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ABSTRACT

Drug delivery systems are composed of a polymeric carrier, such as hydrox-

ypropyl methylcellulose (HPMC), and a drug or active agent, such as naproxen,

the drug found in brands names such as Aleve. When such a device is ingested,

the polymer swells and the pore-space increases in size, the drug diffuses out

of the device. Some of these devices are swelling-controlled, meaning that the

rate of swelling is the controlling factor in release kinetics. Modeling swelling-

controlled polymeric drug delivery systems presents unique problems. As the

solid drug undergoes phase transfer, the density of the solid phase, composed

of polymer and drug, changes. As such, the usual incompressibility condition,

that the density of the solid phase does not change in time, no longer applies.

To overcome this difficulty we modify a two-phase mixture theoretic model to

a three-phase model where the polymer and drug are modeled as separate solid

phases, and the liquid phase remains water and drug. A two-scale and three-

scale theory for such a three-phase model is developed. First, it is shown how a

new choice of independent variables yields a physically meaningful interpretation

of the solid phase stress, pressure, and Terzaghi stress tensors. We present the



three-phase theory modeling the polymer as viscoelastic, the drug as elastic, and

the liquid as a viscous fluid. We present constitutive theory, non-equilibrium re-

sults, equilibrium results, near-equilibrium results, as well as Darcy’s and Fick’s

laws for both the two-scale and three-scale scenarios. Appropriate simplifica-

tions that are specifically applicable to swelling-controlled drug delivery systems

are presented and used to combine the Darcy’s and Fick’s laws with the con-

servation of mass equations to obtain a system of equations which models the

transport of the drug in terms of liquid volume fraction and the concentration

of the drug in the liquid phase.

This abstract accurately represents the content of the candidate’s thesis. I

recommend its publication.

Signed
Lynn S. Bennenthum
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1. Introduction

Porous materials consisting of a porous solid with fluid filled or gas filled

pores appear in a wide variety of applications. In particular, polymers have

become increasingly important in technological industries. Polymers have a

myriad of applications including but not limited to: construction, agriculture,

drug delivery, and food stuffs. The focus of this thesis will be on the swelling

polymers - polymers that swell (shrink) upon wetting (drying) - used in drug

delivery applications.

Swelling polymers exhibit a hierarchy of scales due to their complex porous

structure. Herein, we develop both a two-scale and a three-scale theory for

swelling polymer systems. We call these scales the microscale, mesoscale, and

macroscale. Figure 1 depicts the relevant scales of polymer particle immersed

in a bulk fluid.

1.1 Terminology

Before we discuss the complex interplay of forces at work in these systems,

a basic understanding of polymer terminology, characteristics, and behavior is

needed. Although there is still some debate on the subject, polymers generally

have molecular weights of 25,000 g/mol or larger, and increased chain length

means increased entanglement of polymer chains. Monomers are the building

blocks of polymers, e.g. amino acids or sugars. Monomers link together with

other molecules of the same or different type to form polymers. A homopolymer

is made up of a single monomer, whereas a copolymer is made up of two or more

1
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Figure 1.1: Scales of Observation
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Linear Branched Network

Figure 1.2: Different types of polymer molecules

types of monomers. A repeating unit is a segment of a macromolecule that forms

the basic unit of the macromolecule (excluding the ends). In other words, we

can form a complete polymer by linking an adequate number of repeating units

together. A linear polymer is one in which every repeating unit is attached to

exactly two others. A branched polymer is one in which repeating units are not

linked exclusively in linear fashion. See figure 1.1 for a schematic representation.

A network polymer is formed by chemically linking together linear or branch

polymers; this process is referred to as crosslinking. This same process is known

as vulcanization for rubbers. See [45, 55, 58, 54].

Polymers can be broadly classified into two groups: amorphous polymers,

which can be further classified as crosslinked or un-crosslinked, and crystalline

polymers. Amorphous portions of a polymer are the areas of the polymer with

long chain length where the polymer tends to coil about itself randomly with no

apparent order. Unvulcanized natural rubber is an example of an un-crosslinked

amorphous polymer. Vulcanization of natural rubber introduces covalent sulfur

bonds so that the chains are chemically bonded to one another. Crystalline

polymers exhibit a crystalline structure, however, most of them contain regions

of amorphous material.

3



Polymers exhibit a wide spectrum of behavior dependent on various proper-

ties such as degree of crystallinity, crystal size, cross-linking, molecular weight of

the polymer, and surrounding temperature, all of which can affect diffusive be-

havior. In systems with fluid filled pores on the order of 200− 500
◦
A, molecular

diffusion occurs due to concentration gradients. In less porous systems molecu-

lar diffusion of the drug may happen throughout the entire polymer phase, and

dissolution of the polymer matrix may be necessary to accomplish release of the

active agent (drug). Some polymers are so highly sensitive to temperature that

certain properties change almost discontinuously at a temperature, Tg, called the

glass transition temperature, [18]. Such polymers are called thermosets. Below

the glass transition temperature polymers are solid, hard, even brittle and are

considered to be in the glassy state. Amorphous polymers in the glassy state are

sometimes called amorphous liquids or supercooled liquids. It is well known that

amorphous polymers below Tg are not in thermodynamic equilibrium; they still

flow, but the time scale for observing creep and flow is very long, as is the case

with common glass. Above Tg polymers enter the glass-rubber transition, where

the polymer softens. As the temperature increases polymers will enter a rub-

bery plateau, rubbery flow state, and finally a viscous flow state [54]. Diffusion

properties of a polymer change drastically as the polymer nears Tg [36].

Hydroxypropyl methylcellulose (HMPC) is the prevalent polymer carrier

used in oral drug delivery systems, [47]. Because of the hydrophilic nature of

HMPC, it displays strongly time-dependent behavior when exposed to water,

swelling considerably, and eventually dissolving. In a recent experiment pre-

formed by Colombo et al., [20], cylindrical disks containing HMPC and varying

4



initial loadings of flurorescein sodium (a water soluble dye used as a detection

agent in visible images) were clamped between transparent Plexiglass slabs, in-

troduced to water filled vessels, removed at different times, and photographed.

The results showed that, depending on the initial loading of the active agent,

three distinct fronts were observed. Consider figure 1.1. The swelling front is

denoted by S. As water penetrates the polymer matrix it acts as a placticizer

by increasing the free volume, reducing the glass transition temperature of the

system, Tg. Eventually, Tg will equal the experimental temperature, T , the

polymer enters the glass transition, as discussed above, and swells. Thus, inside

front S, Tg > T and the polymer remains in a glassy state, and outside front

S, Tg < T and the polymer is in a swollen, rubbery state. As water penetrates

the matrix, drug dissolves and diffuses out of the material. The rate at which

the drug diffuses out of the material is directly proportional to the amount of

water that has penetrated the material. At high enough drug loadings a dif-

fusion front, D, is observed because when the maximum solubility of the drug

is reached both dissolved drug, and non-dissolved drug (which is not available

for diffusion) exist within the polymer matrix. Lastly, an erosion front, E, is

observed due to polymer disentanglement caused by the molecular-level snake

like motion of the polymer chains (reptation) [47]. The effects of the erosion

front on release kinetics depends largely on whether or not all of the drug has

diffused out of the polymer matrix by the time the erosion starts to occur. The

effects of the erosion front become of greater concern in systems where the drug

has a low solubility. Then the dissolution of the polymer matrix becomes the

controlling factor in release kinetics.

5
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1.2 Previous Work

Traditional models of drug delivery systems begin with a concentration form

of Fick’s law of diffusion, such as

q = −Deff∇C, (1.1)

where q is the mass flux and C is the concentration of the active agent. De-

pending on the type of system modeled and geometry, Fick’s law is modified

accordingly. Classical models use the effective diffusion coefficient

Deff = Diw
ε

τ
, (1.2)

where Diw is the diffusion coefficient of the drug when the pores are filled with

a solution of the drug, ε is the porosity, and τ is the tortuosity. The diffusion

6



coefficient can be modified by considering it as the mutual diffusion of the drug

in the polymer, which measures the change in the concentration of a species

from its average concentration with respect to time, the diffusion of the drug

alone, or making it concentration dependent. The primary problem with these

variations is that they are of limited applicability since they only apply to Fickian

diffusion phenomena [43]. For swelling-controlled drug delivery systems, it is well

known that non-Fickian diffusion occurs when polymers enter the glass-rubber

transition [36]. Various authors have expanded the Fickian model to account

for anomalous behavior, but these extensions are largely heuristic [43]. More

rigorous mechanistic models exist, such as that proposed in [48]. However, they

assume a priori that the diffusion coefficient of the drug is a function of the

water content (liquid volume fraction) of the system to capture the dependency

of the rate of drug dissolution on water content. Our analysis will show that a

gradient in volume fraction should be used to account for this behavior.

The author notes here that it is common in the drug delivery literature for

authors to refer to equations for the fluid phase penetration into the polymer as

Fick’s law. The bulk fluid is made up of species including: water, active agent,

and perhaps dissolved polymer. We will adopt the hydrology convention and

use Fick’s law to refer to diffusion of these species within the fluid phase, and

use Darcy’s law to refer to penetration of the bulk fluid into the polymer matrix.

A variation on the traditional approach is to treat coefficients of Fick’s

and Darcy’s law as stochastic processes using the Karhunen-Loeve expansion,

[27]. However, this increases the dimension of the problem by treating the

random aspect of the problem as a new dimension and it is not entirely clear

7



how the resulting coefficients relate back to the physical problem. Lustig et

al. [36], address the problem using continuum thermodynamics. However, they

do not have a variable that directly accounts for the moisture content of the

polymer. Low [34] found that the swelling pressure in smectitic clays (specifically

montmorillonite), is highly dependent on moisture content. We find it reasonable

to assume that the same will be true of the swelling of polymers.

Hybrid mixture theory (HMT) has recently been applied to polymeric and

biopolymeric systems by Singh et al. [49, 50, 51]. Hybrid mixture theory has

all of the advantages of classical mixture theory plus the added advantage that

mesoscale variables can be directly related to microscale counterparts. This last

method is the context in which our model is systematically developed.

HMT consists of averaging the microscopic conservation and balance equa-

tions (mass, momentum, energy) to obtain macroscale analogues, then apply-

ing Bowen’s continuum theory of mixtures to obtain constitutive relationships

[15, 16, 17] by exploiting the entropy in the sense of Coleman and Noll [19].

The approach was pioneered by Hassanizadeh and Gray in a series of papers

[29, 30, 31]. From 1994 to present HMT has been successfully employed to

model swelling and shrinking behavior in gels, food stuffs, and colloidal systems

where phase interactions play an important role in the mesoscopic and macro-

scopic behavior [2, 7, 8, 12, 39, 40, 41, 42, 49, 50, 51]. Most of these works

assumed that the solid phase is composed of an elastic material and a viscous

liquid phase at the microscale. Using HMT the resulting macroscopic models

exhibited viscoelastic behavior due to phase interactions. In [50, 51], a model

was developed in which the solid itself is modeled as viscoelastic, and the result-

8



ing bulk transport equation is an integro-differential equation in terms of the

volume fraction which has been successfully used to model the drying of food

stuffs.

Some the aforementioned papers [2, 7, 8] contained the incorrect result that,

at equilibrium, the chemical potential of two phases are equal to each other. This

contradicts the classical thermodynamic result that, at equilibrium, the chemical

potential of a single constituent in two phases is equal. In 1994, Achanta et al.

correctly employed HMT with the additional axiom of equipresence [1], which

requires that before exploiting the entropy inequality it is assumed that each

phase is composed of the same N constituents. Only after the entropy inequality

has been exploited can the concentration of certain constituents be set to zero.

In [1], the authors derive the macroscale field equations for each phase and

interface of a three-phase, multi-constituent media.

The purpose of this thesis is many fold. One of the goals of this thesis is

to re-examine the assumptions used in [49] and in the process develop ther-

modynamic quantities which are physically meaningful. However, the primary

aim of this thesis is to extend the results of Singh et al. [49, 50, 51] to in-

clude constituent transport so that we can accurately model swelling-controlled

drug delivery systems using a polymer carrier such as HMPC. Doing so presents

some unique problems which are outlined below and discussed in great detail

throughout this thesis.

1.3 Thesis Outline

For the sake of completeness, Chapter 2 will give an overview of HMT. We

will start by summarizing the averaging procedure and giving a detailed deriva-

9



tion of the mesoscale conservation and balance equations. We will discuss some

standard assumptions, give the resulting entropy inequality, discuss how the in-

dependent variables are chosen, and clarify the process of exploiting the entropy

inequality in the sense of Coleman and Noll [19] by using two demonstrative

examples.

A common result of using HMT is that the thermodynamic definition of solid

phase pressure does not coincide with the actual physical stress exerted on the

solid phase. In Chapter 3 we present a solution this problem. First, we present

the constitutive assumptions for a two-scale, two-phase system consisting of a

viscoelastic solid phase and a viscous liquid phase, motivate our new choice of

independent variables, and derive the entropy inequality using our new choice

of independent variables. We will present only the novel results which give rise

to a physically meaningful interpretation of the solid phase stress, pressure, and

Terzaghi stress tensors. To show the usefulness of this new set of independent

variables, we will derive a transport equation analogous to that found in [51].

Using Darcy’s law and Flory-Huggins theory we will develop another transport

equation specifically applicable to polymers.

A few problems arise when trying to apply two-phase HMT to drug-delivery

applications. In [50], Singh et al. assume that the solid phase is incompressible,

which is perfectly reasonable for the system under consideration in that pa-

per since it was aimed at systems in which no mass transfer takes place between

phases. However, when considering mass transfer of constituents between phases

the incompressibility condition for the solid phase no longer holds since the den-

sity of the phase changes with time as drug leaves the solid phase. Furthermore,

10



experimental literature often refers to the volume fraction of drug present in the

system, and unfortunately two-phase HMT has no way straight forward way of

expressing this variable. Using three phases instead of two phases has the ability

to overcome both of these problems. In Chapter 4 we will present the constitu-

tive theory for a two-scale, three-phase system consisting of a viscoelastic solid

(polymer), an elastic solid (drug), and a viscous fluid (bulk fluid), keeping the

theory as general as possible. We will then derive the entropy inequality for this

system, and present non-equilibrium, equilibrium, near-equilibrium results, as

well as Darcy’s and Fick’s laws.

In Chapter 5 we will present the model assumptions specifically applicable

to swelling-controlled drug delivery systems, using them to combine the consti-

tutive equations with the mesoscale conservation and balance equations from the

previous chapter to derive a novel bulk fluid transport equation and constituent

transport equation. Additionally, we will discuss the experimental data needed

to solve these equations.

In Chapter 6 we will present the constitutive theory for a three-scale, three-

phase system consisting of a particle composed of viscoelastic solid, an elastic

solid, a viscous fluid and two additional bulk fluids. We will then derive the

entropy inequality for this system, and present non-equilibrium, equilibrium,

near equilibrium results, as well as Darcy’s and Fick’s laws. Chapter 7 will

mirror Chapter 5 but for the three-scale system. We will discuss avenues of

further research in the final chapter.
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2. Overview of Hybrid Mixture Theory

The purpose of this chapter is to give a comprehensive overview of the

averaging procedure used in HMT for any two-scale, multi-constituent, multi-

phase material. The two scales are herein called the microscale and mesoscale.

At the microscale one can distinguish between phases. It is at this scale that the

field equations (conservation of mass, momentum balance, etc.) are known to

hold and properties such as density, velocity, and mass are clearly defined. The

mesoscale is order of magnitudes larger than the microscale; at the mesoscale

one can no longer distinguish between individual phases. Because an averaging

process is performed to obtain an analogue on this larger scale, properties such

as density and velocity are now viewed as somewhat blurred. Herein we develop

one such technique.

We assume that the material we are modeling has negligible interfacial ef-

fects; that is, the interface has no thermodynamic properties and is massless.

As such, no constituent present gains or loses mass, momentum, or energy when

crossing an interface. This will place special restrictions on each of the field

equations and will be discussed in further detail in subsequent sections. Second,

the material we are modeling has a representative elementary volume (REV);

that is, a volume for which averaged properties will remain the same if the REV

is made slightly larger or smaller. In addition we require that the REV size and

shape remain the same for all space and time. Such an REV does not exist if the

material under question is too heterogeneous. For a more detailed discussion of
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the existence of such an REV see [5, 21]. It is important to remember that for

the current discussion, the following theory is applicable to any material meeting

these requirements.

2.1 Microscale Governing Equations

Each phase is denoted by small Greek letters (α, β, γ), and species (or

constituents) are denoted by j, j = 1, . . . , N . In general, a subscript Greek

letter indicates a macroscale quantity from that phase. Superscript minuscules

indicate the constituent, so that, e.g. vαj is the macroscopic velocity of con-

stituent j in the α-phase. A carrot over the symbol, ,̂ is used to emphasize

that the quantity represents a transfer from either another phase or from other

constituents. A complete nomenclature for the microscale to mesoscale averag-

ing and mesoscale variables can be found in Appendix A. For the purposes of

simplicity and brevity we assume that all interfaces are massless and have no

thermodynamic properties. Interfacial effects can be included by following the

approach provided by [28].

Additionally, we assume that there are no internal surface discontinuities,

meaning that each phase is the union of several isolated simply connected vol-

umes, [29]. Using the notation of Eringen, [24], the constituent, microscopic

field equations for a given phase, α, can be stated as

∂

∂t
(ρjψj) + ∇ · (ρjvjψj)−∇ · ij − ρjf j = ρjGj + ρjψ̂

j
(2.1)

where ρj is the mass density, ψj is the mass average (over the phase) thermody-

namic property of constituent j, vj is the mass average velocity vector, ij is the

flux vector, f j is the body source, Gj is the net production, and ψ̂
j

accounts for
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Table 2.1: Quantities for Microscopic Field Equations

Quantity ψ i f ψ̂ G

Mass 1 0 0 r̂ 0

Linear Momentum v t g î + r̂v 0

Angular Momentum r × v r × t r × g r × (̂i + r̂v)− m̂ 0

Energy e + 1
2
v2 t · v + q g · v + h Q̂+î · v+r̂(e+ 1

2
v2) 0

Entropy η φ b η̂ + r̂v Λ

the influx of ψ̂ from all other constituents (e.g. due to chemical reactions). If the

medium consists of only one constituent then ψ̂
j

is equal to zero. This equation

holds on the microscale for mass, linear and angular momentum, energy, and

entropy. Table 2.1 lists the quantities used for each field equation.

In Table 2.1, t is the second-order stress tensor, g is the external supply of

momentum (gravity), r is the position vector referenced to a fixed coordinate

system, e is the internal energy density function, h is the external supply of

energy, q is the heat flux, η is the entropy density, φ is the entropy flux, b is the

external supply of entropy, and Λ is the entropy production.

2.2 Averaging Procedure

The averaging procedure used in HMT is based on works of various au-

thors and was developed at approximately the same time [3, 38, 56, 57]. While

many different methods are available [21], we choose to use the one which is

computationally the simplest where field equations are averaged via weighted

integration. Here we use the indicator function of the α-phase as the weight,
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and treat the averaged quantities resulting from the weighted integration as dis-

tributions. This allows us to bypass the difficulties of defining the derivative of

averaged quantities that result from the weighted integration [46, 44]. Addition-

ally, the weighting function used here may result in averaged quantities that do

not correspond to physical quantities measured. This problem can be overcome

by choosing a weighting function that represents the experimental apparatus

used to measure physical properties [21].

Let δV denote the REV, δVα denote the portion of the α-phase within δV ,

and δAαβ denote the portion of the αβ interface within δV . It is assumed that

δVα and δAαβ are isolated simply connected regions. Expressing the magnitude

of δV by |δV |, the volume fraction can be written as

εα(x, t) =
|δVα|
|δV | , (2.2)

so that
∑

α

εα = 1. (2.3)

Letting r and x denote the position vector and the centroid of the REV, respec-

tively, r can be written

r = x + ξ, (2.4)

where ξ is the local coordinate referenced to the centroid of the REV and varies

over all of δV . The indicator function for the α-phase is given by

γα(r, t) =





1 if r ε δVα

0 if r ε δVβ, β 6= α.

Then

|δVα|(x, t) =

∫

δV

γα(x + ξ, t) dv(ξ) (2.5)
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represents the magnitude of the volume δV in the α-phase. Following Has-

sanizadeh and Gray [29], we make the following definitions:

ρj
α
(x, t) ≡ 1

|δVα|
∫

δV

ρj(r, t)γα(r, t) dv(ξ) (2.6)

is the average mass over |δVα|,

〈ψj〉(x, t)≡ 1

|δVα|
∫

δV

ψj(r, t)γα(r, t) dv(ξ) (2.7)

is the volume average property of ψj, and

ψj
α
(x, t)≡ 1

ρj
α|δVα|

∫

δV

ρj(r, t)ψj(r, t)γα(r, t) dv(ξ) (2.8)

is the mass average property of ψj. We would like the mesoscale field equations

to be analogues of the microscale field equations. To ensure this we will apply

the following theorem that allows us to interchange the order of differentiation

and integration. This result is due to Cushman [22].

Theorem 2.1 If wαβ is the microscopic velocity of the interface αβ and nα

is the outward unit normal vector of ∂Vα indicating the integrand should be

evaluated in the limit as the αβ-interface is approached from the α-side then

1

|δV |
∫

δV

∂f

∂t
γαdv(ξ) =

∂

∂t

[
1

|δV |
∫

δV

fγαdv(ξ)

]

−
∑

β 6=α

1

|δV |
∫

A

fwαβ · nαda(ξ) (2.9)

1

|δV |
∫

δV

∇fγαdv(ξ) = ∇
[

1

|δV |
∫

δV

fγαdv(ξ)

]

+
∑

β 6=α

1

|δV |
∫

A

fnαda(ξ) (2.10)

We now have everything we need to average equation (2.1) from the mi-

croscale to the mesoscale.
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2.3 Mesoscale Field Equations

In this section we will derive the mesoscale field equations. We begin with

the conservation of mass, linear momentum balance, angular momentum bal-

ance, energy balance, and lastly entropy. Corresponding bulk equations are

derived for each field equation and restrictions that result from the assumption

that the interface has negligible thermodynamic properties are given.

2.3.1 Conservation of Mass

Substituting the appropriate quantities from Table 2.1 into equation (2.1)

the conservation of mass at the microscale is

∂

∂t
(ρj) + ∇ · (ρjvj) = ρj r̂j. (2.11)

Formally, we multiply by the indicator function, integrate over the mesoscopic

REV, and divide by the magnitude of the REV, |δV |. Using Theorem 2.1,

definitions (2.6)-(2.8), and substituting back into equation (2.11), we have

∂

∂t
(εαρj

α
) + ∇ · (εαρj

α
vj

α
)

=
∑

β 6=α

1

|δV |
∫

A

ρj(wαβj − vj) · nαda + εαρj
α
r̂j

α

. (2.12)

Now, using Dαj

Dt
, the material time derivative, which is given by

Dαj

Dt
=

∂

∂t
+ vαj ·∇, (2.13)

we obtain the mesoscopic mass balance for constituent j in phase α

Dαj(εαραj)

Dt
+ εαραj(∇ · vαj) =

∑

β 6=α

ê
αj

β + r̂αj . (2.14)
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In the equations above, vj is the microscopic velocity of constituent j, wαβj is

the velocity of the jth constituent in the αβ interface, and nα is the outward

unit normal vector of δVα. Complete nomenclature is given in Appendix A. Our

motivation in defining the mesoscopic variables is twofold. First, we would like

the mesoscopic variables to coincide with actual physical variables that can be

measured via mesoscale experiments. Second, we would like the definition of the

mesoscopic variables to be as consistent as possible with their microscale coun-

terparts. Unless otherwise stated, the mesoscopic variables have the following

definitions:

ραj ≡ ρj
α

(2.15)

is the average mass over δVa,

vαj ≡ vj
α

(2.16)

is the mass averaged velocity,

ê
αj

β ≡ εα

|δVα|
∫

A

ρj(wαβj − vj) · nα da (2.17)

is the net rate of mass gained by constituent j in phase α from phase β, and

r̂αj ≡ εαραj r̂j
α

(2.18)

is the rate of mass gain due to interaction with other species within the same

phase.

Bulk phase variable definitions are not always intuitive and are defined so

as to preserve the form and interpretation of the mesoscale equations. To obtain
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the bulk phase counterpart for the conservation of mass we make the following

definitions:

ρα ≡
N∑

j=1

ραj (2.19)

is the mass density of phase α, and

Cαj ≡ ραj

ρα
(2.20)

is the concentration of the jth constituent in the α-phase. All other definitions

of bulk phase variables are given in Appendix A. Using equations (2.19) and

(2.20) in equation (2.12) we have:

∂

∂t
(εαραCαj) + ∇ · (εαραCαjvαj) =

∑

β 6=α

ê
αj

β + r̂αj . (2.21)

Summing over j = 1, . . . , N we obtain:

∂

∂t
(εαρα) + ∇(εαραvα) =

∑

β 6=α

êα
β . (2.22)

Defining Dα

Dt
as ∂

∂t
+ vα ·∇, we obtain the bulk phase counterpart for the con-

servation of mass,

Dα(εαρα)

Dt
+ εαρα(∇ · vα) =

∑

β 6=α

êα
β , (2.23)

where the following restrictions apply:

N∑
j=1

r̂αj = 0 ∀α , and (2.24)

∑

α,β 6=α

ê
αj

β = 0 j = 1, . . . , N. (2.25)

The meaning of equation (2.24) is that the gain of mass of the bulk phase due

to chemical reactions alone must be zero. Equation (2.25) says that the rate of

19



mass gained by phase α from phase β is equal to the rate of mass gained by

phase β from phase α, i.e. no mass is lost in the interface.

2.3.2 Linear Momentum Balance

Substituting the appropriate quantities from Table 2.1 into equation (2.1)

the conservation of linear momentum at the microscale is

∂

∂t
(ρjvj) + ∇ · (ρjvjvj)−∇ · tj − ρjgj = ρj î

j
+ ρj r̂jvj. (2.26)

Using the same method as for the conservation of mass equation we obtain:

∂

∂t
(εαραjvαj)−∇ · (εα(〈tj〉α + ραjvαjvαj − ραjvjvj

α
))

+ ∇ · (εαραjvαjvαj)− εαραjgαj

=
∑

β 6=α

1

|δV |
∫

A

[tj + ρjvj(wαβj − vj)] · nα da

+ εαραj (̂i
j
α

+ r̂jvj
α

), (2.27)

where gαj ≡ gj
α

is the mass average external supply of momentum and all other

variables retain the meaning they were given in the previous section. Addition-

ally, we define the mesoscopic stress tensor, also known as the Cauchy stress

tensor, as:

tαj ≡ 〈tj〉α + ραjvαjvαj − ραjvjvj
α
. (2.28)

Now, subtract vαj times equation (2.12) from equation (2.27) to obtain

εαραj
∂

∂t
(vαj) + εαραjvαj∇ · (vαj)−∇ · (εαtαj)− εαραjgαj

=
∑

β 6=α

[
1

|δV |
∫

A

[tj + ρjvj(wαβj − vj)] · nα da

− vαj

|δV |
∫

A

ρj(wαβj − vj) · nα da

]

+ εαραj (̂i
j
α

− r̂jvj
α

)− vαj r̂αj . (2.29)
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Using (2.13) we obtain the mesoscopic linear momentum balance for constituent

j in the α-phase:

εαραj
Dαj

Dt
(vαj)−∇ · (εαtαj)− εαραjgαj = î

αj
+

∑

β 6=α

T̂
αj

β , (2.30)

where we have made the following definitions:

T̂
αj

β ≡ εα

|δVα|
[ ∫

A

[tj + ρjvj(wαβj − vj)] · nα da

− vαj

∫

A

ρj(wαβj − vj) · nα da

]
(2.31)

represents the effect constituent j of phase β has on the rate of change of me-

chanical momentum of the same constituent in phase α, and

î
αj ≡ εαραj (̂i

j
α

+ r̂jvj
α − vαj r̂j

α

) (2.32)

is an exchange term that takes into account all gain of momenta due to the

presence of other species but not due to chemical reactions.

Again, we would like to obtain the bulk phase counterpart. Beginning with

equation (2.27) and using (2.20) we have

∂

∂t
(εαραCαjvαj)−∇ · (εα(tαj − ραjvαj ,α · vαj ,α))− εαραCαjgαj

+2∇(εαραjCαjvαj · vα)−∇(εαραCαjvα · vα)

=
∑

β 6=α

εα

|δVα|
∫

A

[
tj + ρjvj(wαβj − vj)

] · nα da

+εαραj (̂i
j
α

+ r̂jvj
α

). (2.33)
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Subtracting vα times equation (2.21) we get

∂

∂t
(εαραCαjvαj)− vα ∂

∂t
(εαραCαj) (2.34)

−∇ · (εα(tαj − ραjvαj ,α · vαj ,α))

−εαραCαjgαj + ∇(2εαραjCαjvαj · vα)

−∇(εαραCαjvα · vα)− vα∇ · (εαραcαjvαj)

=
∑

β 6=α

T̂
αj

β +
∑

β 6=α

ê
αj

β vαj + î
αj

+ r̂αjvαj −
∑

β 6=α

ê
αj

β vα − r̂αjvα. (2.35)

Summing from j = 1, . . . , N we obtain

εαρα Dαvα

Dt
−∇ · (εαtα)− εαραgα =

∑

β 6=α

T̂
α

β , (2.36)

where the following restrictions apply:

N∑
j=1

(̂i
αj

+ r̂αjvαj ,α) = 0 ∀α, and (2.37)

∑

α,β 6=α

(
T̂

αj

β + vαj ê
αj

β

)
= 0 j = 1, . . . , N. (2.38)

Equation (2.37) says that linear momentum can only be lost due to interactions

with other phases. Equation (2.38) says that the interface can hold no linear

momentum.

2.3.3 General Case

Equation (2.1) is the constituent, microscopic general field equation. We

will find it useful to average this equation up to the mesoscale. The details

of the averaging are much the same as they are for the conservation of linear

momentum, so we will not repeat them here. Let us just say that the general
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case, after averaging from the microscale to the mesoscale, can be written as

∂

∂t
(εαραjψj

α
)−∇ · (εα(〈ij〉α + ραjvαjψj

α − ραjvjψj
α
))

+ ∇ · (εαραjvαjψj
α
)− εαραjf j

α

=
∑

β 6=α

εα

|δVα|
[ ∫

A

[ij + ρjψj(wαβj − vj)] · nα da

± εαψj
α
∫

A

ρj(wαβj − vj) · nα da

]

+ εαραjGj
α − εαραj ψ̂

j
α

, (2.39)

where the ± means that we are subtracting and adding this quantity as it will be

needed for certain variable definitions. We will find it convenient to substitute

the quantities from Table 2.1 directly into equation (2.39) as the averaging

procedure has already been performed.

2.3.4 Angular Momentum Balance

Angular momentum balance is probably the most difficult field equation

to upscale simply because the calculations are tedious. Thus, we will go into

more detail in this section than in others so that the reader may more easily

reproduce these results. We begin by substituting the appropriate terms for

the conservation of angular momentum from Table 2.1 into equation (2.39) to

obtain

∂

∂t
(εαραjr × vj

α
) + ∇ · (εαραjvαjr × vj

α
)−∇ ·

(
εα〈r × tj〉α

+ εαραjvαjr × vj
α − εαραjvj(r × vj)

α
)
− εαραjr × gj

α

=
∑

β 6=α

[ εα

|δVα|
∫

A

[
r × tj + ρj(r × vj)(wαβj − vj)

] · nα da
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±
∑

β 6=α

εαr × vj
α

|δVα|
∫

A

ρj(wαβj − vj) · nα da

+ εαραjr × (̂i
j
+ r̂jvj)

α

− εαραjm̂j
α
. (2.40)

Next we subtract x crossed with equation (2.27) (the conservation of linear

momentum at the microscale), where x is the macroscale field variable. To do

this we will need several identities which can be verified by combining (2.4) with

the fact that (2.6) - (2.8) are integrals with respect to ξ only, and not with

respect to x:

r × vj
α

= x× vαj + ξ × vj
α
,

vj(r × vj
α
) = x× vjvj

α
+ vj(ξ × vj)

α
, and

r × gj
α

= x× gαj + ξ × gj
α
,

among others similar to these. Starting with the left hand side, for the ∂
∂t

terms

we have

∂

∂t
(εαραjx× vαj) +

∂

∂t
(εαραjξ × vj

α
)− x× ∂

∂t
(εαραjvαj) =

∂

∂t
(εαραjξ × vj

α
).

(2.41)

For the ∇· terms we have:

∇ · [εαραjvαjx× vαj + εαραjvαjξ × vj
α − εαx× 〈tj〉α

− εα〈ξ × tj〉α − εαραjvαjx× vαj − εαραjvαjξ × vj
α

+ εαραjx× vjvj + εαραjvjξ × vj
]

+ x×∇ · [εα〈tj〉α + εαραjvαjvαj − εαραjvjvj − εαραjvαjvαj
]

= ∇ · (εαραjvαjx× vαj)− x×∇ · (εαραjvαjvαj)
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−∇ · (εαx× 〈tj〉α) + x×∇ · (εα〈tj〉α)−∇ · (εα〈ξ × tj〉α)

−∇ · (εαραjvαjx× vαj) + x×∇ · (εαραjvαjvαj)

+ ∇ · (εαραjx× vjvj
α
)− x×∇ · (εαραjvjvj

α
)

+ ∇ · (εαραjvjξ × vj
α
). (2.42)

The first and third lines after the equality sign in equation (2.42) cancel. Note

that if we switch to indicial notation

−∇ · (εαx× 〈tj〉α) + x×∇ · (εα〈tj〉α)

=−(εαxitjkεijl),k + xi(ε
αtjk),kεijl

=−εαxi,ktjkεijl − εαxitjk,kεijl + εαxitjk,kεijl

=−εαδiktjkεijl = εαtjiεijl, (2.43)

where the last equivalence is left in indicial notation because there is no equiv-

alent in direct notation. We also have

∇ · (εαραjx× vjvj
α
)− x×∇ · (εαραjvjvj

α
)

= (εαραjxivjvkεijl),k − xi(ε
αραjvjvk),jεijl

= εαραjxi,kvjvkεijl + εαραjxi(vjvk),kεijl

− εαραjxi(vjvk),jεijl

= εαραjδikvjvkεijl = 0, (2.44)

and finally

∇ · (εαραjvαj(x× vαj))− x×∇ · (εαραjvαjvαj)

= (εαραjvlxivjεijk),l − xi(ε
αραjvlvj),jεijk
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= εαραjxi,lvlvjεijk + εαραjxi(vlvj),lεijk − εαραjxi(vlvj),jεijk

= εαραjδilvlvjεijk = 0. (2.45)

Using identities (2.43) - (2.45) and treating the external supply of momentum

term, r × gj
α

similarly, the left hand side of equations (2.40) becomes

∂

∂t
(εαραjξ × vj

α
) + ∇ · (εαραjvj(ξ × vj)

α − εα〈ξ × tj〉α)

− εαtjiεijl − εαραjξ × gj
α
. (2.46)

Turning our attention to the right hand side of equation (2.40), and exam-

ining the terms with no sum, we have

εαραjx× (̂i
αj

+ r̂jvj
α

)− εαραjm̂j
α

+ εαραjξ × (ij + r̂jvj)
α

− x× εαραj (̂i
j
α

r̂j + vj
α

)

=−εαραjm̂
j
α

+ εαραjξ × (̂i
j
+ r̂jvj)

α

. (2.47)

Now, examining the terms on the right hand side which involve a sum, we have

∑

β 6=α

[
εα

|δVα|
∫

A

[
x× tj + ρj(x× vj)(wαβj − vj)

] · nα da

]

+
∑

β 6=α

[
εα

|δVα|
∫

A

[
ξ × tj + ρj(ξ × vj)(wαβj − vj)

] · nα da

]

− x×
∑

β 6=α

[
εα

|δVα|
∫

A

[
tj + ρjvj(wαβj − vj) · nα da

]]

=
∑

β 6=α

[
εα

|δVα|
∫

A

[
ξ × tj + ρj(ξ × vj)(wαβj − vj)

] · nα da

]
. (2.48)
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Combining the left and right hand side, we now have the conservation of angular

momentum at the mesoscale:

∂

∂t
(εαραjξ × vj

α
) + ∇ · (εαραjvjξ × vj

α − εα〈ξ × tj〉α)

−εαI × 〈tj〉α − εαραjξ × gj
α

= −εαραjm̂j
α

+ εαραjξ × (̂i
j
+ r̂jvj)

α

+
∑

β 6=α

[
εα

|δVα|
∫

A

[
ξ × tj + ρj(ξ × vj)(wαβj − vj)

] · nα da

]
.

(2.49)

Equation (2.49) simplifies to

−εαt
αj

ji εijl = m̂αj + Mαj +
∑

β 6=α

(m̂
αj

β ), (2.50)

where we have replaced 〈tj〉α by tαj (we can do so because of equation (2.28))

and we have made the following definitions:

m̂j
α

≡ εαραjm̂αj (2.51)

is the rate of gain of angular momentum due to interaction with other species

within the same phase,

Mαj ≡− ∂

∂t
(εαραjξ × vj

α
)−∇ · (εαραjvjξ × vj

α
) + ∇ · εα〈ξ × tj〉α

+ εαραjξ × gj
α

+ εαραjξ × (̂i
j
+ r̂jvj)

α

(2.52)

is the rate of angular momentum gain by constituent j in phase α due to the

microscale angular momentum terms, and

m̂
αj

β ≡ εα

|δVα|
∫

A

[
ξ × tj + ρj(ξ × vj)(wαβj − vj)

] · nα da (2.53)
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is the rate of angular momentum gain by constituent j in phase α due to inter-

action with phase β.

Summing over j = 1, . . . , N yields the conservation of angular momentum

for the bulk phase

−εαtα
jiεijl = Mα +

∑

β 6=α

m̂
α
β , (2.54)

where the following restrictions apply:

N∑
j=1

m̂
αj = 0 ∀α, (2.55)

∑

α,β 6=α

m̂
αj

β = 0 j = 1, . . . , N. (2.56)

Equation (2.54) implies that, in general, the mesoscale stress tensor tα is not

symmetric for multi-phase systems. However, if tαj is symmetric then the right

hand side of (2.54) must be zero. Restriction (2.55) says that bulk-phase angular

momentum can only be lost due to transfer to other phases, restriction (2.56)

holds because we assume that the interface is massless.

2.3.5 Conservation of Energy

Beginning as we did for the conservation of angular momentum, by substi-

tuting the appropriate terms for the conservation of energy from Table 2.1 into

equation (2.39), we obtain

∂

∂t
(εαραj(ej +

1

2
vj · vj

α
))−∇ · (εα(〈tj · vj + qj〉α + ραjvαj(ej

α
+

1

2
vj · vj

α
)

−ραjvj(ej +
1

2
vj · vj)

α

)) + ∇ · (εαραjvαj(ej
α

+
1

2
vj · vj

α
))

−εαραj(gj · vj
α

+ hj
α
)

=
∑

β 6=α

εα

|δVα|
[ ∫

A

[
tj · vj + qj + ρj(ej +

1

2
vj · vj)(wαβj − vj)

]
· nα da
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∓(ej +
1

2
vj · vj)

α ∫

A

ρj(wαβj − vj) · nα da

]

+εαραj(Q̂j
α

+ ij · vj
α

+ r̂j(ej +
1

2
vj · vj)

α

). (2.57)

Now, from equation (2.57), subtracting equation (2.29) times vαj and equation

(2.12) times (ej
α

+ 1
2
vj · vj

α
), performing massive algebraic manipulations, and

again using equation (2.13), we obtain the conservation of energy equation at

the mesoscale:

εαραj
Dαj

Dt
(eαj)−∇ · (εαqαj)− εαtαj : ∇vαj − εαραjhαj

= Q̂αj + Q̂
αj

β , (2.58)

where the colon indicates the tensor dot product (a : b =
∑

i,j aijbij). Here we

have made the following definitions:

hαj ≡ hj
α

+ gj · vj
α − gαj · vαj (2.59)

is the external supply of energy,

eαj ≡ ej
α

+
1

2
vj · vj

α − 1

2
vαj · vαj (2.60)

is the energy density,

qαj ≡ 〈qj〉α + 〈tj · vj〉α − tαj · vαj + ραjvαj(eαj +
1

2
vαj · vαj)

− ραjvj(ej +
1

2
vj · vj)

α

(2.61)

is the partial heat flux vector for the jth component of phase α,

Q̂αj ≡ εαραj(Q̂j
α

+ ij · vj
α − (̂i

j
α

+ r̂jvj
α − vαj r̂j

α

) · vαj + r̂j(ej +
1

2
vj · vj)

α

− r̂j
α

(ej
α

+
1

2
vj · vj

α
)) (2.62)
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is the rate of energy gain due to interaction with other species within the same

phase not due to mass or momentum transfer, and

Q̂
αj

β ≡ εα

|δVα|
{∫

A

[
qj + tj · vj + ρj(ej +

1

2
vj · vj)(wαβj − vj)

]
· nα da

− (eαj − 1

2
vαj · vαj)

∫

A

ρj(wαβj − vj) · nα da

− vαj

∫

A

[
tj + ρjvj(wαβj − vj)

] · nα da

}
(2.63)

is the rate of energy transfer from phase β to phase α not due to mass or

momentum transfer.

The bulk phase conservation of energy equation is found in an analogous

manner to the bulk phase conservation of linear momentum by using (2.20) and

subtracting vα times (2.33) and (eα + 1
2
vα · vα) times (2.21) and then summing

over constituents. This yields

εαρα Dαeα

Dt
−∇ · (εαqα)− εαtα : ∇vα − εαραhα =

∑

β 6=α

Q̂α
β ,

where the following restrictions hold:

N∑
j=1

[
Q̂αj + î

αj · vαj ,α + r̂αj

(
eαj +

1

2
(vαj ,α)2

)]
= 0 ∀α, and (2.64)

∑

α,β 6=α

[
Q̂

αj

β + T̂
αj

β · vαj + ê
αj

β

(
eαj +

1

2
(vαj)2

) ]
= 0 j = 1, . . . , N.(2.65)

The first restriction says that bulk-phase energy can only be lost due to transfer

with other phases, and the second restriction states that the interface retains no

energy.
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2.3.6 Entropy Balance

After substituting the appropriate quantities from Table 2.1 into (2.39) the

entropy balance at the mesoscale for constituent j in phase α is

∂

∂t
(εαραjηj

α
)−∇ · (εα(〈φj〉α + ραjvαjηj

α

− ραjvjηj
α
)) + ∇ · (εαραjvαjηj

α
)− εαραjbj

α

=
∑

β 6=α

εαραj

[ 1

ραj |δVα|
∫

A

φj + ρjηj(wαβj − vj) · nα da

∓ ηj
α

ραj |δVα|
∫

A

ρj(wαβj − vj) · nα da

+ εαραjΛj
α

+ εαραj η̂j + r̂jvj
α

. (2.66)

Subtracting ηαj times (2.12) and using (2.13) we obtain

εαραj
Dαj

Dt
(ηαj)−∇ · (εαφαj)− εαραjbαj

=
∑

β 6=α

Φ̂
αj

β + η̂αj + Λαj , (2.67)

where we have made the following definitions:

Λαj ≡ Λj
α

(2.68)

is the entropy production,

ηαj ≡ ηj
α

(2.69)

is the entropy of the jth constituent in the α-phase,

φαj ≡ 〈φj〉α + ρjvαjηαj − ραjvjηj
α

(2.70)
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is the partial entropy flux vector for the jth component of the α-phase,

bj
α ≡ bαj (2.71)

is the external entropy source,

Φ̂
αj

β ≡ εα

|δVα|
∫

A

[
φj + ρjηj(wαβj − vj)

] · nα da

− εαηαj

|δVα|
∫

A

ρj(wαβj − vj) · nα da (2.72)

is the entropy transfer to the jth component in the α-phase through mechanical

interactions with the same component in the β-phase, and

η̂αj ≡ εαραj(η̂j
α

+ r̂jηj
α − r̂j

α

ηαj) (2.73)

is the net entropy gain due to interaction with other species within the same

phase

The bulk-phase counterpart is given by

εαρα Dαηα

Dt
−∇ · (εαφα)− εαραbα =

∑

β 6=α

Φ̂
α

β + Λα, (2.74)

where the following restrictions apply:

N∑
j=1

(η̂αj + r̂αjηαj) = 0 ∀α, and (2.75)

∑

α,β 6=α

(
Φ̂

αj

β + ê
αj

β ηαj

)
= 0 j = 1, . . . , N. (2.76)

The first restriction states that entropy can only be lost due to interactions with

another phase, and the second restriction states that the interface can hold no

entropy.

32



2.4 Standard Assumptions and Resulting Entropy Inequality

In this section we make a few standard simplifying assumptions, and give the

resulting form of the entropy inequality. Henceforth we assume that the stress

tensor, tα, is symmetric. We also assume that the system is in local thermal

equilibrium. That is, because the phases are viewed as overlaying continua, we

assume the temperature of all constituents in all phases at a single point is the

same for all phases. This assumption can be expressed as

T = Tαj = T βj ∀α, ∀β, ∀j. (2.77)

Note that this does not mean that we are assuming that the temperature is

constant; T is still a function of time and space.

Next, we assume that the system is thermodynamically simple in the sense

of Eringen [24]. This means that entropy flux and external supplies of entropy

are due to heat flux and external supplies of heat alone, respectively. This

assumption can be expressed as:

φαj =
qαj

T
, (2.78)

bαj =
hαj

T
. (2.79)

Entropy is a mathematically useful quantity. However, experimentally it cannot

be measured directly. Thus, we choose to perform a Legendre transformation to

convert the internal energy eαj into the Helmholtz free energy Aαj ,

Aαj = eαj + Tηαj , (2.80)
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allowing us to choose temperature instead of entropy as an independent variable.

The second law of thermodynamics states that the total entropy generated

by the system must be non-negative, and is maximum only when the system is

in equilibrium. This statement can be expressed as:

Λ =
∑

α

Λα =
∑

α

N∑
j=1

Λαj ≥ 0. (2.81)

We begin by solving equation (2.67) for Λαj , subtract 1
T

times the con-

servation of energy equation (2.58), to eliminate the heat source variables, hαj ,

perform the Legendre transformation with (2.80), then sum over all constituents

and phases to obtain

Λ =
∑

α

{
− εαρα

T

(
DαAα

Dt
+ ηα DαT

Dt

)

+
εα

T

(
N∑

j=1

tαj

)
: dα

+
εα

T 2
(∇T ) ·

{
qα −

N∑
j=1

[
tαj · vαj ,α − ραjvαj ,α

(
Aαj +

1

2
(vαj ,α)2

)]}

− 1

T

N∑
j=1

[
T̂

αj

β + î
αj

+ ∇(εαραjAαj)
]
· vαj ,α

+
N∑

j=1

εα

T
(tαj − ραjAαjI) : ∇vαj ,α

− 1

T

∑

β 6=α

T̂
α

β · vα,s

− 1

2T

N∑
j=1

(vαj ,α)2
[
ê

αj

β + r̂αj
]

− 1

T

∑

β 6=α

êα
β

(
Aα +

1

2
(vα,s)2

) }
≥ 0, (2.82)

34



where vαj ,α ≡ vαj − vα, and in general a comma in the superscript denotes a

difference in the superscripted quantity. Identities needed to obtain equation

(2.82) can be found in Appendix A.3.

2.5 Choosing Constitutive Independent Variables and Exploiting

the Entropy Inequality

Thus far, the theory introduced applies to all media meeting the require-

ments laid out in the beginning of this chapter and the previous section. What

distinguishes one material from another is the set of variables upon which all

other variables depend; these are called constitutive independent variables, or

more simply, independent variables. How we choose the independent variables

is informed by knowledge of the material we wish to model, experience, and

experiments. It is important to note that the choice of independent variables

defines the material.

Once the constitutive independent variables are chosen, we expand the

Helmholtz potential term found in (2.82) in terms of these variables, perform

various algebraic manipulations and collect terms. The axiom of equipresence

requires that initially all constitutive variables be functions of the complete set

of independent variables, even, for example, if one phase lacks a certain con-

stituent. Only after the entropy inequality is exploited can the concentration of

a species be set to zero, [31]. Failure to adhere to the axiom of equipresence can

produce erroneous results. However, it can be shown that the Helmholtz free

energy is not a function of all the independent variables, as will be demonstrated

momentarily.

35



To illustrate how we chose the independent variables and exploit the entropy

inequality in the sense of Coleman and Noll, [19], we will present two illustrative

examples. The first example will be for a single-phase elastic solid composed of

a single constituent. The second example will be a single-phase thermo-viscous

fluid, also composed of a single constituent.

2.5.1 Example: Elastic Solid

Mechanics of materials tells us that linear elastic bodies exhibit different

behavior depending on the strain and temperature of the material, denoted Es

and T , respectively. Expanding the derivative of the Helmholtz potential as a

function of these variables we have:

DAs

Dt
=

∂As

∂Es

DEs

Dt
+

∂As

∂T

DT

Dt
, (2.83)

where we have dropped the superscript on the derivative terms since there is

only one phase. Substituting this into entropy inequality (2.82) and collecting

like terms we obtain:

Λ =−ρs

T

(
∂As

∂T
+ ηs

)
Ṫ

− 1

T

(
ρs ∂As

∂Es − (F s)−1 · ts · (F s)−T

)
: Ė

s

+
∇T

T 2
· qs ≥ 0, (2.84)

where we have converted ds into the independent variable Es via the identity

ds = (F s)−T · Ės · (F s)−1.

Variables which appear linearly in the entropy inequality which are neither

constitutive nor independent can vary independently, thus their coefficients must
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be set to zero to avoid violating the entropy inequality. In this example, the

following variables satisfy the these requirements:

Ṫ , Ė
s
, ∇T. (2.85)

The resulting equations are called non-equilibrium results as they must hold

both at equilibrium as well as away from equilibrium. Since the coefficient of Ṫ

must be zero, we obtain the classical result

∂As

∂T
= −ηs, (2.86)

which means that temperature and entropy are dual variables. For the coefficient

of Ė
s
, we obtain

ts = ρsF s · ∂As

∂Es · (F s)T , (2.87)

which is a classical Hooke’s law. Finally, for the coefficient of ∇T we obtain the

result that

qs = 0. (2.88)

This last result says that there is no heat flux. As such, the material that we

have defined by our choice of independent variables does not conduct heat. This

is perfectly acceptable if we mean to model an insulating solid or we know a

priori that the system has a constant temperature. However, we may wish to

model an elastic solid that conducts heat, that is, a thermo-elastic solid. To

accomplish this, we add ∇T to our list of independent variables, resulting in an
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additional term in entropy inequality. Equation (2.84) becomes

Λ =−ρs

T

(
∂As

∂T
+ ηs

)
Ṫ

− 1

T

(
ρs ∂As

∂Es − (F s)−1 · ts · (F s)−T

)
: Ė

s

+
∇T

T 2
· qs − ρs

T

∂As

∂(∇T )

D(∇T )

Dt
≥ 0. (2.89)

The variable ∇T no longer appears in list (2.85) because now it is independent.

In its place D(∇T )
Dt

appears, leading to the non-equilibrium result that

∂As

∂(∇T )
= 0, (2.90)

meaning that the Helmholtz free energy is not a function of ∇T . Where it

can be demonstrated that Helmholtz free energy is not a function of certain

variables, as above, the Helmholtz free energy will be taken as a function of

a subset of the complete list of independent variables to simplify calculations,

otherwise we will adhere to the axiom of equipresence.

We now have a heat conducting elastic solid, that is, a thermo-elastic solid.

Equilibrium for this systems is guaranteed to occur when ∇T = 0. At equi-

librium the net generation of entropy is minimum, so that ∂Λ

∂(∇T )
= 0 and

∂2Λ

∂(∇T )2
≥ 0. Taking the partial derivative of equation (2.89) with respect to

∇T and setting it equal to zero yields

qs = 0, (2.91)

that is, there is no heat flux at equilibrium, which makes sense for a thermo-

elastic body.

The coefficients of the variables that are zero at equilibrium are a function of

these variables. To clarify, if x and y are variables becoming zero at equilibrium,
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then the coefficients of x and y are functions of x and y. One way of obtaining

near-equilibrium results is to linearize the coefficients to form positive quadratic

terms by using a Taylor series expansion about the variables becoming zero at

equilibrium, and then truncating all second-order and higher terms. In this

simple example, we have that qs = qs(∇T ), so that

qs = qs|eq + Ks ·∇T, (2.92)

where eq stands for equilibrium, and Ks is a second-order tensor resulting from

the linearization process. Equation (2.91) tells us that qs|eq = 0, thus

qs = Ks ·∇T. (2.93)

Equation (2.93) is Fourier’s law of heat conduction, which is known to hold for

thermo-elastic solids near equilibrium.

2.5.2 Example: Thermo-viscoelastic Fluid

If we want to model a thermo-viscous fluid we would include in the list of

independent variables the density, the temperature, the gradient of the velocity,

and the gradient of the temperature, denoted ρl, T , ∇vl, and ∇T , respectively.

However, it can be shown that ∇vl is not frame invariant, where as the sym-

metric part of ∇vl, dl = 1/2(∇vl + (vl)T ) is frame invariant, [24]. Thus, we

include dl in our list of independent variables instead. Including gradient of

various variables produces flow in those variables. For example, just as includ-

ing ∇T produces heat flow, including a gradient in the volume fraction, ∇εl,

produces a material which has flow dependent on the moisture content, which

is the case in swelling materials. Including higher-order gradients of a variable
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yields non-local effects due to that variable. It is important to remember to

include only those variables which will enrich our model without unnecessarily

complicating it.

Expanding the derivative of the Helmholtz potential as a function of the in-

dependent variables discussed above except ∇T (since, as demonstrated above,

the Helmholtz potential is not a function of ∇T ) we have:

DAl

Dt
=

∂Al

∂ρl

Dρl

Dt
+

∂Al

∂dl

Ddl

Dt
+

∂Al

∂T

DT

Dt
, (2.94)

where we have dropped the superscript l on the derivatives terms since there is

only one phase. Note that because of the conservation of mass, equation (2.23),

we have

Dρl

Dt
= −ρl∇ · vl. (2.95)

Substituting this into equation (2.94), then substituting the result into entropy

inequality (2.82), and collecting like terms we obtain

Λ =−ρl

T

(
∂Al

∂T
+ ηl

)
Ṫ

+
1

T

(
tl + (ρl)2∂Al

∂ρl
I

)
: dl

−ρl

T

∂Al

∂dl

Ddl

Dt
+

∇T

T 2
· ql ≥ 0, (2.96)

where we have used the fact that ∇ · vl = dl : I since dl = 1
2
(∇vl + (∇vl)T ).

The variables which appear linearly and are neither constitutive nor independent

are:

Ṫ ,
Ddl

Dt
. (2.97)
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Using the method outlined in the previous example, we obtain the following

non-equilibrium results

∂Al

∂T
= −ηl, (2.98)

which states that entropy and temperature are dual variables, and

∂Al

∂dl
= 0, (2.99)

which means that the Helmholtz free energy is not a function of dl.

We define equilibrium to be when both dl and ∇T are zero. If x is a variable

becoming zero at equilibrium, then ∂Λ
∂x

= 0 because the net generation of entropy

of the system must be minimum at equilibrium. Thus, we obtain the following

equilibrium results. For the coefficient of dl we have:

tl = −plI, (2.100)

where we have used the thermodynamic definition of pressure

pl = (ρl)2∂Al

∂ρl
. (2.101)

Pressures will be discussed at great length in subsequent chapters. Equation

(2.100) is a standard result and states that at equilibrium the stress in the

liquid is equal to minus the pressure in the liquid phase. For the coefficient of

∇T we have

ql = 0, (2.102)

which states that at equilibrium the heat flux is zero. Since we now have

more than one variable defining equilibrium, the condition on the second par-

tial derivative of Λ in the previous example is replaced by the requirement that
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the Jacobian of Λ be positive definite. This assures that entropy production is

minimum.

Once again, we would like to obtain near-equilibrium results for the system.

The situation is different than the previous example because now we have more

than one variable that defines equilibrium. We will still use a Taylor series

expansion about the variables which define equilibrium and truncate all second-

order and higher terms. However, there is now more than one way to accomplish

this. First, we can choose to do single variable expansions. Setting the coefficient

of dl to Ql, we have that ql = ql(∇T ) and Ql = ql(dl), analogous to the previous

example. Thus, single variable expansions yield

ql = K l ·∇T (2.103)

tl =−plI + Ll : dl, (2.104)

where ql|eq = 0 because of equation (2.102), and Ql|eq = 0 because of equation

(2.100). In the above equations K l and Ll are second-order and fourth-order

tensors, respectively, resulting from the linearization process. We note that

because we choose to do single variable expansions that K l and Ll must be

evaluated as functions of dl and ∇T , respectively. In general, whenever single

variable expansions are performed the coefficients resulting from the lineariza-

tion process must be evaluated as functions of all the other variables which

define equilibrium. Of course, having constant coefficients is preferable and can

be achieved by using expansions in all of the variables that define equilibrium. In

this example we can perform two variable expansions by taking ql = ql(∇T, dl)
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and Ql = Ql(dl,∇T ). Doing so yields

ql = K l ·∇T + H l : dl, (2.105)

tl =−plI + Ll : dl + M l ·∇T, (2.106)

where K l and M l are second-order tensors, and H l and M l are fourth-order

tensors resulting from equilibrium expansion, all of which are only functions of

independent variables not becoming zero at equilibrium. Unfortunately, using

Taylor series expansions in all the variable defining equilibrium can produce

cumbersome expressions. We will be careful to the use expansions that are

relevant to the system we want to model but significantly enrich the resulting

equations.

In subsequent chapters we will use the techniques described in this section to

obtain non-equilibrium, equilibrium, and near-equilibrium results for far more

complex systems.
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3. A New Choice of Independent Variables

Deriving a physically meaningful transport equation for porous swelling ma-

terials that undergo finite deformations depends largely on our ability to relate

thermodynamically defined variables to physically interpretable quantities. In

this chapter we present a novel and judicious choice of independent variables for

the solid phase that clarifies the relationship between thermodynamically de-

fined pressure and actual physical stress. To further show the usefulness of this

new set of independent variables, we will show how it elucidates and simplifies

the assumptions and the derivation of the transport equation previously inves-

tigated by Singh et al., [51], while continuing to capture the important features.

We then show how this framework can be used to derive a transport equation

used to model swelling polymers, and compare the result with another transport

equation derived using the Flory-Huggins theory.

3.1 Motivation

In this chapter we will restrict our discussion to a two-phase system consist-

ing of a viscoelastic solid and viscous liquid phase, each composed of a single

constituent, and neglect all interfacial effects, though the theory can be used to

incorporate such effects, [7, 8]. Results for non-swelling media may be obtained

by making simplifying assumptions.

To capture the viscoelastic nature of the solid phase and phase interaction

effects, the independent variables should include variables upon which the solid

phase behavior depends, the liquid phase behavior depends, and the interaction
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of phases depend. The intuitive choice for independent solid variables include

but are not limited to: the solid phase volume fraction, εs, solid phase density,

ρs, and smeared-out solid strain, Es. These variables are not independent. To

see this, consider the continuity equation for the solid phase assuming no loss

of solid material to the liquid phase, see equation (2.23):

Ds(εsρs)

Dt
+ εsρs∇ · vs = 0. (3.1)

Let F s denote the deformation gradient. Then the right Cauchy-Green tensor

can be expressed as

Cs = (F s)T · F s, (3.2)

where F s is the deformation gradient of the solid phase and is defined by (in

indicial notation)

F s = F s
kK = xs

k,K =
∂xs

k

∂Xs
K

, (3.3)

where xs is the Eulerian coordinate and Xs is the Lagrangian coordinate, and

where the strain tensor is expressed as

Es = 1/2(Cs − I). (3.4)

Let V be the total volume of the smeared-out solid phase, and let V0 be the

initial volume of the (smeared-out) solid phase. Equation (3.1) can be expressed

in integral form as [14]

∫

V

εsρsdv =

∫

V0

εsρsJsdv0 =

∫

V0

εs
0ρ

s
0dv0, (3.5)
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where the jacobian, Js = det (F sT · F s) = det (Cs) = det (2Es + I). From

(3.5), we have Js =
εs
0ρs

0

εsρs . Combining these results, we obtain the following

relationship

det(2Es + I) = Js =
εs
0ρ

s
0

εsρs
. (3.6)

Thus, we see clearly that Es, ρs and εs are dependent. In particular, the first

equality tells us that all six components of 2Es + I are not independent of Js.

Because of this coupling it is not straight forward as to how to choose inde-

pendent variables which lead to physically meaningful variables. A first choice

might be to eliminate volume fraction or density as one of the independent vari-

ables. However, density is dual to the thermodynamic definition of pressure, and

volume fraction measures liquid content, and hence both are essential quantities

in determining macroscopic behavior.

One way of handling this coupling is to enforce the continuity equation using

a Lagrange multiplier [33]. The Lagrange multiplier then becomes an unknown

of the system to be determined by boundary conditions [24]. Using a Lagrange

multiplier, derivatives with respect to Es (or Cs) can be evaluated letting ρs and

εs vary without restriction. However, it then becomes unclear what the physical

representation of the dual variables are. To see this, consider the following result

obtained via HMT using ρs, εs, and Es in the list of independent variables [49]:

ts = −psI + tse +
εl

εs
tsh, (3.7)

where

tse = ρsF s · ∂As

∂Es · (F s)T , (3.8)
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and

tsh = ρlF s · ∂Al

∂Es · (F s)T . (3.9)

In equation (3.7), ts is the stress of the solid phase and is related to the stress

of the entire medium via t = εsts + εltl. The variable ps is the thermodynamic

pressure and is defined by

ps = (ρs)2∂As

∂ρs
, (3.10)

and tse and tsh are labeled the Terzaghi stress and the hydration stress, respec-

tively [11, 12]. As −1/3tr(ts) represents the physical pressure exerted on the

solid phase it is not clear what portion of pressure ps represents, since neither

tse nor tsh have zero trace.

Another way of dealing with this coupling is to make simplifying assump-

tions. For example, in [49], Singh et al. proposed a constitutive theory to model

a two-phase polymeric system with a viscoelastic solid phase and viscous fluid

phase. By including strain, time derivative of strain, and a gradient in strain as

constitutive independent variables, they developed a theory applicable to vis-

coelastic systems. Therein, they obtained novel forms of Darcy’s law. In [50],

they extended the two-scale theory to three scales, and then in [51], a trans-

port theory was developed based on their work in [50]. The development of the

transport model required the assumption that the strain of the solid phase and

rates of strain, were a function of volumetric changes only, that is, a function of

Js, and not a function of shear.

This brings us to another issue we address in this chapter. The form of

Darcy’s law used to derive the transport equation in [51], which we will derive
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in a subsequent section, is written in terms of gradients in the classical pressure,

volume fraction, and time derivatives of volume fraction. However, as we will see

later, this form of Darcy’s law can be written in an equivalent form expressed in

terms of a gradient in the Gibbs free energy (or chemical potential) of the liquid

phase. Either form of Darcy’s law, when combined with the bulk conservation

of mass equation for the liquid and solid phases, yields a transport equation.

However, we need different constitutive equations and employ different assump-

tions depending on the form of Darcy’s law that we use. We will derive two

such transport equations and discuss the similarities, differences, and usefulness

of these equations.

In this chapter we will first introduce a new set of constitutive independent

variables that give rise to a physically meaningful interpretation of the solid

phase stress, solid pressure, and Terzaghi stress tensors. We will present the

necessary techniques and methodology to obtain the entropy inequality and then

present only the novel results stemming from this choice of variables. Then,

based on this choice of independent variables we derive a transport equation

analogous to that found in [51]. Next, using an equivalent form of Darcy’s

law, we will use Flory-Huggins theory to develop another transport equation

specifically applicable to polymers. Lastly, it is worth mentioning that we are

able to reproduce the three pressure relationship of Bennethum et al. [14] in

terms of these new variables.

3.2 Constitution

As discussed above, complications arise from the dependence of the vari-

ables εs, ρs, and Es through the solid phase continuity equation. In choosing
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an appropriate set of independent variables consider the properties of swelling

clays and polymeric materials. Swelling clays, as well as many polymeric mate-

rials, have markedly different behavior at low and high moisture contents. At

high moisture contents the liquid phase cannot support shear. Thus shearing

has little affect on flow, and macroscopic behavior is dominated by volumetric

changes due to changes in moisture content. In contrast, a swelling clay with

low moisture content will have very few layers of vicinal water (water residing

close to the solid phase), and the liquid phase supports shear and the effects

of shearing become of greater concern when modeling deformation and trans-

port [23]. For these reasons, it becomes appropriate to consider splitting the

deformation of the (smeared-out) solid phase into volumetric (dilatational) and

isochoric (distortional) parts. Ideally it would be nice to decompose strain, Es,

into volumetric and isochoric components, however mathematically this makes

the problem quite complicated due to the relationship between εs, ρs, and Es.

Consequently, we follow Holzaphfel [32], and consider a multiplicative decom-

position of F s and Cs as follows:

Cs = (Js)2/3C
s
, (3.11)

F s = (Js)1/3F
s
, (3.12)

where Js1/3I and Js2/3I represent volumetric deformation, F
s

and C
s

are the

modified deformation gradient and the modified right Cauchy-Green tensor, re-

spectively. These variables account for distortional deformation. They are re-

lated in the same way F s and Cs are, that is,

C
s
= (F

s
)T · F s

. (3.13)
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With this decomposition in mind, we assume the following independent vari-

ables:

εl, ∇εl,
(m)

ε l, ∇(m)

ε l, T , ∇T ,

ρl, C lj , C
s
,

(n)

C
s
, Js, Csj , vα,s, vαj ,α, dl, (3.14)

where m = 1, . . . , p and n = 1, . . . , q denote material time derivatives of order

m and order n, and j = 1, . . . , N − 1 represent N − 1 constituents throughout

this thesis unless otherwise noted. This choice of independent variables differs

from that found in [49] in that we have replaced Es and ρs with C
s

and Js.

Additionally, we have replaced higher order derivatives of Es with derivatives

of εl and C
s
.

3.3 The Entropy Inequality

In this section we will present the necessary methodology to obtain a form

of the entropy inequality that is exploitable.

To simplify the following manipulations, we postulate the dependence of the

Helmholtz free energy as follows:

Al = Al(εl,
(m)

ε l, ρl, C lj , T, C
s
,

(n)

C
s
), (3.15)

As = As(εl,
(m)

ε l, Js, Csj , T, C
s
,

(n)

C
s
), (3.16)

where m = 1, . . . , p and n = 1, . . . , q are material time derivatives of order p

and q, Cαj is the concentration of the jth species in phase α and j = 1, . . . , N .

Otherwise, we adhere to the axiom of equipresence, that is, all other variables

are considered a function of the complete list (3.14). Material time derivatives
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of Al and As appear in the entropy inequality (2.82). Using the chain rule, they

may be calculated as follows:

DlAl

Dt
=

∂Al

∂εl

Dlεl

Dt
+

p∑
m=1

∂Al

∂
(m)

ε l

Dl
(m)

ε l

Dt
+

∂Al

∂ρl

Dlρl

Dt
+

N−1∑
j=1

µ̃lj
Dl(C lj)

Dt

+
∂Al

∂T

DlT

Dt
+

∂Al

∂C
s :

DlC
s

Dt
+

q∑
n=1

∂Al

∂
(n)

C
s

:
Dl

(n)

C
s

Dt
, (3.17)

DsAs

Dt
=

∂As

∂εl

Dsεl

Dt
+

p∑
m=1

∂As

∂
(m)

ε l

Ds
(m)

ε l

Dt
+

∂As

∂Js

DsJs

Dt
+

N−1∑
j=1

µ̃sj
Ds(Csj)

Dt

+
∂As

∂T

DsT

Dt
+

∂As

∂C
s :

DsC
s

Dt
+

q∑
n=1

∂As

∂
(n)

C
s

:
Ds

(n)

C
s

Dt
, (3.18)

Because j = 1, . . . , N in (3.15) and (3.16), the concentrations, Cαj , are a depen-

dent variables since

N∑
j=1

Cαj = 1, (3.19)

which implies for example

DαCαN

Dt
= −

N−1∑
j=1

DαCαj

Dt
, (3.20)

giving rise to the relative chemical potential [13]

µ̃αj ≡ µαj − µαN , (3.21)

where

µαj ≡ ∂Aα

∂Cαj
. (3.22)

We will find it useful to be able to convert a material time derivative with

respect to one phase (or species within a phase) into a material time derivative
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with respect to another phase (or species within a phase). This can be done

using either of the following two identities:

Dα(·)
Dt

=
Ds(·)
Dt

+ vα,s∇(·), (3.23)

Dαj(·)
Dt

=
Dα(·)
Dt

+ vαj ,α∇(·). (3.24)

Since ds is not in the list of independent variables (3.14), it is necessary

to convert ds into the independent variables Ċ
s

and Js. We use the following

calculation:

ds = (F s)−T · Ės · (F s)−1

=
1

2
(F s)−T · Ċs · (F s)−1

=
1

2
(F s)−T ·

(
2

3
(Js)−1/3J̇sC

s
+ (Js)2/3Ċ

s
)
· (F s)−1

=
1

3
(Js)−1J̇s(F

s
)−T ·Cs · (F s

)−1 +
1

2
(F

s
)−T · Ċs · (F s

)−1

=
1

3
(Js)−1J̇sI +

1

2
(F

s
)−T · Ċs · (F s

)−1. (3.25)

In the above calculation the first equality is an identity, see [37], the second

equality is due to the definition of the strain tensor, the third and fourth equal-

ities are due to equations (3.11) and (3.12), respectively, and the fifth equality

holds because of (3.2).

Hence it follows from (3.25) that

ds : I =
1

2

(
(F

s
)−1 · (F s

)−T
)

: Ċ
s

+
J̇s

Js
. (3.26)
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and

(
N∑

j=1

tsj

)
: ds =

1

2

(
(F

s
)−1 ·

N∑
j=1

tsj · (F s
)−T

)
: Ċ

s

+
1

3

J̇s

Js

N∑
j=1

tr(tsj). (3.27)

Using the identities given in the entropy inequality (2.82) above and collecting

terms, we obtain the following form of the entropy inequality:

Λ = − 1

T

∑
α

εαρα

(
∂Aα

∂T
+ ηα

)
DsT

Dt

− 1

T

(
εlρl ∂Al

∂εl
− εsρs ∂As

∂εs

)
ε̇l

− 1

T

∑
α

N∑
j=1

εαραµ̃αj Ċαj − 1

T
εlρl ∂Al

∂ρl
ρ̇l

− 1

T

(
εsρs ∂Ase

∂Js
− εs

3

N∑
j=1

tr(tsj)

)
J̇s

− 1

T

[
εlρl ∂Al

∂C
s + εsρs ∂As

∂C
s −

εs

2
(F

s
)−1 ·

(
N∑

j=1

tsj

)
· (F s

)−T

]
: Ċ

s

+
εl

T

(
N∑

j=1

tlj

)
: dl

− 1

T

∑
α




q∑
n=1

εαρα ∂Aα

∂
(n)

C
s


 :

(n+1)

C
s

− 1

T


εlρl

(
∂Al

∂εl
+ ηl

)
∇T + εlρl ∂Al

∂εl
∇εl + εlρl

q∑
n=0

∂Al

∂
(n)

C
s

: ∇
(n)

C
s

+εlρl

p∑
m=1

∂Al

∂
(m)

ε l
·∇(m)

ε l + εlρl ∂Al

∂ρl
∇ρl + εlρl

N∑
j=1

µ̃lj∇C lj + T̂
l

s

]
· vl,s
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− 1

T

p∑
m=1

(
εlρl ∂Al

∂
(m)

ε l
+ εsρs ∂As

∂
(m)

ε l

)
(m+1)

ε l

+
∑

α

εα∇T

T 2
·
{

qα +
N∑

j=1

[
ραjvαj ,α

(
Aαj +

1

2
(vαj ,α)2

)
− tαj · vαj ,α

]}

− 1

T

∑
α

N∑
j=1

[
T̂

αj

β + î
αj

+ ∇(εαραjAαj)
]
· vαj ,α

+
∑

α

N∑
j=1

εα

T
(tαj − ραjAαjI) : (∇vαj ,α)

− 1

2T

N∑
j=1

(vαj ,α)2
(
ê

αj

β + r̂αj
)

− 1

T

∑

β 6=α

êα
β

(
Aα +

1

2
(vα,s)2

)
≥ 0. (3.28)

We choose to use Lagrange multipliers to weakly enforce the continuity

equations, see [33]. The entropy inequality is modified as follows:

Λnew = Λold +
∑

α

λα

T

[
Dα(εαρα)

Dt
+ εαρα∇ · vα −

∑

α,α6=β

êα
β

]

+
∑

α

N∑
j=1

λαj

T

[
εαρα DαCαj

Dt
+ ∇ · (εαραjvαj ,α)

−
( ∑

α,α 6=β

ê
αj

β + r̂αj − Cαj

∑

α,α 6=β

êα
β

)]
≥ 0, (3.29)

where Λold is given by (3.28). This yields the following form of the entropy

inequality:

Λ = − 1

T

∑
α

εαρα

(
∂Aα

∂T
+ ηα

)
DsT

Dt

− 1

T

(
εlρl ∂Al

∂εl
− εsρs ∂As

∂εs
− ρlλl

)
ε̇l
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− 1

T

∑
α

(
N∑

j=1

εαραµ̃αj − εαραλαj

)
Ċαj

− 1

T

(
εlρl ∂Al

∂ρl
− εlλl

)
ρ̇l

− 1

T

[
εsρs ∂As

∂Js
− 1

3

εs

Js

N∑
j=1

tr(tsj)

]
J̇s

− 1

T

[
εlρl ∂Al

∂C
s + εsρs ∂As

∂C
s

−εs

2
(F

s
)−1 ·

(
N∑

j=1

tsj

)
· (F s

)−T − εsρsλs

2
(F

s
)−1 · (F s

)−T

]
: Ċ

s

+
εl

T

(
N∑

j=1

tlj + ρlλlI

)
: dl

− 1

T

∑
α




q∑
n=1

εαρα ∂Aα

∂
(n)

C
s


 :

(n+1)

C
s

− 1

T

[
εlρl

(
∂Al

∂εl
+ ηl

)
∇T + εlρl

(
∂Al

∂εl
− λl

εl

)
∇εl

+εlρl

q∑
n=0

∂Al

∂
(n)

C
s

: ∇
(n)

C
s
+εlρl

p∑
m=1

∂Al

∂
(m)

ε l
∇(m)

ε l

+εlρl

(
∂Al

∂ρl
− λl

ρl

)
∇ρl + εlρl

(
N−1∑
j=1

µ̃lj − λαj

)
∇C lj + T̂

l

s

]
· vl,s

− 1

T

p∑
m=1

(
εlρl ∂Al

∂
(m)

ε l
+ εsρs ∂As

∂
(m)

ε l

)
(m+1)

ε l

+
∑

α

εα∇T

T 2
·
{

qα −
N∑

j=1

[
tαj · vαj ,α − ραjvαj ,α

(
Aαj +

1

2
(vαj ,α)2

)]}

+
∑

α

εα

T

N−1∑
j=1

[
tαj − ραj

ραN
tαN − ραj(Aαj − AαN ) + ραj(λαj − λαN )

]
: ∇vαj ,α

− 1

T

∑
α

N−1∑
j=1

{
(T̂

αj

β + î
αj

)− ραj

ραN
(T̂

αN

β + î
αN

) + εαtαN ∇
(

ραj

ραN

)
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−(λαj − λαN )∇(εαραj) + ∇ [εαραj(Aαj − AαN )]

}
· vαj ,α

− 1

T

N∑
j=1

r̂αj

[
λαj +

1

2
(vαj ,α)2

]

− 1

T

∑
α

N∑
j=1

∑

β 6=α

ê
αj

β

[
λαj +

1

2
(vαj ,α)2

]

− 1

T

∑
α

∑

β 6=α

êα
β

[
Aα +

1

2
(vα,sv)2 + λα −

N−1∑
j=1

λαjCαj

]}
≥ 0, (3.30)

where we have used the following two identities

N∑
j=1

Fαj · vαj ,α =
N−1∑
j=1

(
Fαj − ραj

ραN
FαN

)
· vαj ,α, (3.31)

N∑
j=1

Gαj : ∇vαj ,α =
N−1∑
j=1

(
Gαj − ραj

ραN
GαN

)
: ∇vαj ,α

−GαN

N−1∑
j=1

∇
(

ραj

ραN

)
· vαj ,α, (3.32)

to remove the N th component dependence from terms involving vαj ,α, and

∇vαj ,α, [13].

3.3.1 Two Phase Pressures

In Gibbsian thermodynamics, pressure is defined as follows:

pα = −∂Aα
T

∂V α

∣∣∣∣∣
Mαj ,...

(3.33)

where Mαj is the mass of constituent j in the α-phase, V α is the volume of the

α-phase, and Aα
T is the total (extensive) Helmholtz free energy. Dividing the

top and bottom of the partial by the magnitude of the REV, we obtain

pα = −∂(εαραAα)

∂εα

∣∣∣∣∣
εαραj ,...

= −εαρα ∂Aα

∂εα

∣∣∣∣∣
εαραj ,...

, (3.34)
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so that we now have an expression for the thermodynamic pressure in terms of

intensive variables. Another thermodynamic variable with arises is

pα =
N∑

j=1

ραραj
∂Aα

∂ραj

∣∣∣∣∣
εα,...

. (3.35)

Bennethum and Weinstein showed that [14]

pα = pα (3.36)

for a single-phase material made up of one constituent by converting to extensive

variables. However, as we will see, these pressures differ for a swelling porous

media. Exploitation of the entropy inequality in the sense of Coleman and Noll,

[19] yields the following equilibrium result for the coefficient of dl:

tl = −plI, (3.37)

which implies that

1

3
tr(tl) = −pl. (3.38)

The stress tensor is a physical quantity, and since one third the trace of the stress

tensor is the actual physical pressure exerted on an isotropic system, equation

(3.38) indicates that pl coincides with the physical pressure in the liquid phase.

Thus, it is called the classical pressure (see also [14]).

The relationship between the thermodynamic pressure and classical pressure

was elucidated in [14] by considering the Helmholtz potential to be a function

of two different combinations of the same set of independent variables. As such,

they are not different potentials; an overline is used to distinguish between the
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sets of variables being used and will be dropped later. Consider the following

relationship for the liquid phase:

Al(εl, εlρlj , . . . ) = A
l
(εl, ρl, C lj , . . . ), (3.39)

where j = 1, . . . , N for εlρlj and j = 1, . . . , N − 1 for C lj , with the total differ-

ential given by

DAl =
∂Al

∂εl

∣∣∣∣∣
εlρlj ,...

dεl +
N∑

j=1

∂Al

∂(εlρlj)

∣∣∣∣∣
εl,...

d(εlρlj)

=
∂A

l

∂εl

∣∣∣∣∣
ρl,Clj

dεl +
∂A

l

∂ρl

∣∣∣∣∣
εl,Clj ,...

dρl +
N−1∑
j=1

∂A
l

∂C lj

∣∣∣∣∣
εl,ρl,...

dC lj (3.40)

Then, for example

∂A
l

∂εl

∣∣∣∣∣
ρl,Clj ,...

=
∂Al

∂εl

∣∣∣∣∣
εlρlj ,...

+
N∑

j=1

∂Al

∂(εlρlj)

∣∣∣∣∣
εl,...

∂(εlρlj)

∂εl

∣∣∣∣∣
ρl,Clj ,...

=
∂Al

∂εl

∣∣∣∣∣
εlρlj ,...

+
N∑

j=1

ρlj

εl

∂Al

∂(εlρlj)

∣∣∣∣∣
εl,...

. (3.41)

Multiplying (3.41) through by −εlρl we obtain the three pressure relationship in

[14]

pl(εl, ρl, C lj) = pl(εl, εlρlj) + πl(εl, ρl, C lj), (3.42)

where

πl = εlρl ∂Al

∂εl

∣∣∣∣∣
ρl,Clj ,...

, (3.43)

is called the swelling potential since it represents the degree to which the energy

of the phase is changed with respect to a change in the liquid content. Equation

(3.42) states that the classical pressure is equal to the pressure obtained by
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changing the volume of the liquid phase keeping the mass fixed plus the pressure

obtained by changing the volume fraction keeping the density fixed.

In a similar fashion, one can show that

pl(εl, εlρlj) =
N∑

j=1

ρlρlj
∂Al

∂ρlj

∣∣∣∣∣
el,...

= (ρl)2∂A
l

∂ρl

∣∣∣∣∣
εl,Clj ,...

= pl(εl, ρl, C lj), (3.44)

so that the definition of the classical pressure coincides regardless of which set

of independent variables is used.

Using similar calculations one can show that equations (3.42) and (3.43)

hold with l replaced by s, so that we obtain the general relationships

πα = εαρα ∂Aα

∂εα

∣∣∣∣∣
ραj ,Cαj ,...

, α = l, s, (3.45)

and

pα(εα, ραj , Cαj) = pα(εα, εαραj) + πα(εα, ρα, Cαj), α = l, s. (3.46)

The liquid phase pressures remain the same as in previous works [14], since

the independent variables have not been changed. However, in the solid phases

we have replaced the variable ρs with Js. Consider, the following relationship

As(εl, ρs, Csj , . . . ) = A
s
(εl, εsρsj , . . . ) = Ãs(εl, Js, Csj , . . . ), (3.47)

where j = 1, . . . , N − 1 for Csj , and j = 1, . . . , N for εsρsj . As before, the

overline and tilde are used to distinguish between the different combinations of
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the same set independent variables. The total differential is given by

DAs =
∂As

∂εl

∣∣∣∣∣
ρs,Csj

dεl +
∂As

∂ρs

∣∣∣∣∣
εl,Csj

dρs +
N−1∑
j=1

∂As

∂Csj

∣∣∣∣∣
εl,ρs

dCsj

=
∂A

s

∂εl

∣∣∣∣∣
εsρsj

dεl +
N∑

j=1

∂A
s

∂(εsρsj)

∣∣∣∣∣
εl

d(εsρsj)

=
∂Ãs

∂εl

∣∣∣∣∣
Js,Csj

dεl +
∂Ãs

∂Js

∣∣∣∣∣
εl,Csj

dJs +
N−1∑
j=1

∂Ãs

∂Csj

∣∣∣∣∣
εl,Js

dCsj . (3.48)

Then, for example

∂As

∂εs

∣∣∣∣∣
ρs,Csj

=
∂A

s

∂εs

∣∣∣∣∣
εsρsj

+
N∑

j=1

ρsj

εs

∂A
s

∂ρsj

∣∣∣∣∣
εs

=
∂Ãs

∂εs

∣∣∣∣∣
ρs,Csj

− Js

εs

∂Ãs

∂Js

∣∣∣∣∣
εs,Csj

,(3.49)

where we have used the following calculation

∂Js

∂εs

∣∣∣∣∣
ρs,Csj

=
∂(

εs
0ρs

0

εsρs )

∂εs

∣∣∣∣∣
ρs,Csj

=
εs
0ρ

s
0

ρs

∂(1/εs)

∂εs

∣∣∣∣∣
ρs,Csj

=− εs
0ρ

s
0

(εs)2ρs
= −Js

εs
. (3.50)

Multiplying equation (3.49) through by −εsρs we obtain

−πs = ps − ps = ps + ρsJs ∂As

∂Js

∣∣∣∣∣
εs,Csj

, (3.51)

where the first equality is the three pressure relationship (3.46) with α = s, and

the second equality yields the following identity for the classical pressure of the

solid phase in terms of the new set of independent variables

ps(εs, Js, Csj) = −ρsJs ∂As

∂Js

∣∣∣∣∣
εs,Csj

. (3.52)

Using similar calculations one can show that

πs(Js, ρs, Csj) = −ρsJs ∂As

∂Js

∣∣∣∣∣
ρs,Csj

, (3.53)
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where we note the difference in the variables being held fixed, and that

ps(εs, Js, Csj) = −εsρs ∂As

∂εs

∣∣∣∣∣
Js,Csj

. (3.54)

3.4 Novel Results

Rather than present the entire constitutive theory associated with the ex-

ploitation of entropy inequality (3.30) we will present only those results which

are novel and relevant to the current discussion. A comprehensive discussion

of these results can be found in [49]. We begin by addressing how the choice

of independent variables, list (3.14), affects the form of the solid phase stress.

Next we present two equivalent forms of Darcy’s law. One form of Darcy’s law

will be used to derive a transport equation that is analogous to the transport

equation derived by Singh et al., [51], but where the new choice of independent

variables simplifies and elucidates the derivation and assumptions necessary to

obtain said equation. Using a second form of Darcy’s law, we will derive another

transport equation using Flory-Huggins theory for polymer solutions. We end

this section by comparing and contrasting the resulting transport equations.

3.4.1 Solid Phase Stress

After exploiting the entropy inequality in the sense of Coleman and Noll,

this choice of independent variables produces the novel non-equilibrium result

for the coefficient of J̇s:

1

3
tr(ts) = −ps, (3.55)

where we have assumed that the diffusive velocities in the solid phase are negli-

gible and ps is given by (3.52). This result indicates that ps now coincides with
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the classical pressure in the solid phase, whereas before it was unclear what

portion of the pressure ps represented (see equations (3.7)-(3.9)).

We obtain the following equilibrium result for the coefficient of Ċ
s

:

ts = −ρsλsI + 2
εl

εs
ρlF

s · ∂Al

∂C
s · (F s

)T + 2ρsF
s · ∂As

∂C
s · (F s

)T , (3.56)

where λs is a Lagrange multiplier used to enforce the continuity equation. Taking

one-third the trace of equation (3.56), using (3.55) to eliminate ts, and solving

for ρsλs we obtain

ρsλs = ps +
2

3

εlρl

εs

∂Al

∂C
s : C

s
+

2

3
ρs ∂As

∂C
s : C

s
. (3.57)

Substituting this equation back into (3.56) we have

ts = −psI +
εl

εs
t
sh

+ t
se − 2

3

εlρl

εs

∂Al

∂C
s : C

s − 2

3
ρs ∂As

∂C
s : C

s
, (3.58)

where

t
se

= 2ρsF
s · ∂As

∂C
s · (F s

)T , (3.59)

t
sh

= 2ρlF
s · ∂Al

∂C
s · (F s

)T . (3.60)

While it is possible to lump the last two terms of (3.58) into the definitions of

t
sh

and t
se

so that they both have zero trace, we choose to keep with convention

and define equations (3.59) and (3.60) in an analogous manner as equations (3.8)

and (3.9). Note that now, when we take one third the trace of equation (3.58)

we recover equation (3.55).
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3.4.2 Darcy’s Law

Darcy’s Law is obtained by combining the linear momentum equation for the

liquid phase, equation (2.36), with constitutive equations for the stress tensor

and the exchange of momentum term, T̂
l

s. A complete mesoscale nomencla-

ture is given in Appendix A. Exploiting the entropy inequality results in the

equilibrium result

T̂
l

s = pl∇εl − εlρl

p∑
m=1

∂Al

∂
(m)

ε l
∇(m)

ε l − εlρl

q∑
n=0

∂Al

∂
(n)

C
s

: (∇
(n+1)

C
s
)T , (3.61)

where pl is defined by equation (3.34) with α = l. Thus, linearizing about the

variable vl,s = vl − vs, we obtain

T̂
l

s =−Rl · (εlvl,s) + pl∇εl − εlρl

p∑
m=1

∂Al

∂
(m)

ε l
∇ (m)

ε l

− εlρl

q∑
n=0

∂Al

∂
(n)

C
s

: (∇
(n+1)

C
s
)T . (3.62)

To eliminate T̂
l

s and tl, equation (3.62) along with the near-equilibrium result

for tl

tl = −plI + Ll : dl + H l ·∇T (3.63)

(see [49]), are substituted into the conservation of linear momentum equation

(3.61). The result is Darcy’s Law:

Rl · (εlvl,s) = −∇(εlpl) + pl∇εl + ∇ · (εlLl : dl) + ∇ · (εlH l ·∇T )

+εlρlg − εlρl

q∑
n=0

∂Al

∂
(n)

C
s

: (∇
(n+1)

C
s
)T − εlρl

p∑
m=1

∂Al

∂
(m)

ε l
∇(m)

ε l, (3.64)
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where Rl is called the resistivity tensor and is second order. On the right hand

side of the equation the first term is responsible for flow due to a gradient in

pressure and is the primary driving force in the classical Darcy’s law. The

second term accounts for flow due to a gradient in volume fraction. These terms

have previously been reported in [49]. The third is known as the Brinkman

correction factor and is often neglected for slow velocity flows. The coefficient

Ll is a fourth-order tensor resulting from the linearization process, and could be

a function of any independent variable that is not zero at equilibrium. The last

term on the first line accounts for flow due to thermal gradients and was also

reported in [49]; a comprehensive discussion of its impact can be found there.

The coefficient H l is a third-order tensor arising from the linearization process

and could be a function of the same variables as Ll. It should be noted that

there are no isotropic third-order tensors, so that this term vanishes for isotropic

materials.

The first term on the second line accounts for gravitational effects. The

second term is previously unreported, although it resembles a term reported by

Singh et al. [49]. The first-order component is responsible for flow induced by

the change in energy of the liquid phase due to (pure) shearing of the solid phase,

which is of interest at low moisture contents when only a few layers of water are

present. A similar term was originally reported by Murad and Cushman [40] and

Bennethum and Giorgi [11]. The second-order and higher-order components are

novel. They are non-linear in
(n)

C
s
and account for flow induced by the changes in

the liquid phase energy due to the rates of shearing. It is similar to ∂Al/∂
(n)

Es,

a term reported in [49], however Es incorporates changes due to shear and
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volumetric changes and it is unclear what volumetric changes are being captured

by εl and what by Es. Here we clearly distinguish between shearing effects and

changes due to moisture content, which are captured by the last term. The first-

order component of the last term was previously reported by Achanta, [2], and

accounts for swelling in the normal directions and it has been speculated that

this term is responsible, in part, for non-Fickian fluid transport. The second

and higher-order components of the last term are previously unreported, and

are non-linear in time derivatives of volume fraction. As the polymer takes on

fluid the fluid acts as a plasticizer, lowering the glass transition temperature and

causing viscous relaxation and swelling. As these last terms are related to the

change in energy with respect to the time derivatives of the volume fraction of

the liquid phase, they are related to the normal components of strain; thus they

account for the effect of relaxation of the polymer matrix on fluid transport.

We now derive an equivalent form of equation (3.64) written in terms of the

Gibbs free energy which is related to the chemical potential of the species by

[13]

Gl =
N∑

j=1

C ljµlj = Al +
pl

ρl
, (3.65)

where the chemical potential is defined thermodynamically as [13]

µαj =
∂(εαραAα)

∂(εαραj)

∣∣∣
εα,T

= Aα + ρα ∂Aα

∂ραj

∣∣∣
εα,T

. (3.66)

Writing (3.15) in terms of the independent variables ρlj = C ljρl (instead of

C lj and ρl), we have

Al = Al(εl,
(m)

ε l, ρlj , T, C
s
,

(n)

C
s
), (3.67)
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where m = 1, . . . , p, n = 1, . . . , q, and j = 1, . . . , N . Thus, we have

−εlρl∇Al =−εlρl ∂Al

∂εl

∣∣∣∣∣
ρlj

∇εl − εlρl

p∑
m=1

∂Al

∂
(m)

ε l
∇(m)

ε l − εlρl ∂Al

∂T
∇T

−
N∑

j=1

εlρl ∂Al

∂ρlj

∣∣∣∣∣
εl

∇ρlj − εlρl

q∑
n=0

∂Al

∂
(n)

C
s

: (∇
(n+1)

C
s
)T . (3.68)

Recall the definition of the swelling potential (3.43), and the three pressure

relationship (3.42). Combining these results to eliminate πl and then using this

to eliminate εlρl ∂Al

∂εl in (3.68) results in

pl∇εl − εlρl

p∑
m=1

∂Al

∂
(m)

ε l
∇(m)

ε l − εlρl

q∑
n=0

∂Al

∂
(n)

C
s

: (∇
(n+1)

C
s
)T

= −εlρl∇Al + pl∇εl + εlρl ∂Al

∂T
∇T +

N∑
j=1

εlρl ∂Al

∂ρlj

∣∣∣∣∣
εl

∇ρlj . (3.69)

The left-hand side of (3.69) can be substituted into equation (3.64) to obtain

Rl · (εlvl,s) = −εlρl∇Al −∇(εlpl) + pl∇εl + εlρl ∂Al

∂T
∇T

+εlρlg + ∇ · (εlLl : dl) + ∇ · (εlH l ·∇T ) +
N∑

j=1

εlρl ∂Al

∂ρlj

∣∣∣∣∣
εl

∇ρlj . (3.70)

With the goal of writing equation (3.70) in terms of a gradient in the Gibbs free

energy, note that because ρlj = C ljρl

∇ρlj = ρl∇C lj + C lj∇ρl, (3.71)

so that

N∑
j=1

εlρl ∂Al

∂ρlj

∣∣∣∣∣
εl

∇ρlj =
N∑

j=1

εl(ρl)2 ∂Al

∂ρlj

∣∣∣∣∣
εl

∇C lj +
εlpl

ρl
∇ρl, (3.72)

where we have used the definition of the classical pressure, equation (3.35), with

α = l. Using (3.72) in (3.70), combining terms and rearranging, we obtain the
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following form of Darcy’s Law

Rl · (εlvl,s) =−εlρl∇Gl + εlρl ∂Al

∂T
∇T +

N∑
j=1

εl(ρl)2 ∂Al

∂ρlj

∣∣∣
εl
∇C lj

+εlρlg + ∇(εl(Ll : dl)) + ∇(εl(H l ·∇T )). (3.73)

The first term on the right-hand side is the generalized Darcy’s law term which

says that flow is induced by a gradient in the Gibb’s free energy. The second

term accounts for temperature effects due to re-writing Darcy’s law in terms of

the Gibbs potential (Gl is a function of temperature). The third term appears

because the gradient in the Gibbs free energy accounts for effects on the bulk

flow, but not entirely for contribution of species, which still may have an effect

on flow. The last three terms remain the same as in equation (3.64).

3.5 Transport Models

The goal is to derive a transport equation which can be used for swelling soils

and for swelling polymers. As such, we neglect higher-order terms and neglect

gravity since we expect the contribution of these terms to be small in comparison

with other terms, assume constant temperature, and assume negligible shearing

effects since in relevant experiments and applications fluid penetration occurs

in the normal directions. Thus, equations (3.64) and (3.73) simplify to the two

following equivalent forms of Darcy’s law

Rl · (εlvl,s) =−∇(εlpl) + pl∇εl − εlρl

q∑
n=0

∂Al

∂
(n)

C
s

: (∇
(n+1)

C
s
)T

− εlρl

p∑
m=1

∂Al

∂
(m)

ε l
∇(m)

ε l (3.74)

Rl · (εlvl,s) =−εlρl∇Gl +
N∑

j=1

εl(ρl)2 ∂Al

∂ρlj

∣∣∣
εl
∇C lj . (3.75)
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Either form of Darcy’s law, equation (3.74) or (3.75), can be used to derive a

transport equation. To avoid confusion we will call equation (3.74) the pressure

form of Darcy’s law, since the first term involves a pressure gradient, and we will

call equation (3.75) the Gibbs form. Both are valid for any two-phase porous

medium that meets the requirements laid out in the introduction, where, as

mentioned above, gravitational and thermal effects have been neglected. In what

follows we restrict our derivation to materials in which each phase is composed

of only one species and where no mass transfer between phases takes place. For

such a system, the last term of equation (3.75) is zero. This means that the

lone term containing the gradient in Gibbs free energy accounts for all of the

information contained in the four terms of equation (3.74).

The same form of the continuity equations are used for both transport equa-

tions. Assuming an incompressible liquid phase and re-writing the liquid phase

continuity equation in terms of ε̇l = Dsεl/Dt we have

ε̇l + (1− εl)∇ · (εlvl,s) = 0, (3.76)

where ∇ ·vs was eliminated via ∇ ·vs = ε̇l/εs, which comes from equation (3.1)

assuming that the solid phase is incompressible.

3.5.1 Transport Equation in Terms of Pressures

The goal of this section is to obtain a transport equation that can be ex-

pressed entirely in terms of the volume fraction of the liquid phase. To this end,

note that the first two terms on the right-hand side of (3.74) can be written as

−∇(εlpl) + pl∇εl = −εl∇pl − εl∇πl − πl∇εl, (3.77)
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where we have used the three pressure relationship, (3.42). Now, we assuming

that πl is primarily a function of εl, that is

∂πl

∂ρl
∇ρl <<

∂πl

∂εl
∇εl, (3.78)

equation (3.77) becomes

−∇(εlpl) + pl∇εl = −
(

πl + εl ∂πl

∂εl

)
∇εl − εl∇pl. (3.79)

Note that this assumption would not be valid for a non-swelling porous medium,

but it is reasonable for a porous medium composed of a highly interacting solid

and liquid phase.

Let K ′ be the unjacketed compressibility for a porous media with incom-

pressible liquid and solid phases, [6]

K ′ = −εs ∂pl

∂εl

∣∣∣∣∣
ρl

− εs

εl
πl, (3.80)

then

εl

εs
K ′ = −


πl + εl ∂πl

∂εl

∣∣∣∣∣
ρl


− εl ∂pl

∂εl

∣∣∣∣∣
ρl

, (3.81)

where we have used equation (3.42) again. Substituting into (3.79) we obtain

−∇(εlpl) + pl∇εl =
εl

εs
K ′∇εl + εl ∂pl

∂εl

∣∣∣∣∣
ρl

∇εl − εl∇pl

=
εl

εs
K ′∇εl − εl ∂pl

∂ρl

∣∣∣∣∣
εl

∇ρl, (3.82)

where we have assumed pl = pl(εl, ρl) to calculate ∇pl. If we impose a constant

pressure along the boundaries then the density gradient ∇ρl will be negligible.
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Neglecting ∇ρl and using (3.82) in the pressure form Darcy’s law, (3.74) we

have

εlvl,s =
K l

µl


εl

εs
K ′∇εl−εlρl

q∑
n=0

∂Al

∂
(n)

C
s

: (∇
(n+1)

C
s
)T−εlρl

p∑
m=1

∂Al

∂
(m)

ε l
∇(m)

ε l


 , (3.83)

where we have assumed that the resistivity tensor Rl is isotropic, so that we

can write

(Rl)−1 =
K l

µl
v

I, (3.84)

where K l is the permeability and µl
v is the viscosity of the liquid phase. Substi-

tuting εlvl,s from (3.83) into (3.76) gives the first form of the general transport

equation

ε̇l + (1− εl)∇ ·
(

εl K
l

µl
v

[
εl

εs
K ′∇εl − εlρl

p∑
m=1

∂Al

∂
(m)

ε l
∇(m)

ε l

])
= 0, (3.85)

where we have chosen to neglect the terms involving C
s

and its derivatives.

This means that the model will only be applicable to systems with relatively

slow flows with a moderate to high fluid content.

This closely resembles an equation obtained by Singh et al. in [51] for a three

scale system but with a few key differences. First, the equation obtained in [51]

contains a coefficient EwA, which is obtained in an ad hoc manner and is related

to the equilibrium elasticity of the material. Alternatively, in this formulation

we have used K ′, which is a macroscale physically measurable compressibility

possessing a rigorous thermodynamic definition. Second, the terms containing

∇ (m)

ε l appear naturally as a result of the constitutive independent variables;

there is no need to preform a change of variables from gradients in strain and
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its time derivative to gradients in volume fraction and its time derivatives as in

[51]. To make the change of variables from
(m)

Es to
(m)
ε

s

, Singh et al. assumed

that their system has moderate to high fluid contents. This assumption, as

mentioned before, means that shear forces are being neglected, and as this choice

of independent variables for the solid phase shows is equivalent to neglecting

terms involving C
s
. Applying subsequent arguments of Singh et al. [51] to

(3.85), we obtain the following integro-differential equation

ε̇l + (1− εl)∇ ·
(

D∇εl −
∫ t

0

Bv(t− τ)∇ε̇ld τ

)
= 0, (3.86)

where

D =
(εl)

2
K lK ′

εsµl
v

(3.87)

Bv(t) =
εl2ρlK l

µl
v

p∑
m=1

M l
(m)δ

(m−1)(t), (3.88)

where

δ(m−1)(t) =
d(m−1)δ(t)

dt(m−1)
, (3.89)

is the time derivative of the dirac delta function, and where

M l
(m) =

∂Al

∂
(m)

ε l
(3.90)

are constant as long as Al is a linear function of εl and its time derivatives. The

primary difference between (3.85) and the transport equation derived in [51] is

in the interpretation of coefficients D and Bv(t), and the ease with which this

equation is obtained. Appropriate choice of Bv(t−τ) allows this transport equa-

tion to capture a wide range of viscoelastic material behavior. A comprehensive

discussion of its modeling capabilities can be found in [51].

71



3.5.2 Transport Model in Terms of the Chemical Potential

Next we turn to equation (3.75) and show how to combine it with the clas-

sical Flory-Huggins model used to model swelling polymers. To use equation

(3.75) we need to obtain an expression for the Gibbs free energy for the specific

system we wish to model. In this case we will seek an expression for the Gibbs

free energy that is valid for a polymer/solvent system. We use the standard

Flory-Huggins theory for a polymer/solvent system, [26]. According to the the-

ory the chemical potential for the solvent (water) and solute (polymer) phases

are given by

µl = µl
0 + RT [ln(1− vs) + (1− 1/x)vs + χ(vs)2] (3.91)

µs = µs
0 + RT [ln(vs) + (x− 1)(1− vs) + χx(1− vs)2], (3.92)

respectively, [26]. Here, R is the gas constant and x is the ratio of molar volumes

of the solute and solvent. The interaction parameter, χ, is as a measure of how

good a particular solvent is for a particular polymer, and is set to zero for good

solvents. The molar volume fraction parameters vl and vs are given by

vl =
nl

nl + xns
, (3.93)

vs =
xns

nl + xns
, (3.94)

where nα represents the number of α-phase molecules. The units of vl are

vol l

vol l+vol s
. Dividing the top and bottom by the total volume we find that vl

has the same units as εl. This suggests that we may take vl = εl. In fact, this

is precisely what is accomplished by using x, the ratio of molar volumes of the

solute to solvent in the denominator of (3.93) and (3.94), because x has the effect
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of scaling the size of a solid phase molecule to take up the appropriate volume of

liquid phase molecules. Similarly, vs = εs. Thus, we can write equations (3.91)

and (3.92) in terms of volume fraction

µl = µl
0 + RT [ln(1− εs) + (1− 1/x)εs + χ(εs)2] (3.95)

µs = µs
0 + RT [ln(εs) + (x− 1)(1− εs) + χx(1− εs)2]. (3.96)

Assuming a good solvent, we take χ = 0, and equations (3.95) and (3.96) become

µl = µl
0 + RT [ln(εl) + (1− 1/x)εs] (3.97)

µs = µs
0 + RT [ln(εs) + (x− 1)εl]. (3.98)

For phases composed of only one species, the Gibbs potential of the phase is

equal to the chemical potential of the phase, so that we may take Gl = µl in

(3.75).

If x is sufficiently large, which is a valid assumption for polymer solvent

systems since the molar volume of most polymers is quite large in comparison

to the molar volume of solutes like water, equation (3.97) can be approximated

as follows

µl ≈ µl
0 + RT [ln(εl) + εs]

= µl
0 + RT [ln (εl) + ln eεs

]

= µl
0 + RT [ln (εle1−εl

)]

= µl
0 + RT [ln (a)], (3.99)

where a = εle1−εl
is called the activity, and has been used in [4] to model a

penetrant into a glassy polymer. If the solution were instead composed of two
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polymers we might take x ≈ 1. Substituting (3.99) into equation (3.75) we

obtain

εlvl,s = −RTρlK l

µl
v

(1− εl)∇εl. (3.100)

Substituting equation (3.100) into (3.76) we obtain the following transport equa-

tion

ε̇l + (1− εl)∇ · (D∇εl) = 0, (3.101)

where

D =
RTρlK l

µl
v

(εl − 1). (3.102)

3.5.3 Model Comparison

The derivation of equations (3.86) and (3.101) used equivalent forms of

Darcy’s law and the same conservation of mass equations. However, the similar-

ity between equations (3.86) and (3.101) is surprising because the development

of these equations came from two completely different perspectives. Equation

(3.101) simply lacks the integral term of (3.86), and the coefficient D of equation

(3.102) takes a slightly different form than that of equation (3.86). Moreover,

if we choose an appropriate form for Bv(t), as discussed in [51], equation (3.86)

reduces to equation (3.101) for polymers in the glassy state and in the rubbery

state. For polymers in the glassy or the rubbery state the decision to use the

coefficient associated with either equation should be determined by the applica-

tion and the available experimental data for a given material. Equation (3.86)

is capable of capturing the complex behavior of polymers undergoing the transi-

tion between the glassy state and rubbery state. The discussion of the necessary

experimental data to use equation (3.86) can be found in [53, 52].
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3.6 Conclusions

In this chapter, we have shown that a judicious choice of independent vari-

ables for the solid phase yields a physically meaningful expression for the solid

phase stress, validating the assumptions made by Bennethum and Weinstein in

[14]. We have shown how this choice of independent variables can be used to

elucidate the assumptions necessary to derive a transport equation applicable

to swelling viscoelastic materials analogous to that of Singh et al. [51]. Using

Flory-Huggins theory we derived another transport equation which is specifi-

cally applicable to polymers. We then compared the resulting transport equa-

tions (3.86) and (3.101) and argued that the latter should be thought of as a

simplification of the former to be used specifically when a polymer is in a glassy

or rubbery state, and the former should be used when the polymer is undergoing

a transition from one state to the other.
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4. Three-Phase HMT for Swelling Porous Systems

Obtaining bulk and species transport equations that are capable of modeling

viscoelastic swelling systems in which mass transfer between phases takes place

requires special consideration. In this chapter we develop constitutive theory

for a system composed of a viscoelastic solid phase, an elastic solid phase, and

a viscous fluid that is capable of dealing with the unique difficulties that arise

in modeling such systems.

4.1 Motivation

In the context of HMT, fluid transport for swelling porous systems has been

investigated by a number of authors. Bennethum and Cushman presented theory

for such a system in [8]. In this work, they modeled the solid phase as elastic and

the liquid phase as viscous. The resulting model exhibited viscoelastic behavior

due to phase interactions. Singh et al. extended these results, modeling the

solid phase as viscoelastic, [49, 50]. These papers were aimed at biopolymeric

systems which display viscoelastic behavior at the microscale. In Chapter 3 we

revisited the transport theory for biopolymeric systems developed by Singh et

al. [51], in which they used the constitutive theory in [50] and the balance laws in

[7]. However, this transport theory did not include constituent transport, only

transport of bulk fluid, that is, transport of the liquid phase with respect to the

solid phase, but not transport of species within a phase. They also assumed

that no mass transfer takes place between phases. Because we wish to develop
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a model that represents viscoelastic drug delivery systems, we must take into

account mass transfer between phases.

When attempting to model such systems using two-phase HMT we en-

counter a couple of difficulties. First, to obtain the bulk transport equation

(3.85) we assumed that both the solid and the liquid phases are incompressible,

that is

Dsρs

Dt
= 0, (4.1)

and

Dlρl

Dt
= 0. (4.2)

Unfortunately, because mass transfer between phases takes place, these condi-

tions no longer hold. While we can make the argument that equation (4.2)

is approximately true by assuming that the dissolved drug in the liquid phase

is sufficiently dilute, we cannot make the same argument for the solid phase,

especially at high drug loadings.

Often, experiments in the literature measure the volume fraction of drug,

[20]. In two-phase HMT the variables that describe the constitution of the solid

phase are: the concentration of species within the phase, Csj = [mass sj/mass s],

the density of species within the phase, ρsj = [mass sj/vol s], the density of

the bulk phase, ρs = [mass s/vol s], and the volume fraction of the phase,

εs = [vol s/vol]. Since none of these variables account for the volume of j in the

solid phase, two-phase HMT lacks the ability to represent the volume fraction of

drug. This makes it difficult to compare the results of a two-phase HMT model

to the available experimental data.
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These considerations lead us to consider an alternative method of model-

ing swelling drug delivery systems. In particular, a three-phase model with a

viscoelastic solid phase (the polymer), an elastic solid phase (the drug), and a

viscous liquid phase, where we specify that mass transfer takes place between

the drug and liquid phases only, has the potential of overcoming the aforemen-

tioned difficulties. This allows us to consider both solid phases as incompressible,

where equation (4.1) is the mathematical representation of this condition. We

can also argue that equation (4.2) is approximately true for the liquid phase, as

we did above. Furthermore, using three phases allows us to make more direct

comparisons with experiments since we now have a variable that represents the

volume fraction of drug in the solid phase.

In this chapter we will present the constitutive theory for such a system. The

details involved in deriving the entropy inequality are analogous to that found

in Chapter 3, so we will present only those details which differ significantly due

to the presence of three phases. The resulting entropy inequality will be given,

then we will present non-equilibrium, equilibrium, and near-equilibrium results,

as well as Darcy’s and Fick’s laws.

4.2 Constitution

We assume the following independent variables:

εl, εsv , ∇εl, ∇εsv ,
(m)

ε l, ∇(m)

ε l, T , ∇T , ρl, C lj

Jse , Csej , C
sv

,
(n)

C
sv

, C
se

, Jsv , Csvj , vα,s, vαj ,α, ∇vlj ,l, dl (4.3)

where m = 1, . . . , p denote material time derivatives of order m, n = 1, . . . , q,

denote material time derivatives of order n, and j = 1, . . . , N − 1 represent
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N − 1 constituents, l denotes the liquid phase, sv denotes the viscoelastic solid

phase, and se denotes the elastic solid phase. We do not include all three volume

fractions since they are related through

εl + εsv + εse = 1, (4.4)

and therefore are not independent. We choose to use εl since it measures liquid

content of the system and this plays an important role in the swelling behavior

of the system. We choose to use εsv as opposed to εse because we want the

polymer phase to be the reference phase. We include T since the behavior of

most polymers is a function of temperature, and we include ∇T so that we

recover Fourier’s law of heat conduction, that is, without it we obtain no heat

flux. The relative velocities vα,s and vαj ,α give us information about exchange of

momentum within a phase and viscous diffusion. For the liquid phase we include

in our list of independent variables: ρl, and C lj , which account for the material

makeup, dl = 1/2(∇vl +(∇vl)T ) to account for the viscous nature of the liquid,

∇εl to account flow due to moisture content, and ∇vlj ,l to account for viscous

diffusion within the phase. For the viscoelastic solid we include: Jsv and Csvj

to account for the material makeup of the viscoelastic solid phase, derivatives of

order m = 1 to p for εl (derivatives in the volume fraction of the liquid phase are

related to the derivatives in the normal components of strain) and derivatives

of order 0 through q for C
sv

to account for (as well as Jsv) the viscoelastic

nature of the material (combined they take the place of the usual higher order

derivatives in strain), ∇εsv to account for flow due to polymer content, and

∇(m)

ε l to account flow due to changes in moisture content. Finally, for the elastic

solid phase we include: Jse and Csej to account for material make-up, and C
se
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(along with Jse) to account for elastic behavior.

4.3 Entropy Inequality

To simplify calculations, we postulate the dependence of the Helmholtz free

energies as follows:

Al = Al(εl, εsv ,
(m)

ε l, ρl, C lj , T, C
sv

,
(n)

C
sv

,C
se

), (4.5)

Asv = Asv(εl, εsv ,
(m)

ε l, Jsv , Csvj , T, C
sv

,
(n)

C
sv

,C
se

), (4.6)

Ase = Ase(εl, εsv ,
(m)

ε l, Jse , Csej , T, C
sv

,
(n)

C
sv

,C
se

), (4.7)

where Cαj is the concentration of the jth species in phase α, and j = 1, . . . , N .

Otherwise we adhere to the axiom of equipresence: all other constitutive vari-

ables are considered a function of list (4.3). Material time derivatives of Al, Asv ,

and Ase appear in the entropy inequality (2.82). Using the chain rule, they may

be calculated as follows:

DlAl

Dt
=

∂Al

∂εl

Dlεl

Dt
+

∂Al

∂εsv

Dlεsv

Dt
+

p∑
m=1

∂Al

∂
(m)

ε l

Dl
(m)

ε l

Dt
+

∂Al

∂ρl

Dlρl

Dt

+
N−1∑
j=1

µ̃lj
Dl(C lj)

Dt
+

∂Al

∂T

DlT

Dt
+

∂Al

∂C
sv

:
DlC

sv

Dt

+

q∑
n=1

∂Al

∂
(n)

C
sv

:
Dl

(n)

C
sv

Dt
+

∂Al

∂C
se

:
DlC

se

Dt
, (4.8)
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DsvAsv

Dt
=

∂Asv

∂εl

Dsvεl

Dt
+

∂Asv

∂εsv

Dsvεsv

Dt
+

p∑
m=1

∂Asv

∂
(m)

ε l

Dsv
(m)

ε l

Dt
+

∂Asv

∂Jsv

DsvJsv

Dt

+
N−1∑
j=1

µ̃svj
Dsv(Csvj)

Dt
+

∂Asv

∂T

DsvT

Dt
+

∂Asv

∂C
sv

:
DsvC

sv

Dt

+

q∑
n=1

∂Asv

∂
(n)

C
sv

:
Dsv

(n)

C
sv

Dt
+

∂Asv

∂C
se

:
DsvC

se

Dt
, (4.9)

DseAse

Dt
=

∂Ase

∂εl

Dseεl

Dt
+

∂Ase

∂εsv

Dseεsv

Dt
+

p∑
m=1

∂Ase

∂
(m)

ε l

Dse
(m)

ε l

Dt
+

∂Ase

∂Jse

DseJse

Dt

+
N−1∑
j=1

µ̃sej
Dse(Csej)

Dt
+

∂Ase

∂T

DseT

Dt
+

∂Ase

∂C
sv

:
DseC

sv

Dt

+

q∑
n=1

∂Ase

∂
(n)

C
sv

:
Dse

(n)

C
sv

Dt
+

∂Ase

∂C
se

:
DseC

se

Dt
. (4.10)

We can choose either solid phase to be the reference solid phase. We choose

the viscoelastic solid phase because in the case of drug delivery the elastic solid

phase will undergo phase transfer. As such, equation (3.23) is replaced by

Dα(·)
Dt

=
Dsv(·)

Dt
+ vα,sv∇(·) (4.11)

Enforcing the conservation of mass equations using the Lagrange multipliers

given by equation (3.29) we arrive at the following form of the entropy inequality:

Λ = − 1

T

∑
α

εαρα

(
∂Aα

∂T
+ ηα

)
DsT

Dt

− 1

T

(
εlρl ∂Al

∂εl
+ εsvρsv

∂Asv

∂εl
+ εseρse

∂Ase

∂εl
− ρlλl

)
ε̇l
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− 1

T

(
εlρl ∂Al

∂εsv
+ εsvρsv

∂Asv

∂εsv
+ εseρse

∂Ase

∂εsv

)
ε̇sv

− 1

T

∑
α

N∑
j=1

εαρα(µ̃αj − λαj)Ċαj

− 1

T

(
εlρl ∂Al

∂ρl
− εlλl

)
ρ̇l

− 1

T

[
εseρse

∂Ase

∂Jse
− 1

3

εse

Jse

N∑
j=1

tr(tsej)

]
J̇se

− 1

T

[
εsvρsv

∂Ase

∂Jsv
− 1

3

εsv

Jsv

N∑
j=1

tr(tsvj)

]
J̇sv

− 1

T

[
εlρl ∂Al

∂C
se

+ εseρse
∂Ase

∂C
se

+ εsvρsv
∂Asv

∂C
se

−εse

2
(F

se
)−1 ·

(
N∑

j=1

tsej

)
· (F se

)−T − εseρseλse

2
(F

se
)−1 · (F se

)−T

]
: Ċ

se

− 1

T

[
εlρl ∂Al

∂C
sv

+ εseρse
∂Ase

∂C
sv

+ εsvρsv
∂Asv

∂C
sv

−εsv

2
(F

sv
)−1 ·

(
N∑

j=1

tsvj

)
· (F sv

)−T − εsvρsvλsv

2
(F

sv
)−1 · (F sv

)−T

]
: Ċ

sv

+
εl

T

(
N∑

j=1

tlj + ρlλlI

)
: dl

− 1

T

∑
α




q∑
n=1

εαρα ∂Aα

∂
(n)

C
sv


 :

(n+1)

C
sv

− 1

T

[
εlρl

(
∂Al

∂T
+ ηl

)
∇T + εlρl ∂Al

∂C
se

: ∇C
se

+ εlρl

(
∂Al

∂εl
− λl

εl

)
∇εl

+εlρl ∂Al

∂εsv
∇εsv + εlρl

q∑
n=0

∂Al

∂
(n)

C
sv

: ∇
(n)

C
sv

+εlρl

p∑
m=1

∂Al

∂
(m)

ε l
·∇(m)

ε l

+εlρl

(
∂Al

∂ρl
− λl

ρl

)
∇ρl + εlρl

(
N∑

j=1

µ̃lj − λαj

)
∇C lj + T̂

l

sv
+ T̂

l

se

]
· vl,s
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− 1

T

[
εseρse

(
∂Ase

∂T
+ ηse

)
∇T + εseρse

∂Ase

∂C
se

: ∇C
se

+ εseρse
∂Ase

∂εl
∇εl

+εseρse
∂Ase

∂εsv
∇εsv + εseρse

q∑
n=0

∂Ase

∂
(n)

C
sv

: ∇
(n)

C
sv

+εseρse

p∑
m=1

∂Ase

∂
(m)

ε l
·∇(m)

ε l

+εseρse

(
∂Ase

∂ρse
+

λse

Jse

)
∇Jse + εseρse

(
N∑

j=1

µ̃sej − λsej

)
∇Csej

+T̂
se

sv
+ T̂

se

l

]
· vse,sv

− 1

T

p∑
m=1

(
εlρl ∂Al

∂
(m)

ε l
+ εseρse

∂Ase

∂
(m)

ε l
+ εsvρsv

∂Asv

∂
(m)

ε l

)
(m+1)

ε l

+
∑

α

εα∇T

T 2
·
{

qα +
N∑

j=1

[
ραjvαj ,α

(
Aαj +

1

2
(vαj ,α)2

)
− tαj · vαj ,α

]}

+
∑

α

εα

T

N−1∑
j=1

[
tαj − ραj

ραN
tαN − ραj(Aαj − AαN ) + ραj(λαj − λαN )

]
: ∇vαj ,α

+
∑

α

1

T

N−1∑
j=1

{
ραj

ραN
(T̂

αN

β + î
αN

)− (T̂
αj

β + î
αj

)− εαtαN ∇
(

ραj

ραN

)

+(λαj − λαN )∇(εαραj)−∇ [εαραj(AαN − Aαj)]

}
· vαj ,α

− 1

T

N∑
j=1

r̂αj

[
λαj +

1

2
(vαj ,α)2

]

− 1

T

∑
α

N−1∑
j=1

∑

β 6=α

ê
αj

β

[
λαj +

1

2
(vαj ,α)2

]

− 1

T

∑
α

∑

β 6=α

êα
β

[
Aα +

1

2
(vα,sv)2 + λα −

N−1∑
j=1

λαjCαj

]}
≥ 0. (4.12)

where we have used identities (3.31) and (3.32) to remove the N th component

dependence from terms involving vαj ,α, and ∇vαj ,α, [13], and used (3.26)-(3.27)

to eliminate dsv and dse , as we did in Chapter 3, in favor of the independent
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variables Ċ
sv

and J̇sv , and Ċ
se

and J̇se , respectively.

4.3.1 Three Phase Pressures

Because our system now contains three phases instead of two, it is neces-

sary to revisit the subject of defining pressures for the liquid and solid phases.

The changes in pressure definitions result from the fact that we now have two

independent volume fractions as opposed to one. For the liquid phase we make

the following definitions, s = sv, se:

pl(εl, εs, ρl, C lj) = (ρl)2∂Al

∂ρl

∣∣∣∣∣
εl,εs,Clj

(4.13)

is the classical pressure. Because two out of three of the volume fractions are

held fixed and the sum of the volume fractions is one, that is, εl + εse + εsv = 1,

we can write pl as a function of any two of the three volume fractions.

pl
s(ε

l, εs, εlρlj) = −εlρl ∂Al

∂εl

∣∣∣∣∣
εlρlj ,εs

(4.14)

is the thermodynamic pressure of the liquid phase holding the volume fraction

of the s phase fixed,

πl
s(ε

l, εs, ρl, C lj) = εlρl ∂Al

∂εl

∣∣∣∣∣
εs,ρl,Clj

(4.15)

is the swelling potential of the liquid phase holding the volume fraction of the s

phase fixed. These pressures are related through:

pl(εl, εsv , ρl, C lj) = pl
s(ε

l, εs, εlρlj) + πl
s(ε

l, εs, ρl, C lj), (4.16)

which is analogous to equation (3.42). In equations (4.5)-(4.7) we chose the

Helmholtz potentials to be functions of εl and εsv . Thus, we expect the thermo-

dynamic pressure and swelling potential holding εsv fixed to appear. Another
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important relationship between the swelling potentials exists

πl
sv

= πl
se
− εlρl ∂Al

∂εse

∣∣∣∣∣
εl,ρl,Clj

. (4.17)

This means that if the liquid phase and the se phase are non-interacting then

πl
sv

= πl
se

, which implies pl
sv

= pl
se

because of equation (4.16).

For the solid phases, s = sv, se, we make the following definitions:

ps(εl, εs, Js, Csj) = −ρsJs ∂As

∂Js

∣∣∣∣∣
εl,εs,Csj

(4.18)

as the classical pressure of the s phase. Analogous to pl, we note that ps can be

defined using any two of the three volume fractions.

ps
β(εβ, εs, Js, Csj) = −εsρs ∂As

∂εs

∣∣∣∣∣
εβ ,Js,Csj

(4.19)

is the thermodynamic pressure of the s phase holding the volume fraction of the

β phase fixed, where β 6= s.

πs
β(εβ, Js, ρs, Csj) = −ρsJs ∂As

∂Js

∣∣∣∣∣
εβ ,ρs,Csj

(4.20)

is the swelling potential of the s phase holding the volume fraction of the β

phase fixed, where β 6= s. These pressures related through:

ps(εl, εs, Js, Csj) = ps
β(εβ, εs, Js, Csj) + πs

β(εβ, Js, ρs, Csj), (4.21)

which can be derived the same way as equation (3.46). We note that the differ-

ence between equations (4.18) and (4.20) is in the variables that are being held

fixed. Again, we have a relationship between the swelling potentials

πs
l = πs

β − εsρs ∂As

∂εβ

∣∣∣∣∣
εs,Js,Csj

, (4.22)
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where β 6= s, l, that is, β is the other solid phase. This means that if the solid

phases are non-interacting then πs
l = πs

β, which implies that ps
l = ps

β because of

equation (4.21).

Because the Helmholtz potential of the se phase is not a function of its own

volume fraction the pressure variable pse does not appear naturally, and instead

we have terms involving (∂Ase)/(∂εl)|εsv ,... and (∂Ase)/(∂εsv)|εl,.... Consider the

following two choices of independent variables for the se phase:

Ase(εl, εsv , . . . ) = A
se

(εl, εse , . . . ). (4.23)

We note that because of the relationship between the volume fractions, equation

(4.4), both sets of variables contain the same information, Ase and A
se

are

not two different potentials, but rather the same potential with two different

representations of the same set of independent variables. The total differential

of equation (4.23) is given by

DAse =
∂Ase

∂εl

∣∣∣∣∣
εsv

dεl +
∂Ase

∂εsv

∣∣∣∣∣
εl

dεsv + . . .

=
∂A

se

∂εl

∣∣∣∣∣
εse

dεl +
∂A

se

∂εse

∣∣∣∣∣
εl

dεse + . . . . (4.24)

Then, for example

∂Ase

∂εl

∣∣∣∣∣
εsv

=
∂A

se

∂εl

∣∣∣∣∣
εse

− ∂A
se

∂εse

∣∣∣∣∣
εl

, (4.25)

where

∂εse

∂εl

∣∣∣∣∣
εsv

= −1, (4.26)

because of the relationship between volume fractions, equation (4.4). Similarly,

∂Ase

∂εsv

∣∣∣∣∣
εl

= −∂A
se

∂εse

∣∣∣∣∣
εl

. (4.27)
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Equations (4.25) allows us to make conversions such as

εseρse
∂Ase

∂εl

∣∣∣∣∣
εsv ,Jse ,Csej

= εseρse
∂Ase

∂εl

∣∣∣∣∣
εse ,Jse ,Csej

+ pse
l , (4.28)

where we have used definition (4.19). In the following sections we will use

calculations such as these to simplify our results.

4.3.2 Non-Equilibrium Results

The following variables are neither constitutive nor independent and appear

linearly in the entropy inequality:

Ṫ , ρ̇l, Ċαj , J̇se , J̇sv , ∇vsj ,s,Ċ
se

,
(q+1)

C
sv

,
(p+1)

ε l, (4.29)

where s = sv, se. This means that they can vary arbitrarily, and because these

variables appear linearly, to avoid violating entropy inequality (4.12), the coef-

ficients of these variables must be identically zero. This yields the following set

of non-equilibrium results:

∑
α

(
∂Aα

∂T
+ ηα

)
= 0, (4.30)

λl =
pl

ρl
, (4.31)

λαj = µ̃lj , (4.32)

1

3

N∑
j=1

tr(tsej) = −pse , (4.33)

1

3

N∑
j=1

tr(tsvj) = −psv , (4.34)
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tsj − ρsj

ρsN
tsN = ρsj(Asj − AsN − µ̃sj)I, s = sv, se, (4.35)

N∑
j=1

tsej = 2(F
se

) ·
∑

α

εαρα

εse

∂Aα

∂C
se
· (F se

)T − ρseλseI, (4.36)

∑
α

εαρα ∂Aα

∂
(q)

C
sv

= 0. (4.37)

∑
α

εαρα ∂Aα

∂
(p)

ε l
= 0. (4.38)

Consider equation (4.30). A classical result for a single material was demon-

strated in Chapter 2, and says that T and η are dual variables. In this case we

will make the simplifying assumption that

∂Aα

∂T
= −ηα, ∀α. (4.39)

Equation (4.31) gives an identity for the Lagrange multiplier and for the re-

mainder of this section we will use it wherever λl appears. Equation (4.32) gives

an identity for λαj . It has been used to obtain (4.35) and will also be used

throughout this chapter. Equations (4.33) and (4.34) are novel. They are a

direct consequence of the new choice of independent variables. Since it is rea-

sonable to expect the diffusive velocities in the solid phases to be negligible, see

equation (A.12), we can rewrite these two equations as:

1

3
tr(tse) = −pse , (4.40)

1

3
tr(tsv) = −psv . (4.41)
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Equation (4.35) contains an Nth-component dependence which we will remove

later since we do not want a result which depends on the labeling of the con-

stituents. Equation (4.36) is novel and allows us to solve for the Lagrange

multiplier λse . Again assuming the diffusive velocities in the se-phase are small,

we have

tse = −ρseλseI + 2(F
se

) ·
∑

α

εαρα

εse

∂Aα

∂C
se
· (F se

)T . (4.42)

Taking 1/3 the trace of (4.42), using (4.40) to eliminate tse, and then solving

for λse we obtain

λse =
pse

ρse
+

2

3

∑
α

εαρα

εseρse

∂Aα

∂C
se

: C
se

. (4.43)

Substituting this back into equation (4.42) yields

tse = −pseI + tse
se +

εl

εse
tse
sh −

2

3

∑
α

εαρα

εse

∂Aα

∂C
se

: C
se

, (4.44)

where

tse
se = 2ρseF

se · ∂Ase

∂C
se
· (F se

)T + 2
εsvρsv

εse
F

se · ∂Asv

∂C
se
· (F se

)T (4.45)

and

tse
sh = 2ρlF

se · ∂Al

∂C
se
· (F se

)T , (4.46)

where tse
se and tse

sh are the Terzaghi and hydration stress tenors for the se-phase,

respectively. Note that when we take one third the trace of (4.44) we recover

(4.40) so that the physical pressure in the se phase, −1/3tr(tse), coincides with

the classical pressure of that phase, pse .
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In equation (4.37) and (4.38) εαρα is begin held fixed, therefore we can bring

it inside the partial derivative. Doing so yields

∂AT

∂
(q)

C
sv

= 0, (4.47)

and

∂AT

∂
(p)

ε l
= 0, (4.48)

where εlρlAl + εseρseAse + εsvρsvAsv = AT is the total Helmholtz free energy.

This means that the total Helmholtz free energy is not a function of the qth

derivative of the right Cauchy-Green tensor nor a function of the pth derivative

of the volume fraction of the liquid phase.

4.3.3 Equilibrium Results

We define that equilibrium to be when the following variables are zero:

ε̇l, ε̇sv , Ċ
sv

, dl,
(n+1)

C
sv

, vl,sv , vse,sv ,
(m+1)

ε l, ∇T , ∇vlj ,l, vαj ,α, ê
αj

β , êα
β , (4.49)

where n = 1, . . . , q − 1 and m = 1, . . . , p − 1. Using the method for obtaining

equilibrium results outlined in Chapter 2, we obtain the following results:

pl =
∑

α

εαρα ∂Aα

∂εl
, (4.50)

∑
α

εαρα ∂Aα

∂εsv
= 0, (4.51)

tsv = −ρsvλsvI + 2F
sv ·

(∑
α

εαρα

εsv

∂Aα

∂C
sv

)
· (F sv

)T , (4.52)
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tl = −plI, (4.53)

∑
α

εαρα ∂Aα

∂
(n)

C
sv

= 0, n = 1, . . . , q − 1, (4.54)

T̂
l

sv
+ T̂

l

se
= pl

sv
∇εl − εlρl ∂Al

∂εsv
∇εsv − εlρl ∂Al

∂C
se

: (∇C
se

)T

−εlρl

q∑
n=0

∂Al

∂
(n)

C
sv

: (∇
(n)

C
sv

)T − εlρl

p∑
m=1

∂Al

∂
(m)

ε l
∇(m)

ε l, (4.55)

T̂
se

sv
+ T̂

se

l = −εseρse
∂Ase

∂εl
∇εl − εseρse

∂Ase

∂εsv
∇εsv

−εseρse
∂Ase

∂C
se

: (∇C
se

)T − εseρse

q∑
n=0

∂Ase

∂
(n)

C
sv

: (∇
(n)

C
sv

)T

−εseρse

p∑
m=1

∂Ase

∂
(m)

ε l
∇(m)

ε l − εseρse

(
∂Ase

∂Jse
+

λse

Jse

)
∇Jse , (4.56)

εlρl ∂Al

∂
(m)

ε l
+ εseρse

∂Ase

∂
(m)

ε l
+ εsvρsv

∂Asv

∂
(m)

ε l
= 0, m = 1, . . . , p− 1, (4.57)

∑
α

εαqα = 0, (4.58)

tlj − ρlj

ρlN
tlN = ρlj(Alj − AlN − µ̃lj), (4.59)

(T̂
αj

β + î
αj

)− ραj

ραN
(T̂

αN

β + î
αN

) = −εαtαN ∇
(

ραj

ραN

)

+(λαj − λαN )∇(εαραj)−∇ [εαραj(Aαj − AαN )] , (4.60)

µ̃lj = µ̃svj = µ̃sej , (4.61)
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Aα + λα −
N−1∑
j=1

µ̃αjCαj = Aβ + λβ −
N−1∑
j=1

µ̃βjCβj , ∀α, β, β 6= α, (4.62)

Writing equation (4.50) holding the appropriate variables fixed we have

pl = εlρl ∂Al

∂εl

∣∣∣∣∣
εsv ,ρl,Clj

+ εseρse
∂Ase

∂εl

∣∣∣∣∣
εsv ,Jse ,Csej

+ εsvρsv
∂Asv

∂εl

∣∣∣∣∣
εsv ,Jsv ,Csvj

. (4.63)

Using the definition of the swelling potential for the liquid phase, equation (4.15),

the three pressure relationship, equation (4.16), and combining equations (4.27)

and (4.19) with s = se, we obtain

pl
sv
− pse

l = εseρse


∂Ase

∂εl

∣∣∣∣∣
εse ,Jse ,Csej

+
∂Asv

∂εl

∣∣∣∣∣
εsv ,Jsv ,Csvj


 . (4.64)

To interpret this result, assume for the moment that the se phase is inert with

respect to both the liquid and sv phase. Then equation (4.64) becomes

pl − pse = εseρse
∂Asv

∂εl

∣∣∣∣∣
εsv ,Jsv ,Csvj

, (4.65)

which means that there is a difference in the thermodynamic pressures of the

liquid and drug phase if the viscoelastic solid phase has a preference for the

either of the other phases. If there is no elastic solid phase, equation (4.63)

becomes

pl = εlρl ∂Al

∂εl

∣∣∣∣∣
ρl,Clj

− εsvρsv
∂Asv

∂εsv

∣∣∣∣∣
Jsv ,Csvj

, (4.66)

or

pl = psv , (4.67)
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which is the standard two-phase result. For a non-interacting system the swelling

potential of the liquid phase is zero, that is, πl = 0. Using the three pressure

relationship, equation (4.67) becomes

pl = psv − πsv , (4.68)

which says that at equilibrium, the pressure in the liquid phase is the pressure

in the solid phase minus the pressure due to configurational changes.

Equation (4.51) can be written

psv
l − pse

l = εlρl ∂Al

∂εsv

∣∣∣∣∣
εl,ρl,Clj

(4.69)

where we have used equation (4.19) for both solid phases and used (4.27) to

obtain the elastic solid phase pressure. This states that there is a difference in

the thermodynamic pressures of the solid phases (keeping the volume fraction

of the liquid phase fixed) if the liquid prefers one solid phase over the other.

Taking 1/3 the trace of equation (4.52), using equation (4.41), and solving

for λsv yields

λsv =
psv

ρsv
+

2

3

∑
α

εαρα

εsvρsv

∂Aα

∂C
sv

: C
sv

. (4.70)

We then substitute back into (4.52) to get

tsv = −psvI + tsv
se +

εl

εsv
tsv
sh −

2

3

∑
α

εαρα

εsv

∂Aα

∂C
sv

: C
sv

, (4.71)

where

tsv
se = 2ρsvF

sv · ∂Asv

∂C
sv
· (F sv

)T + 2
εse

εsv
ρseF

sv · ∂Ase

∂C
sv
· (F sv

)T , (4.72)
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and

tsv
sh = 2ρlF

sv · ∂Al

∂C
sv
· (F sv

)T , (4.73)

where tsv
se and tsv

sh are the Terzaghi and hydration stress tenors for the sv-phase,

respectively. Analogous to the se phase, we note that by taking one-third the

trace of equation (4.71), we recover equation (4.41).

Equation (4.53) says that the liquid phase stress coincides with the classical

pressure for that phase at equilibrium.

In order to interpret the meaning of equation (4.54), we can take the εαρα

inside the partial derivative because it is being held fixed, thus equation (4.54)

can be written

∂AT

∂
(n)

C
sv

= 0, n = 1, . . . , q − 1, (4.74)

where we have used εlρlAl + εseρseAse + εsvρsvAsv = AT . This means that at

equilibrium, the total Helmholtz free energy is not a function of rates of shear,

and thus behaves elastically at equilibrium as opposed to viscoelastically.

Equation (4.55) simplifies to

T̂
l

sv
+ T̂

l

se
= pl

sv
∇εl − (psv

l − pse
l )∇εsv − εlρl ∂Al

∂C
se

: (∇C
se

)T

− εlρl

p∑
q=0

∂Al

∂
(n)

C
sv

: (∇
(n)

C
sv

)T − εlρl

p∑
m=1

∂Al

∂
(m)

ε l
∇(m)

ε l, (4.75)

where we have used definition (4.69). Later this will be used in the momentum

balance equation to derive a generalized Darcy’s Law.

Equation (4.56) can be significantly simplified as well. First we use equation

(4.28), and combine (4.27) with (4.19) with s = se to rewrite the first two terms
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of (4.56) in terms of pse
l . The last term in brackets is simplified using equation

(4.18) to replace the partial derivative term with a pressure term, and λse is

eliminated using (4.43). The result is that

T̂
se

l + T̂
se

sv
= pse

l ∇εse − εseρse ∂Ase

∂εl

∣∣∣∣∣
εse ,Jse,Csej

∇εl − εseρse
∂Ase

∂C
se

: (∇C
se

)T

−εseρse

q∑
n=0

∂Ase

∂
(n)

C
sv

: (∇
(n)

C
sv

)T − εseρse

p∑
m=1

∂Ase

∂
(m)

ε l
∇(m)

ε l

−2

3

(∑
α

εαρα

Jse

∂Aα

∂C
se

: C
se

)
∇Jse . (4.76)

Similar to equation (4.54), equation (4.57) can be written

∂AT

∂
(m)

ε l
= 0, m = 1, . . . , p− 1, (4.77)

which means that the total Helmholtz free energy is a function of εl at equilib-

rium and not a function of its derivatives.

Equation (4.58) says that at equilibrium there is no net heat flux.

The rest of the equilibrium results contain N th component dependencies,

which we address in the next section.

4.3.4 Removing N th Component Dependencies

Equations (4.35), (4.59), (4.60), and (4.61) contain N th component depen-

dencies which result from using the concentration of species as independent

variables. Classical Gibbsian thermodynamics does not encounter this problem

because extensive variables, such as the number of molecules, as opposed to

intensive variables, such as concentrations, are used as independent variables.

However, physically meaningful upscaling is not possible using extensive vari-

ables. In classical Gibbsian thermodynamics the chemical potential (1) is scalar
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and measures the amount of energy needed to insert a particle into the system,

(2) has its gradient as the driving force for diffusive flow (Fick’s law), and (3)

is constant for a single constituent coexisting in two phases at equilibrium. In

[13], Bennethum et al. found that a judicious choice for the µαN satisfies these

requirements. Following Bennethum et al. [13], we take

µlN = AlN − tlN

ρlN
, (4.78)

µsN = AsN − tsN

ρsN
+

ts
se

ρs
+

εl

εs

ts
sh

ρs
, s = sv, se. (4.79)

Substituting equation (4.78) into (4.59), and equation (4.79) into (4.35), we

obtain

µljI = AljI − tlj

ρlj
, (4.80)

µsjI = AsjI − tsj

ρsj
+

ts
se

ρs
+

εl

εs

ts
sh

ρs
, s = sv, se, (4.81)

respectively. Multiplying (4.80) and (4.81) by Cαj and summing j from 1 to

N , then eliminating tl with equation (4.53), and ts with equations (4.44) and

(4.71), we obtain the following expressions for the Gibbs free energy

Gl =
N∑

j=1

µljC lj = Al +
pl

ρl
, (4.82)

Gs =
N∑

j=1

µsjCsj = As +
ps

ρs
+

2

3

∑
α

εαρα

εsρs

∂Aα

∂C
s : C

s
, s = sv, se. (4.83)

Rewriting equation (4.62) as

Aα + λα −
N∑

j=1

µαjCαj + µαN

= Aβ + λβ −
N∑

j=1

µβjCβj + µβN , ∀α, β, β 6= α, (4.84)
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then substituting (4.31) for λl, (4.43) for λse , (4.70) for λsv , and using (4.82)

and (4.83), we obtain

µαN = µβN , ∀α, β, β 6= α. (4.85)

Substituting this result into equation (4.61), yields the classical result

µαj = µβj , ∀α, β, β 6= α, (4.86)

which states that the chemical potential of a species in different phases is equal

at equilibrium.

To remove the N th component dependence from equation (4.60) we first

consider α = se. Summing from j from 1 to N we obtain:

(
T̂

se

l + T̂
se

sv

)
− ρse

ρseN
(T̂

seN

l + T̂
seN

sv
+ î

seN
)

= −εsetseN ·∇
(

ρse

ρseN

)
+

N∑
j=1

µ̃sej∇(εseρsej)

−εseρse∇Ase − Ase∇(εseρse) + ∇(εseρseAseN ), (4.87)

where
N∑

j=1

î
sej

= 0 and
N∑

j=1

(
T̂

sej

l + T̂
sej

sv

)
= T̂

se

l + T̂
se

sv
due to restrictions (2.37)

and (2.38), respectively. Using equation (4.76) to eliminate T̂
se

l + T̂
se

sv
from the

left-hand side of equation (4.87), expanding ∇Ase using the following calculation

∇Ase =
∂Ase

∂εl
∇εl +

∂Ase

∂εsv
∇εsv +

p∑
m=1

∂Ase

∂
(m)

ε l
∇(m)

ε l +
∂Ase

∂Jse
∇Jse

+
N−1∑
j=1

µ̃sej∇(Csej) +
∂Ase

∂T
∇T +

∂Ase

∂C
sv

: (∇C
sv

)T

+

q∑
n=1

∂Ase

∂
(n)

C
sv

: (∇
(n)

C
sv

)T +
∂Ase

∂C
se

: (∇C
se

)T , (4.88)
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and then canceling like terms we get

pse
l − εseρse

∂Ase

∂εl
∇εl − 2

3

(∑
α

εαρα

Jse

∂Aα

∂C
se

: C
se

)
∇Jse

− ρse

ρseN
(T̂

seN

l + T̂
seN

sv
+ î

seN
) = −εsetseN ·∇

(
ρse

ρseN

)
+

N∑
j=1

µ̃sej∇(εseρsej)

−Ase∇(εseρse)− εseρse
∂Ase

∂εl
∇εl − εseρse

∂Ase

∂εsv
∇εsv

−εseρse

N−1∑
j=1

µ̃sej∇Csej + ∇(εseρseAseN )− εseρse
∂Ase

∂Jse
∇Jse . (4.89)

In the previous calculation we have dropped the term involving ∇T since it is

zero at equilibrium. The first two terms on the left-hand side are equivalent to

the fourth and fifth terms of the right-hand side as described in the paragraph

preceding equation (4.76). Furthermore, if we expand the gradient portion of the

second term on the right-hand side ∇(εseρsej) = εseρse∇Csej + Csej∇(εseρse)

we can eliminate the first term of the last line as well. Collecting all the terms

involving the N th component on one side and all other terms on the other side,

we are left with

ρse

ρseN
(T̂

seN

l + T̂
seN

sv
+ î

seN
)− εsetseN ·∇

(
ρse

ρseN

)

+∇(εseρseAseN )− µseN ∇(εseρse)

= Ase∇(εseρse) + εseρse
∂Ase

∂Jse
∇Jse −

N∑
j=1

µsejCsej∇(εseρse)

−2

3

(∑
α

εαρα

Jse

∂Aα

∂C
se

: C
se

)
∇Jse . (4.90)

Substituting equation (4.20) for the second term on the right-hand side and

using (4.83) with s = se for the third term, the right-hand side of equation
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(4.90) becomes

Ase∇(εseρse) +
εse

Jse
pse∇Jse − 2

3

(∑
α

εαρα

Jse

∂Aα

∂C
se

: C
se

)
∇Jse

−
(

Ase +
pse

ρse
+

2

3

εαρα

εseρse

∂Aα

∂C
se

: C
se

)
∇(εseρse) = 0, (4.91)

since ∇(εseρse) = − εseρse

Jse ∇Jse . Thus,

ρse

ρseN
(T̂

seN

sv
+ T̂

seN

l + î
seN

)− εsetseN ·∇
(

ρse

ρseN

)

+∇(εseρseAseN )− µseN ∇(εseρse) = 0. (4.92)

Substituting equation (4.92) back into equation (4.87), and undoing the sum-

mation prior to equation (4.87), we obtain

∑

β 6=se

T̂
sej

β + î
sej

= µsej∇(εseρsej)−∇(εseρseAsej). (4.93)

Removing the N th component dependence from (4.60) with α = l is done in an

analogous manner and yields

ρl

ρlN
(T̂

lN

se
+ T̂

lN

sv
+ î

lN
)− εltlN ·∇

(
ρl

ρlN

)

+∇(εlρlAlN )− µlN ∇(εlρl) = 0, (4.94)

whence,

∑

β 6=l

T̂
lj

β + î
lj

= µlj∇(εlρlj)−∇(εlρlAlj). (4.95)

4.3.5 Near-Equilibrium Results

We obtain near-equilibrium results using the method described in Chapter 2.

We choose to perform a one variable expansion for all of the variables in (4.49).
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In what follows we use indicial notation so that the order of the coefficients

resulting from the linearization process and the contractions are clear. For the

variables ε̇l and ε̇sv we obtain following near-equilibrium relationships:

pl
sv
− pse

l −
∑

s=sv ,se

εsρs ∂As

∂εl

∣∣∣∣∣
εs,Js,Csj

= −ηlε̇l, (4.96)

psv
l − pse

l − εlρl ∂Al

∂εsv

∣∣∣∣∣
εl,ρl,Clj

= −ηsε̇sv , (4.97)

respectively. The coefficients ηl and ηs are scalar material parameters that

may contain information such as: the stiffness of the solid matrix, the ease (or

difficulty) with which the solid phase swells, and the connectedness of the two

solid phases. For the coefficients of Ċ
sv

, dl, and
(n+1)

C
sv

, where n = 1, . . . , q − 1,

we obtain the following near-equilibrium relationships:

tsv
lk = −psvδlk + (tsv

se)lk +
εl

εsv
(tsv

sh)lk − 2

3

∑
α

εαρα

εsv

∂Asv

∂C
sv

LK

: C
sv

LKδlk

−
N∑

j=1

ρsvjv
svj ,sv

l v
svj ,sv

k + F
sv

kKGsv
LKMN Ċ

sv

MNF
sv

lL, (4.98)

tllk = −plδlk −
N∑

j=1

ρljv
lj ,l
l v

lj ,l
k + Gl

lkmnd
l
mn, (4.99)

∑
α

εαρα ∂Aα

∂
(n)

C
sv

LK

= Qn
LKMN

(n+1)

C
sv

MN , n = 1, . . . , q − 1, (4.100)

where the components of tsv
se are given by (tsv

se)lk and the components of tsv
sh

(tsv
sh)lk. Here Gsv

LKMN , Gl
lkmn, and Qn

LKMN are all fourth-order positive semi-

definite tenors. Gsv
LKMN accounts for the viscoelastic solid stress dissipation due
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to relaxation in shearing of the viscoelastic solid. Gl
lkmn is a viscous dissipation

tensor. And lastly, Qn
LKMN are material coefficients of the nth derivative of the

shear rate,
(n)

C
sv

, and like Gsv
LKMN , represent stress dissipation due to relaxation

in shearing of the viscoelastic solid. For the coefficients of vl,sv and vse,sv we

obtain the following near-equilibrium results:

(T̂ l
se

)k + (T̂ l
sv

)k = −Rl
kmvl,sv

m + pl
sv

εl
,k − (psv

l − pse
l )εsv

,k − εlρl ∂Al

∂C
se

LK

C
se

LK,k

−εlρl

q∑
n=0

∂Al

∂
(n)

C
sv

LK

(n)

C
sv

LK,k −
p∑

m=1

εlρl ∂Al

∂
(m)

ε l

(m)

ε l
,k, (4.101)

(T̂ se
l )k + (T̂ se

sv
)k = −Rse

kmvse,sv
m + pse

l εse
,k − εseρse

∂Ase

∂εl
εl

,k − εseρse
∂Ase

C
se

LK

C
se

LK,k

−εseρse

q∑
n=0

∂Ase

∂
(n)

C
sv

LK

(n)

C
sv

LK,k −εseρse

p∑
m=1

∂Ase

∂
(m)

ε l

(m)

ε l
,k

−2

3

∑
α

εαρα

Jse

∂Aα

∂C
se

LK

C
se

LKJse
,k . (4.102)

Here, both Rl
km and Rse

km are second-order resistivity tensors. However, since

the elastic solid phase does not flow inside the viscoelastic solid phase Rse
km is

taken sufficiently large so that when we invert it and solve for vse,sv we get that

vse,sv = 0, as expected. For the coefficient of
(m+1)

ε l and ∇T , we obtain the

following near-equilibrium results:

∑
α

εαρα ∂Aα

∂
(m)

ε l
= −ηm (m+1)

ε l, m = 1, . . . , p− 1, (4.103)

qs
k =

N∑
j=1

[
t
sj

kmvsj ,s
m − ρsjv

sj ,s
k

(
Asj +

1

2
vsj ,s

m vsj ,s
m

)]

+Ks
kmT,m, s = sv, se, (4.104)
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and

ql
k =

N∑
j=1

[
t
lj
kmvlj ,l

m − ρljv
lj ,l
k

(
Alj +

1

2
vlj ,l

m vlj ,l
m

)]

+K l
kmT,m, (4.105)

respectively. Here, ηm are scalar coefficients, and Ks
km and K l

km are second-

order tensors. Most often it is reasonable to assume that vsj ,s ≈ 0, in which

case equation (4.104) reduces to q = Ks · ∇T , so that we recover Fourier’s

law of heat conduction for the solid phases. The coefficients of ∇vlj ,l and vlj ,l

produce the following near-equilibrium results:

µljδmn = S
lj
mnklv

lj ,l
k,l + Aljδmn − t

lj
mn

ρlj
, (4.106)

and

∑

β 6=l

(T̂
lj
β )k + î

lj
k = −R

lj
kmvlj ,l

m + µlj(εlρlj),k − (εlρljAlj),k, (4.107)

where S
lj
klmn are a fourth-order symmetric positive semi-definite tensors repre-

senting the effects of the gradient in diffusive velocity in the liquid phase on the

chemical potential, and R
lj
km are a second-order tensors. In this system we do

not linearize about vsj ,s, s = sv, se, because solid phase diffusion is assumed

to be negligible. As such, vsj ,s is not an independent variable, and thus the

coefficient of vsj ,s cannot be a function of vsj ,s. Finally, for the coefficient of ê
αj

β

we obtain:

µαj − µβj = Mαβj ê
αj

β − 1

2
vαj ,α · vαj ,α − 1

2
vβj ,β · vβj ,β, (4.108)

where α, β = l, sv, se, β 6= α, and Mαβj are scalar coefficients.
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4.3.6 Darcy’s Law

Darcy’s Law is obtained from the bulk linear momentum equation for the

liquid phase, equation (2.36), by using constitutive equations to eliminate the

stress tensor, equation (4.99), and equation (4.101) to eliminate the exchange of

momentum terms, T̂
l

sv
+ T̂

l

se
. The result is

Rl · vl,sv = −εl∇pl − πl
sv

∇εl + ∇ · (εlGl : dl)− εlρlg

−(psv
l − pse

l )∇εsv − εlρl ∂Al

∂C
se

: (∇C
se

)T

−εlρl

q∑
n=0

∂Al

∂
(n)

C
sv

: (∇
(n)

C
sv

)T −
p∑

m=1

εlρl ∂Al

∂
(m)

ε l
∇(m)

ε l, (4.109)

where we have rewritten the first two terms of equation (4.99) using the three-

pressure relationship, equation (4.21). Equation (4.109) contains novel terms

due to the presence of three phases. All of the terms on the first line have been

reported previously. The first term resembles the classical Darcy’s law which

states the flow is produced due to a minus gradient in pressure. The second

term states that if the system is swelling then there is flow due do a gradient in

volume fraction. Since πl is zero for non-swelling system, this term disappears

for non-swelling system and we recover the classical Darcy’s law. The rest of

the terms on the first line are discussed in Section 3.4.2. The first term on the

second line, which is novel, says that if there is a difference in the solid phase

pressures flow will be driven due to a gradient in the viscoelastic solid phase

volume fraction. The second term on the second line says that flow can be

driven due to a gradient in (pure) shear of the elastic phase. The first term on

the last line is also novel and accounts for flow induced by shearing and rates of

shearing of the viscoelastic solid phase. It is similar to a term reported by Singh
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et al. in [50], where Es appears in place of C
sv

. However, strain includes effects

due to both shearing and changes in volume, whereas here we clearly distinguish

between the effects of shearing and the effects of the volume fraction, which are

captured by the last term. The last term also appears in equation (3.64) and is

discussed there.

4.3.7 Fick’s Law

Fick’s law is obtained from the species linear momentum equation for the

liquid phase, equation (2.30), by using the near-equilibrium result for the chemi-

cal potential of the liquid phase, equation (4.106), to eliminate the species stress

tensor, tlj , and using equation (4.107) to eliminate T̂
lj

se
+ î

lj
. The result is

Rlj · vlj ,l = −εlρl∇µlj + ∇ · (εlρljSlj : ∇vlj ,l) + εlρljg, (4.110)

where we have neglected the inertial term in the momentum equation. The

first term is the generalized Fick’s law, and says the diffusion is caused by a

the gradient in chemical potential. This equations is similar to an equation

obtained by Bennethum et al. in [12]. The second terms is often neglected as it

is of second order.
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5. Two-Scale Polymeric Drug Delivery Systems

The theory presented in Chapter 4 is generally applicable to a three-phase

system composed of a viscoelastic solid, elastic solid, and viscous liquid that

meets the general requirements of HMT. We now want to make the appropriate

simplifying assumptions so that we may combine the conservation and balance

equations of Chapter 2 with results of Chapter 4 to model drug delivery sys-

tems. To this end we assume that the viscoelastic solid phase is composed of

a polymer, denoted p, and the elastic solid is composed of a drug, denoted d.

Both the polymer and drug phases are each composed of a single constituent.

Furthermore, mass transfer takes place only between the drug phase and viscous

liquid phase, which is composed of water (or biological fluid) and drug. As such,

we can write the restriction on mass transfer between phases, equation (2.25),

as

êl
d + êd

l = 0. (5.1)

We will begin by presenting the equations related to bulk fluid transport, that

is, conservation of mass for each bulk phase and Darcy’s law. Next, we will

present the equations relevant to species transport, that is, conservation of mass

for the drug in the liquid phase and Fick’s law.

5.1 Bulk Transport

To begin, we assume that the polymer and drug are both incompressible, so

that Dsρs/Dt = 0, s = p, d. We also assume that the liquid phase is incompress-

ible and the drug in the liquid phase is sufficiently dilute so that Dlρl/Dt ≈ 0,
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as well. By assuming the concentration of the drug in the liquid phase is suf-

ficiently dilute we are implying that the drug is transported quickly out of the

device. This may not be the case for poorly soluble drugs or for initially high

drug loadings. As such, we would not expect the diffusion front, D, in figure 1.3

to appear. Under these conditions, the conservation of mass equations (2.23)

for each phase can be written:

ε̇l + ∇ · (εlvl,p) + εl∇ · vp =
êl

d

ρl
, (5.2)

ε̇d + ∇ · (εdvd,p) + εd∇ · vp =
êd

l

ρd
, (5.3)

ε̇p + εp∇ · vp = 0, (5.4)

where we have used equation (4.11) to convert to material time derivatives.

Solving for ∇ · vp in equation (5.4), substituting back into equations (5.2) and

(5.3), and using the relationship between volume fractions, equation (4.4), to

convert derivatives of εd into derivatives of εl and εp, we obtain

ε̇l − εl

εp
ε̇p + ∇ · (εlvl,p) =

êl
d

ρl
, (5.5)

−ε̇l − (1− εl)

εp
ε̇p = − êl

d

ρd
, (5.6)

where we note that we have dropped the term involving ∇ · (εdvd,p) since on

the time scales of concern it is reasonable to assume that vd,p ≈ 0. We have

also used the restriction on mass transfer between phases, equation (5.1), to
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eliminate êd
l . Solving for ε̇p in equation (5.6) and substituting into equation

(5.5), we obtain

ε̇l + (1− εl)∇ · (εlvl,p) =

(
(1− εl)

ρl
+

εl

ρd

)
êl

d. (5.7)

As expected, equation (5.7) reduces to equation (3.76) when there is no mass

transfer between phases.

Darcy’s law, equation (4.109), is needed to model bulk fluid penetration into

the delivery device. We choose to neglect all second-order terms and gravity.

Furthermore, in recent experiments, such as that described in Chapter 1 per-

formed by Colombo et al., [20], we expect infiltration of liquid into the device

to occur in the normal directions, meaning that shear forces should have little

affect on flow, so we neglect shear forces as well. Finally, we assume that the

liquid phase does not have a preference for either the drug or polymer phase

so that pressures in the elastic and viscoelastic solid phases will be equal (see

equation (4.69)), thus we take pp − pd = 0. The resulting Darcy’s law is given

by

Rl · vl,p = −∇(εlpl) + pl
sv

∇εl −
p∑

m=1

εlρl ∂Al

∂
(m)

ε l
∇(m)

ε l. (5.8)

Following the discussion given in Section 3.5.1 we can rewrite Darcy’s law as

follows:

vl,p =
εlK l

µl
v

(
K ′

1− εl
∇εl − ρl

p∑
m=1

∂Al

∂
(m)

ε l
∇ (m)

ε l

)
. (5.9)

We remind the reader that K l is the permeability, µl
v is the viscosity of the liquid

phase, and that K ′ is the unjacketed compressibility for a porous medium with

incompressible solid and liquid phases. To simplify the last term of equation
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(5.9) we will use a Laplace transform. To that end, we assume that Al is a

linear function of
(m)

ε l for m = 1 to p, which means that ∂Al

∂
(m)
ε l

is independent of

(m)

ε l, thus we can set

M l
(m) =

∂Al

∂
(m)

ε l
. (5.10)

We can now write the last term of (5.9) as

ξ(t) =

p∑
m=1

M l
(m)∇

(m)

ε l. (5.11)

Taking the Laplace transform of (5.11), we have

ξ̃(s) =

p∑
m=1

M l
(m)

˜
(∇(m)

ε l)

=

p∑
m=1

M l
(m)s

m(̃∇εl), (5.12)

where ˜ denotes the Laplace transform, and s denotes the frequency. To go

from the first to the second equality in the above calculation we have assumed

that initially there are no gradients in the liquid volume fraction. Taking the

inverse Laplace transform of equation (5.12) and using a convolution theorem

for Laplace transforms, we obtain

ξ(t) =

∫ t

0

(
p∑

m=1

M l
(m)δ

(m−1)(t− τ)

)
∇ε̇l(τ)dτ, (5.13)

where

δ(m−1)(t) =
d(m−1)δ(t)

dt(m−1)
. (5.14)

Substituting (5.12) into equation (5.9), we obtain

vl,p =
εlK l

µl
v

[
K ′

1− εl
∇εl − ρl

∫ t

0

(
p∑

m=1

M l
(m)δ

(m−1)(t− τ)

)
∇ε̇l(τ)dτ

]
,(5.15)
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Substituting this into equation (5.7) yields

ε̇l + (1− εl)∇ ·
[
D1∇εl −

∫ t

0

Bv(t− τ)∇ε̇l(τ)dτ

]
=

(
1− εl

ρl
+

εl

ρd

)
êl

d,(5.16)

where

D1 =
(εl)

2
K lK ′

(1− εl)µl
v

, (5.17)

Bv(t) =
(εl)2ρlK l

µl
v

p∑
m=1

M l
(m)δ

(m−1)(t). (5.18)

Equation (5.16) is identical to equation (3.86), except that now we have a right

hand side, as would be expected once species transport is taken into account.

Furthermore, equation (3.86) is recovered when we assume that there is no mass

transfer between phases. According to Singh et al., [51], Bv(t) can be determined

experimentally by measuring the bulk relaxation function for the polymer matrix

and mass uptake curves as a function of temperature and liquid concentration.

One can get both Darcian and non-Darcian flow by choosing the functional form

of Bv(t) appropriately, [51].

5.1.1 Species Transport

Conservation of mass for the drug in the liquid phase, denoted by ld, is given

by equation (2.14) with α = l and j = d

Dld(εlρld)

Dt
+ εlρld∇ · vld = êl

d. (5.19)

Converting derivatives in ld into derivatives in p using equations (3.24) and

(4.11), using equation (2.20) to convert terms involving ρld into concentrations,

and using the incompressibility condition for the liquid phase, Dl(ρl)/Dt =
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0, and the fact that ∇ρl = 0 since we assume a constant pressure along the

boundaries, we have

C ld ε̇l + εlĊ ld + ∇ · (εlC ldvl,p) + ∇ · (εlC ldvld,l) + εlC ld∇ · vp =
êl

d

ρl
. (5.20)

Solving equation (5.4) for ∇ ·vp and substituting into the above equation, then

solving equation (5.6) for ε̇p and substituting into the result yields

C ld ε̇l + (1− εl)
[
εlĊ ld + ∇ · (εlC ldvl,p) + ∇ · (εlC ldvld,l)

]

= êl
d

(
1− εl

ρl
+

εlC ld

ρd

)
. (5.21)

Fick’s law, equation (4.110), is needed to model diffusion of the drug in the

liquid phase. Again we neglect second-order terms. Furthermore, we assume

that the chemical potential of the drug in the liquid phase is a function of the

concentration of the drug in the liquid phase. The resulting Fick’s law is given

by

vld,l = −εlρlFC∇C ld , (5.22)

where

FCI = (Rld)−1 ∂µld

∂C ld
, (5.23)

is the mutual diffusion coefficient.

Substituting equations (5.22) and (5.15) into equation (5.21), we obtain

C ld ε̇l + (1− εl)

[
εlĊ ld + ∇ ·

(
D2∇εl −D3∇C ld −

∫ t

0

Bu(t− τ)∇ε̇l(τ)dτ

)]

= êl
d

(
1− εl

ρl
+

εlC ld

ρd

)
, (5.24)
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where

D2 = C ldD1, (5.25)

Bu(t) = C ldBv(t), (5.26)

and

D3 = (εl)2ρlC ldFC . (5.27)

5.2 Discussion

Equations (5.16) and (5.24) constitute a system of two equations in three

unknowns: the volume fraction of the liquid phase, εl, the concentration of drug

in the liquid phase, C ld , and the rate of mass transfer of drug into the liquid

phase, êl
d. The rate of mass transfer must be determined experimentally as a

function of volume fraction and concentration of drug in the liquid phase. This

can be accomplished by performing two experiments. In one experiment the

volume fraction would be held fixed, and êl
d is measured as a function of concen-

tration. The other experiment would measure êl
d as a function of volume fraction

at constant concentration. Naturally, several of these experiments would need

to be performed at various fixed values of volume fraction and concentration,

then an interpolation scheme could be used to fill in the missing values.

We note that D2 must be negative and that D3 must be positive for this

problem to be well-posed. Since D3 has the same sign as the diffusion coefficient

in a classical Fick’s law D3 is indeed positive. In many drug delivery models

the term involving D2 does not appear. In these other drug delivery models,
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authors postulate the that D3 is a function of volume fraction. Indeed, according

to equation (5.26), D3 is a function of volume fractions. However, as this analysis

shows, a term involving ∇εl is needed to fully describe the system, and that

means obtaining a measurement of D1.
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6. Three-Scale HMT for Swelling Porous Systems

In the first section we will discuss the macroscale averaging procedure. We

have made minor modifications to the definitions which resolve several issues

resulting in slightly different variable definitions, but leave the basic form of

the macroscale balance and conservation equations unchanged. In the following

section we will summarize the macroscale conservation and balance equations.

In the next section, we will present some standard assumptions and the result-

ing entropy inequality. In the third section we present the constitution of the

system by discussing the unknowns, constitutive (dependent), and independent

variables. In the final section of this chapter will derive the resulting entropy

inequality, non-equilibrium, equilibrium, and near-equilibrium results, as well as

Darcy’s and Fick’s laws.

6.1 Macroscale Notation and Averaging Procedure

In this section we will discuss the macroscale notation and averaging proce-

dure. The definitions that follow apply only to macroscopic volumes composed

of more than one phase, denoted by the capital letter A. The corresponding

macroscale equations for regions composed of strictly a single phase are the

same as the mesoscopic equations with capital letters replacing the Greek let-

ters. This will be made clear in what follows.

A particle A is viewed as a homogeneous mixture of solid polymer matrix,

solid drug, and vicinal fluid, denoted svA, seA, and lA, respectively. At the

macroscale particles exist with two bulk fluids, denoted B and C, which form
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Macroscale REV

Particle A

Bulk Fluid B

Bulk Fluid C

Figure 6.1: Macroscale REV

another homogeneous mixture. At this scale of the particle phases interacts with

fluids B and C, see Figure 6.1. Macroscale volume fractions are denoted εK ,

where K = svA, seA, lA, B, C.

In [7], the following definitions were made for a particle A composed of a

solid phase, sA, and a liquid phase lA:

εA ≡ 1

|∆V |
∫

∆V

γA(r, t) dv (6.1)

as the volume fraction of the bulk region,

〈εαρα〉A ≡ 1

εA|∆V |
∫

∆V

εαραγA(r, t) dv (6.2)

as the volume average mass,

〈ψαj〉A ≡ 1

εA|∆V |
∫

∆V

εαψαjγA(r, t) dv (6.3)
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as the volume average of ψαj , and

ψαj
A ≡ 1

εA〈εαραj〉A|∆V |
∫

∆V

εαραjψαjγA(r, t) dv (6.4)

as the mass average of ψαj , where

γA(r, t) =





1 if r ε ∆VA

0 if r ε otherwise, β 6= α.
(6.5)

In [7] density is defined as

ραA = 〈εαρα〉A, (6.6)

which can be interpreted physically as mass α
|∆VA| , where ∆VA is the volume of the

region A in the macroscale REV. Unfortunately, this is not a true density, which

has dimensions of mass α
volume α

In Appendix A of [51], Singh et al. mentioned that the density as defined

by equation (6.6) is hard to measure since εα likely changes continuously during

fluid transport. As such, they redefine ραA as follows:

ραA ≡ 1

εα
〈εαρα〉A. (6.7)

The problem with this definition is that we are using the mesoscale parameter εα

as input to a macroscale variable. This definition also requires that we assume

εαA = εαεA. (6.8)

Once again, equation (6.8) is using a mesoscale variable to define a macroscale

quantity.

Furthermore, it does not make sense to define

εαA ≡ 1

|∆V |
∫

∆V

γαA(r, t) dv (6.9)

115



since at the macroscale the particle has already been homogenized and one can-

not specify the state of being in the αA phase in terms of macroscale coordinates,

as would be needed to define the indicator function in (6.9).

To overcome this problem, we propose the following definitions:

εαA ≡ 1

|∆V |
∫

∆V

εαγA(r, t) dv, (6.10)

which can be interpreted physically as |∆VαA|
|∆V | ,

〈εαρα〉A ≡ 1

εαA|∆V |
∫

∆V

εαραγA(r, t) dv (6.11)

as the volume average mass,

〈ψαj〉A ≡ 1

εαA|∆V |
∫

∆V

εαψαjγA(r, t) dv (6.12)

as the volume average of ψαj , and

ψαj
A ≡ 1

εαA〈εαραj〉A|∆V |
∫

∆V

εαραjψαjγA(r, t) dv (6.13)

as the mass average of ψαj . Now we can define ραA:

ραA = 〈εαρα〉A, (6.14)

which can be interpreted physically as mass αA
|∆VαA| , and which corresponds to true

density. Furthermore, definition (6.10) yields the expected relation

εsvA + εseA + εlA = εA. (6.15)

The macroscale averaging procedure is analogous to the mesoscale averag-

ing procedure outlined in Chapter 2, and can be found in [7]. We summarize

the results in the next section for future reference, where we have made the

aforementioned modifications.
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6.2 Macroscale Field Equations

In this section we summarize the macroscale conservation and balance equa-

tions. As in Chapter 2, we begin with the conservation of mass, linear momen-

tum balance, energy balance and lastly entropy.

Throughout this section α = l, sv, se, j = 1, . . . , N , L = svA, seA, lA, B,C

and K = B, C, unless otherwise noted. For example,

∑

L,L6=αA

ê
αAj

L (6.16)

means for each α = l, sv, se, and for each j = 1, . . . , N , take the sum over

L = svA, seA, lA, B, C, where L 6= αA.

6.2.1 Conservation of Mass

For the jth species in the particle, conservation of mass is given by:

DαAj(εαAραAj)

Dt
+ εαAραAj(∇ · vαAj) =

∑

L,L6=αA

ê
αAj

L + r̂αAj , (6.17)

where the macroscale variables in (6.17) are related to their mesoscale counter-

parts in the following way:

ραAj = 〈εαραj〉A, (6.18)

vαAj = vαj
A
, (6.19)

ê
αAj

βA ≡ εαAραAj

(
ê

αj

β

εαραj

)A

, α, β = svA, seA, lA, α 6= β, (6.20)

ê
αAj

L =
1

|∆V |
∫

∆AAL

εαραj(wALj − vαj) · nA da

L = B,C, α = sv, se, l, (6.21)
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and

r̂αAj ≡ εαAραAj

(
r̂αj

εαραj

)A

. (6.22)

Summing (6.17) from j = 1 to N yields

DαA(εαAραA)

Dt
+ εαAραA(∇ · vαA) =

∑

L,L6=αA

êαA
L . (6.23)

Relationships between the macroscopic species variables and their bulk phase

counterparts can be found in Appendix B. Conservation of mass for species in

the bulk phase is given by

DKj(εKρKj)

Dt
+ εKρKj(∇ · vKj) =

∑

L,L6=K

ê
Kj

L + r̂Kj . (6.24)

Summing (6.24) from j = 1 to N yields

DK(εKρK)

Dt
+ εKρK(∇ · vK) =

∑

L,L6=K

êK
L . (6.25)

Additionally, we have the following restrictions

εA + εB + εC = 1, (6.26)

N∑
j=1

r̂Kj = 0, (6.27)

N∑
j=1

CKj = 1, (6.28)

and

ê
Kj

L + ê
Lj

K = 0, (6.29)

where K 6= L, and K, L = svA, seA, lA, B, C for restrictions (6.27), (6.28) and

(6.29).
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6.2.2 Conservation of Linear Momentum

For the jth species in the particle, momentum balance is given by

εαAραAj
DαAjvαAj

Dt
−∇ · (εαAtαAj)− εαAραAjgαA

=
∑

L,L6=K

T̂
αAj

L + î
αAj

, (6.30)

where the macroscale variables in (6.30) are related to their mesoscale counter-

parts in the following way:

î
αAj ≡ εαAραAj




(
î
αj

εαραj

)A

+

(
vαj r̂αj

εαραj

)A

− vαAj

(
r̂αj

εαραj

)A

 , (6.31)

gαAj ≡ gαj
A
, (6.32)

tαAj ≡
(
〈εαtαj〉A + 〈εαραj〉AvαAjvαAj − 〈εαραj〉Avαjvαj

A
)

, (6.33)

T̂
αAj

βA ≡ εαAραAj




(
T̂

αj

β

εαραj

)A

+

(
vαj ê

αj

β

εαραj

)A

− vαAj

(
ê

αj

β

εαραj

)A
 ,

α, β = svA, seA, lA, α 6= β, (6.34)

and

T̂
αAj

L ≡ 1

|∆V |
[∫

∆AAL

(
tαj + ραjvαj(wALj − vαj)

) · nAda

− vαj

∫

∆AAL

ραj(wALj − vαj)nA da

]
,

L = B,C, α = sv, se, l. (6.35)

Summing (6.30) from j = 1 to N yields

εαAραA DαAvαA

Dt
−∇ · (εαAtαA)− εαAραAgαA =

∑

L,L6=αA

T̂
αA

L . (6.36)
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Momentum balance for species in the bulk phase is given by

εKρKj
DKj(vKj)

Dt
−∇ · (εKtKj)− εKρKjgKj =

∑

L,L6=K

T̂
Kj

L + î
Kj

. (6.37)

Summing (6.37) from j = 1 to N yields:

εKρK DKvK

Dt
−∇ · (εKtK)− εKρKgK =

∑

L,L6=K

T̂
K

L . (6.38)

Additionally, we have the following restrictions

N∑
j=1

(
î
Kj

+ r̂KjvKj ,K
)

= 0, (6.39)

and

T̂
Kj

L + ê
Kj

L · vKj + T̂
Lj

K + ê
Lj

K · vLj = 0, (6.40)

where K 6= L, and K,L = svA, seA, lA, B, C for restrictions (6.39) and (6.40).

6.2.3 Conservation of Energy

For the jth species in the particle, conservation of energy is given by:

εαAραAj
DαAj(eαAj)

Dt
−∇ · (εαAqαAj)− εαAtαAj : ∇vαAj − εαAραAjhαAj

=
∑

L,L6=αA

Q̂
αAj

L + Q̂αAj , (6.41)

where the macroscale variables in (6.41) are related to their mesoscale counter-

parts in the following way:

eαAj ≡ eαA
+

1

2
vαj · vαj

A − 1

2
vαj · vαj , (6.42)

hαAj ≡ hαj
A

+ gαj · vαj
A − gαAjvαAj , (6.43)
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qαAj ≡
(
〈qαj〉A + 〈tαj · vαj〉A − tαAj · vαAj

+ 〈εαραj〉AvαAj

(
eαAj +

1

2
vαj ,α · vαj ,α

)

− 〈εαραj〉Avαj

(
eα +

1

2
vαj ,α · vαj ,α

)A)
, (6.44)

Q̂
αAj

βA ≡ εαAραAj





(
Q̂

αj

β

εαραj

)A

+

(
vαj · T̂ αj

β

εαραj

)A

− vαj




(
T̂

αj

β

εαραj

)A

+

(
vαj ê

αj

β

εαραj

)A

− vαj

(
ê

αj

β

εαραj

)A


+

(
ê

αj

β

(
eαj + 1

2
vαj · vαj

)

εαραj

)A

−
(

eαAj +
1

2
vαj ,α · vαj ,α

) (
ê

αj

β

εαραj

)A


 ,

α, β = svA, seA, lA, α 6= β, (6.45)

Q̂
αAj

L ≡ 1

|∆V |
∫

∆AAL

(
qαj + tαj · vαj

+ ραj

(
eαj +

1

2
vαj · vαj

) (
wALj − vαj

)) · nada

− vαAj

∆V

∫

∆AAL

(
tαj + ραjvαj

(
wALj − vαj

)) · nAda

− eαAj − 1
2
vαj · vαj

|∆V |
∫

∆AAL

εαραj
(
wALj − vαj

) · nAda,

L = B, C, α = sv, se, l, (6.46)
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and

Q̂αAj ≡ εαAραAj





(
Q̂αj

εαραj

)A

+

(
vαj · îαj

εαραj

)A

− vαj ·



(
î
αj

εαραj

)A

+

(
vαj r̂αj

εαραj

)A

− vαj

(
r̂αj

εαραj

)A



+

(
r̂αj

(
eαj + 1

2
vαj · vαj

)

εαραj

)A

−
(

eαAj +
1

2
vαj ,α · vαj ,α

) (
r̂αj

εαραj

)A


 .

Summing (6.41) from j = 1 to N yields

εαAραA DαAeαA

Dt
−∇ · (εαqαA)− εαAtαA : ∇vαA − εαAραAhαA

=
∑

L,L6=αA

Q̂αA
L . (6.47)

For the jth species in the bulk phase, conservation of energy is given by

εKρKj
DKj(eKj)

Dt
−∇ · (εKqKj)− εKtKj : ∇vKj − εKρKjhKj

=
∑

L,L6=αA

Q̂
Kj

L + Q̂Kj . (6.48)

Summing (6.48) from j = 1 to N yields

εKρK DKeK

Dt
−∇ · (εKqK)− εKtK : ∇vK − εKρKhK =

∑

L,L6=K

Q̂K
L . (6.49)

Additionally, we have following restrictions

N∑
j=1

[
Q̂Kj + î

Kj · vKj ,K + r̂Kj

(
êKj +

1

2
vKj ,K · vKj ,K

)]
= 0, (6.50)

and

∑

L,L6=K

[
Q̂

Kj

L + T̂
Kj

L · vKj + ê
Kj

L

(
eKj +

1

2
vKj · vKj

)]
= 0, (6.51)

where K 6= L, and K,L = svA, seA, lA, B, C for restrictions (6.50) and (6.51).
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6.2.4 Entropy Production

For the jth species in the particle, the entropy balance is given by

εαAραAj
DαAjηαAj

Dt
−∇ · (εαAφαAj)− εαAραAjbαAj

=
∑

L,L6=αA

Φ̂
αAj

L + η̂αAj + ΛαAj , (6.52)

where the macroscale variables in (6.52) are related to their mesoscale counter-

parts in the following way:

bαAj ≡ bαj
A
, (6.53)

ηαAj ≡ ηαj
A
, (6.54)

η̂αAj ≡ εαAραAj

[(
η̂αj

εαραj

)A

+

(
ηαj r̂αj

εαραj

)A

− ηαAj

(
r̂αj

εαραj

)A]
, (6.55)

φαAj ≡
(
〈φαj〉A − 〈εαραj〉Avαjηαj

A
+ 〈εαραj〉AvαjηαAj

)
, (6.56)

Φ̂
αAj

βA ≡ εαAραAj




(
Φ̂

αj

β

εαραj

)A

+

(
ηαj ê

αj

β

εαραj

)A

− ηαAj

(
ê

αj

β

εαραj

)A
 ,

α, β = svA, seA, lA, α 6= β, (6.57)

Φ̂
αAj

L ≡ 1

|∆V |
∫

∆AAL

(
εαφαj + εαραjηαj(wALj − vαj)

) · nA da

− ηαAj

∫

∆AAL

εαραj(wALj − vαj) · nA da

L = B,C, α = sv, se, l, (6.58)

ΛαAj ≡ εαAραAj

(
Λαj

εαραj

)A

. (6.59)

123



Summing (6.52) from j = 1 to N yields

εαAραA DαAηαA

Dt
−∇ · (εαAφαA)− εαAραAbαA =

∑

L,L6=αA

Φ̂
αA

L + Λ̂αA. (6.60)

For the jth species in the bulk phase, the entropy balance is given by

εKρKj
DKjηKj

Dt
−∇ · (εKφKj)− εKρKjbKj =

∑

L,L6=K

Φ̂
Kj

L + η̂Kj + ΛKj .(6.61)

Summing (6.61) from j = 1 to N yields

εKρK DKηK

Dt
−∇ · (εKφK)− εKρKbK =

∑

L,L6=K

Φ̂
K

L + Λ̂K . (6.62)

Additionally, we have the following restrictions

N∑
j=1

(
η̂Kj + r̂KjηKj ,K

)
= 0, ∀K, (6.63)

and

∑

L,L6=K

(Φ̂
Kj

L + ηKj ê
Kj

L ) = 0, j = 1, · · · , N, (6.64)

where K 6= L, and K,L = svA, seA, lA, B, C for restrictions (6.63) and (6.64).

6.3 Standard Assumptions and Resulting Entropy Inequality

The assumptions that we make in this section are analogous to those

made in Section 2.4. To simplify the notation, we will now take L,K =

svA, seA, lA,B,C, so that, for example, equation (6.24) holds for all K not

just K = B,C. As before, the second law of thermodynamics requires that the

total entropy generated by a system must be non-negative, and is maximum

only when the system is in equilibrium. Mathematically, we can express this as

Λ =
∑
K

ΛK =
∑
K

N∑
j=1

ΛKj ≥ 0, (6.65)
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where K = svA, seA, lA, B, C. Assuming that the system is in local thermody-

namic equilibrium, we have

T = T lAj = T svAj = T seAj = TB = TC . (6.66)

Solving equation (6.61) for ΛKj , assuming that the system is thermodynamically

simple, that is,

φKj =
qKj

T
(6.67)

βKj =
hKj

T
, (6.68)

performing Legendre transformation to convert the internal energy eKj into the

Helmholtz free energy AKj ,

AKj = eKj + TηKj , (6.69)

and using the conservation of energy equation (6.48), we obtain

ΛKj =
εKρKj

T

[
−DKjAKj

Dt
− ηKj

DKjT

Dt

]
+

εK

T
tKj : ∇vKj

+
1

T

∑

L,L6=K

Q̂
Kj

L +
1

T
Q̂Kj +

εK

T 2
·∇T −

∑

L,L6=K

Φ̂
Kj

L − η̂Kj . (6.70)
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Summing this equation over species and phases and canceling appropriate terms,

we obtain:

TΛ =
∑
K

{
− εKρK

[
DKAK

Dt
+ ηK DKT

Dt

]

+εKdK :

(
tK +

N∑
j=1

ρKvKj ,KvKj ,K

)

+
N∑

j=1

εK∇vKj ,K :
(
tKj − ρKjAKjI

)

+
εK

T
∇T ·

{
qK +

N∑
j=1

[
ρKjvKj ,K

(
AKj +

1

2
vKj ,KvKj ,K

)
− tKj · vKj ,K

]}

−
N∑

j=1

vKj ,K ·
[
î
Kj

+
∑

L,L6=K

T̂
Kj

L + ∇ · (εKρKjAKj)

]

−1

2

N∑
j=1

vKj ,K · vKj ,K

[
r̂Kj +

∑

L,L6=K

ê
Kj

L

]

−
∑

L,L6=K

T̂
K

L vK,sA −
∑

L,L6=K

êK
L

(
AK +

1

2
vK,sA · vK,sA

) }
≥ 0. (6.71)

6.4 Constitution

The unknowns of this system include:

εA, εB, εlA, εsvA, (6.72)

ρK , CKj , vKj , T (6.73)

ê
Kj

L , r̂Kj , tKj , T̂
Kj

L , î
Kj

, AKj , qKj , Q̂Kj , Q̂
Kj

L , ηKj , η̂Kj , φ̂
Kj

L , (6.74)

where j = 1, . . . , N except for CKj , for which j = 1, · · · , N − 1 because of re-

striction (6.28), and K, L = lA, sA, B,C, K 6= L. We consider four of the six

volume fractions as unknowns since they are related through equations (6.15)
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and (6.26). The conservation of mass equation (6.24) corresponds to the un-

known CKj . The momentum balance (6.37) and the energy conservation (6.48)

correspond to vKj and T , respectively. Because we assume that the system is

in local thermodynamic equilibrium only one energy equation is needed.

Additional equations are obtained by considering the following variables as

constitutive (dependent):

ε̇A, ε̇B, ε̇lA, ε̇svA, (6.75)

ê
Kj

L , r̂Kj , T̂
Kj

L , tKj , î
Kj

, AKj , qKj , Q̂Kj , Q̂
Kj

L , ηKj , η̂Kj , φ̂
Kj

L , (6.76)

K, L = lA, sA, B,C, K 6= L.

Constitutive variables are considered to be a function of the following list

of independent variables:

εA, εB, εlA, εsvA, ∇εA, T, ∇T, (6.77)

JsvA, CsvAj , C
svA

,

(n)

C
svA

, ∇εsvA,
(m)

ε lA, ∇(m)

ε lA, (6.78)

JseA, CseAj , C
seA

, (6.79)

ρlA, C lAj , vlA,svA, vlAj ,lA, dlA, ∇vlAj ,lA, ∇εlA (6.80)

ρB, CBj , vB,svA, vBj ,B, dB, ∇vBj ,B, ∇εB, (6.81)

ρC , CCj , vC,svA, vCj ,C , dC , ∇vCj ,C , (6.82)

where m = 1, . . . , p denote material time derivatives of order m, n = 1, . . . , q,

denote material time derivatives of order n, and j = 1, . . . , N − 1 represent

N − 1 constituents. We do not include all three macroscale volume fractions

since they are related through equation (6.26), and we do not include all three

mesoscale volume fractions wince they are related through equation (6.15). We
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have chosen εlA since it measures the liquid content of the particle and it plays

an significant role in the swelling behavior of the particles. As in Chapter 4, we

choose to use εsvA because we want to use the polymer portion of the particle

as the reference phase. Furthermore, we choose εA and εB, since we need only

two out of the three macroscale volume fractions since they are related through

equation (6.26). We include T since the behavior of most polymers is a strong

function of temperature, and we include ∇T so that we recover Fourier’s law

of heat conduction. The variables in list (6.78) account for the behavior of the

viscoelastic solid phase. The variables JsvA and CsvAj account for the material

make up, derivatives of order 0 through q of C
svA

combined with derivatives

of order 1 through p of εlA and JsvA account for the viscoelastic nature of

the material by taking the place of the usual higher-order derivatives in strain.

Finally, ∇εsvA accounts for flow due to polymer content and ∇(m)

ε lA accounts for

flue due to changes in moisture content. The variables in list (6.79) are included

to model the elastic solid phase. The variables JseA and CseAj account for the

material make up, and C
seA

combined with JseA account for elastic behavior.

The variables in lists (6.80), (6.81) and (6.82) represent the liquid contained in

the particle, and the fluids of the bulk phases. We include ρKj and CKj , where

K = lA, B,C, to account for the material make up of these phases, and dK

to account for the viscous nature of the liquids. We include ∇εlA and ∇εB to

account for flow due to moisture content, but do not include gradients of all the

volume fractions because they are related through equations (6.26) and (6.15).

The variables vKj ,K and ∇vKj ,K , where K = lA, B, C, account for viscous

diffusion within the phase. Finally, the variables vK,svA give us information
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about the exchange of momentum within a phase.

6.5 Entropy Inequality

As in Chapter 2, to simplify calculations, we postulate the dependence of

the Helmholtz free energies as follows:

AlA = AlA(εA, εB, εlA, εsvA, T, ρlA, C lAj ,
(m)

ε lA, C
svA

,

(n)

C
svA

,C
seA

), (6.83)

AsvA = AsvA(εA, εB, εlA, εsvA, T, JsvA, CsvAj ,
(m)

ε lA,C
svA

,

(n)

C
svA

,C
seA

), (6.84)

AseA = AseA(εA, εB, εlA, εsvA, T, JseA, CseAj ,
(m)

ε lA,C
svA

,

(n)

C
svA

,C
seA

), (6.85)

AB = AB(εA, εB, εlA, εsvA, T, ρB, CBj), (6.86)

AC = AC(εA, εB, εlA, εsvA, T, ρC , CCj), (6.87)

otherwise we adhere to the axiom of equipresence [24]: all other constitutive

variables are considered a function of lists (6.77) - (6.82). Material time deriva-

tives of the Helmholtz free energies appear in entropy inequality (6.71). Using

the chain rule, they may be calculated as follows:

DlAAlA

Dt
=

∂AlA

∂εA

DlAεA

Dt
+

∂AlA

∂εB

DlAεB

Dt
+

∂AlA

∂εlA

DlAεlA

Dt
+

∂AlA

∂εsvA

DlAεsvA

Dt

+
∂AlA

∂T

DlAT

Dt
+

∂AlA

∂ρlA

DlAρlA

Dt
+

N−1∑
j=1

µ̃lAj
DlA(C lAj)

Dt
+

p∑
m=1

∂AlA

∂
(m)

ε lA

DlA
(m)

ε lA

Dt

+
∂AlA

∂C
svA

:
DlAC

svA

Dt
+

q∑
n=1

∂AlA

∂

(n)

C
svA

:
DlA

(n)

C
svA

Dt
+

∂AlA

∂C
seA

:
DlAC

seA

Dt
, (6.88)
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DsvAAsvA

Dt
=

∂AsvA

∂εA

DsvAεA

Dt
+

∂AsvA

∂εB

DsvAεB

Dt
+

∂AsvA

∂εlA

DsvAεlA

Dt

+
∂AsvA

∂εsvA

DsvAεsvA

Dt
+

∂AsvA

∂T

DsvAT

Dt
+

∂AsvA

∂JsvA

DsvAJsvA

Dt

+
N−1∑
j=1

µ̃svAj
DsvA(CsvAj)

Dt
+

p∑
m=1

∂AsvA

∂
(m)

ε lA

DsvA
(m)

ε lA

Dt
+

∂AsvA

∂C
svA

:
DsvAC

svA

Dt

+

q∑
n=1

∂AsvA

∂

(n)

C
svA

:
DsvA

(n)

C
svA

Dt
+

∂AsvA

∂C
seA

:
DsvAC

seA

Dt
, (6.89)

DseAAseA

Dt
=

∂AseA

∂εA

DseAεA

Dt
+

∂AseA

∂εB

DseAεB

Dt
+

∂AseA

∂εlA

DseAεlA

Dt

+
∂AseA

∂εsvA

DseAεsvA

Dt
+

∂AseA

∂T

DseAT

Dt
+

∂AseA

∂JseA

DseAJseA

Dt

+
N−1∑
j=1

µ̃seAj
DseA(CseAj)

Dt
+

p∑
m=1

∂AseA

∂
(m)

ε lA

DseA
(m)

ε lA

Dt
+

∂AseA

∂C
svA

:
DseAC

svA

Dt

+

q∑
n=1

∂AseA

∂

(n)

C
svA

:
DseA

(n)

C
svA

Dt
+

∂AseA

∂C
seA

:
DseAC

seA

Dt
, (6.90)

DKAK

Dt
=

∂AK

∂εA

DKεA

Dt
+

∂AK

∂εB

DKεB

Dt
+

∂AK

∂εlA

DKεlA

Dt
+

∂AsvA

∂εsvA

DKεsvA

Dt

+
∂AK

∂T

DKT

Dt
+

∂AK

∂ρK

DKρK

Dt
+

N−1∑
j=1

µ̃Kj
DKCKj

Dt
, K = B,C. (6.91)

We will enforce conservation of mass weakly using a Lagrange multiplier

technique:

Λnew = Λold +
∑
K

λK

[
DK(εKρK)

Dt
+ εKρK(∇ · vK)−

∑

L,L6=K

êK
L

]

+
∑
K

N−1∑
j=1

λKj

[
εKρK DKCKj

Dt
+ ∇ · (εKρKjvKj ,K)

+CKj

∑

L,L6=K

êK
L −

∑

L,L6=K

ê
Kj

L − r̂Kj

]
, (6.92)
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where we have converted the conservation of mass for species from density to

concentration form.

We choose the viscoelastic solid phase of the particle as the reference phase.

As such, we use the following equation to convert to material time derivatives:

DK(·)
Dt

=
DsvA(·)

Dt
+ vK,svA∇(·). (6.93)

Using the identities and methods described above, we obtain the following

form of the entropy inequality:

TΛ = −
∑
K

εKρK

(
∂AK

∂T
+ ηK

)
Ṫ

−
(∑

K

εKρK ∂AK

∂εA
+ λCρC

)
ε̇A

−
(∑

K

εKρK ∂AK

∂εB
− λBρB + λCρC

)
ε̇B

−
(∑

K

εKρK ∂AK

∂εlA
− λlAρlA

)
ε̇lA

−
(∑

K

εKρK ∂AK

∂εsvA

)
ε̇svA

−
∑

K=lA,B,C

(
εKρK ∂AK

∂ρK
− εKλK

)
ρ̇K

−
∑
K

N−1∑
j=1

εKρK
(
µ̃Kj − λKj

)
ĊKj

−
(

εsvAρsvA ∂AsvA

∂JsvA
− 1

3

εsvA

JsvA

N∑
j=1

tr(tsvAj)

)
J̇svA

−
(

εseAρseA ∂AseA

∂JseA
− 1

3

εseA

JseA

N∑
j=1

tr(tseAj)

)
J̇seA

−
[ ∑

α=l,sv,se

εαAραA ∂AαA

∂C
svA

− εsvA

2
(F

svA
)−1 ·

(
N∑

j=1

tsvAj

)
· (F svA

)−T
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−εsvAρsvAλsvA

2
(F

svA
)−1 · (F svA

)−T

]
: Ċ

svA

−
[ ∑

α=l,sv ,se

εαAραA ∂AαA

∂C
seA

− εseA

2
(F

seA
)−1 ·

(
N∑

j=1

tseAj

)
· (F seA

)−T

−εseAρseAλseA

2
(F

seA
)−1 · (F seA

)−T

]
: Ċ

seA

−
∑

α=l,sv,se

p∑
m=1

(
εαAραA ∂AαA

∂
(m)

ε lA

)
(m+1)

ε lA

+
∑

K=lA,B,C

εK

(
N∑

j=1

tKj + λKρKI

)
: dK

−
∑

α=l,sv,se

q∑
n=1

εαAραA ∂AαA

∂

(n)

C
svA

:

(n+1)

C
svA

−
[
εlAρlA ∂AlA

∂εA
∇εA + εlAρlA ∂AlA

∂εB
∇εB + εlAρlA

(
∂AlA

∂εlA
− λlA

εlA

)
∇εlA

+εlAρlA ∂AlA

∂εsvA
∇εsvA + εlAρlA

(
∂AlA

∂T
+ ηlA

)
∇T

+εlAρlA

(
∂AlA

∂ρlA
− λlA

ρlA

)
∇ρlA + εlAρlA

N∑
j=1

(µ̃lAj − λlAj)∇C lAj

+εlAρlA

p∑
m=1

∂AlA

∂
(m)

ε lA
∇(m)

ε lA + εlAρlA

q∑
n=0

∂AlA

∂

(n)

C
svA

: ∇
(n)

C
svA

+εlAρlA ∂AlA

∂C
seA

: ∇C
seA

+
∑

L,L6=lA

T̂
lA

L

]
· vlA,svA

−
[
εseAρseA ∂AseA

∂εA
∇εA + εseAρseA ∂AseA

∂εB
∇εB + εseAρseA ∂AseA

∂εlA
∇εlA

+εseAρseA ∂AseA

∂εsvA
∇εsvA + εseAρseA

(
∂AseA

∂T
+ ηseA

)
∇T

+εseAρseA

(
∂AseA

∂JseA
+

λseA

JseA

)
∇JseA + εseAρseA

N∑
j=1

(µ̃seAj−λseAj)∇CseAj
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+εseAρseA

p∑
m=1

∂AseA

∂
(m)

ε lA
∇(m)

ε lA + εseAρseA

q∑
n=0

∂AseA

∂

(n)

C
svA

: ∇
(n)

C
svA

+εseAρseA ∂AseA

∂C
seA

: ∇C
seA

+
∑

L,L6=seA

T̂
seA

L

]
· vseA,svA

−
[
εBρB ∂AB

∂εA
∇εA + εBρB

(
∂AB

∂εB
− λB

εB

)
∇εB + εBρB ∂AB

∂εlA
∇εlA

+εBρB ∂AB

∂εsvA
∇εsvA + εBρB

(
∂AB

∂T
+ ηB

)
∇T + εBρB

(
∂AB

∂ρB
− λB

ρB

)
∇ρB

+εBρB

N∑
j=1

(µ̃Bj − λBj)∇CBj +
∑

L,L6=B

T̂
B

L

]
· vB,svA

−
[
εCρC

(
∂AC

∂εA
+

λC

εC

)
∇εA + εCρC

(
∂AC

∂εB
+

λC

εC

)
∇εB

+εCρC ∂AC

∂εlA
∇εlA + εCρC ∂AC

∂εsvA
∇εsvA + εCρC

(
∂AC

∂T
+ ηC

)
∇T

+εCρC

(
∂AC

∂ρC
− λC

ρC

)
∇ρC + εCρC

N∑
j=1

(µ̃Cj − λCj)∇CCj +
∑

L,L6=C

T̂
C

L

]
· vC,svA

+
∑
K

εK(∇T )

T
·
{

qK +
N∑

j=1

[
ρKjvKj ,K

(
AKj +

1

2
(vKj ,K)2

)
− tKjvKj ,K

]}

+
∑
K

N−1∑
j=1

εK

(
tKj − ρKj

ρKN
tKN − ρKj

(
AKj − AKN

)
I

+ρKj
(
λKj − λKN

)
I

)
: (∇vKj ,K)

+
∑
K

N−1∑
j=1

[
−

( ∑

L,L6=K

T̂
Kj

L + î
Kj

)
+

ρKj

ρKN

(∑
L

T̂
KN

L + î
KN

)

−∇ · (εKρKj(AKj − AKN )
)− εKtKN ·∇

(
ρKj

ρKN

)

+(λKj − λKN )∇(εKρKj)

]
· vKj ,K

−
∑
K

N∑
j=1

(
1

2
(vKj ,K)2 + λKj

)
r̂Kj
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−
∑
K

∑

L,L6=K

êK
L

(
λK + AK +

1

2
(vK,sA)2 −

N−1∑
j=1

λKjCKj

)

−
∑
K

∑

L,L6=K

N−1∑
j=1

ê
Kj

L

(
λKj +

1

2
(vKj ,K)2

)
≥ 0, (6.94)

where we have used identities (3.31) and (3.32), but replaced α with K, to re-

move the N th component dependence from terms involving vKj ,K , and ∇vKj ,K .

We have also used equations (3.26)-(3.27), with svA and seA replacing s, to

eliminate dsvA and dseA in favor of the independent variables Ċ
sv

and J̇svA, and

Ċ
se

and J̇seA, respectively.

6.5.1 Macroscale Pressures

The macroscale pressures are essentially analogous to the definitions given

in Section 4.3.1. We give them and some essential relations here for future

reference. We note that, as in Section 4.3.1, it is possible to define other pressures

based on using different combinations of the volume fractions. We chose to define

the pressures below using the same set of independent variables given for the

Helmholtz free energies given in equations (6.83) - (6.87). For the lA-phase, we

make the following definitions:

plA(εA, εB, εlA, εsvA, ρlA, C lAj) = (ρlA)2∂AlA

∂ρlA

∣∣∣∣∣
εA,εB ,εlA,εsvA,ClAj

(6.95)

as the classical pressure,

plA(εA, εB, εlA, εsvA, εlAρlAj) = −εlAρlA ∂AlA

∂εlA

∣∣∣∣∣
εA,εB ,εsvA,εlAρlAj

(6.96)

as the thermodynamic pressure,

πlA(εA, εB, εlA, εsvA, ρlA, C lAj) = εlAρlA ∂AlA

∂εlA

∣∣∣∣∣
εA,εB ,εsvA,ρlA,ClAj

(6.97)
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as the swelling potential. Equations (6.95)-(6.97) are related through

plA(εA, εB, εlA, εsvA, ρlA, C lAj) = plA(εA, εB, εlA, εsvA, εlAρlAj)

+ πlA(εA, εB, εlA, εsvA, ρlA, C lAj). (6.98)

For the solid particle phases, sA = svA, seA, we make the following definitions:

psA(εA, εB, εlA, εsA, JsA, CsAj) = −ρsAJsA ∂AsA

∂JsA

∣∣∣∣∣
εA,εB ,εlA,εsA,CsAj

(6.99)

as the classical pressure,

psA(εA, εB, εlA, εsA, JsA, CsAj) = −εsAρsA ∂AsA

∂εsA

∣∣∣∣∣
εA,εB ,εlA,JsA,CsAj

(6.100)

as the thermodynamic pressure,

πsA(εA, εB, εlA, JsA, ρsA, CsAj) = −ρsAJsA ∂AsA

∂JsA

∣∣∣∣∣
εA,εB ,εlA,ρsA,CsAj

(6.101)

as the swelling potential. Equations (6.99)-(6.101) are related through

psA(εA, εB, εlA, εsA, JsA, CsAj) = psA(εA, εB, εlA, εsA, JsA, CsAj)

+ πsA(εA, εB, εlA, JsA, ρsA, CsAj). (6.102)

Note that the difference between equations (6.99) and (6.101) is in the variables

that are being held fixed.

As we noted in Chapter 4, the thermodynamic pressure, pseA, of the seA-

phase does not appear naturally as the Helmholtz potential of this phase is not

a function of its own volume fraction. Using calculations analogous to those in

Section 4.3.1, we can derive the following relationships:

∂AseA

∂εlA

∣∣∣∣∣
εA,εB ,εsvA

=
∂AseA

∂εlA

∣∣∣∣∣
εA,εB ,εseA

− ∂AseA

∂εseA

∣∣∣∣∣
εA,εB ,εlA

, (6.103)
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and

∂AseA

∂εsvA

∣∣∣∣∣
εA,εB ,εlA

= −∂AseA

∂εseA

∣∣∣∣∣
εA,εB ,εlA

, (6.104)

where

∂εseA

∂εsvA

∣∣∣∣∣
εA,εB ,εlA

= −1, (6.105)

because of the relationship between volume fractions, equation (6.15).

For the bulk phases, K = B, C we make the following definitions:

pK(εA, εK , εlA, εsvA, ρK , CKj) = (ρK)2∂AK

∂ρK

∣∣∣∣∣
εA,εK ,εlA,εsvA,CKj

(6.106)

as the classical pressure,

pK(εA, εK , εlA, εsvA, εKρKj) = −εKρK ∂AK

∂εK

∣∣∣∣∣
εA,εlA,εsvA,εKρKj

(6.107)

as the thermodynamic pressure,

πK(εA, εK , εlA, εsvA, ρK , CKj) = εKρK ∂AK

∂εK

∣∣∣∣∣
εA,εlA,εsvA,ρK ,CKj

(6.108)

as the swelling potential. Equations (6.106)-(6.108) are related through

pK(εA, εK , εlA, εsvA, ρK , CKj) = pK(εA, εK , εlA, εsvA, εKρKj)

+ pK(εA, εK , εlA, εsvA, ρK , CKj). (6.109)

The three pressure relationships (6.98), (6.102) and (6.109) can be derived using

the same method that was used to derive equation (3.46).

The thermodynamic pressure pC does not appear naturally as the Helmholtz

potential of this phase is not a function of its own volume fraction. Using
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calculations analogous to those in Section 4.3.1, we can derive the following

relationships:

∂AC

∂εA

∣∣∣∣∣
εB ,εlA,εsvA

=
∂AC

∂εA

∣∣∣∣∣
εC ,εlA,εsvA

− ∂AC

∂εC

∣∣∣∣∣
εA,εlA,εsvA

, (6.110)

and

∂AC

∂εB

∣∣∣∣∣
εA,εlA,εsvA

= −∂AC

∂εC

∣∣∣∣∣
εA,εlA,εsvA

, (6.111)

where

∂εC

∂εB

∣∣∣∣∣
εA,εlA,εsvA

= −1, (6.112)

because of the relationship between volume fractions, equation (6.26).

6.5.2 Non-Equilibrium Results

Λ, the rate of entropy production, is a linear function of the following list of

variables, which are neither independent nor constitutive, thus arbitrary:

Ṫ , ρ̇K , ĊKj , J̇svA, J̇seA, ∇vseAj ,seA, ∇vsvAj ,svA, Ċ
seA

,

(q+1)

C
svA (p+1)

ε lA,(6.113)

where K = lA, B, C for ρ̇K and K = lA, svA, seA,B,C for ĊKj . To avoid violat-

ing the entropy inequality, equation (6.94), for all possible processes their coeffi-

cients must be identically zero. This yields the following set of non-equilibrium

results:

∑
K

εKρK

(
∂AK

∂T
+ ηK

)
= 0, (6.114)

λK =
pK

ρK
, K = lA, B, C, (6.115)
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λKj = µ̃Kj , K = lA, svA, seA,B, C, (6.116)

1

3

N∑
j=1

tr(tsvAj) = −psvA, (6.117)

1

3

N∑
j=1

tr(tseAj) = −pseA, (6.118)

tsAj − ρsAj

ρsAN
tsAN = ρsAj(AsAj − AsAN − µ̃sAj)I, s = sv, se, (6.119)

N∑
j=1

tseAj = 2(F
seA

) ·
∑

α=l,sv,se

εαAραA

εseA

∂AαA

∂C
seA

· (F seA
)T − ρseAλseAI, (6.120)

∑

α=l,sv,se

εαAραA ∂AαA

∂

(q)

C
svA

= 0, (6.121)

∑

α=l,sv ,se

εαAραA ∂AαA

∂
(p)

ε lA
= 0. (6.122)

Consider equation (6.114). A classical result for a single material was demon-

strated in Chapter 2, and says that T and η are dual variables. In this case we

will make the simplifying assumption that

∂AK

∂T
= −ηK , ∀K. (6.123)

Equation (6.115) gives identities for the Lagrange multipliers and for the re-

mainder of this section we will use them wherever λK , K = lA, B, C, appear.

Equation (6.116) gives an identity for λαj . It has been used to obtain (6.119)

and will also be used throughout this chapter. Equations (6.117) and (6.118) are
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novel. They are a direct consequence of the new choice of independent variables.

Since it is reasonable to expect the diffusive velocities in the solid phases to be

negligible, see equation (B.12), we can rewrite these two equations as

1

3
tr(tseA) = −pseA, and (6.124)

1

3
tr(tsvA) = −psvA, (6.125)

respectively. Equation (6.119) contains an Nth-component dependence. Since

we do not want a result which depends on the labeling of the constituents we

will remove this dependence in a subsequent section. Equation (6.120) is novel

and allows us to solve for the Lagrange multiplier λseA. Again assuming the

diffusive velocities in the seA-phase are small, we have

tseA = −ρseAλseAI + 2(F
seA

) ·
∑

α=l,sv ,se

εαAραA

εseA

∂AαA

∂C
seA

· (F seA
)T . (6.126)

Taking 1/3 the trace of (6.126), using (6.124) to eliminate tseA, and then solving

for λseA we obtain

λseA =
pseA

ρseA
+

2

3

∑

α=l,sv ,se

εαAραA

εseAρseA

∂AαA

∂C
seA

: C
seA

. (6.127)

Substituting this back into equation (6.126) yields

tseA = −pseAI + tseA
se +

εlA

εseA
tseA
sh − 2

3

∑

α=l,sv ,se

εαAραA

εseA

∂AαA

∂C
seA

: C
seA

,(6.128)

where

tseA
se = 2ρseAF

seA · ∂AseA

∂C
seA

· (F seA
)T

+ 2
εsvAρsvA

εseA
F

seA · ∂AsvA

∂C
seA

· (F seA
)T (6.129)
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and

tseA
sh = 2ρlAF

seA · ∂AlA

∂C
seA

· (F seA
)T , (6.130)

where tseA
se and tseA

sh are the Terzaghi and hydration stress tenors for the seA-

phase, respectively. Note that when we take one third the trace of (6.128) we

recover (6.124) so that the physical pressure in the seA phase, −1/3tr(tseA),

coincides with the thermodynamic definition of pressure of that phase, pseA.

In equation (6.121) and (6.122) εαAραA is begin held fixed, therefore we can

bring it inside the partial derivative. Doing so yields

∂AA
T

∂

(q)

C
svA

= 0, (6.131)

and

∂AA
T

∂
(p)

ε lA
= 0, (6.132)

where εlAρlAAlA + εseAρseAAseA + εsvAρsvAAsvA = AA
T is the total Helmholtz free

energy of the particle. This means that the total Helmholtz free energy of the

particle is not a function of the qth derivative of the right Cauchy-Green tensor

nor a function of the pth derivative of the volume fraction of the liquid phase.

6.5.3 Equilibrium Results

We define equilibrium to be when the following set of variables is equal to

zero:

ε̇A, ε̇B,
(m+1)

ε lA, ε̇svA, Ċ
svA

, dK ,

(n+1)

C
svA

, vlA,svA, vseA,svA, vB,svA,

vC,svA, ∇T, ∇vKj ,K , vKj ,K , ê
Kj

L , êK
L , (6.133)

140



where n = 1, . . . , q−1, m = 0, . . . , p−1, K = lA, B, C for dK and ∇vKj ,K , and

K = lA, svA, seA,B,C for vKj ,K . Using the method for obtaining equilibrium

results outlined in Chapter 2, we obtain the following set of equilibrium results:

pC = −
∑
K

εKρK ∂AK

∂εA
, (6.134)

pB − pC =
∑
K

εKρK ∂AK

∂εB
, (6.135)

plA =
∑
K

εKρK ∂AK

∂εlA
, (6.136)

∑
K

εKρK ∂AK

∂εsvA
= 0, (6.137)

tsvA = 2(F
svA

) ·
∑

α=l,sv ,se

εαAραA

εsvA

∂AαA

∂C
svA

· (F svA
)T − ρsvAλsvAI, (6.138)

∑

α=l,sv,se

εαAραA ∂AαA

∂
(m)

ε lA
= 0, m = 1, . . . , p− 1, (6.139)

tK = −pKI, K = lA,B,C, (6.140)

∑

α=l,sv,se

εαAραA ∂AαA

∂

(n)

C
svA

= 0, n = 1, . . . , q − 1, (6.141)

∑

L,L6=lA

T̂
lA

L =−εlAρlA ∂AlA

∂εA
∇εA − εlAρlA ∂AlA

∂εB
∇εB

− εlAρlA

(
∂AlA

∂εlA
− plA

εlAρlA

)
∇εlA − εlAρlA ∂AlA

∂εsvA
∇εsvA

− εlAρlA

(
∂AlA

∂ρlA
− plA

(ρlA)2

)
∇ρlA − εlAρlA

p∑
m=1

∂AlA

∂
(m)

ε lA
∇(m)

ε lA

− εlAρlA

q∑
n=0

∂AlA

∂

(n)

C
svA

: ∇
(n)

C
svA −εlAρlA ∂AlA

∂C
seA

: ∇C
seA

(6.142)
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∑

L,L6=seA

T̂
seA

L =−εseAρseA ∂AseA

∂εA
∇εA − εseAρseA ∂AseA

∂εB
∇εB

− εseAρseA ∂AseA

∂εlA
∇εlA − εseAρseA ∂AseA

∂εsvA
∇εsvA

− εseAρseA

(
∂AseA

∂JseA
+

λseA

JseA

)
∇JseA − εseAρseA

p∑
m=1

∂AseA

∂
(m)

ε lA
∇(m)

ε lA

− εseAρseA

q∑
n=0

∂AseA

∂

(n)

C
svA

: ∇
(n)

C
svA −εseAρseA ∂AseA

∂C
seA

: ∇C
seA

(6.143)

∑

L,L6=B

T̂
B

L =−εBρB ∂AB

∂εA
∇εA − εBρB

(
∂AB

∂εB
− pB

εBρB

)
∇εB

− εBρB ∂AB

∂εlA
∇εlA − εBρB ∂AB

∂εsvA
∇εsvA

− εBρB

(
∂AB

∂ρB
− pB

(ρB)2

)
∇ρB (6.144)

∑

L,L6=C

T̂
C

L =−εCρC

(
∂AC

∂εA
+

pC

εCρC

)
∇εA − εCρC

(
∂AC

∂εC
+

pC

εCρC

)
∇εB

− εCρC ∂AC

∂εlA
∇εlA − εCρC ∂AC

∂εsvA
∇εsvA

− εCρC

(
∂AC

∂ρC
− pC

(ρC)2

)
∇ρC (6.145)

∑
K

εKqK = 0, (6.146)

tKj − ρKj

ρKN
tKN = ρKj(AKj − AKN − µ̃Kj)I, K = lA,B, C, (6.147)

∑

L,L6=K

T̂
Kj

L + î
Kj − ρKj

ρKN

( ∑

L,L6=K

T̂
KN

L + î
KN

)
=

µ̃Kj∇(εKρKj)−∇ · (εKρKj(AKj − AKN ))− εKtKN ·∇
(

ρKj

ρKN

)
,(6.148)
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µ̃lAj = µ̃seAj = µ̃svAj = µ̃Bj = µ̃Cj , (6.149)

AK + λK −
N−1∑
j=1

µ̃KjCKj = AL + λL −
N−1∑
j=1

µ̃LjCLj (6.150)

Equation (6.134) can be rewritten

pC =
∑
K

εKρK ∂AK

∂εC
, (6.151)

where we have used the fact that

∂εA

∂εC

∣∣∣∣∣
εB ,...

= −1 (6.152)

because of the relationship between the volume fractions, equation (6.26). It

can also be written as

pC =
∑

K,K 6=C

εKρK ∂AK

∂εC
, (6.153)

where we have used definition (6.108), and the three pressure relationship (6.109)

with K = C.

Equation (6.135) can be written

pB − pC =
∑

α=l,sv ,se

εαAραA ∂AαA

∂εB
, (6.154)

where we have used definition (6.108) and the three pressure relationship, (6.109)

with K = B to obtain the pB term, and we have used equation (6.111) to convert

a derivative with respect to εB into a derivative with respect to εC , and used

equations (6.108) and (6.109) with K = C to obtain the pC term. If we convert

derivatives with respect to εC into derivatives with respect to εB in equation
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(6.153) using equation (6.111) then add the result to equation (6.154) we recover

the definition of the thermodynamic pressure, equation (6.107) with K = B.

Equation (6.136) can be written as

plA =
∑

K,K 6=lA

εKρK ∂AK

∂εlA
, (6.155)

where we have used definition (6.97), and the three pressure relationship, equa-

tion (6.98).

Equation (6.137) can be written as

psvA =
∑

K,K 6=svA

εKρK ∂AK

∂εsvA
, (6.156)

where we have used definition (6.100) with s = sv.

Taking 1/3 the trace of equation (6.138), using equation (6.125) to eliminate

tsvA, and solving for λsvA yields

λsvA =
psvA

ρsvA
+

2

3

∑

α=l,sv ,se

εαAραA

εsvAρsvA

∂AαA

∂C
svA

: C
svA

. (6.157)

We then substitute back into (6.138) to get

tsvA = −psvAI + tsvA
se +

εlA

εsvA
tsvA
sh − 2

3

∑
α

εαAραA

εsvA

∂AαA

∂C
svA

: C
svA

, (6.158)

where

tsvA
se = 2ρsvAF

svA · ∂AsvA

∂C
svA

· (F svA
)T

+ 2
εseA

εsvA
ρseAF

svA · ∂AseA

∂C
svA

· (F svA
)T , (6.159)

and

tsvA
sh = 2ρlAF

svA · ∂AlA

∂C
svA

· (F svA
)T , (6.160)
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where tsvA
se and tsvA

sh are the Terzaghi and hydration stress tenors for the svA-

phase, respectively. Analogous to the seA phase, we note that by taking one-

third the trace of equation (6.158), we recover equation (6.125).

In order to interpret the meaning of equation (6.139), we can take the εαAραA

inside the partial derivative because it is being held fixed, thus equation (6.139)

can be written

∂AA
T

∂
(m)

ε lA
= 0, m = 1, . . . , p− 1, (6.161)

where we have used εlAρlAAlA + εseAρseAAseA + εsvAρsvAAsvA = AA
T . This means

that at equilibrium, the total Helmholtz free energy of the particle A is a function

of εlA at equilibrium, but not its derivatives.

Equation (6.140) says that the liquid phase stress of phases lA, B and C

coincides with the classical pressure for that phase at equilibrium.

Similar to equation (6.139), equation (6.141) can be written

∂AA
T

∂

(n)

C
svA

= 0, n = 1, . . . , q − 1, (6.162)

which means that the total Helmholtz free energy of the particle A is not a

function of rates of shear at equilibrium. This means that at equilibrium the

particle behaves elastically as opposed to viscoelastically.

Equation (6.142) simplifies to

∑

L,L6=lA

T̂
lA

L = plA∇εlA − εlAρlA ∂AlA

∂εA
∇εA − εlAρlA ∂AlA

∂εB
∇εB

− εlAρlA ∂AlA

∂εsvA
∇εsvA − εlAρlA

p∑
m=1

∂AlA

∂
(m)

ε lA
∇(m)

ε lA

− εlAρlA

q∑
n=0

∂AlA

∂

(n)

C
svA

: ∇
(n)

C
svA −εlAρlA ∂AlA

∂C
seA

: ∇C
seA

(6.163)
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where we have used definition (6.97) and the three pressure relationship (6.98).

Later this will be used in the momentum balance equation to derive a generalized

Darcy’s Law for the liquid in the particle.

Equation (6.143) can be significantly simplified as well. First we use equa-

tions (6.103) and (6.104), to convert derivatives with respect to εlA and εsvA into

derivatives in εseA, respectively. We then use definition (6.100) with s = se, and

the relationship between volume fractions, equation (6.15), to obtain the first

two terms in the equation below. The last term in brackets is simplified using

equation (6.99) to replace the partial derivative term with a pressure term, and

λseA is eliminated using (6.127). The result is that

∑

L,L6=seA

T̂
seA

L = pseA∇εseA +

(
pseA − εseAρseA ∂AseA

∂εA

)
∇εA

−εseAρseA ∂AseA

∂εB
∇εB − εseAρseA ∂AseA

∂εlA

∣∣∣∣∣
εA,εB ,εseA,...

∇εlA

−εseAρseA

p∑
m=1

∂AseA

∂
(m)

ε lA
∇(m)

ε lA − εseAρseA

q∑
n=0

∂AseA

∂

(n)

C
svA

: ∇
(n)

C
svA

−εseAρseA ∂AseA

∂C
seA

:∇C
seA− 2

3

∑

α=l,sv,se

(
εαAραA

JseA

∂AαA

∂C
seA

: C
seA

)
∇JseA.(6.164)

Equation (6.144) simplifies to

∑

L,L6=B

T̂
B

L = pB∇εB − εBρB ∂AB

∂εA
∇εA − εBρB ∂AB

∂εlA
∇εlA

− εBρB ∂AB

∂εsvA
∇εsvA, (6.165)

where we have used definition (6.108) combined with the three pressure relation-

ship (6.109), with K = B, to obtain the first term of the preceding equation,

and used equation (6.106) to eliminate the last term in brackets of (6.144).
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To simplify equation (6.145) use equations (6.110) and (6.111) to convert

derivatives with respect to εA and εB into derivatives with respect to εC , re-

spectively. Then using the definition of the swelling potential, equation (6.108),

and the three pressure relationship, equation (6.109), with K = C, and convert-

ing gradients in εA and εB into gradients in εC using the relationship between

volume fractions, equation (6.26), we have

∑

L,L6=C

T̂
C

L = pC∇εC − εCρC ∂AC

∂εA
∇εA − εCρC ∂AC

∂εlA
∇εlA

− εCρC ∂AC

∂εsvA
∇εsvA. (6.166)

Equation (6.146) says that at equilibrium there is no net heat flux.

The rest of the equilibrium results contain N th component dependencies,

which we address in the next section.

6.5.4 Removing N th Component Dependencies

Equations (6.119), (6.147), (6.148), and (6.149) contain an N th resulting

from using the concentrations of species as independent variables. These de-

pendencies are removed in an analogous way as in Chapter 4. As such, we take

[13]

µKN = AKN − tKN

ρKN
, K = lA, B, C, (6.167)

µsAN = AsAN − tsAN

ρsAN
+

tsA
se

ρsA
+

εlA

εsA

tsA
sh

ρsA
, s = sv, se. (6.168)

Substituting equation (6.167) into (6.147), and equation (6.168) into (6.119), we

obtain

µKjI = AKjI − tKj

ρKj
, K = lA, B, C, (6.169)

µsAjI = AsAjI − tsAj

ρsAj
+

tsA
se

ρsA
+

εlA

εsA

tsA
sh

ρsA
, s = sv, se, (6.170)
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respectively. Multiplying (6.169) and (6.170) by CKj and CsAj , respectively,

and summing j from 1 to N , then eliminating tK , K = lA, B, C with equation

(6.140), and tsA with equations (6.128) and (6.158), we obtain the following

expressions for the Gibbs free energy

GK =
N∑

j=1

µKjCKj = AK +
pK

ρK
, K = lA,B,C, (6.171)

GsA =
N∑

j=1

µsAjCsAj = AsA +
psA

ρsA
+

2

3

∑
α

εαAραA

εsAρsA

∂AαA

∂C
sA

: C
sA

,

s = sv, se. (6.172)

Rewriting equation (6.150) as

AK + λK −
N∑

j=1

µKjCKj + µKN

= AL + λL −
N∑

j=1

µLjCLj + µLN , ∀K,L, L 6= K, (6.173)

then substituting (6.115) for λL, L = lA, B, C, (6.127) for λseA, (6.157) for λsvA,

and using (6.171) and (6.172), we obtain

µKN = µLN , ∀K, L,L 6= K. (6.174)

Substituting this result into equation (6.149), yields the classical result

µKj = µLj , ∀K, L,L 6= K, (6.175)

which states that the chemical potential of a species in different phases is equal

at equilibrium.
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To remove the N th component dependence from equation (6.148) we first

consider K = seA. Summing from j from 1 to N we obtain

∑

L,L6=seA

T̂
seA

L − ρseA

ρseAN

( ∑

L,L6=seA

T̂
seAN

L + î
seAN

)

= −εseAtseAN ·∇
(

ρseA

ρseAN

)
+

N∑
j=1

µ̃seAj∇(εseAρseAj)

−εseAρseA∇AseA − AseA∇(εseAρseA) + ∇(εseAρseAAseAN ), (6.176)

where
N∑

j=1

î
seAj

= 0 and
∑

L,L6=seA

N∑
j=1

T̂
seAj

L =
∑

L,L6=seA

T̂
seA

L due to restrictions (6.39)

and (6.40), respectively. Using equation (6.143) to eliminate
∑

L,L6=seA

T̂
seA

L from

the left-hand side of equation (6.176), expanding ∇AseA using the following

calculation

∇AseA =
∂AseA

∂εA
∇εA +

∂AseA

∂εB
∇εB +

∂AseA

∂εlA
∇εlA +

∂AseA

∂εsvA
∇εsvA

+

p∑
m=1

∂AseA

∂
(m)

ε lA
∇(m)

ε lA +
∂AseA

∂JseA
∇JseA

+
N−1∑
j=1

µ̃seAj∇(CseAj) +
∂AseA

∂T
∇T +

∂AseA

∂C
svA

: (∇C
svA

)T

+

q∑
n=1

∂AseA

∂

(n)

C
svA

: (∇
(n)

C
svA

)T +
∂AseA

∂C
seA

: (∇C
seA

)T , (6.177)
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and then canceling like terms we get

− εseA

JseA
pse∇JseA − 2

3

(∑
α

εαAραA

JseA

∂AαA

∂C
seA

: C
seA

)
∇JseA

− ρseA

ρseAN

( ∑

L,L6=seA

T̂
seAN

L + î
seAN

)
= −εseAtseAN ·∇

(
ρseA

ρseAN

)

+
N∑

j=1

µ̃seAj∇(εseAρseAj)− AseA∇(εseAρseA)

−εseAρseA

N−1∑
j=1

µ̃seAj∇CseAj + ∇(εseAρseAAseN ). (6.178)

In the previous calculation we have dropped the term involving ∇T since it

is zero at equilibrium, and used equation (6.127) for λseA. If we expand the

gradient portion of the second term on the right-hand side ∇(εseAρseAj) =

εseAρseA∇CseAj + CseAj∇(εseAρseA) we can eliminate the fourth term on the

right-hand side. Collecting all the terms involving the N th component on one

side and all other terms on the other side, we have

ρseA

ρseAN
(T̂

seAN

L + î
seAN

)− εseAtseAN ·∇
(

ρseA

ρseAN

)

+∇(εseAρseAAseAN )− µseAN ∇(εseAρseA)

= AseA∇(εseAρseA)− εseA

JseA
pse∇JseA

−2

3

(∑
α

εαAραA

JseA

∂AαA

∂C
seA

: C
seA

)
∇JseA

−
N∑

j=1

µseAJ CseAJ ∇(εseAρseA). (6.179)
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Substituting equation (6.172) with s = se for the last term, the right-hand side

becomes

AseA∇(εseAρseA)− εseA

JseA
pse∇JseA − 2

3

(∑
α

εαAραA

JseA

∂AαA

∂C
seA

: C
seA

)
∇JseA

−
(

AseA +
pseA

ρseA
+

2

3

∑
α

εαAραA

εseAρseA

∂AαA

∂C
seA

: C
seA

)
∇(εseAρseA) = 0 (6.180)

since ∇(εseAρseA) = − εseAρseA

JseA ∇JseA. Thus,

ρseA

ρseAN

( ∑

L,L6=seA

T̂
seAN

sv
+ î

seAN

)
− εsetseAN ·∇

(
ρseA

ρseAN

)

+∇(εseAρseAAseAN )− µseAN ∇(εseAρseA) = 0. (6.181)

Substituting equation (6.181) back into equation (6.176) and undoing the sum-

mation prior to equation (6.176), we obtain

∑

L,L6=seA

T̂
seAj

L + î
seAj

= µseAj∇(εseAρseAj)−∇(εseAρseAAseAj). (6.182)

Removing the N th component dependence from (6.148) for K = lA, svA,B, C

is done in an analogous manner and yields

∑

L,L6=K

T̂
Kj

L + î
Kj

= µKj∇(εKρKj)−∇ · (εKρKjAKj), ∀K. (6.183)

6.5.5 Near-Equilibrium Relations

We obtain near-equilibrium results using the method described in Chapter 2.

We choose to perform a one variable expansion for all of the variables in (6.133).

In what follows we use indicial notation so that the order of the coefficients

resulting from the linearization process and the contractions are clear. For the

variables ε̇A, ε̇B, ε̇lA, and ε̇svA we obtain following near-equilibrium relationships

pC −
∑

K,K 6=C

εKρK ∂AK

∂εC
= −ηC ε̇A, (6.184)
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pB − pC −
∑

α=l,sv ,se

εαAραA ∂AαA

∂εB
= −ηB ε̇B, (6.185)

plA −
∑

K,K 6=lA

εKρK ∂AK

∂εlA
= −ηlAε̇lA, (6.186)

and

psvA −
∑

K,K 6=svA

εKρK ∂AK

∂εsvA
= −ηsvAε̇svA, (6.187)

respectively. The coefficients ηC , ηB, ηlA, and ηsvA are scalar material parame-

ters that may contain information such as: the stiffness of the solid matrix, the

ease (or difficulty) with which the solid phase swells, and the connectedness of

the two solid phases. For the coefficients of Ċ
svA

, dK , where K = lA, svA, seA,

and

(n+1)

C
svA

, where n = 1, . . . , q − 1, we obtain the following near-equilibrium

relationships:

tsvA
lk = −psvAδlk + (tsvA

se )lk +
εlA

εsvA
(tsvA

sh )lk − 2

3

∑
α

εαAραA

εsvA

∂AsvA

∂C
svA

LK

: C
svA

LK δlk

−
N∑

j=1

ρsvAjv
svAj ,svA
l v

svAj ,svA
k + F

svA

kK GsvA
LKMN Ċ

svA

MNF
svA

lL , (6.188)

tK
lk = −pKδlk −

N∑
j=1

ρKjv
Kj ,K
l v

Kj ,K
k + GK

lkmndK
mn, K = lA, B,C, (6.189)

∑

α=l,sv ,se

εαAραA ∂AαA

∂

(n)

C
svA

LK

= Qn
LKMN

(n+1)

C
svA

MN , n = 1, . . . , q − 1. (6.190)

Here Gsv
LKMN , Gl

lkmn, and Qn
LKMN are all fourth-order positive semi-definite

tenors. GsvA
LKMN accounts for the viscoelastic solid stress dissipation due to re-

laxation in shearing of the viscoelastic solid. GK
lkmn is a viscous dissipation
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tensor. And lastly, Qn
LKMN are material coefficients of the nth derivative of the

shear rate,

(n)

C
svA

, and like GsvA
LKMN , represent stress dissipation due to relaxation

in shearing of the viscoelastic solid. For the coefficients of vlA,svA, vseA,svA,

vB,svA, and vB,svA we obtain the following near-equilibrium results:

∑

L,L6=lA

(T̂ lA
L )k =−RlA

kmvlA,svA
m + plAεlA

,k − εlAρlA ∂AlA

∂εA
εA

,k − εlAρlA ∂AlA

∂εB
εB

,k

− εlAρlA ∂AlA

∂εsvA
εsvA

,k −
p∑

m=1

εlAρlA ∂AlA

∂
(m)

ε lA

(m)

ε lA
,k

− εlAρlA ∂AlA

∂C
seA

LK

C
seA

LK,k − εlAρlA

q∑
n=0

∂AlA

∂

(n)

C
svA

LK

(n)

C
svA

LK,k, (6.191)

∑

L,L6=seA

(T̂ seA
L )k = −RseA

km vseA,svA
m + pseAεseA

,k +

(
pseA − εseAρseA ∂AseA

∂εA

)
εA

,k

− εseAρseA ∂AseA

∂εB
εB

,k − εseAρseA ∂AseA

∂εlA
εlA

,k

−
p∑

m=1

εseAρseA ∂AseA

∂
(m)

ε lA

(m)

ε lA
,k − εseAρseA

q∑
n=0

∂AseA

∂

(n)

C
svA

LK

(n)

C
svA

LK,k

− εseAρseA ∂AseA

∂C
seA

LK

C
seA

LK,k −
2

3

∑

α=l,sv,se

(
εαAραA

JseA

∂AseA

∂C
seA

LK

C
seA

LK

)
JseA

,k , (6.192)

∑

L,L6=B

(T̂B
L )k =−RB

kmvB,svA
m + pBεB

,k − εBρB ∂AB

∂εA
εA

,k

− εBρB ∂AB

∂εlA
εlA

,k − εBρB ∂AB

∂εsvA
εsvA

,k (6.193)

∑

L,L6=C

(T̂C
L )k =−RC

kmvC,svA
m + pCεC

,k − εCρC ∂AC

∂εA
εA

,k

− εCρC ∂AC

∂εlA
εlA

,k − εCρC ∂AC

∂εsvA
εsvA

,k (6.194)
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Here, RlA
km, RseA

km , RB
km, and RC

km are all second-order resistivity tensors. Since

the elastic solid phase does not flow inside the viscoelastic solid phase RseA
km is

taken sufficiently large so that when we invert it and solve for vseA,svA we get

that vseA,svA = 0, as expected. For the coefficient of
(m+1)

ε lA and ∇T , we obtain

the following near-equilibrium result:

∑

α=l,sv ,se

εαAραA ∂AαA

∂
(m)

ε lA
= −ηm (m+1)

ε lA, m = 1, . . . , p− 1, (6.195)

qsA
k =

N∑
j=1

[
t
sAj

km vsAj ,sA
m − ρsAjv

sAj ,sA
k

(
AsAj +

1

2
vsAj ,sA

m vsAj ,sA
m

)]

+KsA
kmT,m, s = sv, se, (6.196)

and

qK
k =

N∑
j=1

[
t
Kj

kmvKj ,K
m − ρKjv

Kj ,K
k

(
AKj +

1

2
vKj ,K

m vKj ,K
m

)]

+KK
kmT,m, K = lA, B,C, (6.197)

respectively. Here, ηm are scalar coefficients, and KsA
km and KK

km are second-order

tensors. Most often it is reasonable to assume that vsAj ,sA ≈ 0, in which case

equation (6.196) reduces to q = KsA · ∇T , so that we recover Fourier’s law

of heat conduction for the solid phases. The coefficients of ∇vKj ,K and vKj ,K

produce the following near-equilibrium results:

µKjδmn = S
Kj

mnklv
Kj ,K
k,l + AKjδmn − t

Kj
mn

ρKj
(6.198)

and

∑

L,L6=K

(T̂
Kj

L )k + î
Kj

k = −R
Kj

kmvKj ,K
m + µKj(εKρKj),k − (εKρKjAKj),k, (6.199)
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where K = lA, B, C,, and where S
Kj

klmn are a fourth-order symmetric positive

semi-definite tensors representing the effects of the gradient in diffusive velocity

in the liquid phase on the chemical potential, and R
Kj

km are a second-order tensors.

In this system we do not linearize about vsAj ,sA, s = sv, se, because solid phase

diffusion is assumed to be negligible. As such, vsAj ,sA is not an independent

variable, and thus the coefficient of vsAj ,s cannot be a function of vsAj ,sA. Finally,

for the coefficient of ê
Kj

β we obtain:

µKj − µLj = MKLj ê
Kj

L − 1

2
vKj ,K · vKj ,K − 1

2
vLj ,L · vLj ,L, (6.200)

where K, L = lA, svA, seA,B, C, L 6= K, and MKLj are scalar coefficients.

6.5.6 Darcy’s Laws

Darcy’s Laws are obtained from the bulk linear momentum equation for the

liquid phase, equation (6.38), by using constitutive equations to eliminate the

stress tensor, equation (6.189), and equations (6.191), (6.193), and (6.194) to

eliminate the exchange of momentum terms,
∑

L,L6=lA

T̂
lA

L ,
∑

L,L6=B

T̂
B

L , and
∑

L,L6=C

T̂
C

L ,

respectively. We obtain the following forms of Darcy’s law:

RlA · vlA,svA =−εlA∇plA − πlA∇εlA + ∇ · (εlAGlA : dlA) + εlAρlAglA

− εlAρlA

(
∂AlA

∂εA
∇εA +

∂AlA

∂εB
∇εB +

∂AlA

∂εsvA
∇εsvA

)

− εlAρlA

(
∂AlA

∂C
seA

: (∇C
seA

)T +

q∑
n=0

∂AlA

∂

(n)

C
svA

: (∇
(n)

C
svA

)T

+

p∑
m=1

∂AlA

∂
(m)

ε lA
∇(m)

ε lA

)
, (6.201)
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and

RK · vK,svA =−εK∇pK − πK∇εK + ∇ · (εKGK : dK) + εKρKgK

− εKρK

(
∂AK

∂εA
∇εA +

∂AK

∂εlA
∇εlA +

∂AK

∂εsvA
∇εsvA

)
, (6.202)

for K = B,C, respectively, where we have used the three pressure relationships

(6.98) and (6.109) to obtain the first two terms of both equations. RlA and

RK , K = B, C, are resistivity tensors. The first lines of equations (6.201) and

(6.202) have been discussed in previously. The first two terms in parentheses

on the second line of equation (6.201) have been previously reported in [50]. In

[50], Singh et al. defined the swelling potential as

πlA = εAρlA ∂AlA

∂εA

∣∣∣∣∣
ρlA,ClAj ,T,...

, (6.203)

where they used the macroscale definitions given by equations (6.1)-(6.6). Using

the macroscale definitions given by equations (6.10)-(6.14) allow us to make the

more consistent definition of swelling potential given by equation (6.97). The

last term in parentheses of the second line of equation (6.201) is novel and is

due to defining εsvA as an independent variable. The last term in parentheses on

the last lines of equations (6.201) and (6.202) are analogous to those of equation

(4.109) and were discussed in Section 4.3.6.

6.5.7 Fick’s Law

Fick’s law is obtained from the species linear momentum equation for the

liquid phase, equation (6.37), by using the near-equilibrium result for the chemi-

cal potential of the liquid phase, equation (6.198), to eliminate the species stress

tensor, tKj , and using equation (6.199) to eliminate T̂
lj

se
+ î

lj
. The result is

RKj · vKj ,K =−εKρK∇µKj + ∇·(εKρKjSKj ·∇vKj ,K) + εKρKjg, (6.204)
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where we have neglected the inertial term in the momentum equation. The

first term is the generalized Fick’s law, and says the diffusion is caused by a

the gradient in chemical potential. This equations is similar to an equation

obtained by Bennethum et al. in [12]. The second terms is often neglected as it

is of second order.
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7. Three-Scale Polymeric Drug Delivery Systems

In this chapter we combine the macroscale balance laws and constitutive

equations from the previous section to obtain bulk fluid and species transport

equations. Macroscale fluid and species transport is affected by physical pro-

cesses taking place at all three scales. At the mesoscale solid polymer, drug,

and vicinal fluid form a homogeneous mixture, particle A. Imperfect processing

of the drug delivery device may leave pockets of bulk fluids B and C inside the

polymer matrix, see figure 6.1. We assume that fluid B and the vicinal fluid are

composed of the same constituents, water and drug. Fluid C can be thought

of as a gas trapped inside the particle. In swelling-controlled devices the drug

will have diffused out of the device before the polymer matrix begins to erode.

Thus, on the time scale of concern any pockets of gas trapped within the device

will be surrounded by walls containing micropores which are impenetrable to

the gas unless the system is under a massive amount of pressure. Interactions

between the structure-sensitive polymer and vicinal fluid lower the free energy

of the vicinal fluid [35], causing fluid to flow from the bulk fluid to the vicinal

fluid and which causes the particle to swell. At the macroscale, particles and

fluids B and C are viewed as overlying continua, forming another homogeneous

mixture. Exchange of thermodynamic properties, such as mass and momen-

tum, take place between phases. This exchange is taken into account by the

source/sink terms in the balance laws.
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Throughout this chapter the viscoelastic solid phase is assumed to be com-

posed of polymer, denoted pA, and the elastic solid phase is assumed to be the

drug, denoted dA. We will begin by presenting equations related to the vicinal

fluid, bulk fluid, B, and fluid C. We will then derive the wetting bulk phase

transport equation by combining the equations from the previous three sections.

Next, we will present equations relating to species diffusion and derive a system

of equations governing species transport.

7.1 Vicinal Fluid

In Darcy’s law, equation (6.201), the effects of gravity, shearing, and

quadratic terms are neglected as the effects of these terms are expected to be

negligible in comparison to other force terms. Dropping these terms, we obtain

RlA · vlA,pA =−∇(εlAplA) + plA∇εlA + εlAρlA

p∑
m=1

∂AlA

∂
(m)

ε lA
∇(m)

ε lA

− εlAρlA

(
∂AlA

∂εA
∇εA +

∂AlA

∂εB
∇εB +

∂AlA

∂εpA
∇εpA

)
. (7.1)

Following the discussion in Section 3.5.1, we can rewrite this equation as

vlA,pA =
εlAK lA

µlA
v

(
K ′

1− εlA
∇εlA − ρlA

p∑
m=1

∂AlA

∂
(m)

ε lA
∇(m)

ε lA

)

− εlAρlAK lA

µlA
v

(
∂AlA

∂εA
∇εA +

∂AlA

∂εpA
∇εpA

)
, (7.2)

where we have assumed that the free energy of the vicinal fluid is not affected by

the volume fraction of the bulk fluid, B, since the bulk fluid interacts with the

vicinal fluid only through the boundaries. K lA is the permeability of the particle,

K ′ is the unjacketed compressibility for a porous medium with incompressible

solid and liquid phases, and µlA
v is the viscosity of the vicinal fluid.
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The vicinal fluid exchanges mass with the drug phase and the bulk fluid

phase B, but not with the polymer phase (êlA
pA = 0) nor with the fluid phase C

(êlA
C = 0). Thus, conservation of mass for the vicinal fluid is given by

DlA(εlAρlA)

Dt
+ εlAρlA∇ · vlA = êlA

B + êlA
dA. (7.3)

Assuming that the drug in the vicinal fluid is sufficiently dilute and that the

liquid is incompressible allow us to use the incompressibility condition for the

vicinal fluid (DlAρlA/Dt = 0). Applying this condition to equation (7.3) yields

ρlA
(
ε̇lA + ∇ · (εlAvlA,pA) + εlA∇ · vpA

)
= êlA

B + êlA
dA, (7.4)

where we have converted the derivative in lA to a material time derivative using

equation (6.93).

The drug phase may exchange mass with both the vicinal fluid and the bulk

fluid B, but not with the polymer phase (êdA
pA = 0) nor with the fluid phase C

(êdA
C = 0). Thus, the conservation of mass for the drug phase is given by

DdA(εdAρdA)

Dt
+ εdAρdA∇ · vdA = êdA

lA + êdA
B . (7.5)

Using the incompressibility condition for the drug phase (DdAρdA/Dt = 0), we

obtain

ρdA
(
ε̇dA + ∇ · (εdAvdA,pA) + εdA∇ · vpA

)
= êdA

lA + êdA
B , (7.6)

where we have converted the material time derivative with respect to dA to

material time derivative with respect to pA using equation (6.93).

Because the drug has diffused out of the device by the time the polymer

matrix begins to erode, the polymer phase is assumed not to exchange mass
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with any other phase. Thus the conservation of mass for the polymer phase can

be written as

ε̇pA + εpA∇ · vpA = 0, (7.7)

where we have used the incompressibility condition for the polymer phase

(DpAρdA/Dt = 0). Using equation (7.7) to eliminate ∇ · vpA from equations

(7.4) and (7.6) yields

ρlA

(
ε̇lA − εlA

εpA
ε̇pA + ∇ · (εlAvlA,pA)

)
= êlA

B + êlA
dA (7.8)

and

ρdA

(
ε̇dA − εdA

εpA
ε̇pA

)
= êdA

lA + êdA
B , (7.9)

respectively.

7.2 Bulk Fluid, B

Neglecting gravity and higher-order terms, Darcy’s law for the bulk fluid B

is given by

RB · vB,pA =−∇(εBpB) + pB∇εB

− εBρB

(
∂AB

∂εA
∇εA +

∂AB

∂εlA
∇εlA +

∂AB

∂εpA
∇εpA

)
. (7.10)

Bennethum and Weinstein [14] showed that for a material composed of a sin-

gle constituent the classical pressure and the thermodynamic pressure are the

same. While the bulk fluid B is composed of both liquid and drug, we are al-

ready assuming that the solution is dilute enough so that the incompressibility

condition holds. As such, we find it reasonable to assume that pB ≈ pB as well.
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Furthermore, we assume that the free energy of the bulk phase B is not a strong

function of the volume fractions εlA, εA, and εpA. Thus, equation (7.10) can be

written as

vB,pA = −εBKB

µB
v

∇pB, (7.11)

where, assuming that the bulk fluid behaves isotopically

(RB)−1 =
KB

µB
v

I, (7.12)

where KB is the permeability, and µB
v is the viscosity of the bulk fluid.

The bulk fluid exchanges mass with the vicinal fluid and the drug phase,

but not with the polymer phase (êB
pA = 0) nor with the fluid phase C (êB

C = 0).

Thus, the conservation of mass for phase B is given by

DB(εBρB)

Dt
+ εBρB∇ · vB = êB

lA + êB
dA. (7.13)

Using the incompressibility condition for the bulk phase (DBρB/Dt = 0) we

obtain

ρB
(
ε̇B − εB

εpA
ε̇pA + ∇ · (εBvB,pA)

)
= êB

lA + êB
dA, (7.14)

where we have used equation (7.7) to eliminate ∇·vpA, and used equation (6.93)

to convert the derivative in B into a material derivative.

7.3 Fluid Phase, C

The fluid phase C does not exchange mass with any other phase. Following

the derivation used in the previous section we can write the conservation of mass

for the fluid phase C as

ε̇C − εC

εpA
ε̇pA + ∇ · (εCvC,pA) = 0. (7.15)
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As discussed in the introduction, on the time scale of concern fluid C is trapped

by walls containing micropores. Thus, fluid C does not move relative to the solid

polymer. As such, vC,pA is taken to be zero. Thus, equation (7.15) becomes

ε̇C

εC
=

ε̇pA

εpA
, (7.16)

which can be solved analytically by integrating

εC∫

εC
t=0

dεC

εC
=

εpA∫

εpA
t=0

dεpA

εpA
. (7.17)

The solution to (7.15) is given by

εC

εC
0

=
εpA

εpA
0

, (7.18)

which is equivalent to

εC

εpA
=

εC
0

εpA
0

= C1, (7.19)

where C1 is a constant. This means that the ratio εC/εpA is unaffected by fluid

sorption/desorption or by mass transfer taking place within the system.

7.4 Bulk Transport

Because the vicinal water is more structured than the bulk fluid we expect

the density of the vicinal water to be less dense than the bulk water, [25]. The

data suggests that the vicinal fluid is approximately 4% less dense than the

bulk fluid. Since this difference is small, we assume that ρlA is equal to ρB, and

denote it ρf . Adding equations (7.8) and (7.14), we obtain

ρf

(
ε̇f − εf

εpA
ε̇pA + ∇ · (εlAvlA,pA) + ∇ · (εBvB,pA)

)
= êlA

dA + êB
dA, (7.20)
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where

εf = εlA + εB (7.21)

is the total volume fraction of the wetting phase. To obtain equation (7.20)

we have used macroscale restriction (6.29) with K = lA and L = B, that is,

êlA
B = −êB

lA. The sum of the macroscale volume fractions is one, that is, if we

substitute equation (6.15) into equation (6.26), we obtain

εpA + εdA + εlA + εB + εC = 1. (7.22)

Substituting equation (7.21) into equation (7.22) yields

εpA + εdA + εf + εC = 1. (7.23)

Solving equation (7.19) for εC , substituting the result into equation (7.23), and

solving for εpA yields

εpA =
1− εf − εdA

1 + C1

, (7.24)

which implies that

ε̇pA

εpA
=

−ε̇f − ε̇dA

1− εf − εdA
. (7.25)

Using equation (7.25) to eliminate ε̇pA/εpA from equations (7.9) and (7.20), and

simplifying, we obtain

ε̇dA

(
1− εf

1− εf − εdA

)
+ ε̇f

(
εdA

1− εf − εdA

)
=
−êlA

dA − êB
dA

ρdA
, (7.26)

and

ε̇f

(
1− εdA

1− εf − εdA

)
+ ε̇dA

(
εf

1− εf − εdA

)
+ ∇ · (εlAvlA,pA) + ∇ · (εBvB,pA)

=
êlA

dA + êB
dA

ρf
, (7.27)
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respectively. To obtain equation (7.26) we have used the fact that êdA
lA = −êlA

dA

and êdA
B = −êB

dA. Solving equation (7.26) for ε̇dA/(1 − εf − εdA), substituting

the result into equation (7.27), and simplifying, we obtain

ε̇f + (1− εf )
(∇ · (εlAvlA,pA) + ∇ · (εBvB,pA)

)

= (êlA
dA + êB

dA)

(
1− εf

ρf
+

εf

ρdA

)
. (7.28)

Substituting equations (7.2) and (7.11) into equation (7.28) yields

ε̇f + (1− εf )

[
∇ ·

(
K3K lAK ′(εf )2

(1−Kεf )µlA
v

∇εf − K2K lAρf

µlA
v

p∑
m=1

∂AlA

∂
(m)

ε f
∇(m)

ε f

− KK lAεfρf

µlA
v

(
∂AlA

∂εA
∇εA +

∂AlA

∂εpA
∇εpA

) )
−∇ ·

(
KB(εB)2

µB
v

∇pB

) ]

= (êlA
dA + êB

dA)

(
1− εf

ρf
+

εf

ρdA

)
, (7.29)

where, like Singh et al. [51], we have assumed a linear relationship between the

volume fraction of the vicinal fluid and the volume fraction of the wetting phase

εlA = Kεf . (7.30)

The first term in parentheses on the second line of equation (7.29) can be

simplified as follows. First, rewrite it as

∂AlA

∂εA

∣∣∣∣∣
εB ,εlA,εpA

∇εA +
∂AlA

∂εpA

∣∣∣∣∣
εA,εB ,εlA

∇εpA

=
∂AlA

∂εdA

∣∣∣∣∣
εB ,εlA,εpA

∂εdA

∂εA

∣∣∣∣∣
εB ,εlA,εpA

∇εA +
∂AlA

∂εdA

∣∣∣∣∣
εA,εB ,εlA

∂εdA

∂εpA

∣∣∣∣∣
εA,εB ,εlA

∇εpA.(7.31)

Substituting equations (7.30) and (7.24) into equation (6.15) and solving for εdA

yields

εdA =

(
1 + C1

C1

)
εA +

(
K(1− C1)− 1

C1

)
εf + C1, (7.32)
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which implies that

∂εdA

∂εA

∣∣∣∣∣
εlA,εB ,εpA

=
1 + C1

C1

. (7.33)

Taking the gradient of (7.24), we have

∇εpA =
−∇εf −∇εdA

1 + C1

. (7.34)

Taking the gradient of equation (6.15) and substituting equation (7.34) into the

result, we obtain

∇εA =

(
C1

1 + C1

)
∇εdA +

(
K(1 + C1)− 1

1 + C1

)
∇εf . (7.35)

Substituting equations (7.33), (7.34), and (7.35) into equation (7.31) and sim-

plifying, we obtain

∂AlA

∂εA

∣∣∣∣∣
εB ,εlA,εpA

∇εA +
∂AlA

∂εpA

∣∣∣∣∣
εA,εB ,εlA

∇εpA =





 1

1 + C1

∂AlA

∂εdA

∣∣∣∣∣
εA,εB ,εlA


 +

∂AlA

∂εdA

∣∣∣∣∣
εB ,εlA,εpA


 ∇εdA

+




 1

1 + C1

∂AlA

∂εdA

∣∣∣∣∣
εA,εB ,εlA


+(K(1 + C1)− 1)

∂AlA

∂εdA

∣∣∣∣∣
εB ,εlA,εpA


∇εf .(7.36)

Consider equation (7.36). All of the terms involve a partial derivative of the

vicinal fluid Helmholtz free energy with respect to the volume fraction of the

drug phase. Since we do not expect the energy of the vicinal fluid to be a strong

function of the volume fraction of drug, that is, the drug and vicinal fluid are

non-interacting, we expect both terms of equation (7.36) to be negligible.
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Using the Laplace transform derivation outlined in Chapter 5, we can write

equation (7.29) as

ε̇f + (1− εf )


∇ ·


D1∇εf −

t∫

0

Bv(t− τ)∇ε̇f (τ)dτ







= (êlA
dA + êB

dA)

(
1− εf

ρf
+

εf

ρdA

)
, (7.37)

where

D1 =
K3K lAK ′(εf )2

(1−Kεf )µlA
v

, (7.38)

and

Bv(t) =
(εl)2ρlK l

µl
v

p∑
m=1

M lA
(m)δ

(m−1)(t), (7.39)

where

M lA
(m) =

∂AlA

∂
(m)

ε f
. (7.40)

To obtain equation (7.37), we have assumed that the classical pressure of the

bulk phase, B, is primarily a function of density, that is

∇pB =
∂pB

∂ρB
∇ρB. (7.41)

If the pressure is constant along the boundaries then the density gradient, ∇ρB

is negligible.

Equation (7.37) is very similar in form to the two-scale equation (5.16). As

expected, we have acquired an additional exchange term on the right-hand side,

so that now the total mass transfer from the drug phase to the wetting phase

must be determined. The coefficients naturally take a different form.
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7.5 Species Transport

The conservation of mass equations for drug in the vicinal water, denoted

lAd, and for drug in the bulk fluid B, denoted Bd, are given by equation (6.24)

with K = lA, B, and j = d

DlAd(εlAρlAd)

Dt
+ εlAρlAd∇ · vlAd = êlA

dA + êlA
B , (7.42)

DBd(εBρBd)

Dt
+ εBρBd∇ · vBd = êB

dA + êB
lA. (7.43)

Converting derivatives in lAd and Bd into derivatives in pA using equation (3.24)

with K = lA, B replacing α, and equation (6.93), and using the relationship

between density and concentration, equation (B.3), we obtain

ρlA
(
C lAd ε̇lA + εlAĊ lAd + ∇ · (εlAC lAdvlAd,lA) + ∇ · (εlAC lAdvlA,pA)

+ εlAC lAd∇ · vpA
)

= êlA
dA + êlA

B (7.44)

ρB
(
CBd ε̇B + εBĊBd + ∇ · (εBCBdvBd,B) + ∇ · (εBCBdvB,pA)

+ εBCBd∇ · vpA
)

= êB
lA + êB

dA. (7.45)

To obtain equations (7.44) and (7.45) we have used the incompressibility condi-

tions DlAρlA/Dt = 0 and DBρB/Dt = 0 since the densities of the vicinal water

and bulk fluid, B, are assumed to be constant, as well as the fact that ∇ρlA = 0

and ∇ρB = 0 since the pressure is assumed to be constant along the boundaries.

Since we have assumed a linear relationship between the volume fraction

vicinal fluid and the total wetting phase volume fraction, equation (7.30), we

can substitute this equation into equation (7.21) to obtain

εB = εf (1−K) (7.46)
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Using equations (7.30) and (7.46) to eliminate εlA and εB in favor of εf , and

adding equations (7.44) and (7.45), we obtain

ρf
(
C lAdKε̇f + Kεf Ċ lAd + ∇ · (KεfC lAdvlAd,lA) + ∇ · (KεfC lAdvlA,pA)

−KεfC lAd
ε̇pA

εpA
+ CBd(1−K)ε̇f + (1−K)εf ĊBd + ∇ · ((1−K)εfCBdvBd,B)

+∇ · ((1−K)εfCBdvB,pA)− (1−K)εfCBd
ε̇pA

εpA

)
= êlA

dA + êB
dA, (7.47)

where, the variable ∇·vpA has been eliminated using equation (7.7). Eliminating

ε̇pA/εpA from equation (7.47) using equation (7.25), then eliminating ε̇dA/(1 −
εf − εdA) from the result using equation (7.26), and simplifying yields

(
C lAdK + CBd(1−K)

)
ε̇f + εf (1− εf )

(
KĊ lAd + (1−K)ĊBd

)

+(1− εf )
(
∇ · (KεfC lAdvlAd,lA) + ∇ · (KεfC lAdvlA,pA)

+∇ · ((1−K)εfCBdvBd,B) + ∇ · ((1−K)εfCBdvB,pA)
)

= (êlA
dA + êB

dA)

(
1− εf

ρf
+

εf (KC lAd + (1−K)CBd)

ρdA

)
(7.48)

Fick’s law for diffusion is given by equation (6.204). Neglecting higher-order

terms and gravity, Fick’s law for the drug in both fluid phases can be written

RKd · vKd,K = −εKρK∇µKd , (7.49)

where K = lA, B. We assume that the chemical potential of the drug in both

the vicinal water or the bulk fluid, B, is a function of the concentration of the

drug in that phase and the volume fraction of that phase, that is

µlAd = µlAd(εlA, C lAd) = µlAd(Kεf , C lAd), (7.50)

µBd = µBd(εB, CBd) = µBd((1−K)εf , CBd). (7.51)
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Using these equations to calculate ∇µKd , we obtain the following form of Fick’s

law

vlAd,lA = −εfρfF1∇C lAd − εfρfF2∇εf , (7.52)

vBd,B = −εfρfF3∇CBd − εfρfF4∇εf , (7.53)

where

F1I = K(RlAd)−1 ∂µlAd

∂C lAd
, (7.54)

F2I = K(RlAd)−1∂µlAd

∂εf
, (7.55)

F3I = (1−K)(RBd)−1 ∂µBd

∂CBd
, (7.56)

and

F4I = (1−K)(RBd)−1∂µBd

∂εf
, (7.57)

In a single-phase theory the coefficient appearing in front of the gradient of

the concentration is the mutual diffusion coefficient. Thus, F1 and F2 should

be related to the mutual diffusion coefficient. The parameters F3 and F4 are

material parameters that need to be determined experimentally.

Substituting equations (7.52) and (7.53) into equation (7.48), and using the

same methods as in the previous section to substitute (7.2) and (7.11) into
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equation (7.48) as well, we obtain

(C lAdK + CBd(1−K))ε̇f + εf (1− εf )(KĊ lAd + (1−K)ĊBd)

+(εf − 1)∇ · (D2∇C lAd + D3∇CBd)

+(1− εf )

[
∇ ·

(
D4∇εf −

t∫

0

Bu(t− τ)∇ε̇f (τ)dτ
)]

= (êlA
dA + êB

dA)

(
1− εf

ρf
+

εf (KC lAd + (1−K)CBd)

ρdA

)
(7.58)

where

D2 = K(εf )2C lAdρfF1, (7.59)

D3 = (1−K)(εf )2CBdρfF3, (7.60)

D4 = C lAdD1 − (εf )2ρf (KC lAdF2 + (1−K)CBdF4), (7.61)

and

Bu(t) = C lAdBv(t). (7.62)

Note that if there was no bulk fluid phase B then K = 1, CBd = 0 and εf = εl

and equation (7.58) simplifies to the two-scale transport equation (5.24).

7.6 Discussion

Equations (7.37) and (7.58) constitute a system of two equations and five

unknowns. The second upscaling has produced an additional two unknowns.

The additional rate of mass transfer, êB
dA, was discussed at the end of Section

7.4. The concentration of the drug in the bulk phase is the additional variable
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that appears in (7.58). This variable could be eliminated via the assumption

that the concentration in the vicinal water and bulk phases are the same, but

this significantly reduces the applicability of this system of equations. The total

mass transfer of drug to the fluid phase, êf
dA = êlA

dA + êB
dA, could be measured in

the same was as described at the end of Chapter 5.

For this problem to be well posed we must have that D2 and D3 are positive

and that D4 is negative. The coefficients D2 and D3 represent the diffusion

coefficients in a classical Fick’s law if the other phase is not present. As such,

it seems reasonable to assume that these coefficients are indeed positive. The

complex form of D1 makes it difficult to speculate on the sign of this parameter

prior to actually determining at least a few of the constants for the system in

question, such as K and C1. As was the case in the two-scale scenario, many

models have no term that corresponds to the term involving D4. Instead, such

models postulate the dependence of the coefficient D2 on the volume fraction of

the fluid phase. In this model D2 is a function of the volume fraction of the fluid

phase and yet the gradient in volume fraction still appears, suggesting that this

term is needed to fully account for the physics.
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8. Discussion and Avenues for Future Work

Most traditional fluid transport equations modeling swelling polymeric sys-

tems, including drug delivery systems, employ a single-scale theory. Both mul-

tiscale interactions and phase interactions are either ignored or the effects of

these interaction are incorporated into the coefficients. As such, the physics of

multiscale and phase interactions are not fully accounted. Experiments have

been designed to collect data in an attempt to reconcile observation and theory

and as a result there is a lack of experimental data corresponding to variables

which account for these interactions. The next step is to perform the exper-

iments needed to have a clear connection to the variables that appear in the

governing equations discussed in Chapters 5 and 7. For example, there is a

dearth of information concerning the rate of mass transfer from one phase to

another. The discussion at the end of Chapter 5 offers a way of resolving this

variable.

Theory also needs to attempt to accommodate empirical data. It was neces-

sary to modify the two-phase theory of Singh et al. [50, 51] to a three-phase the-

ory to accommodate experiments that measure the volume fraction of the drug

in solid form. In this thesis we have developed a two-scale and a three-scale

theory that takes a step forward to mathematically account for experimental

data which measures drug volume fraction.

Despite the theoretical advances made in this thesis and the complicated

form of these equations, we have not accounted for some very simple scenarios.
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For example, the compressibility condition for the liquid phase restricts the

application of these equations to systems in which the drug is transported quickly

out of the polymer matrix. This is not always the case, especially when the initial

drug loading is very high. Another scenario that is not accounted for is when

polymer matrix erosion affects release kinetics, as is the case with some poorly

soluble drugs. Modeling a system that is highly dependent on the polymer

matrix erosion requires that we consider the rate of mass transfer of polymer to

the liquid phase.

Numerical solutions of the systems of equations laid out in Chapters 5 and

7 need to be obtained and compared to experimental data. In [52], Singh et

al. used the finite element method in Lagrangian coordinates to obtain a nu-

merical solution to a similar problem involving the drying of seeds. Lagrangian

coordinates are employed in the material reference frame because the material

deforms as it swells (shrinks). A similar method needs to be applied to the afore-

mentioned equations to validate the application of this theory to drug delivery

systems.

The foundations of the application of electroquasistatics to swelling porous

media is laid out in [10, 9], but has yet to be applied to systems in which the solid

phase is known to be viscoelastic at the microscale. Such a theory would allow

us to model the effect of oscillating electromagnetic fields on chemical transport

in three-dimensional hydrogel-based scaffolds that have been designed to treat

spinal cord injuries.
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Appendix A. Mesoscale Appendix

A.1 Nomenclature

Superscripts, Subscripts, and Other Notations

·αj jth component of α-phase on mesoscale

·α α-phase on mesoscale

·̂ denotes exchange from other interface or phase

·k,l difference of the two quantities, i.e. ·k − ·l

·|αj
microscopic property of constituent j in phase [subscript] (non-averaged)

Latin Symbols

δAαβ: Portion of αβ-interface in representative elementary volume (REV)

Aαj , Aα: Helmholtz free energy density [J/Kg]

bαj , bα: External entropy source [J/(Kg-s-◦K)]

Cαj : Mass fraction of jth component [-]

Cs: Right Cauchy-Green tensor = (F s)T · F s

C
s
: Modified right Cauchy-Green tensor = (F

s
)T · F s

dα: Rate of deformation tensor, equal to the symmetric part of ∇vα [1/s]
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eαj , eα: energy density [J/Kg]

ê
αj

β : Rate of mass transfer from phase [subscript] to phase [superscript] per

unit mass density [1/s]

Es: Strain tensor of the solid phase [-]

F s: Deformation gradient of the solid phase [-]

F
s
: Modified deformation gradient of the solid phase [-]

gαj , gα: External supply of momentum (gravity) [m/s2]

Gα: Gibbs free energy [J/Kg]

Gs: Fourth order tensor, effect of strain rate on stress due to relaxation

processes in the solid phase

hαj , hα: External supply of energy [J/(Kg-s)]

H l,Hs: Third order tensors representing the effect of thermal gradients on

the stress

î
αj

: Rate of momentum gain due to interaction with other species within the

same phase per unit mass density [N/Kg]

î
αj

: Rate of momentum gain due to interaction with other species within the

same phase per unit mass density [N/Kg]

Js: Jacobian of the sold phase [-]
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J s: Third order tensor representing the heat flux in the anisotropic solid due

to strain rate

K ′: Unjacketed compressibility [N/m2]

K l: Permeability, see (3.84)

K l, Ks: Second order tensors representing heat flux in the liquid and solid

phases, respectively, due to the thermal gradient

K: Second order tensor representing the permeability of the solid matrix

Ll: Fourth order tensor representing the effect on stress due to the rate of

deformation [-]

m̂αj : Rate of angular momentum gain due to interaction with other species

within the same phase per unit mass density [N-m/Kg]

m̂
αj

β : Rate of angular momentum gain by constituent j in phase α due to

interaction with phase β [N-m/Kg]

Mαj : Rate of angular momentum gain due to the microscale angular momen-

tum terms - see Appendix C [N-m/Kg]

M l: Third order tensor representing the heat flux due to the rate of defor-

mation

nα: Number of α-phase molecules [mols]

pα: Classical pressure [N/m2]
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pα: Thermodynamic pressure [N/m2]

nα: Unit normal vector pointing out of α-phase within mesoscopic REV [-]

m̂
αj : Rate of gain of angular momentum of constituent j from other con-

stituents in phase α [m2/s2]

qαj : Partial heat flux vector for the jth component of phase [J/(m2-s)]

qα: Heat flux vector for phase α [J/(m2-s)]

Q̂αj : Rate of energy gain due to interaction with other species within the

same phase per unit mass density not due to mass or momentum transfer

[J/(Kg-s)]

Q̂
αj

β , Q̂α
β : Energy transfer rate from phase [subscript] to phase [superscript] per

unit mass density not due to mass or momentum transfer [J/(Kg-s)]

r: Microscale spatial variable [m]

r̂αj : Rate of mass gain due to interaction with other species within the same

phase per unit mass density [1/s]

R: Gas constant [J/(m T)]

R: Second order tensor called the resistivity tensor

t: Time [s]

T : Temperature [◦K]

tαj : Partial stress tensor for the jth component for phase [N/m2]
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tα: Total stress tensor for the phase [N/m2]

t: Total stress tensor = εltl + εsts (for a two-phase system [N/m2]

tse: Terzaghi stress [N/m2], see (3.8)

tsh: Hydration stress [N/m2], see (3.9)

t
se

: Terzaghi stress,[N/m2], see (3.60)

t
sh

: Hydration stress [N/m2], see (3.59)

T̂
αj

β , T̂
α

β : Rate of momentum transfer through mechanical interactions from

phase [subscript] to phase [superscript] per unit mass density [N/m3]

vα: Molar volume fraction of phase α =vol α/ total volume

vαj ,vα: Velocity [m/s]

δV : Representative elementary volume (REV)

δVα: Portion of α-phase in REV

wαβj : Velocity of constituent j at interface between phases α and β [m/s]

x: Ratio of molar volumes of solute to solvent [-]

x: Macroscale spatial variable [m]

Greek Symbols

γα: Indicator function which is 1 if in mesoscopic region α and zero otherwise

δ(t): Dirac delta function [-]
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εα: Volume fraction of α-phase in mesoscale REV = |δVα|/|δV | [-]

ηαj , ηα: Entropy [J/(Kg-◦K]

η̂αj : Entropy gain due to interaction with other species within the same

phase/interface per unit mass density [J/(Kg-s-◦K)]

λα: Lagrange multiplier for the continuity equation of phase α

Λαj , Λα: Entropy production per unit mass density [J/(Kg-s-◦K)]

µαj : Scalar chemical potential of jth constituent in phase α [J/Kg]

µα: Scalar chemical potential of phase α [J/Kg]

µl
v: Viscosity of the liquid phase, see (3.84)

ξ: Microscale spatial variable which varies over REV for fixed x: r = x + ξ

[m]

πα: Swelling potential, [N/m2]

ραj : Partial mass density of jth component of α-phase [Kg/m3] so that εαραj

is the total mass of jth constituent in phase α divided by the volume of

REV

ρα: Mass density of α-phase averaged over /a-phase [Kg/m3]

φαj : Partial entropy flux vector for the jth component for phase [J/(m2-s-◦K)]

φα: Total entropy flux vector for the phase [J/(m2-s-◦K)]
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Φ̂
αj

β , Φ̂
α

β : Entropy transfer through mechanical interactions from phase [sub-

script] to phase [superscript] per unit mass [J/(kg-s-◦K)]

χ: Flory-Huggins interaction parameter [-]

A.2 Bulk Phase Definitions

Bulk phase variable definitions are not always intuitive and are defined so

as to preserve the form and interpretation of the mesoscale equations.

Aα ≡
N∑

j=1

CαjAαj (A.1)

bα ≡
N∑

j=1

Cαjbαj (A.2)

Cαj ≡ ραj

ρα
(A.3)

eα ≡
N∑

j=1

Cαj(eαj
1

2
vαj ,α · vαj ,α) (A.4)

êα
β ≡

N∑
j=1

ê
αj

β (A.5)

gα ≡
N∑

j=1

Cαjgαj (A.6)

hα ≡
N∑

j=1

Cαj(hαj + gαjvαj ,α)) (A.7)
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m̂
α
β ≡

N∑
j=1

m̂
αj

β (A.8)

Mα ≡
N∑

j=1

Mαj (A.9)

qα ≡
N∑

j=1

[qαj + tαj · vαj ,α − ραj(eαj +
1

2
vαj ,α · vαj ,α)vαj ,α] (A.10)

Q̂α
β ≡

N∑
j=1

[Q̂
αj

β + T̂
αj

β · vαj ,α + ê
αj

β (eαj ,α 1

2
vαj ,α · vαj ,α)] (A.11)

tα ≡
N∑

j=1

(tαj − ραjvαj ,αvαj ,α) (A.12)

T̂
α

β ≡
N∑

j=1

(T̂
αj

β + ê
αj

β vαj ,α) (A.13)

vα ≡
N∑

j=1

Cαjvαj (A.14)

ηα ≡
N∑

j=1

Cαjηαj (A.15)

Λα ≡
N∑

j=1

Λαj (A.16)

ρα ≡
N∑

j=1

ραj (A.17)
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φα ≡
N∑

j=1

(φαj − ραjvαj ,αηαj) (A.18)

Φ̂
α

β ≡
N∑

j=1

(φ̂
αj

β + ê
αj

β ηαj ,α) (A.19)

A.3 Identities Needed to Obtain Entropy Inequality 2.82

N∑
j=1

εαραj

T

DαjAαj

Dt
=

εαρ

T

DαAα

Dt
+

Aα

T
êα

β

+
N∑

j=1

{
1

T
vαj ,α ·∇(εαραjAαj)− Aαj

T
ê

αj

β − Aαj

T
r̂αj

−εαραj

T
Aαj(∇ · vαj ,α)

}
(A.20)

N∑
j=1

εαραj

T
ηαj

DαjT

Dt
=

εαρα

T

DαT

Dt
+

N∑
j=1

εαραj

T
ηαjvαj ,α ·∇T (A.21)

N∑
j=1

α

T
tαj : ∇vαj =

N∑
j=1

{
εα

T
tαj : ∇vαj ,α +

εα

T
tαj : ∇vα

}
(A.22)

N∑
j=1

∑

β 6=α

Φ̂
αj

β = −
N∑

j=1

∑

β 6=α

ê
αj

β ηαj (A.23)

N∑
j=1

Q̂αj = −
∑

β 6=α

[
î
αj · vαj ,α + r̂αj

(
Aαj + Tηαj

1

2
(vαj ,α)2

)]
(A.24)

N∑
j=1

∑

β 6=α

Q̂
αj

β = −
∑

α

∑

β 6=α

{
T̂

α

β · vα,s +
1

2
êα

β(vα,s)2

+
N∑

j=1

[
T̂

αj

β · vαj ,α +
1

2
ê

αj

β (vαj ,α)2

] }
+

∑

β 6=α

N∑
j=1

ê
αj

β (Aαj + Tηαj) (A.25)
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Appendix B. Macroscale Appendix

B.1 Nomenclature

Superscripts, Subscripts, and Other Notations

·Kj jth component of K-phase on mesoscale

·K K-phase on mesoscale

·̂ denotes exchange from other interface or phase

·K,L difference of the two quantities, i.e. ·K − ·L

·|Kj
microscopic property of constituent j in phase [subscript] (non-averaged)

Latin Symbols

δAKL: Portion of KL-interface in representative elementary volume (REV)

AKj , AK : Helmholtz free energy density [J/Kg]

bKj , bK : External entropy source [J/(Kg-s-◦K)]

CKj : Mass fraction of jth component [-]

CsA: Right Cauchy-Green tensor = (F sA)T · F sA

C
sA

: Modified right Cauchy-Green tensor = (F
s
)T · F s

dK : Rate of deformation tensor, equal to the symmetric part of ∇vK [1/s]
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eKj , eK : energy density [J/Kg]

ê
Kj

L : Rate of mass transfer from phase [subscript] to phase [superscript] per

unit mass density [1/s]

EsA: Strain tensor of the solid phase [-]

F sA: Deformation gradient of the solid phase [-]

F
sA

: Modified deformation gradient of the solid phase [-]

gKj , gK : External supply of momentum (gravity) [m/s2]

GK : Gibbs free energy [J/Kg]

GsA: Fourth order tensor, effect of strain rate on stress due to relaxation

processes in the solid phase

hKj , hK : External supply of energy [J/(Kg-s)]

HL, HsA: Third order tensors representing the effect of thermal gradients on

the stress

î
Kj

: Rate of momentum gain due to interaction with other species within the

same phase per unit mass density [N/Kg]

î
Kj

: Rate of momentum gain due to interaction with other species within the

same phase per unit mass density [N/Kg]

JsA: Jacobian of the sold phase [-]
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J sA: Third order tensor representing the heat flux in the anisotropic solid

due to strain rate

K ′: Unjacketed compressibility [N/m2]

K lA: Permeability, see (7.2)

KL,KsA: Second order tensors representing heat flux in the liquid and solid

phases, respectively, due to the thermal gradient

K: Second order tensor representing the permeability of the solid matrix

LL: Fourth order tensor representing the effect on stress due to the rate of

deformation [-]

m̂Kj : Rate of angular momentum gain due to interaction with other species

within the same phase per unit mass density [N-m/Kg]

m̂
Kj

L : Rate of angular momentum gain by constituent j in phase K due to

interaction with phase L [N-m/Kg]

MKj : Rate of angular momentum gain due to the microscale angular momen-

tum terms - see Appendix C [N-m/Kg]

ML: Third order tensor representing the heat flux due to the rate of defor-

mation

nK : Number of K-phase molecules [mols]

pK : Classical pressure [N/m2]
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pK : Thermodynamic pressure [N/m2]

nK : Unit normal vector pointing out of K-phase within mesoscopic REV [-]

m̂
Kj : Rate of gain of angular momentum of constituent j from other con-

stituents in phase K [m2/s2]

qKj : Partial heat flux vector for the jth component of phase [J/(m2-s)]

qK : Heat flux vector for phase K [J/(m2-s)]

Q̂Kj : Rate of energy gain due to interaction with other species within the

same phase per unit mass density not due to mass or momentum transfer

[J/(Kg-s)]

Q̂
Kj

L , Q̂K
L : Energy transfer rate from phase [subscript] to phase [superscript]

per unit mass density not due to mass or momentum transfer [J/(Kg-s)]

r: Microscale spatial variable [m]

r̂Kj : Rate of mass gain due to interaction with other species within the same

phase per unit mass density [1/s]

R: Gas constant [J/(m T)]

RK : Second order tensor called the resistivity tensor

t: Time [s]

T : Temperature [◦K]

tKj : Partial stress tensor for the jth component for phase [N/m2]
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tK : Total stress tensor for the phase [N/m2]

tsA
se : Terzaghi stress [N/m2], see (6.129) and (6.159)

tsA
sh : Hydration stress [N/m2], see (6.130) and (6.160)

T̂
Kj

L , T̂
K

L : Rate of momentum transfer through mechanical interactions from

phase [subscript] to phase [superscript] per unit mass density [N/m3]

vK : Molar volume fraction of phase K =vol K/ total volume

vKj ,vK : Velocity [m/s]

vKj ,K : Diffusive velocity, vKj − vK [m/s]

δV : Representative elementary volume (REV)

δVK : Portion of K-phase in REV

wKLj : Velocity of constituent j at interface between phases K and L [m/s]

Greek Symbols

γK : Indicator function which is 1 if in mesoscopic region K and zero otherwise

δ(t): Dirac delta function [-]

εK : Volume fraction of K-phase in mesoscale REV = |δVK |/|δV | [-]

ηKj , ηK : Entropy [J/(Kg-◦K]

η̂Kj : Entropy gain due to interaction with other species within the same

phase/interface per unit mass density [J/(Kg-s-◦K)]
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λK : Lagrange multiplier for the continuity equation of phase K

ΛKj , ΛK : Entropy production per unit mass density [J/(Kg-s-◦K)]

µKj: Scalar chemical potential of jth constituent in phase K [J/Kg]

µK : Scalar chemical potential of phase K [J/Kg]

µlA
v : Viscosity of the liquid phase, see (7.2)

πK : Swelling potential, [N/m2]

ρKj : Partial mass density of jth component of K-phase [Kg/m3] so that εKρKj

is the total mass of jth constituent in phase K divided by the volume of

REV

ρK : Mass density of K-phase averaged over /a-phase [Kg/m3]

φKj : Partial entropy flux vector for the jth component for phase [J/(m2-s-◦K)]

φK : Total entropy flux vector for the phase [J/(m2-s-◦K)]

Φ̂
Kj

L , Φ̂
K

L : Entropy transfer through mechanical interactions from phase [sub-

script] to phase [superscript] per unit mass [J/(kg-s-◦K)]

B.2 Bulk Phase Definitions

Bulk phase variable definitions are not always intuitive and are defined so

as to preserve the form and interpretation of the mesoscale equations.

AK ≡
N∑

j=1

CKjAKj (B.1)
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bK ≡
N∑

j=1

CKjbKj (B.2)

CKj ≡ ρKj

ρK
(B.3)

eK ≡
N∑

j=1

CKj(eKj
1

2
vKj ,K · vKj ,K) (B.4)

êK
L ≡

N∑
j=1

ê
Kj

L (B.5)

gK ≡
N∑

j=1

CKjgKj (B.6)

hK ≡
N∑

j=1

CKj(hKj + gKjvKj ,K)) (B.7)

m̂K
L ≡

N∑
j=1

m̂
Kj

L (B.8)

MK ≡
N∑

j=1

MKj (B.9)

qK ≡
N∑

j=1

[qKj + tKj · vKj ,K − ρKj(eKj +
1

2
vKj ,K · vKj ,K)vKj ,K ] (B.10)

Q̂K
L ≡

N∑
j=1

[Q̂
Kj

L + T̂
Kj

L · vKj ,K + ê
Kj

L (eKj ,K 1

2
vKj ,K · vKj ,K)] (B.11)
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tK ≡
N∑

j=1

(tKj − ρKjvKj ,KvKj ,K) (B.12)

T̂
K

L ≡
N∑

j=1

(T̂
Kj

L + ê
Kj

L vKj ,K) (B.13)

vK ≡
N∑

j=1

CKjvKj (B.14)

ηK ≡
N∑

j=1

CKjηKj (B.15)

ΛK ≡
N∑

j=1

ΛKj (B.16)

ρK ≡
N∑

j=1

ρKj (B.17)

φK ≡
N∑

j=1

(φKj − ρKjvKj ,KηKj) (B.18)

Φ̂
K

L ≡
N∑

j=1

(φ̂
Kj

L + ê
Kj

L ηKj ,K) (B.19)
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