys some of the computational advantages of FV when compared to
FE. In FE, piecewise polynomial trial and test spaces of degree p > 1 are
used to discretize the unknown u and to set-up FE equations, respectively.
Therefore, quadrature rules that are exact for polynomials of degree 2p are
used to evaluate multiple integrals in FE. In FVE, piecewise polynomial trial
spaces of degree p and piecewise polynomial test spaces of degree 0 are used to
discretize the unknown u and to set-up FVE equations, respectively. Therefore,
quadrature rules that are exact for polynomials of degree p are used to evaluate
multiple integrals in FVE. If we let d be the number of spatial dimensions in
a given problem domain, we see that FVE quadrature will be O(2¢) times
less expensive than FE quadrature for a given problem (see Stroud [49] for
a discussion of quadrature for multiple integrals). For practical engineering
problems in three dimensions, the computational set-up costs for FVE are

nearly an order of magnitude less expensive than FE.
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1.8 Summary

In this chapter, we have given the necessary introduction for the fi-
nite volume element method (FVE) for elliptic equations as a prelude to an
analysis of the method. In Section 1.2, we outlined how FVE arose from the
approximation of certain integral conservation laws that led to elliptic partial
differential equations. In Section 1.3, we detailed a three step procedure for the
construction of numerical methods for elliptic equations. In Sections 1.4, 1.5,
and 1.6, we compared and contrasted three specific numerical methods that
arose from our three step procedure: the finite volume method (FV) in Section
1.4, the finite element method (FE) in Section 1.5, and most importantly, the
finite volume element method (FVE) in Section 1.6. Finally, a brief outline of
the historical development of computational fluid dynamics and roles played

by the three methods was given in Section 1.7.
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2. Theoretical Preliminaries

In this chapter, we make the discussion started in the previous chapter
more precise by providing some theoretical preliminaries: construction of the
FVE triangulations and volumizations, definitions of &, p, and /-p version FVE,
a comparison between FFE and FVE versions, Sobolev spaces to characterize the
exact solution to the model elliptic equation (1.1), and an outline of standard

FE analysis.

2.1 Triangulation

The most basic component in the implementation and analysis of
the finite volume element method is the discretization of the domain ) into
computational meshes. The finite element triangulation 7" of Q and the finite
volume element volumization V"/? of ) are two different—yet interconnected—
meshes or discretizations of ). The two discretizations are connected by a
third mesh or discretization of Q: 7"?  the p-fold refinement of 7”. The
nodes or vertices of 7"/ are the locations of the degrees of freedom (DOF)
for u" € SP(T"): u" is a C° function on Q that is a polynomial of degree
p > 1 when restricted to each element 7' of 7*. In FVE terminology, the
triangulation 7"/? is the primal mesh and the volumization V*? is the dual

mesh. Next, we describe these three meshes and their relationships.
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2.1.1 FE Triangulation

Let 7" be a non-overlapping triangulation of €0, the closure of €,
into a finite number of elements 7. That is, 7" satisfies the following general
properties [11]:

(1) For each T € T", the set T is closed and its interior, int(T), is
nonempty and connected;
(2) For each T' € T", the boundary 9T is Lipschitz-continuous;
(3) T" partitions Q: i.e., @ = Upern T
(4) The elements of 7" do not overlap: for each distinct Ty, Ty, € T", we
have int(77) Nint(7%) = 0.
(5) Any face of any Ty € T" is either a subset of the boundary 9% or a
face of another Ty, € T".
To simplify the discussion, we assume the elements of the triangulation are
triangles (possibly curved to accommodate non-polygonal domains). Other
types of elements could be considered: in particular, rectangular elements for
a rectangular domain {).

For each T' of T", we define the mesh parameters hr,h, and pr as
follows: hr is the diameter of the circumscribing circle for T'; h is the maximum
value of hr; and pr is the diameter of the inscribed circle in T

We assume that the triangulation is shape regular: there exists a

positive constant o such that

h
L <o, VIeTh (2.1)
oT
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the family (A7) is bounded and 0 is its unique accumulation point—i.e., h
approaches zero. The assumption of regularity is used to simplify error esti-
mates and to avoid degenerate triangulations (i.e., a minimum angle condition

is satisfied). See Figure 2.1 for an example of the triangulation 7.

2.1.2 FVE Primal Mesh

Once a nodal or base triangulation 7" is defined, we can define ele-
ments of S?(T"). The degrees of freedom (DOF) for u" € SP(T") are located
in a regular fashion in 7": on the vertices, along edges, and in the interior of
T. Just as the FE triangulation 7" can be determined by connecting the ver-
tices of T' to their nearest neighbors, an alternative triangulation 7%/? can be
determined by connecting the DOF in T to their nearest neighbors within 7"
let T}, denote the triangular elements of 7"/, See Figure 2.2 for an example
of the triangulation 7"/ restricted to a single element in 7.

To be specific, T"? is generated from T" by the “newest vertex bisec-
tion” algorithm developed by Sewell [47] and applied by Mitchell [37] to define
mesh hierarchies and the corresponding hierarchical basis functions used in the
Multigrid iterative solution of p-version FE problems. This refinement strategy
is very similar to the FAC (Fast Adaptive Composite grid) algorithms that were
successfully applied to h-version FVE in the monograph of McCormick [39].
Although we will not discuss the iterative solution of p-version FVE problem,
we use this mesh construction to define a volume mesh in Section 2.2.1, and to
define p and /i-p version FVE in Section 2.3. At the same time, we wish to set
the stage for the efficient numerical implementation p and h-p version FVE at

a later date.
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Figure 2.1: An example of the triangulation 7.
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Figure 2.2: T"/? restricted to a single element of 7"
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Note that each element in 77/? is contained in a single element of
T". The primal mesh 7™? can be seen as the p-fold refinement of 7": if

diam(7T') = h, then diam(7},) = h/p. Therefore, we write
The CTh (2.2)

as a shorthand notation for this mesh hierarchy or nested property of the

triangulations.
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2.2  Volumization
The FVE dual mesh V*? or volumization of Q partitions € into a
finite number of non-overlapping elements V,—the index ¢ refers to a one-to-
one correspondence between volumes and DOF for «* € SP(T"). To define V/?
from the primal mesh 7"/7 we make frequent reference to 7;h/p: the union of
all T, € T"/? that have the location of the ith DOF, x;, as a vertex. In general,
VP satisfies the following properties:
(1) For each V € VP the set V is closed and its interior, int(V), is
nonempty and connected;
(2) For each V € V*/? the boundary 9V is Lipschitz-continuous;
(3) VP partitions Q: ie., Q = Uveynm V.
(4) The elements of V*/? do not overlap: For each distinct Vi, V; € V7,
one has int(V;) Nint(V;) = 0.
(5) Any face of any V; € V7 is either a subset of the boundary 9% or a
face of another V; € Vh/?,
(6) There is a one-to-one correspondence between primal mesh nodes and
dual mesh volumes: x; € V; and V; C 7;h/p, Viee l.
Properties 1 through 5 are satisfied by any triangulation. However, Property
6 distinguishes the volumization V*/? from triangulation 77/? and hints at the
concrete relationship between the FVE primal and dual meshes that will be

detailed below.

2.2.1 Volume Construction
To make our discussion more concrete, we follow the general volume

construction algorithm of Bank and Rose [5]:
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(1) Select a point P €T,, VT,e ﬂh/p;

(2) Connect P by straight line segments to edge midpoints of T}, for the
two edges of T, adjacent to the vertex x;, V71, € 7;h/p;

(3) For each T, € 7;h/p, define a sub-volume, v;(T},), as the region bounded
by the line segments formed in Step 2 and line segments connecting the
edge midpoints of T}, with the vertex x;. Note that v;(T,) = V; N T};
see Figure 2.3.

Finally, define the volume V; as the region enclosed by all sub-volumes

formed in Step 3:
Vi

U (1)), (2.3)
Tpeﬂh/p

Let v"/? denote the set of all sub-volumes; then, v"/? is a refinement
of or nested in V7

ol Cphie, (2.4)

More importantly, each sub-volume v;(T},) of v"/? is contained in a single ele-

ment 7T}, of TP, therefore, v"/? is nested in T"? and in T":
e C e C T, (2.5)

In our FVE analysis in Chapter 4, v*/? will be the focus of a local error analysis
for interpolation defined on elements of 7"/ and then restricted to elements
of /P on an element-by-element basis. Due to the nesting of the sub-volumes
in the triangulations, we obtain error estimates on 7" by summing over results

on vh/?,
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Figure 2.3: Construction of the sub-volume v;(T,).
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The choice of P in Step 1 is crucial in volume construction. In practice

(see Cai [10]), we typically use one of the following volume types (characterized

by P):
(1)

Circumcenter volume: P is the center of the circle circumscribed about
T,; equivalently, P is the point of intersection for the perpendicular
bisectors of the edges of T},. To ensure that P € T,, we require that
no interior angle of T, exceeds m/2 radians—no obtuse triangles are
permitted.

Centroid volume: P is the center of mass or centroid of T},; equivalently,
P is the point of intersection of the medians of T,. A median of T,
is a line segment connecting a vertex of T, with the midpoint of its
opposite side.

Incenter volume: P is the center of the circle inscribed in 7T); equiva-
lently, P is the point of intersection of the angle bisectors of T,,.
Orthocenter volume: P is the point of intersection of the altitudes of
T,. An altitude of T, is the line segment from a vertex of 7|, that is
perpendicular to the line containing the opposite side. To ensure that
P € T,, we require that no interior angle of T, exceeds 7 /2 radians—mno

obtuse triangles are permitted.

In applications, advantages of circumcenter volumes are that they are always

convex and geometrically simple (see Figure 2.4 for an example), while other

types of volumes are usually non-convex and geometrically complex (see Figure

2.5 for an example and Bank and Rose [5] for details).
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Figure 2.4: A circumcenter finite volume V.
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Figure 2.5: A general finite volume V.
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2.2.2 Volume Symmetry
In the analysis to follow, superconvergence results for linear finite el-

ements can be demonstrated for “symmetric” circumcenter volumes. To define
this symmetry precisely, we need additional notation: X;; is the edge or line
segment connecting nodes x; and x; of the triangulation 77/?; ~;; is the in-
terface or volume boundary between volumes V; and V; of the volumization
VP e, ~i; = ViNVi. Following Cai ef al.[9] and Cai [10], the volumization
VP is symmetric to the triangulation 7"/? if the following two symmetries
hold for all volumes in V"/?:

o (X-symmetry) v;; is a perpendicular bisector of X;;

o (y-symmetry) X;; is a perpendicular bisector of ~;;.
We remark that for rectangular elements, only the first condition of

X-symmetry is required for V7 to be symmetric to T"? (cf. Siili [50]).

2.2.3 Volume Regularity

Of more general significance is the notion of volume “regularity,”
which is assumed in all of our results (cf. Cai [10]). Form an auxiliary tri-
angulation Thiv of triangular elements by connecting the endpoints of v;; with
the endpoints of X;; for every volume interface in V*/?. That is, we define a
“macro-element” Fj; as the region formed by joining the endpoints of v;; and
Xij (See Figure 2.6 for an illustration). Then F;; is the union of two triangular
elements (with X;; as a common edge): i.e, E;; = Tilj U T%, where each element

Tk k € {1,2}, is contained in a single element of 7"/?. Therefore, Thiv is a

R

refinement of 7"/? and diam(7T7%) = O(h/p) and we have the following nesting
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of triangulations:

Thie C THP C T, (2.6)

In our FVE analysis in Chapters 3 and 4, T /e will be the focus of a local error
analysis for interpolation defined on elements of 7"/? and then restricted to
elements of T#/» on an element-by-element basis. Due to the nesting of the
triangulations, we obtain error estimates on 7" by summing over results on
THis,

For circumcenter volumes (the focus of superconvergent error esti-
mates in Chapter 3), if this auxiliary triangulation Thiv is shape regular ac-
cording to the definition in Section 2.1.1 (i.e., inequality (2.1) is satisfied) and
no interior angle of T; € Thiv exceeds 7 /2, then the volumization V*/? is reg-
ular. For the other volume types of Section 2.2.1, shape regularity of Thiv

implies regularity of V"/?. See Figure 2.6.
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. . h/
Figure 2.6: Construction of a pair of elements in T"/?.
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2.3 Versions h, p, and h-p

Motivated by the success of the h, p, and h-p version FE of Babuska
in structural mechanics problems, we define and analyze h, p, and h-p FVE
for fluid dynamics problems under uniform refinements of h and p in direct
analogy to the FE development outlined in [2, 3, 27, 51].

In the h-version FVE, we fix the order p of the FE polynomial trial
space and uniformly refine the computational mesh 7. The monograph of
McCormick details mesh refinement and the efficient numerical solution of h-
version FVE discretizations. For p = 1, the paper of Cai and McCormick [8]
analyzes local refinement of the h-version FVE for a steady diffusion equation;
similarly, Ewing et al.[17, 18] and Lazarov et al.[32] analyze local refinement
for h-version FV for general elliptic and parabolic problems.

In the p-version FVE, we fix the computational mesh 7" and uni-
formly increase the order p of our FE trial space, which in turn refines the FVE
meshes 77 and V*/?. In the h-p version FVE, we refine uniformly in h and p.
As in p and h-p version FE (see Szabo and Babuska [51] for background), hier-
archical basis functions could be used which induce a mesh hierarchy for 7"/?
and V"7 in the p and h-p version FVE as discussed in Mitchell [37]. However,
our focus here is on an a priori error analysis, so it is sufficient that we have a
set of basis functions (not necessarily hierarchical) on each element of 7" that
is defined in terms of the vertex DOF on T"/?. So for simplicity, we can assume
that a standard (non-hierarchical) nodal basis is being used. However, in an «
posteriori error analysis and in real-world implementations, hierarchical basis

functions are essential to an efficient iterative solution (see Hu and Katz [25],
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Mandel [34], Mitchell [37], and Pavarino [42] for background). To this end, we
note that our definitions of 7"/? and V*? in the previous two sections were
stated with efficient implementation in mind and fully support basis hierarchy
according to the “newest vertex bisection” algorithm discussed in [37].
Although our error analysis in the remainder of the text is inde-
pendent of any particular solution algorithm for FVE discretizations, we are
motivated and strongly influenced by the success of Multigrid and Multilevel
iterative algorithms (MG) in numerical partial differential equations (see Mc-
Cormick [39] and the references cited therein for background). Out of the stan-
dard h-version FV/FD, FE, and FVE discretizations, McCormick [39] found
that FVE was the most amenable to efficient MG solutions. Since the success
of MG and Domain Decomposition solution algorithms [25, 34, 37, 42] for p
and h-p version FE discretizations is either directly based on or closely related
to the ideas presented in [39], we can reasonably expect similar success for p
and h-p version FVE. In fact, it was the success of these methods for FE that
prompted the analysis of p and h-p version FVE in this thesis. If the perfor-
mance of FVE vs. FE for p and h-p methods parallels the MG performance of
the h-version methods, FVE may be superior. Some anecdotal support for this
position was stated in Section 1.2: an operation count for the costs of equa-
tion set-up in FVE vs. FE (i.e., numerical quadrature of multiple integrals)
revealed that FVE was nearly an order of magnitude less expensive for three
dimensional problems. Further support for this position is given in the next

section.
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2.4 FVE vs. FE

In Sections 1.1 and 1.2, we outlined the origin of fluid dynamics and
its basis on local conservation laws. Also, we motivated the need for FVE
which preserves local conservation on the discrete level. In addition, we saw
that FVE systematically discretizes the unknown solution, known source term
data and boundary conditions on domains with complex geometries via the
FE triangulation 7", the FVE triangulation 7"/?, and the FVE volumizations
VP From this perspective, we can view FVE as a locally conservative Petrov-
Galerkin FE. This prompted us to define h, p, and h-p version FVE in direct
analogy to h, p, and h-p FE in the previous section. In addition to local
conservation and the variety of versions, FVE has numerous other practical
advantages over FE that are outlined below.

In Section 1.2, we saw that the computational set-up costs for FVE
were less expensive than the costs for Galerkin FE. If d is the spatial dimension
of the problem domain, the quadrature rules used to evaluate FVE integrals
and set-up a system of linear equations were seen to be O(2%) less expensive
than corresponding FE quadrature rules. That is, the quadrature operation
count for reaction and source term integrals is O(p)? for FVE and O(2p)? for
FE, since the order of polynomial trial and test space is p and 0 for FVE and
p and p for FE.

Furthermore, for reaction and source terms, the FVE integrals from
(1.4) are defined on volumes from V"7 with diameters of O(h/p) (see Section
2.2), whereas FE integrals are defined on elements from 7" with diameters

of O(h) (see Section 2.1); therefore, the FVE quadratures are performed on
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regions that are O(p)? smaller than their FE counterparts. This feature makes
the FVE equations more local in character and the FVE mass matrix arising
from the reaction term more strongly diagonally dominant than its FE coun-
terpart; from the standpoint of numerical linear algebra and implementation,
this means that it should be easier to precondition and iteratively solve FVE
systems of linear equations than their FE counterparts.

In addition, FVE diffusive and advective fluxes are defined as sur-
face integrals in (1.4) which are simpler (i.e., of lower dimension) than the

corresponding volume integrals for FE: i.e., the quadrature operation count
is O(p)*~! for FVE and O(2p)? for FE—a increased savings of O(p2¢). Cou-
pled with the documented [39] success of Multi-level solution algorithms for
h-version FVE vs. FV discretizations and the documented [25, 35, 37, 42] suc-
cess of similar Multi-level and Domain Decomposition solution algorithms for p
and h-p version FE discretizations discussed in the previous section, we expect
FVE to outperform FE in standard measures of computational efficiency.
Furthermore, from the standpoint of the a priori error analysis pre-
sented in the later chapters, we find that the accuracy of FVE approximations
to the exact solution of general elliptic and parabolic problems will either match
or surpass FE asymptotic convergence rates for h, p, and h-p versions of the

respective methods.

2.5 Sobolev Spaces

In this section, we present the Sobolev space infrastructure for our
FVE analysis. In the basic definitions and results, we have followed the well-

known and comprehensive text of Ciarlet [11] unless otherwise noted. For a
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more detailed and advanced discussion of Sobolev spaces, we refer the reader
to the authoritative text of Adams [1] for mathematical theory and to the text
of Kesavan [30] for applications to partial differential equations.

Throughout this section, Q@ C R% d € {1,2,3}, denotes a domain:
a bounded open connected set with Lipschitz-continuous boundary I'. We
also use the multi-index notation for denoting partial derivatives: let a multi-
index a be denoted by a vector with non-negative integer components, @ =
(a1y...,aq) € N, equipped with the L' vector norm, |a| = 20, a;. Taking
d = 2 for definiteness and letting x and y denote the spatial coordinates of R?,

we define 0% as

0%u = 0,10, u, (2.7)

so that 0%u represents the composition of the a;th and the ayth partial deriva-

tives with respect to = and y.

2.5.1 Integer-Order Spaces

For any integer k > 0, and number ¢ € [1,00], the integer-order
Sobolev space WH1(Q) consists of those functions u € L7(Q) for which all
partial derivatives 0%u (in sense of distributions) with |a| < k belong to the

space L(§)). The space W*4(€) is equipped with the norm:

(3 /Q|aau|qu)”q, g € [Loo),

o<k
[[u]|kq0 = (2.8)

E}'Egé{ess ilelgm u(:z;)|}, q = oo.

The semi-norm | - |40 is obtained by taking |o| = k in (2.8).

The space W*4(€2) is a Banach space and a Hilbert space when ¢ = 2.
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In the latter case, we denote W*2(Q) by H*(Q) and || - |[x2.0 by || - ||xq- If
u € H*(Q) for some k > 0, we say that u is k-regular. In our analysis, we will
be using the H*(2) spaces almost exclusively and will cite additional Sobolev
space results (e.g., fractional-order spaces, trace theorem, embedding, etc.) in
terms of this ¢ = 2 case to simplify notation. These results have generalizations
to ¢ # 2 (see Adams [1] or Kesavan [30]), but they are not required in our

forthcoming work.

2.5.2 Fractional-Order Spaces

In addition to the usual integer-order Sobolev spaces, we also employ
fractional-order Sobolev spaces H®(§)), where S > 0 is a real number, as in
Adams [1] and Kesavan [30]. In this discussion, S is decomposed into integer

and fractional parts: i.e., S = k + 6, where k > 0 is the integer part of S and
0 € [0,1) is the fractional part of S. We define H*() in terms of H*(2) and

H(Q):
15(Q) = {u e HH(Q) : 9°u € H°(Q), Vo] =k}, (2.9)
HY Q) = {u c L*(Q): Ju(x) — uly)] € L*(Q x Q)}. (2.10)

[P

If ue H?(Q) for some S > 0, we say that u is S-regular.

2.5.3 Sobolev Embedding

In our analysis, we approximate elements from fractional-order Sobolev
spaces by CY piecewise-polynomial (Lagrange) interpolants. To ensure that in-

terpolation is well-defined, we will only use the simplest embedding:

H5(Q) e C°(Q), if S > d/2, (2.11)
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where << means that H”() is contained in C°(2) with a compact injection.

Referring to the embedding (2.11), we see that if u is (1 + €)-regular
for any ¢ > 0, then u is represented by a C° function in R?. Therefore, u
has point values and we can easily define C° Lagrange interpolation for u.

Similarly, 3/2 4 ¢ regularity is required in three dimensions.

2.5.4 Trace Theorem

We will often employ the continuous and linear trace map of an el-
ement of a Sobolev space from an interior domain Q C R?, d > 2, to a sub-
dimensional boundary I' C 9~! that is sufficiently smooth (see Kesavan [30]
for details). The trace map, tr(-), maps u € HOtY2(Q) to tr(u) € HO(I),
where © is a positive, non-integer, real number (i.e., © € RT\N). When no
confusion should arise, we simply write tr(u) as u. The following trace theo-

rem demonstrates the boundedness of the trace map: there exists a positive

constant C' = C'(9) such that
ullor < Clullotijze, © € RT\N. (2.12)

As a result of (2.12), we see that u € H () for S > 1/2 ensures that u €
H(T') and that the diffusive fluxes in (1.4) are bounded. With this regularity,
C" interpolation is easily defined (up to three dimensions) as discussed in the

embedding result above.

2.5.5 Poincaré Inequality
The Sobolev space H}(Q) is the closure of the space D(2)—the space

of infinitely differentiable functions with compact support in £2—in the space

H'(©). More intuitively, Hy(2) = {u € H'Y(Q) : tr(u) = 0 on T'}. As a
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result of the boundedness of 2, we have the Poincaré inequality: there exists

a positive constant C'(€) such that
luloe < Clulie, Vue Hy(Q). (2.13)

Therefore, | - |1.q is a norm over H} () equivalent to || - ||1.q.
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2.6 Finite Element Analysis
Here we present the rudiments of FE analysis to establish a reference
point for analogous developments to follow for FVE. For simplicity, consider a

steady diffusion equation with homogeneous Dirichlet boundary condition:
-V - (DVu)=f, z€Q, (2.14)

ulag =0, (2.15)

where D is a continuously differentiable, bounded, non-degenerate (0 < D,, <
D < Dy < oo) diffusion coefficient and Q C R? is a domain.
A weak solution v € W = H}(Q) to (2.14), corresponding to f €
L*(Q), satisfies:
Alu,w) = (fyw), YweW, (2.16)

where

Alu,w) = / DVu - Vwdx, (2.17)
Q

(f,w0) = /wadx. (2.18)
In our analysis, we assume additional regularity for w: i.e., u lies in the
(fractional-order) Sobolev space W = H *1(Q) N W, where S € (1/2,p] and
p > 1. The interval (1, p+1] for S+1 is the full range of admissible regularities
for w in FE analysis for a general unspecified problem domain. (Technically,
the lower bound on S can reduced to 0 in two dimensions; however, 1/2 is re-
quired for our results to hold in three dimensions.) But for any specific problem
domain, the value of S + 1 in that range is precisely determined: S = S(99Q)
is a function of the smoothness of the boundary 92 and the geometry of any

corners in non-smooth domains (see Grisvard [19] for details). For example, if
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0 is an L-shaped domain, S + 1 = 5/3 — ¢Ve > 0. To justify the upper end
of the regularity scale (S 4 1 > 3) associated with high-order polynomial trial
spaces (p > 2), we assume that curved elements are being used to approximate
the boundaries of smooth domains (see Ciarlet [11] for details).

In the FE analysis presented here and in the FVE analysis of the
following chapters, we invoke fractional-order spaces to demonstrate error es-
timates across the fullest range of admissible regularities to encompass any
particular problem domain.

Also, the numerical solution u” of (2.14) (see (2.19) below) will lie in
Wh = SE(T") € W-——the space of C° functions that are polynomials of order
< p on each element 1" of the triangulation 7" and vanish on 99.

In direct analogy with (2.16), the (finite element) numerical solution

u" € W to (2.14), corresponding to f* € SP(T"), satisfies:

A, w)y = (" w), YweWwh (2.19)
Here, f" is the L*(f)) projection of f into SP(T"):

(f = frw)=0, YweSr(Th. (2.20)

The key components of finite element error analysis are boundedness,
approximation theory, and ellipticity results; we introduce and discuss each

below.

2.6.1 Boundedness
For the bilinear form A(-, -) of (2.17)—hereafter called the “A—form”—

consider the following upper bound (or continuity) condition: there exists a
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positive constant M such that
Alu,w) < M |u|iolwh g, Y u,wée W. (2.21)

Such a condition is usually assumed to obtain convergence of the numerical

method as seen below.

2.6.2 Approximation Theory

At the heart of FE analysis are error estimates for approximation of
elements from Sobolev spaces by elements of piecewise polynomial FE trial
spaces. For the H*(2) norms (k € {0,1}) that we shall employ, we cite stan-
dard approximation theory results for polynomial interpolation (see Babuska
et al. [2, 3], Jensen and Suri [27], and Dupont and Scott [16]): there exists a

constant C such that

lp()lles < O (h/p)* ' Flullsre, S € (1/2,p), (2.22)

where n,(u) = ng — u is the interpolation error for u in the polynomial
space SP(T"). As discussed above for an L-shaped domain, (2.22) holds for
S = 2/3—c¢. In three dimensions, the lower bound on S in (2.22) is necessitated
by the Sobolev embedding result (2.11), 3/2 + € regularity is required to embed
into C°(2) and easily define interpolation.

In accordance with the definitions of Section 2.3, the term (h/p)°
in (2.22) is understood as C(p)h® for h-version methods and as C'(h)p~* for
p-version methods. In the remainder of the text, €' will represent a (generic)

positive constant.
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2.6.3 Ellipticity

Consider the following ellipticity (or lower bound) condition: there

exists a positive constant # such that
Alu,u) > 8 |u|fQ7 Yu e W. (2.23)

This condition is perhaps the most important technical component of FE error
analysis: it implies that the A—form is positive definite. Once ellipticity is
established, FE analysis reduces to the approximation theory of the previous

subsection.

2.6.4 Error Analysis
In the standard FE error analysis to follow, we apply the results
(2.23) and (2.21)—(2.22); for (2.14), (2.23) and (2.21) hold with § = D,, and

M = Dy, respectively.

2.6.4.1 Error Splitting

Let ¢ = u — u” € W be the error in the FE approximation to (2.14).
For theoretical purposes, define ( = H]fje as an interpolation of the error from W
into W", so that ( = HZu—uh € W". We refer to ( as the representation error
in W", i.e., the difference between interpolated and computed approximations
in W" of the exact solution u. Then, we employ the error splitting ¢ =  — 1,
in which the FE error is split into its representation error and interpolation
error components: |u — uh|1,g < ICli.a+ [7pl1.0. With the estimate of |n,]1.q in
(2.22), estimating |e|; o is reduced to estimating |(]1.o. Below, we develop an

estimate for |(|1,q in terms of |n,]1.0.
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2.6.4.2 Zero Property
For all w € W", the exact solution satisfies (2.16), the numerical
solution satisfies (2.19), and the source term satisfies (2.20). Subtracting, we

have the zero property or orthogonality of the error,

Alu—u",w) =0, YweW" (2.24)
which in our context is more appropriately expressed as

A(Cw) = Ay, w), Y we W (2.25)

2.6.4.3 Error Estimate
Since the representation error, ¢, is in W", we take w = ¢ in (2.25)

to obtain

= Ay, 0),

< M n,|i0l¢lh 0 (2.26)

The three lines of (2.26) use (2.23), (2.25), and (2.21), respectively. By (2.22),
(2.26) implies the following H' optimal-order error estimate for the finite ele-

ment method:
ju— o < C(h/p)° lullsire, S € (1/2,p]. (2.27)

In the FVE analysis to follow, we obtain error estimates that match or surpass

the pth-order estimate (2.27).

33



2.7 Summary

In this chapter, we presented some theoretical preliminaries. In Sec-
tions 2.1 and 2.2, we defined and discussed the computational meshes (i.e., the
FE triangulation 7%, the FVE primal mesh 7%/7, and the FVE dual mesh V*/?)
that are fundamental to the implementation and analysis of FVE. In Sections
2.3 and 2.4, we defined h, p, and h-p version FE and FVE and discussed their
relative merits. In Section 2.5, we introduced standard definitions and results
for Sobolev spaces that are fundamental to FE and FVE analysis. In Section
2.6, we briefly outlined an FE analysis for the steady diffusion equation to set

a reference point for an FVE analysis in the next two chapters.
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3. Analysis for Diffusion Equations

In this chapter, we present an h, p, and h-p version FVE analysis for
diffusion equations. In Section 3.1, we provide some preliminary definitions and
notation that facilitates the transition from FE to FVE analysis. In Section
3.2, we motivate our FVE analysis and its relation to previous FE work. In
Section 3.3, we define some discrete norm counterparts to the continuous L2
and H' Sobolev norms of Section 2.5 and demonstrate a discrete Poincaré
inequality. As in the FE analysis of Section 2.6, these tools are crucial to FVE
analysis. In Section 3.4, we determine an upper bound or continuity result
in terms of an FVE diffusion functional and our discrete H' semi-norm for
the FVE bilinear form that is used to discretize the model diffusion equation
discussed in Section 2.6. In Section 3.5, we state and outline applications of
the linear Bramble-Hilbert lemma which is at the heart of our FVE analysis.
In Section 3.6, we use the Bramble-Hilbert lemma to derive error estimates
for the FVE approximation of elements from fractional-order Sobolev spaces
by elements from the piecewise polynomial trial spaces employed by the h,
p, and h-p version FVE methods: in terms of our FVE diffusion functional,
H'(Q)-equivalent optimal-order approximation results are derived for pth-order
trial spaces in Section 3.6.1; robust and practical superconvergence results for
linear trial spaces on a “symmetric” volumization are derived in two and three
dimensions in Section 3.6.2. In Section 3.7, we derive an “asymptotic” discrete

ellipticity result for the FVE diffusion bilinear form in terms of our discrete
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H' semi-norm—aided by the approximation theory from the previous section.
Finally in Section 3.8, we construct an FVE analysis for diffusion equations
with the components developed in the preceding sections: optimal-order and
superconvergence results are obtained for h, p, and h-p version FVE in our

discrete H' semi-norm.

3.1 Preliminaries

We employ the same continuous and discrete space notations, defini-
tions, and structures as in the previous section for the FVE continuous and
discrete trial spaces that represent the solution to (2.14): v € W = Hy(Q)
and u" € W' = S§(T"), for p > 1. Similarly in FVE analysis, we as-
sume additional regularity for u: u lies in the (fractional-order) Sobolev space
Wt = H3H Q) N W, where S € (1/2,p]. The 1/2 lower limit on S en-
sures: a bounded diffusive flux, due to the Sobolev trace theorem (2.12) as
discussed below; and well-defined interpolations in up to three spatial dimen-
sions, due to the Sobolev embedding (2.11). As stated at the start of Section
2.6, (3/2,p + 1] is the full range of admissible regularities in our analysis for
an unspecified problem domain. For any specified {2, the value of S in that
range is a function of the smoothness of 9 [19]: e.g., on an L-shaped domain,
S =2/3 — Ve > 0. In the remainder of the text, ¢ will represent a (generic)
infinitesimal positive constant. Also, to justify the upper end of the regularity
scale (S + 1 > 3) associated with high-order polynomial trial spaces (p > 2),
we assume that curved elements are being used to approximate the boundaries

of smooth domains (see Ciarlet [11] for details).
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In addition, let X" denote the FVE test space PY(V"?)—the poly-
nomials that are constant on each volume V of V*/# and vanish on 99Q. Thus,
test functions corresponding to volumes that intersect 92 are identically zero.
Also, let yy denote the characteristic function associated with volume V C Q
and let V' denote the collection of all such V.

Recalling the integral equation (1.4), a weak solution u of (2.14) sat-

isfies the following problem: given f € L*(2), find v € W+ such that

B(u,xv) = (f,xv), YV eV, (3.1)

where

B(u,xv) = — - DVu-ndS, (3.2)

(foxv) = | fax (3.3)

FVE poses the weak form (3.1) on the volumization V*/?—a finite
subset of V with non-overlapping volumes—and employs standard FE repre-
sentations of u and f. Thus, FVE replaces (3.1) with: given f* € SP(T"), find

u" € W" such that
B(u", xv) = (f".xv), YVeyr (3.4)
Here, f" satisfies a non-standard L?(f2) projection relationship with f:
(f = ffoxv) =0, YVephr (3.5)

which ensures that the numerical source term conserves mass on each volume.
Since V"7 partitions Q and the volumes in V*/? are related to the

finite element triangulation 7" through 77 as discussed in Section 2.2, (3.4)
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is more amenable than (3.1) to an FE-style analysis. Below, we point out
similarities and differences between FVE and FE from the perspective of an

FE-style framework for analysis.
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3.2 Motivation

To motivate our FVE analysis and its relation to previous FE work,
reconsider (2.14)—(2.15) and the FE analysis of Section 2.6. We saw that the
crucial ellipticity result (2.23) for the A-form and boundedness result (2.21)
are stated in terms of the continuum space W, but the results also held for
the discrete space W" (i.e., W* C W). Superficially, it could appear that
the focus was on the continuum problem (2.16) rather than on the FE discrete
problem (2.19). However, in Section 2.6.4, the error analysis emphasized results
for the discrete FE problem (2.19) and the associated discrete spaces. Recall
that the exact weak solution u was invoked only in the zero property (2.25);
furthermore, recall that the key observation in (2.25) was that u satisfied the
FE discrete equation (2.19). Therefore, to begin an FE-style analysis for FVE,
we need to generate results analogous to those of Sections 2.6.1, 2.6.2 and 2.6.3
for the FVE discrete problem (3.4) rather than for (3.1).

The continuum problems (2.16) and (3.1) are different in physical
character (minimization vs. conservation) as well as in mathematical content
and these differences discourage a single, unifying framework for their analysis.
For the discrete problems (2.19) and (3.4), the situation is more favorable for
a unified analysis. We now manipulate (3.4) to be more reminiscent of (2.19).

If w € X", w has a volume-wise constant representation:

w = Zwi Xis (36)

el
where x; = yv, and V*? = {V; : i € I}. In terms of w, the FVE solution

uh € Wh of (3.4) also satisfies:

Bu",w) = (f",w), ¥Vwed" (3.7)
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where

B(u",w) = Z; B(u", w; xi), (3.8)
(/" w) = Z;(fhawi Xi)- (3.9)

That is, if u” satisfies the each of the local equations of (3.4), then, by (3.7), u”
also satisfies any linear combination of those equations. Notice that (3.8) and
(3.9) are now global in extent, like their FE counterparts (2.17) and (2.18),
and (3.7) with w = 1 represents a global conservation law on the union or
aggregate of all volumes in V7. Like the FE A-form, we refer to (3.8) as the
B-form.

Similarly, the L2(Q) projection relationship (3.5) for f* € SP(T") is
transformed into

(f = [Hw)=0, Ywed™ (3.10)

Now we establish some additional theoretical infrastructure to sup-

port a FE-style analysis of FVE based on (3.7).
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3.3 Discrete Norms

In this section, we define some discrete norm counterparts to the
continuous integer-ordered Sobolev norms of Section 2.5 and demonstrate a
discrete Poincaré inequality. As in FE analysis of Section 2.6, these tools are
crucial to FVE analysis.

In order to distinguish between continuous and discrete norms in our
definitions, we replace the physical domain € that was employed in the defini-
tion of the continuous Sobolev norms with the set of computational mesh points
w (i.e., the vertices of the triangulation 7"/?) contained in € in our definition
of discrete Sobolev norms. Recall that the continuous norms were defined in
terms of integrated functions over 2; however, our discrete norms will be de-
fined in terms of function point values in w. Therefore, only Sobolev spaces
that can be embedded into C°(€2), like H*(Q) for S > 1/2, are admissible in a
discrete norm analysis.

In particular, we will restrict our attention to certain polynomial sub-
spaces of C'°(Q) when defining certain discrete Sobolev norms and semi-norms:
SO(VH/?) for the L?(w) norm and S'(T™?) for the H'(w) semi-norm. This
choice of polynomial spaces will emphasize and exploit the relationships be-
tween the FVE dual and primal meshes, which are at the heart of any FVE
implementation, in our FVE analysis. Thus, discrete norms will provide for
a unified analysis of both practical and theoretical questions in our study of
FVE: attention will be shifted from estimating the error over the whole domain
1 to estimating the error over only the subset of points w where our numerical

method is approximating the exact solution to the original partial differential
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equation (1.1). Starting with Section 3.6, we find that FVE discrete norm
analysis reveals nodal superconvergence in multiple dimensions as well as the
usual optimal-order convergence rates and is superior to the FE continuous

norm analysis of Section 2.6.

3.3.1 Discrete L? Norm
First, we define a discrete variant of the standard continuous L*(12)
norm—referred to as a L*(w) norm.
Definition 3.1 The L*(w) norm is given by
ulo = (X e i)™, (311)
el
where
o w={x;: 1 €[} is the set of primal mesh points;
o [ is the primal mesh point indexing set;
e u; is the value of u at the primal mesh point x;;

V. € VP is the volume that corresponds to x;;

|Vi| is the standard Lebesgue volume measure of V;.
Clearly, the L?*(w) norm is equivalent (cf. Bank and Rose [5]) to the

L*(Q) norm restricted to S®(V*/?)—the space of piecewise constant functions

on the FVE dual mesh V"/?:
[ulo. = [T ulo . (3.12)

where Hg/pu denotes interpolation into S°(V*?). Then, L*(w) is the space of
functions (generating primal mesh point sequences) that are bounded in the

L*(w) norm.
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3.3.2 Discrete ' Norm
As in the FE analysis of Section 2.6, the H' semi-norm plays a pivotal
role in the course of FVE analysis. By analogy, we define a discrete variant

of the standard continuous H'({) semi-norm—referred to as an H'(w) semi-

norm.
Definition 3.2 The H'(w) semi-norm is given by
iy 1/2
= (Y (- w2 (3.13)
where

o W={{i,j}: 1€, 5 €W, with |v;| > 0} is a set of unordered index

pairs corresponding to the edges of each element T, € T"/?;

W, ={j: x; € N(i), j € 1} is a set of indices for x;’s nearest neighbor
mesh points;

e N(i) is a set of x;’s nearest neighbor mesh points in w;

e |v;;| is the standard Lebesgue surface measure of the volume interface
vi; = V:N Visin 1-D, replace |v;;| with 1;
e |X,;| is the Euclidean distance between x; and x;.

Despite outward appearances, the H'(w) semi-norm is equivalent (cf.

Bank and Rose [5]) to the standard H'(Q) semi-norm restricted to S*(7"/7)—

the space of C° piecewise linear polynomial functions on the FVE primal mesh
T

lul1w = [1}Pu] 0, (3.14)
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where H?/pu denotes interpolation into S'(7%/?). Then, H'(w) is the space of

functions that are bounded in the H'(w) norm:
1/2
lllow = (Julg + lulf.) (3.15)

To relate |-|o,, and |1, more directly, we demonstrate a discrete Poincaré

inequality.

3.3.3 Discrete Poincaré Inequality

Following the continuous case introduced in Section 2.5, let v denote
the set of primal mesh points that lie on the domain boundary I'. By analogy,
define H}(w) as the set {u € H'(w): uw =0 on «v}. Then the boundedness of
Q translates to a finite number of mesh points in w and to the following result.

Lemma 3.1 There exists a positive constant €' such that
lulow < Cluliw, Yué€ Hyw). (3.16)

Therefore, | - |1, is a norm over Hj(w) equivalent to |||y .-

Proof: Lemma 2 of Bank and Rose [5] demonstrates that |Hg/pu|07g <
C |H?/pu|07g. Since H?/pu € SH(TH?)y ¢ HL(R), the continuous Poincaré in-
equality (2.13) yields |H?/pu|07g <C |H?/pu|17g. Therefore, application of the

equivalences (3.12) and (3.14) gives us the desired result (3.16). O

As in FE error analysis, the key components of FVE analysis are
boundedness, approximation theory, and ellipticity results: we demonstrate
and discuss each result below. All follow the basic FE-style framework intro-

duced in Sections 2.6.1-2.6.3 after discrete norm modifications.
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3.4 Boundedness

To determine an upper bound for the FVE B-form (3.8), we are guided
by the corresponding development for the FE A-form (2.17). In Section 2.6.1,
the upper bound (2.21) for the A-form is given in terms of a product of standard
integer-order Sobolev norms (or sub-linear functionals). In the error analysis
of Section 2.6.4, these norms are applied to a continuous trial function and a
discrete test function. Since this upper bound is used in conjunction with the
ellipticity result (2.23), the only theoretical constraint on the bound is that the
norm applied to the test function must match (or can be made to match via
an auxiliary result like the Poincaré inequality) the norm used in the ellipticity
result—i.e., |-|1,o for FE and |1, for FVE.

In FE analysis, the H}() norm constraint on the test function lead
to the choice of the Hj(f2) norm for the trial functions. However, in FVE
analysis, the Hg(w) norm constraint on the test function leads to the choice
of a problem-dependent, bounded functional for the trial functions that cor-
responds to the FVE treatment of diffusion in (1.4). In Section 4.2, we will
develop functionals that correspond to FVE treatments of reaction and ad-
vection in (1.4). Practically speaking, we want this diffusion functional (and,
later on, reaction and advection functionals) to admit optimal-order or even
superconvergent approximation theorems, since the continuous trial function
in our analysis is the interpolation error for the exact solution.

In terms of the admissible trial space, H = W+ & W?", and test space
X" for FVE, we demonstrate an boundedness result for the B-form (3.8) (cf.

(2.21) of Section 2.6.1).

65



Lemma 3.2 (Diffusion bound)
|B(u,w)| < D(u)|w|i,, YuécH,wedi" (3.17)

D(-) is a bounded functional:

|Xij|)1/2‘

D(u) rd (3.18)

( Z d?j(u)
{ijrew

d;;(+) is a bounded linear functional arising from the FVE treatment of diffu-
sion:

di;(u) = _/W DVu - nj; dS, (3.19)

where n;; is the unit normal vector pointing outward from V; into V;.

Proof: By the Sobolev trace theorem, u € H () for S > 1/2
ensures that (3.19), hence (3.18), is bounded. From the definition (3.8) of the
B-form and the fact that

av; v
]eWz

we see that

|Bu,w)] = |D> wi Y dij(u)l,

el JEW;
= | Do di(u) (wi —wy)l,
{1, eW
| X[\ 1/2 |y \1/2
< ( > dy(u) | J| ( > (wi_w1)2|X.],|) (3.21)
{ijrew i {ijtew i
where we have used the fact that d;;(u) = —dj;(u) (i.e., n;; = —nj;) in the

second line of (3.21). O
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With an upper bound for the B-form in terms of the non-standard,
problem-dependent, bounded linear functional (3.19), we need an approxima-
tion theorem: the theoretical basis for this result is introduced and discussed

below.
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3.5 Bramble-Hilbert Lemma

In this section, we state and outline applications of the linear Bramble-
Hilbert lemma. This lemma was originally developed by Bramble and Hilbert
[7] for use in approximation theory. Later, the lemma was modified for use
in FE theory by Ciarlet [11] and applied in linear and bilinear forms. In
the standard FE analysis presented in Section 2.6, this lemma only plays a
supporting role—a bilinear Bramble-Hilbert lemma [11] is employed to analyze
the effects of numerical quadrature. However, in modern FV theory the lemma
plays a central role. In fact, the particular form of the Bramble-Hilbert lemma
stated here was used in the pioneering FV analysis of Samarskii, Lazarov,
and Makarov [46]. Similarly, the Bramble-Hilbert lemma plays a central role
in our FVE error analysis: the lemma is used to demonstrate optimal-order
and superconvergence error for bounded linear functionals that arise in the
implementation and analysis of the finite volume element method.

First, we introduce some additional infrastructure for bounded linear
functionals. If f is a bounded linear functional for elements of H*(§)) with
S >0, fis in the dual space of H(Q) denoted by H=°(Q2). The norm of f in
H=3() is

llso=  sup |(f, u)]

verrs @ lullsa’

(3.22)

where (-, -) denotes the duality pairing between f and w in terms of the standard
L*() inner product.

Now we introduce the linear Bramble-Hilbert lemma.

Lemma 3.3 (Bramble-Hilbert) Let Q be a domain in R4, & > 0

an integer, 6 € (0, 1], and f a bounded linear functional on the space H**?(Q)
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that vanishes for all polynomials of degree < k on 2:
f() =0, VeSHQ). (3.23)
Then there exists a positive constant ' = C'(€2) such that
F ()] < Cllfll—pror [ulrpon, ¥V ue H*(Q). (3.24)

3.5.1 Applications

Now that we have stated the linear Bramble-Hilbert lemma, we demon-
strate its application for some functionals arising from standard h-version finite
element approximations. For simplicity, we work in two dimensions and assume
that the regularity of u is in the interval (1,p + 1].

Let T € T" be an element (i.e., a triangular region in ®?) in a FE
triangulation of €, u a function defined on T', and Il;u denote the linear inter-
polant of w on T'. Then, n = Il;u — u is the linear interpolation error on T'. By
the Bramble-Hilbert lemma, we have the following error estimate:

Example 3.1 (Linear interpolation)
)l =] [ ndx| < ORI ulsng, Se @1, (3:25)

where At is the diameter of T
Proof: We map the computational element T' to a reference element

T by an affine map, x = MX + ¢, and we transform our functional:

where
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and n(x) = 7(X) by the affine map. Since linear interpolation is exact for linear

polynomials, the Bramble-Hilbert lemma says that

@) < OOV sy07 sy 70 S € (0,11

Next, we note that ||f||_( )7 < C|T|*/? and following Ciarlet [11] we trans-

S+1

form back to T as in,

M+

|a|5+17f <C W |u| 51,7, (3.26)

where ||[M|| < C hr/ps and pz is the diameter of the circle inscribed in T, and
det M = |T|/|T|. Since T is a reference or fixed element, T' is chosen so that

ps7 = O(1). After transforming back to T" and simplifying terms, we obtain the

stated result. O

In more generality, we obtain h-version results that are equivalent to
optimal-order L? results for approximation by polynomials of degree p > 1:

Example 3.2 (pth-order interpolation)
‘/(Hpu - u) dX‘ < ChTS“-H |T|1/2 |u|5+1,T7 Se (0,}?]- (327)
T

Proof: Since pth-order interpolation is exact, II,u —u = 0, when u is
polynomial of degree & < p on T', the Bramble-Hilbert lemma holds when the
regularity parameter S for u satisfies 1 < S+ 1 < p+4 1. We follow the affine
mapping procedure discussed in the previous example and apply Bramble-
Hilbert on the reference element. After the inverse mapping procedure to the

original element, we gain S + 1 powers of hy in the final result (3.27). O
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Finally, the estimates for approximation of first-order derivatives of u
by polynomials of degree p > 1 are reduced by a power of hp (cf. Ciarlet [11],

Theorems 15.1-2).

Example 3.3 (First-order derivatives)
‘/ al’(Hpu - u) dX‘ < Chls“ |T|1/2 |u|5+1,T7 Se (0,}?]; (328)
T

Proof: We follow the proof of the previous example with only one
modification. When applying the affine mapping argument, note that we have
the scaling relationship # = C p7' z. Then after transforming the first-order

derivative by the chain rule, we find that
Opu = C p7' dxti. (3.29)

After applying the shape regularity inequality (2.1), the estimate of the previ-

ous example is reduced by a power hy. O

The h-version estimate (3.28) is equivalent to optimal-order H' results
for approximation by polynomials of degree p > 1. Since FE uses optimal-order
H' results to obtain error estimates as in (2.22), use of the Bramble-Hilbert
lemma does not improve the results of standard FE analysis. However, FVE
uses different functionals than those stated here (i.e., functionals based on
volume elements and not on finite elements) and the Bramble-Hilbert lemma
can exploit special volumes symmetries to add a power of h to the (p = 1)

approximation result (3.28) for derivatives.
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3.6 Approximation Theory

As in FE analysis, error estimates for approximation of elements from
fractional-order Sobolev spaces by elements from piecewise polynomial FFE trial
spaces are are at the heart of FVE analysis. By applying the Bramble-Hilbert
lemma to the bounded linear functional (3.19), we demonstrate approximation
theorems for the diffusion functional D(-). Our baseline criterion is that our
results be equivalent to H'(Q) optimal-order estimates for polynomial interpo-
lation (as stated in (2.22) of Section 2.6.2).

To justify the upper end of the regularity scale (S + 1 > 3) associ-
ated with high-order polynomial trial spaces (p > 2), we assume that curved
(isoparametric-equivalent) elements are being used to approximate the curved
boundaries of smooth domains. However, we ensure the invertibility of the
isoparametric mappings to define these curved elements by requiring a bound-
ary discretization sufficiently fine to bound or approximate the isoparametric
map with an affine map (see Ciarlet [11] or Johnson [28] for details). Thus,
it is sufficient to work with the affine mappings that generate affine-equivalent
families of polygonal elements. Hence, all of our approximation theory results
in this dissertation are demonstrated for polygonal finite elements under affine

mappings without loss of generality.

3.6.1 Optimal-order Approximation
First, we demonstrate an (H'(Q)-equivalent) optimal-order result for

pth-order interpolation when the triangulation 7" and volumization V*/? are

regular (defined in Sections 2.1.1 and 2.2.3)—cf. Theorem 17.1 of Ciarlet [11].
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According to the definitions of Section 2.3, the term (h/p)® in (3.30) is under-
stood as C(p) h® for h-version FVE and as C'(h) p~° for p-version FVE.
Theorem 3.1 Let n,(u) = II’u — u be the interpolation error for

u € Wt into SP(T"). Then we have the following estimate:

D(p(u) < C (h/p)7|lullssra, S € (1/2,p]. (3.30)

Proof: As in Cai [10], define a “macro-element” FE;; as the region
formed by joining the endpoints of v;; and X;; (see Figure 2.6). As noted in
Section 2.2.3, FE;; is the union of two sub-elements (with X;; as a common

edge) in an auxiliary triangulation Thiv which is assumed to be shape regular.

Thus, Eij == Tllj U T2

iz, where each sub-element is contained in a single element

of Thv,

Recalling the nesting of the triangulations Thip C THP in (2.6), let

k h : k :

17 be the element of T /? that contains T} for k € {1,2}. In our analysis, poly-
nomial functions and their interpolants are defined on T: and then restricted
to TZ’;

Then we work on each sub-element of £;, as in Example 3 of Section
3.5. First, we split d;; and into dy and d; which are formed by restricting d;; to

each of the sub-elements: i.e., dj 1s d;; restricted to ’yfj =~; NTE ke {1,2};

©59

dij(np) = 3. di(np), (3.31)

ke{1,2}

di(n,) = — / DV (u) - m dS. (3.32)

o

Second, we affine map from each sub-element Ti’; to a reference or “work”

element i’; and transform the bounded linear functionals d; and dy: recall

73



that we lose a power of p when we transform first-order derivatives of w;

L EL S
|di(u)| < C pi! I?k]' |de(w)], ke {L,2}, (3.33)
tj

where pj is the diameter of the circle inscribed in TZ’; Third, we bound cik(ﬁ)

and find that the Bramble-Hilbert lemma holds when the regularity parameter
S for u satisfies 3/2 < S 4+ 1 < p+ 1: the lower and upper bounds are due
to the Sobolev trace theorem and to the order of the interpolation (i.e., p-th

order interpolation is exact for polynomials of degree < p), respectively;
|di(1p)| < Clulsyr e, 5 € (1/2,p]. (3.34)

Fourth, we transform back to each sub-element and find estimates for d; and

dy for S € (1/2,pl:

BSH k|
|di(mp)| < : o |u|S-|—1,T.k7
Pk |T£| +
LY
< e (1) M, (339
ij

where we have used the facts that hy = O(h/p) is the diameter of T D T7,
ITE| > C |45 || Xi5] for some C', and the shape regularity of Thlp (i.e. hip/pr < o).
Note that (3.35) is an H'(Q)-equivalent optimal-order local estimate on the
auxiliary triangulation 7jh7p. Since 7:h7p C The CTh (cf. (2.6) in Section
2.2.3)—the triangulations are nested or refinements of one another, this esti-
mate on 7#/? holds on the FVE triangulation 77/? and the FE triangulation
T", as demonstrated below.

Combining the results for d; and d; from (3.35), we find a local error

estimate for the bounded linear functional (3.19) for S € (1/2, p]:

dis(mp())l < D2 ldi(np)l;

ke{1,2}
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k
< (Y ||;§fj||)l/2( > i)

ke{1,2} ke{1,2}

s Pl ' 2 1/2
< O (i) (X eligg) ™ (336)
]

ke{1,2}
where we have used the fact that ’y}j and ’yfj partition ;.
To obtain the final result (3.30), substitute the local estimate (3.36)
into the diffusion functional (3.18) and simplify: focusing on the H°+! semi-
norm of u, we have

Z Z |u|25+1,T£ = Z |u|25+1,Tp: Z |u|25+1,T7

{i.7teW kef{1,2} T,eTh/P TeTh

= |u|25+1,7h < HUHZS-I—I,Qv (3.37)

where we’ve used the nested property of the triangulations (2.6): each element

of Th/? is contained in a single element of 7"/? which in turn is contained in a

single element of 7". O

Following Remark 17.2 of Ciarlet [11], we offer an important corollary
to Theorem 3.1.

Corollary 3.1 If u € C°(Q) N H5YY(T") n HY(Q) for S € (1/2,p],
i.e., u is only piecewise S + l-regular on the triangulation 7", we have the

following estimate:

D(np(u) < C (h/p)°|ulssrn, S € (1/2,p], (3.38)
where
1/2
s = (2 luliur) " (3.39)
TeTh
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Proof: Follow the proof of Theorem 3.1 up to the penultimate line of
(3.37). We see that u € C°(0) N H*L(T") N HY() is the necessary for the
proof to hold: C°(Q) is the necessary so that Lagrange interpolation is well-

defined; H5F1(T") N H'() is necessary to ensure that D(+) and the piecewise

semi-norm | - [g4; 7» are bounded. O

The result (3.38) of the corollary avoids evaluating high-order deriva-
tives of u across the edge X;; which may coincide with dT for an element 7" in
T". That is, if u is only piecewise S + l-regular on 7", 9%u may have jump
discontinuities on 97T for |a| = 1 that generate Dirac delta functions on 97T for
la] > 2.

We work through an important illustrative application of Corollary
3.1 that will be used to derive a discrete ellipticity result in Section 3.7.

Lemma 3.4 Let u € S?(T") and p > 2. Then the interpolation error

into S'(T"/?) satisfies the following estimate:
D(u —T/"u) < C (h/p)uly . (3.40)

Proof: For p > 2, u € SP(T") C C(Y) n HA(T") N HY() and the
proof of Corollary 3.1 implies the following estimate for linear interpolation on
T

D(u — i) < Chluly .
Since T"/? is a p-fold refinement of 7", the same proof holds for linear inter-

polation on T"/? with h replaced by h/p: i.e.,

Dlu —137u) < C (h/p)|uly 7o,
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where

1/2
by = (3 ul3y,) "

TpeThlr

The result (3.40) follows after noting that [ul3 7 = g er |ul3 7, O

3.6.2 Superconvergent Approximation

For linear interpolation in two spatial dimensions, we have a choice
(due to Cai et al.[9, 10] and Siili [50]) between an H'(2)-equivalent optimal-
order result and a superconvergent result that depends on whether the volu-
mization VP is symmetric to the triangulation 7"/? (see Section 2.2.2). That
is, from the perspective of the FVE diffusion functional, the approximating
power of a linear trial space on a symmetric volumization matches the power
of a quadratic trial space on a regular volumization. At the core of the super-
convergence theory for the diffusive flux functional is the 1-d fact that centered
differencing is exact for quadratics; we invoke certain volume symmetries, dis-
cussed below, to extend this 1-d result to multi-dimensional settings.

Theorem 3.2 (Cai and Siili) Let n;(u) = I"u — u be the linear
interpolation error for v € W7 into S}(7"). Then we have the following

estimate:

D(m(u)) < Ch¥||ullssre, S € (1/2,P), (3.41)

where P =1 (optimal-order) or 2 (superconvergent) in the absence or presence
of volume symmetry, respectively.
Proof: A detailed proof is given in Cai [10] that follows the steps

outlined in the proof of Theorem 3.1 for p = 1; instead, we choose to focus on
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step three where we determine the extent (i.e., the range of regularities for u) to
which the Bramble-Hilbert lemma can be used to bound the diffusion functional
ciij of (3.19). We work on the whole of the “macro-element” Eij by piecing
together partial results from each T;k in Eij to obtain the superconvergence
result (3.41) for symmetric volumes. That is, if @ is quadratic on fpl U fpz
(recall that T: is the element of 7/? that contains the element Ti’; of ﬁp)
and then restricted to Eij, the sum of the linear interpolation errors from @1
and @2 (recall that interpolation is defined on Tzf and the restricted to Ti’; in
our analysis) for the normal derivative of « will vanish if the volume is X and
v symmetric (see Section 2.2.2 for the definition of these symmetries).

The essential ideas behind this result can be seen in the following
argument that holds when the diffusion coefficient is constant on v;;. Dropping
the~ notation for convenience, we work on a reference macro-element £;; arising
from a symmetric volumization (see Figure 3.1): specifically, let X;; = [—1, 1] x
0 and v;; = 0 x [—1,1] so that X;; and 5;; are perpendicular bisectors of one
another; in this case, the normal derivative of u on ~;; is simply J,u.

If u is quadratic, d,u is in the span of {1,z,y} on E;; and 9,I1%u is
in the span of {1} on each TZ’; Now we work on the common edge X;; of the
Ti’; sub-elements, Using the X-symmetry of the volume, 9,11 u is the standard
one-dimensional central difference approximation to d,u at (0,0).

Since central differencing is exact for quadratics by a reflection sym-

metry, we have the following result:

dam (u)]0,0) = 0. (3.42)
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Figure 3.1: Formation of the macro-element F;; = Tilj U TZ
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In other words, evaluation of the derivative at the midpoint of an
interval suppresses the midpoint DOF (the midpoint quadratic basis function
has zero slope at the midpoint). Combining (3.42) with the continuity of the

interpolation on X;;, we find that

9x771(u)

~vi; € span{y}. (3.43)

Therefore, if the volume is also y-symmetric, the functional d;;(n;) will vanish.
That is, the integrand of (3.19) will be an odd function on a symmetric ;;
interval. Alternately, the midpoint or centroid quadrature rule applied to (3.19)
(which gives 0 as a result) will be exact in this case when the integrand is linear.
Therefore, the Bramble-Hilbert lemma holds when the regularity parameter S
is in (1/2,2] and the result (3.41) holds.

Notice that if bilinear interpolation on a non-uniform tensor-product
mesh is employed (i.e., we use a bilinear trial space to represent the FVE
solution), as in Sili [50], only X-symmetry is required for superconvergence.
That is, if u is quadratic, @Hflu is in the span of {1,y}. Using the X-
symmetry of the volume, we see that the one-dimensional central differencing
or reflection symmetry result of (3.42) extends to any y € 5;; under bilinear

interpolation:

Fom i ()] 0y = 0; (3.44)

i.e., for any fixed value of y the previous result (3.42) holds. Therefore, the
integrand of (3.19) vanishes on any ~;; interval. The key to success for bilinears
is that they contain the quadratic xy term that is sufficient to approximate the

normal derivative exactly on 7;; when X-symmetry is present.
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To demonstrate superconvergence for a variable diffusion coefficient,
we use a piecewise constant approximation D = 11D on 7;;. Then with the

modified notation d;;(u) = d;;(u; D), we consider the splitting induced by D:

dij(m(u); D) = dij(n(u); D) 4 dij (1 (u); no( D)). (3.45)

The first term on the right-hand side of (3.45) is estimated by the linear
Bramble-Hilbert lemma as indicated above. However, the second term on the
right-hand side of (3.45) requires the bilinear Bramble-Hilbert lemma of Ciarlet
[11]. The bilinear lemma allows us to obtain an O(h?) estimate by multiplying
the O(h) estimates (determined by the linear lemma) for linear interpolation

of d,u and constant interpolation of D. O

3.6.2.1 Extension to Three Dimensions

The proof of Theorem 3.2 is based on volume symmetries in two spa-
tial dimensions (d = 2); however, we will see that the notion of volume sym-
metry is dimensionally and geometry dependent. If d = 1, the modifications
in the proof are trivial: v;; is a point in 1-d and |v;;| is replaced by 1 as stated
in Section 3.3, so the only volume symmetry is X-symmetry: i.e., the volume
boundary «;; is at the midpoint of each element edge X;;; in this simple case,
the diffusive flux is represented by a centered difference quotient.

In three spatial dimensions, the modifications in the proof are non-
trivial: below we outline necessary steps to extend the result (3.41) to this
important case.

First, we upgrade our definition of volume symmetry: for X-symmetry,
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we require the planar surface v be an orthogonal bisector for Xj;; for “centroid”
~v-symmetry, we require X;; — 7;; and for the intersection point F;; to be the
centroid or center of mass for 7;;; furthermore, we require that the geometry of
~i; 1s such that the centroid quadrature rule is exact for linear functions: e.g.,
7vij is rectangular, triangular, hexagonal, etc. (see Stroud [49] for details).
Second, we consider the use of a C° linear trial space on tetrahedra. If
u is quadratic, d,u is in the span of {1, z,y, z} on E;; and 9,11"w is in the span
of {1} on each TZ’; Using the X-symmetry of the volume, the one-dimensional

central differencing or reflection symmetry (3.42) result becomes:

a$771(U)|(07070) =0. (346)

Combining (3.46) with the continuity of the interpolation on element faces that

have X;; as an edge, we find that

Do ()], € span{y, =}. (3.47)

Therefore, if the volume is also y-symmetric, the functional d;;(n;) will vanish.
That is, the centroid quadrature rule (which gives 0 as result) will be exact.
Therefore, the Bramble-Hilbert lemma holds when the regularity parameter S
is'in (1/2,2] and the result (3.41) holds in three dimensions under assumptions
of X and v volume symmetries, as it did in two dimensions.

However, for C° bilinears (i.e., I, ju € span{l,z,y} @ {1,z}) on
triangular prisms formed in a tensor-product mesh, volume symmetry requires
X-symmetry and a “2-d” v-symmetry: i.e., the  and y cross-sections of 7;;

must possess the centroid symmetry. That is, linearity in & and y requires
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the 2-d v;;-symmetry in « and y, but bilinearity in z eliminates the 2-d ~;;-

symmetry in z. The analog of (3.44) is

ax771,1(u)|(0,0,z) = 0; (3-48)

the bilinearity in z eliminates 4 symmetries in the z-direction as in the 2-d

bilinear case. However, the residue from the linearity in y remains:

ax771,1(u)

v, € span{y}; (3.49)

in order to eliminate this term, we require that the y cross-section of 7;; possess
the centroid symmetry as in the 2-d linear case. The same remarks hold for
the analysis of 9y 1; the analysis of 0,1, ; follows the 2-d bilinear case exactly.
Finally, for C° trilinears on rectangular bricks formed by a tensor-
product mesh, volume symmetry requires X-symmetry and a “1-d” v;;-symmetry:
i.e., either one of the 1-d cross-sections of v;; must possess the centroid sym-
metry. That is, the quadratic components of a trilinear trial space obviate
vij-symmetry requirements as in 2-d; however, its cubic component invokes a

reduced, 1-d 7;j-symmetry. A generalization of (3.44),

ax771,1,1(u)|(0,y,0),(0,0,z) - 07 (3-50)

eliminates the quadratic components of the trilinear interpolant. However, the

residue from the cubic component remains:

Oum11(w)l]y,, € spanfyz}. (3.51)

In order to eliminate this term, we require that a either a y or z cross-section
of 7;; possess the centroid symmetry. So trilinear superconvergence requires a

“reduced” v-symmetry in addition to X-symmetry.
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Unlike standard FE superconvergence results that are usually local
and one-dimensional, the FVE superconvergence result (3.41) is always global
and multidimensional. Notice (cf. (3.30)) that the superconvergence is consis-

tent with the use of a quadratic, rather than a linear, trial space.

3.6.2.2 Degenerate Volume Paradigm

To help understand the robustness of the superconvergence result
(3.41) in two and three dimensions, we note the the linear FVE on a symmet-
ric volumization is identical to a quadratic FVE (using a one-point centroid
quadrature rule for the diffusion functional (3.19) at the intersection of X;; and
vij) on a “degenerate” volumization posed on a uniform tensor-product mesh.
That is, if we allow the volumes about the midpoint DOF in 7" to degenerate
to sets of measure zero (see Figure 3.2), only vertex DOF in 7" are expressed
in the resulting matrix system—all of the midpoint DOF are systematically
suppressed as can be seen from the one-dimensional reflection symmetry re-
sults (3.42) and (3.46). Also, the error in the one-point centroid quadrature is
0(h?) and will not impair the superconvergence, as can be seen in the analysis
of the effects of numerical quadrature in [10].

In this process, the volumization V*/2, which is consistent with the
use a quadratic trial space, degenerates to the symmetric volumization V",
which is consistent with the use of a linear trial space. As can be easily verified
by direct calculation using the (3.43) and (3.47), the two methodologies yield
identical matrix systems. Furthermore, if a bilinear trial space is used, the
“degenerate” volume paradigm holds on a non-uniform tensor-product mesh

(without the use of a centroid quadrature rule) as can be seen from (3.44).
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Figure 3.2: An example of V*/? degenerating to V.
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Therefore, the symmetric volume method for linear FVE can be thought
of as a degenerate volume method for quadratic FVE. From this perspective,
the robust superconvergence behavior for linear FVE can be understood as a
special case of the “ordinary” optimal-order behavior for quadratic FVE.

Finally, it is important to emphasize the local character of the er-
ror estimates of this chapter, since it may appear that superconvergence (for
linear trial spaces) is strictly relegated to uniform computational meshes and
that only linear convergence is to be expected on non-uniform meshes. Recall
that superconvergence results hold on the “macro-element” £;; formed by join-
ing individual element edges X;; with individual volume interfaces v;;. Even
when global symmetry conditions are violated, local (second-order) supercon-
vergence holds when local symmetry conditions for X;; and ~;; are satisfied.
Qualitatively, global superconvergence can be seen as the cumulative effect of
local superconvergence behavior. Quantitatively, local superconvergence leads
to superlinear global convergence rates: the precise rate depends upon the
prevalence of local symmetry or local uniformity on the global computational
mesh.

Therefore, on general non-uniform meshes, “partial” superconver-
gence can exist globally even when full second-order superconvergence is lost
(see [9] for details). Even on highly non-uniform meshes, there are usually
significant regions of uniformity and symmetry. In these local regions, the
solution converges quadratically and “remediates” the global solution: super-

linear, rather than linear, convergence is observed globally.
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3.7 Ellipticity

In Section 2.6.4, use of the ellipticity result (2.23) in the FE error
analysis required that the trial space representation error be used as a test
function. In FE, test and trial spaces coincide so this was straightforward.
In FVE, test and trial spaces differ, and we must describe the test function
representation of a trial function.

Let u € W" with nodal representation u = ¥,c; w; ¢;, where {¢;}ier
is the DOF basis for W". Then u also has a corresponding lumped or test space
representation, @, in X

el
In other words, if u € SP(T"), @ € S°(V/?) is a volume-wise constant inter-
polant of w: w = Hg/pu. Our ellipticity result for FVE will use the lumped
representation defined by (3.52) to characterize test functions.

As in FE, a discrete ellipticity result is perhaps the most important
technical component of FVE analysis. Once ellipticity is established, FVE error
analysis for diffusion equation reduces to the approximation theory developed
in the previous section.

Using the optimal-order approximation result (3.40) of Lemma 3.4
from Section 3.6, we derive (for p > 2) an “asymptotic” ellipticity result for
the diffusion bilinear form in terms of our discrete FVE trial space S?(7") and
our discrete H' semi-norm. That is, for (%/p) sufficiently small, the ellipticity
constant (3 is independent of the computational mesh. This type of argument is

unavoidable if we wish to maintain the FE formalism in our FVE error analysis
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for higher-order (p > 2) polynomial trial spaces, since our discrete H' semi-
norm is defined as the restriction of the continuous H' semi-norm to piecewise
linear polynomials on the FVE triangulation 7"/

Lemma 3.5 (Discrete Ellipticity) There exists a positive constant

B =pB(Dn;Ap), for h/p < Ap when p > 2, such that
B(u,@) > Blul},, YueWh (3.53)

where D, is the positive lower bound on the diffusion coefficient and A\p =
1D,,C7 uliw/|uls 7. is an asymptotic ellipticity parameter.

Proof: For u € SMT"?), we follow Cai[10] for the following sub-
result. By the definition of the B-form (3.8), we have

Bu,a) = Y u Y. dij(u),

el jeWw;

= > (wi—uy)di(u),

1y ew
since dj(u) = —dji(u) (i.e., ny; = —ny;).

For any u € S&(Th/p), we recognize that

di;(u) = % [ Das.
g ij

Then, it follows that

Bluu) = 3 M/ﬁ D ds,

{i,j1eW |XZJ| %
> D, Z (uZ . uj)Q |7ij| 7
{i,j ew |XZ]|
= Dy |uli,. (3.54)

Thus, the lemma is proved for the p = 1 case with 3 = D,,.

88



For u € SP(T") with p > 2, define u; = Hf/pu. Now, analyze the

following splitting induced by wuy:

B(u,uw) = B(uy,ur)+ B(u —uq, 1),

> Dy Julf, = D(u —ui) [l
> Dy fulty = C (h/p) [ulorn [uhw,
1

where h/p < Ap = 2D, C7 1 uly o/ |uly 7.

In the first three lines of (3.55), we use the fact that w = wuy, the
sub-result (3.54), the fact that |ui|iw = |u|1., the bound (3.17), and the
approximation result (3.40), respectively. Thus, the lemma is proved for the

p > 2 case with = %Dm. a

In addition, we see that B(u,u) = u!/Bu = Qg(u) Vu & W", where
u is the vector of nodal values for v € W", B is the FVE matrix generated
by the B-form, and @g(-) is the associated quadratic form. Therefore, (3.53)

simply states that B is positive definite:
@B(u) 20, Vu, (3.56)

with equality holding in (3.56) only when u (i.e., u € W") is identically zero.
Hence, (3.53) guarantees the existence and uniqueness of the numerical solution
uh e Wh.

The FVE ellipticity result (3.53) clearly has the same form as the

corresponding FE result (2.23) (when restricted to W"). In fact, the two
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results are identical for (2.14) when D is constant and W" = S(T"); that is,
the FVE (and FV) matrix B and the FE matrix A are identical for piecewise
linear polynomials on a general triangulation as demonstrated by Bank and
Rose [5]. This equivalence between F'V and FE for a piecewise linear trial space
is the key observation that drives much of the FV analysis in the references
cited in Section 1.1. Such arguments may seem to imply dependence of FV (or
FVE) analysis on the corresponding FE formulation of the same problem. As
we have seen in the preceding sections (and will see again in later sections), this

is not the case: our FVE analysis is similar to FE in style but not in substance.
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3.8 Error Analysis
With the components developed in the preceding sections, expressed
in (3.17), (3.30), (3.41), and (3.53), we can outline the standard FVE analysis.

To combine optimal-order and superconvergence results, define
p = max{p, P}, (3.57)

where p and P are the optimal-order and superconvergence parameters em-

ployed in Theorem 3.2. The pathway to our error estimate is detailed below.

3.8.1 Error Splitting

As in the FE analysis of Section 2.6.4, we define the error in the
FVE approximation to (2.14) as ¢ = u — u" € W and write ¢ = { — n,(u),
so that the FVE error is split into its representation error (( = HZU —uh e
W") and interpolation error (n,(u) = ng — u € W) components. Since the
interpolation error is zero at all computational mesh points w, |n,(u)|i. =0
and |u—u"];, = [(|1.. Hence, the H'(w) semi-norm focuses our attention
on the representation error of the discrete trial space W”" for our numerical
method and on the behavior of the error on the points w where the numerical
approximation is being computed rather than on the whole domain 2 or on
the continuous trial space WT.

Therefore, estimating |e|;, is reduced to estimating |(|;.; however,
the latter estimate can be developed as below in terms of estimates (3.30) and
(3.41) for the interpolation error n, over the set of volume interfaces {vi; }:jew

that are contained in .
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3.8.2 Zero Property
Knowing that (for all w € AX") the exact solution of (3.1) satisfies
B(u,w) = (f,w), the numerical solution satisfies (3.7), and the source term

satisfies (3.10), we have the zero property,

Bu—u"w)=0, Ywel" (3.58)
which in our context is more appropriately expressed as

B(¢,w) = B(ny,w), Ywe X (3.59)

3.8.3 Error Estimate

Since (, the lumped representation (or S°(V*?)-interpolant) of ¢, is
in X" take w = ( in (3.59) and obtain

BICE. < B,

= B(npv Ov

< Dpp)IClrw- (3.60)

The three lines of (3.60) use (3.53), (3.59), and (3.17), respectively. Finally, by
(3.30) and (3.41), we have proved the following combined optimal-order and

superconvergent error estimate for the finite volume element method. O

Theorem 3.3 (Error Estimate) The error in the FVE approxima-

tion (3.4) to the solution of the diffusion equation (2.14) satisfies
w—u"l1w < C(h/p)* ||ullssre, S € (1/2,p], (3.61)

where p is defined in (3.57).
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Note that (3.61) matches or surpasses the corresponding pth-order finite ele-
ment result (2.27).

This concludes our presentation for diffusion equations. In the next
chapter, we outline the necessary additions and modifications for the inclusion
of reaction and advection terms, as in the general elliptic equation (1.1) that

arises from the general integral conservation law (1.4) of Section 1.2.
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3.9 Summary

In the present chapter, we have followed the formalisms of the h, p,
and h-p version FE error analysis presented in Chapter 2 to develop an h, p,
and h-p version FVE analysis for diffusion equations. In Sections 3.1 and 3.2,
we motivated and laid the groundwork for an FE-style analysis of FVE. In
Section 3.3, we developed discrete analogs of the L? and H' Sobolev norms
and a discrete Poincaré inequality as the first step in maintaining the Sobolev
formalism of Section 2.5 in our FVE analysis. In Section 3.4, we derived an
upper bound for the FVE diffusion bilinear forms in terms of our discrete H!
semi-norm and an FVE diffusion functional by following in the footsteps of
Section 2.6.1. In Section 3.5, we introduced the Bramble-Hilbert lemma as a
new tool for the development of an FVE approximation theory in Section 3.6.

Following the footsteps of Section 2.6.2, H'(Q)-equivalent optimal-
order error estimates were derived in the H'(w) semi-norm for h, p, and h-p
version FVE in Section 3.6.1. In Section 3.6.2, the proofs of the two dimen-
sional superconvergence results of Cai et al.[9, 10] for a linear trial space on
triangles and Siili [50] for a bilinear trial space on rectangles were outlined:
on a “symmetric” volumization, the linear FVE has the same asymptotic con-
vergence rate as quadratic FVE on a regular volumization. We found that
superconvergence for the diffusive flux is based the 1-d fact that centered dif-
ferencing is exact for quadratics: various volume symmetries are introduced to
extend this result to multi-dimensional settings. This set the stage for Section
3.6.2.1 where the dimensional and geometric dependence of volume symmetry

and superconvergence was unmasked in three spatial dimensions. Finally, we
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offered the “degenerate” volume paradigm” in Section 3.6.2.2 to show that
linear FVE on a symmetric volumization is identical to a quadratic FVE on
a degenerate volumization; hence, superconvergence for linear FVE can be
viewed as a special case of the optimal-order convergence for quadratic FVE.

When discussing superconvergence for linear trial spaces, it is im-
portant to emphasize that it is primarily a local phenomenon. Qualitatively,
global superconvergence is the cumulative effect of local volume symmetries or
uniformities in a given computational mesh. Quantitatively, local quadratic
convergence leads to superlinear global convergence: the precise rate depends
upon the prevalence of local volume symmetry or uniformity conditions on a
global computational mesh. As a result, local quadratic convergence of a nu-
merical solution (in regions of symmetry /uniformity on a non-uniform mesh)
“remediates” the global solution: superlinear, rather than linear, convergence
is observed globally.

Following the formalism of Section 2.6.3, we used the optimal-order
approximation result (3.40) of Lemma 3.4 from Section 3.6.1 to derive (for
p > 2) an “asymptotic” ellipticity result for the diffusion bilinear form in
terms of our discrete FVE trial space SP(T") and our discrete H' semi-norm
in Section 3.7. That is, for (h/p) sufficiently small, the ellipticity constant is
independent of the computational mesh. This type of argument is unavoidable
if we wish to maintain the FE formalism in our FVE error analysis for higher-
order (p > 2) polynomial trial spaces, since our discrete H' semi-norm is
defined as the restriction of the continuous H! semi-norm to piecewise linear

polynomials on the FVE triangulation 7"/?. Following the pattern of Section
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2.6, we performed an FE-style error analysis for h, p, and h-p version FVE in
Section 3.8 that matches or exceeds the results of the standard h, p, and h-p
FE analysis for steady diffusion equations.

In the next chapter, we extend the scope of our analysis to general
elliptic equations and detail the analogous theoretical results for the FVE treat-

ment of advection and reaction.
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4. Analysis for General Elliptic Equations

In this chapter, we note modifications for an h, p, and h-p version FVE
analysis for general elliptic equations and elliptic projections. After presenting
some preliminary theoretical infrastructure in Section 4.1, we develop upper
bounds in terms of FVE advection and reaction functionals and our discrete
L?* and H' norms for the FVE bilinear forms corresponding to the treatment
of advection and reaction terms in a general elliptic equation in Section 4.2.
In Section 4.3, we develop L?-equivalent optimal-order approximation theory
results for our FVE advection and reaction functionals. Our goal here is to find
estimates for advection and reaction that do not interfere or add any additional
“volume symmetry” constraints to the diffusion optimal-order and supercon-
vergence results of the previous chapter. In Section 4.4, we derive “asymptotic”
discrete ellipticity results for the FVE reaction and advection bilinear forms.
Finally in Section 4.5, we construct an FVE analysis for reaction—diffusion and
advection-reaction—diffusion equations with the components developed in the
preceding sections: optimal-order and superconvergence results are obtained
for h, p, and h-p version FVE in our discrete H' semi-norm. In Section 4.6,
we extend the theory developed so far to analyze the elliptic map which is the

key theoretical tool in our analysis of parabolic equations.
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4.1 Preliminaries

In general, the FVE B-form is given by
B(u,w) = A(u,w) + D(u, w) + Ru,w), u & H,we " (4.1)

where the bilinear forms corresponding to advection, diffusion, and reaction

are
Alu,w) = Z/ au-nuw; dS, (4.2)
ie1 7oV
D(u,w) = > — DVu-nw;dS, (4.3)
ier YoV

R(u,w) = Z/Viruwidx. (4.4)

€]
Recall that (4.2)—(4.4) correspond to the left-hand side of the general integral
equation posed (1.4) on the volumization V*/?  so that (4.1) is the starting
point for an FVE analysis for the general elliptic equation (1.1).
Since the exact solution u satisfies (1.4) on a arbitrary set of volumes,

it also satisfies (1.4) on the finite set of volumes V*/? according to (4.1): given

f € L? ue WT satisfies
B(u,w) = (f,w), Ywe X" (4.5)
As before, the right-hand side of (4.5) is given by

(o) = 5 [ fuie "

el
Now we can define the FVE approximation u” to (1.4) in terms of (4.5) and
(4.6): given f* € W find u"* € W" such that

B(u",w) = (f",w), VYwe &m (4.7)
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As before, the numerical source term f” satisfies the local L? projection rela-
tion,

(f_fhvw):()v \V/UJE.Xh, (48)

which ensures that (source term) mass is conserved on each volume.

In Sections 3.4-3.7, we analyzed the diffusion bilinear form (4.3); here
we outline the corresponding results for the advection and reaction forms (4.2)
and (4.4). For reaction problems, we assume continuous and bounded (0 <
rm <1 < ry < 00) reaction coefficients. For advection problems, we assume
continuously differentiable and bounded (||a|| < Ma,, ||V - a|| < Maiv < o)

velocity vectors.
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4.2 Boundedness

As in Section 3.4, we will develop upper bounds for the advection
and reaction bilinear forms in terms of a product of functionals applied to
test and trial space functions. For elements of the FVE test space X", we
apply the discrete L? and H! Sobolev norms of Section 3.3 that are linked
by the discrete Poincaré inequality (3.16). For the admissible FVE trial space,
H = WHEW”", we apply some problem-dependent functionals that correspond
to the FVE treatment of advection and reaction. Practically speaking, we
want these reaction and advection functionals to support the optimal-order or
superconvergent approximation theorems of Section 3.6, since the trial function

in our analysis is the interpolation error for the exact solution.

4.2.1 Advection
For the advection bilinear form (4.2), we derive a bound based on the
discrete H' semi-norm (3.13) that is similar to the diffusion bound (3.17).

Lemma 4.1
|A(u, w)| < A(uw)|wly,, YuéeH,we X" (4.9)

A(+) is a bounded functional:

|Xij|)1/2‘

?

Aw) = (Y d(u) (4.10)

{i.iyew [
a;j(+) is a bounded linear functional arising from the FVE treatment of advec-
tion:

aij(u) = /W au - Ny dS, (411)

g

where n;; is the unit normal vector pointing outward from V; into V;.
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Proof: Using the definition (4.2) and the fact that

/m au-n;dS =S aiu). (4.12)

JEW;

we follow the proof of the diffusion bound:

(A, w)] = [3wi Y ai(u)l,

el JEW;
= | > ai(u) (wi —wj),
{1, eW
Xii\1/2 172
< (X @ XD w2 )
{ijrew J {15 ew g
where we have used the fact that a;;(u) = —aj;(u) (i.e., n;; = —nj;) in the

second line of (4.13). O

4.2.2 Reaction

For the reaction bilinear form (4.4), we derive a bound based on our
discrete L? norm (3.11).

Lemma 4.2
IR (u,w)| < R(u)|wlow, Y uécH,weX™ (4.14)

R(-) is a bounded functional:

1
R(u) = ( )" (4.15)
r;(+) is a bounded linear functional arising from the FVE treatment of reaction:

ri(u):/wrudx. (4.16)
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Proof: Starting with the definition (4.4), we find that

R(u.w)] =3 ri(u)wi,

iel
< (X |‘1/,| () (2 il w?) (4.17)
el 1 icl

after an application of the discrete Cauchy-Schwarz inequality. O

With upper bounds for the advection and reaction bilinear forms
in terms of the non-standard, problem-dependent, bounded linear functionals
(4.11) and (4.16), we need approximation theorems: these results are demon-

strated and discussed below.
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4.3 Approximation Theory

The approximation theory developed in this section forms the core of
our FVE analysis for general elliptic equations in Section 4.5 and for general
parabolic equations in the next chapter. Our goal here is to find estimates for
advection and reaction that do not interfere or add any additional “volume sym-
metry” constraints to the diffusion optimal-order and superconvergence results
of Theorems 3.1 and 3.2. To achieve this goal, we develop L*(2)-equivalent
optimal-order results for interpolation into SP(7") when the triangulation and
volumization are regular (defined in Sections 2.1.1 and 2.2.3). These results
provide an additional power of i/p to the H' optimal-order result (3.30) and
coincide with the H' superconvergence result (3.41) for linear finite elements

on any regular volumization.

4.3.1 Advection
For the advection functional (4.10), we apply the linear Bramble-
Hilbert lemma to the bounded linear functional (4.11) in the same way that
we applied the lemma to the bounded linear functional (3.19) to obtain an
L*(Q)-equivalent optimal-order result for pth-order interpolation (cf. (3.30)).
Theorem 4.1 Let n,(u) = II’u — u be the interpolation error for

u € W* into SP(T"). Then we have the following estimate:

Ay () < C (h/p)™ lullsirn. S € (1/2,p], (4.18)

Proof: We follow the proof of Theorem 3.1 line-by-line with a minor
modification for advection: since there is no derivative to transform in (4.11),

a power of h is not lost in the affine mapping to a reference element as occurred
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in the second step of the diffusion proof. Thus, we obtain a local error estimate
for the bounded linear functional (4.11) for S € (1/2,p] (cf. (3.36)):
/2
il \ '
st < €0 (B2 S g (09)
| X ke{1,2} !
To obtain the final result (4.18), substitute the local estimate (4.19) into the

advection functional (4.10) and simplify as in (3.37). O

4.3.2 Reaction

For the reaction functional (4.15), we apply the linear Bramble-Hilbert
lemma to the bounded linear functional (4.16) in a slightly different way to ob-
tain an L*({))-equivalent optimal-order result for pth-order interpolation (cf.
(3.30)).

Theorem 4.2 Let n,(u) = II’u — u be the interpolation error for

u € W* into SP(T"). Then we have the following estimate:

Rnp(u)) < C (h/p)*lullsre, S € (1/2,), (4.20)

Proof: Following the volume construction in Section 2.2.1, we work on
each sub-volume v;(7,) in V; which in turn is contained in Zh/p—the collection
of elements T, in ThP that have x; as a vertex: recall (2.3) and note that
vi(T,) = ViNT,. Then we follow the proof of Example 2 from Section 3.5 for
pth-order interpolation to get estimates on each sub-volume.

First, we split (4.16) into its sub-volume components:

ri(np) = Z rvi(Tp)(np)v (4.21)

e
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rap() = [ ) dx (4.22)
Second, recalling (Section 2.2.1 and (2.5)) that interpolation is defined on each

T, in T"? and restricted to each v;(T},) in v"/?, we affine map from each element

T, to a reference element T, and transform our sub-volume functionals:

L)l .~
|Poi(ry) ()] = mm@)(%)l- (4.23)

Third, we bound ?A'(TA) and find that the Bramble-Hilbert lemma holds when
v; (Tp

the regularity parameter S for @ satisfies 3/2 < S+1 < p+41: the upper bound

is due to the order of the interpolation (i.e., p-th order interpolation is exact

for polynomials of degree < p); the lower bound is chosen to mesh with the

lower bound of Theorem 3.1. That is,

ooy T < Clitlgyyozy S € (1/2,9]. (4.24)

Fourth, we transform back to each element 7, in 7;h/p and find estimates for

Toi(Ty) (M)
7o) ()] < C (h/p) T [l T [ulssrwnmyy. S € (1/2,p), (4.25)

where O(h/p) is the diameter of v;(T,). Note that (4.25) is an L*(Q)-equivalent
optimal-order local estimate on the sub-volume v;(7,). Since ohle C e CTh
(cf. (2.5))—this estimate on v;(7},) holds on the FVE triangulation 7"/? and
the FE triangulation 7", as demonstrated below.

After combining sub-volume results of (4.25), we obtain a local error

estimate for the bounded linear functional (4.16) for S € (1/2, p] (cf. (3.36)):

rimp(u))l < 32w (o)l

e
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1/2 1/2
< Chp™ (X @) (Y i)
Tpelﬁh/p Tpelﬁh/p
1/2
< CUhfp Vi (Y i) (4.26)
Tpelﬁh/p

where we have used the fact that the sub-volumes partition V.

To obtain the final result (4.20), substitute the local estimate (4.26)
into the reaction functional (4.15) and simplify as in (3.37): focusing on the
H**! semi-norm of u, we have

Z |u|g+1,ui(Tp) = Z |u|25+1,Tp: Z |u|25-|—1,T7

T,eT"/? ToeTH/P TeTh

= Julfp < lullsiie (4.27)

where we’ve used the nested property of the sub-volumes and the triangulations
(2.5): each sub-volume is contained in a single element of 7"/ which in turn
is contained in a single element of 7.

If u e CO) N HSH(TM) N HY Q) for S € (1/2,p], the result holds

with |ul%,, o replaced by [ul% | 4. (see Corollary 3.1) O

In analogy to Lemma 3.4 of Section 3.6, we develop an approximation
result for piecewise constant interpolation of elements from our FVE trial space
W" = §P(T"). This error estimate will be used in the next section to establish
reaction and advection discrete ellipticity results.

Lemma 4.3 (Constant Interpolation) Let no(u) = u — 1117y be
the interpolation error for « € W into S®(V*/?). Then we have the following

estimate:

Rino(u)) < C(h/p)lula- (4.28)
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Proof: If w e Wh = SP(T"), w € C°(Q) N H*() so that volume-wise
constant interpolation and the error estimate (4.28) are well-defined. Recall
that for polynomials that Hg/pu = U = Y ;erti Xi from (3.52) of Section 3.7.
Therefore, we will use a Bramble-Hilbert argument similar to that used in
Theorem 4.2 on each volume V; in V*/? and over the polynomial space W,

First, we affine map from V; to V. and transform the reaction func-
tional

)l = () (1.29)
Second, we bound 7; and find that the Bramble-Hilbert lemma holds when the

regularity parameter for u equals 1: i.e., constant interpolation is exact for

polynomials of degree 0. That is,
R < C fal, 5 (430)

Third, we transform back to each volume V; in V"/? and find estimates for
ri(mo):
[ri(no)| < C (h/p) |Vil''? |uly,v, (4.31)

where O(h/p) is the diameter of V;. Note that (4.31) is an L*(Q2)-equivalent
optimal-order local estimate on the volume V;.
To obtain the final result (4.28), substitute the local estimate (4.31)

into the reaction functional (4.15) and simplify. O

107



4.4 Ellipticity

As in Section 3.7, we derive discrete ellipticity results for the respec-
tive reaction and advection bilinear forms (4.4) and (4.2) in terms of the discrete
L? and H' norms defined in Section 3.3. As we saw in the error analysis of
Section 3.8 and will see in the error analysis of the next section, ellipticity is
crucial. Once ellipticity is established, FVE analysis reduces to the approxi-
mation theory developed in Sections 3.6 and 4.3.

As in FE, our FVE ellipticity results allow us to consider two types
of general elliptic equations: steady reaction-diffusion and advection-reaction-
diffusion with an “artificial” reaction coefficient that allows us to overcome
the effects of the non-symmetric advection term. We note that in the latter
case, the velocity field is general. We cannot consider a steady advection-
diffusion equation without an “artificial” velocity field: V-a > ¢ > 0 as in
[33]. In the context of parabolic equations, we will see in Chapter 5 that
artificial reaction is only needed to define an elliptic projection (discussed in
Section 4.6) of the exact parabolic solution. After the projection is estab-
lished, we can consider transient reaction-diffusion, advection-diffusion, and
full-blown advection-reaction-diffusion equation with general “physical” coef-
ficients. Therefore, the full fruit of our approach for elliptic equations will be

realized in the more general context of parabolic equations.

4.4.1 Reaction

For reaction we find an ellipticity result analogous to the diffusion
result (3.53). Using the approximation result (4.28) of Lemma 4.3 from the

previous section, we demonstrate an “asymptotic” ellipticity result in terms of
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our discrete FVE trial space S?(T") and our discrete L? norm for the reaction
bilinear form. That is, for (h/p) sufficiently small the ellipticity constant u
is independent of the computational mesh. Again this type of argument is
neccesary to maintain the FE formalism in our FVE analysis, since our discrete
L? is defined to be the restriction of the continuous L? norm to piecewise
constant functions on V"7,

Lemma 4.4 There exists a positive constant g = p(rp,; A.), for h/p <
A, such that

R(u, @) > pluly, VueWwh (4.32)

where r,, is the positive lower bound on the reaction coefficient, and A, =
L7 O™ ulow/|ul1 0 is an asymptotic ellipticity parameter.

Proof: In analogy to the proof of the diffusion result, we start with
a sub-result. If w in (4.4) is replaced by the lumped representation @ € X" of
(3.52), a discrete ellipticity condition is easily demonstrated:

R(u,w) = Zu?/‘rdx,

i€l Vi
> Ty |u|(2)7w. (4.33)

For the general reaction term (4.4), recall that @ = Hg/pu. Now, we

analyze the splitting induced by u:

R(u,uw) = R(u,u)+ R(u—1u,u),

> o ful?, = Rino(w)) [ulo
> v fuf, — C (h/pluli lulo..
1
>l (4.34)
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where h/p < A, = %rm C~ 1 ulow/|ulia-
In the first three lines of (4.34), we’ve used the sub-result (4.33), the
bound (4.14), and the approximation result (4.28), respectively. Thus, the

lemma is proved with p = %rm. O

Therefore, (4.32) and (3.53) imply discrete ellipticity and will im-
ply optimal-order and superconvergence error estimates for steady reaction-

diffusion equations when h/p is sufficiently small.

4.4.2 Advection

For advection, our asymptotic discrete ellipticity result must be used
in conjunction with the corresponding diffusion (3.53) and reaction (4.32) re-
sults and not in isolation.

Lemma 4.5 For (h/p) < min{Agiv, Aa}, we have the following result:
1
Alw, @) = =5/ ulf, —vluld,, YueWh (4.35)

where 0 = %Dm is the ellipticity constant from (3.53), D,, is the positive
lower bound on the diffusion coefficient, v = v(Dy,, Maiv, Ma; Ap, Adiv, Aa)
is a positive constant equal to 4 max{M? max{D ' 1}, Mgiv}, M, and Majy
are the upper bounds on the velocity vector and its divergence, and Agjv =
Maiy CHulow/|uli0 and Ay = M, C_1|u|07w/|u|277h are asymptotic ellipticity
parameters.

Proof: Using the definition of (4.2) and the Divergence Theorem, we

split (4.2) into L*() and H'(£)-equivalent components:

A(u,ﬂ):Z/V‘V-auﬂdx—l—Z/V‘a-Vuﬂdx. (4.36)

el el
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If the velocity field in our elliptic problem (1.1) represents an incom-
pressible flow, V- a = 0 and we can drop the first sum on the right-hand
side of (4.36). However, we consider a general velocity field with a bounded
divergence (||V - a|]| < Maiy). To this end, we define a divergence bilinear form
ﬁ(u,ﬂ) and functional ﬁ(u) by replacing r with ¥V - a in the definitions of
(4.4) and (4.16). We note that all results for the reaction bilinear form and
functional hold for the new divergence bilinear form and functional with minor
modifications.

Employing these new definitions for the divergence term, we analyze

the splitting induced by w:

Z;/Viv-auﬂdx = ﬁ(ﬂ,ﬂ)—l—ﬁ(no(u),ﬂ),

— Maiv |u|(2J,w — R(1o) o,

Y

> —Maiv lulg,, — C (h/p)lulia ulo,
> —2Maiy |ulj . (4.37)
where we have used the bound (4.14), the sub-result (4.33), and the approxi-
mation result (4.28) to obtain (4.37) when h/p < Aaiv = MaivC ™ Hulow/|ul1 q-
For the second sum on the right-hand side of (4.36), we analyze the

splitting induced by u; = H?/pu with the help of some standard approximation

theory (see Ciarlet [11] Theorem 17.1 and Remark 17.2) for p > 2:

Z/ a-Vuudx = Z/ a-VulﬂdX—l—Z/ a-V(u—u)udx,
Vi Vi Vi

el i€l el

> —Malui|a [@log — Ma C(h/p)|ulsr]To.q,
> —Malulry |ulow — M3 |ulj.,

1 2 2 1 2
> =g Blulte = M1+ 55) ..
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1
Sl —2MEmax DL 1l (439)

where we have used the Cauchy-Schwarz inequality, standard H' approxima-
tion theory, the definitions of the L? and H*' discrete norms (3.12) and (3.14),
and the fact that # = L D,, in the proof of (3.53) for p > 2 to obtain (4.38)
for h/p < Xa = Ma C7Mulow/|uly 7. For p = 1, the splitting is not needed,;
however, (4.38) is still an acceptable lower bound without requiring that (h/p)
be sufficiently small.

Combining the results of (4.37) and (4.38), we obtain the desired

result:

1
Alw, @) 2 =5BJuli, = 2Mmax{ D, 1} + Maiv) |ulg,..

1
—500ull, — 4max{Mymax{D.}, 1}, Maiv} [ulg,., (4:39)

where the constant in front of [uf, is defined as v. O

Then (4.35), with (3.53) and (4.32), implies discrete ellipticity for
steady advection-reaction-diffusion equations and will imply optimal-order and
superconvergence error estimates when £ /p is sufficiently small and y = p( Dy, 74,
Maiv, Ma; Ap, Ary Adiv, Aa) is sufficiently large—this will quantified in the next

section.
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4.5 Error Analysis

With the results of the previous sections, the basic structure of the
FVE error analysis (3.60) presented in Section 3.8 is relatively unchanged. We
will outline modifications for steady reaction-diffusion and advection-reaction-
diffusion equation separately.

As before, we have employed the error splitting: u — u" = ¢ — n,(u),
where u € Wt and u* € W" are the exact and FVE solutions, respectively, { =
ng—uh € W is the trial space representation error, and n,(u) = HZu—u eH

is the trial space interpolation error.

4.5.1 Reaction-Diffusion
Combining the ellipticity results (3.53) and (4.32) of Sections 3.7 and

4.4, respectively, we find that the first line of (3.60) is modified to read

B¢l = DG C) + RICC). (4.40)

Proof: For (h/p) sufficiently small, we have

DO+ RGC) = BlClin + plulg.

> Bl (4.41)

In the second line of (3.60), the zero property is unchanged: subtract-
ing (4.7) from (4.5) yields B(u — u",w) = 0, Yw € X", Then, in terms of the

error splitting, we have

Combining the upper bound results (3.17) and (4.14) of Sections 3.4
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and 4.2, the third line of (3.60) becomes

D(1p,C) + R(1,¢) < D(1)[C 1,00 + R(1p)IC |0, (4.43)

4.5.2 Advection-Reaction-Diffusion
Combining the ellipticity results (3.53), (4.32), and (4.35) of Sections

3.7 and 4.4, respectively, we find that the first line of (3.60) is modified to read

SBICR., < AGD) + DT +RED) (1.41)

Proof: For (h/p) sufficiently small, we have

ACO+DEDHRED 2 60— Ik + (= vl

> B1C (4.45)

where we have obtained (4.45) for p = %rm sufficiently large: r, > 2v =
8 max{ M2 max{D_ ' 1}, Maiv}. For example, if the velocity field is divergence-
free and our elliptic equation (1.1) is nearly hyperbolic in character (Mqaiy = 0
and D, << 1), we require r,, > 8M?2/D,,.

In the second line of (3.60), the zero property is unchanged: subtract-
ing (4.7) from (4.5) yields B(u — u", w) = 0,Yw € X". Then in terms of the

error splitting, we have

A(C Q) + D¢ 0 + R(C,C) = A ©) + Dl1p; O) + R, C)- (4.46)

Combining the upper bound results (3.17), (4.9), and (4.14) of Sec-

tions 3.4 and 4.2, the third line of (3.60) becomes

B(%(U)f) < (A1) + D)€ e + R(mp) [ low- (4.47)

114



4.5.3 General Error Estimate

With the modifications of the last two subsections, we apply the dis-
crete Poincaré inequality (3.16) of Section 3.3 to [(|o. in (4.43) and (4.47).
Then we combine the H'(Q)-equivalent optimal-order and superconvergence
approximation results (3.30) and (3.41) of Section 3.6 with the L*(Q)-equivalent
optimal-order approximation results (4.18) and (4.20) of Section 4.3. As a re-
sult, we find that FVE error analysis reduces to approximation theory. O

Theorem 4.3 Under the conditions stated above, the optimal-order
and superconvergence error estimate of (3.61) holds for the FVE approxima-
tion to the exact solution of steady reaction-diffusion and advection-reaction-

diffusion equations defined by the general elliptic problem (1.1). That is,
=i < C(h/p)7 lullssra, S € (1/2,p], (4.48)

where p = max{p, P}, p is the order of the polynomial trial space, P is the
superconvergence (for p = 1) parameter of Theorem 3.2: P is 1 or 2 in the
absence or presence, respectively, of volume symmetry.

In our treatment of advection, we have employed a standard approach
to establish a baseline analysis. In practice, we would be well-served to employ
“upwinding” procedures such as those discussed in Hughes [26], Lazarov et
al. [32, 33], and Roache [43]. In a forthcoming companion paper, upwind FVE
are defined for linear finite elements and are analyzed: once again, optimal-
order and superconvergence results are obtained.

We conclude our presentation for elliptic equations in the next section
with a discussion of the elliptic projection operator that will be used in the

FVE analysis for parabolic equations in the next chapter.
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4.6 Elliptic Projection
For a general function g € W+ = H Q) N H (), 5 € (1/2,p], we
define an elliptic map ¢* € W" that satisfies a zero property with respect to
the FVE B-form:
B —g,w)=0, VweX" (4.49)

Since (4.49) is only a restatement of the zero property from the previous section,

Theorem 4.3 immediately yields an error estimate for the elliptic map. O

Lemma 4.6

(7" = 9w < C(h/p) llgllsin. S € (1/2,0]. (4.50)

Notice that (4.49) actually defines a (subspace) projection Ppg from H = W &
W" into W* C H:
Pp:gEH =g e W' CH; (4.51)

Pr(d") =3" (4.52)

More generally, let ¢ = ¢(¢) be a continuous function of time (¢ €
O = (0,7]); then, we have the following error estimates for continuous-time
and discrete-time elliptic mappings:

Theorem 4.4 If §" is continuously defined for all t € © = (0,71, the

continuous-time elliptic mapping error satisfies:

sup (7" = ). Dlw < C(A/D) Ngllpmssy, S € (1/2.p], (4.53)

where ||-|| e (grs+1) is the L*°(©) norm of the H*H(Q) norm of ¢(t):

gl pee (rrsny = ig@}))Hg(t)HsH,Q. (4.54)
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However, if g" is defined only at discrete time intervals (t € 0 = {t° =

0,t4, ...,V =T}), the discrete-time elliptic mapping error satisfies:

ma (7"~ ) Dl < C /p)V llliwosen, S € (12,01 (155)

Proof: To the result of Lemma 4.6, apply the definitions of sup, max,
and L>(0). O

In the parabolic analysis of the next chapter, the elliptic mapping
error will assume the role formerly played by the interpolation error. As a

result, the error estimates of Theorem 4.4 will play a prominent role.
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4.7 Summary

An a priori FVE error analysis for elliptic partial differential equa-
tions with smooth coefficients has been presented: H'({))-equivalent optimal-
order and superconvergence results have been obtained in the H'(w) semi-
norm. These results can be extended to problems with discontinuous and
nonlinear coefficients: the modifications for discontinuous coefficients are anal-
ogous to those of Samarskii et al. [46] for FV; the modifications for nonlinear
coefficients are analogous to those of Douglas [12] for FE.

For the purpose of analysis, we have viewed FVE as a locally conser-
vative Petrov-Galerkin FE and performed an FE-style error analysis. Building
upon the foundation laid by Cai, Mandel, and McCormick [9] for steady diffu-
sion equations discretized by linear finite elements in two spatial dimensions,
we have extended and generalized FVE analysis to cover steady advection-
reaction-diffusion equations discretized by C° polynomial finite elements of
arbitrary order in three spatial dimensions. In addition, we have considered h,
p, and h-p version FVE where increased accuracy is obtained by refining the
computational mesh parametrized by h and/or by increasing the order p of the
polynomial trial space.

In Sections 1.1 and 1.2 of Chapter 1, we outlined the origin of fluid
dynamics and its basis on local conservation laws. Also, we motivated the
need for FVE which preserves local conservation on the discrete level. In
addition, we saw that FVE systematically discretizes the unknown solution,
known source term data and boundary conditions on domains with complex

geometries via the FE triangulation 7", the FVE triangulation 77, and the
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FVE volumization V7, as discussed in Sections 2.1 and 2.2.

Motivated by the success of h, p, and h-p version FE in the structural
mechanics literature (see [2, 51]), we defined h, p, and h-p version FVE for
fluid dynamics problems in Section 2.3. Given the documented [39] success
of Multi-level solution algorithms for hA-version FVE vs. FE discretizations
and the documented [25, 35, 37, 42] success of similar Multi-level and Domain
Decomposition solution algorithms for p and h-p version FE discretizations, we
expect similar implementation efficiency successes for p and h-p version FVE
discretizations.

Furthermore, we saw that the computational set-up costs for FVE
were less expensive than the costs for FE in Section 2.4. That is, if d is the
spatial dimension of the problem domain, the quadrature rules used to evaluate
FVE integrals and set-up a system of linear equations were seen to be O(2¢) less
expensive than corresponding FE quadrature rules: the quadrature operation
count for reaction and source term integrals and is O(p)? for FVE and O(2p)?
for FE. However, for reaction and source terms, FVE integrals are defined on
volumes from V*/? with diameters of O(h/p) whereas FE integrals are defined
on elements from 7" with diameters of O(h); therefore, the FVE quadratures
are performed on regions that are O(p)? smaller than their FE counterparts.
This feature makes the FVE equations more local in character and the FVE
mass matrix arising from the reaction term more strongly diagonally dominant
than its FE counterpart; from the standpoint of numerical linear algebra and
implementation, this means that it should be easier to precondition and iter-

atively solve FVE systems of linear equations than their FE counterparts. In
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addition, FVE diffusive and advective fluxes are defined as surface integrals
which are simpler (i.e., of lower dimension) than the corresponding volume in-
tegrals for FE: the quadrature operation count is O(p)?¢~! for FVE and O(2p)?
for FE—a increased savings of O(p2%).

Therefore, we expected FVE to outperform FE in standard measures
of computational efficiency. Furthermore, from the standpoint of the a priori
error analysis presented in the Chapters 3 and 4, we saw that the accuracy
of FVE approximations to the exact solution of general elliptic equations ei-
ther matched or surpassed FE asymptotic convergence rates for h, p, and h-p
versions of the respective methods.

After introducing a Sobolev space infrastructure and a standard h, p,
and h-p version FE analysis in Chapter 2, we detailed an &, p, and h-p version
FVE analysis for diffusion equations in Chapter 3.

In Sections 3.1 and 3.2, we motivated and laid the groundwork for an
FE-style analysis for FVE based on the formalisms introduced in the FE anal-
ysis presented in the previous chapter. After introducing discrete L? and H!
Sobolev norms in Section 3.3, we demonstrated an upper bound for the FVE
B-form in terms of our discrete H' semi-norm and an FVE diffusion functional
in Section 3.4. After introducing the Bramble-Hilbert lemma in Section 3.5, we
focused on an H'()-equivalent h, p, and h-p version optimal-order approxi-
mation theory and an h-version superconvergent approximation theory for our
FVE diffusion functional in Section 3.6. After establishing an optimal-order re-

sult in Theorem 3.1 for interpolation by C° piecewise polynomials of arbitrary
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order on a regular triangulation and volumization, we focused on supercon-
vergence for linear interpolation on a “symmetric” volumization in Theorem
3.2. That is, from the perspective of the FVE diffusion functional, the approx-
imating power of a linear trial space on a symmetric volumization matches
the power of a quadratic trial space on a regular volumization. At the core
of the superconvergence theory for the diffusive flux functional is the 1-d fact
that centered differencing is exact for quadratics; we invoke certain volume
symmetries, discussed below, to extend this 1-d result to multi-dimensional
settings.

As we saw in Sections 3.6.2 and 3.6.2.2, the definition of volume sym-
metry is dimensionally and geometrically dependent. That is, if d = 1, volume
symmetry is X-symmetry: the volume boundary +;;, a point in 1-d, is at the
midpoint of each element edge Xj;; in this simple case, the diffusive flux is
represented by a centered difference quotient. If d = 2, volume symmetry
for C° linears on triangles requires X and ~-symmetries: the volume edge ~;;
and the element edge X;; are perpendicular bisectors of one another; however
for C° bilinears on rectangles, volume symmetry requires only X-symmetry,
since the quadratic component of a piecewise bilinear trial space obviated the
vij-symmetry requirement.

When d = 3, volume symmetry for C° linears on tetrahedra requires
X-symmetry (the planar volume interface v,; is a perpendicular bisector for the
element edge X;;) and a “centroid” y-symmetry: i.e., X;; — 7;; and the point of
intersection Pj; is the centroid for v;;; furthermore, the geometry of +;; is such

that the centroid quadrature rule is exact for linear functions—+;; is triangular,
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rectangular, hexagonal, etc. (see [49] for details). For C° bilinears (i.e., II; ju €
span{l,z,y} @ {1, z}) on triangular prisms formed in a tensor-product mesh,
volume symmetry requires X-symmetry and a “2-d” v-symmetry: the = and y
cross-sections of v;; must possess the centroid symmetry. That is, linearity in
and y requires the 2-d v;;-symmetry in « and y, but bilinearity in z eliminates
the 2-d ~;;-symmetry in z. For C? trilinears on rectangular bricks formed by a
tensor-product mesh, volume symmetry requires X-symmetry and a “1-d” ~;;-
symmetry: either one of the 1-d cross-sections of v;; must possess the centroid
symmetry. That is, the quadratic components of a trilinear trial space obviate
vij-symmetry requirements as in 2-d; however, its cubic component invokes a
reduced, 1-d ~;;-symmetry.

Finally, using the “degenerate volume paradigm” of Section 3.6.2.2,
we see that linear FVE on a symmetric volumization is identical to a quadratic
FVE on a degenerate volumization; hence, superconvergence for linear FVE
can be viewed as a special case of the optimal-order convergence for quadratic
FVE.

When discussing superconvergence for linear trial spaces, it is im-
portant to emphasize that it is primarily a local phenomenon. Qualitatively,
global superconvergence is the cumulative effect of local volume symmetries or
uniformities in a given computational mesh. Quantitatively, local quadratic
convergence leads to superlinear global convergence: the precise rate depends
upon the prevalence of local volume symmetry or uniformity conditions on a
global computational mesh. As a result, local quadratic convergence of a nu-

merical solution (in regions of symmetry /uniformity on a non-uniform mesh)
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“remediates” the global solution: superlinear, rather than linear, convergence
is observed globally.

Using the optimal-order approximation results of Section 3.6.1, we
derived (for p > 2) an “asymptotic” ellipticity result for the diffusion bilinear
form in terms of our discrete FVE trial space S?(7") and our discrete H!
semi-norm in Section 3.7. That is, for (h/p) sufficiently small, the ellipticity
constant is independent of the computational mesh. This type of argument
is unavoidable if we wish to maintain the FE formalism in our FVE error
analysis for higher-order (p > 2) polynomial trial spaces, since our discrete
H' semi-norm is defined as the restriction of the continuous H' semi-norm to
piecewise linear polynomials on the FVE triangulation 7"/?. Finally, in Section
3.8, we demonstrate an FE-style error analysis for h, p, and h-p version FVE
that matches or exceeds the results of the standard h, p, and h-p FE analysis
presented in Chapter 2.

In the present chapter, we extended the scope of our analysis to gen-
eral elliptic equations and detailed the analogous theoretical results for the
FVE treatment of advection and reaction. After deriving upper bounds for
the FVE advection and reaction bilinear forms in terms of our discrete norms
and FVE advection and reaction functionals in Section 4.2, we focused our at-
tention on developing an approximation theory for our advection and reaction
functionals. In order to avoid potential conflicts with the superconvergence
result for the FVE diffusion functional, we developed an h, p, and h-p ver-
sion L?(Q)-equivalent optimal-order approximation theory for our advection

and reaction functionals in Section 4.3. Using these approximation results,
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we demonstrated “asymptotic” ellipticity results in terms of our discrete FVE
trial space SP(T") and our discrete L? (and H') norm(s) for the reaction and
advection bilinear forms in Section 4.4. That is, for (h/p) sufficiently small
the ellipticity constants are independent of the computational mesh. Again
this type of argument is neccesary to maintain the FE formalism in our FVE
analysis, since our discrete L? is defined to be the restriction of the continuous
L? norm to piecewise constant functions on V*/?. In Section 4.5, we demon-
strate and FE-style error analysis for steady reaction-diffusion and advection-
reaction-diffusion equations for h, p, and h-p version FVE that matches or
exceeds the corresponding FE results. And in the previous section, we con-
cluded our presentation for elliptic equations with a discussion and analysis
of the FVE elliptic projection operator to set the stage for an h, p, and h-p
version FVE analysis for parabolic equations.

In the next chapter, the elliptic analysis presented here will be ex-
tended to general parabolic equations in a straightforward manner by an FVE
variant of the elliptic projection argument of Wheeler [55]. That is, an FE-
style error analysis of a continuous-time method that uses ordinary differential
equations in time and FVE in space (as in a “method of lines” procedure) will
yield error estimates of the form

A (= ") )i < C (0/p)* (100l | p2asy + |ullpeassn)); (4.56)
similarly, an FE-style error error analysis of a method that uses finite differences

in time and FVE in space (as in a fully-implicit “time-marching” procedure)
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will yield error estimates of the form

_ by 4
Jnax [(u —ut)( ") e
< O (A0 ul ey +
(h/p)® (110sull2ars) + |l qssy)), (4.57)
where S € (1/2,p] and R = 1 or 2 depending on whether backward Euler

(R = 1) or Crank-Nicolson (R = 2) time differencing is used.
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5. Analysis for Parabolic Equations

Our FVE analysis for parabolic equations is based on the model prob-
lem posed on bounded spatial (2 C R%, d € {1,2,3}) and temporal (© = (0,T])
domains:

mowu+V-(au—DVu)+ru=f infx0O, (5.1)
subject to a homogeneous Dirichlet boundary condition,
u(-,t)an =0, t€0O
and an initial condition,
u(x,0) = up(x), x €.

In (5.1), m is a mass storage coefficient that is continuous, bounded, and non-
degenerate (0 < m < m <m).
More to the point, (5.1) arises from an integral conservation law (in

space) that holds for all t € ©: let v = u(t) and f = f(t);

_ . = C . .
/Vmatudx—l—/av(au DVu) ndS—l—/VrudX /Vfdx, YV SO (52)

Following the algorithm development for elliptic equations, the finite volume
element method for parabolic equations is based on (5.2) rather than (5.1).
Starting from (5.2), FVE replaces u(t) and f(¢) with suitable FE approxi-
mations (in space) on the triangulations 7" and 7"/? of Q and poses the

conservation law on a finite set of volumes from a volumization V*/? of Q.
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Following the analysis for elliptic equations, we transition from a finite
number of local laws based on (5.2) to a global law (formed by a weighted
summation of the local laws) that holds for all ¢t € ©:

M(Oult),w) + Blult),w) = (f(t)w), Ywed®, (53
where the mass storage bilinear form is defined as:
M(Bpu(t), w) = Z; /V m Byu(t) w; dx (5.4)
ier Vi
and B(u(t),w) and (f(t),w) are defined as in the previous chapters.

In addition to the usual spatial regularity assumption v € H°+1(2)N
H3(9),5 € (1/2,p] of the previous chapters, we make the temporal regularity
assumption u(t) € HF(0©), R > 1/2, so that u(t) can be thought of as a con-
tinuously differentiable function of time (by the Sobolev embedding theorem).

In this chapter, we outline an FVE analysis for parabolic equations.
First, we define continuous-time and discrete-time numerical methods for gen-
eral parabolic equations in Section 5.1: the continuous-time method is an FVE
variant of the “method of lines”; the discrete-time methods are FVE variants
of Backward Fuler and Crank-Nicholson “time marching” methods. In Sec-
tions 5.2 and 5.3, the components of FVE parabolic analysis are developed
and assembled to yield optimal-order and superconvergence results for h, p,

and h-p version continuous-time and discrete-time FVE. Future work based on

this thesis is outlined in Section 5.3.
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5.1 Numerical Methods

In the previous chapters, we have focused on the spatial treatment of
unknown u (and known data f) in (5.2); now we turn to its temporal treat-
ment. First, we consider leaving u(¢) continuous in time; second, we consider

(backward Euler and Crank-Nicolson) discretizations in time.

5.1.1 Continuous-Time
In a “method of lines” or continuous-time FVE method, we follow
(5.2) posed only on volumes from V*? and replace the unknown u(t) by the

semi-discretization:

u(t) = _ul(t) ¢i(x) € W= S{(T™), (5.5)
€]
where u(t) is a continuous (in time) coefficient corresponding to the basis

function ¢; for the trial space W". Also, the source term f = f(#) is replaced
by the numerical source term f* = f*(¢) € SP(T") defined in a similar manner.

However, we require for all ¢t € © that f* satisfy the projection relationship,
(f = f"w)=0, Vwe8 (W), (5.6)

with respect to f to ensure that the numerical source term conserves mass.
To discretize the initial condition u(0) = ug, we invoke the elliptic

map (4.49): u"(0) satisfies
B(u"(0) —up,w) =0, we X" =80V"r). (5.7)

As a result, the PDE (5.1) is replaced by a system of ODEs in time

according to a FVE discretization in space. Assuming that the ODE system
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is solved exactly in time, we focus on the errors induced by the spatial FVE

discretization.

5.1.2 Discrete-Time

Now we consider fully-implicit “time-marching” or discrete-time FVE
methods that employ a FD discretization of (5.2) in time in addition to the
FVE discretization in space. First, we partition the time domain © = (0, 7]
into N time levels § = {t° = 0,¢',...,t¥ = T'}. For simplicity, we assume that
O is uniformly partitioned: let At = T'/N so that {" = nAt for 0 <n < N.

In a Backward Euler “time-marching” or discrete-time FVE method,
we follow (5.2) at each discrete time level " € §,1 < n < N and replace the
unknown u” = u(t") by the discretization:

up = UM i(x) € W, (5.8)
el
where U] is a discrete-time coefficient corresponding to the basis function ¢;
for the trial space W = SJ(T"). Asin the continuous-time method, the initial
condition ug is replaced by its elliptic map @y defined in (5.7). Also, the source
term f" = f(¢") is replaced by f7 € SP(T") which satisfies the projection
relationship,

(f" = frw) =0, YweS' V), (5.9)

at each time level. Most importantly, the time derivative d,u™ is replaced by a

finite difference approximation:

ou™ = (v — ") /At (5.10)

Taylor’s theorem (with integral remainder) tells us that the approximation
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error is given by

1
¢ = 0u" — du" = — (t — " Horu dt, (5.11)
At Jin—

so we expect first-order accuracy in time for a backward Euler discretization.
In a Crank-Nicolson discretization, we approximate the unknown at
the intermediate time level t"~%/2 = (1" 4 1"=1)/2: wu(t"~'/?) is replaced by

up M = (uf ™) /2 and f(1772) s replaced by fi("7/?) subject to (5.6)

defined at #"~'/2. Most importantly, the time derivative dyu"'/?

is replaced
by the finite difference approximation du}. Taylor’s theorem (with integral

remainder) tells us that the approximation error is given by

1 "
¢ = ou” — atu”_l/Q =

= 577 Jun =TT = )t (5.12)

so we expect second-order accuracy in time for a Crank-Nicolson discretization.

Now that we have defined numerical methods for (5.1), we proceed
with a parabolic error analysis following the pattern previously established for
elliptic equations as closely as possible. More precisely, we will follow an FVE
variant of the standard “energy” arguments for parabolic equations developed
for FV and FE by Douglas [12], Douglas and Dupont [13, 14], Ewing et al. [17],
and Wheeler [55].
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5.2 Components of Analysis
Following the analysis for elliptic equations, we transition from a finite
number of local laws based on (5.2) to a global law (formed by a weighted

summation of the local laws) that holds for all ¢t € ©:

M(Opu(t),w) + Blu(t),w) = (f(1),w), YweA" (5.13)
where the M-form (mass storage bilinear form) is defined as:

M (Opu(t) Z/ m Oyu(t) w; dx (5.14)
el

and B(u(t),w) and (f(t),w) are defined as in the previous chapters. Note that
the form of (5.13)—the elliptic B-form is split off from the time derivative—
suggests splitting the parabolic error into elliptic and non-elliptic components
as in the “elliptic projection” argument of Wheeler [55].

Recalling the development of our standard elliptic analysis, we see
that boundedness, approximation, and ellipticity results for the B-form can
be applied to (5.13). Furthermore, similar results can be derived for the M-
form (5.14): the time-derivative term can be treated like the reaction term in
Chapter 4 as demonstrated below. In our results, we begin with a discussion

of the continuous-time result followed with the corresponding or analogous

discrete-time result for (5.14) with dyu(t) replaced by du”.

5.2.1 Boundedness
Following the proof of Lemma 4.2 for the reaction bilinear form (4.4),
the Cauchy-Schwarz inequality gives us an upper bound for the mass storage

bilinear form (5.14) for continuous-time FVE in terms of the admissible trial
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space H=WT oW O

Lemma 5.1
| M(Du, w)| < M(9u) |wlow, YVu€H,we X" (5.15)

M(+) is a bounded functional:
1/2
M) (0)) 5.16
= (3 (o) (5.16)
m;(-) is a bounded linear functional arising from the FVE treatment of mass

storage:

m;(Ou) = /V m Oyu dX. (5.17)

Similarly, we have the following upper bound for discrete-time FVE:

Lemma 5.2
| M(Ou™,w)| < M(Ou™) |wlon, Yu€H,wed (5.18)

With an upper bound for the mass storage bilinear form in terms
of the non-standard, problem-dependent, bounded linear functional (5.17), we

need to prove corresponding approximation theorems.

5.2.2 Approximation Theory

For parabolic equations, we need both spatial and temporal approx-
imation theorems for the mass storage functional (5.16). Since we will follow
the elliptic projection argument of Wheeler [55], the elliptic map will assume

the role played by the interpolation map in the previous chapters.
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5.2.2.1 Spatial
Since the elliptic map is idempotent (if v € S¥(T"), for 1 < k < p,
Pp(u) = u), we can apply the Bramble-Hilbert arguments developed for the
interpolation map in the previous chapters with minor modifications.
Following the proof of Theorem 4.2 for the reaction functional (4.15)
and proof of Theorem 4.4 for the elliptic map, the Bramble-Hilbert lemma
result for the mass storage functional (5.16) for continuous-time FVE is equiv-

alent to an optimal-order L?*(f2) estimate with “reduced” interpolation. O

Theorem 5.1 Let = n(t) = (@" — u)(-,t) for t € © = (0, T] be the

continuous-time elliptic mapping error. Then we have the following estimate:
M) < C(h)p)°||0u(t)||lsa, S € (1/2,p]. (5.19)

Although an order p + 1 result like (4.20) holds here, it is useless—the final
parabolic error estimate is only order p. Therefore, the purpose of (5.19) is to
minimize spatial regularity requirements for d,u.

The proof of Theorem 5.1 is modified to yield the analogous result for
discrete-time FVE:

Theorem 5.2 Let J" = [("71,¢"] and n" = n(t") = (@" — u)(-, "),
for 1 < n < N, be the discrete-time elliptic mapping error. Then we have the
following estimate:

M(On™) < C ATV ()| Ol opgmmrsay, S € (1/2,p]. (5.20)
where ||-|| r2psn;ms() is the L?(J") norm of the H3(Q) norm of u(t):

¢

1/2
lellagomarsian = ( [, Nu(liga de) ™" (5.21)
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Proof: The result follows easily upon noting that

ot

on" = —
g At Jin—1

Oy dt; (5.22)

then apply Fubini’s Theorem and the result of the previous theorem. O

5.2.2.2 Temporal

For the discrete-time methods, a temporal approximation theorem is
needed to estimate the finite difference error for the time derivative. Recalling
the (Taylor series) approximation error formulas from the previous section, we
present the following result.

Theorem 5.3 Let &% be the finite difference error of (5.11) and
(5.12) for the Backward FEuler (R = 1) and Crank-Nicolson (R = 2) time

discretizations, then we have the following temporal error estimate:
M(®F) < C A0 | gym 2y, (5.23)
Proof: The result (5.23) is built up from the local error estimate:
mi(®F) < C ATV VY20 [ e vy, (5.24)

which is easily derived with the aid of Fubini’s Theorem and the Cauchy-

Schwarz inequality. O

5.2.3 Ellipticity
In order to use the standard “energy” argument used in the analysis

of parabolic equations, we require both spatial and temporal ellipticity results.
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5.2.3.1 Spatial
Following the proof of Lemma 4.4 for the reaction bilinear form, we
find that the mass storage bilinear form satisfies continuous-time and discrete-

time “asymptotic” ellipticity conditions. O

Lemma 5.3 For (h/p) sufficiently small, there exists a > 0 such that
M(Dpu, ) > a|dpulf ,, Y u e wh, (5.25)

and

MO, 0u") = a|ou”[;,, Yue wh. (5.26)

5.2.3.2 Temporal

For the B-form, we need “energy” inequalities to bound the time
evolution of continuous-time and discrete-time solutions.

Lemma 5.4 For (h/p) sufficiently small, there exists C' > 0 such

that

1
B(u,w) — Zoz|atu|(2)7w — C B(u,m), YueWwh (5.27)

[N
S

B(u,@tﬂ) Z
and
n a—n 1 n —n 1 n|2 n —n h
B(u",0u") > §8B(u Ju") — Zoz|8u o, — C Bu™,a"), YuecW", (528)
where
OB(u",u") = [B(u", ") — B(u"~',a")]/At. (5.29)
Proof: We follow the outline of the proof of Lemma 4.5 for the advection

bilinear form. To derive (5.27), note that

B(w,d) = -—B(w,@), YuécW" (5.30)
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since u; Qyu; = % % u?. Then we use our approximation theory and ellipticity

results for the B-form to derive a lower bound for (h/p) sufficiently small,

aldwly, —C B(u,u), Yuce Wh(5.31)

el Bl

d
B(u —u, 0u) > EB(u -, ) —

[N

using the techniques developed in the demonstration of the advection ellipticity
result (4.35).
To derive the discrete-time result (5.28), we follow the same pattern

discussed above with a minor adjustment:
1
B(@,ow") > SOB(@",@"), Vue wh. (5.32)

since (u?, u? —uf™") > $[(u?, ul) — (uf ', uf™")] by use of the “trivial” inequal-

ity ab < %(a2 +0?). O
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5.3 Error Analysis

In this section, we combine the results of the previous section to
derive optimal-order and superconvergence results for h, p, and h-p version
continuous-time and discrete-time FVE for the general parabolic equation
(5.1). The pattern we follow closely approximates the pattern previously estab-
lished for elliptic equations. But more precisely, we will follow an FVE variant
of the standard “energy” arguments for parabolic equations developed for FV
and FE by Douglas [12], Douglas and Dupont [13, 14], Ewing et al. [17], and
Wheeler [55].

5.3.1 Error Splitting

In analogy to our elliptic analysis, we employ an error splitting with
respect to the elliptic map u"(¢) for the exact solution u(t) to the parabolic

equation (5.1): for the continuous-time method, the error splitting is u — u® =

C(t) — n(t), where ((t) = (u, — u")(-,t) € W" and n(t) = (uy — u)(-,t); for
the discrete-time methods, we replace ¢t with " in the error splittings. Since

lu —u"]1, < [¢)1w+ 7|10 and by Theorem 4.4 we have the estimates

sup (-, ) < C (h/p)*ull sy, S € (1/2,p), (5.33)
te(0,T]
and
max 11w < O (hfp)" [ullpsqrasny, S € (1/2,], (5.34)

finding a error estimate for continuous-time and discrete-time FVE reduces to

estimating |(l1 .-
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5.3.2 Zero Property

In the discussion below, we simplify notation: let ¢ = ((¢), for t €
(0, 7], and (" = ((t"), for 1 <n < N. For continuous-time FVE, we see that
the parabolic error satisfies M(9;(u — u"),w) + B(u — u",w) = 0, while the
elliptic mapping error satisfies B(n,w) = 0. Combining these results in terms

of the error splitting, we find the continuous-time zero property:
M(0:¢,w) + B((,w) = M(9m,w), Ywe X" (5.35)

Similarly, for the discrete-time methods, we include the temporal approxima-
tion errors ®%, for R € {1,2}, of (5.11) and (5.12). Therefore, the discrete-time

zero property is
M(O¢", w) + B(¢" w) = M(Pp,w) + M(In",w), Y we X', (5.36)

for the Backward Euler (R = 1) and Crank-Nicolson (R = 2) time discretiza-

tions.

5.3.3 Energy Argument
For continuous-time FVE, take w = 9,{(7) € X", for 7 € (0,1], as
a test function in (5.35); then use the upper bound (5.15), the spatial and

temporal ellipticity conditions (5.25) and (5.27), and some algebra to obtain:

1d

SalOC .+ 55 B0 < OB, D+ MA @) (537

For discrete-time FVE, take w = atz(tk) € X" for 1 <k <n as a test function

in (5.36); then the analogous steps lead to a similar result:

Sol0CH s+ 0BT < OB T + MA@ + MA@y (539)
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For continuous-time FVE, apply the continuous Gronwall inequality
for differential equations to (5.37): multiply (5.37) by an integrating factor and
integrate the result over [0,¢]; note that ((0) = 0, since the numerical initial
condition is the elliptic map of the exact initial condition—recall (5.7); then

apply the spatial approximation estimate (5.19) to obtain the result:

B(((1),¢) < [C (h/p)*[|0wull 2ars))*. (5.39)

For discrete-time FVE, apply the discrete Gronwall inequality for difference
equations to (5.38): multiply (5.38) by At and a summation factor (which is
positive for At sufficiently small) and sum the result from k& = 1 to & = n; note
that (° = 0; then apply the spatial and temporal approximation estimates
(5.20) and (5.23) to obtain the result:

B ) < C AR H@f“uHLz(Lz) + (h/p)SHatqu(HS)]Z. (5.40)

Now apply the ellipticity condition for the B-form (4.45) to (5.39) and
(5.40): e.g., B(n(t),1) > £3n(t)|i, for the continuous-time FVE solution of
the advection-reaction-diffusion equation. As a result, we obtain the following

estimates for |((?)]1,, and |("|1:

sup [C(+8)w < C (/) 10wl 2rs), S € (1/2,p). (5.41)
te(0,T]
and
ma (G ") < C LA Rl aqeey + (/) el (542)

Finally, we combine the previously derived estimates (5.33) and (5.34)

for the elliptic map with the newly derived estimates (5.41) and (5.42) to obtain
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convergence theorems for h, p, and h-p version continuous-time and discrete-
time FVE numerical solution of the advection-reaction-diffusion parabolic equa-

tion (5.1). O

Theorem 5.4 Our analysis of the continuous-time method defined
in Section 5.1.1 that uses ordinary differential equations in time and FVE in

space (as in “method of lines” procedure) yields the following error estimate:

up [(w =) Olw < C(h/p)” (10| p2qars) + [lullprsen). (5:43)
te(0,

Theorem 5.5 Similarly, our error analysis of the discrete-time meth-
ods defined in Section 5.1.2 that use finite differences in time and FVE in space
(as in fully-implicit “time-marching” procedures) yields the following error es-

timate:

VST
(dnax I(w = u?) (5 4y

< C (AtR||af+1u||L2(L2) +
(h/p)® (N0euul |2 a5y + [Jual o< (sr5+1)), (5.44)

where S € (1/2,p] and R = 1 or 2 depending on whether backward Euler
(R = 1) or Crank-Nicolson (R = 2) time differencing is used.

In analogy to our elliptic analysis of Chapters 3 and 4, we note that
the FVE parabolic error estimates (5.43) and (3.3) match or exceed the corre-
sponding FE error estimates [55].

This concludes our presentation of FVE analysis. In the last two
sections, the main results of the thesis are summarized and future work based

on this thesis is outlined.
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5.4 Summary

An a priori FVE error analysis for elliptic partial differential equa-
tions with smooth coefficients has been presented: H'({))-equivalent optimal-
order and superconvergence results have been obtained in the H'(w) semi-
norm. These results can be extended to problems with discontinuous and
nonlinear coefficients: the modifications for discontinuous coefficients are anal-
ogous to those of Samarskii et al. [46] for FV; the modifications for nonlinear
coefficients are analogous to those of Douglas [12] for FE.

For the purpose of analysis, we have viewed FVE as a locally conser-
vative Petrov-Galerkin FE and performed an FE-style error analysis. Building
upon the foundation laid by Cai, Mandel, and McCormick [9] for steady diffu-
sion equations discretized by linear finite elements in two spatial dimensions,
we have extended and generalized FVE analysis to cover steady advection-
reaction-diffusion equations discretized by C° polynomial finite elements of
arbitrary order in three spatial dimensions. In addition, we have considered h,
p, and h-p version FVE where increased accuracy is obtained by refining the
computational mesh parametrized by h and/or by increasing the order p of the
polynomial trial space.

In Sections 1.1 and 1.2 of Chapter 1, we outlined the origin of fluid
dynamics and its basis on local conservation laws. Also, we motivated the
need for FVE which preserves local conservation on the discrete level. In
addition, we saw that FVE systematically discretizes the unknown solution,
known source term data and boundary conditions on domains with complex

geometries via the FE triangulation 7", the FVE triangulation 77, and the
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FVE volumization V7, as discussed in Sections 2.1 and 2.2.

Motivated by the success of h, p, and h-p version FE in the structural
mechanics literature (see [2, 51]), we defined h, p, and h-p version FVE for
fluid dynamics problems in Section 2.3. Given the documented [39] success
of Multi-level solution algorithms for hA-version FVE vs. FE discretizations
and the documented [25, 35, 37, 42] success of similar Multi-level and Domain
Decomposition solution algorithms for p and h-p version FE discretizations, we
expect similar implementation efficiency successes for p and h-p version FVE
discretizations.

Furthermore, we saw that the computational set-up costs for FVE
were less expensive than the costs for FE in Section 2.4. That is, if d is the
spatial dimension of the problem domain, the quadrature rules used to evaluate
FVE integrals and set-up a system of linear equations were seen to be O(2¢) less
expensive than corresponding FE quadrature rules: the quadrature operation
count for reaction and source term integrals and is O(p)? for FVE and O(2p)?
for FE. However, for reaction and source terms, FVE integrals are defined on
volumes from V*/? with diameters of O(h/p) whereas FE integrals are defined
on elements from 7" with diameters of O(h); therefore, the FVE quadratures
are performed on regions that are O(p)? smaller than their FE counterparts.
This feature makes the FVE equations more local in character and the FVE
mass matrix arising from the reaction term more strongly diagonally dominant
than its FE counterpart; from the standpoint of numerical linear algebra and
implementation, this means that it should be easier to precondition and iter-

atively solve FVE systems of linear equations than their FE counterparts. In
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addition, FVE diffusive and advective fluxes are defined as surface integrals
which are simpler (i.e., of lower dimension) than the corresponding volume in-
tegrals for FE: the quadrature operation count is O(p)?¢~! for FVE and O(2p)?
for FE—a increased savings of O(p2%).

Therefore, we expected FVE to outperform FE in standard measures
of computational efficiency. Furthermore, from the standpoint of the a priori
error analysis presented in the Chapters 3 and 4, we saw that the accuracy
of FVE approximations to the exact solution of general elliptic equations ei-
ther matched or surpassed FE asymptotic convergence rates for h, p, and h-p
versions of the respective methods.

After introducing a Sobolev space infrastructure and a standard h, p,
and h-p version FE analysis in Chapter 2, we detailed an &, p, and h-p version
FVE analysis for diffusion equations in Chapter 3.

In Sections 3.1 and 3.2, we motivated and laid the groundwork for an
FE-style analysis for FVE based on the formalisms introduced in the FE anal-
ysis presented in the previous chapter. After introducing discrete L? and H!
Sobolev norms in Section 3.3, we demonstrated an upper bound for the FVE
B-form in terms of our discrete H' semi-norm and an FVE diffusion functional
in Section 3.4. After introducing the Bramble-Hilbert lemma in Section 3.5, we
focused on an H'()-equivalent h, p, and h-p version optimal-order approxi-
mation theory and an h-version superconvergent approximation theory for our
FVE diffusion functional in Section 3.6. After establishing an optimal-order re-

sult in Theorem 3.1 for interpolation by C° piecewise polynomials of arbitrary
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order on a regular triangulation and volumization, we focused on supercon-
vergence for linear interpolation on a “symmetric” volumization in Theorem
3.2. That is, from the perspective of the FVE diffusion functional, the approx-
imating power of a linear trial space on a symmetric volumization matches
the power of a quadratic trial space on a regular volumization. At the core
of the superconvergence theory for the diffusive flux functional is the 1-d fact
that centered differencing is exact for quadratics; we invoke certain volume
symmetries, discussed below, to extend this 1-d result to multi-dimensional
settings.

As we saw in Sections 3.6.2 and 3.6.2.2, the definition of volume sym-
metry is dimensionally and geometry dependent. That is, if d = 1, volume
symmetry is X-symmetry: the volume boundary +;;, a point in 1-d, is at the
midpoint of each element edge Xj;; in this simple case, the diffusive flux is
represented by a centered difference quotient. If d = 2, volume symmetry
for C° linears on triangles requires X and ~-symmetries: the volume edge ~;;
and the element edge X;; are perpendicular bisectors of one another; however
for C° bilinears on rectangles, volume symmetry requires only X-symmetry,
since the quadratic component of a piecewise bilinear trial space obviated the
vij-symmetry requirement.

When d = 3, volume symmetry for C° linears on tetrahedra requires
X-symmetry (the planar volume interface v,; is a perpendicular bisector for the
element edge X;;) and a “centroid” y-symmetry: i.e., X;; — 7;; and the point of
intersection Pj; is the centroid for v;;; furthermore, the geometry of +;; is such

that the centroid quadrature rule is exact for linear functions—+;; is triangular,
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rectangular, hexagonal, etc. (see [49] for details). For C° bilinears (i.e., II; ju €
span{l,z,y} @ {1, z}) on triangular prisms formed in a tensor-product mesh,
volume symmetry requires X-symmetry and a “2-d” v-symmetry: the = and y
cross-sections of v;; must possess the centroid symmetry. That is, linearity in
and y requires the 2-d v;;-symmetry in « and y, but bilinearity in z eliminates
the 2-d ~;;-symmetry in z. For C? trilinears on rectangular bricks formed by a
tensor-product mesh, volume symmetry requires X-symmetry and a “1-d” ~;;-
symmetry: either one of the 1-d cross-sections of v;; must possess the centroid
symmetry. That is, the quadratic components of a trilinear trial space obviate
vij-symmetry requirements as in 2-d; however, its cubic component invokes a
reduced, 1-d ~;;-symmetry.

Finally, using the “degenerate volume paradigm” of Section 3.6.2.2,
we see that linear FVE on a symmetric volumization is identical to a quadratic
FVE on a degenerate volumization; hence, superconvergence for linear FVE
can be viewed as a special case of the optimal-order convergence for quadratic
FVE.

When discussing superconvergence for linear trial spaces, it is im-
portant to emphasize that it is primarily a local phenomenon. Qualitatively,
global superconvergence is the cumulative effect of local volume symmetries or
uniformities in a given computational mesh. Quantitatively, local quadratic
convergence leads to superlinear global convergence: the precise rate depends
upon the prevalence of local volume symmetry or uniformity conditions on a
global computational mesh. As a result, local quadratic convergence of a nu-

merical solution (in regions of symmetry /uniformity on a non-uniform mesh)
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“remediates” the global solution: superlinear, rather than linear, convergence
is observed globally.

Using the optimal-order approximation results of Section 3.6.1, we
derived (for p > 2) an “asymptotic” ellipticity result for the diffusion bilinear
form in terms of our discrete FVE trial space S?(7") and our discrete H!
semi-norm in Section 3.7. That is, for (h/p) sufficiently small, the ellipticity
constant is independent of the computational mesh. This type of argument
is unavoidable if we wish to maintain the FE formalism in our FVE error
analysis for higher-order (p > 2) polynomial trial spaces, since our discrete
H' semi-norm is defined as the restriction of the continuous H' semi-norm to
piecewise linear polynomials on the FVE triangulation 7"/?. Finally, in Section
3.8, we demonstrate an FE-style error analysis for h, p, and h-p version FVE
that matches or exceeds the results of the standard h, p, and h-p FE analysis
presented in Chapter 2.

In Chapter 4, we extended the scope of our analysis to general elliptic
equations and detailed the analogous theoretical results for the FVE treatment
of advection and reaction. After deriving upper bounds for the FVE advection
and reaction bilinear forms in terms of our discrete norms and FVE advection
and reaction functionals in Section 4.2, we focused our attention on develop-
ing an approximation theory for our advection and reaction functionals. In
order to avoid potential conflicts with the superconvergence result for the FVE
diffusion functional, we developed an h, p, and h-p version L*({))-equivalent

optimal-order approximation theory for our advection and reaction functionals
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in Section 4.3. Using these approximation results, we demonstrated “asymp-
totic” ellipticity results in terms of our discrete FVE trial space S?(T") and
our discrete L? (and H') norm(s) for the reaction and advection bilinear forms
in Section 4.4. That is, for (h/p) sufficiently small the ellipticity constants are
independent of the computational mesh. Again this type of argument is necce-
sary to maintain the FE formalism in our FVE analysis, since our discrete L?
is defined to be the restriction of the continuous L? norm to piecewise constant
functions on V*/?. In Section 4.5, we demonstrate and FE-style error analysis
for steady reaction-diffusion and advection-reaction-diffusion equations for h,
p, and h-p version FVE that matches or exceeds the corresponding FFE results.
And in the previous section, we concluded our presentation for elliptic equa-
tions with a discussion and analysis of the FVE elliptic projection operator to
set the stage for an h, p, and h-p version FVE analysis for parabolic equations.
In the present chapter, the elliptic analysis presented here was ex-
tended to general parabolic equations in a straightforward manner by an FVE
variant of the elliptic projection argument of Wheeler [55]. That is, an FE-
style error analysis of a continuous-time method that uses ordinary differential
equations in time and FVE in space (as in a “method of lines” procedure)
yielded error estimates of the form
=0 € € (allgrs + ol (345
similarly, an FE-style error error analysis of a method that uses finite differences

in time and FVE in space (as in a fully-implicit “time-marching” procedure)
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yielded error estimates of the form

j— h . n
Jnax [(u —ut)( ") e
< O (A0 ul ey +
(h/p)® (110sull2ars) + |l qssy)), (5.46)
where S € (1/2,p] and R = 1 or 2 depending on whether backward Euler

(R = 1) or Crank-Nicolson (R = 2) time differencing is used.
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5.5 Future Work
The work in this dissertation leads to the following key areas for future
work (listed in order of relative importance and/or completeness):
(1) basic theory for elliptic equations,
(2) theory for advection—dominated parabolic equations and their solution
by Eulerian-Lagrangian methods,
(3) theory for porous media problems.
On the basic theory for elliptic equations, the key areas for develop-
ment include:
e upwinding for advection,
e general boundary conditions,
o discrete L? analysis.
Preliminary work for upwinding with a linear (p = 1) trial space has been
completed for locally one-dimensional or “operator-splitting” schemes and for
a multi-dimensional or “full-operator” scheme similar to the algorithm devel-
oped, but not analyzed, by Otto [41] for FV. General boundary conditions pose
no significant obstacles: non-homogeneous Dirichlet boundary conditions are
easily included; total flux boundary conditions require a more detailed treat-
ment of volume construction and symmetry on the domain boundary than
what was stated here; also, preservation of a discrete compatibility condition
is a crucial concern. A discrete L? analysis with a linear trial space has been
completed that is analogous to the theory of Lazarov et al. [33] for F'V which is
based on a discrete variant of the Aubin-Nitsche duality lifting argument. One

important difference between the two works must be noted, the success of [33]
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for F'V is based on uniform Cartesian-product meshes and the tone of the pa-
per seems to indicate that similar success for general meshes is likely; however,
the corresponding FVE analysis posed on general meshes proves that discrete
L? success is limited to the uniform Cartesian-product mesh case—supporting
numerical evidence indicates that this limitation holds for FV as well.

On the theory for advection—-dominated parabolic equations and their
solution by Eulerian-Lagrangian methods, the key areas for development in-
clude:

e MMOC/ELLAM,

e control volume ELLAM,

e flux-based ELLAM.
Following the theory developed here for parabolic equations, a theory for an
FVE variant of the FE “modified method of characteristics” (MMOC) devel-
oped and analyzed by Douglas and Russell [15] has been completed under the
assumption of a semi-analytic backtracking rule based on a Raviart-Thomas
linear trial space representation (see Ciarlet [11] under “mixed finite element
methods” for details) of the velocity field. The corresponding theory for an
FVE variant of the more modern and systematic FE “Fulerian-Lagrangian
localized adjoint method” (ELLAM) developed and analyzed by Wang, Ew-
ing, and Russell [53] is in the works that includes a systematic treatment of
boundary conditions. This theory will lay the ground work for two specific
algorithms: the “control volume ELLAM” of Healy and Russell [22] and the
“flux-based ELLAM” of Trujillo [52].
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On the theory for porous media problems, the key areas for develop-

ment include:

e F'VE MMOC/ELLAM for transport equations,

e mixed FVE for flow equations.
The ultimate goal of FVE theory would be the development of an FVE variant
of the FE theory of Russell [44] for coupled transport and flow problems in
porous media. Analysis of the FVE methods for the transport equation directly
builds on the analysis presented here. However, significant modifications must
be made to analyze the “mixed FVE” (an FVE variant of the “mixed finite
element methods” cited above) which has been developed, but not analyzed,
by Jones [29].

As can be discerned from this brief discussion, significant advances
beyond this dissertation await future development: those advances already
completed or in progress will be presented elsewhere in the near future; how-
ever, advances in porous media problems may not be fully realized until the

end of the next decade.
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