
ERROR ANALYSIS OF THE FINITE VOLUME ELEMENTMETHOD FOR ELLIPTIC AND PARABOLICPARTIAL DIFFERENTIAL EQUATIONSbyRick Vance TrujilloB.S., Metropolitan State College of Denver, 1988M.S., University of Colorado at Denver, 1991A thesis submitted to theUniversity of Colorado at Denverin partial ful�llmentof the requirements for the degree ofDoctor of PhilosophyApplied Mathematics1996



This thesis for the Doctor of Philosophydegree byRick Vance Trujillohas been approvedbyThomas F. RussellLeopoldo P. FrancaChaoqun LiuThomas A. Manteu�elStephen F. McCormickDate



Trujillo, Rick Vance (Ph.D., Applied Mathematics)Error Analysis of the Finite Volume Element Methodfor Elliptic and Parabolic Partial Di�erential EquationsThesis directed by Professor Thomas F. RussellABSTRACTAn a priori error analysis of the �nite volume element method, alocally conservative, Petrov-Galerkin, �nite element method for the numericalsolution of elliptic and parabolic partial di�erential equations arising in 
uiddynamics applications, is presented. Existing error estimates apply to dis-cretizations of steady di�usion equations by linear �nite elements in two spatialdimensions. These results are extended to steady advection{reaction{di�usionequations and are generalized to polynomial �nite elements of arbitrary orderin three spatial dimensions and to the full range of admissible regularities forthe exact solution. Optimal-order error estimates for h, p, and h-p versions ofthe method with uniform re�nement are derived in a discrete H1 norm, un-der minimal regularity assumptions for the exact solution, the �nite elementtriangulation, and the �nite volume construction. With additional symmetryassumptions for the �nite volumes, multi-dimensional H1 superconvergenceresults are obtained for linear �nite elements. Using an elliptic projection ar-gument, we outline the analysis of continuous-time and backward Euler andiii



Crank-Nicolson discrete-time methods for general parabolic equations.This abstract accurately represents the content of the candidate's thesis. Irecommend its publication.Signed Thomas F. Russell

iv



DEDICATIONTo my Family, with love:To my Father, who �nds me when I am lostand welcomes me home with open arms;To my elder brother Yeshua, who sel
essly pours out his lifebloodto save me and bears my burdens upon his shoulders;To my dear Comforter, who always illuminates the way oftruth and life in the darkest nights;To my Mother, who graciously intercedes on my behalfand keeps me close to her heart;To my Guardian, who subtly guides and protects meall the days of my life;To my Brothers and Sisters, who encourage and admonish mewith the example of their lives.Please never let me be separated from thee,my precious loving Family!



CONTENTSChapter1. The Finite Volume Element Method : : : : : : : : : : : : : : : : : : 11.1 Introduction : : : : : : : : : : : : : : : : : : : : : : : : : : : : 11.1.1 Contents of the Thesis : : : : : : : : : : : : : : : : : : : 31.2 Background : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 71.3 Numerical Methods : : : : : : : : : : : : : : : : : : : : : : : : 91.4 The Finite Volume Method (FV) : : : : : : : : : : : : : : : : : 121.5 The Finite Element Method (FE) : : : : : : : : : : : : : : : : 141.6 The Finite Volume Element Method (FVE) : : : : : : : : : : : 181.7 Historical Development : : : : : : : : : : : : : : : : : : : : : : 221.8 Summary : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 252. Theoretical Preliminaries : : : : : : : : : : : : : : : : : : : : : : : : 262.1 Triangulation : : : : : : : : : : : : : : : : : : : : : : : : : : : : 262.1.1 FE Triangulation : : : : : : : : : : : : : : : : : : : : : : 272.1.2 FVE Primal Mesh : : : : : : : : : : : : : : : : : : : : : 282.2 Volumization : : : : : : : : : : : : : : : : : : : : : : : : : : : : 322.2.1 Volume Construction : : : : : : : : : : : : : : : : : : : : 322.2.2 Volume Symmetry : : : : : : : : : : : : : : : : : : : : : 382.2.3 Volume Regularity : : : : : : : : : : : : : : : : : : : : : 382.3 Versions h, p, and h-p : : : : : : : : : : : : : : : : : : : : : : : 412.4 FVE vs. FE : : : : : : : : : : : : : : : : : : : : : : : : : : : : 43vi



2.5 Sobolev Spaces : : : : : : : : : : : : : : : : : : : : : : : : : : : 442.5.1 Integer-Order Spaces : : : : : : : : : : : : : : : : : : : : 452.5.2 Fractional-Order Spaces : : : : : : : : : : : : : : : : : : 462.5.3 Sobolev Embedding : : : : : : : : : : : : : : : : : : : : 462.5.4 Trace Theorem : : : : : : : : : : : : : : : : : : : : : : : 472.5.5 Poincar�e Inequality : : : : : : : : : : : : : : : : : : : : : 472.6 Finite Element Analysis : : : : : : : : : : : : : : : : : : : : : : 492.6.1 Boundedness : : : : : : : : : : : : : : : : : : : : : : : : 502.6.2 Approximation Theory : : : : : : : : : : : : : : : : : : : 512.6.3 Ellipticity : : : : : : : : : : : : : : : : : : : : : : : : : : 522.6.4 Error Analysis : : : : : : : : : : : : : : : : : : : : : : : 522.6.4.1 Error Splitting : : : : : : : : : : : : : : : : : : 522.6.4.2 Zero Property : : : : : : : : : : : : : : : : : : : 532.6.4.3 Error Estimate : : : : : : : : : : : : : : : : : : 532.7 Summary : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 543. Analysis for Di�usion Equations : : : : : : : : : : : : : : : : : : : : 553.1 Preliminaries : : : : : : : : : : : : : : : : : : : : : : : : : : : : 563.2 Motivation : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 593.3 Discrete Norms : : : : : : : : : : : : : : : : : : : : : : : : : : : 613.3.1 Discrete L2 Norm : : : : : : : : : : : : : : : : : : : : : : 623.3.2 Discrete H1 Norm : : : : : : : : : : : : : : : : : : : : : 633.3.3 Discrete Poincar�e Inequality : : : : : : : : : : : : : : : : 643.4 Boundedness : : : : : : : : : : : : : : : : : : : : : : : : : : : : 653.5 Bramble-Hilbert Lemma : : : : : : : : : : : : : : : : : : : : : : 68vii



3.5.1 Applications : : : : : : : : : : : : : : : : : : : : : : : : : 693.6 Approximation Theory : : : : : : : : : : : : : : : : : : : : : : 723.6.1 Optimal-order Approximation : : : : : : : : : : : : : : : 723.6.2 Superconvergent Approximation : : : : : : : : : : : : : : 773.6.2.1 Extension to Three Dimensions : : : : : : : : : 813.6.2.2 Degenerate Volume Paradigm : : : : : : : : : : 843.7 Ellipticity : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 873.8 Error Analysis : : : : : : : : : : : : : : : : : : : : : : : : : : : 913.8.1 Error Splitting : : : : : : : : : : : : : : : : : : : : : : : 913.8.2 Zero Property : : : : : : : : : : : : : : : : : : : : : : : : 923.8.3 Error Estimate : : : : : : : : : : : : : : : : : : : : : : : 923.9 Summary : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 944. Analysis for General Elliptic Equations : : : : : : : : : : : : : : : : 974.1 Preliminaries : : : : : : : : : : : : : : : : : : : : : : : : : : : : 984.2 Boundedness : : : : : : : : : : : : : : : : : : : : : : : : : : : : 1004.2.1 Advection : : : : : : : : : : : : : : : : : : : : : : : : : : 1004.2.2 Reaction : : : : : : : : : : : : : : : : : : : : : : : : : : : 1014.3 Approximation Theory : : : : : : : : : : : : : : : : : : : : : : 1034.3.1 Advection : : : : : : : : : : : : : : : : : : : : : : : : : : 1034.3.2 Reaction : : : : : : : : : : : : : : : : : : : : : : : : : : : 1044.4 Ellipticity : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 1084.4.1 Reaction : : : : : : : : : : : : : : : : : : : : : : : : : : : 1084.4.2 Advection : : : : : : : : : : : : : : : : : : : : : : : : : : 1104.5 Error Analysis : : : : : : : : : : : : : : : : : : : : : : : : : : : 113viii



4.5.1 Reaction-Di�usion : : : : : : : : : : : : : : : : : : : : : 1134.5.2 Advection-Reaction-Di�usion : : : : : : : : : : : : : : : 1144.5.3 General Error Estimate : : : : : : : : : : : : : : : : : : 1154.6 Elliptic Projection : : : : : : : : : : : : : : : : : : : : : : : : : 1164.7 Summary : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 1185. Analysis for Parabolic Equations : : : : : : : : : : : : : : : : : : : : 1265.1 Numerical Methods : : : : : : : : : : : : : : : : : : : : : : : : 1285.1.1 Continuous-Time : : : : : : : : : : : : : : : : : : : : : : 1285.1.2 Discrete-Time : : : : : : : : : : : : : : : : : : : : : : : : 1295.2 Components of Analysis : : : : : : : : : : : : : : : : : : : : : : 1315.2.1 Boundedness : : : : : : : : : : : : : : : : : : : : : : : : 1315.2.2 Approximation Theory : : : : : : : : : : : : : : : : : : : 1325.2.2.1 Spatial : : : : : : : : : : : : : : : : : : : : : : : 1335.2.2.2 Temporal : : : : : : : : : : : : : : : : : : : : : 1345.2.3 Ellipticity : : : : : : : : : : : : : : : : : : : : : : : : : : 1345.2.3.1 Spatial : : : : : : : : : : : : : : : : : : : : : : : 1355.2.3.2 Temporal : : : : : : : : : : : : : : : : : : : : : 1355.3 Error Analysis : : : : : : : : : : : : : : : : : : : : : : : : : : : 1375.3.1 Error Splitting : : : : : : : : : : : : : : : : : : : : : : : 1375.3.2 Zero Property : : : : : : : : : : : : : : : : : : : : : : : : 1385.3.3 Energy Argument : : : : : : : : : : : : : : : : : : : : : : 1385.4 Summary : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 1415.5 Future Work : : : : : : : : : : : : : : : : : : : : : : : : : : : : 149References : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 152ix



FIGURESFigure2.1 An example of the triangulation T h. : : : : : : : : : : : : : : 292.2 T h=p restricted to a single element of T h. : : : : : : : : : : : 302.3 Construction of the sub-volume vi(Tp). : : : : : : : : : : : : 342.4 A circumcenter �nite volume Vi. : : : : : : : : : : : : : : : : 362.5 A general �nite volume Vi. : : : : : : : : : : : : : : : : : : : 372.6 Construction of a pair of elements in gT h=p. : : : : : : : : : : 403.1 Formation of the macro-element Eij = T 1ij [ T 2ij. : : : : : : : 793.2 An example of Vh=2 degenerating to Vh. : : : : : : : : : : : : 85

x



ACKNOWLEDGMENTSI gratefully acknowledge the �nancial support of the CU-Denver MathDepartment through many teaching assistantships, of Pat Roache through Eco-dynamics Research Associates, Inc. and Sandia National Laboratories of Albu-querque, NM, and of Tom Russell through many research assistantships: mostrecently through National Science Foundation Grant No. DMS-9312752 andU.S. Army Research O�ce Grant No. 34593-GS.I would like to acknowledge some of the people who encouraged andadmonished me during research seminar presentations: Teri Barth, Dave Dean,Rick Healy, Randy LeVeque, TomManteu�el, SteveMcCormick, Suely Oliveira,Jim Otto, Rossen Parashkevov, Pat Roache, Tom Russell, and Hong Wang. Iwould also like to acknowledge some of the people who encouraged and ad-monished me in my true vocation as a teacher: Bill Briggs, Tom Kelley, andmy students! And a special thanks to Debbie Wangerin, who is always helpingbehind the scenes.



1. The Finite Volume Element Method1.1 IntroductionThis thesis presents an a priori error analysis of the �nite volumeelement method (FVE) for elliptic and parabolic partial di�erential equations.As introduced by Baliga and Patankar [4] and elaborated by McCormick [39]and in the references cited therein, we can view FVE as a combination of thestandard �nite volume method (FV), also known as cell-centered �nite di�er-ences (see Mitchell and Gri�ths [36] for details), and the standard Galerkin�nite element method (FE) (see Ciarlet [11] for details). In FVE, the governingpartial di�erential equation is posed as a local (integral) conservation law ona set of control or �nite volumes|regions of local conservation|that parti-tions the problem domain, as in FV. The unknown FVE solution and known(boundary and source term) data are systematically discretized by a C0 piece-wise polynomial trial space of degree p � 1 that is de�ned on a �nite elementtriangulation with maximummesh diameter h that partitions the problem do-main, as in FE. Thus, the �nite volume element method can be viewed aseither a systematic generalization of the standard �nite volume method or as alocally conservative, as well as globally conservative, (Petrov-Galerkin) variantof the standard �nite element method. In analogy to the h, p, and h-p versionFE of Babu�ska (see [2, 3, 27, 51] and the references cited therein), we considerh, p, and h-p version FVE where increased accuracy is obtained by re�ningthe computational mesh parametrized by h and/or by increasing the order p1



of the FE polynomial space. Other methods that are either closely related oridentical to the h-version FVE include: control volume �nite element methods[4], generalized box methods [5], and the method of support operators [48],Although a large body of theoretical infrastructure and of results forelliptic and parabolic equations exists for both FV and FE, analysis for the h-version FVE is limited to the foundation laid by Cai and McCormick [8], Cai,Mandel, and McCormick [9], and culminating in Cai [10] for the numericalsolution of steady di�usion equations by linear �nite elements in two spatialdimensions. Starting from this foundation, we extend and generalize FVE erroranalysis to steady and transient advection{reaction{di�usion equations and topolynomial �nite elements of arbitrary order in three spatial dimensions. Toconstruct an error analysis for FVE, we are guided by the large body of FEtheory for elliptic and parabolic problems and their solution by arbitrary order�nite elements|as contained in Ciarlet [11], Douglas [12], Douglas and Dupont[13, 14], Wheeler [55], and in references cited therein|and by modern FV erroranalysis for the lowest-order methods based on FE-style arguments for linear�nite elements: e.g., Bank and Rose [5], Ewing et al. [17, 18], Hackbusch [21],Heinrich [23], Herbin [24], Kreiss et al. [31], Lazarov et al. [32, 33], Manteu�eland White [35], Morton and S�uli [38], Samarskii et al. [46], S�uli [50], and Weiserand Wheeler [54].By adapting FV and FE arguments to �t the context of FVE anddeveloping some new arguments unique to FVE, we derive optimal-order errorestimates under the full range of admissible regularities for the exact solu-tion for h, p, and h-p version FVE with uniform re�nement in a discrete H12



norm for Lagrange �nite elements of arbitrary order|under minimal regular-ity assumptions for the exact solution, the �nite element triangulation, andthe �nite volume construction. With additional uniformity assumptions forthe �nite volumes, H1 superconvergence results are obtained for linear �niteelements. Using an elliptic projection argument, we outline the analysis ofcontinuous-time and backward Euler and Crank-Nicolson discrete-time meth-ods for general parabolic equations.1.1.1 Contents of the ThesisThe remainder of the thesis is organized as follows. In this chapter, wegive the necessary introduction for the �nite volume element method (FVE)for elliptic equations before we proceed with an analysis of the method. InSection 1.2, we outline how FVE arises from the approximation of certainintegral conservation laws that lead to elliptic partial di�erential equations.In Section 1.3, we detail a three step procedure describing the constructionof numerical methods for elliptic equations. In Sections 1.4, 1.5, and 1.6, wecompare and contrast three speci�c numerical methods that arise from ourthree step procedure: the �nite volume method (FV) in Section 1.4, the �niteelement method (FE) in Section 1.5, and most importantly, the �nite volumeelement method (FVE) in Section 1.6. Finally, a brief outline of the historicaldevelopment of computational 
uid dynamics and roles played by the threemethods is given in Section 1.7.In Chapter 2, we present some theoretical preliminaries. In Sections2.1 and 2.2, we de�ne and discuss the computational meshes (i.e., the FEtriangulation T h, the FVE primal mesh T h=p, and the FVE dual mesh Vh=p)3



that are fundamental to the implementation and analysis of FVE. In Sections2.3 and 2.4, we de�ne h, p, and h-p version FE and FVE and discuss theirrelative merits. In Section 2.5, we introduce standard de�nitions and resultsfor Sobolev spaces that are fundamental to FE and FVE analysis. In Section2.6, we brie
y outline an FE analysis for the steady di�usion equation to set areference point for an FVE analysis in the next two chapters.In Chapter 3, we present an h, p, and h-p version FVE analysis fordi�usion equations. In Section 3.1, we provide some preliminary de�nitions andnotation that facilitates the transition from FE to FVE analysis. In Section3.2, we motivate our FVE analysis and its relation to previous FE work. InSection 3.3, we de�ne some discrete norm counterparts to the continuous L2and H1 Sobolev norms of Section 2.5 and demonstrate a discrete Poincar�einequality. As in the FE analysis of Section 2.6, these tools are crucial to FVEanalysis. In Section 3.4, we determine an upper bound or continuity resultin terms of an FVE di�usion functional and our discrete H1 semi-norm forthe FVE bilinear form that is used to discretize the model di�usion equationdiscussed in Section 2.6. In Section 3.5, we state and outline applications ofthe linear Bramble-Hilbert lemma which is at the heart of our FVE analysis.In Section 3.6, we use the Bramble-Hilbert lemma to derive error estimatesfor the FVE approximation of elements from fractional-order Sobolev spacesby elements from the piecewise polynomial trial spaces employed by the h,p, and h-p version FVE methods: in terms of our FVE di�usion functional,H1(
)-equivalent optimal-order approximation results are derived for pth-ordertrial spaces in Section 3.6.1; robust and practical superconvergence results for4



linear trial spaces on a \symmetric" volumization are derived in two and threedimensions in Section 3.6.2. In Section 3.7, we derive an \asymptotic" discreteellipticity result for the FVE di�usion bilinear form in terms of our discreteH1 semi-norm|aided by the approximation theory from the previous section.Finally in Section 3.8, we construct an FVE analysis for di�usion equationswith the components developed in the preceding sections: optimal-order andsuperconvergence results are obtained for h, p, and h-p version FVE in ourdiscrete H1 semi-norm. The key results of this chapter are summarized inSection 3.9.In Chapter 4, we note modi�cations for an h, p, and h-p version FVEanalysis for general elliptic equations and elliptic projections. After presentingsome preliminary theoretical infrastructure in Section 4.1, we develop upperbounds in terms of FVE advection and reaction functionals and our discreteL2 and H1 norms for the FVE bilinear forms corresponding to the treatmentof advection and reaction terms in a general elliptic equation in Section 4.2.In Section 4.3, we develop L2-equivalent optimal-order approximation theoryresults for our FVE advection and reaction functionals. Our goal here is to �ndestimates for advection and reaction that do not interfere or add any additional\volume symmetry" constraints to the di�usion optimal-order and supercon-vergence results of the previous chapter. In Section 4.4, we derive \asymptotic"discrete ellipticity results for the FVE reaction and advection bilinear forms.Finally in Section 4.5, we construct an FVE analysis for reaction{di�usion andadvection{reaction{di�usion equations with the components developed in thepreceding sections: optimal-order and superconvergence results are obtained5



for h, p, and h-p version FVE in our discrete H1 semi-norm. In Section 4.6,we extend the theory developed so far to analyze the elliptic map which is thekey theoretical tool in our analysis of parabolic equations. The key results ofthis chapter are summarized in Section 4.7.In Chapter 5, we outline an FVE analysis for parabolic equations.First, we de�ne continuous-time and discrete-time numerical methods for gen-eral parabolic equations in Section 5.1: the continuous-time method is an FVEvariant of the \method of lines"; the discrete-timemethods are FVE variants ofBackward Euler and Crank-Nicholson \time marching" methods. In Sections5.2 and 5.3, the components of FVE parabolic analysis are developed and as-sembled to yield optimal-order and superconvergence results for h, p, and h-pversion continuous-time and discrete-time FVE. The key results of this chapterare summarized in Section 5.4 and future work based on the thesis is outlinedin Section 5.5.The main results of the thesis are summarized in Theorems 3.3, 4.3,4.4, 5.4, and 5.5.
6



1.2 BackgroundThe �nite volume element method for elliptic equations is based onthe fact that these equations arise from integral conservation laws [39]. Forde�niteness and simplicity, we work in two spatial dimensions (modi�cations toour analysis for one or three dimensions will be stated as needed) and considerthe following model elliptic equation for an unknown distribution u:Lu � r � (au�Dru) + r u = f in 
; (1.1)where a = (a1; a2), D, and r are advection, di�usion and reaction coe�cients,f is a source term, and 
 � <2 is the spatial domain. In Chapter 5, we willconsider a model parabolic equation based on (1.1) augmented by the massstorage term m@tu. For simplicity, we assume here that the coe�cients aresmooth functions of space alone to avoid di�culties caused by discontinuitiesand nonlinearities in our analysis, though these cases can be handled (seeSection 4.7).For (1.1), we consider Dirichlet or 
ux boundary conditions:u = g or (au�Dru) � n = g on @
; (1.2)where @
 is the boundary of 
, g is boundary data on @
, and n is theoutward unit normal on @
. To guarantee an unique solution in the case of
ux boundary conditions, the source term and boundary data must also satisfya compatibility condition: Z
 f dx+ Z@
 g dS = 0: (1.3)When coupled with boundary conditions (1.2), the elliptic equation (1.1) is ca-pable of accurately modeling a wide range of physical phenomena in disparate7



application areas. Therefore, numerical methods for the elliptic problem de-�ned by equation (1.1) subject to (1.2), like FVE, and their correspondinganalysis are vitally important.Although we stated at the outset that we are investigating numericalsolutions of the elliptic partial di�erential equation (1.1), we are more preciselystudying local integral conservation laws on subdomains V � 
 that lead toequations such as (1.1):Z@V (au �Dru) � n dS + ZV r u dx = ZV f dx; 8 V � 
; (1.4)where @V is the boundary of V , n is the outward unit normal on the boundary@V , and dS is a spatial boundary measure. The �rst integral on the left-handside of equation (1.4) is the net advective-di�usive out
ow or out
ux of uacross @V . The second integral on the left-hand side of equation (1.4) is thenet internal reaction within V which can be thought of as a type of nonlinearsource term. And the single integral on the right-hand side of equation (1.4)is the net contribution due to external sources imposed within V . The local(when V � 
) and global (when V = 
) conservation law (1.4) states thatthe advective-di�usive 
ux across volume boundary @V is counter-balanced byreactions and sources within the volume V . In Chapter 5, we will introducetime dependence and augment (1.4) with the mass storage integral RV m@tu dx.Equation (1.4) is called the primitive form of the elliptic equation(1.1) because it contains the essence of the physical model within the leastrestrictive mathematical model. Finally, it is equation (1.4)|and not equation(1.1)|that we hope to mimic discretely in our numerical methods.8



1.3 Numerical MethodsFVE is a hybrid method composed from standard �nite volume (FV)and �nite element (FE) parent methods and is best understood in terms ofthese methods. Therefore, we will detail a general framework for developingnumerical methods that includes FV, FE, and FVE so that the similarities anddi�erences between the methods may be clearly delineated and understood.When we develop numerical methods, we take the middle groundbetween the strong form equation (1.1) and the conservation law equation(1.4) and work with the associated variational or weak form equation:Z
 wLu dx = Z
 f w dx; 8w 2 W; (1.5)where W is a test space of functions de�ned on the spatial domain 
. Settingthe stage for later developments, we let (�; �) denote the standard L2(
) innerproduct and rewrite equation (1.5) in short hand notation:(Lu;w) = (f;w); 8w 2 W: (1.6)Now the procedure by which we produce numerical methods is easilyenumerated in a three step discretization process:(1) Discretize the spatial domain 
 in order to(a) de�ne a �nite number of sub-domains in 
 on which to pose equa-tion (1.5) and to(b) form a computational mesh whose �nite number of degree-of-freedom (DOF) points will de�ne the numerical approximationto the distribution u of equation (1.5);(2) Discretize the test space W of equation (1.5):9



(a) replace W by a �nite dimensional subspace of polynomials testfunctions de�ned on the spatial sub-domains of Step 1 so that(b) equation (1.5) is localized on each sub-domain of Step 1;(3) Discretize the unknown distribution u and data f of equation (1.5) by(a) �nite di�erence or �nite element approximations with respect tothe DOF points of the computational mesh of Step 1 in order to(b) pose a discrete version of equation (1.5) on each sub-domain ofStep 1.In Step 1, we discretize the spatial domain 
 in two di�erent butinterconnected ways: �rst, we discretize 
 by� standard �nite element triangulations of 
: T h with triangular or rect-angular elements denoted by T ; T h=p, the p-fold re�nement of T h thatconnects DOF points for polynomials of order p de�ned each element Tin T h. Hence, T h and T h=p are basic or primal computational meshes.The details of the triangulation constructions are given in Section 2.1;second, we discretize 
 by� standard �nite volume volumizations of 
, denoted by Vh or Vh=p,with convex or star-shaped volumes, denoted by V , to form dual com-putational meshes corresponding to the triangulations T h and T h=p,respectively. The details of the volumization constructions are givenin Section 2.2.The �nite number of degrees-of-freedom located at the vertices the T h=p tri-angulation are used represent the numerical approximation to the unknowndistribution u of equation (1.5); the set of DOF points on the computational10



mesh is denoted by fxigi2I , where I is a DOF point indexing set. Each DOFpoint xi of the computational mesh is surrounded by a �nite volume, denotedby Vi, so that there is a one-to-one correspondence between DOF points and�nite volumes|the speci�cs of the �nite volume construction are given in Sec-tion 2.2. Therefore, the set of �nite volumes in the volumizations Vh or Vh=pcan be denoted and enumerated by fVigi2I. According to standard �nite vol-ume methodology, the value of the unknown u at DOF point xi represents thevolume average of u on volume Vi.In Step 2, we discretize the test space by replacing W by one of thefollowing choices:� Sp(T h), the space of piecewise polynomials of order p � 1 de�ned oneach triangle or rectangle T of the triangulation T h;� S0(Vh) or S0(Vh=p), the space of piecewise constants de�ned on thevolumizations Vh or Vh=p, respectively.In Step 3, we discretize the unknown u, derivatives of u, and thesource term f by replacing them with� �nite element approximations uh, ruh, and fh, where uh and fh arerepresentations of u and f in terms of a �nite dimensional trial spacechosen to be Sp(T h).� �nite di�erence approximations to u, ru, and f formed by pth-orderinterpolation and/or extrapolation between vertices of the T h triangu-lation.Now we can easily describe FV, FE, and FVE by tracing the development ofeach numerical method through each of the three steps discussed above.11



1.4 The Finite Volume Method (FV)In the �nite volume method (FV), we create the computational meshT h and its dual mesh Vh in Step 1 of Section 1.3. In Step 2 of Section 1.3, wechoose S0(Vh) as the test space; the set of basis elements for S0(Vh) is the setof characteristic functions f�igi2I (recall that I is a DOF point indexing set)with �i de�ned by �i(x) � 8>><>>: 1; if x 2 Vi;0; otherwise: (1.7)Referring back to equation (1.5), we choose the �i basis functions astest functions and apply Green's Theorem (i.e., perform integration by parts)to the advection and di�usion term. As a result, we obtain the FV weak form:Z@Vi(au �Dru) � n dS + ZVi r u dx = ZVi f dx; 8Vi 2 Vh; (1.8)where @Vi is the boundary of Vi, n is the outward unit normal on the bound-ary @Vi, and dS is a spatial boundary measure. Referring to the short-handnotation of equation (1.6), we perform integration by parts on (Lu; �i) to ob-tain the left-hand side integrals of equation (1.8). To set the stage for laterdevelopments, we rewrite equation (1.8) in the short-hand notation:B(u; �i) = (f; �i); 8�i 2 S0(Vh); (1.9)where the the bilinear form B(�; �) on the left-hand side of equation (1.9) con-sists of all of the integrals on the left-hand side of (1.8).In Step 3 of Section 1.3, FV uses a somewhat ad hoc �nite di�erencemethodology that usually corresponds to a reduced or \lumped" quadraturestrategy for the integrals of equation (1.8). That is, expressions for u, ru, and12



f are obtained by interpolation and/or extrapolation between vertex values ofu and f in the T h triangulation (see Mitchell and Gri�ths [36] or Roache [43]for details).At this point we will defer a discussion about the speci�cs of obtain-ing a �nite volume numerical solution and the implementation of boundaryconditions until we address those issues in conjunction with the �nite volumeelement method.The principal advantage of the �nite volume approach is that its weakform (1.8) closely mimics the integral conservation law (1.4). The methodwill be locally conservative on each Vi, as well as globally conservative on
 which is a crucial measure of the physical \correctness" of the numericalsolution. Of course, the conservative property does not imply the mathematicalcorrectness of the numerical solution. Usually, we �nd that the crude �nitedi�erence approximations to the integrands of (1.8) limit the e�ectiveness ofFV to relatively simple mesh structures (e.g., Cartesian-product meshes) andsimple treatments of boundary conditions.
13



1.5 The Finite Element Method (FE)To alleviate some of the di�culties due to FV, one usually turns tothe �nite element method (FE). For FE, we create the computational mesh T hwith triangular or rectangular elements and its p-fold re�nement T h=p in Step1 of Section 1.3. In Step 2 of Section 1.3, we choose Sp(T h) as the test spaceand denote this choice as Wh. The set of nodal basis elements for this spaceWh is the set f�igi2I : �i(xj) = �ij; (1.10)where �ij is the Kr�onecker delta, and �i(x) is found by pth-order interpolationbetween the DOF points at the vertices of T h=p. The support of �i is denotedby T hi and it consists of all elements of the triangulation T h that have xi as avertex. Referring back to equation (1.5), we choose the �i basis functions astest functions and perform integration by parts on the advection and di�usionterms. As a result, we obtain the FE weak form given by (1.11) on sub-domainsaway from the domain boundary @
:ZT hi Dru � r�i � ua � r�i + r u�i dx = ZT hi f �i dx; 8�i 2 Wh; (1.11)where T hi is the support of �i. To describe modi�cations on the domain bound-ary @
, we de�ne @
i as the intersection of the domain boundary with T hi |theclosure of the ith test function support: @
i � @
\T hi . When @
i has positivemeasure, the FE weak form (1.11) includes the boundary 
ux integralZ@
i(au �Dru) � n�i dS: (1.12)14



Regarding boundary modi�cations, let us pause for a few commentsregarding implementation of the boundary conditions speci�ed in (1.2) withrespect to the boundary integral of (1.12)|additional details can be foundthe texts of Ciarlet [11] or Johnson [28]. If a Dirichlet boundary conditionis imposed, the boundary 
ux integrand of (1.12) is an unknown and can besolved for separately if desired. The information from the Dirichlet boundarycondition is imposed directly upon the trial space discretization of u on @
 andinformation from boundary nodes on @
 are passed to the right-hand side ofour discrete equations (cf. equation (1.16) below) in an obvious manner thatis discussed in the texts cited above. However, if a 
ux boundary condition isimposed, the boundary 
ux is known data and boundary 
ux integral of (1.12)is moved to the right-hand side of equation (1.11). In the discussion below,we'll assume that a homogeneous 
ux boundary condition has been imposedin order to simplify the presentation.Referring to the short-hand notation of equation (1.6), we performintegration by parts on (Lu; �i) to obtain the left-hand side integrals of equa-tion (1.11) and the boundary integral of (1.12). To set the stage for laterdevelopments, we rewrite equation (1.11) in short-hand notation:A(u; �i) = (f; �i); 8�i 2 Wh; (1.13)where the the bilinear form A(�; �) on the left-hand side of equation (1.13)consists of all of the integrals on the left-hand side of (1.11).In Step 3 of Section 1.3, the Galerkin FE uses Wh as a trial space, aswell as a test space, to represent the unknown u and source f of equation (1.11),but other higher order polynomial spaces de�ned on the mesh can be used as15



a trial space and the result is termed Petrov-Galerkin FE. In the remainder ofthis dissertation, we'll refer to the Galerkin FE as \the" �nite element methodsince it is the FE of choice in the bulk of applications. To describe our �niteelement method, we de�ne uh 2 Wh as the trial space representation of thenumerical solution: uh �Xj2I uhj �j(x); (1.14)where uhj = uh(xj) so that uh has a nodal representation. Similarly, we de�nefh 2 Wh as our trial space representation of the source term:fh �Xj2I fj �j(x); (1.15)where fj = f(xj) so that fh = �phf is the pth-order interpolant of f intoSp(T h). Referring to equation (1.13), the �nite element method solution ofequation (1.1) is described as follows: �nd uh 2 Wh such thatA(uh; �i) = (fh; �i); 8�i 2 Wh: (1.16)Equivalently, the simultaneous solution to the �nite dimensional problem givenby equation (1.16) is given by the corresponding matrix problem:Au = fFE; (1.17)where the �nite element matrix A of (1.17) has entries [A]ij de�ned by[A]ij � A(�j; �i); (1.18)and the vector u of (1.17) contains the nodal values of the �nite element solu-tion and has entries [u]j given by [u]j � uhj : (1.19)16



As a result of the de�nitions of uh in (1.14), A in (1.18), and u in (1.19), wesee that the ith entry of the vector formed by the matrix/vector inner producton the left-hand side of equation (1.17), [Au]i, is equivalent to the left-handside of equation (1.16) for the ith test function:[Au]i =Xj2I uhj A(�j; �i) = A(uh; �i): (1.20)Similarly, we de�ne the ith entry of the �nite element right-hand side vectorof (1.17)|[fFE]i|as the right-hand side of equation (1.16) for the ith testfunction: recalling the de�nition of fh in (1.15), we have[fFE]i � (fh; �i) =Xj2I fj (�j; �i): (1.21)The principal advantage of the �nite element approach is its mathe-matical generality: FE triangulations can be �tted to very general geometriesand boundary conditions; the trial and test spaces de�ned on those triangula-tions provide accurate and robust approximations to the unknown u and dataf . However, the mathematical generality of FE can be a weakness as well as astrength: the computational overhead required to set up the FE matrix systemof equations can be expensive compared to the set up costs for FV on generalcomputational meshes. Furthermore, this overhead is relatively �xed: the setup cost for FE is largely problem independent for a general mesh|relativelysimple di�usion problems require nearly as much work as complex advection{reaction{di�usion problems. From the physical standpoint, the boundary inte-gral (1.12) implies that FE will match the form of the governing conservationlaw globally on 
 but not on any sub-domain of 
; hence an important char-acteristic of the problem|local conservation|has been lost.17



1.6 The Finite Volume Element Method (FVE)To realize the local conservation property of the �nite volume methodwithin a �nite element framework, we turn to the �nite volume elementmethod(FVE)|see Baliga and Patankar [4] and McCormick [39] for fundamentals. InSteps 1 and 2 of Section 1.3, we follow the a \combined" FE and FV method-ology: in Step 1, we construct a FE triangulation T h with triangular or rect-angular elements, its p-fold re�nement T h=p, and a dual mesh Vh=p that is tiedto T h=p rather than T h as in FV|the importance of this distinction will bediscussed below; in Step 2, choose S0(Vh=p) = X h as a test space. After in-tegration by parts, FVE has the same weak form as FV|cf. equations (1.8)and (1.9)|which preserves a �nite dimensional analog of the local conservationproperty of the integral conservation law (1.4). However in Step 3 of Section1.3, we break away from the usual FV discretization of the unknown u and thedata f and turn to the usual FE discretization: replace u and f with repre-sentations uh and fh in the trial space Sp(T h) = Wh as in equations (1.14)and (1.15). We can do this because the volumization Vh=p establishes a one-to-one correspondence between the vertices of T h=p which are the DOF points forSp(T h). Hence, the use of the FE trial space is equivalent to systematic andgeneralized FV-style interpolations or extrapolations between nodes of T h=p.Regarding boundary conditions, the general remarks for the �niteelement method also apply to the �nite volume element method. As in the FEdevelopment of the previous section, we'll assume a homogeneous 
ux boundaryto simplify our presentation. Further discussion of boundary conditions andtheir impact on our FVE analysis will be deferred to later chapters.18



Referring to equation (1.9), the �nite volume elementmethod solutionfor equation (1.1)|or perhaps more appropriately equation (1.4)|is describedas follows: �nd uh 2 Wh such thatB(uh; �i) = (fh; �i); 8�i 2 X h; (1.22)where fh satisi�es an L2 projection relationship with f ,(fh; �i) = (f; �i); 8�i 2 X h; (1.23)to ensure that the numerical source term conserves mass on each volume inVh=p. Equivalently, the simultaneous solution to the �nite dimensional problemgiven by equation (1.22) is given by the corresponding matrix problem:Bu = fFVE; (1.24)where the �nite volume element matrixB of (1.24) has entries [B]ij de�ned by[B]ij � B(�j; �i); (1.25)and as before the vector u of (1.24) contains the nodal values of the �nitevolume element solution and has entries [u]j of the form given by (1.19). As aresult of the de�nitions of uh in (1.14), B in (1.25), and u in (1.19), we see thatthe ith entry of the vector formed by the matrix/vector inner product on theleft-hand side of equation (1.24) is equivalent to the left-hand side of equation(1.22) for the ith test function:[Bu]i =Xj2I uhj B(�j; �i) = B(uh; �i): (1.26)19



Similarly, we de�ne the ith entry of the �nite volume element right-hand sidevector of (1.24)|fFVE|as the right-hand side of equation (1.22) for the ithtest function: recalling the de�nition of fh in (1.15), we have[fFVE]i � (fh; �i) =Xj2I fj (�j; �i): (1.27)The principal advantage of the �nite volume element approach is thatits FV weak form (1.8) mimics the integral conservation law (1.4) while incor-porating the mathematical generality of FE for very general geometries andboundary conditions. From the FV perspective, FVE represents a systematicand general approach to generating �nite di�erence stencils that is only slightlymore complex than the standard FV approach. While from the FE perspec-tive, FVE represents a locally conservative variant of the standard FE by thechoice of a simpler, lower order, volume-oriented test space.From the standpoint of application, FVE favors its FV parent as itagrees with FV in Steps 1 and 2 of its formation. In Step 3, FVE can build uponFV by using a FE trial space rather than interpolate or extrapolate betweennodes of T h. From the standpoint of analysis, FVE favors its FE parent asit can be viewed as a Petrov-Galerkin variant of the standard �nite elementmethod. In classical �nite volume analysis (see Mitchell and Gri�ths [36],Kreiss et al. [31], Manteu�el and White [35], and the references listed therein)FV is viewed as a special type of �nite di�erence method and analyzed in termsof �nite di�erence truncation error in C1 norms. However, in modern �nitevolume analysis (see [5, 17, 18, 21, 23, 32, 33, 38, 46, 50, 54]) FV is viewed as aspecial type of �nite element method and its error is analyzed in terms of �niteelement approximation theory results: results for the error in approximating20



elements of a fractional-order Sobolev space with piecewise polynomials. SinceFVE is even closer to FE than FV, our analysis will follow that of FE evenmore closely.Once we have established some theoretical infrastructure in the nextchapter, we'll come back to the theoretical similarities between FVE and FE.But for now, we need to close the book with regard to the basic description ofthe methods by brie
y discussing the historical development of the computa-tional 
uid dynamics and the roles played by FV, FE, and FVE.
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1.7 Historical DevelopmentHistorically (see Batchelor [6]), the local and global conservation law(1.4) was the starting point for theoretical 
uid dynamics in the 18th century;later with the development of continuum mechanics, it was shown (under suit-able conditions) that (1.4) implied (1.1). In the current century (see Roache[43], Shashkov and Steinberg [48]), �nite di�erence numerical methods basedon (1.4) have enjoyed great success in a wide range of application problems in
uid dynamics.Starting in the 19th century (see Guenther and Lee [20]) with thedevelopment of the calculus of variations and functional analysis, attentionin mathematical and physical circles shifted from local conservation laws tointegral-based variational principles that (under suitable conditions) lead toequations like (1.1) in 
uid dynamics as well as in other branches of contin-uum mechanics. In the current century (see Johnson [28] and Oden [40]),�nite element numerical methods (discussed in Section 2.6) based on integralvariational principles have succeeded in cases where �nite di�erences have en-countered di�culties and even failures.Coupled with a sophisticated yet elegant analysis (see [11, 12, 13,14, 55]) that is one the crowning jewels of modern applied mathematics, it ap-peared likely that Galerkin �nite elementmethods would largely supplant �nitedi�erences by the end of this century. However, this has not happened in 
uiddynamics and is not likely to happen in the future. Somewhat super�cially,the issue of computational e�ciency has been problematic: the computational22



set-up costs for �nite elements are relatively expensive when compared to �-nite di�erences on general computational grids that discretize domains withcomplex geometries.More fundamentally, the problem lies in the choice of the underlyingmodel for computation. Standard �nite volume or cell-centered �nite di�erencemethods (FV) rely on the local and global conservation law (1.4), which isalways physically valid even when extrapolation to (1.1) is not. StandardGalerkin �nite element methods (FE) rely on an integral formulation of (1.1)arising from variational principles and are not locally conservative; however,FE is globally conservative. Hence, FE violate the spirit and the letter of thefundamental local conservation laws that govern 
uid dynamics.Furthermore, the di�culties that arise in FV are not due to its con-servation law model but are usually due to somewhat ad hoc discretizationsof the unknown solution, known data, and boundary conditions for problemsposed on di�cult geometries. Conversely, the successes of FE are largely due toits systematic discretizations based on piecewise polynomial spaces de�ned onFE triangulations for general geometries and not due to its variational model.At the same time, variational principles are fundamental (and con-servation laws are not) in related disciplines of continuum mechanics such asstructural mechanics and electrostatics which are based on a principle of \vir-tual work." In those applications, FE is the preferred numerical method (seeBabu�ska and Osborn [2] and the references cited therein).In FVE, we try to combine the best of FV and FE. First, it is the lo-cal and global conservation law (1.4)|and not a FE weak form of (1.1)|that23



we mimic discretely in FVE. Second, FVE approximates (1.4) using meshesdescribed in the next two sections, by replacing u and f in (1.4) with �niteelement approximations uh and fh which are based on a �nite element trian-gulation T h that partitions 
, and by posing equation (1.4) on a �nite subsetVh=p of volumes that partitions 
.FVE is a full-
edged �nite element method that is based on a localconservation model rather than a variational model; but at the same time,FVE can recover more computationally e�cient equations like those of FVwith the use of certain reduced or lumped quadratures (see [5]). In general,FVE enjoys some of the computational advantages of FV when compared toFE. In FE, piecewise polynomial trial and test spaces of degree p � 1 areused to discretize the unknown u and to set-up FE equations, respectively.Therefore, quadrature rules that are exact for polynomials of degree 2p areused to evaluate multiple integrals in FE. In FVE, piecewise polynomial trialspaces of degree p and piecewise polynomial test spaces of degree 0 are used todiscretize the unknown u and to set-up FVE equations, respectively. Therefore,quadrature rules that are exact for polynomials of degree p are used to evaluatemultiple integrals in FVE. If we let d be the number of spatial dimensions ina given problem domain, we see that FVE quadrature will be O(2d) timesless expensive than FE quadrature for a given problem (see Stroud [49] fora discussion of quadrature for multiple integrals). For practical engineeringproblems in three dimensions, the computational set-up costs for FVE arenearly an order of magnitude less expensive than FE.24



1.8 SummaryIn this chapter, we have given the necessary introduction for the �-nite volume element method (FVE) for elliptic equations as a prelude to ananalysis of the method. In Section 1.2, we outlined how FVE arose from theapproximation of certain integral conservation laws that led to elliptic partialdi�erential equations. In Section 1.3, we detailed a three step procedure for theconstruction of numerical methods for elliptic equations. In Sections 1.4, 1.5,and 1.6, we compared and contrasted three speci�c numerical methods thatarose from our three step procedure: the �nite volume method (FV) in Section1.4, the �nite element method (FE) in Section 1.5, and most importantly, the�nite volume element method (FVE) in Section 1.6. Finally, a brief outline ofthe historical development of computational 
uid dynamics and roles playedby the three methods was given in Section 1.7.
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2. Theoretical PreliminariesIn this chapter, we make the discussion started in the previous chaptermore precise by providing some theoretical preliminaries: construction of theFVE triangulations and volumizations, de�nitions of h, p, and h-p version FVE,a comparison between FE and FVE versions, Sobolev spaces to characterize theexact solution to the model elliptic equation (1.1), and an outline of standardFE analysis.2.1 TriangulationThe most basic component in the implementation and analysis ofthe �nite volume element method is the discretization of the domain 
 intocomputational meshes. The �nite element triangulation T h of 
 and the �nitevolume element volumization Vh=p of 
 are two di�erent|yet interconnected|meshes or discretizations of 
. The two discretizations are connected by athird mesh or discretization of 
: T h=p, the p-fold re�nement of T h. Thenodes or vertices of T h=p are the locations of the degrees of freedom (DOF)for uh 2 Sp(T h): uh is a C0 function on 
 that is a polynomial of degreep � 1 when restricted to each element T of T h. In FVE terminology, thetriangulation T h=p is the primal mesh and the volumization Vh=p is the dualmesh. Next, we describe these three meshes and their relationships.26



2.1.1 FE TriangulationLet T h be a non-overlapping triangulation of 
, the closure of 
,into a �nite number of elements T . That is, T h satis�es the following generalproperties [11]:(1) For each T 2 T h, the set T is closed and its interior, int(T ), isnonempty and connected;(2) For each T 2 T h, the boundary @T is Lipschitz-continuous;(3) T h partitions 
: i.e., 
 = ST2T h T .(4) The elements of T h do not overlap: for each distinct T1; T2 2 T h, wehave int(T1) \ int(T2) = ;.(5) Any face of any T1 2 T h is either a subset of the boundary @
 or aface of another T2 2 T h.To simplify the discussion, we assume the elements of the triangulation aretriangles (possibly curved to accommodate non-polygonal domains). Othertypes of elements could be considered: in particular, rectangular elements fora rectangular domain 
.For each T of T h, we de�ne the mesh parameters hT ; h; and �T asfollows: hT is the diameter of the circumscribing circle for T ; h is the maximumvalue of hT ; and �T is the diameter of the inscribed circle in T .We assume that the triangulation is shape regular: there exists apositive constant � such thathT�T � �; 8T 2 T h; (2.1)27



the family (hT ) is bounded and 0 is its unique accumulation point|i.e., happroaches zero. The assumption of regularity is used to simplify error esti-mates and to avoid degenerate triangulations (i.e., a minimum angle conditionis satis�ed). See Figure 2.1 for an example of the triangulation T h.2.1.2 FVE Primal MeshOnce a nodal or base triangulation T h is de�ned, we can de�ne ele-ments of Sp(T h). The degrees of freedom (DOF) for uh 2 Sp(T h) are locatedin a regular fashion in T : on the vertices, along edges, and in the interior ofT . Just as the FE triangulation T h can be determined by connecting the ver-tices of T to their nearest neighbors, an alternative triangulation T h=p can bedetermined by connecting the DOF in T to their nearest neighbors within T :let Tp denote the triangular elements of T h=p. See Figure 2.2 for an exampleof the triangulation T h=p restricted to a single element in T h.To be speci�c, T h=p is generated from T h by the \newest vertex bisec-tion" algorithm developed by Sewell [47] and applied by Mitchell [37] to de�nemesh hierarchies and the corresponding hierarchical basis functions used in theMultigrid iterative solution of p-version FE problems. This re�nement strategyis very similar to the FAC (Fast Adaptive Composite grid) algorithms that weresuccessfully applied to h-version FVE in the monograph of McCormick [39].Although we will not discuss the iterative solution of p-version FVE problem,we use this mesh construction to de�ne a volume mesh in Section 2.2.1, and tode�ne p and h-p version FVE in Section 2.3. At the same time, we wish to setthe stage for the e�cient numerical implementation p and h-p version FVE ata later date. 28



Figure 2.1: An example of the triangulation T h.
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Figure 2.2: T h=p restricted to a single element of T h.
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Note that each element in T h=p is contained in a single element ofT h. The primal mesh T h=p can be seen as the p-fold re�nement of T h: ifdiam(T ) = h, then diam(Tp) = h=p. Therefore, we writeT h=p � T h (2.2)as a shorthand notation for this mesh hierarchy or nested property of thetriangulations.
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2.2 VolumizationThe FVE dual mesh Vh=p or volumization of 
 partitions 
 into a�nite number of non-overlapping elements Vi|the index i refers to a one-to-one correspondence between volumes and DOF for uh 2 Sp(T h). To de�ne Vh=pfrom the primal mesh T h=p, we make frequent reference to T h=pi : the union ofall Tp 2 T h=p that have the location of the ith DOF, xi, as a vertex. In general,Vh=p satis�es the following properties:(1) For each V 2 Vh=p, the set V is closed and its interior, int(V ), isnonempty and connected;(2) For each V 2 Vh=p, the boundary @V is Lipschitz-continuous;(3) Vh=p partitions 
: i.e., 
 = SV 2Vh=p V .(4) The elements of Vh=p do not overlap: For each distinct Vi; Vj 2 Vh=p,one has int(Vi) \ int(Vj) = ;.(5) Any face of any Vi 2 Vh=p is either a subset of the boundary @
 or aface of another Vj 2 Vh=p;(6) There is a one-to-one correspondence between primal mesh nodes anddual mesh volumes: xi 2 Vi and Vi � T h=pi ; 8 i 2 I.Properties 1 through 5 are satis�ed by any triangulation. However, Property6 distinguishes the volumization Vh=p from triangulation T h=p and hints at theconcrete relationship between the FVE primal and dual meshes that will bedetailed below.2.2.1 Volume ConstructionTo make our discussion more concrete, we follow the general volumeconstruction algorithm of Bank and Rose [5]:32



(1) Select a point P 2 Tp; 8Tp 2 T h=pi ;(2) Connect P by straight line segments to edge midpoints of Tp for thetwo edges of Tp adjacent to the vertex xi, 8Tp 2 T h=pi ;(3) For each Tp 2 T h=pi , de�ne a sub-volume, vi(Tp), as the region boundedby the line segments formed in Step 2 and line segments connecting theedge midpoints of Tp with the vertex xi. Note that vi(Tp) = Vi \ Tp;see Figure 2.3.Finally, de�ne the volume Vi as the region enclosed by all sub-volumesformed in Step 3: Vi � [Tp2T h=pi vi(Tp): (2.3)Let vh=p denote the set of all sub-volumes; then, vh=p is a re�nementof or nested in Vh=p: vh=p � Vh=p: (2.4)More importantly, each sub-volume vi(Tp) of vh=p is contained in a single ele-ment Tp of T h=p; therefore, vh=p is nested in T h=p and in T h:vh=p � T h=p � T h: (2.5)In our FVE analysis in Chapter 4, vh=p will be the focus of a local error analysisfor interpolation de�ned on elements of T h=p and then restricted to elementsof vh=p on an element-by-element basis. Due to the nesting of the sub-volumesin the triangulations, we obtain error estimates on T h by summing over resultson vh=p. 33



Figure 2.3: Construction of the sub-volume vi(Tp).
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The choice of P in Step 1 is crucial in volume construction. In practice(see Cai [10]), we typically use one of the following volume types (characterizedby P ):(1) Circumcenter volume: P is the center of the circle circumscribed aboutTp; equivalently, P is the point of intersection for the perpendicularbisectors of the edges of Tp. To ensure that P 2 Tp, we require thatno interior angle of Tp exceeds �=2 radians|no obtuse triangles arepermitted.(2) Centroid volume: P is the center of mass or centroid of Tp; equivalently,P is the point of intersection of the medians of Tp. A median of Tpis a line segment connecting a vertex of Tp with the midpoint of itsopposite side.(3) Incenter volume: P is the center of the circle inscribed in Tp; equiva-lently, P is the point of intersection of the angle bisectors of Tp.(4) Orthocenter volume: P is the point of intersection of the altitudes ofTp. An altitude of Tp is the line segment from a vertex of Tp that isperpendicular to the line containing the opposite side. To ensure thatP 2 Tp, we require that no interior angle of Tp exceeds �=2 radians|noobtuse triangles are permitted.In applications, advantages of circumcenter volumes are that they are alwaysconvex and geometrically simple (see Figure 2.4 for an example), while othertypes of volumes are usually non-convex and geometrically complex (see Figure2.5 for an example and Bank and Rose [5] for details).35



Figure 2.4: A circumcenter �nite volume Vi.
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Figure 2.5: A general �nite volume Vi.
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2.2.2 Volume SymmetryIn the analysis to follow, superconvergence results for linear �nite el-ements can be demonstrated for \symmetric" circumcenter volumes. To de�nethis symmetry precisely, we need additional notation: Xij is the edge or linesegment connecting nodes xi and xj of the triangulation T h=p; 
ij is the in-terface or volume boundary between volumes Vi and Vj of the volumizationVh=p|i.e., 
ij � Vi TVj. Following Cai et al. [9] and Cai [10], the volumizationVh=p is symmetric to the triangulation T h=p if the following two symmetrieshold for all volumes in Vh=p:� (X-symmetry) 
ij is a perpendicular bisector of Xij ;� (
-symmetry) Xij is a perpendicular bisector of 
ij .We remark that for rectangular elements, only the �rst condition ofX-symmetry is required for Vh=p to be symmetric to T h=p (cf. S�uli [50]).2.2.3 Volume RegularityOf more general signi�cance is the notion of volume \regularity,"which is assumed in all of our results (cf. Cai [10]). Form an auxiliary tri-angulation gT h=p of triangular elements by connecting the endpoints of 
ij withthe endpoints of Xij for every volume interface in Vh=p. That is, we de�ne a\macro-element" Eij as the region formed by joining the endpoints of 
ij andXij (See Figure 2.6 for an illustration). Then Eij is the union of two triangularelements (with Xij as a common edge): i.e, Eij = T 1ij [T 2ij, where each elementT kij; k 2 f1; 2g, is contained in a single element of T h=p. Therefore, gT h=p is are�nement of T h=p and diam(T kij) = O(h=p) and we have the following nesting38



of triangulations: gT h=p � T h=p � T h: (2.6)In our FVE analysis in Chapters 3 and 4, gT h=p will be the focus of a local erroranalysis for interpolation de�ned on elements of T h=p and then restricted toelements of gT h=p on an element-by-element basis. Due to the nesting of thetriangulations, we obtain error estimates on T h by summing over results ongT h=p. For circumcenter volumes (the focus of superconvergent error esti-mates in Chapter 3), if this auxiliary triangulation gT h=p is shape regular ac-cording to the de�nition in Section 2.1.1 (i.e., inequality (2.1) is satis�ed) andno interior angle of fTp 2 gT h=p exceeds �=2, then the volumization Vh=p is reg-ular. For the other volume types of Section 2.2.1, shape regularity of gT h=pimplies regularity of Vh=p. See Figure 2.6.
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Figure 2.6: Construction of a pair of elements in gT h=p.
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2.3 Versions h, p, and h-pMotivated by the success of the h, p, and h-p version FE of Babu�skain structural mechanics problems, we de�ne and analyze h, p, and h-p FVEfor 
uid dynamics problems under uniform re�nements of h and p in directanalogy to the FE development outlined in [2, 3, 27, 51].In the h-version FVE, we �x the order p of the FE polynomial trialspace and uniformly re�ne the computational mesh T h. The monograph ofMcCormick details mesh re�nement and the e�cient numerical solution of h-version FVE discretizations. For p = 1, the paper of Cai and McCormick [8]analyzes local re�nement of the h-version FVE for a steady di�usion equation;similarly, Ewing et al. [17, 18] and Lazarov et al. [32] analyze local re�nementfor h-version FV for general elliptic and parabolic problems.In the p-version FVE, we �x the computational mesh T h and uni-formly increase the order p of our FE trial space, which in turn re�nes the FVEmeshes T h=p and Vh=p. In the h-p version FVE, we re�ne uniformly in h and p.As in p and h-p version FE (see Szabo and Babu�ska [51] for background), hier-archical basis functions could be used which induce a mesh hierarchy for T h=pand Vh=p in the p and h-p version FVE as discussed in Mitchell [37]. However,our focus here is on an a priori error analysis, so it is su�cient that we have aset of basis functions (not necessarily hierarchical) on each element of T h thatis de�ned in terms of the vertex DOF on T h=p. So for simplicity, we can assumethat a standard (non-hierarchical) nodal basis is being used. However, in an aposteriori error analysis and in real-world implementations, hierarchical basisfunctions are essential to an e�cient iterative solution (see Hu and Katz [25],41



Mandel [34], Mitchell [37], and Pavarino [42] for background). To this end, wenote that our de�nitions of T h=p and Vh=p in the previous two sections werestated with e�cient implementation in mind and fully support basis hierarchyaccording to the \newest vertex bisection" algorithm discussed in [37].Although our error analysis in the remainder of the text is inde-pendent of any particular solution algorithm for FVE discretizations, we aremotivated and strongly in
uenced by the success of Multigrid and Multileveliterative algorithms (MG) in numerical partial di�erential equations (see Mc-Cormick [39] and the references cited therein for background). Out of the stan-dard h-version FV/FD, FE, and FVE discretizations, McCormick [39] foundthat FVE was the most amenable to e�cient MG solutions. Since the successof MG and Domain Decomposition solution algorithms [25, 34, 37, 42] for pand h-p version FE discretizations is either directly based on or closely relatedto the ideas presented in [39], we can reasonably expect similar success for pand h-p version FVE. In fact, it was the success of these methods for FE thatprompted the analysis of p and h-p version FVE in this thesis. If the perfor-mance of FVE vs. FE for p and h-p methods parallels the MG performance ofthe h-version methods, FVE may be superior. Some anecdotal support for thisposition was stated in Section 1.2: an operation count for the costs of equa-tion set-up in FVE vs. FE (i.e., numerical quadrature of multiple integrals)revealed that FVE was nearly an order of magnitude less expensive for threedimensional problems. Further support for this position is given in the nextsection. 42



2.4 FVE vs. FEIn Sections 1.1 and 1.2, we outlined the origin of 
uid dynamics andits basis on local conservation laws. Also, we motivated the need for FVEwhich preserves local conservation on the discrete level. In addition, we sawthat FVE systematically discretizes the unknown solution, known source termdata and boundary conditions on domains with complex geometries via theFE triangulation T h, the FVE triangulation T h=p, and the FVE volumizationsVh=p. From this perspective, we can view FVE as a locally conservative Petrov-Galerkin FE. This prompted us to de�ne h, p, and h-p version FVE in directanalogy to h, p, and h-p FE in the previous section. In addition to localconservation and the variety of versions, FVE has numerous other practicaladvantages over FE that are outlined below.In Section 1.2, we saw that the computational set-up costs for FVEwere less expensive than the costs for Galerkin FE. If d is the spatial dimensionof the problem domain, the quadrature rules used to evaluate FVE integralsand set-up a system of linear equations were seen to be O(2d) less expensivethan corresponding FE quadrature rules. That is, the quadrature operationcount for reaction and source term integrals is O(p)d for FVE and O(2p)d forFE, since the order of polynomial trial and test space is p and 0 for FVE andp and p for FE.Furthermore, for reaction and source terms, the FVE integrals from(1.4) are de�ned on volumes from Vh=p with diameters of O(h=p) (see Section2.2), whereas FE integrals are de�ned on elements from T h with diametersof O(h) (see Section 2.1); therefore, the FVE quadratures are performed on43



regions that are O(p)d smaller than their FE counterparts. This feature makesthe FVE equations more local in character and the FVE mass matrix arisingfrom the reaction term more strongly diagonally dominant than its FE coun-terpart; from the standpoint of numerical linear algebra and implementation,this means that it should be easier to precondition and iteratively solve FVEsystems of linear equations than their FE counterparts.In addition, FVE di�usive and advective 
uxes are de�ned as sur-face integrals in (1.4) which are simpler (i.e., of lower dimension) than thecorresponding volume integrals for FE: i.e., the quadrature operation countis O(p)d�1 for FVE and O(2p)d for FE|a increased savings of O(p 2d). Cou-pled with the documented [39] success of Multi-level solution algorithms forh-version FVE vs. FV discretizations and the documented [25, 35, 37, 42] suc-cess of similar Multi-level and Domain Decomposition solution algorithms for pand h-p version FE discretizations discussed in the previous section, we expectFVE to outperform FE in standard measures of computational e�ciency.Furthermore, from the standpoint of the a priori error analysis pre-sented in the later chapters, we �nd that the accuracy of FVE approximationsto the exact solution of general elliptic and parabolic problems will either matchor surpass FE asymptotic convergence rates for h, p, and h-p versions of therespective methods.2.5 Sobolev SpacesIn this section, we present the Sobolev space infrastructure for ourFVE analysis. In the basic de�nitions and results, we have followed the well-known and comprehensive text of Ciarlet [11] unless otherwise noted. For a44



more detailed and advanced discussion of Sobolev spaces, we refer the readerto the authoritative text of Adams [1] for mathematical theory and to the textof Kesavan [30] for applications to partial di�erential equations.Throughout this section, 
 � <d; d 2 f1; 2; 3g, denotes a domain:a bounded open connected set with Lipschitz-continuous boundary �. Wealso use the multi-index notation for denoting partial derivatives: let a multi-index � be denoted by a vector with non-negative integer components, � =(�1; : : : ; �d) 2 Nd, equipped with the L1 vector norm, j�j = Pdi=1 �i. Takingd = 2 for de�niteness and letting x and y denote the spatial coordinates of <2,we de�ne @�u as @�u � @�1x @�2y u; (2.7)so that @�u represents the composition of the �1th and the �2th partial deriva-tives with respect to x and y.2.5.1 Integer-Order SpacesFor any integer k � 0, and number q 2 [1;1], the integer-orderSobolev space W k;q(
) consists of those functions u 2 Lq(
) for which allpartial derivatives @�u (in sense of distributions) with j�j � k belong to thespace Lq(
). The space W k;q(
) is equipped with the norm:jjujjk;q;
 � 8>>>>>>>><>>>>>>>>: � Xj�j�k Z
 j@�ujq dx�1=q; q 2 [1;1);maxj�j�kness supx2
j@�u(x)jo; q =1: (2.8)The semi-norm j � jk;q;
 is obtained by taking j�j = k in (2.8).The spaceW k;q(
) is a Banach space and a Hilbert space when q = 2.45



In the latter case, we denote W k;2(
) by Hk(
) and jj � jjk;2;
 by jj � jjk;
. Ifu 2 Hk(
) for some k � 0, we say that u is k-regular. In our analysis, we willbe using the Hk(
) spaces almost exclusively and will cite additional Sobolevspace results (e.g., fractional-order spaces, trace theorem, embedding, etc.) interms of this q = 2 case to simplify notation. These results have generalizationsto q 6= 2 (see Adams [1] or Kesavan [30]), but they are not required in ourforthcoming work.2.5.2 Fractional-Order SpacesIn addition to the usual integer-order Sobolev spaces, we also employfractional-order Sobolev spaces HS(
), where S � 0 is a real number, as inAdams [1] and Kesavan [30]. In this discussion, S is decomposed into integerand fractional parts: i.e., S = k + �, where k � 0 is the integer part of S and� 2 [0; 1) is the fractional part of S. We de�ne HS(
) in terms of Hk(
) andH�(
): HS(
) � nu 2 Hk(
) : @�u 2 H�(
); 8 j�j = ko; (2.9)H�(
) � nu 2 L2(
) : ju(x)� u(y)jjx� yj�+(d=2) 2 L2(
� 
)o: (2.10)If u 2 HS(
) for some S � 0, we say that u is S-regular.2.5.3 Sobolev EmbeddingIn our analysis, we approximate elements from fractional-order Sobolevspaces by C0 piecewise-polynomial (Lagrange) interpolants. To ensure that in-terpolation is well-de�ned, we will only use the simplest embedding:HS(
) ,!,! C0(
); if S > d=2; (2.11)46



where ,!,!means that HS(
) is contained in C0(
) with a compact injection.Referring to the embedding (2.11), we see that if u is (1 + �)-regularfor any � > 0, then u is represented by a C0 function in <2. Therefore, uhas point values and we can easily de�ne C0 Lagrange interpolation for u.Similarly, 3=2 + � regularity is required in three dimensions.2.5.4 Trace TheoremWe will often employ the continuous and linear trace map of an el-ement of a Sobolev space from an interior domain 
 � <d; d � 2; to a sub-dimensional boundary � � <d�1 that is su�ciently smooth (see Kesavan [30]for details). The trace map, tr(�), maps u 2 H�+1=2(
) to tr(u) 2 H�(�),where � is a positive, non-integer, real number (i.e., � 2 <+nN). When noconfusion should arise, we simply write tr(u) as u. The following trace theo-rem demonstrates the boundedness of the trace map: there exists a positiveconstant C = C(
) such thatjjujj�;� � C jjujj�+1=2;
; � 2 <+nN: (2.12)As a result of (2.12), we see that u 2 HS+1(
) for S > 1=2 ensures that u 2H1(�) and that the di�usive 
uxes in (1.4) are bounded. With this regularity,C0 interpolation is easily de�ned (up to three dimensions) as discussed in theembedding result above.2.5.5 Poincar�e InequalityThe Sobolev space H10 (
) is the closure of the space D(
)|the spaceof in�nitely di�erentiable functions with compact support in 
|in the spaceH1(
). More intuitively, H10 (
) � fu 2 H1(
) : tr(u) = 0 on �g. As a47



result of the boundedness of 
, we have the Poincar�e inequality: there existsa positive constant C(
) such thatjuj0;
 � C juj1;
; 8 u 2 H10 (
): (2.13)Therefore, j � j1;
 is a norm over H10 (
) equivalent to jj � jj1;
.
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2.6 Finite Element AnalysisHere we present the rudiments of FE analysis to establish a referencepoint for analogous developments to follow for FVE. For simplicity, consider asteady di�usion equation with homogeneous Dirichlet boundary condition:�r � (Dru) = f; x 2 
; (2.14)uj@
 = 0; (2.15)where D is a continuously di�erentiable, bounded, non-degenerate (0 < Dm �D � DM <1) di�usion coe�cient and 
 � <2 is a domain.A weak solution u 2 W � H10 (
) to (2.14), corresponding to f 2L2(
), satis�es: A(u;w) = (f;w); 8 w 2 W; (2.16)where A(u;w) = Z
Dru � rwdx; (2.17)(f;w) = Z
 f w dx: (2.18)In our analysis, we assume additional regularity for u: i.e., u lies in the(fractional-order) Sobolev space W+ � HS+1(
) \W, where S 2 (1=2; p] andp � 1. The interval (1; p+1] for S+1 is the full range of admissible regularitiesfor u in FE analysis for a general unspeci�ed problem domain. (Technically,the lower bound on S can reduced to 0 in two dimensions; however, 1=2 is re-quired for our results to hold in three dimensions.) But for any speci�c problemdomain, the value of S + 1 in that range is precisely determined: S = S(@
)is a function of the smoothness of the boundary @
 and the geometry of anycorners in non-smooth domains (see Grisvard [19] for details). For example, if49




 is an L-shaped domain, S + 1 = 5=3 � �8� > 0. To justify the upper endof the regularity scale (S + 1 > 3) associated with high-order polynomial trialspaces (p > 2), we assume that curved elements are being used to approximatethe boundaries of smooth domains (see Ciarlet [11] for details).In the FE analysis presented here and in the FVE analysis of thefollowing chapters, we invoke fractional-order spaces to demonstrate error es-timates across the fullest range of admissible regularities to encompass anyparticular problem domain.Also, the numerical solution uh of (2.14) (see (2.19) below) will lie inWh � Sp0 (T h) � W|the space of C0 functions that are polynomials of order� p on each element T of the triangulation T h and vanish on @
.In direct analogy with (2.16), the (�nite element) numerical solutionuh 2 Wh to (2.14), corresponding to fh 2 Sp(T h), satis�es:A(uh; w) = (fh; w); 8 w 2 Wh: (2.19)Here, fh is the L2(
) projection of f into Sp(T h):(f � fh; w) = 0; 8 w 2 Sp(T h): (2.20)The key components of �nite element error analysis are boundedness,approximation theory, and ellipticity results; we introduce and discuss eachbelow.2.6.1 BoundednessFor the bilinear formA(�; �) of (2.17)|hereafter called the \A�form"|consider the following upper bound (or continuity) condition: there exists a50



positive constant M such thatA(u;w) �M juj1;
jwj1;
; 8 u;w 2 W: (2.21)Such a condition is usually assumed to obtain convergence of the numericalmethod as seen below.2.6.2 Approximation TheoryAt the heart of FE analysis are error estimates for approximation ofelements from Sobolev spaces by elements of piecewise polynomial FE trialspaces. For the Hk(
) norms (k 2 f0; 1g) that we shall employ, we cite stan-dard approximation theory results for polynomial interpolation (see Babu�skaet al. [2, 3], Jensen and Suri [27], and Dupont and Scott [16]): there exists aconstant C such thatjj�p(u)jjk;
 � C (h=p)S+1�kkukS+1;
; S 2 (1=2; p]; (2.22)where �p(u) � �hpu � u is the interpolation error for u in the polynomialspace Sp(T h). As discussed above for an L-shaped domain, (2.22) holds forS = 2=3��. In three dimensions, the lower bound on S in (2.22) is necessitatedby the Sobolev embedding result (2.11), 3=2+� regularity is required to embedinto C0(
) and easily de�ne interpolation.In accordance with the de�nitions of Section 2.3, the term (h=p)Sin (2.22) is understood as C(p)hS for h-version methods and as C(h) p�S forp-version methods. In the remainder of the text, C will represent a (generic)positive constant. 51



2.6.3 EllipticityConsider the following ellipticity (or lower bound) condition: thereexists a positive constant � such thatA(u; u) � � juj21;
; 8u 2 W: (2.23)This condition is perhaps the most important technical component of FE erroranalysis: it implies that the A�form is positive de�nite. Once ellipticity isestablished, FE analysis reduces to the approximation theory of the previoussubsection.2.6.4 Error AnalysisIn the standard FE error analysis to follow, we apply the results(2.23) and (2.21){(2.22); for (2.14), (2.23) and (2.21) hold with � = Dm andM = DM , respectively.2.6.4.1 Error SplittingLet e � u� uh 2 W be the error in the FE approximation to (2.14).For theoretical purposes, de�ne � � �hpe as an interpolation of the error fromWintoWh, so that � � �hpu�uh 2 Wh. We refer to � as the representation errorin Wh, i.e., the di�erence between interpolated and computed approximationsin Wh of the exact solution u. Then, we employ the error splitting e = � � �p,in which the FE error is split into its representation error and interpolationerror components: ju� uhj1;
 � j�j1;
+ j�pj1;
. With the estimate of j�pj1;
 in(2.22), estimating jej1;
 is reduced to estimating j�j1;
. Below, we develop anestimate for j�j1;
 in terms of j�pj1;
. 52



2.6.4.2 Zero PropertyFor all w 2 Wh, the exact solution satis�es (2.16), the numericalsolution satis�es (2.19), and the source term satis�es (2.20). Subtracting, wehave the zero property or orthogonality of the error,A(u� uh; w) = 0; 8 w 2 Wh; (2.24)which in our context is more appropriately expressed asA(�; w) = A(�p; w); 8 w 2 Wh: (2.25)2.6.4.3 Error EstimateSince the representation error, �, is in Wh, we take w = � in (2.25)to obtain � j�j21;
 � A(�; �);= A(�p; �);� M j�pj1;
j�j1;
: (2.26)The three lines of (2.26) use (2.23), (2.25), and (2.21), respectively. By (2.22),(2.26) implies the following H1 optimal-order error estimate for the �nite ele-ment method: ju� uhj1;
 � C (h=p)S kukS+1;
; S 2 (1=2; p]: (2.27)In the FVE analysis to follow, we obtain error estimates that match or surpassthe pth-order estimate (2.27). 53



2.7 SummaryIn this chapter, we presented some theoretical preliminaries. In Sec-tions 2.1 and 2.2, we de�ned and discussed the computational meshes (i.e., theFE triangulation T h, the FVE primal mesh T h=p, and the FVE dual mesh Vh=p)that are fundamental to the implementation and analysis of FVE. In Sections2.3 and 2.4, we de�ned h, p, and h-p version FE and FVE and discussed theirrelative merits. In Section 2.5, we introduced standard de�nitions and resultsfor Sobolev spaces that are fundamental to FE and FVE analysis. In Section2.6, we brie
y outlined an FE analysis for the steady di�usion equation to seta reference point for an FVE analysis in the next two chapters.
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3. Analysis for Di�usion EquationsIn this chapter, we present an h, p, and h-p version FVE analysis fordi�usion equations. In Section 3.1, we provide some preliminary de�nitions andnotation that facilitates the transition from FE to FVE analysis. In Section3.2, we motivate our FVE analysis and its relation to previous FE work. InSection 3.3, we de�ne some discrete norm counterparts to the continuous L2and H1 Sobolev norms of Section 2.5 and demonstrate a discrete Poincar�einequality. As in the FE analysis of Section 2.6, these tools are crucial to FVEanalysis. In Section 3.4, we determine an upper bound or continuity resultin terms of an FVE di�usion functional and our discrete H1 semi-norm forthe FVE bilinear form that is used to discretize the model di�usion equationdiscussed in Section 2.6. In Section 3.5, we state and outline applications ofthe linear Bramble-Hilbert lemma which is at the heart of our FVE analysis.In Section 3.6, we use the Bramble-Hilbert lemma to derive error estimatesfor the FVE approximation of elements from fractional-order Sobolev spacesby elements from the piecewise polynomial trial spaces employed by the h,p, and h-p version FVE methods: in terms of our FVE di�usion functional,H1(
)-equivalent optimal-order approximation results are derived for pth-ordertrial spaces in Section 3.6.1; robust and practical superconvergence results forlinear trial spaces on a \symmetric" volumization are derived in two and threedimensions in Section 3.6.2. In Section 3.7, we derive an \asymptotic" discreteellipticity result for the FVE di�usion bilinear form in terms of our discrete55



H1 semi-norm|aided by the approximation theory from the previous section.Finally in Section 3.8, we construct an FVE analysis for di�usion equationswith the components developed in the preceding sections: optimal-order andsuperconvergence results are obtained for h, p, and h-p version FVE in ourdiscrete H1 semi-norm.3.1 PreliminariesWe employ the same continuous and discrete space notations, de�ni-tions, and structures as in the previous section for the FVE continuous anddiscrete trial spaces that represent the solution to (2.14): u 2 W � H10 (
)and uh 2 Wh � Sp0 (T h), for p � 1. Similarly in FVE analysis, we as-sume additional regularity for u: u lies in the (fractional-order) Sobolev spaceW+ � HS+1(
) \ W, where S 2 (1=2; p]. The 1=2 lower limit on S en-sures: a bounded di�usive 
ux, due to the Sobolev trace theorem (2.12) asdiscussed below; and well-de�ned interpolations in up to three spatial dimen-sions, due to the Sobolev embedding (2.11). As stated at the start of Section2.6, (3=2; p + 1] is the full range of admissible regularities in our analysis foran unspeci�ed problem domain. For any speci�ed 
, the value of S in thatrange is a function of the smoothness of @
 [19]: e.g., on an L-shaped domain,S = 2=3 � �8� > 0. In the remainder of the text, � will represent a (generic)in�nitesimal positive constant. Also, to justify the upper end of the regularityscale (S + 1 > 3) associated with high-order polynomial trial spaces (p > 2),we assume that curved elements are being used to approximate the boundariesof smooth domains (see Ciarlet [11] for details).56



In addition, let X h denote the FVE test space P 00 (Vh=p)|the poly-nomials that are constant on each volume V of Vh=p and vanish on @
. Thus,test functions corresponding to volumes that intersect @
 are identically zero.Also, let �V denote the characteristic function associated with volume V � 
and let V denote the collection of all such V .Recalling the integral equation (1.4), a weak solution u of (2.14) sat-is�es the following problem: given f 2 L2(
), �nd u 2 W+ such thatB(u; �V ) = (f; �V ); 8 V 2 V; (3.1)where B(u; �V ) = � Z@V Dru � n dS; (3.2)(f; �V ) = ZV f dx: (3.3)FVE poses the weak form (3.1) on the volumization Vh=p|a �nitesubset of V with non-overlapping volumes|and employs standard FE repre-sentations of u and f . Thus, FVE replaces (3.1) with: given fh 2 Sp(T h), �nduh 2 Wh such that B(uh; �V ) = (fh; �V ); 8 V 2 Vh=p: (3.4)Here, fh satis�es a non-standard L2(
) projection relationship with f :(f � fh; �V ) = 0; 8 V 2 Vh=p; (3.5)which ensures that the numerical source term conserves mass on each volume.Since Vh=p partitions 
 and the volumes in Vh=p are related to the�nite element triangulation T h through T h=p as discussed in Section 2.2, (3.4)57



is more amenable than (3.1) to an FE-style analysis. Below, we point outsimilarities and di�erences between FVE and FE from the perspective of anFE-style framework for analysis.
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3.2 MotivationTo motivate our FVE analysis and its relation to previous FE work,reconsider (2.14){(2.15) and the FE analysis of Section 2.6. We saw that thecrucial ellipticity result (2.23) for the A-form and boundedness result (2.21)are stated in terms of the continuum space W, but the results also held forthe discrete space Wh (i.e., Wh � W). Super�cially, it could appear thatthe focus was on the continuum problem (2.16) rather than on the FE discreteproblem (2.19). However, in Section 2.6.4, the error analysis emphasized resultsfor the discrete FE problem (2.19) and the associated discrete spaces. Recallthat the exact weak solution u was invoked only in the zero property (2.25);furthermore, recall that the key observation in (2.25) was that u satis�ed theFE discrete equation (2.19). Therefore, to begin an FE-style analysis for FVE,we need to generate results analogous to those of Sections 2.6.1, 2.6.2 and 2.6.3for the FVE discrete problem (3.4) rather than for (3.1).The continuum problems (2.16) and (3.1) are di�erent in physicalcharacter (minimization vs. conservation) as well as in mathematical contentand these di�erences discourage a single, unifying framework for their analysis.For the discrete problems (2.19) and (3.4), the situation is more favorable fora uni�ed analysis. We now manipulate (3.4) to be more reminiscent of (2.19).If w 2 X h, w has a volume-wise constant representation:w �Xi2I wi �i; (3.6)where �i = �Vi and Vh=p = fVi : i 2 Ig. In terms of w, the FVE solutionuh 2 Wh of (3.4) also satis�es:B(uh; w) = (fh; w); 8 w 2 X h; (3.7)59



where B(uh; w) =Xi2I B(uh; wi �i); (3.8)(fh; w) =Xi2I (fh; wi �i): (3.9)That is, if uh satis�es the each of the local equations of (3.4), then, by (3.7), uhalso satis�es any linear combination of those equations. Notice that (3.8) and(3.9) are now global in extent, like their FE counterparts (2.17) and (2.18),and (3.7) with w � 1 represents a global conservation law on the union oraggregate of all volumes in Vh=p. Like the FE A-form, we refer to (3.8) as theB-form. Similarly, the L2(
) projection relationship (3.5) for fh 2 Sp(T h) istransformed into (f � fh; w) = 0; 8 w 2 X h: (3.10)Now we establish some additional theoretical infrastructure to sup-port a FE-style analysis of FVE based on (3.7).
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3.3 Discrete NormsIn this section, we de�ne some discrete norm counterparts to thecontinuous integer-ordered Sobolev norms of Section 2.5 and demonstrate adiscrete Poincar�e inequality. As in FE analysis of Section 2.6, these tools arecrucial to FVE analysis.In order to distinguish between continuous and discrete norms in ourde�nitions, we replace the physical domain 
 that was employed in the de�ni-tion of the continuous Sobolev norms with the set of computational mesh points! (i.e., the vertices of the triangulation T h=p) contained in 
 in our de�nitionof discrete Sobolev norms. Recall that the continuous norms were de�ned interms of integrated functions over 
; however, our discrete norms will be de-�ned in terms of function point values in !. Therefore, only Sobolev spacesthat can be embedded into C0(
), like HS(
) for S > 1=2, are admissible in adiscrete norm analysis.In particular, we will restrict our attention to certain polynomial sub-spaces of C0(
) when de�ning certain discrete Sobolev norms and semi-norms:S0(Vh=p) for the L2(!) norm and S1(T h=p) for the H1(!) semi-norm. Thischoice of polynomial spaces will emphasize and exploit the relationships be-tween the FVE dual and primal meshes, which are at the heart of any FVEimplementation, in our FVE analysis. Thus, discrete norms will provide fora uni�ed analysis of both practical and theoretical questions in our study ofFVE: attention will be shifted from estimating the error over the whole domain
 to estimating the error over only the subset of points ! where our numericalmethod is approximating the exact solution to the original partial di�erential61



equation (1.1). Starting with Section 3.6, we �nd that FVE discrete normanalysis reveals nodal superconvergence in multiple dimensions as well as theusual optimal-order convergence rates and is superior to the FE continuousnorm analysis of Section 2.6.3.3.1 Discrete L2 NormFirst, we de�ne a discrete variant of the standard continuous L2(
)norm|referred to as a L2(!) norm.De�nition 3.1 The L2(!) norm is given byjuj0;! � �Xi2I u2i jVij�1=2; (3.11)where� ! � fxi : i 2 Ig is the set of primal mesh points;� I is the primal mesh point indexing set;� ui is the value of u at the primal mesh point xi;� Vi 2 Vh=p is the volume that corresponds to xi;� jVij is the standard Lebesgue volume measure of Vi.Clearly, the L2(!) norm is equivalent (cf. Bank and Rose [5]) to theL2(
) norm restricted to S0(Vh=p)|the space of piecewise constant functionson the FVE dual mesh Vh=p: juj0;! � j�h=p0 uj0;
; (3.12)where �h=p0 u denotes interpolation into S0(Vh=p). Then, L2(!) is the space offunctions (generating primal mesh point sequences) that are bounded in theL2(!) norm. 62



3.3.2 Discrete H1 NormAs in the FE analysis of Section 2.6, theH1 semi-norm plays a pivotalrole in the course of FVE analysis. By analogy, we de�ne a discrete variantof the standard continuous H1(
) semi-norm|referred to as an H1(!) semi-norm. De�nition 3.2 The H1(!) semi-norm is given byjuj1;! � � Xfi;jg2W(ui � uj)2 j
ijjjXij j�1=2; (3.13)where� W � ffi; jg : i 2 I; j 2 Wi with j
ijj > 0g is a set of unordered indexpairs corresponding to the edges of each element Tp 2 T h=p;� Wi � fj : xj 2 N (i); j 2 Ig is a set of indices for xi's nearest neighbormesh points;� N (i) is a set of xi's nearest neighbor mesh points in !;� j
ijj is the standard Lebesgue surface measure of the volume interface
ij � Vi \ Vj; in 1-D, replace j
ijj with 1;� jXijj is the Euclidean distance between xi and xj.Despite outward appearances, the H1(!) semi-norm is equivalent (cf.Bank and Rose [5]) to the standard H1(
) semi-norm restricted to S1(T h=p)|the space of C0 piecewise linear polynomial functions on the FVE primal meshT h=p: juj1;! � j�h=p1 uj1;
; (3.14)63



where �h=p1 u denotes interpolation into S1(T h=p). Then, H1(!) is the space offunctions that are bounded in the H1(!) norm:kuk0;! � �juj20;! + juj21;!�1=2: (3.15)To relate j�j0;! and j�j1;! more directly, we demonstrate a discrete Poincar�einequality.3.3.3 Discrete Poincar�e InequalityFollowing the continuous case introduced in Section 2.5, let 
 denotethe set of primal mesh points that lie on the domain boundary �. By analogy,de�ne H10 (!) as the set fu 2 H1(!) : u = 0 on 
g. Then the boundedness of
 translates to a �nite number of mesh points in ! and to the following result.Lemma 3.1 There exists a positive constant C such thatjuj0;! � C juj1;!; 8 u 2 H10 (!): (3.16)Therefore, j � j1;! is a norm over H10 (!) equivalent to k�k1;!.Proof: Lemma 2 of Bank and Rose [5] demonstrates that j�h=p0 uj0;
 �C j�h=p1 uj0;
. Since �h=p1 u 2 S10 (T h=p) � H10 (
), the continuous Poincar�e in-equality (2.13) yields j�h=p1 uj0;
 � C j�h=p1 uj1;
. Therefore, application of theequivalences (3.12) and (3.14) gives us the desired result (3.16). 2As in FE error analysis, the key components of FVE analysis areboundedness, approximation theory, and ellipticity results: we demonstrateand discuss each result below. All follow the basic FE-style framework intro-duced in Sections 2.6.1{2.6.3 after discrete norm modi�cations.64



3.4 BoundednessTo determine an upper bound for the FVEB-form (3.8), we are guidedby the corresponding development for the FE A-form (2.17). In Section 2.6.1,the upper bound (2.21) for theA-form is given in terms of a product of standardinteger-order Sobolev norms (or sub-linear functionals). In the error analysisof Section 2.6.4, these norms are applied to a continuous trial function and adiscrete test function. Since this upper bound is used in conjunction with theellipticity result (2.23), the only theoretical constraint on the bound is that thenorm applied to the test function must match (or can be made to match viaan auxiliary result like the Poincar�e inequality) the norm used in the ellipticityresult|i.e., j�j1;
 for FE and j�j1;! for FVE.In FE analysis, the H10 (
) norm constraint on the test function leadto the choice of the H10 (
) norm for the trial functions. However, in FVEanalysis, the H10 (!) norm constraint on the test function leads to the choiceof a problem-dependent, bounded functional for the trial functions that cor-responds to the FVE treatment of di�usion in (1.4). In Section 4.2, we willdevelop functionals that correspond to FVE treatments of reaction and ad-vection in (1.4). Practically speaking, we want this di�usion functional (and,later on, reaction and advection functionals) to admit optimal-order or evensuperconvergent approximation theorems, since the continuous trial functionin our analysis is the interpolation error for the exact solution.In terms of the admissible trial space, H �W+�Wh, and test spaceX h for FVE, we demonstrate an boundedness result for the B-form (3.8) (cf.(2.21) of Section 2.6.1). 65



Lemma 3.2 (Di�usion bound)jB(u;w)j � D(u)jwj1;!; 8 u 2 H; w 2 X h: (3.17)D(�) is a bounded functional:D(u) � � Xfi;jg2W d2ij(u) jXijjj
ijj �1=2; (3.18)dij(�) is a bounded linear functional arising from the FVE treatment of di�u-sion: dij(u) � � Z
ij Dru � nij dS; (3.19)where nij is the unit normal vector pointing outward from Vi into Vj.Proof: By the Sobolev trace theorem, u 2 HS+1(
) for S > 1=2ensures that (3.19), hence (3.18), is bounded. From the de�nition (3.8) of theB-form and the fact that� Z@Vi Dru � ni dS � Xj2Wi dij(u); (3.20)we see thatjB(u;w)j = jXi2I wi Xj2Wi dij(u)j;= j Xfi;jg2W dij(u) (wi � wj)j;� � Xfi;jg2W d2ij(u) jXij jj
ijj �1=2 � Xfi;jg2W (wi � wj)2 j
ijjjXij j�1=2;(3.21)where we have used the fact that dij(u) = �dji(u) (i.e., nij = �nji) in thesecond line of (3.21). 2 66



With an upper bound for the B-form in terms of the non-standard,problem-dependent, bounded linear functional (3.19), we need an approxima-tion theorem: the theoretical basis for this result is introduced and discussedbelow.
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3.5 Bramble-Hilbert LemmaIn this section, we state and outline applications of the linear Bramble-Hilbert lemma. This lemma was originally developed by Bramble and Hilbert[7] for use in approximation theory. Later, the lemma was modi�ed for usein FE theory by Ciarlet [11] and applied in linear and bilinear forms. Inthe standard FE analysis presented in Section 2.6, this lemma only plays asupporting role|a bilinear Bramble-Hilbert lemma [11] is employed to analyzethe e�ects of numerical quadrature. However, in modern FV theory the lemmaplays a central role. In fact, the particular form of the Bramble-Hilbert lemmastated here was used in the pioneering FV analysis of Samarskii, Lazarov,and Makarov [46]. Similarly, the Bramble-Hilbert lemma plays a central rolein our FVE error analysis: the lemma is used to demonstrate optimal-orderand superconvergence error for bounded linear functionals that arise in theimplementation and analysis of the �nite volume element method.First, we introduce some additional infrastructure for bounded linearfunctionals. If f is a bounded linear functional for elements of HS(
) withS � 0, f is in the dual space of HS(
) denoted by H�S(
). The norm of f inH�S (
) is jjf jj�S;
 � supu2HS(
) j(f; u)jjjujjS;
 ; (3.22)where (�; �) denotes the duality pairing between f and u in terms of the standardL2(
) inner product.Now we introduce the linear Bramble-Hilbert lemma.Lemma 3.3 (Bramble-Hilbert) Let 
 be a domain in <d, k � 0an integer, � 2 (0; 1], and f a bounded linear functional on the space Hk+�(
)68



that vanishes for all polynomials of degree � k on 
:f( ) = 0; 8  2 Sk(
): (3.23)Then there exists a positive constant C = C(
) such thatjf(u)j � C jjf jj�(k+�);
 jujk+�;
; 8 u 2 Hk+�(
): (3.24)3.5.1 ApplicationsNow that we have stated the linear Bramble-Hilbert lemma,we demon-strate its application for some functionals arising from standard h-version �niteelement approximations. For simplicity, we work in two dimensions and assumethat the regularity of u is in the interval (1; p + 1].Let T 2 T h be an element (i.e., a triangular region in <2) in a FEtriangulation of 
, u a function de�ned on T , and �1u denote the linear inter-polant of u on T . Then, � = �1u�u is the linear interpolation error on T . Bythe Bramble-Hilbert lemma, we have the following error estimate:Example 3.1 (Linear interpolation)jf(u)j � ��� ZT � dx��� � C hS+1T jT j1=2 jujS+1;T ; S 2 (0; 1]; (3.25)where hT is the diameter of T .Proof: We map the computational element T to a reference elementbT by an a�ne map, x =Mbx+ c, and we transform our functional:jf(u)j = jT jj bT j j bf (bu)j;where bf (bu) � ZbT b� dbx;69



and �(x) = b�(bx) by the a�ne map. Since linear interpolation is exact for linearpolynomials, the Bramble-Hilbert lemma says thatj bf (bu)j � C( bT) jj bf jj�(S+1);bT jbujS+1;bT ; S 2 (0; 1]:Next, we note that jj bf jj�(S+1);bT � Cj bT j1=2 and following Ciarlet [11] we trans-form back to T as in, jbujS+1;bT � C jjMjjS+1(det M)1=2 jujS+1;T ; (3.26)where jjMjj � C hT=�bT and �bT is the diameter of the circle inscribed in bT , anddet M = jT j=j bT j. Since bT is a reference or �xed element, bT is chosen so that�bT = O(1). After transforming back to T and simplifying terms, we obtain thestated result. 2In more generality, we obtain h-version results that are equivalent tooptimal-order L2 results for approximation by polynomials of degree p � 1:Example 3.2 (pth-order interpolation)��� ZT (�pu� u) dx��� � C hS+1T jT j1=2 jujS+1;T ; S 2 (0; p]: (3.27)Proof: Since pth-order interpolation is exact, �pu� u = 0, when u ispolynomial of degree k � p on T , the Bramble-Hilbert lemma holds when theregularity parameter S for u satis�es 1 < S + 1 � p + 1. We follow the a�nemapping procedure discussed in the previous example and apply Bramble-Hilbert on the reference element. After the inverse mapping procedure to theoriginal element, we gain S + 1 powers of hT in the �nal result (3.27). 270



Finally, the estimates for approximation of �rst-order derivatives of uby polynomials of degree p � 1 are reduced by a power of hT (cf. Ciarlet [11],Theorems 15.1-2).Example 3.3 (First-order derivatives)��� ZT @x(�pu� u) dx��� � C hST jT j1=2 jujS+1;T ; S 2 (0; p]; (3.28)Proof: We follow the proof of the previous example with only onemodi�cation. When applying the a�ne mapping argument, note that we havethe scaling relationship bx = C ��1T x. Then after transforming the �rst-orderderivative by the chain rule, we �nd that@xu = C ��1T @bxbu: (3.29)After applying the shape regularity inequality (2.1), the estimate of the previ-ous example is reduced by a power hT . 2The h-version estimate (3.28) is equivalent to optimal-orderH1 resultsfor approximation by polynomials of degree p � 1. Since FE uses optimal-orderH1 results to obtain error estimates as in (2.22), use of the Bramble-Hilbertlemma does not improve the results of standard FE analysis. However, FVEuses di�erent functionals than those stated here (i.e., functionals based onvolume elements and not on �nite elements) and the Bramble-Hilbert lemmacan exploit special volumes symmetries to add a power of h to the (p = 1)approximation result (3.28) for derivatives.71



3.6 Approximation TheoryAs in FE analysis, error estimates for approximation of elements fromfractional-order Sobolev spaces by elements from piecewise polynomial FE trialspaces are are at the heart of FVE analysis. By applying the Bramble-Hilbertlemma to the bounded linear functional (3.19), we demonstrate approximationtheorems for the di�usion functional D(�). Our baseline criterion is that ourresults be equivalent to H1(
) optimal-order estimates for polynomial interpo-lation (as stated in (2.22) of Section 2.6.2).To justify the upper end of the regularity scale (S + 1 > 3) associ-ated with high-order polynomial trial spaces (p > 2), we assume that curved(isoparametric-equivalent) elements are being used to approximate the curvedboundaries of smooth domains. However, we ensure the invertibility of theisoparametric mappings to de�ne these curved elements by requiring a bound-ary discretization su�ciently �ne to bound or approximate the isoparametricmap with an a�ne map (see Ciarlet [11] or Johnson [28] for details). Thus,it is su�cient to work with the a�ne mappings that generate a�ne-equivalentfamilies of polygonal elements. Hence, all of our approximation theory resultsin this dissertation are demonstrated for polygonal �nite elements under a�nemappings without loss of generality.3.6.1 Optimal-order ApproximationFirst, we demonstrate an (H1(
)-equivalent) optimal-order result forpth-order interpolation when the triangulation T h and volumization Vh=p areregular (de�ned in Sections 2.1.1 and 2.2.3)|cf. Theorem 17.1 of Ciarlet [11].72



According to the de�nitions of Section 2.3, the term (h=p)S in (3.30) is under-stood as C(p)hS for h-version FVE and as C(h) p�S for p-version FVE.Theorem 3.1 Let �p(u) = �hpu � u be the interpolation error foru 2 W+ into Sp(T h). Then we have the following estimate:D(�p(u)) � C (h=p)SkukS+1;
; S 2 (1=2; p]: (3.30)Proof: As in Cai [10], de�ne a \macro-element" Eij as the regionformed by joining the endpoints of 
ij and Xij (see Figure 2.6). As noted inSection 2.2.3, Eij is the union of two sub-elements (with Xij as a commonedge) in an auxiliary triangulation gT h=p which is assumed to be shape regular.Thus, Eij = T 1ij [ T 2ij, where each sub-element is contained in a single elementof T h=p. Recalling the nesting of the triangulations gT h=p � T h=p in (2.6), letT kp be the element of T h=p that contains T kij for k 2 f1; 2g. In our analysis, poly-nomial functions and their interpolants are de�ned on T kp and then restrictedto T kij. Then we work on each sub-element of Eij, as in Example 3 of Section3.5. First, we split dij and into d1 and d2 which are formed by restricting dij toeach of the sub-elements: i.e., dk is dij restricted to 
kij = 
ij \ T kij; k 2 f1; 2g;dij(�p) = Xk2f1;2gdk(�p); (3.31)dk(�p) � � Z
kij Dr�p(u) � nij dS: (3.32)Second, we a�ne map from each sub-element T kij to a reference or \work"element bT kij and transform the bounded linear functionals d1 and d2: recall73



that we lose a power of � when we transform �rst-order derivatives of u;jdk(u)j � C ��1k j
kijjjb
kijj j bdk(bu)j; k 2 f1; 2g; (3.33)where �k is the diameter of the circle inscribed in T kij. Third, we bound bdk(bu)and �nd that the Bramble-Hilbert lemma holds when the regularity parameterS for bu satis�es 3=2 < S + 1 � p + 1: the lower and upper bounds are dueto the Sobolev trace theorem and to the order of the interpolation (i.e., p-thorder interpolation is exact for polynomials of degree � p), respectively;j bdk(b�p)j � C jbujS+1;T kij ; S 2 (1=2; p]: (3.34)Fourth, we transform back to each sub-element and �nd estimates for d1 andd2 for S 2 (1=2; p]:jdk(�p)j � C hS+1k�k j
kijjjT kijj jujS+1;T kij ;� C (h=p)S  j
kij jjXijj!1=2 jujS+1;T kij; (3.35)where we have used the facts that hk = O(h=p) is the diameter of T kp � T kij,jT kijj � C j
kij jjXijj for someC, and the shape regularity of gT h=p (i.e. hk=�k � �).Note that (3.35) is an H1(
)-equivalent optimal-order local estimate on theauxiliary triangulation gT h=p. Since gT h=p � T h=p � T h (cf. (2.6) in Section2.2.3)|the triangulations are nested or re�nements of one another, this esti-mate on gT h=p holds on the FVE triangulation T h=p and the FE triangulationT h, as demonstrated below.Combining the results for d1 and d2 from (3.35), we �nd a local errorestimate for the bounded linear functional (3.19) for S 2 (1=2; p]:jdij(�p(u))j � Xk2f1;2g jdk(�p)j;74



� C (h=p)S� Xk2f1;2g j
kij jjXijj�1=2 � Xk2f1;2g juj2S+1;T kij�1=2;� C (h=p)S  j
ijjjXij j!1=2 � Xk2f1;2g juj2S+1;T kij�1=2; (3.36)where we have used the fact that 
1ij and 
2ij partition 
ij.To obtain the �nal result (3.30), substitute the local estimate (3.36)into the di�usion functional (3.18) and simplify: focusing on the HS+1 semi-norm of u, we haveXfi;jg2W Xk2f1;2g juj2S+1;T kij = XTp2T h=p juj2S+1;Tp = XT2T h juj2S+1;T ;� juj2S+1;T h � kuk2S+1;
; (3.37)where we've used the nested property of the triangulations (2.6): each elementof gT h=p is contained in a single element of T h=p which in turn is contained in asingle element of T h. 2Following Remark 17.2 of Ciarlet [11], we o�er an important corollaryto Theorem 3.1.Corollary 3.1 If u 2 C0(
) \ HS+1(T h) \ H1(
) for S 2 (1=2; p],i.e., u is only piecewise S + 1-regular on the triangulation T h, we have thefollowing estimate:D(�p(u)) � C (h=p)S jujS+1;T h; S 2 (1=2; p]; (3.38)where jujS+1;T h � � XT2T h juj2S+1;T�1=2: (3.39)75



Proof: Follow the proof of Theorem 3.1 up to the penultimate line of(3.37). We see that u 2 C0(
) \HS+1(T h) \ H1(
) is the necessary for theproof to hold: C0(
) is the necessary so that Lagrange interpolation is well-de�ned; HS+1(T h) \H1(
) is necessary to ensure that D(�) and the piecewisesemi-norm j � jS+1;T h are bounded. 2The result (3.38) of the corollary avoids evaluating high-order deriva-tives of u across the edge Xij which may coincide with @T for an element T inT h. That is, if u is only piecewise S + 1-regular on T h, @�u may have jumpdiscontinuities on @T for j�j = 1 that generate Dirac delta functions on @T forj�j � 2. We work through an important illustrative application of Corollary3.1 that will be used to derive a discrete ellipticity result in Section 3.7.Lemma 3.4 Let u 2 Sp(T h) and p � 2. Then the interpolation errorinto S1(T h=p) satis�es the following estimate:D(u ��h=p1 u) � C (h=p)juj2;T h: (3.40)Proof: For p � 2, u 2 Sp(T h) � C0(
) \ H2(T h) \ H1(
) and theproof of Corollary 3.1 implies the following estimate for linear interpolation onT h: D(u ��h1u) � C hjuj2;T h :Since T h=p is a p-fold re�nement of T h, the same proof holds for linear inter-polation on T h=p with h replaced by h=p: i.e.,D(u ��h=p1 u) � C (h=p)juj2;T h=p;76



where juj2;T h=p � � XTp2T h=p juj22;Tp�1=2:The result (3.40) follows after noting that juj22;T = PTp2T juj22;Tp. 23.6.2 Superconvergent ApproximationFor linear interpolation in two spatial dimensions, we have a choice(due to Cai et al. [9, 10] and S�uli [50]) between an H1(
)-equivalent optimal-order result and a superconvergent result that depends on whether the volu-mization Vh=p is symmetric to the triangulation T h=p (see Section 2.2.2). Thatis, from the perspective of the FVE di�usion functional, the approximatingpower of a linear trial space on a symmetric volumization matches the powerof a quadratic trial space on a regular volumization. At the core of the super-convergence theory for the di�usive 
ux functional is the 1-d fact that centereddi�erencing is exact for quadratics; we invoke certain volume symmetries, dis-cussed below, to extend this 1-d result to multi-dimensional settings.Theorem 3.2 (Cai and S�uli) Let �1(u) = �h1u � u be the linearinterpolation error for u 2 W+ into S10 (T h). Then we have the followingestimate: D(�1(u)) � C hSkukS+1;
; S 2 (1=2; P ]; (3.41)where P = 1 (optimal-order) or 2 (superconvergent) in the absence or presenceof volume symmetry, respectively.Proof: A detailed proof is given in Cai [10] that follows the stepsoutlined in the proof of Theorem 3.1 for p = 1; instead, we choose to focus on77



step three where we determine the extent (i.e., the range of regularities for u) towhich the Bramble-Hilbert lemma can be used to bound the di�usion functionalbdij of (3.19). We work on the whole of the \macro-element" bEij by piecingtogether partial results from each cTijk in bEij to obtain the superconvergenceresult (3.41) for symmetric volumes. That is, if bu is quadratic on bT 1p [ bT 2p(recall that T kp is the element of T h=p that contains the element T kij of gT h=p)and then restricted to bEij , the sum of the linear interpolation errors from cTij1and cTij2 (recall that interpolation is de�ned on T kp and the restricted to T kij inour analysis) for the normal derivative of u will vanish if the volume is X and
 symmetric (see Section 2.2.2 for the de�nition of these symmetries).The essential ideas behind this result can be seen in the followingargument that holds when the di�usion coe�cient is constant on 
ij . Droppingthe b� notation for convenience, we work on a referencemacro-elementEij arisingfrom a symmetric volumization (see Figure 3.1): speci�cally, letXij = [�1; 1]�0 and 
ij = 0 � [�1; 1] so that Xij and 
ij are perpendicular bisectors of oneanother; in this case, the normal derivative of u on 
ij is simply @xu.If u is quadratic, @xu is in the span of f1; x; yg on Eij and @x�h1u isin the span of f1g on each T kij. Now we work on the common edge Xij of theT kij sub-elements, Using the X-symmetry of the volume, @x�1u is the standardone-dimensional central di�erence approximation to @xu at (0; 0).Since central di�erencing is exact for quadratics by a re
ection sym-metry, we have the following result:@x�1(u)j(0;0) = 0: (3.42)78



Figure 3.1: Formation of the macro-element Eij = T 1ij [ T 2ij.
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In other words, evaluation of the derivative at the midpoint of aninterval suppresses the midpoint DOF (the midpoint quadratic basis functionhas zero slope at the midpoint). Combining (3.42) with the continuity of theinterpolation on Xij , we �nd that@x�1(u)j
ij 2 spanfyg: (3.43)Therefore, if the volume is also 
-symmetric, the functional dij(�1) will vanish.That is, the integrand of (3.19) will be an odd function on a symmetric 
ijinterval. Alternately, the midpoint or centroid quadrature rule applied to (3.19)(which gives 0 as a result) will be exact in this case when the integrand is linear.Therefore, the Bramble-Hilbert lemma holds when the regularity parameter Sis in (1=2; 2] and the result (3.41) holds.Notice that if bilinear interpolation on a non-uniform tensor-productmesh is employed (i.e., we use a bilinear trial space to represent the FVEsolution), as in S�uli [50], only X-symmetry is required for superconvergence.That is, if u is quadratic, @x�h1;1u is in the span of f1; yg. Using the X-symmetry of the volume, we see that the one-dimensional central di�erencingor re
ection symmetry result of (3.42) extends to any y 2 
ij under bilinearinterpolation: @x�1;1(u)j(0;y) = 0; (3.44)i.e., for any �xed value of y the previous result (3.42) holds. Therefore, theintegrand of (3.19) vanishes on any 
ij interval. The key to success for bilinearsis that they contain the quadratic xy term that is su�cient to approximate thenormal derivative exactly on 
ij when X-symmetry is present.80



To demonstrate superconvergence for a variable di�usion coe�cient,we use a piecewise constant approximation D � �h0D on 
ij. Then with themodi�ed notation dij(u) � dij(u;D), we consider the splitting induced by D:dij(�1(u);D) = dij(�1(u);D) + dij(�1(u); �0(D)): (3.45)The �rst term on the right-hand side of (3.45) is estimated by the linearBramble-Hilbert lemma as indicated above. However, the second term on theright-hand side of (3.45) requires the bilinear Bramble-Hilbert lemma of Ciarlet[11]. The bilinear lemma allows us to obtain an O(h2) estimate by multiplyingthe O(h) estimates (determined by the linear lemma) for linear interpolationof @xu and constant interpolation of D. 23.6.2.1 Extension to Three DimensionsThe proof of Theorem 3.2 is based on volume symmetries in two spa-tial dimensions (d = 2); however, we will see that the notion of volume sym-metry is dimensionally and geometry dependent. If d = 1, the modi�cationsin the proof are trivial: 
ij is a point in 1-d and j
ij j is replaced by 1 as statedin Section 3.3, so the only volume symmetry is X-symmetry: i.e., the volumeboundary 
ij is at the midpoint of each element edge Xij ; in this simple case,the di�usive 
ux is represented by a centered di�erence quotient.In three spatial dimensions, the modi�cations in the proof are non-trivial: below we outline necessary steps to extend the result (3.41) to thisimportant case.First, we upgrade our de�nition of volume symmetry: forX-symmetry,81



we require the planar surface 
 be an orthogonal bisector for Xij; for \centroid"
-symmetry, we require Xij ? 
ij and for the intersection point Pij to be thecentroid or center of mass for 
ij; furthermore, we require that the geometry of
ij is such that the centroid quadrature rule is exact for linear functions: e.g.,
ij is rectangular, triangular, hexagonal, etc. (see Stroud [49] for details).Second, we consider the use of a C0 linear trial space on tetrahedra. Ifu is quadratic, @xu is in the span of f1; x; y; zg on Eij and @x�h1u is in the spanof f1g on each T kij. Using the X-symmetry of the volume, the one-dimensionalcentral di�erencing or re
ection symmetry (3.42) result becomes:@x�1(u)j(0;0;0) = 0: (3.46)Combining (3.46) with the continuity of the interpolation on element faces thathave Xij as an edge, we �nd that@x�1(u)j
ij 2 spanfy; zg: (3.47)Therefore, if the volume is also 
-symmetric, the functional dij(�1) will vanish.That is, the centroid quadrature rule (which gives 0 as result) will be exact.Therefore, the Bramble-Hilbert lemma holds when the regularity parameter Sis in (1=2; 2] and the result (3.41) holds in three dimensions under assumptionsof X and 
 volume symmetries, as it did in two dimensions.However, for C0 bilinears (i.e., �1;1u 2 spanf1; x; yg 
 f1; zg) ontriangular prisms formed in a tensor-product mesh, volume symmetry requiresX-symmetry and a \2-d" 
-symmetry: i.e., the x and y cross-sections of 
ijmust possess the centroid symmetry. That is, linearity in x and y requires82



the 2-d 
ij-symmetry in x and y, but bilinearity in z eliminates the 2-d 
ij -symmetry in z. The analog of (3.44) is@x�1;1(u)j(0;0;z) = 0; (3.48)the bilinearity in z eliminates 
 symmetries in the z-direction as in the 2-dbilinear case. However, the residue from the linearity in y remains:@x�1;1(u)j
ij 2 spanfyg; (3.49)in order to eliminate this term, we require that the y cross-section of 
ij possessthe centroid symmetry as in the 2-d linear case. The same remarks hold forthe analysis of @y�1;1; the analysis of @z�1;1 follows the 2-d bilinear case exactly.Finally, for C0 trilinears on rectangular bricks formed by a tensor-product mesh, volume symmetry requiresX-symmetry and a \1-d" 
ij -symmetry:i.e., either one of the 1-d cross-sections of 
ij must possess the centroid sym-metry. That is, the quadratic components of a trilinear trial space obviate
ij -symmetry requirements as in 2-d; however, its cubic component invokes areduced, 1-d 
ij-symmetry. A generalization of (3.44),@x�1;1;1(u)j(0;y;0);(0;0;z) = 0; (3.50)eliminates the quadratic components of the trilinear interpolant. However, theresidue from the cubic component remains:@x�1;1;1(u)j
ij 2 spanfyzg: (3.51)In order to eliminate this term, we require that a either a y or z cross-sectionof 
ij possess the centroid symmetry. So trilinear superconvergence requires a\reduced" 
-symmetry in addition to X-symmetry.83



Unlike standard FE superconvergence results that are usually localand one-dimensional, the FVE superconvergence result (3.41) is always globaland multidimensional. Notice (cf. (3.30)) that the superconvergence is consis-tent with the use of a quadratic, rather than a linear, trial space.3.6.2.2 Degenerate Volume ParadigmTo help understand the robustness of the superconvergence result(3.41) in two and three dimensions, we note the the linear FVE on a symmet-ric volumization is identical to a quadratic FVE (using a one-point centroidquadrature rule for the di�usion functional (3.19) at the intersection of Xij and
ij) on a \degenerate" volumization posed on a uniform tensor-product mesh.That is, if we allow the volumes about the midpoint DOF in T h to degenerateto sets of measure zero (see Figure 3.2), only vertex DOF in T h are expressedin the resulting matrix system|all of the midpoint DOF are systematicallysuppressed as can be seen from the one-dimensional re
ection symmetry re-sults (3.42) and (3.46). Also, the error in the one-point centroid quadrature is0(h2) and will not impair the superconvergence, as can be seen in the analysisof the e�ects of numerical quadrature in [10].In this process, the volumization Vh=2, which is consistent with theuse a quadratic trial space, degenerates to the symmetric volumization Vh,which is consistent with the use of a linear trial space. As can be easily veri�edby direct calculation using the (3.43) and (3.47), the two methodologies yieldidentical matrix systems. Furthermore, if a bilinear trial space is used, the\degenerate" volume paradigm holds on a non-uniform tensor-product mesh(without the use of a centroid quadrature rule) as can be seen from (3.44).84



Figure 3.2: An example of Vh=2 degenerating to Vh.
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Therefore, the symmetric volumemethod for linear FVE can be thoughtof as a degenerate volume method for quadratic FVE. From this perspective,the robust superconvergence behavior for linear FVE can be understood as aspecial case of the \ordinary" optimal-order behavior for quadratic FVE.Finally, it is important to emphasize the local character of the er-ror estimates of this chapter, since it may appear that superconvergence (forlinear trial spaces) is strictly relegated to uniform computational meshes andthat only linear convergence is to be expected on non-uniform meshes. Recallthat superconvergence results hold on the \macro-element" Eij formed by join-ing individual element edges Xij with individual volume interfaces 
ij . Evenwhen global symmetry conditions are violated, local (second-order) supercon-vergence holds when local symmetry conditions for Xij and 
ij are satis�ed.Qualitatively, global superconvergence can be seen as the cumulative e�ect oflocal superconvergence behavior. Quantitatively, local superconvergence leadsto superlinear global convergence rates: the precise rate depends upon theprevalence of local symmetry or local uniformity on the global computationalmesh. Therefore, on general non-uniform meshes, \partial" superconver-gence can exist globally even when full second-order superconvergence is lost(see [9] for details). Even on highly non-uniform meshes, there are usuallysigni�cant regions of uniformity and symmetry. In these local regions, thesolution converges quadratically and \remediates" the global solution: super-linear, rather than linear, convergence is observed globally.86



3.7 EllipticityIn Section 2.6.4, use of the ellipticity result (2.23) in the FE erroranalysis required that the trial space representation error be used as a testfunction. In FE, test and trial spaces coincide so this was straightforward.In FVE, test and trial spaces di�er, and we must describe the test functionrepresentation of a trial function.Let u 2 Wh with nodal representation u � Pi2I ui �i; where f�igi2Iis the DOF basis forWh. Then u also has a corresponding lumped or test spacerepresentation, u, in X h: u �Xi2I ui �i: (3.52)In other words, if u 2 Sp(T h), u 2 S0(Vh=p) is a volume-wise constant inter-polant of u: u = �h=p0 u. Our ellipticity result for FVE will use the lumpedrepresentation de�ned by (3.52) to characterize test functions.As in FE, a discrete ellipticity result is perhaps the most importanttechnical component of FVE analysis. Once ellipticity is established, FVE erroranalysis for di�usion equation reduces to the approximation theory developedin the previous section.Using the optimal-order approximation result (3.40) of Lemma 3.4from Section 3.6, we derive (for p � 2) an \asymptotic" ellipticity result forthe di�usion bilinear form in terms of our discrete FVE trial space Sp(T h) andour discrete H1 semi-norm. That is, for (h=p) su�ciently small, the ellipticityconstant � is independent of the computational mesh. This type of argument isunavoidable if we wish to maintain the FE formalism in our FVE error analysis87



for higher-order (p � 2) polynomial trial spaces, since our discrete H1 semi-norm is de�ned as the restriction of the continuous H1 semi-norm to piecewiselinear polynomials on the FVE triangulation T h=p.Lemma 3.5 (Discrete Ellipticity) There exists a positive constant� = �(Dm;�D), for h=p � �D when p � 2, such thatB(u; u) � � juj21;!; 8 u 2 Wh; (3.53)where Dm is the positive lower bound on the di�usion coe�cient and �D =12DmC�1 juj1;!=juj2;T h: is an asymptotic ellipticity parameter.Proof: For u 2 S10 (T h=p), we follow Cai[10] for the following sub-result. By the de�nition of the B-form (3.8), we haveB(u; u) = Xi2I ui Xj2Wi dij(u);= Xfi;jg2W(ui � uj) dij(u);since dij(u) = �dji(u) (i.e., nij = �nji).For any u 2 S10(T h=p), we recognize thatdij(u) = (ui � uj)jXijj Z
ij D dS:Then, it follows thatB(u; u) = Xfi;jg2W (ui � uj)2jXijj Z
ij D dS;� Dm Xfi;jg2W(ui � uj)2 j
ijjjXij j ;= Dm juj21;!: (3.54)Thus, the lemma is proved for the p = 1 case with � = Dm.88



For u 2 Sp(T h) with p � 2, de�ne u1 � �h=p1 u. Now, analyze thefollowing splitting induced by u1:B(u; u) = B(u1; u1) +B(u� u1; u);� Dm juj21;! �D(u� u1) juj1;!;� Dm juj21;! � C (h=p) juj2;T h juj1;!;� 12Dm juj21;!; (3.55)where h=p � �D = 12DmC�1 juj1;!=juj2;T h:In the �rst three lines of (3.55), we use the fact that u = u1, thesub-result (3.54), the fact that ju1j1;! = juj1;!, the bound (3.17), and theapproximation result (3.40), respectively. Thus, the lemma is proved for thep � 2 case with � = 12Dm. 2In addition, we see that B(u; u) � uTBu � QB(u) 8 u 2 Wh; whereu is the vector of nodal values for u 2 Wh, B is the FVE matrix generatedby the B-form, and QB(�) is the associated quadratic form. Therefore, (3.53)simply states that B is positive de�nite:QB(u) � 0; 8 u; (3.56)with equality holding in (3.56) only when u (i.e., u 2 Wh) is identically zero.Hence, (3.53) guarantees the existence and uniqueness of the numerical solutionuh 2 Wh.The FVE ellipticity result (3.53) clearly has the same form as thecorresponding FE result (2.23) (when restricted to Wh). In fact, the two89



results are identical for (2.14) when D is constant and Wh = S10(T h); that is,the FVE (and FV) matrix B and the FE matrix A are identical for piecewiselinear polynomials on a general triangulation as demonstrated by Bank andRose [5]. This equivalence between FV and FE for a piecewise linear trial spaceis the key observation that drives much of the FV analysis in the referencescited in Section 1.1. Such arguments may seem to imply dependence of FV (orFVE) analysis on the corresponding FE formulation of the same problem. Aswe have seen in the preceding sections (and will see again in later sections), thisis not the case: our FVE analysis is similar to FE in style but not in substance.
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3.8 Error AnalysisWith the components developed in the preceding sections, expressedin (3.17), (3.30), (3.41), and (3.53), we can outline the standard FVE analysis.To combine optimal-order and superconvergence results, de�ne� � maxfp; Pg; (3.57)where p and P are the optimal-order and superconvergence parameters em-ployed in Theorem 3.2. The pathway to our error estimate is detailed below.3.8.1 Error SplittingAs in the FE analysis of Section 2.6.4, we de�ne the error in theFVE approximation to (2.14) as e � u � uh 2 W and write e = � � �p(u),so that the FVE error is split into its representation error (� � �hpu � uh 2Wh) and interpolation error (�p(u) � �hpu � u 2 W) components. Since theinterpolation error is zero at all computational mesh points !, j�p(u)j1;! � 0and ju� uhj1;! � j�j1;!. Hence, the H1(!) semi-norm focuses our attentionon the representation error of the discrete trial space Wh for our numericalmethod and on the behavior of the error on the points ! where the numericalapproximation is being computed rather than on the whole domain 
 or onthe continuous trial space W+.Therefore, estimating jej1;! is reduced to estimating j�j1;!; however,the latter estimate can be developed as below in terms of estimates (3.30) and(3.41) for the interpolation error �p over the set of volume interfaces f
ijgij2Wthat are contained in 
. 91



3.8.2 Zero PropertyKnowing that (for all w 2 X h) the exact solution of (3.1) satis�esB(u;w) = (f;w), the numerical solution satis�es (3.7), and the source termsatis�es (3.10), we have the zero property,B(u� uh; w) = 0; 8 w 2 X h; (3.58)which in our context is more appropriately expressed asB(�; w) = B(�p; w); 8 w 2 X h: (3.59)3.8.3 Error EstimateSince �, the lumped representation (or S0(Vh=p)-interpolant) of �, isin X h, take w = � in (3.59) and obtain� j�j21;! � B(�; �);= B(�p; �);� D(�p)j�j1;!: (3.60)The three lines of (3.60) use (3.53), (3.59), and (3.17), respectively. Finally, by(3.30) and (3.41), we have proved the following combined optimal-order andsuperconvergent error estimate for the �nite volume element method. 2Theorem 3.3 (Error Estimate) The error in the FVE approxima-tion (3.4) to the solution of the di�usion equation (2.14) satis�esju� uhj1;! � C (h=p)S kukS+1;
; S 2 (1=2; �]; (3.61)where � is de�ned in (3.57). 92



Note that (3.61) matches or surpasses the corresponding pth-order �nite ele-ment result (2.27).This concludes our presentation for di�usion equations. In the nextchapter, we outline the necessary additions and modi�cations for the inclusionof reaction and advection terms, as in the general elliptic equation (1.1) thatarises from the general integral conservation law (1.4) of Section 1.2.
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3.9 SummaryIn the present chapter, we have followed the formalisms of the h, p,and h-p version FE error analysis presented in Chapter 2 to develop an h, p,and h-p version FVE analysis for di�usion equations. In Sections 3.1 and 3.2,we motivated and laid the groundwork for an FE-style analysis of FVE. InSection 3.3, we developed discrete analogs of the L2 and H1 Sobolev normsand a discrete Poincar�e inequality as the �rst step in maintaining the Sobolevformalism of Section 2.5 in our FVE analysis. In Section 3.4, we derived anupper bound for the FVE di�usion bilinear forms in terms of our discrete H1semi-norm and an FVE di�usion functional by following in the footsteps ofSection 2.6.1. In Section 3.5, we introduced the Bramble-Hilbert lemma as anew tool for the development of an FVE approximation theory in Section 3.6.Following the footsteps of Section 2.6.2, H1(
)-equivalent optimal-order error estimates were derived in the H1(!) semi-norm for h, p, and h-pversion FVE in Section 3.6.1. In Section 3.6.2, the proofs of the two dimen-sional superconvergence results of Cai et al. [9, 10] for a linear trial space ontriangles and S�uli [50] for a bilinear trial space on rectangles were outlined:on a \symmetric" volumization, the linear FVE has the same asymptotic con-vergence rate as quadratic FVE on a regular volumization. We found thatsuperconvergence for the di�usive 
ux is based the 1-d fact that centered dif-ferencing is exact for quadratics: various volume symmetries are introduced toextend this result to multi-dimensional settings. This set the stage for Section3.6.2.1 where the dimensional and geometric dependence of volume symmetryand superconvergence was unmasked in three spatial dimensions. Finally, we94



o�ered the \degenerate" volume paradigm" in Section 3.6.2.2 to show thatlinear FVE on a symmetric volumization is identical to a quadratic FVE ona degenerate volumization; hence, superconvergence for linear FVE can beviewed as a special case of the optimal-order convergence for quadratic FVE.When discussing superconvergence for linear trial spaces, it is im-portant to emphasize that it is primarily a local phenomenon. Qualitatively,global superconvergence is the cumulative e�ect of local volume symmetries oruniformities in a given computational mesh. Quantitatively, local quadraticconvergence leads to superlinear global convergence: the precise rate dependsupon the prevalence of local volume symmetry or uniformity conditions on aglobal computational mesh. As a result, local quadratic convergence of a nu-merical solution (in regions of symmetry/uniformity on a non-uniform mesh)\remediates" the global solution: superlinear, rather than linear, convergenceis observed globally.Following the formalism of Section 2.6.3, we used the optimal-orderapproximation result (3.40) of Lemma 3.4 from Section 3.6.1 to derive (forp � 2) an \asymptotic" ellipticity result for the di�usion bilinear form interms of our discrete FVE trial space Sp(T h) and our discrete H1 semi-normin Section 3.7. That is, for (h=p) su�ciently small, the ellipticity constant isindependent of the computational mesh. This type of argument is unavoidableif we wish to maintain the FE formalism in our FVE error analysis for higher-order (p � 2) polynomial trial spaces, since our discrete H1 semi-norm isde�ned as the restriction of the continuous H1 semi-norm to piecewise linearpolynomials on the FVE triangulation T h=p. Following the pattern of Section95



2.6, we performed an FE-style error analysis for h, p, and h-p version FVE inSection 3.8 that matches or exceeds the results of the standard h, p, and h-pFE analysis for steady di�usion equations.In the next chapter, we extend the scope of our analysis to generalelliptic equations and detail the analogous theoretical results for the FVE treat-ment of advection and reaction.
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4. Analysis for General Elliptic EquationsIn this chapter, we note modi�cations for an h, p, and h-p version FVEanalysis for general elliptic equations and elliptic projections. After presentingsome preliminary theoretical infrastructure in Section 4.1, we develop upperbounds in terms of FVE advection and reaction functionals and our discreteL2 and H1 norms for the FVE bilinear forms corresponding to the treatmentof advection and reaction terms in a general elliptic equation in Section 4.2.In Section 4.3, we develop L2-equivalent optimal-order approximation theoryresults for our FVE advection and reaction functionals. Our goal here is to �ndestimates for advection and reaction that do not interfere or add any additional\volume symmetry" constraints to the di�usion optimal-order and supercon-vergence results of the previous chapter. In Section 4.4, we derive \asymptotic"discrete ellipticity results for the FVE reaction and advection bilinear forms.Finally in Section 4.5, we construct an FVE analysis for reaction{di�usion andadvection{reaction{di�usion equations with the components developed in thepreceding sections: optimal-order and superconvergence results are obtainedfor h, p, and h-p version FVE in our discrete H1 semi-norm. In Section 4.6,we extend the theory developed so far to analyze the elliptic map which is thekey theoretical tool in our analysis of parabolic equations.
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4.1 PreliminariesIn general, the FVE B-form is given byB(u;w) � A(u;w) +D(u;w) +R(u;w); u 2 H; w 2 X h; (4.1)where the bilinear forms corresponding to advection, di�usion, and reactionare A(u;w) � Xi2I Z@Vi au � nwi dS; (4.2)D(u;w) � Xi2I � Z@ViDru � nwi dS; (4.3)R(u;w) � Xi2I ZVi r uwi dx: (4.4)Recall that (4.2){(4.4) correspond to the left-hand side of the general integralequation posed (1.4) on the volumization Vh=p, so that (4.1) is the startingpoint for an FVE analysis for the general elliptic equation (1.1).Since the exact solution u satis�es (1.4) on a arbitrary set of volumes,it also satis�es (1.4) on the �nite set of volumes Vh=p according to (4.1): givenf 2 L2, u 2 W+ satis�esB(u;w) = (f;w); 8w 2 X h: (4.5)As before, the right-hand side of (4.5) is given by(f;w) =Xi2I ZVi f wi dx: (4.6)Now we can de�ne the FVE approximation uh to (1.4) in terms of (4.5) and(4.6): given fh 2 Wh, �nd uh 2 Wh such thatB(uh; w) = (fh; w); 8w 2 X h: (4.7)98



As before, the numerical source term fh satis�es the local L2 projection rela-tion, (f � fh; w) = 0; 8w 2 X h; (4.8)which ensures that (source term) mass is conserved on each volume.In Sections 3.4{3.7, we analyzed the di�usion bilinear form (4.3); herewe outline the corresponding results for the advection and reaction forms (4.2)and (4.4). For reaction problems, we assume continuous and bounded (0 <rm � r � rM < 1) reaction coe�cients. For advection problems, we assumecontinuously di�erentiable and bounded (jjajj � Ma, jjr � ajj � Mdiv < 1)velocity vectors.
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4.2 BoundednessAs in Section 3.4, we will develop upper bounds for the advectionand reaction bilinear forms in terms of a product of functionals applied totest and trial space functions. For elements of the FVE test space X h, weapply the discrete L2 and H1 Sobolev norms of Section 3.3 that are linkedby the discrete Poincar�e inequality (3.16). For the admissible FVE trial space,H �W+�Wh, we apply some problem-dependent functionals that correspondto the FVE treatment of advection and reaction. Practically speaking, wewant these reaction and advection functionals to support the optimal-order orsuperconvergent approximation theorems of Section 3.6, since the trial functionin our analysis is the interpolation error for the exact solution.4.2.1 AdvectionFor the advection bilinear form (4.2), we derive a bound based on thediscrete H1 semi-norm (3.13) that is similar to the di�usion bound (3.17).Lemma 4.1jA(u;w)j � A(u)jwj1;!; 8 u 2 H; w 2 X h: (4.9)A(�) is a bounded functional:A(u) � � Xfi;jg2W a2ij(u) jXijjj
ijj �1=2; (4.10)aij(�) is a bounded linear functional arising from the FVE treatment of advec-tion: aij(u) � Z
ij au � nij dS; (4.11)where nij is the unit normal vector pointing outward from Vi into Vj.100



Proof: Using the de�nition (4.2) and the fact thatZ@Vi au � ni dS � Xj2Wi aij(u); (4.12)we follow the proof of the di�usion bound:jA(u;w)j = jXi2I wi Xj2Wi aij(u)j;= j Xfi;jg2W aij(u) (wi � wj)j;� � Xfi;jg2W a2ij(u) jXijjj
ijj �1=2 � Xfi;jg2W (wi �wj)2 j
ijjjXij j�1=2;(4.13)where we have used the fact that aij(u) = �aji(u) (i.e., nij = �nji) in thesecond line of (4.13). 24.2.2 ReactionFor the reaction bilinear form (4.4), we derive a bound based on ourdiscrete L2 norm (3.11).Lemma 4.2jR(u;w)j � R(u)jwj0;!; 8 u 2 H; w 2 X h: (4.14)R(�) is a bounded functional:R(u) � �Xi2I 1jVij r2i (u)�1=2; (4.15)ri(�) is a bounded linear functional arising from the FVE treatment of reaction:ri(u) = ZVi ru dx: (4.16)101



Proof: Starting with the de�nition (4.4), we �nd thatjR(u;w)j = jXi2I ri(u)wij;� �Xi2I 1jVij r2i (u)�1=2�Xi2I jVijw2i �1=2; (4.17)after an application of the discrete Cauchy-Schwarz inequality. 2With upper bounds for the advection and reaction bilinear formsin terms of the non-standard, problem-dependent, bounded linear functionals(4.11) and (4.16), we need approximation theorems: these results are demon-strated and discussed below.
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4.3 Approximation TheoryThe approximation theory developed in this section forms the core ofour FVE analysis for general elliptic equations in Section 4.5 and for generalparabolic equations in the next chapter. Our goal here is to �nd estimates foradvection and reaction that do not interfere or add any additional \volume sym-metry" constraints to the di�usion optimal-order and superconvergence resultsof Theorems 3.1 and 3.2. To achieve this goal, we develop L2(
)-equivalentoptimal-order results for interpolation into Sp(T h) when the triangulation andvolumization are regular (de�ned in Sections 2.1.1 and 2.2.3). These resultsprovide an additional power of h=p to the H1 optimal-order result (3.30) andcoincide with the H1 superconvergence result (3.41) for linear �nite elementson any regular volumization.4.3.1 AdvectionFor the advection functional (4.10), we apply the linear Bramble-Hilbert lemma to the bounded linear functional (4.11) in the same way thatwe applied the lemma to the bounded linear functional (3.19) to obtain anL2(
)-equivalent optimal-order result for pth-order interpolation (cf. (3.30)).Theorem 4.1 Let �p(u) = �hpu � u be the interpolation error foru 2 W+ into Sp(T h). Then we have the following estimate:A(�p(u)) � C (h=p)S+1kukS+1;
; S 2 (1=2; p]; (4.18)Proof: We follow the proof of Theorem 3.1 line-by-line with a minormodi�cation for advection: since there is no derivative to transform in (4.11),a power of h is not lost in the a�ne mapping to a reference element as occurred103



in the second step of the di�usion proof. Thus, we obtain a local error estimatefor the bounded linear functional (4.11) for S 2 (1=2; p] (cf. (3.36)):jaij(�p(u))j � C (h=p)S+1  j
ijjjXij j!1=2 Xk2f1;2g juj2S+1;T kij: (4.19)To obtain the �nal result (4.18), substitute the local estimate (4.19) into theadvection functional (4.10) and simplify as in (3.37). 24.3.2 ReactionFor the reaction functional (4.15), we apply the linear Bramble-Hilbertlemma to the bounded linear functional (4.16) in a slightly di�erent way to ob-tain an L2(
)-equivalent optimal-order result for pth-order interpolation (cf.(3.30)). Theorem 4.2 Let �p(u) = �hpu � u be the interpolation error foru 2 W+ into Sp(T h). Then we have the following estimate:R(�p(u)) � C (h=p)S+1kukS+1;
; S 2 (1=2; p]; (4.20)Proof: Following the volume construction in Section 2.2.1, we work oneach sub-volume vi(Tp) in Vi which in turn is contained in T h=pi |the collectionof elements Tp in T h=p that have xi as a vertex: recall (2.3) and note thatvi(Tp) = Vi \ Tp. Then we follow the proof of Example 2 from Section 3.5 forpth-order interpolation to get estimates on each sub-volume.First, we split (4.16) into its sub-volume components:ri(�p) = XTp2T h=pi rvi(Tp)(�p); (4.21)104



rvi(Tp)(�p) � Zvi(Tp) r �p(u) dx: (4.22)Second, recalling (Section 2.2.1 and (2.5)) that interpolation is de�ned on eachTp in T h=p and restricted to each vi(Tp) in vh=p, we a�ne map from each elementTp to a reference element cTp and transform our sub-volume functionals:jrvi(Tp)(�p)j = jvi(Tp)jj bvi(cTp)j jbrbvi( bTp)(c�p)j: (4.23)Third, we bound brbvi( bTp) and �nd that the Bramble-Hilbert lemma holds whenthe regularity parameter S for bu satis�es 3=2 < S+1 � p+1: the upper boundis due to the order of the interpolation (i.e., p-th order interpolation is exactfor polynomials of degree � p); the lower bound is chosen to mesh with thelower bound of Theorem 3.1. That is,jbrbvi( bTp)(c�p)j � C jbujS+1;bvi( bTp); S 2 (1=2; p]: (4.24)Fourth, we transform back to each element Tp in T h=pi and �nd estimates forrvi(Tp)(�p):jrvi(Tp)(�p)j � C (h=p)S+1 jvi(Tp)j1=2 jujS+1;vi(Tp); S 2 (1=2; p]; (4.25)where O(h=p) is the diameter of vi(Tp). Note that (4.25) is an L2(
)-equivalentoptimal-order local estimate on the sub-volume vi(Tp). Since vh=p � T h=p � T h(cf. (2.5))|this estimate on vi(Tp) holds on the FVE triangulation T h=p andthe FE triangulation T h, as demonstrated below.After combining sub-volume results of (4.25), we obtain a local errorestimate for the bounded linear functional (4.16) for S 2 (1=2; p] (cf. (3.36)):jri(�p(u))j � XTp2T h=pi jrvi(Tp)(�p)j;105



� C (h=p)S+1 � XTp2T h=pi jvi(Tp)j�1=2� XTp2T h=pi juj2S+1;vi(Tp)�1=2;� C (h=p)S+1 jVij1=2 � XTp2T h=pi juj2S+1;vi(Tp)�1=2; (4.26)where we have used the fact that the sub-volumes partition Vi.To obtain the �nal result (4.20), substitute the local estimate (4.26)into the reaction functional (4.15) and simplify as in (3.37): focusing on theHS+1 semi-norm of u, we haveXTp2T h=pi juj2S+1;vi(Tp) = XTp2T h=p juj2S+1;Tp = XT2T h juj2S+1;T ;� juj2S+1;T h � kuk2S+1;
; (4.27)where we've used the nested property of the sub-volumes and the triangulations(2.5): each sub-volume is contained in a single element of T h=p which in turnis contained in a single element of T h.If u 2 C0(
) \ HS+1(T h) \ H1(
) for S 2 (1=2; p], the result holdswith juj2S+1;
 replaced by juj2S+1;T h. (see Corollary 3.1) 2In analogy to Lemma 3.4 of Section 3.6, we develop an approximationresult for piecewise constant interpolation of elements from our FVE trial spaceWh = Sp(T h). This error estimate will be used in the next section to establishreaction and advection discrete ellipticity results.Lemma 4.3 (Constant Interpolation) Let �0(u) = u ��h=p0 u bethe interpolation error for u 2 Wh into S0(Vh=p). Then we have the followingestimate: R(�0(u)) � C (h=p)juj1;
: (4.28)106



Proof: If u 2 Wh = Sp(T h), u 2 C0(
) \H1(
) so that volume-wiseconstant interpolation and the error estimate (4.28) are well-de�ned. Recallthat for polynomials that �h=p0 u = u = Pi2I ui �i from (3.52) of Section 3.7.Therefore, we will use a Bramble-Hilbert argument similar to that used inTheorem 4.2 on each volume Vi in Vh=p and over the polynomial space Wh.First, we a�ne map from Vi to cVi and transform the reaction func-tional jri(�0)j = jVijjcVij jbri(c�0)j: (4.29)Second, we bound bri and �nd that the Bramble-Hilbert lemma holds when theregularity parameter for bu equals 1: i.e., constant interpolation is exact forpolynomials of degree 0. That is,jbri(c�0)j � C jbuj1;bVi: (4.30)Third, we transform back to each volume Vi in Vh=p and �nd estimates forri(�0): jri(�0)j � C (h=p) jVij1=2 juj1;Vi; (4.31)where O(h=p) is the diameter of Vi. Note that (4.31) is an L2(
)-equivalentoptimal-order local estimate on the volume Vi.To obtain the �nal result (4.28), substitute the local estimate (4.31)into the reaction functional (4.15) and simplify. 2
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4.4 EllipticityAs in Section 3.7, we derive discrete ellipticity results for the respec-tive reaction and advection bilinear forms (4.4) and (4.2) in terms of the discreteL2 and H1 norms de�ned in Section 3.3. As we saw in the error analysis ofSection 3.8 and will see in the error analysis of the next section, ellipticity iscrucial. Once ellipticity is established, FVE analysis reduces to the approxi-mation theory developed in Sections 3.6 and 4.3.As in FE, our FVE ellipticity results allow us to consider two typesof general elliptic equations: steady reaction-di�usion and advection-reaction-di�usion with an \arti�cial" reaction coe�cient that allows us to overcomethe e�ects of the non-symmetric advection term. We note that in the lattercase, the velocity �eld is general. We cannot consider a steady advection-di�usion equation without an \arti�cial" velocity �eld: r � a � � > 0 as in[33]. In the context of parabolic equations, we will see in Chapter 5 thatarti�cial reaction is only needed to de�ne an elliptic projection (discussed inSection 4.6) of the exact parabolic solution. After the projection is estab-lished, we can consider transient reaction-di�usion, advection-di�usion, andfull-blown advection-reaction-di�usion equation with general \physical" coef-�cients. Therefore, the full fruit of our approach for elliptic equations will berealized in the more general context of parabolic equations.4.4.1 ReactionFor reaction we �nd an ellipticity result analogous to the di�usionresult (3.53). Using the approximation result (4.28) of Lemma 4.3 from theprevious section, we demonstrate an \asymptotic" ellipticity result in terms of108



our discrete FVE trial space Sp(T h) and our discrete L2 norm for the reactionbilinear form. That is, for (h=p) su�ciently small the ellipticity constant �is independent of the computational mesh. Again this type of argument isneccesary to maintain the FE formalism in our FVE analysis, since our discreteL2 is de�ned to be the restriction of the continuous L2 norm to piecewiseconstant functions on Vh=p.Lemma 4.4 There exists a positive constant � = �(rm;�r), for h=p ��r, such that R(u; u) � � juj20;! 8 u 2 Wh; (4.32)where rm is the positive lower bound on the reaction coe�cient, and �r =12 rm C�1 juj0;!=juj1;
 is an asymptotic ellipticity parameter.Proof: In analogy to the proof of the di�usion result, we start witha sub-result. If u in (4.4) is replaced by the lumped representation u 2 X h of(3.52), a discrete ellipticity condition is easily demonstrated:R(u; u) = Xi2I u2i ZVi r dx;� rm juj20;!: (4.33)For the general reaction term (4.4), recall that u � �h=p0 u. Now, weanalyze the splitting induced by u:R(u; u) = R(u; u) +R(u � u; u);� rm juj20;! �R(�0(u)) juj0;!;� rm juj20;! �C (h=p)juj1;
 juj0;!;� 12 rm juj20;!; (4.34)109



where h=p � �r = 12 rmC�1 juj0;!=juj1;
:In the �rst three lines of (4.34), we've used the sub-result (4.33), thebound (4.14), and the approximation result (4.28), respectively. Thus, thelemma is proved with � = 12 rm. 2Therefore, (4.32) and (3.53) imply discrete ellipticity and will im-ply optimal-order and superconvergence error estimates for steady reaction-di�usion equations when h=p is su�ciently small.4.4.2 AdvectionFor advection, our asymptotic discrete ellipticity result must be usedin conjunction with the corresponding di�usion (3.53) and reaction (4.32) re-sults and not in isolation.Lemma 4.5 For (h=p) � minf�div; �ag, we have the following result:A(u; u) � �12� juj21;! � � juj20;!; 8 u 2 Wh; (4.35)where � = 12Dm is the ellipticity constant from (3.53), Dm is the positivelower bound on the di�usion coe�cient, � = �(Dm;Mdiv;Ma;�D; �div; �a)is a positive constant equal to 4maxfM2a maxfD�1m ; 1g;Mdivg, Ma and Mdivare the upper bounds on the velocity vector and its divergence, and �div =Mdiv C�1juj0;!=juj1;
 and �a = Ma C�1juj0;!=juj2;T h are asymptotic ellipticityparameters.Proof: Using the de�nition of (4.2) and the Divergence Theorem, wesplit (4.2) into L2(
) and H1(
)-equivalent components:A(u; u) =Xi2I ZVir � auu dx+Xi2I ZVi a � ruu dx: (4.36)110



If the velocity �eld in our elliptic problem (1.1) represents an incom-pressible 
ow, r � a = 0 and we can drop the �rst sum on the right-handside of (4.36). However, we consider a general velocity �eld with a boundeddivergence (kr � ak �Mdiv). To this end, we de�ne a divergence bilinear formfR(u; u) and functional fR(u) by replacing r with r � a in the de�nitions of(4.4) and (4.16). We note that all results for the reaction bilinear form andfunctional hold for the new divergence bilinear form and functional with minormodi�cations.Employing these new de�nitions for the divergence term, we analyzethe splitting induced by u:Xi2I ZVir � auu dx = fR(u; u) + fR(�0(u); u);� �Mdiv juj20;! � fR(�0) juj0;!;� �Mdiv juj20;! � C (h=p)juj1;
 juj0;!;� �2Mdiv juj20;!; (4.37)where we have used the bound (4.14), the sub-result (4.33), and the approxi-mation result (4.28) to obtain (4.37) when h=p � �div =MdivC�1juj0;!=juj1;
.For the second sum on the right-hand side of (4.36), we analyze thesplitting induced by u1 = �h=p1 u with the help of some standard approximationtheory (see Ciarlet [11] Theorem 17.1 and Remark 17.2) for p � 2:Xi2I ZVi a � ruudx = Xi2I ZVi a � ru1 u dx+Xi2I ZVi a � r(u� u1)u dx;� �Maju1j1;
 juj0;
 �MaC(h=p)juj2;T hjuj0;
;� �Majuj1;! juj0;! �M2a juj20;!;� �12�juj21;! �M2a�1 + 12��juj20;!;111



� �12�juj21;! � 2M2a maxfD�1m ; 1g juj20;!; (4.38)where we have used the Cauchy-Schwarz inequality, standard H1 approxima-tion theory, the de�nitions of the L2 and H1 discrete norms (3.12) and (3.14),and the fact that � = 12 Dm in the proof of (3.53) for p � 2 to obtain (4.38)for h=p � �a = MaC�1juj0;!=juj2;T h. For p = 1, the splitting is not needed;however, (4.38) is still an acceptable lower bound without requiring that (h=p)be su�ciently small.Combining the results of (4.37) and (4.38), we obtain the desiredresult: A(u; u) � �12�juj21;! � 2(M2a maxfD�1m ; 1g +Mdiv) juj20;!;� �12�juj21;! � 4maxfM2a maxfD�1m ; 1g;Mdivg juj20;!; (4.39)where the constant in front of juj20;! is de�ned as �. 2Then (4.35), with (3.53) and (4.32), implies discrete ellipticity forsteady advection-reaction-di�usion equations and will imply optimal-order andsuperconvergence error estimates when h=p is su�ciently small and � = �(Dm; rm;Mdiv;Ma;�D; �r; �div; �a) is su�ciently large|this will quanti�ed in the nextsection.
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4.5 Error AnalysisWith the results of the previous sections, the basic structure of theFVE error analysis (3.60) presented in Section 3.8 is relatively unchanged. Wewill outline modi�cations for steady reaction-di�usion and advection-reaction-di�usion equation separately.As before, we have employed the error splitting: u� uh = � � �p(u),where u 2 W+ and uh 2 Wh are the exact and FVE solutions, respectively, � =�hpu�uh 2 Wh is the trial space representation error, and �p(u) = �hpu�u 2 His the trial space interpolation error.4.5.1 Reaction-Di�usionCombining the ellipticity results (3.53) and (4.32) of Sections 3.7 and4.4, respectively, we �nd that the �rst line of (3.60) is modi�ed to read� j�j21;! � D(�; �) +R(�; �): (4.40)Proof: For (h=p) su�ciently small, we haveD(�; �) +R(�; �) � � j�j21;! + �juj20;!;� � j�j21;!: (4.41)In the second line of (3.60), the zero property is unchanged: subtract-ing (4.7) from (4.5) yields B(u� uh; w) = 0; 8w 2 X h. Then, in terms of theerror splitting, we haveD(�; �) +R(�; �) = D(�p; �) +R(�p; �): (4.42)Combining the upper bound results (3.17) and (4.14) of Sections 3.4113



and 4.2, the third line of (3.60) becomesD(�p; �) +R(�p; �) � D(�p)j�j1;! +R(�p)j�j0;!: (4.43)4.5.2 Advection-Reaction-Di�usionCombining the ellipticity results (3.53), (4.32), and (4.35) of Sections3.7 and 4.4, respectively, we �nd that the �rst line of (3.60) is modi�ed to read12 � j�j21;! � A(�; �) +D(�; �) +R(�; �): (4.44)Proof: For (h=p) su�ciently small, we haveA(�; �) +D(�; �) +R(�; �) � �(1 � 12) j�j21;! + (�� �)juj20;!;� 12� j�j21;!; (4.45)where we have obtained (4.45) for � = 12 rm su�ciently large: rm � 2� =8maxfM2a maxfD�1m ; 1g;Mdivg. For example, if the velocity �eld is divergence-free and our elliptic equation (1.1) is nearly hyperbolic in character (Mdiv = 0and Dm << 1), we require rm � 8M2a=Dm.In the second line of (3.60), the zero property is unchanged: subtract-ing (4.7) from (4.5) yields B(u� uh; w) = 0;8w 2 X h. Then in terms of theerror splitting, we haveA(�; �) +D(�; �) +R(�; �) = A(�p; �) +D(�p; �) +R(�p; �): (4.46)Combining the upper bound results (3.17), (4.9), and (4.14) of Sec-tions 3.4 and 4.2, the third line of (3.60) becomesB(�p(u); �) � (A(�p) +D(�p))j�j1;! +R(�p)j�j0;!: (4.47)114



4.5.3 General Error EstimateWith the modi�cations of the last two subsections, we apply the dis-crete Poincar�e inequality (3.16) of Section 3.3 to j�j0;! in (4.43) and (4.47).Then we combine the H1(
)-equivalent optimal-order and superconvergenceapproximation results (3.30) and (3.41) of Section 3.6 with the L2(
)-equivalentoptimal-order approximation results (4.18) and (4.20) of Section 4.3. As a re-sult, we �nd that FVE error analysis reduces to approximation theory. 2Theorem 4.3 Under the conditions stated above, the optimal-orderand superconvergence error estimate of (3.61) holds for the FVE approxima-tion to the exact solution of steady reaction-di�usion and advection-reaction-di�usion equations de�ned by the general elliptic problem (1.1). That is,ju� uhj1;! � C (h=p)S kukS+1;
; S 2 (1=2; �]; (4.48)where � � maxfp; Pg, p is the order of the polynomial trial space, P is thesuperconvergence (for p = 1) parameter of Theorem 3.2: P is 1 or 2 in theabsence or presence, respectively, of volume symmetry.In our treatment of advection, we have employed a standard approachto establish a baseline analysis. In practice, we would be well-served to employ\upwinding" procedures such as those discussed in Hughes [26], Lazarov etal. [32, 33], and Roache [43]. In a forthcoming companion paper, upwind FVEare de�ned for linear �nite elements and are analyzed: once again, optimal-order and superconvergence results are obtained.We conclude our presentation for elliptic equations in the next sectionwith a discussion of the elliptic projection operator that will be used in theFVE analysis for parabolic equations in the next chapter.115



4.6 Elliptic ProjectionFor a general function g 2 W+ � HS+1(
) \H10 (
); S 2 (1=2; �], wede�ne an elliptic map egh 2 Wh that satis�es a zero property with respect tothe FVE B-form: B(egh � g;w) = 0; 8 w 2 X h: (4.49)Since (4.49) is only a restatement of the zero property from the previous section,Theorem 4.3 immediately yields an error estimate for the elliptic map. 2Lemma 4.6j(egh � g)j1;! � C (h=p)SkgkS+1;
; S 2 (1=2; �]: (4.50)Notice that (4.49) actually de�nes a (subspace) projection PB from H � W+�Wh into Wh � H: PB : g 2 H ! egh 2 Wh � H; (4.51)PB(egh) � egh: (4.52)More generally, let g = g(t) be a continuous function of time (t 2� � (0; T ]); then, we have the following error estimates for continuous-timeand discrete-time elliptic mappings:Theorem 4.4 If egh is continuously de�ned for all t 2 � � (0; T ], thecontinuous-time elliptic mapping error satis�es:supt2� j(egh � g)(�; t)j1;! � C (h=p)SkgkL1(HS+1); S 2 (1=2; �]; (4.53)where k�kL1(HS+1) is the L1(�) norm of the HS+1(
) norm of g(t):kgkL1(HS+1) � supt2�kg(t)kS+1;
: (4.54)116



However, if egh is de�ned only at discrete time intervals (t 2 � � ft0 =0; t1; : : : ; tN = Tg), the discrete-time elliptic mapping error satis�es:maxt2� j(egh � g)(�; t)j1;! � C (h=p)SkgkL1(HS+1); S 2 (1=2; �]: (4.55)Proof: To the result of Lemma 4.6, apply the de�nitions of sup, max,and L1(�). 2In the parabolic analysis of the next chapter, the elliptic mappingerror will assume the role formerly played by the interpolation error. As aresult, the error estimates of Theorem 4.4 will play a prominent role.

117



4.7 SummaryAn a priori FVE error analysis for elliptic partial di�erential equa-tions with smooth coe�cients has been presented: H1(
)-equivalent optimal-order and superconvergence results have been obtained in the H1(!) semi-norm. These results can be extended to problems with discontinuous andnonlinear coe�cients: the modi�cations for discontinuous coe�cients are anal-ogous to those of Samarskii et al. [46] for FV; the modi�cations for nonlinearcoe�cients are analogous to those of Douglas [12] for FE.For the purpose of analysis, we have viewed FVE as a locally conser-vative Petrov-Galerkin FE and performed an FE-style error analysis. Buildingupon the foundation laid by Cai, Mandel, and McCormick [9] for steady di�u-sion equations discretized by linear �nite elements in two spatial dimensions,we have extended and generalized FVE analysis to cover steady advection-reaction-di�usion equations discretized by C0 polynomial �nite elements ofarbitrary order in three spatial dimensions. In addition, we have considered h,p, and h-p version FVE where increased accuracy is obtained by re�ning thecomputational mesh parametrized by h and/or by increasing the order p of thepolynomial trial space.In Sections 1.1 and 1.2 of Chapter 1, we outlined the origin of 
uiddynamics and its basis on local conservation laws. Also, we motivated theneed for FVE which preserves local conservation on the discrete level. Inaddition, we saw that FVE systematically discretizes the unknown solution,known source term data and boundary conditions on domains with complexgeometries via the FE triangulation T h, the FVE triangulation T h=p, and the118



FVE volumization Vh=p, as discussed in Sections 2.1 and 2.2.Motivated by the success of h, p, and h-p version FE in the structuralmechanics literature (see [2, 51]), we de�ned h, p, and h-p version FVE for
uid dynamics problems in Section 2.3. Given the documented [39] successof Multi-level solution algorithms for h-version FVE vs. FE discretizationsand the documented [25, 35, 37, 42] success of similar Multi-level and DomainDecomposition solution algorithms for p and h-p version FE discretizations, weexpect similar implementation e�ciency successes for p and h-p version FVEdiscretizations.Furthermore, we saw that the computational set-up costs for FVEwere less expensive than the costs for FE in Section 2.4. That is, if d is thespatial dimension of the problem domain, the quadrature rules used to evaluateFVE integrals and set-up a system of linear equations were seen to be O(2d) lessexpensive than corresponding FE quadrature rules: the quadrature operationcount for reaction and source term integrals and is O(p)d for FVE and O(2p)dfor FE. However, for reaction and source terms, FVE integrals are de�ned onvolumes from Vh=p with diameters of O(h=p) whereas FE integrals are de�nedon elements from T h with diameters of O(h); therefore, the FVE quadraturesare performed on regions that are O(p)d smaller than their FE counterparts.This feature makes the FVE equations more local in character and the FVEmass matrix arising from the reaction term more strongly diagonally dominantthan its FE counterpart; from the standpoint of numerical linear algebra andimplementation, this means that it should be easier to precondition and iter-atively solve FVE systems of linear equations than their FE counterparts. In119



addition, FVE di�usive and advective 
uxes are de�ned as surface integralswhich are simpler (i.e., of lower dimension) than the corresponding volume in-tegrals for FE: the quadrature operation count is O(p)d�1 for FVE and O(2p)dfor FE|a increased savings of O(p 2d).Therefore, we expected FVE to outperform FE in standard measuresof computational e�ciency. Furthermore, from the standpoint of the a priorierror analysis presented in the Chapters 3 and 4, we saw that the accuracyof FVE approximations to the exact solution of general elliptic equations ei-ther matched or surpassed FE asymptotic convergence rates for h, p, and h-pversions of the respective methods.After introducing a Sobolev space infrastructure and a standard h, p,and h-p version FE analysis in Chapter 2, we detailed an h, p, and h-p versionFVE analysis for di�usion equations in Chapter 3.In Sections 3.1 and 3.2, we motivated and laid the groundwork for anFE-style analysis for FVE based on the formalisms introduced in the FE anal-ysis presented in the previous chapter. After introducing discrete L2 and H1Sobolev norms in Section 3.3, we demonstrated an upper bound for the FVEB-form in terms of our discrete H1 semi-norm and an FVE di�usion functionalin Section 3.4. After introducing the Bramble-Hilbert lemma in Section 3.5, wefocused on an H1(
)-equivalent h, p, and h-p version optimal-order approxi-mation theory and an h-version superconvergent approximation theory for ourFVE di�usion functional in Section 3.6. After establishing an optimal-order re-sult in Theorem 3.1 for interpolation by C0 piecewise polynomials of arbitrary120



order on a regular triangulation and volumization, we focused on supercon-vergence for linear interpolation on a \symmetric" volumization in Theorem3.2. That is, from the perspective of the FVE di�usion functional, the approx-imating power of a linear trial space on a symmetric volumization matchesthe power of a quadratic trial space on a regular volumization. At the coreof the superconvergence theory for the di�usive 
ux functional is the 1-d factthat centered di�erencing is exact for quadratics; we invoke certain volumesymmetries, discussed below, to extend this 1-d result to multi-dimensionalsettings. As we saw in Sections 3.6.2 and 3.6.2.2, the de�nition of volume sym-metry is dimensionally and geometrically dependent. That is, if d = 1, volumesymmetry is X-symmetry: the volume boundary 
ij , a point in 1-d, is at themidpoint of each element edge Xij ; in this simple case, the di�usive 
ux isrepresented by a centered di�erence quotient. If d = 2, volume symmetryfor C0 linears on triangles requires X and 
-symmetries: the volume edge 
ijand the element edge Xij are perpendicular bisectors of one another; howeverfor C0 bilinears on rectangles, volume symmetry requires only X-symmetry,since the quadratic component of a piecewise bilinear trial space obviated the
ij -symmetry requirement.When d = 3, volume symmetry for C0 linears on tetrahedra requiresX-symmetry (the planar volume interface 
ij is a perpendicular bisector for theelement edgeXij) and a \centroid" 
-symmetry: i.e.,Xij ? 
ij and the point ofintersection Pij is the centroid for 
ij ; furthermore, the geometry of 
ij is suchthat the centroid quadrature rule is exact for linear functions|
ij is triangular,121



rectangular, hexagonal, etc. (see [49] for details). For C0 bilinears (i.e., �1;1u 2spanf1; x; yg 
 f1; zg) on triangular prisms formed in a tensor-product mesh,volume symmetry requires X-symmetry and a \2-d" 
-symmetry: the x and ycross-sections of 
ij must possess the centroid symmetry. That is, linearity in xand y requires the 2-d 
ij-symmetry in x and y, but bilinearity in z eliminatesthe 2-d 
ij -symmetry in z. For C0 trilinears on rectangular bricks formed by atensor-product mesh, volume symmetry requires X-symmetry and a \1-d" 
ij -symmetry: either one of the 1-d cross-sections of 
ij must possess the centroidsymmetry. That is, the quadratic components of a trilinear trial space obviate
ij -symmetry requirements as in 2-d; however, its cubic component invokes areduced, 1-d 
ij-symmetry.Finally, using the \degenerate volume paradigm" of Section 3.6.2.2,we see that linear FVE on a symmetric volumization is identical to a quadraticFVE on a degenerate volumization; hence, superconvergence for linear FVEcan be viewed as a special case of the optimal-order convergence for quadraticFVE. When discussing superconvergence for linear trial spaces, it is im-portant to emphasize that it is primarily a local phenomenon. Qualitatively,global superconvergence is the cumulative e�ect of local volume symmetries oruniformities in a given computational mesh. Quantitatively, local quadraticconvergence leads to superlinear global convergence: the precise rate dependsupon the prevalence of local volume symmetry or uniformity conditions on aglobal computational mesh. As a result, local quadratic convergence of a nu-merical solution (in regions of symmetry/uniformity on a non-uniform mesh)122



\remediates" the global solution: superlinear, rather than linear, convergenceis observed globally.Using the optimal-order approximation results of Section 3.6.1, wederived (for p � 2) an \asymptotic" ellipticity result for the di�usion bilinearform in terms of our discrete FVE trial space Sp(T h) and our discrete H1semi-norm in Section 3.7. That is, for (h=p) su�ciently small, the ellipticityconstant is independent of the computational mesh. This type of argumentis unavoidable if we wish to maintain the FE formalism in our FVE erroranalysis for higher-order (p � 2) polynomial trial spaces, since our discreteH1 semi-norm is de�ned as the restriction of the continuous H1 semi-norm topiecewise linear polynomials on the FVE triangulation T h=p. Finally, in Section3.8, we demonstrate an FE-style error analysis for h, p, and h-p version FVEthat matches or exceeds the results of the standard h, p, and h-p FE analysispresented in Chapter 2.In the present chapter, we extended the scope of our analysis to gen-eral elliptic equations and detailed the analogous theoretical results for theFVE treatment of advection and reaction. After deriving upper bounds forthe FVE advection and reaction bilinear forms in terms of our discrete normsand FVE advection and reaction functionals in Section 4.2, we focused our at-tention on developing an approximation theory for our advection and reactionfunctionals. In order to avoid potential con
icts with the superconvergenceresult for the FVE di�usion functional, we developed an h, p, and h-p ver-sion L2(
)-equivalent optimal-order approximation theory for our advectionand reaction functionals in Section 4.3. Using these approximation results,123



we demonstrated \asymptotic" ellipticity results in terms of our discrete FVEtrial space Sp(T h) and our discrete L2 (and H1) norm(s) for the reaction andadvection bilinear forms in Section 4.4. That is, for (h=p) su�ciently smallthe ellipticity constants are independent of the computational mesh. Againthis type of argument is neccesary to maintain the FE formalism in our FVEanalysis, since our discrete L2 is de�ned to be the restriction of the continuousL2 norm to piecewise constant functions on Vh=p. In Section 4.5, we demon-strate and FE-style error analysis for steady reaction-di�usion and advection-reaction-di�usion equations for h, p, and h-p version FVE that matches orexceeds the corresponding FE results. And in the previous section, we con-cluded our presentation for elliptic equations with a discussion and analysisof the FVE elliptic projection operator to set the stage for an h, p, and h-pversion FVE analysis for parabolic equations.In the next chapter, the elliptic analysis presented here will be ex-tended to general parabolic equations in a straightforward manner by an FVEvariant of the elliptic projection argument of Wheeler [55]. That is, an FE-style error analysis of a continuous-time method that uses ordinary di�erentialequations in time and FVE in space (as in a \method of lines" procedure) willyield error estimates of the formsupt2(0;T ] j(u� uh)(�; t)j1;! � C (h=p)S (jj@tujjL2(HS) + jjujjL1(HS+1)); (4.56)similarly, an FE-style error error analysis of a method that uses �nite di�erencesin time and FVE in space (as in a fully-implicit \time-marching" procedure)124



will yield error estimates of the formmax1�n�N j(u� uh)(�; tn)j1;!� C ��tRjj@R+1t ujjL2(L2) +(h=p)S (jj@tujjL2(HS) + jjujjL1(HS+1))�; (4.57)where S 2 (1=2; �] and R = 1 or 2 depending on whether backward Euler(R = 1) or Crank-Nicolson (R = 2) time di�erencing is used.
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5. Analysis for Parabolic EquationsOur FVE analysis for parabolic equations is based on the model prob-lem posed on bounded spatial (
 � <d; d 2 f1; 2; 3g) and temporal (� � (0; T ])domains: m@tu+r � (au�Dru) + r u = f in 
��; (5.1)subject to a homogeneous Dirichlet boundary condition,u(�; t)j@
 = 0; t 2 �and an initial condition, u(x; 0) = u0(x); x 2 
:In (5.1), m is a mass storage coe�cient that is continuous, bounded, and non-degenerate (0 < m � m � m).More to the point, (5.1) arises from an integral conservation law (inspace) that holds for all t 2 �: let u = u(t) and f = f(t);ZV m@tu dx+ Z@V (au�Dru) � n dS + ZV r u dx = ZV f dx; 8 V � 
: (5.2)Following the algorithm development for elliptic equations, the �nite volumeelement method for parabolic equations is based on (5.2) rather than (5.1).Starting from (5.2), FVE replaces u(t) and f(t) with suitable FE approxi-mations (in space) on the triangulations T h and T h=p of 
 and poses theconservation law on a �nite set of volumes from a volumization Vh=p of 
.126



Following the analysis for elliptic equations, we transition from a �nitenumber of local laws based on (5.2) to a global law (formed by a weightedsummation of the local laws) that holds for all t 2 �:M(@tu(t); w) +B(u(t); w) = (f(t); w); 8 w 2 X h; (5.3)where the mass storage bilinear form is de�ned as:M(@tu(t); w) =Xi2I ZVim@tu(t)wi dx (5.4)and B(u(t); w) and (f(t); w) are de�ned as in the previous chapters.In addition to the usual spatial regularity assumption u 2 HS+1(
)\H10 (
); S 2 (1=2; �] of the previous chapters, we make the temporal regularityassumption u(t) 2 HR+1(�); R > 1=2, so that u(t) can be thought of as a con-tinuously di�erentiable function of time (by the Sobolev embedding theorem).In this chapter, we outline an FVE analysis for parabolic equations.First, we de�ne continuous-time and discrete-time numerical methods for gen-eral parabolic equations in Section 5.1: the continuous-time method is an FVEvariant of the \method of lines"; the discrete-time methods are FVE variantsof Backward Euler and Crank-Nicholson \time marching" methods. In Sec-tions 5.2 and 5.3, the components of FVE parabolic analysis are developedand assembled to yield optimal-order and superconvergence results for h, p,and h-p version continuous-time and discrete-time FVE. Future work based onthis thesis is outlined in Section 5.5. 127



5.1 Numerical MethodsIn the previous chapters, we have focused on the spatial treatment ofunknown u (and known data f) in (5.2); now we turn to its temporal treat-ment. First, we consider leaving u(t) continuous in time; second, we consider(backward Euler and Crank-Nicolson) discretizations in time.5.1.1 Continuous-TimeIn a \method of lines" or continuous-time FVE method, we follow(5.2) posed only on volumes from Vh=p and replace the unknown u(t) by thesemi-discretization:uh(t) =Xi2I uhi (t)�i(x) 2 Wh = Sp0 (T h); (5.5)where uhi (t) is a continuous (in time) coe�cient corresponding to the basisfunction �i for the trial space Wh. Also, the source term f = f(t) is replacedby the numerical source term fh = fh(t) 2 Sp(T h) de�ned in a similar manner.However, we require for all t 2 � that fh satisfy the projection relationship,(f � fh; w) = 0; 8 w 2 S0(Vh=p); (5.6)with respect to f to ensure that the numerical source term conserves mass.To discretize the initial condition u(0) = u0, we invoke the ellipticmap (4.49): uh(0) satis�esB(uh(0) � u0; w) = 0; w 2 X h = S00 (Vh=p): (5.7)As a result, the PDE (5.1) is replaced by a system of ODEs in timeaccording to a FVE discretization in space. Assuming that the ODE system128



is solved exactly in time, we focus on the errors induced by the spatial FVEdiscretization.5.1.2 Discrete-TimeNow we consider fully-implicit \time-marching" or discrete-time FVEmethods that employ a FD discretization of (5.2) in time in addition to theFVE discretization in space. First, we partition the time domain � � (0; T ]into N time levels � = ft0 = 0; t1; : : : ; tN = Tg. For simplicity, we assume that� is uniformly partitioned: let �t � T=N so that tn � n�t for 0 � n � N:In a Backward Euler \time-marching" or discrete-time FVE method,we follow (5.2) at each discrete time level tn 2 �; 1 � n � N and replace theunknown un � u(tn) by the discretization:unh =Xi2I Uni �i(x) 2 Wh; (5.8)where Uni is a discrete-time coe�cient corresponding to the basis function �ifor the trial spaceWh = Sp0(T h). As in the continuous-time method, the initialcondition u0 is replaced by its elliptic map eu0h de�ned in (5.7). Also, the sourceterm fn � f(tn) is replaced by fnh 2 Sp(T h) which satis�es the projectionrelationship, (fn � fnh ; w) = 0; 8 w 2 S0(Vh=p); (5.9)at each time level. Most importantly, the time derivative @tun is replaced by a�nite di�erence approximation:@un � (un � un�1)=�t: (5.10)Taylor's theorem (with integral remainder) tells us that the approximation129



error is given by �n1 � @un � @tun = 1�t Z tntn�1(t� tn�1)@2t u dt; (5.11)so we expect �rst-order accuracy in time for a backward Euler discretization.In a Crank-Nicolson discretization, we approximate the unknown atthe intermediate time level tn�1=2 = (tn + tn�1)=2: u(tn�1=2) is replaced byun�1=2h = (unh + un�1h )=2 and f(tn�1=2) is replaced by fh(tn�1=2) subject to (5.6)de�ned at tn�1=2. Most importantly, the time derivative @tun�1=2 is replacedby the �nite di�erence approximation @unh. Taylor's theorem (with integralremainder) tells us that the approximation error is given by�n2 � @un � @tun�1=2 = 12�t Z tntn�1(t� tn�1)(tn � t)@3t u dt; (5.12)so we expect second-order accuracy in time for a Crank-Nicolson discretization.Now that we have de�ned numerical methods for (5.1), we proceedwith a parabolic error analysis following the pattern previously established forelliptic equations as closely as possible. More precisely, we will follow an FVEvariant of the standard \energy" arguments for parabolic equations developedfor FV and FE by Douglas [12], Douglas and Dupont [13, 14], Ewing et al. [17],and Wheeler [55].
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5.2 Components of AnalysisFollowing the analysis for elliptic equations, we transition from a �nitenumber of local laws based on (5.2) to a global law (formed by a weightedsummation of the local laws) that holds for all t 2 �:M(@tu(t); w) +B(u(t); w) = (f(t); w); 8 w 2 X h; (5.13)where the M -form (mass storage bilinear form) is de�ned as:M(@tu(t); w) =Xi2I ZVim@tu(t)wi dx (5.14)and B(u(t); w) and (f(t); w) are de�ned as in the previous chapters. Note thatthe form of (5.13)|the elliptic B-form is split o� from the time derivative|suggests splitting the parabolic error into elliptic and non-elliptic componentsas in the \elliptic projection" argument of Wheeler [55].Recalling the development of our standard elliptic analysis, we seethat boundedness, approximation, and ellipticity results for the B-form canbe applied to (5.13). Furthermore, similar results can be derived for the M-form (5.14): the time-derivative term can be treated like the reaction term inChapter 4 as demonstrated below. In our results, we begin with a discussionof the continuous-time result followed with the corresponding or analogousdiscrete-time result for (5.14) with @tu(t) replaced by @un.5.2.1 BoundednessFollowing the proof of Lemma 4.2 for the reaction bilinear form (4.4),the Cauchy-Schwarz inequality gives us an upper bound for the mass storagebilinear form (5.14) for continuous-time FVE in terms of the admissible trial131



space H =W+ �Wh. 2Lemma 5.1jM(@tu;w)j � M(@tu) jwj0;!; 8 u 2 H; w 2 X h: (5.15)M(�) is a bounded functional:M(@tu) � �Xi2I 1jVij m2i (@tu)�1=2; (5.16)mi(�) is a bounded linear functional arising from the FVE treatment of massstorage: mi(@tu) = ZVi m@tu dx: (5.17)Similarly, we have the following upper bound for discrete-time FVE:Lemma 5.2jM(@un; w)j � M(@un) jwj0;!; 8 u 2 H; w 2 X h: (5.18)With an upper bound for the mass storage bilinear form in termsof the non-standard, problem-dependent, bounded linear functional (5.17), weneed to prove corresponding approximation theorems.5.2.2 Approximation TheoryFor parabolic equations, we need both spatial and temporal approx-imation theorems for the mass storage functional (5.16). Since we will followthe elliptic projection argument of Wheeler [55], the elliptic map will assumethe role played by the interpolation map in the previous chapters.132



5.2.2.1 SpatialSince the elliptic map is idempotent (if u 2 Sk(T h), for 1 � k � p,PB(u) = u), we can apply the Bramble-Hilbert arguments developed for theinterpolation map in the previous chapters with minor modi�cations.Following the proof of Theorem 4.2 for the reaction functional (4.15)and proof of Theorem 4.4 for the elliptic map, the Bramble-Hilbert lemmaresult for the mass storage functional (5.16) for continuous-time FVE is equiv-alent to an optimal-order L2(
) estimate with \reduced" interpolation. 2Theorem 5.1 Let � = �(t) = (euh � u)(�; t) for t 2 � = (0; T ] be thecontinuous-time elliptic mapping error. Then we have the following estimate:M(@t�) � C (h=p)Sk@tu(t)kS;
; S 2 (1=2; �]: (5.19)Although an order p + 1 result like (4.20) holds here, it is useless|the �nalparabolic error estimate is only order �. Therefore, the purpose of (5.19) is tominimize spatial regularity requirements for @tu.The proof of Theorem 5.1 is modi�ed to yield the analogous result fordiscrete-time FVE:Theorem 5.2 Let Jn = [tn�1; tn] and �n = �(tn) = (euh � u)(�; tn),for 1 � n � N , be the discrete-time elliptic mapping error. Then we have thefollowing estimate:M(@�n) � C�t�1=2 (h=p)Sk@tukL2[Jn;HS(
)]; S 2 (1=2; �]: (5.20)where k�kL2[Jn ;HS(
)] is the L2(Jn) norm of the HS(
) norm of u(t):kukL2[Jn ;HS(
)] = � Z tntn�1 ku(t)k2S;
 dt�1=2: (5.21)133



Proof: The result follows easily upon noting that@�n = 1�t Z tntn�1 @t� dt; (5.22)then apply Fubini's Theorem and the result of the previous theorem. 25.2.2.2 TemporalFor the discrete-time methods, a temporal approximation theorem isneeded to estimate the �nite di�erence error for the time derivative. Recallingthe (Taylor series) approximation error formulas from the previous section, wepresent the following result.Theorem 5.3 Let �nR be the �nite di�erence error of (5.11) and(5.12) for the Backward Euler (R = 1) and Crank-Nicolson (R = 2) timediscretizations, then we have the following temporal error estimate:M(�nR) � C�t(R�1)=2 k@R+1t ukL2[Jn;L2(
)]; (5.23)Proof: The result (5.23) is built up from the local error estimate:mi(�nR) � C�tR�1=2 jVij1=2 k@R+1t ukL2[Jn ;L2(Vi)]; (5.24)which is easily derived with the aid of Fubini's Theorem and the Cauchy-Schwarz inequality. 25.2.3 EllipticityIn order to use the standard \energy" argument used in the analysisof parabolic equations, we require both spatial and temporal ellipticity results.134



5.2.3.1 SpatialFollowing the proof of Lemma 4.4 for the reaction bilinear form, we�nd that the mass storage bilinear form satis�es continuous-time and discrete-time \asymptotic" ellipticity conditions. 2Lemma 5.3 For (h=p) su�ciently small, there exists � > 0 such thatM(@tu; @tu) � �j@tuj20;!; 8 u 2 Wh; (5.25)and M(@un; @un) � �j@unj20;!; 8 u 2 Wh: (5.26)5.2.3.2 TemporalFor the B-form, we need \energy" inequalities to bound the timeevolution of continuous-time and discrete-time solutions.Lemma 5.4 For (h=p) su�ciently small, there exists C > 0 suchthat B(u; @tu) � 12 ddtB(u; u)� 14�j@tuj20;! �C B(u; u); 8 u 2 Wh: (5.27)andB(un; @un) � 12@B(un; un)� 14�j@unj20;! � C B(un; un); 8 u 2 Wh; (5.28)where @B(un; un) � [B(un; un)�B(un�1; un�1)]=�t: (5.29)Proof: We follow the outline of the proof of Lemma 4.5 for the advectionbilinear form. To derive (5.27), note thatB(u; @tu) = 12 ddtB(u; u); 8 u 2 Wh: (5.30)135



since ui @tui = 12 ddt u2i . Then we use our approximation theory and ellipticityresults for the B-form to derive a lower bound for (h=p) su�ciently small,B(u�u; @tu) � 12 ddtB(u�u; u)� 14�j@tuj20;!�C B(u; u); 8 u 2 Wh; (5.31)using the techniques developed in the demonstration of the advection ellipticityresult (4.35).To derive the discrete-time result (5.28), we follow the same patterndiscussed above with a minor adjustment:B(un; @un) � 12@B(un; un); 8 u 2 Wh: (5.32)since (uni ; uni �un�1i ) � 12 [(uni ; uni )�(un�1i ; un�1i )] by use of the \trivial" inequal-ity ab � 12(a2 + b2). 2
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5.3 Error AnalysisIn this section, we combine the results of the previous section toderive optimal-order and superconvergence results for h, p, and h-p versioncontinuous-time and discrete-time FVE for the general parabolic equation(5.1). The pattern we follow closely approximates the pattern previously estab-lished for elliptic equations. But more precisely, we will follow an FVE variantof the standard \energy" arguments for parabolic equations developed for FVand FE by Douglas [12], Douglas and Dupont [13, 14], Ewing et al. [17], andWheeler [55].5.3.1 Error SplittingIn analogy to our elliptic analysis, we employ an error splitting withrespect to the elliptic map euh(t) for the exact solution u(t) to the parabolicequation (5.1): for the continuous-time method, the error splitting is u� uh =�(t) � �(t), where �(t) � (euh � uh)(�; t) 2 Wh and �(t) � (euh � u)(�; t); forthe discrete-time methods, we replace t with tn in the error splittings. Sinceju� uhj1;! � j�j1;! + j�j1;! and by Theorem 4.4 we have the estimatessupt2(0;T ] j�(�; t)j1;! � C (h=p)SkukL1(HS+1); S 2 (1=2; �]; (5.33)and max1�n�N j�(�; tn)j1;! � C (h=p)SkukL1(HS+1); S 2 (1=2; �]; (5.34)�nding a error estimate for continuous-time and discrete-time FVE reduces toestimating j�j1;!. 137



5.3.2 Zero PropertyIn the discussion below, we simplify notation: let � = �(t), for t 2(0; T ], and �n = �(tn), for 1 � n � N . For continuous-time FVE, we see thatthe parabolic error satis�es M(@t(u � uh); w) + B(u � uh; w) = 0; while theelliptic mapping error satis�es B(�;w) = 0. Combining these results in termsof the error splitting, we �nd the continuous-time zero property:M(@t�; w) +B(�; w) =M(@t�;w); 8 w 2 X h: (5.35)Similarly, for the discrete-time methods, we include the temporal approxima-tion errors �nR, for R 2 f1; 2g; of (5.11) and (5.12). Therefore, the discrete-timezero property isM(@�n; w) +B(�n; w) =M(�nR; w) +M(@�n; w); 8 w 2 X h; (5.36)for the Backward Euler (R = 1) and Crank-Nicolson (R = 2) time discretiza-tions.5.3.3 Energy ArgumentFor continuous-time FVE, take w = @t�(� ) 2 X h, for � 2 (0; t], asa test function in (5.35); then use the upper bound (5.15), the spatial andtemporal ellipticity conditions (5.25) and (5.27), and some algebra to obtain:12�j@t�j20;! + 12 ddtB(�(� ); �) � C [B(�(� ); �) +M2(@t�)]: (5.37)For discrete-time FVE, take w = @t�(tk) 2 X h for 1 � k � n as a test functionin (5.36); then the analogous steps lead to a similar result:12�j@�kj20;! + 12@B(�k; �k) � C [B(�k; �k) +M2(�kR) +M2(@�k)]: (5.38)138



For continuous-time FVE, apply the continuous Gronwall inequalityfor di�erential equations to (5.37): multiply (5.37) by an integrating factor andintegrate the result over [0; t]; note that �(0) = 0, since the numerical initialcondition is the elliptic map of the exact initial condition|recall (5.7); thenapply the spatial approximation estimate (5.19) to obtain the result:B(�(t); �) � [C (h=p)Sk@tukL2(HS)]2: (5.39)For discrete-time FVE, apply the discrete Gronwall inequality for di�erenceequations to (5.38): multiply (5.38) by �t and a summation factor (which ispositive for �t su�ciently small) and sum the result from k = 1 to k = n; notethat �0 = 0; then apply the spatial and temporal approximation estimates(5.20) and (5.23) to obtain the result:B(�n; �n) � C [�tR k@R+1t ukL2(L2) + (h=p)Sk@tukL2(HS)]2: (5.40)Now apply the ellipticity condition for the B-form (4.45) to (5.39) and(5.40): e.g., B(�(t); �) � 12� j�(t)j21;! for the continuous-time FVE solution ofthe advection-reaction-di�usion equation. As a result, we obtain the followingestimates for j�(t)j1;! and j�nj1;!:supt2(0;T ] j�(�; t)j1;! � C (h=p)S k@tukL2(HS); S 2 (1=2; �]: (5.41)and max1�n�N j�(�; tn)j1;! � C [�tR k@R+1t ukL2(L2) + (h=p)Sk@tukL2(HS)]: (5.42)Finally, we combine the previously derived estimates (5.33) and (5.34)for the ellipticmap with the newly derived estimates (5.41) and (5.42) to obtain139



convergence theorems for h, p, and h-p version continuous-time and discrete-time FVE numerical solution of the advection-reaction-di�usion parabolic equa-tion (5.1). 2Theorem 5.4 Our analysis of the continuous-time method de�nedin Section 5.1.1 that uses ordinary di�erential equations in time and FVE inspace (as in \method of lines" procedure) yields the following error estimate:supt2(0;T ] j(u� uh)(�; t)j1;! � C (h=p)S (jj@tujjL2(HS) + jjujjL1(HS+1)): (5.43)Theorem 5.5 Similarly, our error analysis of the discrete-timemeth-ods de�ned in Section 5.1.2 that use �nite di�erences in time and FVE in space(as in fully-implicit \time-marching" procedures) yields the following error es-timate: max1�n�NT j(u� uh)(�; tn)j1;!� C ��tRjj@R+1t ujjL2(L2) +(h=p)S (jj@tujjL2(HS) + jjujjL1(HS+1))�; (5.44)where S 2 (1=2; �] and R = 1 or 2 depending on whether backward Euler(R = 1) or Crank-Nicolson (R = 2) time di�erencing is used.In analogy to our elliptic analysis of Chapters 3 and 4, we note thatthe FVE parabolic error estimates (5.43) and (3.3) match or exceed the corre-sponding FE error estimates [55].This concludes our presentation of FVE analysis. In the last twosections, the main results of the thesis are summarized and future work basedon this thesis is outlined. 140



5.4 SummaryAn a priori FVE error analysis for elliptic partial di�erential equa-tions with smooth coe�cients has been presented: H1(
)-equivalent optimal-order and superconvergence results have been obtained in the H1(!) semi-norm. These results can be extended to problems with discontinuous andnonlinear coe�cients: the modi�cations for discontinuous coe�cients are anal-ogous to those of Samarskii et al. [46] for FV; the modi�cations for nonlinearcoe�cients are analogous to those of Douglas [12] for FE.For the purpose of analysis, we have viewed FVE as a locally conser-vative Petrov-Galerkin FE and performed an FE-style error analysis. Buildingupon the foundation laid by Cai, Mandel, and McCormick [9] for steady di�u-sion equations discretized by linear �nite elements in two spatial dimensions,we have extended and generalized FVE analysis to cover steady advection-reaction-di�usion equations discretized by C0 polynomial �nite elements ofarbitrary order in three spatial dimensions. In addition, we have considered h,p, and h-p version FVE where increased accuracy is obtained by re�ning thecomputational mesh parametrized by h and/or by increasing the order p of thepolynomial trial space.In Sections 1.1 and 1.2 of Chapter 1, we outlined the origin of 
uiddynamics and its basis on local conservation laws. Also, we motivated theneed for FVE which preserves local conservation on the discrete level. Inaddition, we saw that FVE systematically discretizes the unknown solution,known source term data and boundary conditions on domains with complexgeometries via the FE triangulation T h, the FVE triangulation T h=p, and the141



FVE volumization Vh=p, as discussed in Sections 2.1 and 2.2.Motivated by the success of h, p, and h-p version FE in the structuralmechanics literature (see [2, 51]), we de�ned h, p, and h-p version FVE for
uid dynamics problems in Section 2.3. Given the documented [39] successof Multi-level solution algorithms for h-version FVE vs. FE discretizationsand the documented [25, 35, 37, 42] success of similar Multi-level and DomainDecomposition solution algorithms for p and h-p version FE discretizations, weexpect similar implementation e�ciency successes for p and h-p version FVEdiscretizations.Furthermore, we saw that the computational set-up costs for FVEwere less expensive than the costs for FE in Section 2.4. That is, if d is thespatial dimension of the problem domain, the quadrature rules used to evaluateFVE integrals and set-up a system of linear equations were seen to be O(2d) lessexpensive than corresponding FE quadrature rules: the quadrature operationcount for reaction and source term integrals and is O(p)d for FVE and O(2p)dfor FE. However, for reaction and source terms, FVE integrals are de�ned onvolumes from Vh=p with diameters of O(h=p) whereas FE integrals are de�nedon elements from T h with diameters of O(h); therefore, the FVE quadraturesare performed on regions that are O(p)d smaller than their FE counterparts.This feature makes the FVE equations more local in character and the FVEmass matrix arising from the reaction term more strongly diagonally dominantthan its FE counterpart; from the standpoint of numerical linear algebra andimplementation, this means that it should be easier to precondition and iter-atively solve FVE systems of linear equations than their FE counterparts. In142



addition, FVE di�usive and advective 
uxes are de�ned as surface integralswhich are simpler (i.e., of lower dimension) than the corresponding volume in-tegrals for FE: the quadrature operation count is O(p)d�1 for FVE and O(2p)dfor FE|a increased savings of O(p 2d).Therefore, we expected FVE to outperform FE in standard measuresof computational e�ciency. Furthermore, from the standpoint of the a priorierror analysis presented in the Chapters 3 and 4, we saw that the accuracyof FVE approximations to the exact solution of general elliptic equations ei-ther matched or surpassed FE asymptotic convergence rates for h, p, and h-pversions of the respective methods.After introducing a Sobolev space infrastructure and a standard h, p,and h-p version FE analysis in Chapter 2, we detailed an h, p, and h-p versionFVE analysis for di�usion equations in Chapter 3.In Sections 3.1 and 3.2, we motivated and laid the groundwork for anFE-style analysis for FVE based on the formalisms introduced in the FE anal-ysis presented in the previous chapter. After introducing discrete L2 and H1Sobolev norms in Section 3.3, we demonstrated an upper bound for the FVEB-form in terms of our discrete H1 semi-norm and an FVE di�usion functionalin Section 3.4. After introducing the Bramble-Hilbert lemma in Section 3.5, wefocused on an H1(
)-equivalent h, p, and h-p version optimal-order approxi-mation theory and an h-version superconvergent approximation theory for ourFVE di�usion functional in Section 3.6. After establishing an optimal-order re-sult in Theorem 3.1 for interpolation by C0 piecewise polynomials of arbitrary143



order on a regular triangulation and volumization, we focused on supercon-vergence for linear interpolation on a \symmetric" volumization in Theorem3.2. That is, from the perspective of the FVE di�usion functional, the approx-imating power of a linear trial space on a symmetric volumization matchesthe power of a quadratic trial space on a regular volumization. At the coreof the superconvergence theory for the di�usive 
ux functional is the 1-d factthat centered di�erencing is exact for quadratics; we invoke certain volumesymmetries, discussed below, to extend this 1-d result to multi-dimensionalsettings. As we saw in Sections 3.6.2 and 3.6.2.2, the de�nition of volume sym-metry is dimensionally and geometry dependent. That is, if d = 1, volumesymmetry is X-symmetry: the volume boundary 
ij , a point in 1-d, is at themidpoint of each element edge Xij ; in this simple case, the di�usive 
ux isrepresented by a centered di�erence quotient. If d = 2, volume symmetryfor C0 linears on triangles requires X and 
-symmetries: the volume edge 
ijand the element edge Xij are perpendicular bisectors of one another; howeverfor C0 bilinears on rectangles, volume symmetry requires only X-symmetry,since the quadratic component of a piecewise bilinear trial space obviated the
ij -symmetry requirement.When d = 3, volume symmetry for C0 linears on tetrahedra requiresX-symmetry (the planar volume interface 
ij is a perpendicular bisector for theelement edgeXij) and a \centroid" 
-symmetry: i.e.,Xij ? 
ij and the point ofintersection Pij is the centroid for 
ij ; furthermore, the geometry of 
ij is suchthat the centroid quadrature rule is exact for linear functions|
ij is triangular,144



rectangular, hexagonal, etc. (see [49] for details). For C0 bilinears (i.e., �1;1u 2spanf1; x; yg 
 f1; zg) on triangular prisms formed in a tensor-product mesh,volume symmetry requires X-symmetry and a \2-d" 
-symmetry: the x and ycross-sections of 
ij must possess the centroid symmetry. That is, linearity in xand y requires the 2-d 
ij-symmetry in x and y, but bilinearity in z eliminatesthe 2-d 
ij -symmetry in z. For C0 trilinears on rectangular bricks formed by atensor-product mesh, volume symmetry requires X-symmetry and a \1-d" 
ij -symmetry: either one of the 1-d cross-sections of 
ij must possess the centroidsymmetry. That is, the quadratic components of a trilinear trial space obviate
ij -symmetry requirements as in 2-d; however, its cubic component invokes areduced, 1-d 
ij-symmetry.Finally, using the \degenerate volume paradigm" of Section 3.6.2.2,we see that linear FVE on a symmetric volumization is identical to a quadraticFVE on a degenerate volumization; hence, superconvergence for linear FVEcan be viewed as a special case of the optimal-order convergence for quadraticFVE. When discussing superconvergence for linear trial spaces, it is im-portant to emphasize that it is primarily a local phenomenon. Qualitatively,global superconvergence is the cumulative e�ect of local volume symmetries oruniformities in a given computational mesh. Quantitatively, local quadraticconvergence leads to superlinear global convergence: the precise rate dependsupon the prevalence of local volume symmetry or uniformity conditions on aglobal computational mesh. As a result, local quadratic convergence of a nu-merical solution (in regions of symmetry/uniformity on a non-uniform mesh)145



\remediates" the global solution: superlinear, rather than linear, convergenceis observed globally.Using the optimal-order approximation results of Section 3.6.1, wederived (for p � 2) an \asymptotic" ellipticity result for the di�usion bilinearform in terms of our discrete FVE trial space Sp(T h) and our discrete H1semi-norm in Section 3.7. That is, for (h=p) su�ciently small, the ellipticityconstant is independent of the computational mesh. This type of argumentis unavoidable if we wish to maintain the FE formalism in our FVE erroranalysis for higher-order (p � 2) polynomial trial spaces, since our discreteH1 semi-norm is de�ned as the restriction of the continuous H1 semi-norm topiecewise linear polynomials on the FVE triangulation T h=p. Finally, in Section3.8, we demonstrate an FE-style error analysis for h, p, and h-p version FVEthat matches or exceeds the results of the standard h, p, and h-p FE analysispresented in Chapter 2.In Chapter 4, we extended the scope of our analysis to general ellipticequations and detailed the analogous theoretical results for the FVE treatmentof advection and reaction. After deriving upper bounds for the FVE advectionand reaction bilinear forms in terms of our discrete norms and FVE advectionand reaction functionals in Section 4.2, we focused our attention on develop-ing an approximation theory for our advection and reaction functionals. Inorder to avoid potential con
icts with the superconvergence result for the FVEdi�usion functional, we developed an h, p, and h-p version L2(
)-equivalentoptimal-order approximation theory for our advection and reaction functionals146



in Section 4.3. Using these approximation results, we demonstrated \asymp-totic" ellipticity results in terms of our discrete FVE trial space Sp(T h) andour discrete L2 (and H1) norm(s) for the reaction and advection bilinear formsin Section 4.4. That is, for (h=p) su�ciently small the ellipticity constants areindependent of the computational mesh. Again this type of argument is necce-sary to maintain the FE formalism in our FVE analysis, since our discrete L2is de�ned to be the restriction of the continuous L2 norm to piecewise constantfunctions on Vh=p. In Section 4.5, we demonstrate and FE-style error analysisfor steady reaction-di�usion and advection-reaction-di�usion equations for h,p, and h-p version FVE that matches or exceeds the corresponding FE results.And in the previous section, we concluded our presentation for elliptic equa-tions with a discussion and analysis of the FVE elliptic projection operator toset the stage for an h, p, and h-p version FVE analysis for parabolic equations.In the present chapter, the elliptic analysis presented here was ex-tended to general parabolic equations in a straightforward manner by an FVEvariant of the elliptic projection argument of Wheeler [55]. That is, an FE-style error analysis of a continuous-time method that uses ordinary di�erentialequations in time and FVE in space (as in a \method of lines" procedure)yielded error estimates of the formsupt2(0;T ] j(u� uh)(�; t)j1;! � C (h=p)S (jj@tujjL2(HS) + jjujjL1(HS+1)); (5.45)similarly, an FE-style error error analysis of a method that uses �nite di�erencesin time and FVE in space (as in a fully-implicit \time-marching" procedure)147



yielded error estimates of the formmax1�n�N j(u� uh)(�; tn)j1;!� C ��tRjj@R+1t ujjL2(L2) +(h=p)S (jj@tujjL2(HS) + jjujjL1(HS+1))�; (5.46)where S 2 (1=2; �] and R = 1 or 2 depending on whether backward Euler(R = 1) or Crank-Nicolson (R = 2) time di�erencing is used.
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5.5 Future WorkThe work in this dissertation leads to the following key areas for futurework (listed in order of relative importance and/or completeness):(1) basic theory for elliptic equations,(2) theory for advection{dominated parabolic equations and their solutionby Eulerian-Lagrangian methods,(3) theory for porous media problems.On the basic theory for elliptic equations, the key areas for develop-ment include:� upwinding for advection,� general boundary conditions,� discrete L2 analysis.Preliminary work for upwinding with a linear (p = 1) trial space has beencompleted for locally one-dimensional or \operator-splitting" schemes and fora multi-dimensional or \full-operator" scheme similar to the algorithm devel-oped, but not analyzed, by Otto [41] for FV. General boundary conditions poseno signi�cant obstacles: non-homogeneous Dirichlet boundary conditions areeasily included; total 
ux boundary conditions require a more detailed treat-ment of volume construction and symmetry on the domain boundary thanwhat was stated here; also, preservation of a discrete compatibility conditionis a crucial concern. A discrete L2 analysis with a linear trial space has beencompleted that is analogous to the theory of Lazarov et al. [33] for FV which isbased on a discrete variant of the Aubin-Nitsche duality lifting argument. Oneimportant di�erence between the two works must be noted, the success of [33]149



for FV is based on uniform Cartesian-product meshes and the tone of the pa-per seems to indicate that similar success for general meshes is likely; however,the corresponding FVE analysis posed on general meshes proves that discreteL2 success is limited to the uniform Cartesian-product mesh case|supportingnumerical evidence indicates that this limitation holds for FV as well.On the theory for advection{dominated parabolic equations and theirsolution by Eulerian-Lagrangian methods, the key areas for development in-clude:� MMOC/ELLAM,� control volume ELLAM,� 
ux-based ELLAM.Following the theory developed here for parabolic equations, a theory for anFVE variant of the FE \modi�ed method of characteristics" (MMOC) devel-oped and analyzed by Douglas and Russell [15] has been completed under theassumption of a semi-analytic backtracking rule based on a Raviart-Thomaslinear trial space representation (see Ciarlet [11] under \mixed �nite elementmethods" for details) of the velocity �eld. The corresponding theory for anFVE variant of the more modern and systematic FE \Eulerian-Lagrangianlocalized adjoint method" (ELLAM) developed and analyzed by Wang, Ew-ing, and Russell [53] is in the works that includes a systematic treatment ofboundary conditions. This theory will lay the ground work for two speci�calgorithms: the \control volume ELLAM" of Healy and Russell [22] and the\
ux-based ELLAM" of Trujillo [52].150



On the theory for porous media problems, the key areas for develop-ment include:� FVE MMOC/ELLAM for transport equations,� mixed FVE for 
ow equations.The ultimate goal of FVE theory would be the development of an FVE variantof the FE theory of Russell [44] for coupled transport and 
ow problems inporous media. Analysis of the FVEmethods for the transport equation directlybuilds on the analysis presented here. However, signi�cant modi�cations mustbe made to analyze the \mixed FVE" (an FVE variant of the \mixed �niteelement methods" cited above) which has been developed, but not analyzed,by Jones [29].As can be discerned from this brief discussion, signi�cant advancesbeyond this dissertation await future development: those advances alreadycompleted or in progress will be presented elsewhere in the near future; how-ever, advances in porous media problems may not be fully realized until theend of the next decade.
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