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ABSTRACT

Drug delivery systems are composed of a polymeric carrier, such as hydrox-
ypropyl methylcellulose (HPMC), and a drug or active agent, such as naproxen,
the drug found in brands names such as Aleve. When such a device is ingested,
the polymer swells and the pore-space increases in size, the drug diffuses out
of the device. Some of these devices are swelling-controlled, meaning that the
rate of swelling is the controlling factor in release kinetics. Modeling swelling-
controlled polymeric drug delivery systems presents unique problems. As the
solid drug undergoes phase transfer, the density of the solid phase, composed
of polymer and drug, changes. As such, the usual incompressibility condition,
that the density of the solid phase does not change in time, no longer applies.
To overcome this difficulty we modify a two-phase mixture theoretic model to
a three-phase model where the polymer and drug are modeled as separate solid
phases, and the liquid phase remains water and drug. A two-scale and three-
scale theory for such a three-phase model is developed. First, it is shown how a
new choice of independent variables yields a physically meaningful interpretation

of the solid phase stress, pressure, and Terzaghi stress tensors. We present the



three-phase theory modeling the polymer as viscoelastic, the drug as elastic, and
the liquid as a viscous fluid. We present constitutive theory, non-equilibrium re-
sults, equilibrium results, near-equilibrium results, as well as Darcy’s and Fick’s
laws for both the two-scale and three-scale scenarios. Appropriate simplifica-
tions that are specifically applicable to swelling-controlled drug delivery systems
are presented and used to combine the Darcy’s and Fick’s laws with the con-
servation of mass equations to obtain a system of equations which models the
transport of the drug in terms of liquid volume fraction and the concentration

of the drug in the liquid phase.

This abstract accurately represents the content of the candidate’s thesis. 1

recommend its publication.
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1. Introduction

Porous materials consisting of a porous solid with fluid filled or gas filled
pores appear in a wide variety of applications. In particular, polymers have
become increasingly important in technological industries. Polymers have a
myriad of applications including but not limited to: construction, agriculture,
drug delivery, and food stuffs. The focus of this thesis will be on the swelling
polymers - polymers that swell (shrink) upon wetting (drying) - used in drug
delivery applications.

Swelling polymers exhibit a hierarchy of scales due to their complex porous
structure. Herein, we develop both a two-scale and a three-scale theory for
swelling polymer systems. We call these scales the microscale, mesoscale, and

macroscale. Figure 1 depicts the relevant scales of polymer particle immersed

in a bulk fluid.

1.1 Terminology

Before we discuss the complex interplay of forces at work in these systems,
a basic understanding of polymer terminology, characteristics, and behavior is
needed. Although there is still some debate on the subject, polymers generally
have molecular weights of 25,000 g/mol or larger, and increased chain length
means increased entanglement of polymer chains. Monomers are the building
blocks of polymers, e.g. amino acids or sugars. Monomers link together with
other molecules of the same or different type to form polymers. A homopolymer

is made up of a single monomer, whereas a copolymer is made up of two or more
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Figure 1.2: Different types of polymer molecules

types of monomers. A repeating unit is a segment of a macromolecule that forms
the basic unit of the macromolecule (excluding the ends). In other words, we
can form a complete polymer by linking an adequate number of repeating units
together. A linear polymer is one in which every repeating unit is attached to
exactly two others. A branched polymer is one in which repeating units are not
linked exclusively in linear fashion. See figure 1.1 for a schematic representation.
A network polymer is formed by chemically linking together linear or branch
polymers; this process is referred to as crosslinking. This same process is known
as vulcanization for rubbers. See [45, 55, 58, 54].

Polymers can be broadly classified into two groups: amorphous polymers,
which can be further classified as crosslinked or un-crosslinked, and crystalline
polymers. Amorphous portions of a polymer are the areas of the polymer with
long chain length where the polymer tends to coil about itself randomly with no
apparent order. Unvulcanized natural rubber is an example of an un-crosslinked
amorphous polymer. Vulcanization of natural rubber introduces covalent sulfur
bonds so that the chains are chemically bonded to one another. Crystalline
polymers exhibit a crystalline structure, however, most of them contain regions

of amorphous material.



Polymers exhibit a wide spectrum of behavior dependent on various proper-
ties such as degree of crystallinity, crystal size, cross-linking, molecular weight of
the polymer, and surrounding temperature, all of which can affect diffusive be-
havior. In systems with fluid filled pores on the order of 200 — 500 ;21, molecular
diffusion occurs due to concentration gradients. In less porous systems molecu-
lar diffusion of the drug may happen throughout the entire polymer phase, and
dissolution of the polymer matrix may be necessary to accomplish release of the
active agent (drug). Some polymers are so highly sensitive to temperature that
certain properties change almost discontinuously at a temperature, Ty, called the
glass transition temperature, [18]. Such polymers are called thermosets. Below
the glass transition temperature polymers are solid, hard, even brittle and are
considered to be in the glassy state. Amorphous polymers in the glassy state are
sometimes called amorphous liquids or supercooled liquids. It is well known that
amorphous polymers below Tj are not in thermodynamic equilibrium; they still
flow, but the time scale for observing creep and flow is very long, as is the case
with common glass. Above T, polymers enter the glass-rubber transition, where
the polymer softens. As the temperature increases polymers will enter a rub-
bery plateau, rubbery flow state, and finally a viscous flow state [54]. Diffusion
properties of a polymer change drastically as the polymer nears T, [36].

Hydroxypropyl methylcellulose (HMPC) is the prevalent polymer carrier
used in oral drug delivery systems, [47]. Because of the hydrophilic nature of
HMPC, it displays strongly time-dependent behavior when exposed to water,
swelling considerably, and eventually dissolving. In a recent experiment pre-

formed by Colombo et al., [20], cylindrical disks containing HMPC and varying



initial loadings of flurorescein sodium (a water soluble dye used as a detection
agent in visible images) were clamped between transparent Plexiglass slabs, in-
troduced to water filled vessels, removed at different times, and photographed.
The results showed that, depending on the initial loading of the active agent,
three distinct fronts were observed. Consider figure 1.1. The swelling front is
denoted by S. As water penetrates the polymer matrix it acts as a placticizer
by increasing the free volume, reducing the glass transition temperature of the
system, T,. Eventually, T, will equal the experimental temperature, 7', the
polymer enters the glass transition, as discussed above, and swells. Thus, inside
front S, T, > T and the polymer remains in a glassy state, and outside front
S, T, < T and the polymer is in a swollen, rubbery state. As water penetrates
the matrix, drug dissolves and diffuses out of the material. The rate at which
the drug diffuses out of the material is directly proportional to the amount of
water that has penetrated the material. At high enough drug loadings a dif-
fusion front, D, is observed because when the maximum solubility of the drug
is reached both dissolved drug, and non-dissolved drug (which is not available
for diffusion) exist within the polymer matrix. Lastly, an erosion front, E, is
observed due to polymer disentanglement caused by the molecular-level snake
like motion of the polymer chains (reptation) [47]. The effects of the erosion
front on release kinetics depends largely on whether or not all of the drug has
diffused out of the polymer matrix by the time the erosion starts to occur. The
effects of the erosion front become of greater concern in systems where the drug
has a low solubility. Then the dissolution of the polymer matrix becomes the

controlling factor in release kinetics.



Figure 1.3: Observed Fronts

1.2 Previous Work

Traditional models of drug delivery systems begin with a concentration form

of Fick’s law of diffusion, such as
q=—D.;VC, (1.1)

where g is the mass flux and C is the concentration of the active agent. De-
pending on the type of system modeled and geometry, Fick’s law is modified

accordingly. Classical models use the effective diffusion coefficient
€
Derr = Diy—, (1.2)
T

where D;,, is the diffusion coefficient of the drug when the pores are filled with

a solution of the drug, € is the porosity, and 7 is the tortuosity. The diffusion



coefficient can be modified by considering it as the mutual diffusion of the drug
in the polymer, which measures the change in the concentration of a species
from its average concentration with respect to time, the diffusion of the drug
alone, or making it concentration dependent. The primary problem with these
variations is that they are of limited applicability since they only apply to Fickian
diffusion phenomena [43]. For swelling-controlled drug delivery systems, it is well
known that non-Fickian diffusion occurs when polymers enter the glass-rubber
transition [36]. Various authors have expanded the Fickian model to account
for anomalous behavior, but these extensions are largely heuristic [43]. More
rigorous mechanistic models exist, such as that proposed in [48]. However, they
assume a priori that the diffusion coefficient of the drug is a function of the
water content (liquid volume fraction) of the system to capture the dependency
of the rate of drug dissolution on water content. Our analysis will show that a
gradient in volume fraction should be used to account for this behavior.

The author notes here that it is common in the drug delivery literature for
authors to refer to equations for the fluid phase penetration into the polymer as
Fick’s law. The bulk fluid is made up of species including: water, active agent,
and perhaps dissolved polymer. We will adopt the hydrology convention and
use Fick’s law to refer to diffusion of these species within the fluid phase, and
use Darcy’s law to refer to penetration of the bulk fluid into the polymer matrix.

A variation on the traditional approach is to treat coefficients of Fick’s
and Darcy’s law as stochastic processes using the Karhunen-Loeve expansion,
[27]. However, this increases the dimension of the problem by treating the

random aspect of the problem as a new dimension and it is not entirely clear



how the resulting coefficients relate back to the physical problem. Lustig et
al. [36], address the problem using continuum thermodynamics. However, they
do not have a variable that directly accounts for the moisture content of the
polymer. Low [34] found that the swelling pressure in smectitic clays (specifically
montmorillonite), is highly dependent on moisture content. We find it reasonable
to assume that the same will be true of the swelling of polymers.

Hybrid mixture theory (HMT) has recently been applied to polymeric and
biopolymeric systems by Singh et al. [49, 50, 51]. Hybrid mixture theory has
all of the advantages of classical mixture theory plus the added advantage that
mesoscale variables can be directly related to microscale counterparts. This last
method is the context in which our model is systematically developed.

HMT consists of averaging the microscopic conservation and balance equa-
tions (mass, momentum, energy) to obtain macroscale analogues, then apply-
ing Bowen’s continuum theory of mixtures to obtain constitutive relationships
[15, 16, 17] by exploiting the entropy in the sense of Coleman and Noll [19].
The approach was pioneered by Hassanizadeh and Gray in a series of papers
[29, 30, 31]. From 1994 to present HMT has been successfully employed to
model swelling and shrinking behavior in gels, food stuffs, and colloidal systems
where phase interactions play an important role in the mesoscopic and macro-
scopic behavior [2, 7, 8, 12, 39, 40, 41, 42, 49, 50, 51]. Most of these works
assumed that the solid phase is composed of an elastic material and a viscous
liquid phase at the microscale. Using HMT the resulting macroscopic models
exhibited viscoelastic behavior due to phase interactions. In [50, 51], a model

was developed in which the solid itself is modeled as viscoelastic, and the result-



ing bulk transport equation is an integro-differential equation in terms of the
volume fraction which has been successfully used to model the drying of food
stuffs.

Some the aforementioned papers [2, 7, 8] contained the incorrect result that,
at equilibrium, the chemical potential of two phases are equal to each other. This
contradicts the classical thermodynamic result that, at equilibrium, the chemical
potential of a single constituent in two phases is equal. In 1994, Achanta et al.
correctly employed HMT with the additional axiom of equipresence [1], which
requires that before exploiting the entropy inequality it is assumed that each
phase is composed of the same N constituents. Only after the entropy inequality
has been exploited can the concentration of certain constituents be set to zero.
In [1], the authors derive the macroscale field equations for each phase and
interface of a three-phase, multi-constituent media.

The purpose of this thesis is many fold. One of the goals of this thesis is
to re-examine the assumptions used in [49] and in the process develop ther-
modynamic quantities which are physically meaningful. However, the primary
aim of this thesis is to extend the results of Singh et al. [49, 50, 51] to in-
clude constituent transport so that we can accurately model swelling-controlled
drug delivery systems using a polymer carrier such as HMPC. Doing so presents
some unique problems which are outlined below and discussed in great detail

throughout this thesis.

1.3 Thesis Outline
For the sake of completeness, Chapter 2 will give an overview of HMT. We

will start by summarizing the averaging procedure and giving a detailed deriva-



tion of the mesoscale conservation and balance equations. We will discuss some
standard assumptions, give the resulting entropy inequality, discuss how the in-
dependent variables are chosen, and clarify the process of exploiting the entropy
inequality in the sense of Coleman and Noll [19] by using two demonstrative
examples.

A common result of using HMT is that the thermodynamic definition of solid
phase pressure does not coincide with the actual physical stress exerted on the
solid phase. In Chapter 3 we present a solution this problem. First, we present
the constitutive assumptions for a two-scale, two-phase system consisting of a
viscoelastic solid phase and a viscous liquid phase, motivate our new choice of
independent variables, and derive the entropy inequality using our new choice
of independent variables. We will present only the novel results which give rise
to a physically meaningful interpretation of the solid phase stress, pressure, and
Terzaghi stress tensors. To show the usefulness of this new set of independent
variables, we will derive a transport equation analogous to that found in [51].
Using Darcy’s law and Flory-Huggins theory we will develop another transport
equation specifically applicable to polymers.

A few problems arise when trying to apply two-phase HMT to drug-delivery
applications. In [50], Singh et al. assume that the solid phase is incompressible,
which is perfectly reasonable for the system under consideration in that pa-
per since it was aimed at systems in which no mass transfer takes place between
phases. However, when considering mass transfer of constituents between phases
the incompressibility condition for the solid phase no longer holds since the den-

sity of the phase changes with time as drug leaves the solid phase. Furthermore,
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experimental literature often refers to the volume fraction of drug present in the
system, and unfortunately two-phase HMT has no way straight forward way of
expressing this variable. Using three phases instead of two phases has the ability
to overcome both of these problems. In Chapter 4 we will present the constitu-
tive theory for a two-scale, three-phase system consisting of a viscoelastic solid
(polymer), an elastic solid (drug), and a viscous fluid (bulk fluid), keeping the
theory as general as possible. We will then derive the entropy inequality for this
system, and present non-equilibrium, equilibrium, near-equilibrium results, as
well as Darcy’s and Fick’s laws.

In Chapter 5 we will present the model assumptions specifically applicable
to swelling-controlled drug delivery systems, using them to combine the consti-
tutive equations with the mesoscale conservation and balance equations from the
previous chapter to derive a novel bulk fluid transport equation and constituent
transport equation. Additionally, we will discuss the experimental data needed
to solve these equations.

In Chapter 6 we will present the constitutive theory for a three-scale, three-
phase system consisting of a particle composed of viscoelastic solid, an elastic
solid, a viscous fluid and two additional bulk fluids. We will then derive the
entropy inequality for this system, and present non-equilibrium, equilibrium,
near equilibrium results, as well as Darcy’s and Fick’s laws. Chapter 7 will
mirror Chapter 5 but for the three-scale system. We will discuss avenues of

further research in the final chapter.
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2. Overview of Hybrid Mixture Theory

The purpose of this chapter is to give a comprehensive overview of the
averaging procedure used in HMT for any two-scale, multi-constituent, multi-
phase material. The two scales are herein called the microscale and mesoscale.
At the microscale one can distinguish between phases. It is at this scale that the
field equations (conservation of mass, momentum balance, etc.) are known to
hold and properties such as density, velocity, and mass are clearly defined. The
mesoscale is order of magnitudes larger than the microscale; at the mesoscale
one can no longer distinguish between individual phases. Because an averaging
process is performed to obtain an analogue on this larger scale, properties such
as density and velocity are now viewed as somewhat blurred. Herein we develop
one such technique.

We assume that the material we are modeling has negligible interfacial ef-
fects; that is, the interface has no thermodynamic properties and is massless.
As such, no constituent present gains or loses mass, momentum, or energy when
crossing an interface. This will place special restrictions on each of the field
equations and will be discussed in further detail in subsequent sections. Second,
the material we are modeling has a representative elementary volume (REV);
that is, a volume for which averaged properties will remain the same if the REV
is made slightly larger or smaller. In addition we require that the REV size and
shape remain the same for all space and time. Such an REV does not exist if the

material under question is too heterogeneous. For a more detailed discussion of
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the existence of such an REV see [5, 21]. It is important to remember that for
the current discussion, the following theory is applicable to any material meeting

these requirements.

2.1 Microscale Governing Equations

Each phase is denoted by small Greek letters («, [, =), and species (or
constituents) are denoted by j, 7 = 1,...,N. In general, a subscript Greek
letter indicates a macroscale quantity from that phase. Superscript minuscules
indicate the constituent, so that, e.g. v% is the macroscopic velocity of con-
stituent j in the a-phase. A carrot over the symbol, A, is used to emphasize
that the quantity represents a transfer from either another phase or from other
constituents. A complete nomenclature for the microscale to mesoscale averag-
ing and mesoscale variables can be found in Appendix A. For the purposes of
simplicity and brevity we assume that all interfaces are massless and have no
thermodynamic properties. Interfacial effects can be included by following the
approach provided by [28].

Additionally, we assume that there are no internal surface discontinuities,
meaning that each phase is the union of several isolated simply connected vol-
umes, [29]. Using the notation of Eringen, [24], the constituent, microscopic

field equations for a given phase, «, can be stated as
0 i Jayalyi TR B 2 B x|
SV 4V () =V i — = P+ (2.1)

where p/ is the mass density, 1/ is the mass average (over the phase) thermody-
namic property of constituent j, v’ is the mass average velocity vector, 4/ is the

flux vector, f7 is the body source, G’ is the net production, and ZZ;] accounts for

13



Table 2.1: Quantities for Microscopic Field Equations

Quantity v i f b G
Mass 1 0 0 T 0
Linear Momentum v t g i+ 0
Angular Momentum | 7 X v r Xt rXg rx(i+mw)—m | 0
Energy e+ 3 |[t-v+q|g-v+h @+z-v+?(e+%v2)

Entropy n o) b n+7rv A

the influx of ¢ from all other constituents (e.g. due to chemical reactions). If the
medium consists of only one constituent then zzj is equal to zero. This equation
holds on the microscale for mass, linear and angular momentum, energy, and
entropy. Table 2.1 lists the quantities used for each field equation.

In Table 2.1, t is the second-order stress tensor, g is the external supply of
momentum (gravity), = is the position vector referenced to a fixed coordinate
system, e is the internal energy density function, h is the external supply of
energy, q is the heat flux, n is the entropy density, ¢ is the entropy flux, b is the

external supply of entropy, and A is the entropy production.

2.2 Averaging Procedure

The averaging procedure used in HMT is based on works of various au-
thors and was developed at approximately the same time [3, 38, 56, 57]. While
many different methods are available [21], we choose to use the one which is
computationally the simplest where field equations are averaged via weighted

integration. Here we use the indicator function of the a-phase as the weight,
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and treat the averaged quantities resulting from the weighted integration as dis-
tributions. This allows us to bypass the difficulties of defining the derivative of
averaged quantities that result from the weighted integration [46, 44]. Addition-
ally, the weighting function used here may result in averaged quantities that do
not correspond to physical quantities measured. This problem can be overcome
by choosing a weighting function that represents the experimental apparatus
used to measure physical properties [21].

Let 0V denote the REV, §V,, denote the portion of the a-phase within oV,
and 6A,p denote the portion of the af interface within 6V. It is assumed that
0V, and 0A,p are isolated simply connected regions. Expressing the magnitude

of 0V by |0V, the volume fraction can be written as

A
v

e¥(x,t) (2.2)

so that
» =1 (2.3)
Letting r and x denote the position vector and the centroid of the REV, respec-

tively, r can be written

r=x+¢, (2.4)

where £ is the local coordinate referenced to the centroid of the REV and varies

over all of V. The indicator function for the a-phase is given by

1 if redV,
’Ya(rat) =
0 if 7redVps, 0 # a.
Then
Vallw.) = [ ule+ &) dole) (2.5)
v
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represents the magnitude of the volume 0V in the a-phase. Following Has-

sanizadeh and Gray [29], we make the following definitions:

7 (@, 1) = |5—1V| / () dulg) (2.6)

is the average mass over |0V,],

J xr = ! jr r v
W@ =5 [ e de) (27

is the volume average property of ¥/, and

0 (@, 1) = / P (r. ) du(E) (2.8)

P10Vl
is the mass average property of ¢/. We would like the mesoscale field equations
to be analogues of the microscale field equations. To ensure this we will apply
the following theorem that allows us to interchange the order of differentiation

and integration. This result is due to Cushman [22].

Theorem 2.1 If w*® is the microscopic velocity of the interface a3 and n®
is the outward unit normal vector of OV, indicating the integrand should be

evaluated in the limit as the af-interface is approached from the a-side then

T a1
vl s, E%dv(ﬁ)—a Lé—‘/l/ f’VadU(ﬁ)]

](5V\/fw n®da(§) (2.9)

o | V(€)= {W /Wf%dv@)}
+%ﬁ[4fnada(£) (2.10)

We now have everything we need to average equation (2.1) from the mi-

croscale to the mesoscale.
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2.3 Mesoscale Field Equations

In this section we will derive the mesoscale field equations. We begin with
the conservation of mass, linear momentum balance, angular momentum bal-
ance, energy balance, and lastly entropy. Corresponding bulk equations are
derived for each field equation and restrictions that result from the assumption

that the interface has negligible thermodynamic properties are given.

2.3.1 Conservation of Mass
Substituting the appropriate quantities from Table 2.1 into equation (2.1)

the conservation of mass at the microscale is

o o .
)+ () = (2.11)
Formally, we multiply by the indicator function, integrate over the mesoscopic

REV, and divide by the magnitude of the REV, |§V|. Using Theorem 2.1,

definitions (2.6)-(2.8), and substituting back into equation (2.11), we have

e NEr

a(
1 . . —a
:ZW/ P (w — ) - nda +epd T (2.12)
Ba A

D3

5> the material time derivative, which is given by

Now, using

DY _ 0
Dt Ot

v -V, (2.13)

we obtain the mesoscopic mass balance for constituent 7 in phase «

D% (e%p™)

o e (Vv = > ey 47, (2.14)

BF#o

17



In the equations above, v/ is the microscopic velocity of constituent j, w% is
the velocity of the j* constituent in the af3 interface, and n® is the outward
unit normal vector of 0V,. Complete nomenclature is given in Appendix A. Our
motivation in defining the mesoscopic variables is twofold. First, we would like
the mesoscopic variables to coincide with actual physical variables that can be
measured via mesoscale experiments. Second, we would like the definition of the
mesoscopic variables to be as consistent as possible with their microscale coun-
terparts. Unless otherwise stated, the mesoscopic variables have the following

definitions:

P = pi (2.15)
is the average mass over 6V,
v =" (2.16)
is the mass averaged velocity,
ey = i/ P (w*i —v?) - n® da (2.17)
7 |5Va| A

is the net rate of mass gained by constituent j in phase a from phase 3, and
79 = g0 g (2.18)
is the rate of mass gain due to interaction with other species within the same
phase.
Bulk phase variable definitions are not always intuitive and are defined so

as to preserve the form and interpretation of the mesoscale equations. To obtain
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the bulk phase counterpart for the conservation of mass we make the following

definitions:
N
pr= Z P (2.19)
j=1
is the mass density of phase a, and
pM
CY%="— (2.20)
pa

is the concentration of the j constituent in the a-phase. All other definitions
of bulk phase variables are given in Appendix A. Using equations (2.19) and

(2.20) in equation (2.12) we have:

0 ;i .
a(eo‘po‘C’o‘f) + V. (e%p*C%v%) = Z eg +7. (2.21)
B
Summing over j = 1,..., N we obtain:
a a o o, [ 0%
§<€ pY) + V(e*p*v®) = Zeﬁ. (2.22)
BFa

Defining % as % + v® - V, we obtain the bulk phase counterpart for the con-

servation of mass,

Da o O
% F e (Vo) =S e, (2.23)
BFo
where the following restrictions apply:
N
Z?aj =0 Vo, and (2.24)
j=1
Y ey =0 j=1,...,N. (2.25)

a,f#a
The meaning of equation (2.24) is that the gain of mass of the bulk phase due

to chemical reactions alone must be zero. Equation (2.25) says that the rate of
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mass gained by phase a from phase [ is equal to the rate of mass gained by

phase [ from phase «, i.e. no mass is lost in the interface.

2.3.2 Linear Momentum Balance

Substituting the appropriate quantities from Table 2.1 into equation (2.1)

the conservation of linear momentum at the microscale is
o .. o T
a(p”uj) + V. () -V -t —pg’ = i+ P (2.26)

Using the same method as for the conservation of mass equation we obtain:

0 | U
() = V() + g — puTel)

+ V . (Eapaj,vaj,vaj) _ gapoajgoaj

1 : o .
—ZW/AW + pvl (W — v9)] - n® da
#a

—Q

e (@ el ), (2.27)

where g% = Ea is the mass average external supply of momentum and all other
variables retain the meaning they were given in the previous section. Addition-
ally, we define the mesoscopic stress tensor, also known as the Cauchy stress

tensor, as:
t%9 = (1) 4 pPuSie® — pMivivl (2.28)
Now, subtract v times equation (2.12) from equation (2.27) to obtain

0
Eapaja(,vaj) + €apaj’0ajv . (,vozj) - V . (€ataj> _ sapo‘jgo‘j

_ Z {M_ifl /A[tj + Pl (W™ — v7)] - n® da

+5apaf( — i )—'v T, (2.29)
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Using (2.13) we obtain the mesoscopic linear momentum balance for constituent

J in the a-phase:

D

gapajﬁ(,vaj) -V (goctaj) _ gapajgaj =1 —+ ZTﬁ , (2.30)
Ba
where we have made the following definitions:
Tﬁ :|57a||:/A[tj+p]'U](w —'Uj)]n dCL

— vV /Apj('wo‘ﬁj — ') n® da] (2.31)

represents the effect constituent j of phase 3 has on the rate of change of me-

chanical momentum of the same constituent in phase «, and

P =ep (i + P — v ) (2.32)
is an exchange term that takes into account all gain of momenta due to the
presence of other species but not due to chemical reactions.

Again, we would like to obtain the bulk phase counterpart. Beginning with
equation (2.27) and using (2.20) we have

0
a(gapacajfvaJ) — V . (ga(taj — pajvaj7a . vaj7a)) — gapacajgaj

+2V (e p* CY 0% - 1) — V(e“p*Cv® - v7)

gt
B#a T

—Q
A~

e (i 4+ Pl ), (2.33)
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Subtracting v® times equation (2.21) we get

_ gapacaj,vaj) — v

o1 o'
-V - <€a(ta]~ — pYv® . ,Uaj,a))

8C¥pO(Caj)

_gapacvajgaj + V(anpajcaj’l)aj . ,Uoc)

_V(gapacajva . va) _ vaV . <€apaca],va])

AO‘J O ) e ) ) ~O .
g + g eﬁjvo‘f +1 + 7Y% — E eﬁ]va—?‘”va.

fa pa pa

Summing from j =1,..., N we obtain

D*v” o'
g%p” — V. (e%tY) — e%pg” ZTﬁ’

Dt o
where the following restrictions apply:
N .
Z(z T TN =0 Vo, and
j=1
3 (:T“Z"Jrv%gj):o j=1,....N.
a,BF#a

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

Equation (2.37) says that linear momentum can only be lost due to interactions

with other phases. Equation (2.38) says that the interface can hold no linear

momentum.

2.3.3 General Case

Equation (2.1) is the constituent, microscopic general field equation. We

will find it useful to average this equation up to the mesoscale.

The details

of the averaging are much the same as they are for the conservation of linear

momentum, so we will not repeat them here. Let us just say that the general
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case, after averaging from the microscale to the mesoscale, can be written as
a a a,—.a a I\ s a,—.a a‘*cx
ST = V(e ((#0)° o o — i)

+ V- (i) — ep™ f1°

(67

a0
+ % P (w™ —v?) - n® da
A
F e Git — epriy (2.39)

where the + means that we are subtracting and adding this quantity as it will be
needed for certain variable definitions. We will find it convenient to substitute
the quantities from Table 2.1 directly into equation (2.39) as the averaging

procedure has already been performed.

2.3.4 Angular Momentum Balance

Angular momentum balance is probably the most difficult field equation
to upscale simply because the calculations are tedious. Thus, we will go into
more detail in this section than in others so that the reader may more easily
reproduce these results. We begin by substituting the appropriate terms for
the conservation of angular momentum from Table 2.1 into equation (2.39) to
obtain

0 ——a — ,
a(eo‘paﬂ'r xvl )+ V. (e*p¥v¥r xvi ) -V . (€a<r X )

+e%pMvhr x vi — %Y vi(r X vi) ) — %P x gI

«a

€ . . . .
= [rxt]%—p](rxvj)(w“ﬁj—v])] -n® da
>l .
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erva o
j:; A /p] B _ ). n® da

+e%pYr X ( 47 vJ) — % phmi (2.40)

Next we subtract @ crossed with equation (2.27) (the conservation of linear
momentum at the microscale), where « is the macroscale field variable. To do
this we will need several identities which can be verified by combining (2.4) with
the fact that (2.6) - (2.8) are integrals with respect to & only, and not with

respect to x:

o4 . S — 61
XV =xXvY4+E€Xxv,

vi(r xvi ) =x X viv) +vi(€ x v7), and

rxgl =xxg9+Exgl,

among others similar to these. Starting with the left hand side, for the . terms

we have

ePUE X V) —x X —(epMvY) = —(e¥pME x vI ).

9 (oo vy + 2 (
p ot ot

ot ot
(2.41)

For the V- terms we have:

V- [e*p¥vYE x v 4 e p M vE X vit — e x (H)°
— Y€ X V) — e p v X vV — £¥pPivSE X vT
+ %Y@ X vivi 4+ e¥piviE X v7]
+x X V- [eXt)" + e pPivTivY — e ptivivi — e pMivtiv®]

=V - (eYvYx x vY) —x x V- (*p v iv)
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— V(T x {th)*) +x x V- (")) — V- (*(€ x t/)?)

— V- (e%p%v%x x vY9) 4+ x X V- (e“pMviv)

F V- (%% x vivi ) —x x V- (e%pviv")

+ V- (%M i€ X vi). (2.42)

The first and third lines after the equality sign in equation (2.42) cancel. Note

that if we switch to indicial notation

V(e x () @ X V()
= —(e%itjreiji) k + i(e%tjk) kEiji
= —%x;1tin€iji — €% Witk kCiji + € Titjk kEiji
= —%0utjkeiji = €“tjiciz, (2.43)

where the last equivalence is left in indicial notation because there is no equiv-

alent in direct notation. We also have
V- (e%%x x vivi ) —x x V- (%pPivivi)
= (e®p™ wvjureiji) i — (%P Ivuk) jEij0
=Y x; pvjoReij + €% p™ ai(VUk) KEijI
— e%pMxi(vjuk) jEii
= €apaj5ik’l)jvk€iﬂ = 0, (244)

and finally

V- (ep% 0% (x x vY)) —x x V - (epM 0¥ vY)

= (e"pMurvicin) ) — Ti(e® P 0v;) j€ijk
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= e pMxi o + €% pM xi(vs) igije — €% p™ wi(vivy) jEin
(6N e )
=cp féilvlvjsijk = 0. (245)

Using identities (2.43) - (2.45) and treating the external supply of momentum

term, 7 x g/ similarly, the left hand side of equations (2.40) becomes

O (X0 4V (i€ X v — < X B)°)

— €atji6ijl — €apaj£ X gja. (246)

Turning our attention to the right hand side of equation (2.40), and exam-

ining the terms with no sum, we have

a oy o o o a G g
epYx x (1 +77v ) —e%pYm’ 4+ e%pVE x (VY +71707)
—Q

—x X e%p™ = -
pi (e T vl )

«

— ~] .
= —pNm 4 epMEX (i + i) . (2.47)
Now, examining the terms on the right hand side which involve a sum, we have

—— [ [e xt/ +p/(z x v/)(w* —v7)] - n® da}
>,
P35 [ [ e e x o - o]
Ata al JA
—x X = [t + plv? (W —v7) - n® da]}
>l

:%[|;—‘Z|/A[£xtj—|—pj(£><vj)('waﬁf—vj)] -n* da} . (2.48)
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Combining the left and right hand side, we now have the conservation of angular
momentum at the mesoscale:

O X o) 4V (I X v — < X 1))

—0T x () —cOpiE x gi*

(67

—« ~7 . .
= M’ 4% E x (i + i)

{|5V| Xt 4+ (€ x v7)(w ﬁj—vj)}-nada].

(2.49)
Equation (2.49) simplifies to
—" e =M + MY+ (my), (2.50)
B#a
where we have replaced (/)@ by t% (we can do so because of equation (2.28))

and we have made the following definitions:

mo=epm® (2.51)

is the rate of gain of angular momentum due to interaction with other species

within the same phase,

M == O (o E o) - V- (T X0 £ Ve x )

L PNE X gI 4% pME X (T +TIvd) (2.52)

is the rate of angular momentum gain by constituent j in phase a due to the

microscale angular momentum terms, and

Aa]_\aw/&xtwﬁ(&xvﬂ)( )] ntda (2:53)
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is the rate of angular momentum gain by constituent j in phase a due to inter-
action with phase (5.

Summing over j = 1,..., N yields the conservation of angular momentum
for the bulk phase

— e = M® + ) _mj, (2.54)
fa
where the following restrictions apply:

N
> mY =0 Vo, (2.55)
j=1
> my =0 j=1,...,N. (2.56)
a,f#a

Equation (2.54) implies that, in general, the mesoscale stress tensor t* is not
symmetric for multi-phase systems. However, if £/ is symmetric then the right
hand side of (2.54) must be zero. Restriction (2.55) says that bulk-phase angular
momentum can only be lost due to transfer to other phases, restriction (2.56)

holds because we assume that the interface is massless.

2.3.5 Conservation of Energy
Beginning as we did for the conservation of angular momentum, by substi-
tuting the appropriate terms for the conservation of energy from Table 2.1 into

equation (2.39), we obtain

E(EO‘PO"'(W + vl vl ) =V (e*((# - v + @) + pVvi(el + SV v )

(07

. . 1 . . —Q 1 T T
—pYivi(el + 51}] cv9) )+ V- (%% (el + 5@] ~vi)

_€apaj(gj . 'Uja _i_ma)
g0

= |5V][/ [t]~v7+qj+pj(ej+§v3-v3)('waﬁf—v’)] -n® da
Ba 1T EIA
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I .
$(eﬂ+§vﬂ - v7) /p’(w"‘ﬁi —v’)-n%da
A

=« —a .1
+ep%(Q7 4+ v +77 (el + 5'03 ~vl) ). (2.57)

Now, from equation (2.57), subtracting equation (2.29) times v® and equation
(2.12) times (ga + %'vj - vJ a), performing massive algebraic manipulations, and
again using equation (2.13), we obtain the conservation of energy equation at

the mesoscale:

D
6& CMJ'
P"Di

(%) =V - (e9q) — et : Vo — ¥pYhY
=Q% +Qy, (2.58)

where the colon indicates the tensor dot product (a:b =3, ;ai;bi;). Here we

have made the following definitions:
hei = hi® 4 gi vl — g% - v% (2.59)

is the external supply of energy,

1 1

e =l 4 vl vl — —p%
2 2

0% (2.60)
is the energy density,

, o 1
qO‘j = <q3>a + <t.7 . ’(7‘7>a — taj . fvaj —+ pajrvaj (eaj —+ 5,0043' . rUO‘j)

Q

o1
— p™ivi(ed + §’UJ i) (2.61)

is the partial heat flux vector for the j** component of phase «,

—a !

~ < — -av ~ .« — ) P 1 . )
QY =ep¥(Q7 4+ vl — (zj + vl — %)Y 47 (el + 5’01 )

O —

—7 (et —|—§v3-vﬂ ) (2.62)
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is the rate of energy gain due to interaction with other species within the same

phase not due to mass or momentum transfer, and

o T 4
Qﬁfz—g {/ [q]—irtj~vj+p7(ej+§v]-v])(w“ﬁj—'v]) -n® da
A

|0V |
1 . A
N (eaj v ’Uaj> p](waﬁj _ ’U]) .n® da
2 A
o [ [ P )] ) 263)
A

is the rate of energy transfer from phase ( to phase « not due to mass or
momentum transfer.

The bulk phase conservation of energy equation is found in an analogous
manner to the bulk phase conservation of linear momentum by using (2.20) and
subtracting v® times (2.33) and (e® + 1v® - v®) times (2.21) and then summing

over constituents. This yields

DOL [0 ~
gapoz D: _V'(gaqa)_gata:Vva_eapaha:ZQg7
B
where the following restrictions hold:
N - 1
Z |:Qo¢j 43 M L7 <eaj + é(vaj»a)Q)} =0 Va, and (2.64)
j=1

N et . A~ ) 1 ) X
ﬁz# {Q; + T v ey (e% + 5(1;%)2) } —0 j=1,...,N.(2.65)

The first restriction says that bulk-phase energy can only be lost due to transfer
with other phases, and the second restriction states that the interface retains no

energy.
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2.3.6 Entropy Balance
After substituting the appropriate quantities from Table 2.1 into (2.39) the

entropy balance at the mesoscale for constituent j in phase « is

5" i) = V- (g2 (@) + pPivin

I )) + V- (% i) — % pibi”

:ZEW“ mu/W+ww %~ v7) - n da

—i—e“po‘JAJ —|—5apaf779 i (2.66)

Subtracting % times (2.12) and using (2.13) we obtain

gapaj Dt (naj) _ V . (€a¢aj) _ gapajbaj
=D By i+ A, (2.67)
BFa

where we have made the following definitions:
A% = Ea (268)
is the entropy production,

is the entropy of the j™ constituent in the a-phase,

d)a]‘ = <¢]>O€ + pj'uajnaj _ pajvjnja (270)
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is the partial entropy flux vector for the j** component of the a-phase,
W = b (2.71)

is the external entropy source,

) = / & + P (wi — v))] - n® da
7 |5Vo¢| A [ ( >]
ganaj

A

P (wPi —v?) - n® da (2.72)

is the entropy transfer to the j** component in the a-phase through mechanical

interactions with the same component in the S-phase, and

(07

= (" +?jnja —?’Tjano‘j) (2.73)

=3

is the net entropy gain due to interaction with other species within the same
phase
The bulk-phase counterpart is given by

«

o oD
P Ty

(67

-V (€a¢a é?apaba _ Z (I)ﬁ + Aa (274>
B#a

where the following restrictions apply:

N
Z n*) =0 Vo, and (2.75)
7=1
3 (@ZJ + eﬁjnaj> =0 j=1,...,N. (2.76)
o

The first restriction states that entropy can only be lost due to interactions with
another phase, and the second restriction states that the interface can hold no

entropy.
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2.4 Standard Assumptions and Resulting Entropy Inequality

In this section we make a few standard simplifying assumptions, and give the
resulting form of the entropy inequality. Henceforth we assume that the stress
tensor, t%, is symmetric. We also assume that the system is in local thermal
equilibrium. That is, because the phases are viewed as overlaying continua, we
assume the temperature of all constituents in all phases at a single point is the

same for all phases. This assumption can be expressed as
T=T%=T"% Vo, V3,V (2.77)

Note that this does not mean that we are assuming that the temperature is
constant; 7' is still a function of time and space.

Next, we assume that the system is thermodynamically simple in the sense
of Eringen [24]. This means that entropy flux and external supplies of entropy
are due to heat flux and external supplies of heat alone, respectively. This

assumption can be expressed as:

a; _ 47
I 2.
o =1, 279
h<i
b = . 2.
T (2.79)

Entropy is a mathematically useful quantity. However, experimentally it cannot
be measured directly. Thus, we choose to perform a Legendre transformation to

convert the internal energy e® into the Helmholtz free energy A%/,

A% = e + Ty, (2.80)
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allowing us to choose temperature instead of entropy as an independent variable.
The second law of thermodynamics states that the total entropy generated
by the system must be non-negative, and is maximum only when the system is
in equilibrium. This statement can be expressed as:
N
A=) A"=> "> A% >0 (2.81)
a a j=1
We begin by solving equation (2.67) for A% subtract % times the con-
servation of energy equation (2.58), to eliminate the heat source variables, h*,
perform the Legendre transformation with (2.80), then sum over all constituents

and phases to obtain

7=1
e al 1
« Qj | pyQj, 0 QOGO a; T (0,02
+ﬁ(VT)-{q —;[t v piv (A —|—2(v ))}}
1 N ) .
_TZ [Tﬂj +’L J + V(€apajAaj)] A ,vozj,a
j=1

~F 2% <AC“ + %(vw)?) } > 0, (2.82)
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where v** = v — v*, and in general a comma in the superscript denotes a
difference in the superscripted quantity. Identities needed to obtain equation

(2.82) can be found in Appendix A.3.

2.5 Choosing Constitutive Independent Variables and Exploiting
the Entropy Inequality

Thus far, the theory introduced applies to all media meeting the require-
ments laid out in the beginning of this chapter and the previous section. What
distinguishes one material from another is the set of variables upon which all
other variables depend; these are called constitutive independent variables, or
more simply, independent variables. How we choose the independent variables
is informed by knowledge of the material we wish to model, experience, and
experiments. It is important to note that the choice of independent variables
defines the material.

Once the constitutive independent variables are chosen, we expand the
Helmholtz potential term found in (2.82) in terms of these variables, perform
various algebraic manipulations and collect terms. The axiom of equipresence
requires that initially all constitutive variables be functions of the complete set
of independent variables, even, for example, if one phase lacks a certain con-
stituent. Only after the entropy inequality is exploited can the concentration of
a species be set to zero, [31]. Failure to adhere to the axiom of equipresence can
produce erroneous results. However, it can be shown that the Helmholtz free
energy is not a function of all the independent variables, as will be demonstrated

momentarily.
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To illustrate how we chose the independent variables and exploit the entropy
inequality in the sense of Coleman and Noll, [19], we will present two illustrative
examples. The first example will be for a single-phase elastic solid composed of
a single constituent. The second example will be a single-phase thermo-viscous

fluid, also composed of a single constituent.

2.5.1 Example: Elastic Solid

Mechanics of materials tells us that linear elastic bodies exhibit different
behavior depending on the strain and temperature of the material, denoted E*
and T, respectively. Expanding the derivative of the Helmholtz potential as a
function of these variables we have:

DA®*  0A°* DE° 0A° DT

Dt~ 0E° Dt 9T Dt (2.83)

where we have dropped the superscript on the derivative terms since there is
only one phase. Substituting this into entropy inequality (2.82) and collecting

like terms we obtain:

T
f—— . g* >0, (2.84)

where we have converted d° into the independent variable E*® via the identity
d°=(F)T.E - (F*).
Variables which appear linearly in the entropy inequality which are neither

constitutive nor independent can vary independently, thus their coefficients must
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be set to zero to avoid violating the entropy inequality. In this example, the

following variables satisfy the these requirements:
T, E, VT. (2.85)

The resulting equations are called non-equilibrium results as they must hold
both at equilibrium as well as away from equilibrium. Since the coefficient of T

must be zero, we obtain the classical result

0A®
or

—n°, (2.86)

which means that temperature and entropy are dual variables. For the coefficient

of ES, we obtain

A (2.87)

oz F)
which is a classical Hooke’s law. Finally, for the coefficient of VT we obtain the

result that
qg’°=0. (2.88)

This last result says that there is no heat flux. As such, the material that we
have defined by our choice of independent variables does not conduct heat. This
is perfectly acceptable if we mean to model an insulating solid or we know a
priori that the system has a constant temperature. However, we may wish to
model an elastic solid that conducts heat, that is, a thermo-elastic solid. To

accomplish this, we add VT to our list of independent variables, resulting in an
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additional term in entropy inequality. Equation (2.84) becomes
S aAS .
A=— < + 773> T
0A? s
(ps _ (Fs)—l 5. (Fs>—T> B

VT g 9A° D(VT)
Y- > 0. 2.
T rovr) be =V (289)

The variable VT no longer appears in list (2.85) because now it is independent.

p(V1)

In its place =5

appears, leading to the non-equilibrium result that

DA
a(VT)

=0, (2.90)

meaning that the Helmholtz free energy is not a function of V1. Where it
can be demonstrated that Helmholtz free energy is not a function of certain
variables, as above, the Helmholtz free energy will be taken as a function of
a subset of the complete list of independent variables to simplify calculations,
otherwise we will adhere to the axiom of equipresence.

We now have a heat conducting elastic solid, that is, a thermo-elastic solid.
Equilibrium for this systems is guaranteed to occur when VT = 0. At equi-

librium the net generation of entropy is minimum, so that 5 (8VAT) = 0 and

92A
(V12

> 0. Taking the partial derivative of equation (2.89) with respect to

VT and setting it equal to zero yields
q° =0, (2.91)

that is, there is no heat flux at equilibrium, which makes sense for a thermo-
elastic body.
The coefficients of the variables that are zero at equilibrium are a function of

these variables. To clarify, if x and y are variables becoming zero at equilibrium,
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then the coefficients of = and y are functions of x and y. One way of obtaining
near-equilibrium results is to linearize the coefficients to form positive quadratic
terms by using a Taylor series expansion about the variables becoming zero at
equilibrium, and then truncating all second-order and higher terms. In this

simple example, we have that ¢° = ¢*(VT), so that
Q@ =q°|l,+ K- VT, (2.92)

where eq stands for equilibrium, and K*® is a second-order tensor resulting from

the linearization process. Equation (2.91) tells us that ¢*|., = 0, thus
¢ =K VT. (2.93)

Equation (2.93) is Fourier’s law of heat conduction, which is known to hold for

thermo-elastic solids near equilibrium.

2.5.2 Example: Thermo-viscoelastic Fluid

If we want to model a thermo-viscous fluid we would include in the list of
independent variables the density, the temperature, the gradient of the velocity,
and the gradient of the temperature, denoted p', T', Vo', and VT, respectively.
However, it can be shown that Vo' is not frame invariant, where as the sym-
metric part of Vo', d' = 1/2(Vo! + (v))T) is frame invariant, [24]. Thus, we
include d' in our list of independent variables instead. Including gradient of
various variables produces flow in those variables. For example, just as includ-
ing VT produces heat flow, including a gradient in the volume fraction, Ve,
produces a material which has flow dependent on the moisture content, which

is the case in swelling materials. Including higher-order gradients of a variable
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yields non-local effects due to that variable. It is important to remember to
include only those variables which will enrich our model without unnecessarily
complicating it.

Expanding the derivative of the Helmholtz potential as a function of the in-
dependent variables discussed above except VT (since, as demonstrated above,
the Helmholtz potential is not a function of VT') we have:

DA"  0A' Dy N OA' Dd! N OA' DT
Dt — 0pt Dt  od Dt = OT Dt’

(2.94)

where we have dropped the superscript [ on the derivatives terms since there is
only one phase. Note that because of the conservation of mass, equation (2.23),

we have
Dy [ l
—=—pV.v. 2.95
o= PV (2.95)
Substituting this into equation (2.94), then substituting the result into entropy
inequality (2.82), and collecting like terms we obtain
! l
p [0A L\ g
A=—=|— T
T ( or T )
1 A
— (¢ N=_71):d

P oA Dd’ N vT
Tod Dt = T2

-q' >0, (2.96)

where we have used the fact that V - o' = d' : I since d' = }(Vo! 4 (Vo!)T).
The variables which appear linearly and are neither constitutive nor independent

are:

Dd'

T, —. 2.
D (2.97)
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Using the method outlined in the previous example, we obtain the following

non-equilibrium results

0A! .
e 2.98
57 = (2.98)
which states that entropy and temperature are dual variables, and
A
— =0, 2.99
od' (2.99)

which means that the Helmholtz free energy is not a function of d'.

We define equilibrium to be when both d' and VT are zero. If z is a variable
becoming zero at equilibrium, then ‘3—’; = () because the net generation of entropy
of the system must be minimum at equilibrium. Thus, we obtain the following

equilibrium results. For the coefficient of d' we have:
t'= I, (2.100)

where we have used the thermodynamic definition of pressure

0A!
P = (Pl)Qa—pl- (2.101)

Pressures will be discussed at great length in subsequent chapters. Equation
(2.100) is a standard result and states that at equilibrium the stress in the
liquid is equal to minus the pressure in the liquid phase. For the coefficient of

VT we have
q' =0, (2.102)

which states that at equilibrium the heat flux is zero. Since we now have
more than one variable defining equilibrium, the condition on the second par-

tial derivative of A in the previous example is replaced by the requirement that

41



the Jacobian of A be positive definite. This assures that entropy production is
minimum.

Once again, we would like to obtain near-equilibrium results for the system.
The situation is different than the previous example because now we have more
than one variable that defines equilibrium. We will still use a Taylor series
expansion about the variables which define equilibrium and truncate all second-
order and higher terms. However, there is now more than one way to accomplish
this. First, we can choose to do single variable expansions. Setting the coefficient
of d’ to Q', we have that ¢ = ¢'(VT) and Q' = ¢'(d'), analogous to the previous

example. Thus, single variable expansions yield

¢d=K VT (2.103)

t'=—p'r+r':d, (2.104)

where q'|., = 0 because of equation (2.102), and Q'|., = 0 because of equation
(2.100). In the above equations K' and L' are second-order and fourth-order
tensors, respectively, resulting from the linearization process. We note that
because we choose to do single variable expansions that K' and L' must be
evaluated as functions of d' and VT, respectively. In general, whenever single
variable expansions are performed the coefficients resulting from the lineariza-
tion process must be evaluated as functions of all the other variables which
define equilibrium. Of course, having constant coefficients is preferable and can
be achieved by using expansions in all of the variables that define equilibrium. In

this example we can perform two variable expansions by taking q' = ¢'(VT, dl)
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and Q' = Q'(d', VT). Doing so yields

¢d=K VvI+H:d, (2.105)

t'=—pI1+L':d+ M. VT, (2.106)

where K' and M! are second-order tensors, and H' and M' are fourth-order
tensors resulting from equilibrium expansion, all of which are only functions of
independent variables not becoming zero at equilibrium. Unfortunately, using
Taylor series expansions in all the variable defining equilibrium can produce
cumbersome expressions. We will be careful to the use expansions that are
relevant to the system we want to model but significantly enrich the resulting
equations.

In subsequent chapters we will use the techniques described in this section to
obtain non-equilibrium, equilibrium, and near-equilibrium results for far more

complex systems.
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3. A New Choice of Independent Variables

Deriving a physically meaningful transport equation for porous swelling ma-
terials that undergo finite deformations depends largely on our ability to relate
thermodynamically defined variables to physically interpretable quantities. In
this chapter we present a novel and judicious choice of independent variables for
the solid phase that clarifies the relationship between thermodynamically de-
fined pressure and actual physical stress. To further show the usefulness of this
new set of independent variables, we will show how it elucidates and simplifies
the assumptions and the derivation of the transport equation previously inves-
tigated by Singh et al., [51], while continuing to capture the important features.
We then show how this framework can be used to derive a transport equation
used to model swelling polymers, and compare the result with another transport

equation derived using the Flory-Huggins theory.

3.1 Motivation

In this chapter we will restrict our discussion to a two-phase system consist-
ing of a viscoelastic solid and viscous liquid phase, each composed of a single
constituent, and neglect all interfacial effects, though the theory can be used to
incorporate such effects, [7, 8]. Results for non-swelling media may be obtained
by making simplifying assumptions.

To capture the viscoelastic nature of the solid phase and phase interaction
effects, the independent variables should include variables upon which the solid

phase behavior depends, the liquid phase behavior depends, and the interaction
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of phases depend. The intuitive choice for independent solid variables include
but are not limited to: the solid phase volume fraction, €, solid phase density,
p°, and smeared-out solid strain, E®. These variables are not independent. To
see this, consider the continuity equation for the solid phase assuming no loss
of solid material to the liquid phase, see equation (2.23):

Ds(gsps)

Dt +°p*V -0 = 0. (3.1)

Let F* denote the deformation gradient. Then the right Cauchy-Green tensor

can be expressed as
C* = (F*" . F, (3.2)

where F* is the deformation gradient of the solid phase and is defined by (in

indicial notation)

S S S axs
K

where a® is the Eulerian coordinate and X° is the Lagrangian coordinate, and

where the strain tensor is expressed as
E°=1/2(C*—-1). (3.4)

Let V be the total volume of the smeared-out solid phase, and let V[ be the
initial volume of the (smeared-out) solid phase. Equation (3.1) can be expressed

in integral form as [14]

/espsdv:/ gspSJdeoz/ ggpPodvo, (3.5)
\% Vo Vo
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where the jacobian, J* = det (F*" - F*) = det (C*) = det (2E° + I). From
(3.5), we have J® = <605 Combining these results, we obtain the following

ESpS

relationship

S .S
_ oo

det(2E* + I) = J* .
€Sp$

(3.6)

Thus, we see clearly that E®) p* and €° are dependent. In particular, the first
equality tells us that all six components of 2E° + I are not independent of .J*.

Because of this coupling it is not straight forward as to how to choose inde-
pendent variables which lead to physically meaningful variables. A first choice
might be to eliminate volume fraction or density as one of the independent vari-
ables. However, density is dual to the thermodynamic definition of pressure, and
volume fraction measures liquid content, and hence both are essential quantities
in determining macroscopic behavior.

One way of handling this coupling is to enforce the continuity equation using
a Lagrange multiplier [33]. The Lagrange multiplier then becomes an unknown
of the system to be determined by boundary conditions [24]. Using a Lagrange
multiplier, derivatives with respect to E® (or C*) can be evaluated letting p* and
€% vary without restriction. However, it then becomes unclear what the physical
representation of the dual variables are. To see this, consider the following result
obtained via HMT using p®, €°, and E* in the list of independent variables [49]:

l

£ = —p T+t + ;tsh, (3.7)
where
0A?
tse — st . . Fs T )
PF o (P, (38)
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and

OA!
th=p'F* . B (F)T, (3.9)

In equation (3.7), t* is the stress of the solid phase and is related to the stress
of the entire medium via ¢ = e°t* 4 ¢'t!. The variable p*® is the thermodynamic
pressure and is defined by

ops’

p*=(p°) (3.10)

and t*¢ and t°" are labeled the Terzaghi stress and the hydration stress, respec-
tively [11, 12]. As —1/3tr(t°) represents the physical pressure exerted on the
solid phase it is not clear what portion of pressure p® represents, since neither
t*¢ nor t°" have zero trace.

Another way of dealing with this coupling is to make simplifying assump-
tions. For example, in [49], Singh et al. proposed a constitutive theory to model
a two-phase polymeric system with a viscoelastic solid phase and viscous fluid
phase. By including strain, time derivative of strain, and a gradient in strain as
constitutive independent variables, they developed a theory applicable to vis-
coelastic systems. Therein, they obtained novel forms of Darcy’s law. In [50],
they extended the two-scale theory to three scales, and then in [51], a trans-
port theory was developed based on their work in [50]. The development of the
transport model required the assumption that the strain of the solid phase and
rates of strain, were a function of volumetric changes only, that is, a function of
J?, and not a function of shear.

This brings us to another issue we address in this chapter. The form of

Darcy’s law used to derive the transport equation in [51], which we will derive
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in a subsequent section, is written in terms of gradients in the classical pressure,
volume fraction, and time derivatives of volume fraction. However, as we will see
later, this form of Darcy’s law can be written in an equivalent form expressed in
terms of a gradient in the Gibbs free energy (or chemical potential) of the liquid
phase. Either form of Darcy’s law, when combined with the bulk conservation
of mass equation for the liquid and solid phases, yields a transport equation.
However, we need different constitutive equations and employ different assump-
tions depending on the form of Darcy’s law that we use. We will derive two
such transport equations and discuss the similarities, differences, and usefulness
of these equations.

In this chapter we will first introduce a new set of constitutive independent
variables that give rise to a physically meaningful interpretation of the solid
phase stress, solid pressure, and Terzaghi stress tensors. We will present the
necessary techniques and methodology to obtain the entropy inequality and then
present only the novel results stemming from this choice of variables. Then,
based on this choice of independent variables we derive a transport equation
analogous to that found in [51]. Next, using an equivalent form of Darcy’s
law, we will use Flory-Huggins theory to develop another transport equation
specifically applicable to polymers. Lastly, it is worth mentioning that we are
able to reproduce the three pressure relationship of Bennethum et al. [14] in

terms of these new variables.

3.2 Constitution
As discussed above, complications arise from the dependence of the vari-

ables €°, p®, and E° through the solid phase continuity equation. In choosing
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an appropriate set of independent variables consider the properties of swelling
clays and polymeric materials. Swelling clays, as well as many polymeric mate-
rials, have markedly different behavior at low and high moisture contents. At
high moisture contents the liquid phase cannot support shear. Thus shearing
has little affect on flow, and macroscopic behavior is dominated by volumetric
changes due to changes in moisture content. In contrast, a swelling clay with
low moisture content will have very few layers of vicinal water (water residing
close to the solid phase), and the liquid phase supports shear and the effects
of shearing become of greater concern when modeling deformation and trans-
port [23]. For these reasons, it becomes appropriate to consider splitting the
deformation of the (smeared-out) solid phase into volumetric (dilatational) and
isochoric (distortional) parts. Ideally it would be nice to decompose strain, E*
into volumetric and isochoric components, however mathematically this makes
the problem quite complicated due to the relationship between €°, p®, and E°®.
Consequently, we follow Holzaphfel [32], and consider a multiplicative decom-

position of F* and C” as follows:
C* = (J*)¥3C”, (3.11)

Fs = (J)Y3F, (3.12)

where J5Y3T and J*2/*T represent volumetric deformation, F~ and C~ are the
modified deformation gradient and the modified right Cauchy-Green tensor, re-
spectively. These variables account for distortional deformation. They are re-

lated in the same way F° and C* are, that is,

C' =(F).F. (3.13)
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With this decomposition in mind, we assume the following independent vari-

ables:

dowel, FUvE v,

ol C, %)5 IS O s v d (3.14)
where m = 1,...,pand n = 1,...,q denote material time derivatives of order
m and order n, and 7 =1,..., N — 1 represent N — 1 constituents throughout

this thesis unless otherwise noted. This choice of independent variables differs
from that found in [49] in that we have replaced E*® and p* with C” and J*.
Additionally, we have replaced higher order derivatives of E° with derivatives

of el and C”.

3.3 The Entropy Inequality

In this section we will present the necessary methodology to obtain a form
of the entropy inequality that is exploitable.

To simplify the following manipulations, we postulate the dependence of the
Helmholtz free energy as follows:

(n)

Al = Al E g ol T, T Y, (3.15)
()
AS = AS(E, B e, 0%, T, C°, C), (3.16)
where m = 1,...,p and n = 1,...,q are material time derivatives of order p
and ¢, C% is the concentration of the j* species in phase o and j = 1,..., N.

Otherwise, we adhere to the axiom of equipresence, that is, all other variables

are considered a function of the complete list (3.14). Material time derivatives
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of A' and A* appear in the entropy inequality (2.82). Using the chain rule, they

may be calculated as follows:

DAL A D' N 9A D'EY QA DY (=, DY(CY)

= + — + H
Dt 0t Dt~ £ S Dt opt Dt = Dt

(n)
QAL D'T ~ 0A! DIC° oAl D' C°

+ +—=: + : , (3.17)
oT Dt ' oC° Dt o Dt
=19 C
D*A*  9A* D! z”: 0A* D=2 04D ., DO
Dt~ o Di om Dt oJ Dt &M T
m=1 19 J:l
(n)
0A* DT 0A* D°C° - o0A* D C
— . : 1
o ot Yee b T W D (3.18)

=gt
Because j = 1,..., N in (3.15) and (3.16), the concentrations, C*/, are a depen-

dent variables since
N
=1, (3.19)
j=1

which implies for example

DeCan N peges
o :—Z T (3.20)

Jj=1

giving rise to the relative chemical potential [13]

o = p — N, (3.21)
where
0A~
Y = : 3.22
wY = o e (3.22)

We will find it useful to be able to convert a material time derivative with

respect to one phase (or species within a phase) into a material time derivative
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with respect to another phase (or species within a phase). This can be done

using either of the following two identities:

Do() _ D)

o = Di T vV (+), (3.23)
DY) _ D) | ajevy.
Dt = Dt + vV (). (3.24)

Since d’ is not in the list of independent variables (3.14), it is necessary

- S
to convert d’ into the independent variables C' and J°. We use the following

calculation:
d = (Fs>7T . E's . <F5>71
_ %(FS)_T . CS . (Fs)—l
_ %(Fs)—T ) (§<‘]S)_l/3‘j868 1 (Js)2/36'8> ) (Fs)—l
= () E) T (F) 4 (F) T C ()
= %(Js)‘ljﬂ + %(FS)—T C - (F) (3.25)

In the above calculation the first equality is an identity, see [37], the second
equality is due to the definition of the strain tensor, the third and fourth equal-
ities are due to equations (3.11) and (3.12), respectively, and the fifth equality
holds because of (3.2).

Hence it follows from (3.25) that

& I==(F)"-F)"):C +=—. (3.26)

DN | —
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and

($0) ! (@al.zﬁ ) e
+ = Ztr (t%7). (3.27)

Using the identities given in the entropy inequality (2.82) above and collecting

terms, we obtain the following form of the entropy inequality:
___25 8Aa+ o\ D°T
- ) Dt
o oAl L OAY
T =F a P e

_% Zzgapaﬁajéaj o lglplgfll p;

a j=1

1 s saAse €’ al s 7S
i GRAT —gj;tr(t ))J

1, laAl 04 & — =\ | =
—— e p° —(F)~". t | - (F . C
T _6 i e o) > (F")

N

€

— th | . d
7(xe)

1 L L OA |
_TZ Zé‘p o) :C
a n=1 oC
1 oA OA 8Al (")
T €lpl <?+77[) VT+€p e lVE +€lplz
n= OaC
p
oA m JOA
+5lp’ZW-V(5)Z+ : 8 V,o +5,0ZZWVCZJ +T
m=1 El
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& ( Al JOA® ) (mt1),

E ep’— ) ¢
(m) (m)

T m=1 l 8 !

VT 1
= {q + E [ Lt (Aaj + 5(11%0‘)2) -t -vaﬂ'"’] }
1 Y s ) . .
—7 g E [Tﬁ +1 + V(&apaﬂAaJ)] S

a j=1
N
e” o o Ay . oo
+;;T(t pY AT : (Vo)
;N
_2T (vo‘ﬂ”a)2 (eﬁj —i—?‘”‘f)

We choose to use Lagrange multipliers to weakly enforce the continuity

equations, see [33]. The entropy inequality is modified as follows:
Aa a (6% O
new: old+z +5PV"U —Zeﬁ
a,a#B
A% cDC%
EE T [T e

a j=1
_<Zggj +7Y O Z@g)] > 0, (3.29)

o0 o0

D" D(ep”)

where A,y is given by (3.28). This yields the following form of the entropy

inequality:

1~ . (04 N\ DT
A= 2= (aT +’7) Dt

«

oA 0A® ,
(lplal 8sps¥_pl>\l)el
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—(Aaf-AaN)<7(eap“f)+<7[e“p“f@4“j-—44“N)]} Fve
N
1 ~a; a; 1 aj,o)2

Sy S [ dwey]

a j=1 f#a

N-1
1 1
S DD AT ) AT = Y AN O } >0, (3.30)
o fra =1

where we have used the following two identities

N N-1 o
S gt =y (F%‘ - %FQN) s (3.31)
v .
Jj=1 Jj=1 P
N-1 o
VRN v (;;) L, (3.32)
j=1

to remove the N* component dependence from terms involving v%®, and

Voo, [13].

3.3.1 Two Phase Pressures

In Gibbsian thermodynamics, pressure is defined as follows:

oAy
ave

—Q

(3.33)

M ...
where M is the mass of constituent j in the a-phase, V* is the volume of the
a-phase, and A% is the total (extensive) Helmholtz free energy. Dividing the

top and bottom of the partial by the magnitude of the REV, we obtain

B 8<€apaAa)
Qe

o o OAY
Oe®

e84

: (3.34)

s
EXpTT ...
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so that we now have an expression for the thermodynamic pressure in terms of

intensive variables. Another thermodynamic variable with arises is

N
0A”
p* = E P pi . (3.35)
j=1 Ip

g
EX, ...

Bennethum and Weinstein showed that [14]
p* =p“~ (3.36)

for a single-phase material made up of one constituent by converting to extensive
variables. However, as we will see, these pressures differ for a swelling porous
media. Exploitation of the entropy inequality in the sense of Coleman and Noll,

[19] yields the following equilibrium result for the coefficient of d':
th=—p'rI, (3.37)
which implies that
Lo !
gtr(t )= -1 (3.38)

The stress tensor is a physical quantity, and since one third the trace of the stress
tensor is the actual physical pressure exerted on an isotropic system, equation
(3.38) indicates that p' coincides with the physical pressure in the liquid phase.
Thus, it is called the classical pressure (see also [14]).

The relationship between the thermodynamic pressure and classical pressure
was elucidated in [14] by considering the Helmholtz potential to be a function
of two different combinations of the same set of independent variables. As such,

they are not different potentials; an overline is used to distinguish between the
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sets of variables being used and will be dropped later. Consider the following

relationship for the liquid phase:
Al elpli, )= A p,Cl, ), (3.39)

where j =1,...,N for e'pb and j =1,..., N — 1 for C%, with the total differ-

ential given by

oAl 2 oAl
DA = — del +y  ———| d('pY)
Oe! elpli, ... le a(&lplj) el
_ — N-1 I
0A ,  0A ; 0A .
= 5| gy DIy ach  (3.40)
ol.Cli ecli,. =1 ol
Then, for example
Y B O .. | Gk}
0z phCli .. oe! elpli ... J=1 Ole'ph) el,... O pL,Cli ...
HA! N gl 9Al
= R Yy ery .
elpli,... Jj=1 el,...

Multiplying (3.41) through by —&'p! we obtain the three pressure relationship in

14
PP, CY) =Pl elph) + (e, CY), (3.42)
where
= elplaa—?ll , (3.43)
ol 0l ...

is called the swelling potential since it represents the degree to which the energy
of the phase is changed with respect to a change in the liquid content. Equation

(3.42) states that the classical pressure is equal to the pressure obtained by
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changing the volume of the liquid phase keeping the mass fixed plus the pressure
obtained by changing the volume fraction keeping the density fixed.

In a similar fashion, one can show that

8/1
€€p Zpll
7j=1

so that the definition of the classical pressure coincides regardless of which set

—
0A
[\2
L = (P) 8_pl

=pl(e', p',CY), (3.44)
el,cli,..

of independent variables is used.
Using similar calculations one can show that equations (3.42) and (3.43)

hold with [ replaced by s, so that we obtain the general relationships

0A>
T =e%p® ge| a=1,s, (3.45)
p 9,077,
and
p*(e®, p, CY) =P (e, e%p™) 4+ w* (e, p*, CY), a=1s (3.46)

The liquid phase pressures remain the same as in previous works [14], since
the independent variables have not been changed. However, in the solid phases

we have replaced the variable p® with J®. Consider, the following relationship
A pr Co Y =AC(E e p, . )= AL R, 0%, ), (3.4T)

where 7 = 1,...,N — 1 for C%, and j = 1,..., N for £°p%. As before, the

overline and tilde are used to distinguish between the different combinations of
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the same set independent variables. The total differential is given by

DA DA — 0A®
DA* = — de' dp* dC®
ol| Ty W a0
ps,C%i el C% Jj=1 el,ps
oA° Y 9A°
_ 2 d l s _5j
| T Gy AP
€Sps_j ]:1
DA® DA — 0A®
= de! dJ® dC®. 3.48
o | “ T ar ac= (3.48)
Js, 0% el,C%i Jj=1 el,Js
Then, for example
DA A 04T oA° oA (3.49)
Oes Qe L= e 9psi| e’ g8 QJs T
ps,C%5 esp°i Jj=1 es ps,C%3 es,C%
where we have used the following calculation
0.J° (28) ey 0(1/e)
des|  Oes . p O .
ps,C°I ps,C°I ps,C”I
oy
— =——. 3.50
(55)2ps cs ( )
Multiplying equation (3.49) through by —&®p® we obtain
-8 S —S S SaAS
—m =D =P =P e ; (3.51)
es,C%i

where the first equality is the three pressure relationship (3.46) with v = s, and
the second equality yields the following identity for the classical pressure of the

solid phase in terms of the new set of independent variables

0A?
(e, J,C%) = —p ) — 3.52
p (6 ) Y ) p 8J5 y ( )
es,C”J
Using similar calculations one can show that
0A?
(S5 pt, C%) = —p° ) — 3.53
PO = TG (3.53)
PG
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where we note the difference in the variables being held fixed, and that

—s/_ S8 T8 S s saAs
p(g,J,C’J):—gp 855
Js,C%

(3.54)

3.4 Novel Results

Rather than present the entire constitutive theory associated with the ex-
ploitation of entropy inequality (3.30) we will present only those results which
are novel and relevant to the current discussion. A comprehensive discussion
of these results can be found in [49]. We begin by addressing how the choice
of independent variables, list (3.14), affects the form of the solid phase stress.
Next we present two equivalent forms of Darcy’s law. One form of Darcy’s law
will be used to derive a transport equation that is analogous to the transport
equation derived by Singh et al., [51], but where the new choice of independent
variables simplifies and elucidates the derivation and assumptions necessary to
obtain said equation. Using a second form of Darcy’s law, we will derive another
transport equation using Flory-Huggins theory for polymer solutions. We end

this section by comparing and contrasting the resulting transport equations.

3.4.1 Solid Phase Stress
After exploiting the entropy inequality in the sense of Coleman and Noll,
this choice of independent variables produces the novel non-equilibrium result

for the coefficient of J*:
1
gtr(ts) = —p°, (3.55)

where we have assumed that the diffusive velocities in the solid phase are negli-

gible and p® is given by (3.52). This result indicates that p® now coincides with
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the classical pressure in the solid phase, whereas before it was unclear what
portion of the pressure p® represented (see equations (3.7)-(3.9)).

We obtain the following equilibrium result for the coefficient of ész

€l —s 8141 8148 —s
= —pNI+2—)pF - —  (F" +20°F - —. - (F)", (3.56
p =P °C (F)" +2p s - (F7) (3.56)

where \° is a Lagrange multiplier used to enforce the continuity equation. Taking
one-third the trace of equation (3.56), using (3.55) to eliminate ¢°, and solving

for p°A* we obtain

[N} l s
26l 0AL e 2 0N o

N =p°+ = + = 3.57
PN =Dt e 37 o5 (3.57)
Substituting this equation back into (3.56) we have
2elph 0AY s 2 [0A°
t——SI—I——t +t C - -p—=: C, 3.58
p NN 3" 56 (3.58)
where
—se Pt aAs =S
t°=2°F - —; - (F )7, 3.59
PF S () (359
sh 1355 aAl T=\T
T (F) (3.60)

While it is possible to lump the last two terms of (3.58) into the definitions of
" and T*° so that they both have zero trace, we choose to keep with convention
and define equations (3.59) and (3.60) in an analogous manner as equations (3.8)

and (3.9). Note that now, when we take one third the trace of equation (3.58)

we recover equation (3.55).
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3.4.2 Darcy’s Law

Darcy’s Law is obtained by combining the linear momentum equation for the
liquid phase, equation (2.36), with constitutive equations for the stress tensor
and the exchange of momentum term, Ti A complete mesoscale nomencla-
ture is given in Appendix A. Exploiting the entropy inequality results in the
equilibrium result

1 m 8Al (n+é)
7 v -y Sy A v S G
n=0 aC

where P! is defined by equation (3.34) with a = [. Thus, linearizing about the

variable v* = v! — v*, we obtain

= Ul dsy aAl
T,=-R. (") + Ve — Z (m)l

aAl (n+é)
Z o C’)T. (3.62)
=09 C"

~1
To eliminate T, and ¢!, equation (3.62) along with the near-equilibrium result

for ¢
tt=—pI1+L:d+H -VT (3.63)

(see [49]), are substituted into the conservation of linear momentum equation

(3.61). The result is Darcy’s Law:

R - (') = —V( : ’) +pVe + V- ('L d’) +V . (¢H' - VT)
(n+1)

11 . —8 (m)l
TELg Z o) Z o ¥ ED (3.64)

nO@C mlagl
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where R’ is called the resistivity tensor and is second order. On the right hand
side of the equation the first term is responsible for flow due to a gradient in
pressure and is the primary driving force in the classical Darcy’s law. The
second term accounts for flow due to a gradient in volume fraction. These terms
have previously been reported in [49]. The third is known as the Brinkman
correction factor and is often neglected for slow velocity flows. The coefficient
L' is a fourth-order tensor resulting from the linearization process, and could be
a function of any independent variable that is not zero at equilibrium. The last
term on the first line accounts for flow due to thermal gradients and was also
reported in [49]; a comprehensive discussion of its impact can be found there.
The coefficient H' is a third-order tensor arising from the linearization process
and could be a function of the same variables as L'. It should be noted that
there are no isotropic third-order tensors, so that this term vanishes for isotropic
materials.

The first term on the second line accounts for gravitational effects. The
second term is previously unreported, although it resembles a term reported by
Singh et al. [49]. The first-order component is responsible for flow induced by
the change in energy of the liquid phase due to (pure) shearing of the solid phase,
which is of interest at low moisture contents when only a few layers of water are
present. A similar term was originally reported by Murad and Cushman [40] and
Bennethum and Giorgi [11]. The second-order and higher-order components are
novel. They are non-linear in %)s and account for flow induced by the changes in
the liquid phase energy due to the rates of shearing. It is similar to 9A'/d E)S,

a term reported in [49], however E° incorporates changes due to shear and
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volumetric changes and it is unclear what volumetric changes are being captured
by ¢! and what by E®. Here we clearly distinguish between shearing effects and
changes due to moisture content, which are captured by the last term. The first-
order component of the last term was previously reported by Achanta, [2], and
accounts for swelling in the normal directions and it has been speculated that
this term is responsible, in part, for non-Fickian fluid transport. The second
and higher-order components of the last term are previously unreported, and
are non-linear in time derivatives of volume fraction. As the polymer takes on
fluid the fluid acts as a plasticizer, lowering the glass transition temperature and
causing viscous relaxation and swelling. As these last terms are related to the
change in energy with respect to the time derivatives of the volume fraction of
the liquid phase, they are related to the normal components of strain; thus they
account for the effect of relaxation of the polymer matrix on fluid transport.

We now derive an equivalent form of equation (3.64) written in terms of the
Gibbs free energy which is related to the chemical potential of the species by
13)

N I
Gl = E Cl]ulj = Al =+ ;7 (365)
=1

where the chemical potential is defined thermodynamically as [13]

a<€apaAa>

0A“
— Aoz _|_ (e
A(ep™) ’

co.T Op%i lea 1’

@

(3.66)

Writing (3.15) in terms of the independent variables pb = Cl%p! (instead of
Cli and p'), we have

(n)
Al = AW B T, T, T, (3.67)
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wherem=1,...,p,n=1,...,q,and j =1,..., N. Thus, we have

(9AZ (m) (914
L1 l l l I l l
VA = —lpl—— 9l Z (m> Par —V7T
p]
N
aAl aAl <n+1)
= 5lplﬂ Z [ (3.68)
j=1 P gl n=0 0 C

Recall the definition of the swelling potential (3.43), and the three pressure

relationship (3.42). Combining these results to eliminate 7! and then using this

to eliminate '’ %Al in (3.68) results in

l (n+1)
l l 814 . S )T
Z (m) Z (n) )

nOac

SN 0 Ry Sy Ry i
= —pVA 4PV Yt aTVT—ingpal (3.69)

The left-hand side of (3.69) can be substituted into equation (3.64) to obtain

JOA!
R (") = —p'VA — V(P + p' Ve +elp' = 5T — VT
+elplg+ V- ('L d)+ V- (€' H' - VT) + Zelpla—Al
: 90

j=1

Vi, (3.70)

el

With the goal of writing equation (3.70) in terms of a gradient in the Gibbs free

energy, note that because pl = Clp'

Vi =p'VvCl 4+ Clivpl, (3.71)
so that
Al N A o
L 1 0\2 L p !
E_ elpl — 8,0 Vp = ]E_l e'(p") o ZVC’ -+ v Vo, (3.72)

where we have used the definition of the classical pressure, equation (3.35), with

a = 1. Using (3.72) in (3.70), combining terms and rearranging, we obtain the
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following form of Darcy’s Law

\vioL

el

R (") = - p'VG + ¢ p 5T VT + Z

%
+elp'lg + V(L dY)) + V(a (H'-VT)). (3.73)

The first term on the right-hand side is the generalized Darcy’s law term which
says that flow is induced by a gradient in the Gibb’s free energy. The second
term accounts for temperature effects due to re-writing Darcy’s law in terms of
the Gibbs potential (G! is a function of temperature). The third term appears
because the gradient in the Gibbs free energy accounts for effects on the bulk
flow, but not entirely for contribution of species, which still may have an effect

on flow. The last three terms remain the same as in equation (3.64).

3.5 Transport Models

The goal is to derive a transport equation which can be used for swelling soils
and for swelling polymers. As such, we neglect higher-order terms and neglect
gravity since we expect the contribution of these terms to be small in comparison
with other terms, assume constant temperature, and assume negligible shearing
effects since in relevant experiments and applications fluid penetration occurs
in the normal directions. Thus, equations (3.64) and (3.73) simplify to the two

following equivalent forms of Darcy’s law

aAl (n+§)
R . (8lvls>:—V(8lpl)+]_?lV€l Z o : )T
n=0 o C
l l
_ (3.74)
mzla( L
1ol sy I 1

R - (") = —£Yp'va +Z 3p] ver. (3.75)
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Either form of Darcy’s law, equation (3.74) or (3.75), can be used to derive a
transport equation. To avoid confusion we will call equation (3.74) the pressure
form of Darcy’s law, since the first term involves a pressure gradient, and we will
call equation (3.75) the Gibbs form. Both are valid for any two-phase porous
medium that meets the requirements laid out in the introduction, where, as
mentioned above, gravitational and thermal effects have been neglected. In what
follows we restrict our derivation to materials in which each phase is composed
of only one species and where no mass transfer between phases takes place. For
such a system, the last term of equation (3.75) is zero. This means that the
lone term containing the gradient in Gibbs free energy accounts for all of the
information contained in the four terms of equation (3.74).

The same form of the continuity equations are used for both transport equa-
tions. Assuming an incompressible liquid phase and re-writing the liquid phase

continuity equation in terms of &' = D%¢!/ Dt we have
4 (1 -eHv - (') =0, (3.76)

where V - v® was eliminated via V -v® = &' /e*, which comes from equation (3.1)

assuming that the solid phase is incompressible.

3.5.1 Transport Equation in Terms of Pressures
The goal of this section is to obtain a transport equation that can be ex-
pressed entirely in terms of the volume fraction of the liquid phase. To this end,

note that the first two terms on the right-hand side of (3.74) can be written as

—V(pH) +7Ve = Vi —vrl —nlve, (3.77)
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where we have used the three pressure relationship, (3.42). Now, we assuming

that 7! is primarily a function of £, that is

on'

o l
a—prpl << a—j;Vel, (378)
equation (3.77) becomes
o l
V() + 7 ve = - <7rl + ala—;> Vel — Vi (3.79)

Note that this assumption would not be valid for a non-swelling porous medium,
but it is reasonable for a porous medium composed of a highly interacting solid
and liquid phase.

Let K’ be the unjacketed compressibility for a porous media with incom-

pressible liquid and solid phases, [6]

sapl 2 l
K, = —& @ — g’ﬂ' s (380)
ol
then

l l =l

g . ;40T op
;K’ = — T + € a_&?l — @ s (381)

1 1

p
where we have used equation (3.42) again. Substituting into (3.79) we obtain

l a—l
—V(pH) + 7 Ve = %K’Val + 518—]; Vel — v

Lia

o) \ (3.82)

ol
= _K'Ve —¢
58

where we have assumed ' = p'(&!, p') to calculate V3. If we impose a constant

pressure along the boundaries then the density gradient Vp' will be negligible.
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Neglecting Vp! and using (3.82) in the pressure form Darcy’s law, (3.74) we

have

l l l (n+1)
dybe = B S K'Ve—< Z aA (v C° ”Z OX G| (383)

K nOaC mlae

where we have assumed that the resistivity tensor R' is isotropic, so that we

can write

Kl
'ul

v

(RHY™ = —1, (3.84)

where K' is the permeability and y! is the viscosity of the liquid phase. Substi-
tuting e'vh® from (3.83) into (3.76) gives the first form of the general transport
equation

K! o
1 _hvo. ' )
d+1-ehw (5 LKVs E 8“”& ]) 0, (3.85)

4, —1

where we have chosen to neglect the terms involving C~ and its derivatives.
This means that the model will only be applicable to systems with relatively
slow flows with a moderate to high fluid content.

This closely resembles an equation obtained by Singh et al. in [51] for a three
scale system but with a few key differences. First, the equation obtained in [51]
contains a coefficient E¥4, which is obtained in an ad hoc manner and is related
to the equilibrium elasticity of the material. Alternatively, in this formulation
we have used K’, which is a macroscale physically measurable compressibility
possessing a rigorous thermodynamic definition. Second, the terms containing
v 2 appear naturally as a result of the constitutive independent variables;

there is no need to preform a change of variables from gradients in strain and
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its time derivative to gradients in volume fraction and its time derivatives as in
[51]. To make the change of variables from %‘2 to (?)S, Singh et al. assumed
that their system has moderate to high fluid contents. This assumption, as
mentioned before, means that shear forces are being neglected, and as this choice
of independent variables for the solid phase shows is equivalent to neglecting
terms involving C°. Applying subsequent arguments of Singh et al. [51] to

(3.85), we obtain the following integro-differential equation

gd4(1-ywv. (DVsl — /Ot B,(t — T)VéldT> =0, (3.86)
where
D— —(d):; i (3.87)
B,(t) = 5125 EK l i M}, 8" D(1), (3.88)
v m=1
where
S (t) = %, (3.89)

is the time derivative of the dirac delta function, and where

My = o
8(?1

are constant as long as A! is a linear function of ¢’ and its time derivatives. The

(3.90)

primary difference between (3.85) and the transport equation derived in [51] is
in the interpretation of coefficients D and B,(t), and the ease with which this
equation is obtained. Appropriate choice of B,(t—7) allows this transport equa-
tion to capture a wide range of viscoelastic material behavior. A comprehensive

discussion of its modeling capabilities can be found in [51].
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3.5.2 Transport Model in Terms of the Chemical Potential

Next we turn to equation (3.75) and show how to combine it with the clas-
sical Flory-Huggins model used to model swelling polymers. To use equation
(3.75) we need to obtain an expression for the Gibbs free energy for the specific
system we wish to model. In this case we will seek an expression for the Gibbs
free energy that is valid for a polymer/solvent system. We use the standard
Flory-Huggins theory for a polymer /solvent system, [26]. According to the the-
ory the chemical potential for the solvent (water) and solute (polymer) phases

are given by

ph=pb 4+ RT[In(1 —v°) + (1 — 1/x)v° 4 x(v°)?] (3.91)

p = s+ RT[In(v?) + (z — 1)(1 — %) + xo (1 — v*)?, (3.92)

respectively, [26]. Here, R is the gas constant and x is the ratio of molar volumes
of the solute and solvent. The interaction parameter, y, is as a measure of how
good a particular solvent is for a particular polymer, and is set to zero for good
solvents. The molar volume fraction parameters v' and v® are given by

l

l n
- 3.93
v n! 4+ xns’ ( )
xn’
e — 3.94
v nt + axns’ ( )

where n® represents the number of a-phase molecules. The units of v' are

vol |

— YOl Dividing the top and bottom by the total volume we find that o'
vol i1+vol s

has the same units as €!. This suggests that we may take v/ = £'. In fact, this
is precisely what is accomplished by using x, the ratio of molar volumes of the

solute to solvent in the denominator of (3.93) and (3.94), because x has the effect
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of scaling the size of a solid phase molecule to take up the appropriate volume of
liquid phase molecules. Similarly, v® = £°. Thus, we can write equations (3.91)

and (3.92) in terms of volume fraction

ph=pb 4+ RT[In(1 — %) + (1 — 1/2)e® + x(e°)’] (3.95)

pf = ps + RT[In(e*) + (z — 1)(1 — &%) + xo(1 — £%)]. (3.96)
Assuming a good solvent, we take xy = 0, and equations (3.95) and (3.96) become

pl = ph + RT[In(e") + (1 — 1/x)e*] (3.97)

pt = py 4+ RT[In(e®) + (x — 1) (3.98)

For phases composed of only one species, the Gibbs potential of the phase is
equal to the chemical potential of the phase, so that we may take G' = p! in
(3.75).

If x is sufficiently large, which is a valid assumption for polymer solvent
systems since the molar volume of most polymers is quite large in comparison
to the molar volume of solutes like water, equation (3.97) can be approximated

as follows

pt = ph 4+ RT[In(g") + £°]
= pih 4+ RT[In (¢") + Ine”]
= pib + RT[In (e'e' )]

= pb + RT[In (a)], (3.99)

where a = e’ is called the activity, and has been used in [4] to model a

penetrant into a glassy polymer. If the solution were instead composed of two
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polymers we might take = &~ 1. Substituting (3.99) into equation (3.75) we

obtain

RT K
et = — L2 (1 — v, (3.100)
w

Substituting equation (3.100) into (3.76) we obtain the following transport equa-

tion
g4 (1-Yv . (DVE) =0, (3.101)
where
D= RTML;KZ(gl —1). (3.102)

3.5.3 Model Comparison
The derivation of equations (3.86) and (3.101) used equivalent forms of

Darcy’s law and the same conservation of mass equations. However, the similar-
ity between equations (3.86) and (3.101) is surprising because the development
of these equations came from two completely different perspectives. Equation
(3.101) simply lacks the integral term of (3.86), and the coefficient D of equation
(3.102) takes a slightly different form than that of equation (3.86). Moreover,
if we choose an appropriate form for B, (t), as discussed in [51], equation (3.86)
reduces to equation (3.101) for polymers in the glassy state and in the rubbery
state. For polymers in the glassy or the rubbery state the decision to use the
coefficient associated with either equation should be determined by the applica-
tion and the available experimental data for a given material. Equation (3.86)
is capable of capturing the complex behavior of polymers undergoing the transi-
tion between the glassy state and rubbery state. The discussion of the necessary

experimental data to use equation (3.86) can be found in [53, 52].
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3.6 Conclusions

In this chapter, we have shown that a judicious choice of independent vari-
ables for the solid phase yields a physically meaningful expression for the solid
phase stress, validating the assumptions made by Bennethum and Weinstein in
[14]. We have shown how this choice of independent variables can be used to
elucidate the assumptions necessary to derive a transport equation applicable
to swelling viscoelastic materials analogous to that of Singh et al. [51]. Using
Flory-Huggins theory we derived another transport equation which is specifi-
cally applicable to polymers. We then compared the resulting transport equa-
tions (3.86) and (3.101) and argued that the latter should be thought of as a
simplification of the former to be used specifically when a polymer is in a glassy
or rubbery state, and the former should be used when the polymer is undergoing

a transition from one state to the other.
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4. Three-Phase HMT for Swelling Porous Systems

Obtaining bulk and species transport equations that are capable of modeling
viscoelastic swelling systems in which mass transfer between phases takes place
requires special consideration. In this chapter we develop constitutive theory
for a system composed of a viscoelastic solid phase, an elastic solid phase, and
a viscous fluid that is capable of dealing with the unique difficulties that arise

in modeling such systems.

4.1 Motivation

In the context of HMT, fluid transport for swelling porous systems has been
investigated by a number of authors. Bennethum and Cushman presented theory
for such a system in [8]. In this work, they modeled the solid phase as elastic and
the liquid phase as viscous. The resulting model exhibited viscoelastic behavior
due to phase interactions. Singh et al. extended these results, modeling the
solid phase as viscoelastic, [49, 50]. These papers were aimed at biopolymeric
systems which display viscoelastic behavior at the microscale. In Chapter 3 we
revisited the transport theory for biopolymeric systems developed by Singh et
al. [51], in which they used the constitutive theory in [50] and the balance laws in
[7]. However, this transport theory did not include constituent transport, only
transport of bulk fluid, that is, transport of the liquid phase with respect to the
solid phase, but not transport of species within a phase. They also assumed

that no mass transfer takes place between phases. Because we wish to develop
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a model that represents viscoelastic drug delivery systems, we must take into
account mass transfer between phases.

When attempting to model such systems using two-phase HMT we en-
counter a couple of difficulties. First, to obtain the bulk transport equation

(3.85) we assumed that both the solid and the liquid phases are incompressible,

that is
DSpS
=0 4.1
Dt ) ( )
and
Dlpl
—— =0. 4.2
Dt (4.2)

Unfortunately, because mass transfer between phases takes place, these condi-
tions no longer hold. While we can make the argument that equation (4.2)
is approximately true by assuming that the dissolved drug in the liquid phase
is sufficiently dilute, we cannot make the same argument for the solid phase,
especially at high drug loadings.

Often, experiments in the literature measure the volume fraction of drug,
[20]. In two-phase HMT the variables that describe the constitution of the solid
phase are: the concentration of species within the phase, C'*7 = [mass s;/mass s],
the density of species within the phase, p* = [mass s;/vol s|, the density of
the bulk phase, p° = [mass s/vol s|, and the volume fraction of the phase,
e® = [vol s/vol]. Since none of these variables account for the volume of j in the
solid phase, two-phase HMT lacks the ability to represent the volume fraction of
drug. This makes it difficult to compare the results of a two-phase HMT model

to the available experimental data.
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These considerations lead us to consider an alternative method of model-
ing swelling drug delivery systems. In particular, a three-phase model with a
viscoelastic solid phase (the polymer), an elastic solid phase (the drug), and a
viscous liquid phase, where we specify that mass transfer takes place between
the drug and liquid phases only, has the potential of overcoming the aforemen-
tioned difficulties. This allows us to consider both solid phases as incompressible,
where equation (4.1) is the mathematical representation of this condition. We
can also argue that equation (4.2) is approximately true for the liquid phase, as
we did above. Furthermore, using three phases allows us to make more direct
comparisons with experiments since we now have a variable that represents the
volume fraction of drug in the solid phase.

In this chapter we will present the constitutive theory for such a system. The
details involved in deriving the entropy inequality are analogous to that found
in Chapter 3, so we will present only those details which differ significantly due
to the presence of three phases. The resulting entropy inequality will be given,
then we will present non-equilibrium, equilibrium, and near-equilibrium results,

as well as Darcy’s and Fick’s laws.

4.2 Constitution

We assume the following independent variables:

(my y(m) ,
el e Vel Ve, el vel T, VT, pl, Cl

(n)
. ~Sv —~Sv —~Se . . .
Joe, %, C, C O T, O o™t w0 Vel dD (4.3)

where m = 1,...,p denote material time derivatives of order m, n = 1,...,q,

denote material time derivatives of order n, and j = 1,..., N — 1 represent
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N — 1 constituents, [ denotes the liquid phase, s, denotes the viscoelastic solid
phase, and s. denotes the elastic solid phase. We do not include all three volume

fractions since they are related through

ehte™ e =1, (4.4)

!'since it measures liquid

and therefore are not independent. We choose to use &
content of the system and this plays an important role in the swelling behavior
of the system. We choose to use £ as opposed to £° because we want the
polymer phase to be the reference phase. We include T since the behavior of
most polymers is a function of temperature, and we include VT so that we
recover Fourier’s law of heat conduction, that is, without it we obtain no heat

flux. The relative velocities v®* and v%"*

give us information about exchange of
momentum within a phase and viscous diffusion. For the liquid phase we include
in our list of independent variables: p', and C%, which account for the material
makeup, d' = 1/2(Vv' 4 (Vv')T) to account for the viscous nature of the liquid,
Vel to account flow due to moisture content, and V' to account for viscous
diffusion within the phase. For the viscoelastic solid we include: J* and C*®vi
to account for the material makeup of the viscoelastic solid phase, derivatives of
order m = 1 to p for &' (derivatives in the volume fraction of the liquid phase are
related to the derivatives in the normal components of strain) and derivatives
of order 0 through ¢ for C™ to account for (as well as J*v) the viscoelastic
nature of the material (combined they take the place of the usual higher order
derivatives in strain), Ve® to account for flow due to polymer content, and

V2" to account flow due to changes in moisture content. Finally, for the elastic

solid phase we include: J* and C*< to account for material make-up, and C"*
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(along with J*¢) to account for elastic behavior.

4.3 Entropy Inequality
To simplify calculations, we postulate the dependence of the Helmholtz free
energies as follows:

(n)

Al = Al e, BN plo ol T, T, T, C), (4.5)
(m), S —
As = A (el et et g % T, C,CF,CF), (4.6)
(m) —s ﬁs) —8
Ase = Ase(el g% el g, O T, C",C",C°), (4.7)
where C'% is the concentration of the j** species in phase a, and j = 1,..., N.

Otherwise we adhere to the axiom of equipresence: all other constitutive vari-
ables are considered a function of list (4.3). Material time derivatives of A', A%,
and A®e appear in the entropy inequality (2.82). Using the chain rule, they may
be calculated as follows:

DIA'_QA'DI | 9A! Dl | I 0 D" L o4 DY
Dt et Dt =~ des» Dt~ = 4w Dt Opt Dt

_, D'(CY) aAl D'T  9A DIC™
3 oo
Dt 9T Dt oC™" Dt
(n)
.94 DIC”  9Al DICT
+Z _ : Dt + PO : Dt
=19 C”

(4.8)
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H Dt aT Dt g Dt
(n)
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7j=1

(4.9)

DA™ QA% Dvel | A% D 2”: DAz D2l | QA% D
Dt~ 9t Dt e Dt g Dt dJs Dt

N-1

N Z o, D ( C’Sea) OA* D*T  9A™ D*C™
: oT Di ' oC”  Di

=1

(n)
L 0A* D*C"  0A* D*C”
+Z _m " Dt +365€' Dt
=1y C

(4.10)

We can choose either solid phase to be the reference solid phase. We choose
the viscoelastic solid phase because in the case of drug delivery the elastic solid
phase will undergo phase transfer. As such, equation (3.23) is replaced by

D°() _ D*()
Dt Dt

+v* V() (4.11)

Enforcing the conservation of mass equations using the Lagrange multipliers

given by equation (3.29) we arrive at the following form of the entropy inequality:

v e (G o)

1 [N aAl + Sy 8 QA% + Se .S A% l)\l -1
——= | ep = +e¥p——— F+ ¥ pie—— — €
X P ol Poa —F

81



Oesv Oesv

1 o (T A Yoy
—TZZW(M A)C

(l laAl Sy .S aASU Se 8 aASe) ]
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(07

1 ‘Aa e apa paj
+ZTZ{ AR (Ty +1 )—gtNV( )
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o p

+(AY = ANV (e%p) — V [e¥p (AN — A%)] } Y
7 i” e+ gy
——zzzwpw-%ﬂ

a j=1 f#a
N-1
SIS A o ZA%O% }zo. (4.12)
a [#a

where we have used identities (3.31) and (3.32) to remove the N** component
dependence from terms involving v® %, and Vv®*, [13], and used (3.26)-(3.27)

to eliminate d®* and d’¢, as we did in Chapter 3, in favor of the independent
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— _Sv . — _Se .
variables C'  and J°*, and C' and J*¢, respectively.

4.3.1 Three Phase Pressures

Because our system now contains three phases instead of two, it is neces-
sary to revisit the subject of defining pressures for the liquid and solid phases.
The changes in pressure definitions result from the fact that we now have two
independent volume fractions as opposed to one. For the liquid phase we make
the following definitions, s = s,, Se:

04

Lol s 1 A [
p(5>57P70 )_(p) 8pl (413)

eles ol

is the classical pressure. Because two out of three of the volume fractions are
held fixed and the sum of the volume fractions is one, that is, e! + % 4 &% =1,
we can write p' as a function of any two of the three volume fractions.

oA

T (4.14)

=Ll s 1 1\ __ l 1
Py(e' % ep?) =—¢ep

gl plj ,ES
is the thermodynamic pressure of the liquid phase holding the volume fraction

of the s phase fixed,

A

ﬂ-i(glagsaplaclj) = glpl_l (415>

s, pl,Cl
is the swelling potential of the liquid phase holding the volume fraction of the s

phase fixed. These pressures are related through:
pl(€l7€sv’ pl’ C«lj) — 2—92(€I7€s,€lplj) + Wé(glv ES, Pl, Clj), (416)

which is analogous to equation (3.42). In equations (4.5)-(4.7) we chose the
Helmholtz potentials to be functions of €' and . Thus, we expect the thermo-

dynamic pressure and swelling potential holding £ fixed to appear. Another
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important relationship between the swelling potentials exists

(4.17)

elph,Cli
This means that if the liquid phase and the s, phase are non-interacting then

-
Mgy = Tsur

which implies p, = P, because of equation (4.16).
For the solid phases, s = s,, s, we make the following definitions:

ps(gla 887 JS’ CSj) = _szS%

4.1
575 (4.18)

eles,C%
as the classical pressure of the s phase. Analogous to p!, we note that p® can be

defined using any two of the three volume fractions.

0A®

S

py(e’, et I, C%) = —&°p° (4.19)

eb Js,C%
is the thermodynamic pressure of the s phase holding the volume fraction of the

[ phase fixed, where (3 # s.

AS
W;(€ﬂ7js’p5705j) — _pSJsa_

4.2
575 (4.20)

eh,ps,C°%F
is the swelling potential of the s phase holding the volume fraction of the (3

phase fixed, where 3 # s. These pressures related through:
pi(el et J5, 0% = ﬁz(éﬁ, e®, J*,C%) + W;(&“ﬁ, J% p*, C%), (4.21)

which can be derived the same way as equation (3.46). We note that the differ-
ence between equations (4.18) and (4.20) is in the variables that are being held

fixed. Again, we have a relationship between the swelling potentials

s s s saAs
= 7Tﬂ —&p W ; Csj, (422)
&\S’ S’
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where 3 # s,1, that is, § is the other solid phase. This means that if the solid
phases are non-interacting then 7; = 73, which implies that pj = Dj because of
equation (4.21).

Because the Helmholtz potential of the s, phase is not a function of its own
volume fraction the pressure variable p*¢ does not appear naturally, and instead

we have terms involving (9A%)/(0e')

o, and (0A%)/(0e)

<. Consider the

following two choices of independent variables for the s, phase:
Ase(ele®, )= A" e, ). (4.23)

We note that because of the relationship between the volume fractions, equation
(4.4), both sets of variables contain the same information, A% and A™ are
not two different potentials, but rather the same potential with two different
representations of the same set of independent variables. The total differential

of equation (4.23) is given by

0A®e 0A%
DA® = de’ de®
oet | = des | | e
oA OA™
= de' de® + ... 4.24
(‘35’ . €+ Oese l S ( )
Then, for example
0A® DA DA
— | == - 4.25
Oe | Oe | dese | | (425)
where
Oc®e
— =-1 4.26
or| =1 (4.26)
because of the relationship between volume fractions, equation (4.4). Similarly,
OA OA™
= — 4.27
Oesv Oese | (427)
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Equations (4.25) allows us to make conversions such as

S S o S S Ase —S
gep eW :gep EW +ple7 (428)

gsv Jse C°€J gse, Jse C°€J
where we have used definition (4.19). In the following sections we will use

calculations such as these to simplify our results.

4.3.2 Non-Equilibrium Results

The following variables are neither constitutive nor independent and appear
linearly in the entropy inequality:

e wry,

T, 3, o, e, g wess 0, C, TEN (4.29)

where s = s, s.. This means that they can vary arbitrarily, and because these
variables appear linearly, to avoid violating entropy inequality (4.12), the coef-
ficients of these variables must be identically zero. This yields the following set

of non-equilibrium results:

> (aa/; + na) =0, (4.30)

P
No==, 4.31
p (4.31)
A\ = il (4.32)
N
1 i S
5 Ztr(tsey) = —p*, (4.33)
j=1
1 N
3 Ztr(ts”j) = —p®, (4.34)
j=1
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55 — p_tSN — ij(ASj o ASN _ ﬁsj)I’ S = Sy, Se, (435)

. —Se gapa 814& —=Se\T
toi =2(F ") - — - (F — p*eX’el, 4.36

Yot =P 3 (T (4.3

o o 0A®
> e pt—— =0. (4.37)

o oC™

0A%
Zﬁapav = 0. (438)

o ot

Consider equation (4.30). A classical result for a single material was demon-
strated in Chapter 2, and says that T and n are dual variables. In this case we

will make the simplifying assumption that

0A~ N
o = 1% Va. (4.39)

Equation (4.31) gives an identity for the Lagrange multiplier and for the re-
mainder of this section we will use it wherever \' appears. Equation (4.32) gives
an identity for A%. It has been used to obtain (4.35) and will also be used
throughout this chapter. Equations (4.33) and (4.34) are novel. They are a
direct consequence of the new choice of independent variables. Since it is rea-
sonable to expect the diffusive velocities in the solid phases to be negligible, see

equation (A.12), we can rewrite these two equations as:

1
gtr(t‘SE) = —p, (4.40)

1
gtr(tS”) = —p*. (4.41)
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Equation (4.35) contains an N*-component dependence which we will remove
later since we do not want a result which depends on the labeling of the con-
stituents. Equation (4.36) is novel and allows us to solve for the Lagrange
multiplier A*¢. Again assuming the diffusive velocities in the s.-phase are small,
we have

gapa aAOé

— (F)7. 4.42
e (F) (4.42)

te = —p NI+ 2(F°)- >

Taking 1/3 the trace of (4.42), using (4.40) to eliminate ¢**, and then solving

for A% we obtain

pse 2 6ocpo¢ 81404 —se
)\Se:——i—— TSC 443
pse 3 g 8sepse 80 e ( )

Substituting this back into equation (4.42) yields

El 2 Eapa aAa —
t’¢ = —p’eJ A — % — — ——: C ‘ 4.44
p + se+ gSe sh 326!: cSe aCSe ’ ( )
where
—s aASE —s gsv pSU —s aAsU —s
tie =20 F" . —o - (F*)" +2——F" . — - (F*)" (445
pF S T S FT )
and
—S aAl =S
te =2'F° . —— - (F), 4.46
sh P ProR ( ) ( )

where ¢3¢ and ¢35 are the Terzaghi and hydration stress tenors for the s.-phase,
respectively. Note that when we take one third the trace of (4.44) we recover
(4.40) so that the physical pressure in the s, phase, —1/3tr(t°), coincides with

the classical pressure of that phase, p®.
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In equation (4.37) and (4.38) £*p® is begin held fixed, therefore we can bring

it inside the partial derivative. Doing so yields

8‘1? =0, (4.47)
oC™
and
A
8( = =0, (4.48)
0l

where elpl Al 4 g% pse A% 4 %2 p*v A% = Ap is the total Helmholtz free energy.
This means that the total Helmholtz free energy is not a function of the ¢*
derivative of the right Cauchy-Green tensor nor a function of the p'* derivative

of the volume fraction of the liquid phase.

4.3.3 Equilibrium Results

We define that equilibrium to be when the following variables are zero:

(n+1)

. —=5v —~Sv : (m+1) . A~
gew, C ., d, C v v T VT, Vol v e el (4.49)

where n =1,...,g—1and m =1,...,p — 1. Using the method for obtaining

equilibrium results outlined in Chapter 2, we obtain the following results:

p—ZE/) al’ (4.50)

26 P° agSv =0, (4.51)

—, a a9 A —,
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a oC™
~1 ~1 ! (9Al S
T T :—lvl_ll_vsv ll—s : VCeT
AT =B Ve e L (VT
q P
A ) 0Al )
11 oNT 11 I
sz (n) (Ver) 8pZ<_m>lV€’
n=0 a ESU m=1 e
e e S % S S aASE S
s, T T, = 5PpealV€l g ea€SUV51’
DA s 1. 9A%
ST (VO ey S (VO
n=0 9 C”
P
0A% _(my, 0A3e )\
e ~Se V Se ,Se VJSE7
- 1 9 ’ (aJSe JS@)
aAl S S ASe S S a o
elpl—<m) tep— e — =0, m=1,....,p—1,
oel oe'l oel

J
Pt = (Al - A i),
NG 0y pY man  san P
(T,B + )_ poaN(Tﬂ + ):_gataNV <paN)

+AY = AWV (%) = V [e%p% (A% — AW)],

~I . ~Sa s ~Ge s
=t = e,
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(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)



N-1 N-1
A4 N =Y fC = AP N =N CEAC% ) Ya, 8,8 # a, (4.62)

=1 =1
Writing equation (4.50) holding the appropriate variables fixed we have

Se

oA

pEl te*

l .
esv,pt,CYJ

l i1 Se
= £ [
p P P D&l

Se 4
esv Jse C°°J

Sv

+e (4.63)

p Oe!

esv,J5v,0%v)

Using the definition of the swelling potential for the liquid phase, equation (4.15),
the three pressure relationship, equation (4.16), and combining equations (4.27)
and (4.19) with s = s., we obtain

O Ase
O¢!

0A®

O¢e!

e

— Se Se
psv _pl =€ 10

(4.64)

gSe“]Se,CSe]' esv Jsv 70811]'

To interpret this result, assume for the moment that the s, phase is inert with

respect to both the liquid and s, phase. Then equation (4.64) becomes

0A®

— —s Se 8
—pfe = gfeple—— 4.65
P =P =ep g , (4.65)

csv s O
which means that there is a difference in the thermodynamic pressures of the
liquid and drug phase if the viscoelastic solid phase has a preference for the
either of the other phases. If there is no elastic solid phase, equation (4.63)

becomes

OASv
Ogsv

A
pl = 5%@ ) (4.66)

Jsv 7C'Svj

_ gsv psv
pl,Cli

or

7 =7, (4.67)
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which is the standard two-phase result. For a non-interacting system the swelling
potential of the liquid phase is zero, that is, 7 = 0. Using the three pressure

relationship, equation (4.67) becomes
— 7, (4.68)

which says that at equilibrium, the pressure in the liquid phase is the pressure
in the solid phase minus the pressure due to configurational changes.

Equation (4.51) can be written

A

Oesv
El ’Pl 7Clj

P —pre =€y (4.69)

where we have used equation (4.19) for both solid phases and used (4.27) to
obtain the elastic solid phase pressure. This states that there is a difference in
the thermodynamic pressures of the solid phases (keeping the volume fraction
of the liquid phase fixed) if the liquid prefers one solid phase over the other.
Taking 1/3 the trace of equation (4.52), using equation (4.41), and solving

for \*v yields

p 2 e A —s,
)\5”:——1——5 —:C". 4.70
p 3 — emp oC ! ( )

We then substitute back into (4.52) to get

€l 2 gapa aAa —
50 = —ps T 150 _tSv _ - —: C v’ 4.71
p + se =+ oS sh 3 ; s 9C v ( )
where
—s, O0A%™ g g, O0A%
t =20"F " — (F" ) +2—p*F " — - (F")", (472
prE g Rt B (F), (4T
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and

oA

th =20 F" - = (F™)7T, (4.73)

where t2 and t; are the Terzaghi and hydration stress tenors for the s,-phase,
respectively. Analogous to the s, phase, we note that by taking one-third the
trace of equation (4.71), we recover equation (4.41).

Equation (4.53) says that the liquid phase stress coincides with the classical
pressure for that phase at equilibrium.

In order to interpret the meaning of equation (4.54), we can take the £“p®
inside the partial derivative because it is being held fixed, thus equation (4.54)

can be written

O0AT
o)
a C v

=0, n=1,...,q—1, (4.74)

where we have used glp! Al + g% p% A% 4 g% p* A* = Ap. This means that at
equilibrium, the total Helmholtz free energy is not a function of rates of shear,
and thus behaves elastically at equilibrium as opposed to viscoelastically.

Equation (4.55) simplifies to

~l -~ =l l _ (7Sv __ 7Se Sv __ N aA_l . C’\T
TSU + CI-,Se —psté‘ (pl pl )V&j € p 8656 ° (VC )
P p
AL iﬁv 0A! (m)
—élpt E : (Vv )" =l E: o Ve | (4.75)
=0 § 65U m=10¢"

where we have used definition (4.69). Later this will be used in the momentum
balance equation to derive a generalized Darcy’s Law.
Equation (4.56) can be significantly simplified as well. First we use equation

(4.28), and combine (4.27) with (4.19) with s = s, to rewrite the first two terms
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of (4.56) in terms of p;j°. The last term in brackets is simplified using equation
(4.18) to replace the partial derivative term with a pressure term, and A% is

eliminated using (4.43). The result is that

de e —s s Se . s€ OA% Se 8 DA e
T, +T,, =p"Ver - p 51 Svgl—ﬁpeaése (VC)T
ese Jse O]
q p

s s 0ASe ﬁgv s s 0A% __(m)

—g’ep o (Ve )T — gfepie (m)Vel
n=0 o 68” m=1 0 gl

2 e 0AY s,
—_ = . - C VJSE. 476

3 ( a Je 0C™ > ( )

Similar to equation (4.54), equation (4.57) can be written

0A
=T -y, m=1,...,p—1, (4.77)
(m)
oel
which means that the total Helmholtz free energy is a function of ! at equilib-
rium and not a function of its derivatives.
Equation (4.58) says that at equilibrium there is no net heat flux.

The rest of the equilibrium results contain N** component dependencies,

which we address in the next section.

4.3.4 Removing N Component Dependencies

Equations (4.35), (4.59), (4.60), and (4.61) contain N** component depen-
dencies which result from using the concentration of species as independent
variables. Classical Gibbsian thermodynamics does not encounter this problem
because extensive variables, such as the number of molecules, as opposed to
intensive variables, such as concentrations, are used as independent variables.
However, physically meaningful upscaling is not possible using extensive vari-

ables. In classical Gibbsian thermodynamics the chemical potential (1) is scalar
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and measures the amount of energy needed to insert a particle into the system,
(2) has its gradient as the driving force for diffusive flow (Fick’s law), and (3)
is constant for a single constituent coexisting in two phases at equilibrium. In
[13], Bennethum et al. found that a judicious choice for the u®~ satisfies these
requirements. Following Bennethum et al. [13], we take

! l th

N N __

uN=A i (4.78)
oyt gty

/JLSN — ASN _
psN ps cs ps

) § = Sy, Se- (4.79)

Substituting equation (4.78) into (4.59), and equation (4.79) into (4.35), we

obtain
L. L th
/MI:AJI—E, (4.80)
15 s l 3
pil=ASy - C e b (4.81)

pi o pt e p
respectively. Multiplying (4.80) and (4.81) by C'% and summing j from 1 to
N, then eliminating # with equation (4.53), and #* with equations (4.44) and

(4.71), we obtain the following expressions for the Gibbs free energy

N !
Gl= il = A+ %, (4.82)
j=1

N S o O (0%
G8:Zusj0‘sj = As+19_s+§z<€sﬂs a—i . C”, S = Sy, Se. (4.83)
j=1 P o £t oC

Rewriting equation (4.62) as

N
A% 4\ — Z#ajcvaj +MaN

j=1

N
= AP+ NNl PN Y BB # (4.84)

Jj=1
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then substituting (4.31) for A, (4.43) for A%, (4.70) for A\**, and using (4.82)
and (4.83), we obtain

peN = 1fn Yo, 3,3 # «a. (4.85)

Substituting this result into equation (4.61), yields the classical result

ps = %, Va, 3,68 # a, (4.86)

which states that the chemical potential of a species in different phases is equal
at equilibrium.

To remove the N component dependence from equation (4.60) we first
consider & = s.. Summing from j from 1 to N we obtain:

Se

(T +70) = L@ T T
pSeN v
— _gSefSeN V( seN) Zluejv 8]
£5 )V A — A%V (2% ) bV (% e A%, (4.87)

N . N A~ Se i A Se ~ Se -~ Se . .

where Z/i\se] =0and ) (Tl T+ TSUJ> =T, + T, due to restrictions (2.37)
j=1 j=1

and (2.38), respectively. Using equation (4.76) to eliminate T;e + Tii from the

left-hand side of equation (4.87), expanding V A% using the following calculation

0 A%e 0 A% 8A (m) 0A%e
Ase — l l Se
VAT 9 Y e 2 Ve Y
= 0 A 0 A
+ N e v (05 + VT 4+ ——: (VC™)T
; [V (Cd) 5T ol ( )
aASe ) DA
+Z (VO + L (VvC™)T, (4.88)
=, c Froad
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and then canceling like terms we get

O Ase 2 Ut 0AY s
Z—)ie — ESepse agl VEI - § ( g_p . C ) VJSE

- JeaCT
pe P =
~SeN ~SeN “SeN Se 45 ~Ses Se Sei
—pseN(Tz +T,, +i )=—e>t N'V(psw>+§ [V (% p*7)
j=1
se Se Se Se seaAse l Se sea e Sv
— A%V (% p%) — e%p er —&%p (%SUVE
N-1 s
—e’ep’e 11761V C%i 4 V (g% pe AN) — g% p’e ——V J%. 4.89
e*p jElu +V(e*p ) = S (4.89)

In the previous calculation we have dropped the term involving VT since it is
zero at equilibrium. The first two terms on the left-hand side are equivalent to
the fourth and fifth terms of the right-hand side as described in the paragraph
preceding equation (4.76). Furthermore, if we expand the gradient portion of the
second term on the right-hand side V(g% p®i) = g% p% V(% + (% V (% p*)
we can eliminate the first term of the last line as well. Collecting all the terms
involving the N** component on one side and all other terms on the other side,
we are left with

Se

R N
pSeN v pSeN
FV (5™ A%N) — >NV (% p*)

DA% al
_ ASEV(gSepSE) + ESEpSe 57 V.J% — Zlusejcsejv(gsepse)
j=1

2 e*p* 0A*  —s.
- —: C Vv Jee. 4.90
3 (za: Jse 9C™ ) (4.90)
Substituting equation (4.20) for the second term on the right-hand side and

using (4.83) with s = s, for the third term, the right-hand side of equation
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(4.90) becomes

goe 2 e 0AY .
Ase Se ~Se se Se _ : Se
V(e*p )—f——Jsep vJ 3 (Ea T ge C ) vJ

pe 2 £%p® JA” _Se>
— A8e+_+_ TSZC VESe Se :O, 49].
( p | Bevep oo (%0%) (4.91)

. Se pSe
since V(g% p*) = —=5£-V J%. Thus,

Se

P (f’SEN—i-TlSEN +/7,>9€N)—856t35N-V<p )

pseN Sv pseN

V(P AN ) — NV () = 0. (4.92)

Substituting equation (4.92) back into equation (4.87), and undoing the sum-
mation prior to equation (4.87), we obtain
N T, +i 7 =V (e p’i) — V(g% pt A%), (4.93)
B#se
Removing the N component dependence from (4.60) with o = [ is done in an

analogous manner and yields

Lo Iy Al !
LA AR A RS v (”-)

Se

N N
+V (e p AN) — v (elph) = 0, (4.94)
whence,
gl 3 1l L 1Al
ZT5+Z = uiV(e'pi) — V(e'p AY). (4.95)

Bl

4.3.5 Near-Equilibrium Results
We obtain near-equilibrium results using the method described in Chapter 2.

We choose to perform a one variable expansion for all of the variables in (4.49).
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In what follows we use indicial notation so that the order of the coefficients
resulting from the linearization process and the contractions are clear. For the

variables &' and €% we obtain following near-equilibrium relationships:

— —s s saAs :
B, =B~ Y, € R = —n'¢!, (4.96)
S§=Sv,Se ES,JS,CSj
—s =s DA 58
P’ —Dp° — &Jpla sy =-—ner, (497>
€ el pl,Cld

respectively. The coefficients ' and n° are scalar material parameters that

may contain information such as: the stiffness of the solid matrix, the ease (or

difficulty) with which the solid phase swells, and the connectedness of the two
(n+1)

solid phases. For the coefficients of C U, d', and C, wheren = 1,...,q — 1,

we obtain the following near-equilibrium relationships:

! fo "N s
£ 2 IS 0A% — sy
b = —p™ 0w+ (850w + (B — 5 > O Thdu

32 o ot
N .
o Z ps”jvzsvjjsvvzvj’sv + FZ?(GSLUKMNCMNFfza (4.98)
j=1
N
ty = —p' 0w — Z P v+ Gl (4.99)
j=1
Y e —— = Qixnn O uin, n=1,...,q—1, (4.100)
@ 0C”" 1k

where the components of ¢3¢ are given by (t5); and the components of ¢}

() Here Gy, G

emns and Q7 g,y are all fourth-order positive semi-

definite tenors. G7%,,y accounts for the viscoelastic solid stress dissipation due
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to relaxation in shearing of the viscoelastic solid. G, is a viscous dissipation

tensor. And lastly, Q7 /v are material coefficients of the n'* derivative of the
()

shear rate, C"°, and like G%u N> represent stress dissipation due to relaxation

in shearing of the viscoelastic solid. For the coefficients of v"** and v®** we

obtain the following near-equilibrium results:

, OAL .,

(Tsl)k + (Tsl )i = — R0 +ﬁlsvf‘5fk — (B =P )e — e == —Crkk
1 0Al —(ns)v I laA (m)l
Z ) LKk — Z P, < ko (4.101)
n=0 a C m=1 a &
s Tise s Se,S —s Se 8 DA™ 6"486_56
(T7 )k + (T35 )s = — Ry une™ +piee —€%p ewd —e%p o = Crru
LK
s s g aASe _(T;)v u aASe (m)l
—eep TC LKk —Ep% o, €k
n=0 865“ m=1 det
> QA%
_Zz Z = 8086 C’LKjk (4.102)

Here, both R} and R;¢ are second-order resistivity tensors. However, since
the elastic solid phase does not flow inside the viscoelastic solid phase R;¢ is

Se,

taken sufficiently large so that when we invert it and solve for v*** we get that

v¥® = (, as expected. For the coefficient of IV and VT, we obtain the

following near-equilibrium results:

0A~ m
Zsapo‘mz—nm( gl)l, m=1,....,p—1, (4.103)
P Oe'l

+Klimrm7 S = Sy, Se, (4104)
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and

N
: . 1
do= 3 [ttt = it (404 et

KL T, (4.105)

respectively. Here, n™ are scalar coefficients, and K3 and K| are second-
order tensors. Most often it is reasonable to assume that v%*® ~ 0, in which
case equation (4.104) reduces to ¢ = K*® - VT, so that we recover Fourier’s
law of heat conduction for the solid phases. The coefficients of Vb and v%!

produce the following near-equilibrium results:

l .
; : tinn
P O = STl?]”mklUIlfj,zl + A6 — I (4.106)
and
> (TH )i+ = =R, vt + i (e9") 1 — (€917 AY) 1, (4.107)

B

where S,ijlmn are a fourth-order symmetric positive semi-definite tensors repre-
senting the effects of the gradient in diffusive velocity in the liquid phase on the
chemical potential, and Rijm are a second-order tensors. In this system we do
not linearize about v®* s = s,,s., because solid phase diffusion is assumed
to be negligible. As such, v*® is not an independent variable, and thus the
coefficient of v%* cannot be a function of v%-*. Finally, for the coefficient of ’égj

we obtain:
JUTEEE B _ L 5 ,
[ — M,Bj _ Maﬁjeﬁj _ 5,Uozj,oz LY 5,0/337,3 . vﬁ;ﬂ) (4108)

where o, 8 =1, 8, 8¢, f # a, and M are scalar coefficients.
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4.3.6 Darcy’s Law
Darcy’s Law is obtained from the bulk linear momentum equation for the
liquid phase, equation (2.36), by using constitutive equations to eliminate the

stress tensor, equation (4.99), and equation (4.101) to eliminate the exchange of

~1

~
momentum terms, T', + T, . The result is

R - vb = —£wp! — Wivvel + V. (G d) —EYplg
; OA!
Pt —pe)Ve' — vC’
- =p°) P ac™ :( )

q
0A! ("’ 0A o'
l l 1 l
D oy provid (4.109)
n=0 a C m=1

where we have rewritten the first two terms of equation (4.99) using the three-

pressure relationship, equation (4.21). Equation (4.109) contains novel terms
due to the presence of three phases. All of the terms on the first line have been
reported previously. The first term resembles the classical Darcy’s law which
states the flow is produced due to a minus gradient in pressure. The second
term states that if the system is swelling then there is flow due do a gradient in

!'is zero for non-swelling system, this term disappears

volume fraction. Since 7
for non-swelling system and we recover the classical Darcy’s law. The rest of
the terms on the first line are discussed in Section 3.4.2. The first term on the
second line, which is novel, says that if there is a difference in the solid phase
pressures flow will be driven due to a gradient in the viscoelastic solid phase
volume fraction. The second term on the second line says that flow can be
driven due to a gradient in (pure) shear of the elastic phase. The first term on

the last line is also novel and accounts for flow induced by shearing and rates of

shearing of the viscoelastic solid phase. It is similar to a term reported by Singh
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et al. in [50], where E* appears in place of C**. However, strain includes effects
due to both shearing and changes in volume, whereas here we clearly distinguish
between the effects of shearing and the effects of the volume fraction, which are
captured by the last term. The last term also appears in equation (3.64) and is

discussed there.

4.3.7 Fick’s Law

Fick’s law is obtained from the species linear momentum equation for the
liquid phase, equation (2.30), by using the near-equilibrium result for the chemi-
cal potential of the liquid phase, equation (4.106), to eliminate the species stress

1l
tensor, ¢, and using equation (4.107) to eliminate T, + 4 . The result is
RY vt = Wl W - (i 8 Wity + elplig, (4.110)

where we have neglected the inertial term in the momentum equation. The
first term is the generalized Fick’s law, and says the diffusion is caused by a
the gradient in chemical potential. This equations is similar to an equation
obtained by Bennethum et al. in [12]. The second terms is often neglected as it

is of second order.
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5. Two-Scale Polymeric Drug Delivery Systems
The theory presented in Chapter 4 is generally applicable to a three-phase

system composed of a viscoelastic solid, elastic solid, and viscous liquid that
meets the general requirements of HMT. We now want to make the appropriate
simplifying assumptions so that we may combine the conservation and balance
equations of Chapter 2 with results of Chapter 4 to model drug delivery sys-
tems. To this end we assume that the viscoelastic solid phase is composed of
a polymer, denoted p, and the elastic solid is composed of a drug, denoted d.
Both the polymer and drug phases are each composed of a single constituent.
Furthermore, mass transfer takes place only between the drug phase and viscous
liquid phase, which is composed of water (or biological fluid) and drug. As such,
we can write the restriction on mass transfer between phases, equation (2.25),

as
e +el=o. (5.1)

We will begin by presenting the equations related to bulk fluid transport, that
is, conservation of mass for each bulk phase and Darcy’s law. Next, we will
present the equations relevant to species transport, that is, conservation of mass

for the drug in the liquid phase and Fick’s law.

5.1 Bulk Transport

To begin, we assume that the polymer and drug are both incompressible, so
that D*p®/Dt = 0, s = p,d. We also assume that the liquid phase is incompress-

ible and the drug in the liquid phase is sufficiently dilute so that D'p'/Dt ~ 0,
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as well. By assuming the concentration of the drug in the liquid phase is suf-
ficiently dilute we are implying that the drug is transported quickly out of the
device. This may not be the case for poorly soluble drugs or for initially high
drug loadings. As such, we would not expect the diffusion front, D, in figure 1.3
to appear. Under these conditions, the conservation of mass equations (2.23)

for each phase can be written:

-l
g+ V() + VP = 2, (5.2)
ol
e
¢4V - (™) 4 4V 0P = L (5.3)
P
e+ PV - P = 0, (5.4)

where we have used equation (4.11) to convert to material time derivatives.
Solving for V - v? in equation (5.4), substituting back into equations (5.2) and
(5.3), and using the relationship between volume fractions, equation (4.4), to

convert derivatives of ¢ into derivatives of ¢! and P, we obtain

! N
S (lahpy — Cd
€58 + V. (gv'?) = ER (5.5)
1— ¢ e
_gl =g gpg )g‘p = _%, (5.6)

where we note that we have dropped the term involving V - (¢v%?) since on
the time scales of concern it is reasonable to assume that v¥? ~ 0. We have

also used the restriction on mass transfer between phases, equation (5.1), to
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eliminate 2. Solving for £” in equation (5.6) and substituting into equation
(5.5), we obtain
0 ! 1.l (1-¢) &\
5+(1—6)V~(5v’p):(—l+—d)ed. (5.7)
P P
As expected, equation (5.7) reduces to equation (3.76) when there is no mass
transfer between phases.

Darcy’s law, equation (4.109), is needed to model bulk fluid penetration into
the delivery device. We choose to neglect all second-order terms and gravity.
Furthermore, in recent experiments, such as that described in Chapter 1 per-
formed by Colombo et al., [20], we expect infiltration of liquid into the device
to occur in the normal directions, meaning that shear forces should have little
affect on flow, so we neglect shear forces as well. Finally, we assume that the
liquid phase does not have a preference for either the drug or polymer phase
so that pressures in the elastic and viscoelastic solid phases will be equal (see
equation (4.69)), thus we take o — p? = 0. The resulting Darcy’s law is given
by

Lol l - ! laA \vay
R -0 = -V () +pl Ve — Zs

m=1

(5.8)

Following the discussion given in Section 3.5.1 we can rewrite Darcy’s law as

follows:

187 /
! 1, (1 Z 3(””1 ) ' (5:9)

m=1

We remind the reader that K' is the permeability, y is the viscosity of the liquid
phase, and that K’ is the unjacketed compressibility for a porous medium with

incompressible solid and liquid phases. To simplify the last term of equation
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(5.9) we will use a Laplace transform. To that end, we assume that A’ is a

linear function of &% for m = 1 to p, which means that Z—ﬁ; is independent of
(?f thus we can set
OA!
3
We can now write the last term of (5.9) as
? (m)
&) => M, Ve (5.11)
m=1
Taking the Laplace transform of (5.11), we have
~ ¢ .
E(s5) =) My (Ve
m=1
p —_ —
= M, s"(Ve), (5.12)
m=1

where ~ denotes the Laplace transform, and s denotes the frequency. To go
from the first to the second equality in the above calculation we have assumed
that initially there are no gradients in the liquid volume fraction. Taking the
inverse Laplace transform of equation (5.12) and using a convolution theorem
for Laplace transforms, we obtain

E(t) = /0 t( M(lm)é(ml)(t—r)> Vel(r)dr, (5.13)

m=1

where

_dho()

SN (t) = D) (5.14)

Substituting (5.12) into equation (5.9), we obtain

,Ul,p

K| K’
A

t[ P
Vel - pl/ ( M(lm)é(m’l)(t - 7')> Vél(r)dT] ,(5.15)
0

m=1
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Substituting this into equation (5.7) yields

(- [Dlvgl —/Oth(t _ T)Vg'l(T)dT] _ (1 mla 6—2) 2(5.16)

p p
where
l QKZK/
Dy = L, (5.17)
(1 —e")ui,
2 lKl p D
B,(t) = ZMm)ém (t). (5.18)

Equation (5.16) is identical to equation (3.86), except that now we have a right
hand side, as would be expected once species transport is taken into account.
Furthermore, equation (3.86) is recovered when we assume that there is no mass
transfer between phases. According to Singh et al., [51], B, (t) can be determined
experimentally by measuring the bulk relaxation function for the polymer matrix
and mass uptake curves as a function of temperature and liquid concentration.
One can get both Darcian and non-Darcian flow by choosing the functional form

of B,(t) appropriately, [51].

5.1.1 Species Transport
Conservation of mass for the drug in the liquid phase, denoted by [y, is given
by equation (2.14) with « =1 and j = d

Dld <€lpld )

5+ lplaw vl =2, (5.19)

Converting derivatives in l; into derivatives in p using equations (3.24) and
(4.11), using equation (2.20) to convert terms involving p'e into concentrations,

and using the incompressibility condition for the liquid phase, D!(p!)/Dt =
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0, and the fact that Vp' = 0 since we assume a constant pressure along the

boundaries, we have

|2

Cligh 4 !0l 4 v - ('ClavtP) + W - (6'Clavlel) 4 £/ C1 W - P = (5.20)

R

A

Solving equation (5.4) for V - v? and substituting into the above equation, then

solving equation (5.6) for é” and substituting into the result yields

Clagl 4+ (1-— 51) [gl(]ld + V- (510“'01”’) +V. (5lCldvld’l)
o 1y
:g;<1 < +5C; ) (5.21)

p p

Fick’s law, equation (4.110), is needed to model diffusion of the drug in the
liquid phase. Again we neglect second-order terms. Furthermore, we assume
that the chemical potential of the drug in the liquid phase is a function of the

concentration of the drug in the liquid phase. The resulting Fick’s law is given

by

vl = —EplFov (5.22)
where

Fol = (Rld)‘l%z, (5.23)

is the mutual diffusion coeflicient.

Substituting equations (5.22) and (5.15) into equation (5.21), we obtain

t
Clagh+ (1 — &Y {glcld + V- (D2Vel — D3Vl — / B,(t — T)Vél(T)dT):|
0

1— & elCld)
Az
—2 L0 (5.24)
! ( I p?
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where

Dy = ClDy, (5.25)
B,(t) = C"B,(t), (5.26)

and
D3 = (")?p'Cl Fy. (5.27)

5.2 Discussion

Equations (5.16) and (5.24) constitute a system of two equations in three
unknowns: the volume fraction of the liquid phase, €, the concentration of drug
in the liquid phase, C%, and the rate of mass transfer of drug into the liquid
phase, Eld. The rate of mass transfer must be determined experimentally as a
function of volume fraction and concentration of drug in the liquid phase. This
can be accomplished by performing two experiments. In one experiment the
volume fraction would be held fixed, and &, is measured as a function of concen-
tration. The other experiment would measure @ld as a function of volume fraction
at constant concentration. Naturally, several of these experiments would need
to be performed at various fixed values of volume fraction and concentration,
then an interpolation scheme could be used to fill in the missing values.

We note that D, must be negative and that D3 must be positive for this
problem to be well-posed. Since D3 has the same sign as the diffusion coefficient
in a classical Fick’s law Dj3 is indeed positive. In many drug delivery models

the term involving Dy does not appear. In these other drug delivery models,
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authors postulate the that D3 is a function of volume fraction. Indeed, according
to equation (5.26), D3 is a function of volume fractions. However, as this analysis
shows, a term involving Ve! is needed to fully describe the system, and that

means obtaining a measurement of D;.
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6. Three-Scale HMT for Swelling Porous Systems

In the first section we will discuss the macroscale averaging procedure. We
have made minor modifications to the definitions which resolve several issues
resulting in slightly different variable definitions, but leave the basic form of
the macroscale balance and conservation equations unchanged. In the following
section we will summarize the macroscale conservation and balance equations.
In the next section, we will present some standard assumptions and the result-
ing entropy inequality. In the third section we present the constitution of the
system by discussing the unknowns, constitutive (dependent), and independent
variables. In the final section of this chapter will derive the resulting entropy
inequality, non-equilibrium, equilibrium, and near-equilibrium results, as well as

Darcy’s and Fick’s laws.

6.1 Macroscale Notation and Averaging Procedure

In this section we will discuss the macroscale notation and averaging proce-
dure. The definitions that follow apply only to macroscopic volumes composed
of more than one phase, denoted by the capital letter A. The corresponding
macroscale equations for regions composed of strictly a single phase are the
same as the mesoscopic equations with capital letters replacing the Greek let-
ters. This will be made clear in what follows.

A particle A is viewed as a homogeneous mixture of solid polymer matrix,
solid drug, and vicinal fluid, denoted s,A, s A, and [A, respectively. At the

macroscale particles exist with two bulk fluids, denoted B and C', which form
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Figure 6.1: Macroscale REV

another homogeneous mixture. At this scale of the particle phases interacts with

fluids B and C, see Figure 6.1. Macroscale volume fractions are denoted %,

where K = s,A,s.A,lA, B, C.

In [7], the following definitions were made for a particle A composed of a

solid phase, sA, and a liquid phase [A:

Vil

A

€ —_ Ya(r,t) dv
AV] Jy, 0

as the volume fraction of the bulk region,

1
oeocAE a a t) d
€ = g [l @

as the volume average mass,

1
aji\A — o, o
W > = €A’AV| AVg 1/1 F}/A('rvt) dv
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as the volume average of )% and

A 1 [e AN Y BN Ne 7]
P = eA (e A|AV| Avg P Iya(r,t) dv (6.4)

as the mass average of ¢¥*, where

1 if re AVA
Ya(r,t) = (6.5)
0 if 7 e otherwise, 08 # a.
In [7] density is defined as
pt = (), (6.6)
which can be interpreted physically as Hﬁ@i |047 where AV}, is the volume of the

region A in the macroscale REV. Unfortunately, this is not a true density, which
has dimensions of —15&55 &
volume «

In Appendix A of [51], Singh et al. mentioned that the density as defined

by equation (6.6) is hard to measure since € likely changes continuously during

fluid transport. As such, they redefine p®4 as follows:

1
= (e (6.7)

The problem with this definition is that we are using the mesoscale parameter £

as input to a macroscale variable. This definition also requires that we assume
g4 = goeh, (6.8)

Once again, equation (6.8) is using a mesoscale variable to define a macroscale
quantity.

Furthermore, it does not make sense to define

1

aA

e = —— Yaa(r,t) dv 6.9
|AV] Jav Alrt) (69)
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since at the macroscale the particle has already been homogenized and one can-
not specify the state of being in the a A phase in terms of macroscale coordinates,
as would be needed to define the indicator function in (6.9).

To overcome this problem, we propose the following definitions:

1
o NG %ya(r,t) do, (6.10)
which can be interpreted physically as %,

1

<€ozpoz>A = W v €apa’}/A('r',t) dv (611)

as the volume average mass,

1

aj\A — a, o
N = ——— 7 t) d 6.12
as the volume average of 1%, and
-A 1 o o) 0
YUt = X PP ina(r,t) dv (6.13)

— ead{ewp ) AAV] oy

as the mass average of 1. Now we can define p®4:

paA — <8apa>A’ (614)

mass oA

which can be interpreted physically as AVl

, and which corresponds to true

density. Furthermore, definition (6.10) yields the expected relation
g A 4 gt 4 el = ¢4, (6.15)

The macroscale averaging procedure is analogous to the mesoscale averag-
ing procedure outlined in Chapter 2, and can be found in [7]. We summarize
the results in the next section for future reference, where we have made the

aforementioned modifications.
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6.2 Macroscale Field Equations

In this section we summarize the macroscale conservation and balance equa-
tions. As in Chapter 2, we begin with the conservation of mass, linear momen-
tum balance, energy balance and lastly entropy.

Throughout this section a = [, s,,5., j =1,...,N, L = s,A,s.A,lA, B,C

and K = B, (C, unless otherwise noted. For example,

O (6.16)
L,L#aA
means for each a = [, s,,s., and for each 7 = 1,..., N, take the sum over

L =s,A,s.A,lA, B,C, where L # aA.

6.2.1 Conservation of Mass
For the j™* species in the particle, conservation of mass is given by:

DA (&.aApaAj)
Dt

+ 4 (W L o) = e (6.17)
L,L#aA

where the macroscale variables in (6.17) are related to their mesoscale counter-

parts in the following way:

g4 = (e i), (6.18)
v =5 (6.19)
Egﬁj = ¢4 pad (%) , o, 0= 58,A,8.A,lA, a+# [, (6.20)
;1 a a0 ALy oy oA
e, NG AAAL&,OJ(w i—vY%).-n"da

L=B,C, a=s,,Sl, (6.21)
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and

Fos Eeo‘ApaAf( . ) . (6.22)
80&pa]
Summing (6.17) from j = 1 to N yields
DaA aA aA
(j) p ) + EaApaA(V . vaA) — g(zA. (623)
t L,L#aA

Relationships between the macroscopic species variables and their bulk phase
counterparts can be found in Appendix B. Conservation of mass for species in
the bulk phase is given by

RRICTAD

otV ) = PR AR (6.24)

L,L#K

Summing (6.24) from j =1 to N yields
DK(K k)

D + 8 pf(V -0l = X (6.25)
L,L#K
Additionally, we have the following restrictions
et el e =1, (6.26)

N
> =, (6.27)
j=1

N
d chi=1, (6.28)
j=1
and
o el =0, (6.29)

where K # L, and K, L = s,A, s.A,lA, B,C for restrictions (6.27), (6.28) and
(6.29).
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6.2.2 Conservation of Linear Momentum

For the j¥" species in the particle, momentum balance is given by

DCEAJ‘,UCMA]'
8ou‘lpou‘lj -V (€aAtaAj> _ 6acApaA]-gozA
Dt
~aA; ~aA;
— Z T, +1i 7, (6.30)
L,L#K

where the macroscale variables in (6.30) are related to their mesoscale counter-

parts in the following way:

~a e = A
~aA; ) [T ] J
i = ( ’ ) (v ! ) —'UO‘AJ( i ) , (6.31)
golpoéj gapaj Eapozj
o J— Oé'A
g™t =g%", (6.32)
taAj = <<€ataj>A + <€apaj>AUaAj’UaAj _ <€o¢paj>AWA> 7 (633)
o N\ —a\ A 7 N
~ A T v¥es es
T,BA‘ = €aApaAj (_ﬂ) + ( B‘ ) o ,UozAj ( B )
gapa] Eozpozj Eozpaj
a, B = s,A,8.A,lA, a3, (6.34)
and
T4 — b (£ 4 piv® (wh — v A
. = pHvY (w v¥)) -n'da
|AV] Laau,
— vV / p% (whli — v%)n? da] :
AAag
L=B,C, a=s,,S5,l. (6.35)
Summing (6.30) from j =1 to N yields
gApAT—V-(eAtA)—EApAgA: Z T, . (6.36)

L,L#aA

119



Momentum balance for species in the bulk phase is given by

KKDK( K’)

et pt — V(55 — K plighi = Z TL —I—z . (6.37)

Dt
LL#K
Summing (6.37) from j =1 to N yields:
DEpK ~K
P~ V() g = Y T (6.38)
LLAK

Additionally, we have the following restrictions

N
> (i 7w <o, (6.39)

j=1
and

~ K . ~L; .

T, +eh ofi T +e vl =0, (6.40)

where K # L, and K, L = s,A, s.A,lA, B,C for restrictions (6.39) and (6.40).

6.2.3 Conservation of Energy

For the j' species in the particle, conservation of energy is given by:

aA OzAj DaAj (eaA])

erp Di — V- (g™ — eoodi L wordi — g4 padi pods
Sy @, (6.41)
L,L#aA

where the macroscale variables in (6.41) are related to their mesoscale counter-

parts in the following way:

— j 1
eO‘Aj = eaA + évaj . /UCYJ'A _ §rvaj . vaj’ (642)

heds = 7’ 4 gi st — g Aige A, (6.43)
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quj = <<qocj>A + <taj . ,Uaj>A — oA A

1
+ <€apaj>A,vaAj (eaAj + 5,004]‘,06 . ,UOéj7a)

A
1
. <€apaj>A,Uaj (ea + évaj,a . ,vocj,a) ) , (644)

— A ~a;
Qi o 7
ACA; _ _aA ad, Qg v Ty
=c J —_— + | —
QBA p <€apocj > < 60chéj

~ A A~ A A~ 4
_ T, ey [ es
— % —+ — %
€9 p%i g% pi gXp™i

A — A
’éaj e + lrvaj V% ]_ /éaj
+ ( B ( 2 )) . <eaAj +_vaj,a _,Uaj,a) < 8 ) 7
8apaj 2 gapocj
a, 3= 5,A,8.A,lA, a+# [, (6.45)
NaA; . . .
Qa J = <qOéJ + ta] . ,va]
" AV Jaau,
1
+ p% (eo‘f + Evaj ~'vaj> (wt — 'vaj)> -n’da
VA / (taj 4+ %% (wALj vaj)) nd
p— p —_— . a
AV Jaa,,
eOLAj _ l,vaj . ,UOé]'
2 / gapa]' (wALj _ ,Uaj) . nAda’
|AV] Aduy
L=B,C, a =s,,Sl, (6.46)
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and
A A

AaA; — _aA aA; ’ v
QA = g4 pod <5ap°‘j> + ( e
e —
S — A — A
o i VT 0. TV
— J . J— J
p p £%p°

A

~ (o Lovai . oycts ———a
+ (T ' (6 I+ 7+ v ]>) o (eoeAj + l,voaj,oz . ,Uocj,a) ( r )
€ozpaj 2 8ozpaj

Summing (6.41) from j =1 to N yields

DaAeaA
Z_:aApozA -V (8(1qu) . EocAtozA . V,UocA . 6aApaAhaA

Dt
-y

L,L#aA

For the j% species in the bulk phase, conservation of energy is given by

K, DM (") K _K; KK K; K K;1 K;
etp JT—V-(s q"i) — ettt Voti — gt ptipht
= > QU +Qn.
L,L#aA
Summing (6.48) from j =1 to N yields
EKPKDKeK
Dt

L,L#K

Additionally, we have following restrictions

N
> {@Kﬂ' IR RN R R (EKJ' + %vKﬂ"K : vKﬂ"K)] =0,
j=1

and

Z {Q? + T, v +€? <6Kj + §’UKj -ij)} =0,
L,L#AK

— V- (8q") — FtF . Vot — K pEpF = Z QK.

(6.47)

(6.48)

(6.49)

(6.50)

(6.51)

where K # L, and K, L = s,A, s.A,lA, B, C for restrictions (6.50) and (6.51).
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6.2.4 Entropy Production

For the j™* species in the particle, the entropy balance is given by
aA; naAj
Dt

aA oA

) S v <€aA¢aAj) . €aApaAj baAj

~aA;
- Z @, 4+ A
L,L#aA

(6.52)

where the macroscale variables in (6.52) are related to their mesoscale counter-

parts in the following way:

A A

— — A
fods = oA jod; ne Y Ul s (- ’
8ozpa]- gapozj 504,00‘]' ’

6™ = (@) — (e YT 4 (e p ) o)

A o’ ! neey ! e !

~QA.

‘1)5,4] = 804AI004AJ- _ﬁ + B, o nozA]- 8 : 7
gozpoz] Eapaj gapa]

a, B = s,A,8. A lA, a+# f3,

P, = —/ P + % p®in®i (wli — wvay)) - nt da
OETAT] Jun, | 2
o ,',]aAj / 8apaj (wAL]- . ,va]-) . nA dCL
L:B,C, a:S’lHS(i?l?

AaAj = gaApaAj( A >
8apozj

A
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(6.53)

(6.54)

(6.55)

(6.56)

(6.57)

(6.58)

(6.59)



Summing (6.52) from j =1 to N yields

" DozAnaA
Dt

aA «

e*4p — V(A — et — ST 3 4 R (6.60)

L,L#aA
For the j* species in the bulk phase, the entropy balance is given by
DXinki
K K, Y77 o KK ib ; K;
e®p Dt V- (K ¢ph) — K pk Z<I>+ + A™7.(6.61)
L L#K
Summing (6.61) from j =1 to N yields

DKnK
KPS = V(R = Y B + R (6.62)
L,L#K
Additionally, we have the following restrictions
> @ 70"y =0, VK, (6.63)
j=1
and
AKj K./\Kj .
d (@, +9e) =0 =1, N, (6.64)

L,L#K

where K # L, and K, L = s, A, s.A,lA, B,C for restrictions (6.63) and (6.64).

6.3 Standard Assumptions and Resulting Entropy Inequality

The assumptions that we make in this section are analogous to those
made in Section 2.4. To simplify the notation, we will now take L, K =
svA, s A LA, B,C, so that, for example, equation (6.24) holds for all K not
just K = B,C. As before, the second law of thermodynamics requires that the
total entropy generated by a system must be non-negative, and is maximum
only when the system is in equilibrium. Mathematically, we can express this as

A:ZAK:ZiAKJ >0, (6.65)

K j=1
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where K = s, A, s.A,lA, B,C. Assuming that the system is in local thermody-

namic equilibrium, we have

T =T% =74 = T4 =78 = 1°. (6.66)

Solving equation (6.61) for A%, assuming that the system is thermodynamically

simple, that is,

Kk, qY
¢t = (6.67)
i
K _
B T (6.68)

performing Legendre transformation to convert the internal energy e’ into the

Helmholtz free energy A%,

AL = i Tk

(6.69)
and using the conservation of energy equation (6.48), we obtain
A = ot —DKjAKj — '’ DT + itKﬂ' . Vol
T Dt Dt T
5 Lok S gy B, — i 6.70
‘|‘_ZQL ‘l‘TQ +ﬁ' —Z L — (6.70)
L,L#K L,L#K
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Summing this equation over species and phases and canceling appropriate terms,

we obtain:

DEAK DET
TA — _ K K K
R
K
+€KdKl (tK+ZpK K;,K KK)

N
-I—Z»SKV’UKJ"K : (tKj — ijAKJ'I)

=1
eX Kj 4y K5, K K l kK KK K K; K
—F?VT q —I—Z Aj—|—§'v AR Ve —t7 vty
N ~K ~ K
= MR YT+ V- (5 AN)
j=1 LL#AK

79 4 Zaf]

1 N
- 2 :,UK]-,K i K
2
j=1 L,L#K

~ 1
S N (AK+§UK78A.UK78A) } >0, (6.71)

LL#AK LL#K

6.4 Constitution

The unknowns of this system include:

gl B glA govd (6.72)

P, Ci v T (6.73)
~K; ~K; ~ N ~K;

/6\2(]7 AKJ tK TLJa 7’ Ja AKj> qu> QKj7 Q§J7 77Kj7 ﬁKj> ¢LJ> (674)

where j = 1,..., N except for C¥i, for which j = 1,---, N — 1 because of re-
striction (6.28), and K, L = [A,sA, B,C, K # L. We consider four of the six

volume fractions as unknowns since they are related through equations (6.15)
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and (6.26). The conservation of mass equation (6.24) corresponds to the un-
known C%i. The momentum balance (6.37) and the energy conservation (6.48)
correspond to v and T, respectively. Because we assume that the system is
in local thermodynamic equilibrium only one energy equation is needed.
Additional equations are obtained by considering the following variables as

constitutive (dependent):

gh, gB gld govd (6.75)

K Ky i Gk K0k, K. AK, AK K oK K
6L7TJ7TL7tJ7z 7AJ7qJ7QJ?QL777J777J7¢L7 (676>

K, L=1AsA,B,C, K # L.
Constitutive variables are considered to be a function of the following list

of independent variables:

A B A e3A el T VT, (6.77)
)
JoA osds TR T e B giEia (6.78)
e A
JeeA oA O (6.79)
P Q1A lAsiA AIA  gIA glAlA g A (6.80)
p?, CPi, wPoed WPl @b PP veP, (6.81)
pC, CC @A il gl Wil (6.82)
where m = 1,...,p denote material time derivatives of order m, n = 1,...,q,
denote material time derivatives of order n, and j = 1,..., N — 1 represent

N — 1 constituents. We do not include all three macroscale volume fractions
since they are related through equation (6.26), and we do not include all three

mesoscale volume fractions wince they are related through equation (6.15). We
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have chosen &4

since it measures the liquid content of the particle and it plays
an significant role in the swelling behavior of the particles. As in Chapter 4, we
choose to use %4 because we want to use the polymer portion of the particle
as the reference phase. Furthermore, we choose ¢ and €7, since we need only
two out of the three macroscale volume fractions since they are related through
equation (6.26). We include T since the behavior of most polymers is a strong
function of temperature, and we include VT so that we recover Fourier’s law
of heat conduction. The variables in list (6.78) account for the behavior of the
viscoelastic solid phase. The variables J*4 and C**4i account for the material
make up, derivatives of order 0 through ¢ of C"" combined with derivatives
of order 1 through p of /4 and J*“ account for the viscoelastic nature of
the material by taking the place of the usual higher-order derivatives in strain.
Finally, Ve**4 accounts for flow due to polymer content and V214 accounts for
flue due to changes in moisture content. The variables in list (6.79) are included
to model the elastic solid phase. The variables J*4 and C*“i account for the
material make up, and C** combined with J*4 account for elastic behavior.
The variables in lists (6.80), (6.81) and (6.82) represent the liquid contained in
the particle, and the fluids of the bulk phases. We include p®i and C*%J, where
K = 1A, B,C, to account for the material make up of these phases, and d®
to account for the viscous nature of the liquids. We include Vet and Ve® to
account for flow due to moisture content, but do not include gradients of all the
volume fractions because they are related through equations (6.26) and (6.15).
The variables v%i"% and Vv®i-X where K = [A, B,C, account for viscous

K,sy

diffusion within the phase. Finally, the variables v*4 give us information
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about the exchange of momentum within a phase.

6.5 Entropy Inequality

As in Chapter 2, to simplify calculations, we postulate the dependence of

the Helmholtz free energies as follows:

(n)

C(m)j g ASvA SSvA FSeA
A = A (A B A A T g4 ol TetA et e ), (6.83)

()
(Mg ~SvA /v A FseA
AnA = A P A e T g Ol TS O CTTC), (6.84)

(n)
(M)A ~SvA FSvA FseA
A = A5 (e P M oA T e O T2 T CT, O, (6.85)

AP = AB(eA B A osvA p pB OB, (6.86)

AY = A% (A B A A T, p¢, %), (6.87)

otherwise we adhere to the axiom of equipresence [24]: all other constitutive
variables are considered a function of lists (6.77) - (6.82). Material time deriva-
tives of the Helmholtz free energies appear in entropy inequality (6.71). Using

the chain rule, they may be calculated as follows:

DZAAZA aAlA DlAgA aAlA DlAgB aAlA DlAglA aAlA DlAéTSUA

Di 94 Di 98 Di 944 Di oA Di
+8AZA DIAT . HAA DiA i N 1~1Aj DIA(C145) . P gAlA piARia
or Dt op!4 Dt p Dt —ytha Dt
)
pA  puC™t I pgAah paC™t  pa4 puc™”
e P + BT, + o T (6.88)

n=1 8 651)14
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DS’UAAS’UA aAsUA stAgA aAsUA DSUAgB 8AS»UA DS”AEZA
Di  0:4 Di ' 98 Di | 94 D
8ASUA DS”Agst aAsUA Ds”AT aAst DsUAJsUA
* 0=+7 D Tor Dt T aJei Di
I Cs“ ) p 8As1,A DSUA(g)lA aASUA ' stAést
' Z T Zgma Diget T Di

(n)
8A5v DSvAc HAsA  pmACE!
+ E +—a: ;
Dt P Dt

(6.89)
n=1 8 C

DseAAseA aAseA DSEAgA 51485‘4 DseAEB aAseA DSEAEZA
DI 94 Dt 9B Dt 94 Di
aAseA DseAe’-js“A aAseA DseAT aAseA DSeAJSeA
* 0=t D Yo "Dt T arA Di
Z o Cse i) . P GAseA DseARiA . 9 AsA . DA
— o Dt gt Dt

(n)
+i aAseA ‘ DSeA 65”"4 N aAseA . DseAéseA
~ . D oc> Dt 7
n= a C v

(6.90)

DEAK  9AK DEcA  9AK DEcB gAK DEGA gAseA DK csoA
Dt 94 Dt 0B Dt T 9dA Dt 9ewA D
QAN DT QAN DEpK = DKCKs

* oT Dt * opX Dt Z Dt

K =B,C. (6.91)

We will enforce conservation of mass weakly using a Lagrange multiplier
technique:

DE (K pk) N
Anew = Aold + Z )\K [T + 5 P (V ’UK) — Z ef
K LL#AK

— K; K KDKCKj K K, . K; K
+ZZ/\]€pT+V (&TpJ’U )

K j=1

TRl R —AK] (6.92)

L,L#K L,L#K
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where we have converted the conservation of mass for species from density to
concentration form.
We choose the viscoelastic solid phase of the particle as the reference phase.

As such, we use the following equation to convert to material time derivatives:

DE() _ D*() | ke
5 = pp tv AV (). (6.93)

Using the identities and methods described above, we obtain the following

form of the entropy inequality:

OAK .
_ZerK (a—T+nK)T
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631,Apst)\st (FS’L}A

5 )7L (FSvA)_T] : 6

aA s A o N s
[ Z e 81_43514 52 (F (Z tseAj) (F)T

a=l,5y,Se j=1

sEApseA )\seA
2

SR NETEE SR

a=l,8y,5¢ m=1

+ Z e¥ (ZthJr)\KpKI) cd”

c SeA

= FH (F*A)—T] :C

K=IA,B,C Jj=1
q aA (n+1)
aA « —svA
- e C
a=l,8y,5e n=1 8 CSv
0AA 0AN 0AM
_ lglAplA o n V€ +€lAplA i = VSB —|—€lAplA (aglA

DA DAIA
+5lAplAa - AV ‘l’ glAplA ( 5T + 77ZA) v7T

8AZA )\ZA
+€lAplA ( — - _) VIOZA + 5lAplA Z AlAj)VClAj
dp ol =
q 1A (n)
v 0A — sy A
+€lAplA Z (m)lA 1A 5lAplA Z — . V C
5 n=0 a 65@14
0AA s 1A
+€lAplA — -vC A i Z TL] . plAsuA
oC L,LALA

OAsA OAsA 0A
o [EseApseA V€A + ESEApSEA VEB + gseApseA aEZA

OeA

045
OgsvA

OeB

_|_€seApse

0 AseA
V{;‘S“A + EseApseA ( aT + 773614) vT

aAseA /\seA
seA scA se A SeA seA ~5c A
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(n)
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pesed pred Z §AsA <m)lA goed el Z DAA suA

(m) (n)
m=1 a iA n=0 —svA
ocC
aASSA —SeA AseA
—i—esEApsEA—_SeA :VC + Z T, |- poedsva
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0AB  \B
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- Z Y léf” (AK] + ;( )2> >0, (6.94)

where we have used identities (3.31) and (3.32), but replaced a with K, to re-
move the N component dependence from terms involving v%i"¥ and VoK
We have also used equations (3.26)-(3.27), with s,A and s.A replacing s, to
eliminate d*# and d*“ in favor of the independent variables 6% and J*4, and

—_Se .
C and J*4, respectively.

6.5.1 Macroscale Pressures

The macroscale pressures are essentially analogous to the definitions given
in Section 4.3.1. We give them and some essential relations here for future
reference. We note that, as in Section 4.3.1, it is possible to define other pressures
based on using different combinations of the volume fractions. We chose to define
the pressures below using the same set of independent variables given for the
Helmholtz free energies given in equations (6.83) - (6.87). For the [ A-phase, we

make the following definitions:

IA(_A 1A IA A 14y2 OAM
B su AN 2
p (8 yE,E L E P 70 J>_(p )W (695)
P aA7EB75lA755vA’CZAj
as the classical pressure,
1A
PA(eA, B A covA A Ay A 1404 (6.96)
pi(et,e”, e, e e epalA .
eA B gsvA glAplA;
as the thermodynamic pressure,
IA(_LA _B _IA _s,A A ~lA 1A lAaAlA
o .
T (et e” et e pt O =¥ FRrY (6.97)
eA eB csvA plA OlA;
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as the swelling potential. Equations (6.95)-(6.97) are related through

IA(LA _B _IA _syA A ~IAj\ _ —lA(_A _B _IA _s,A _IA _IA;
p (6 78 78 78 7p 70 ])7p (6 76 78 7€ 76 p ]>

+ (A, eB A g0 Pl O (6.98)

For the solid particle phases, sA = s, A4, sc A, we make the following definitions:

sA
sAr A B _IA _sA sA SA;\ sA 7sA aA
p*f (et e e, e T O ) = —p* i BN (6.99)
gA eB (lA csA 054
as the classical pressure,
A(_A A _sA 7sA isA 4 5a0A
—s B 1 s s SA;i\ __ s S
Pt e, e, e T CF) = =% Dok (6.100)
A B glA JsA 054
as the thermodynamic pressure,
A(_A A 7sA _sA rvsA 4 752 0A%
s B 1 S s SA:\ s S
™ (6 ,€,¢€ ,J , P ,C ])——p J W (6101)
EA7€B7ElA,psA7CSAj

as the swelling potential. Equations (6.99)-(6.101) are related through

sAr A B _IA _sA sA sA;\ _ —=sA/ A B _lA _sA sA sA;
p*i(et, e e, %0 T O =t (e g7 e e T8 O

+ A (M, B A T ptA oM. (6.102)

Note that the difference between equations (6.99) and (6.101) is in the variables
that are being held fixed.

As we noted in Chapter 4, the thermodynamic pressure, p*4, of the s.A-
phase does not appear naturally as the Helmholtz potential of this phase is not
a function of its own volume fraction. Using calculations analogous to those in

Section 4.3.1, we can derive the following relationships:

DAsA

O AseA
9elA -

D AsA
DelA B

o : (6.103)

eA B glA

€A7€B765»UA €A7€B’655A
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and

DA DAsA
T =— T , (6.104)
Oesv Oese
gA ¢B clA A B (A
where
Dese
= =1, 6.105
OeseA ( )
gA ¢B clA
because of the relationship between volume fractions, equation (6.15).
For the bulk phases, K = B, C' we make the following definitions:
K( A K _IA _s,A K ~K; K2 0A
pt(et, et et e pt, CN) = (0" ) 5 (6.106)
dp «
gA oK LA csvA 0
as the classical pressure,
—K( A _K _IA _s,A _K K; K xOA"
p(et, et et e et ) = =B pt —— (6.107)
ek .
gA glA csvA K K
as the thermodynamic pressure,
K( A _K _IA _s,A K ~K; K Kk OA"
T (et et et et pt ORI =€ p K (6.108)
€ EA7EZA753UA,pK70Kj

as the swelling potential. Equations (6.106)-(6.108) are related through

pK(EA, EK, EZA, 581;14’ pK’ CKJ) :]_DK(EA,€K, EZA, €SvA,€Kij)
+ Bt el A et pB OKi). (6.109)
The three pressure relationships (6.98), (6.102) and (6.109) can be derived using
the same method that was used to derive equation (3.46).

The thermodynamic pressure p¢ does not appear naturally as the Helmholtz

potential of this phase is not a function of its own volume fraction. Using
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calculations analogous to those in Section 4.3.1, we can derive the following

relationships:
0AC 0AC 0AC (6.110)
9.4 ~ 9.4 ~ aC ) :
Oe eB glA gsvA O¢ eC glA gsvA 0= cA glA g5y A
and
0AC B OAC (6.111)
OB 0eC ’ '
cA glA gspA eA glA csvA
where
0eC¢
EA’EZA7ESUA

because of the relationship between volume fractions, equation (6.26).

6.5.2 Non-Equilibrium Results
A, the rate of entropy production, is a linear function of the following list of

variables, which are neither independent nor constitutive, thus arbitrary:

(g+1)
- SeA
oo SKe 7 d . . =t —suA (p£1)
T, p, O, Jovd, Joed Wosedised gyodiod ¢ C™ Ve 1(6.113)

where K = A, B, C for p¥ and K = [A4, s, A, s. A, B, C for C*i. To avoid violat-
ing the entropy inequality, equation (6.94), for all possible processes their coeffi-

cients must be identically zero. This yields the following set of non-equilibrium

results:
OAK
> N 0" ) =0, (6.114)
or
K
K PK
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NG = 7t K =1A4,5,A,s.A, B,C, (6.116)

N
1
3 > () = —ph, (6.117)
7j=1
1 X
2 Dt h) = —p, (6.118)
j=1
54 LAjtsAN — o8 (A% _ ASAN AT = 6.119
pSAN = p*( P § = v, 8¢, (6.119)
N A oA gaApaA 8AaA —se Ay A A
St oF . Y SO ety ey, o1y
j=1 a=l,5y,5¢ oC
oA o aAaA
o et ——e =0, (6.121)
a=l,8y,S¢ a 681}/4
aAaA
e 4prd——=0. (6.122)
a=l,sy,Se aglA

Consider equation (6.114). A classical result for a single material was demon-
strated in Chapter 2, and says that T and n are dual variables. In this case we

will make the simplifying assumption that

0AK K
— = VK. 6.123
Equation (6.115) gives identities for the Lagrange multipliers and for the re-
mainder of this section we will use them wherever A\, K = [A, B, C, appear.

Equation (6.116) gives an identity for A*. It has been used to obtain (6.119)

and will also be used throughout this chapter. Equations (6.117) and (6.118) are
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novel. They are a direct consequence of the new choice of independent variables.
Since it is reasonable to expect the diffusive velocities in the solid phases to be

negligible, see equation (B.12), we can rewrite these two equations as

1
gtr(tSeA) = —p*4 and (6.124)

1
gtr(tSvA) = —p™4 (6.125)

respectively. Equation (6.119) contains an N**-component dependence. Since
we do not want a result which depends on the labeling of the constituents we
will remove this dependence in a subsequent section. Equation (6.120) is novel
and allows us to solve for the Lagrange multiplier A**“. Again assuming the
diffusive velocities in the s, A-phase are small, we have

gaApaA 8AozA

SeA — s A
€ oC

Se A

tseA — _pseA/\seAI + 2(FSEA) ) Z

a=l,sy,5e

(F)T. (6.126)
Taking 1/3 the trace of (6.126), using (6.124) to eliminate ¢**#, and then solving
for A*4 we obtain

Se A 9

aA oA aA

P e pt 0A —se A

A=Y :C. (6.127)
pseA 3 gseApseA aCSeA

a=l,sv,Se

Substituting this back into equation (6.126) yields

6lA 2 €aApaA 8A04A s A
tsCA = — SCAI + tsEA + _tseA - = ——a A - C ’ ) 6128
p se 5SeA sh 3042;”56 é-seA 8685A ( )
where
s s —SeA aASeA _SeA

goeh = 9p AT e (F )"

svA S”A_S OAsA =5
I O o
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and

oA = 2l AF )7, (6.130)

where ¢34 and t%* are the Terzaghi and hydration stress tenors for the s,A-
phase, respectively. Note that when we take one third the trace of (6.128) we
recover (6.124) so that the physical pressure in the s,A phase, —1/3tr(t%%),
coincides with the thermodynamic definition of pressure of that phase, p*“.

In equation (6.121) and (6.122) £*4p4 is begin held fixed, therefore we can

bring it inside the partial derivative. Doing so yields

A%
o " 0, (6.131)
oC”™
and
A
afT =0 (6.132)
HEIA

where e!plA A 4 gseA psed gseA 4 gsod psod Asod = A4 i the total Helmholtz free
energy of the particle. This means that the total Helmholtz free energy of the
particle is not a function of the ¢'* derivative of the right Cauchy-Green tensor

nor a function of the p!* derivative of the volume fraction of the liquid phase.

6.5.3 Equilibrium Results

We define equilibrium to be when the following set of variables is equal to

Zero:

(n+1)

A .B (mEU4 —svA —su A
€A’ €B7 c lA7 ESUA, C 7 dK, C ’ ,le,st7 ’USEA’SUA, ,UB,SUA’

Covd T, Wk oKiK ol o 6.133
v ) ) v ) v ) eL ) eLu ( : )
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wheren =1, ...,

qg—1,m=0,....,.p—1, K =

IA, B, C for d* and VoK,

and

K = 1A, s,A,s.A, B,C for v5-X_ Using the method for obtaining equilibrium

results outlined in Chapter 2, we obtain the following set of equilibrium results:

tst

141

0AK
ZeK K vy (6.134)
0AK
= Fpfh— 5 (6.135)
K
0AK
_ K K
=> (6.136)
K
=0 6.137
Zs p 888” Y ( )
s aA oA AaA s
_oFy. S TR0 T peneAr, (6.139)
a=l,sy,Se & aC ’
8AaA
o et —=0,m=1,...p-1, (6.139)
a=l,8y,S¢ a(g)lA
th = pfI, K =1A,B,C, (6.140)
dAA
O‘ApO‘AT) =0,n=1,...,q—1, (6.141)
a=l,sy,Se 8 6Su
aAlA aAlA
A A A A A B
=—c“p agAVE p 8€BV€
aAlA plA aA
IA 1A 1A _IA A e
e (85“‘ - 8mplA) Vet —etp 9 s,,AV
8A1A plA (m)
1A 1A IA _ _IA 1A 1A
—€ — Vp& —¢
g (apm (p14)? ) ’ g Zl a“g)m
q )
GAZA dAA —e
ElAplAZ sod —ElAplATeA :VC A (6142)



AOA%A

e A S S 8A8€A S S
E T, =-—-¢ Ay EA—agA Vet — gedpse 95 Vb
L,L#se
OAsA DAsA
SeA scA LA seA scA Sp A
T g Ve T A Ve
0A%e Ased D AsA
SeA _scA s s A s A
— e e VJ eA _ e e
< <8Jse JseA ) m2:1 3(’5)5.4
8ASP _w DASA
g SeAE T A D v O (6.143)
n—= sv oC™
9 C
~B B gOAP _ 4 5 g [0A" p” B
E T, =—<"p 8_AV€ e°p 928 —5BpB Ve
L,L#B
0A 0AB
B B 1A B B suA
e°p aglAVa‘ e°p W
(c)AB pB
B B B
7 (5PB (pB)Q) Ve (o149

0AC 0A
c C LA c C SpA
e7p 65’AV6 _6p855A €
HAC pC
c C C
— — \Y 6.145
AL (0149
Y Hgf =0, (6.146)
K

£ — P K KA _ AKN K0T K — 1A, B,C,  (6.147)

L,L#K

~K. . . . N N Y
/LKJV<€K,0KJ)—V~(EK,0KJ<AK]—AK ))—EKtK V(pTN
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A = poeds = s = B = (6.149)

N-—1 N-1
AR XN 0K = AP N =N ket (6.150)
j=1 j=1

Equation (6.134) can be rewritten

¢ = Z%Kﬁ (6.151)
0cC 7 '
K
where we have used the fact that
et

eB, ...
because of the relationship between the volume fractions, equation (6.26). It

can also be written as
0AK
=) fof—— (6.153)

where we have used definition (6.108), and the three pressure relationship (6.109)
with K = C.

Equation (6.135) can be written
B oA aaOAA
PP —p¢ = § Sl — (6.154)

where we have used definition (6.108) and the three pressure relationship, (6.109)
with K = B to obtain the p? term, and we have used equation (6.111) to convert
a derivative with respect to ¢ into a derivative with respect to €, and used
equations (6.108) and (6.109) with K = C to obtain the p® term. If we convert

derivatives with respect to € into derivatives with respect to € in equation
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(6.153) using equation (6.111) then add the result to equation (6.154) we recover
the definition of the thermodynamic pressure, equation (6.107) with K = B.

Equation (6.136) can be written as
OAK
M=) N (6.155)

where we have used definition (6.97), and the three pressure relationship, equa-
tion (6.98).

Equation (6.137) can be written as

prht= Y R oA (6.156)
DesvA’ '
K,K#s,A

where we have used definition (6.100) with s = s,.
Taking 1/3 the trace of equation (6.138), using equation (6.125) to eliminate

t**4, and solving for A\*4 yields

Sy A

sud psUA 2 gaApOlA aAaA =
A T spA +3 SpA nSp A AT<SvA :C
pv 3 61} pU aCU

a=l,sy,5¢

(6.157)

We then substitute back into (6.138) to get

gl A

tsUA B 2 Z 6aApaA aAaA
581,14 sh 3 ~ €S“A aasUA

go0A — _pr AT 4 g . C™", (6.158)

where

—Sy GAS“A —Su
t?éA = QpSUAF ! s, A !
aC v

A A
g%t pmmseA OA% 4
2 e )

)T

: (6.159)

and

8AlA —SUA)T

—s, A
e =20 —
ac™"

, (6.160)
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where t3:4 and t%* are the Terzaghi and hydration stress tenors for the s,A-
phase, respectively. Analogous to the s.A phase, we note that by taking one-
third the trace of equation (6.158), we recover equation (6.125).

In order to interpret the meaning of equation (6.139), we can take the e p4
inside the partial derivative because it is being held fixed, thus equation (6.139)
can be written

DA
9'2A
where we have used e/4plA A 4 gseApsed Ased 4 gsvd psvd AsoAd — AA This means

=0, m=1,...,p—1, (6.161)

that at equilibrium, the total Helmholtz free energy of the particle A is a function
of " at equilibrium, but not its derivatives.

Equation (6.140) says that the liquid phase stress of phases [A, B and C
coincides with the classical pressure for that phase at equilibrium.

Similar to equation (6.139), equation (6.141) can be written
A%

o
0C”
which means that the total Helmholtz free energy of the particle A is not a

=0, n=1,...,q—1, (6.162)

function of rates of shear at equilibrium. This means that at equilibrium the
particle behaves elastically as opposed to viscoelastically.

Equation (6.142) simplifies to

Z C/I\JLA_plAVEZA 1A lAaAlAng 14 lAaAlAvgB

ep v ep 5
L,LALA Oe Oe
IA 1A IA 1A miA
—e“p i —— Vet —ep —
JesvA zjl 3(5)1A
q <n)
8AZA 0AA —Se
— ey s —e“‘p“‘a@—w . V™" (6.163)
n=0
0 C
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where we have used definition (6.97) and the three pressure relationship (6.98).
Later this will be used in the momentum balance equation to derive a generalized
Darcy’s Law for the liquid in the particle.

Equation (6.143) can be significantly simplified as well. First we use equa-
tions (6.103) and (6.104), to convert derivatives with respect to /4 and £54 into
derivatives in e%4, respectively. We then use definition (6.100) with s = s, and
the relationship between volume fractions, equation (6.15), to obtain the first
two terms in the equation below. The last term in brackets is simplified using
equation (6.99) to replace the partial derivative term with a pressure term, and

A%4 is eliminated using (6.127). The result is that

~ 5. A aAseA
Z TL — Z_)SEAVESEA + (ﬁseA . EseApseA ) VEA

A
L,L#seA Oe
aAseA 8A56A
_EseApseA V€B o ESEAPSEA VElA
Oeb OetA
€A75B7536A’”.

p A q A (n)
aASE (m) aASe — s, A
e A e Vv C
(m); 4 ()

m=1 a € n=0 a 651;14
aAseA S 2 aA aA aAaA —s,
ey v DN (LT A) V.J%4(6.164)
aC ’ ?)cy:l,sv,sE Joe aC ’
Equation (6.144) simplifies to
~B 0AB OAB
Z T, =p°Vel — EBpBWV»sA — EBPBWVEM
L,L#B
0AP _ |
ngBagmvg oA (6.165)

where we have used definition (6.108) combined with the three pressure relation-
ship (6.109), with K = B, to obtain the first term of the preceding equation,

and used equation (6.106) to eliminate the last term in brackets of (6.144).
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To simplify equation (6.145) use equations (6.110) and (6.111) to convert

derivatives with respect to e and £ into derivatives with respect to ¢, re-

spectively. Then using the definition of the swelling potential, equation (6.108),

and the three pressure relationship, equation (6.109), with K = C, and convert-

C

ing gradients in ¢ and P into gradients in € using the relationship between

volume fractions, equation (6.26), we have

~C 0AC 0AC
Z T, =p¢Vet — 5CpCWV€A — 50/)0WV51A
L,LAC
0AC A

8681;14

Equation (6.146) says that at equilibrium there is no net heat flux.

—e9¢ (6.166)

The rest of the equilibrium results contain N** component dependencies,

which we address in the next section.

6.5.4 Removing N Component Dependencies

Equations (6.119), (6.147), (6.148), and (6.149) contain an N resulting
from using the concentrations of species as independent variables. These de-
pendencies are removed in an analogous way as in Chapter 4. As such, we take

[13]

iy
Ky _ AKN _ 2 _
py = AR~ s K =1A,B,C, (6.167)

SAN sA A 3sA
t t3 et

SAN __ ASAN _
PN = AN — L8 = Sy, Se- (6.168)
IOSAN psA SSA psA

Substituting equation (6.167) into (6.147), and equation (6.168) into (6.119), we

obtain
th

pfir = A%T — K =IA,B,C, (6.169)

pi’
sA; sA 1A 3sA
t° 598 et

SA; T __ ASA; _
I = A JI—pSAj P EsAps_A’S_SU’S@’ (6.170)
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respectively. Multiplying (6.169) and (6.170) by C%i and C*%, respectively,
and summing j from 1 to N, then eliminating t*, K = [A, B, C' with equation
(6.140), and ¢4 with equations (6.128) and (6.158), we obtain the following

expressions for the Gibbs free energy

N K
; , p
:ZMKJCK ZAK+p—K, K =1A,B,C, (6.171)
A 2 EaApaA 8AozA A
sAj 1sA; sA “ . S
ZM ¢ =4 psA + 3 ; gsApsA 86814 :C )
S = Sy, Se- (6.172)
Rewriting equation (6.150) as
N
AR NN "R Crs 4 iy
j=1
N
= AV N =N b et gty VK,L L # K, (6.173)

=1
then substituting (6.115) for \¥, L = [A, B, C, (6.127) for A\*4, (6.157) for A*»4,

and using (6.171) and (6.172), we obtain

N = b VK,L,L # K. (6.174)

Substituting this result into equation (6.149), yields the classical result
i = pla, VK,L, L+ K, (6.175)

which states that the chemical potential of a species in different phases is equal

at equilibrium.
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To remove the N* component dependence from equation (6.148) we first

consider K = s,A. Summing from j from 1 to N we obtain

I ORIt

L,L#sc A L,L#sc A

A N
o SeAtSeAN v pS NSeAjV SeA scAj
— : e +ZM (g% pedti)

=1

—ESeApSeAVASeA o AseAV(eseApseA) + V(eseApseAAseAN)’ (6176)

N ~scAj N osed; sed st
where >4 " =0and Y. ST, "= > T, duetorestrictions (6.39)
j=1 LL#scAj=1 LLFs.A
~s. A
and (6.40), respectively. Using equation (6.143) to eliminate >, T, from
L,L#s.A
the left-hand side of equation (6.176), expanding VA% using the following

calculation
DAsA D AsA O AseA DAsA
seA A B 1A suA
V A%* = 9eA Vet + 5e8 Ve + 9eiA Ve + DA Ve
p Se A SeA
(9?4) V(gm N 0A . U A
m=1 a g 1A 8Jse
N-1 A A aAseA 8A36A oAy
+ ) V(O + VT + ——5:(VC")
; oT ac° 4
q S A (n) SeA
0 ASe — s, 0A%e —se
+3 v e+ (VO A (6.177)
n=1 —SvA
oC
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and then canceling like terms we get

&TSEA 2 ( 6ozApoaA aAaA

. seVJseA .
JseAp 3 JseA aESEA

seA seA
p e ASeAN /.\SEAN o SEA SEA p e
o ( S G >__5 vrv ()

L,L#scA

:688“‘) VA

+ZMSE JV SeA se ) ASEAV( SeA SEA)
J=1
N-—1

—et A AN TV O 4V (5 ApteA A, (6.178)

j=1

In the previous calculation we have dropped the term involving V'T' since it
is zero at equilibrium, and used equation (6.127) for A\*4. If we expand the
gradient portion of the second term on the right-hand side V(g%Ap*4i) =
g3eApse AN Osedi 4 %AV (e%4 p*4) we can eliminate the fourth term on the
right-hand side. Collecting all the terms involving the N** component on one
side and all other terms on the other side, we have

se A
p

pSeAN
+V(586Ap88AAseAN) o SeANV( SeA seA)
seA

~ 5. A ~sc A seA
(T, " +a ") -t v ( o )
pse N

AsﬁAv( scA SGA) o SGVJSCA

JseAp

2 5ozApozA aAaA s A .
_g (Z JseA — 5. A : C VJ A

oC

N
_Z SeAJCSeAJV( seA SeA)' (6179)

j=1
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Substituting equation (6.172) with s = s, for the last term, the right-hand side

becomes

AseAV< SeA seA) SEVJSE —
JseA aC,,SEA

gseA 2 ( gaApaA aAoaA

JseA 3
SseA 2 aA oA aAaA s
_ (AseA + p + 2 Z £ r .’ V(gSEApSeA) =0 (6.180)

;658“‘) AV

pseA 3 5SeApSeA a655A

SEA .seA

since V (g%4psed) = — =LV J*4, Thus,

seA ~ 5 A ~Se A seA
psAN< Z T, " +i N>_5SEtSEAN'V<€AN>
P L,L#scA P

+V (5eApseA AseAN) — 2e AN (g4 ped) = 0. (6.181)

Substituting equation (6.181) back into equation (6.176) and undoing the sum-
mation prior to equation (6.176), we obtain

~S5cAj ~SeAj .
YT d T = eV (et Apteh) — V(A pre A ) (6.182)
L,L#sc A

Removing the N** component dependence from (6.148) for K = [A, s,A, B,C
is done in an analogous manner and yields
Z TK 4+ o = iV (X k) — v - (5 pT ARG VK. (6.183)
L,L#K

6.5.5 Near-Equilibrium Relations

We obtain near-equilibrium results using the method described in Chapter 2.
We choose to perform a one variable expansion for all of the variables in (6.133).
In what follows we use indicial notation so that the order of the coefficients

resulting from the linearization process and the contractions are clear. For the

variables ¢4, éB, &4 and %4 we obtain following near-equilibrium relationships
0AK
—C K K _ . C.A
p—ZapagT—nf«:, (6.184)
K,K#C
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aAaA
- ) = —nBel, (6.185)

0B
a=l,sy,S¢

— ) X 651 I :—n“‘e“, (6.186)

K,K#LA

and
=S aAK S ~S

D D (6.187)

K,K+#s,A

respectively. The coefficients n¢, n?, n*4, and n**4 are scalar material parame-
ters that may contain information such as: the stiffness of the solid matrix, the
ease (or difficulty) with which the solid phase swells, and the connectedness of

Sy A
the two solid phases. For the coefficients of C , d*, where K = IA, 5,4, s A,

(n+1)
=" UA . . 1. .
and C° , where n = 1,...,¢q — 1, we obtain the following near-equilibrium
relationships:
lA aA oA SvA
2 e A s A
tort = —po Aoy, + (£ to M — = — k0
Ik p Ik ( se ) ( sh )lk 3 Z esvA aavaI? LK Ylk
N
Sy Aj vAj,50A spAj,suA Su —=svA
—ZP Aigpriss eyt 4 FkK GLKMNCMNFlL ) (6.188)
j=1

tlk = —p" o, — ZP JUZK . K . lemndrlr(ww K =1A,B,C, (6.189)

J=1

at o DA i
Z € . A (n) QZKMNC MN nzl,,q—l (6190)
a=l,8y,S¢ 80

s l
Here G7% N, G

temns and Q7 gy are all fourth-order positive semi-definite

tenors. G4,y accounts for the viscoelastic solid stress dissipation due to re-

laxation in shearing of the viscoelastic solid. G  is a viscous dissipation

lkmn
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tensor. And lastly, Q7 ;v are material coefficients of the n'* derivative of the
()

— Sy A . .. . .
shear rate, C"" ', and like GSL“I?M ~» represent stress dissipation due to relaxation

in shearing of the viscoelastic solid. For the coefficients of v!4sv4, gsedsvd
vP*4 and vP*"4 we obtain the following near-equilibrium results:
1A
TIA lAsyA | =lA_IA 1A lAaA 1A lAaA B
§ (Ti )k = =Ry ™ + D €k —E°P 6‘46 TPk
L,L#IA
1A 140 1A lA (m)lA
E €
—&r agsv €k (m)lA k
q 1A (n)
IA 1A 9A™ 656 gl gl 0A oA 6.191
— & p 8656 LK}C (n) LK k> ( . )
LK
=oC™ LK

A
(/_Z/—\vseA) RseA SeA,sp A +—56A seA_+_ —sc A —E‘:SeA seAaAs 5A
E : L km Um p p P 88’4 k
L,L#scA

SeA Se A
goed e 0A% cB _ seA 5on 0A% A
OB Tk JelA Tk

p q s ()
_ Z 656ApseAaA “g)zA goed oA Z dAsA oA

oA o LKk
n=0 s'u
0C " Ik

. . 8AS€A—56A 9 gaA aA 8145.3 .
— g%eApred — 0Lk — 3 Z ( & CLK J,k;eAa (6.192)

7

@OLK 7 a=l,5y,Se Jse 86[/;(
~ s _ 0AP
> (TP)k=—RE vl A +pPel — ePp” e

B BaAB lA B B 0AP Sy A

B o S v S (6.193)
. . DAC
Z(Tg) chmgzv +p 6 _€CpCaA
L,L#C
dAC OAC
_ gcpc_glA _ C C—E:SUA (6194)

DAk T P 5 Atk
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Here, R . R4 RE ~and R{, are all second-order resistivity tensors. Since

the elastic solid phase does not flow inside the viscoelastic solid phase Rzerf is

Se A8y A

taken sufficiently large so that when we invert it and solve for v we get

that v*45+4 = 0, as expected. For the coefficient of VA and VT, we obtain

the following near-equilibrium result:

DA m
Z gMpA___ — _pm ( gl)m, m=1,....,p—1,  (6.195)
a=l,sy,s 8(?)ZA

N
sA sA; sA;,sA sA; sAj,8A sA; 1 sA;,sA, sA;,sA
4y _E :|:tk:mvmj — P A ]+§vmj Uy ?
Jj=1

+KAT,,, 5= Sy, Se, (6.196)

and

N
K _ K; KK K KK K; 1 K; K KK
4y _E :|:tkmvmj — P Yy A™ +§Um] Up?

j=1

+KE T, K =1A,B,C, (6.197)

A

K
. and K, are second-order

respectively. Here, ™ are scalar coefficients, and K
tensors. Most often it is reasonable to assume that v*4*4 ~ 0, in which case

equation (6.196) reduces to ¢ = K** - VT, so that we recover Fourier’s law

of heat conduction for the solid phases. The coefficients of Voi-X and v%i- K

produce the following near-equilibrium results:

K

K tmn
196 = S op i 4 AKIG,, — pre (6.198)

and

ST TN AT = RS 55 (K g — (K R AR 4 (6.199)
LL#K
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where K = [A, B,C,, and where ,Sjm are a fourth-order symmetric positive
semi-definite tensors representing the effects of the gradient in diffusive velocity

in the liquid phase on the chemical potential, and R,fnjl are a second-order tensors.

jsSA

In this system we do not linearize about v*4*4, s = s, s., because solid phase

iSA

diffusion is assumed to be negligible. As such, v*4*4 is not an independent

variable, and thus the coefficient of v347* cannot be a function of v*4*4. Finally,

for the coefficient of Egj we obtain:

MK]- _ MLJ- _ MKLJ-/G\]ILQ _ %,UKJ-,K CE K %,ULJ-,L . ULJ-,L7 (6.200)
where K, L = lA, s,A,5.A,B,C, L # K, and M¥%i are scalar coefficients.

6.5.6 Darcy’s Laws

Darcy’s Laws are obtained from the bulk linear momentum equation for the
liquid phase, equation (6.38), by using constitutive equations to eliminate the

stress tensor, equation (6.189), and equations (6.191), (6.193), and (6.194) to

- ~1A ~B ~C
eliminate the exchange of momentum terms, >, T,, > T,,and > T,
L,LAA L.L#B L.L#C

respectively. We obtain the following forms of Darcy’s law:

RZA . ,le,st — _EZAVplA _ ﬂlAV5lA N v (5lAGlA . dlA) + €lAplAglA

1A 1A 1A
— gl (_8A Vet + o4 Vel + o4 VES”A>

OeA OB Ogsva
1A q 1A ()
—glpia (—8;45 T (V@SeA)T + Z 8% — (V 65“A)T
oC™ 0 s, A
n—O a C v
P 1A
+3 8(21) V“?“‘), (6.201)
m—1 0 A
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and

RE . pfnd = _Kypk _ 7Kvel v . (eKGK - dR) 4 X pgh
dAK 0AK 0AK
— el pk (—VSA + Vet +

oA R agmwsw“) ,  (6.202)
for K = B, C, respectively, where we have used the three pressure relationships
(6.98) and (6.109) to obtain the first two terms of both equations. R and
RY K = B,C, are resistivity tensors. The first lines of equations (6.201) and
(6.202) have been discussed in previously. The first two terms in parentheses

on the second line of equation (6.201) have been previously reported in [50]. In

[50], Singh et al. defined the swelling potential as

aAlA
= eApZAW , (6.203)

ptA T,

where they used the macroscale definitions given by equations (6.1)-(6.6). Using
the macroscale definitions given by equations (6.10)-(6.14) allow us to make the
more consistent definition of swelling potential given by equation (6.97). The
last term in parentheses of the second line of equation (6.201) is novel and is
due to defining £%*4 as an independent variable. The last term in parentheses on
the last lines of equations (6.201) and (6.202) are analogous to those of equation
(4.109) and were discussed in Section 4.3.6.
6.5.7 Fick’s Law

Fick’s law is obtained from the species linear momentum equation for the
liquid phase, equation (6.37), by using the near-equilibrium result for the chemi-
cal potential of the liquid phase, equation (6.198), to eliminate the species stress

~ L s
tensor, t*/, and using equation (6.199) to eliminate T', +¢ . The result is

RY - pf K = KRy K v (K pKi 8K . wufi K - K plig, (6.204)

156



where we have neglected the inertial term in the momentum equation. The
first term is the generalized Fick’s law, and says the diffusion is caused by a
the gradient in chemical potential. This equations is similar to an equation
obtained by Bennethum et al. in [12]. The second terms is often neglected as it

is of second order.
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7. Three-Scale Polymeric Drug Delivery Systems

In this chapter we combine the macroscale balance laws and constitutive
equations from the previous section to obtain bulk fluid and species transport
equations. Macroscale fluid and species transport is affected by physical pro-
cesses taking place at all three scales. At the mesoscale solid polymer, drug,
and vicinal fluid form a homogeneous mixture, particle A. Imperfect processing
of the drug delivery device may leave pockets of bulk fluids B and C' inside the
polymer matrix, see figure 6.1. We assume that fluid B and the vicinal fluid are
composed of the same constituents, water and drug. Fluid C can be thought
of as a gas trapped inside the particle. In swelling-controlled devices the drug
will have diffused out of the device before the polymer matrix begins to erode.
Thus, on the time scale of concern any pockets of gas trapped within the device
will be surrounded by walls containing micropores which are impenetrable to
the gas unless the system is under a massive amount of pressure. Interactions
between the structure-sensitive polymer and vicinal fluid lower the free energy
of the vicinal fluid [35], causing fluid to flow from the bulk fluid to the vicinal
fluid and which causes the particle to swell. At the macroscale, particles and
fluids B and C' are viewed as overlying continua, forming another homogeneous
mixture. Exchange of thermodynamic properties, such as mass and momen-
tum, take place between phases. This exchange is taken into account by the

source/sink terms in the balance laws.
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Throughout this chapter the viscoelastic solid phase is assumed to be com-
posed of polymer, denoted pA, and the elastic solid phase is assumed to be the
drug, denoted dA. We will begin by presenting equations related to the vicinal
fluid, bulk fluid, B, and fluid C'. We will then derive the wetting bulk phase
transport equation by combining the equations from the previous three sections.
Next, we will present equations relating to species diffusion and derive a system

of equations governing species transport.

7.1 Vicinal Fluid
In Darcy’s law, equation (6.201), the effects of gravity, shearing, and
quadratic terms are neglected as the effects of these terms are expected to be

negligible in comparison to other force terms. Dropping these terms, we obtain

RIA . plArA — g (lApiAY | A A | (1A jlA Z v
= 13('5%
DA HAMA HAA
- (ag—AVSA 9B V¢ T t oera ng) - (71

Following the discussion in Section 3.5.1, we can rewrite this equation as

A 171A !
olAPA e K K JA lA <m>lA
- A _ A Z (m)
1—¢ A

:Uv m=1 0
lAKlA AlA AZA
[/; (af)eA Vet + g 7 V5PA> (7.2)

where we have assumed that the free energy of the vicinal fluid is not affected by
the volume fraction of the bulk fluid, B, since the bulk fluid interacts with the
vicinal fluid only through the boundaries. K™ is the permeability of the particle,
K’ is the unjacketed compressibility for a porous medium with incompressible

solid and liquid phases, and ! is the viscosity of the vicinal fluid.
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The vicinal fluid exchanges mass with the drug phase and the bulk fluid

phase B, but not with the polymer phase (E;‘Z = 0) nor with the fluid phase C
(e = 0). Thus, conservation of mass for the vicinal fluid is given by

DIA (LA A

DEED | argag ot ol 4l (73)

Assuming that the drug in the vicinal fluid is sufficiently dilute and that the
liquid is incompressible allow us to use the incompressibility condition for the

vicinal fluid (D" p!4/Dt = 0). Applying this condition to equation (7.3) yields
A <élA Lv. (glA,UlA,pA) LAy . ,UpA) _ /éléél +/e\ld1:’ (7.4)

where we have converted the derivative in [A to a material time derivative using
equation (6.93).
The drug phase may exchange mass with both the vicinal fluid and the bulk

fluid B, but not with the polymer phase (@ﬁﬁ = 0) nor with the fluid phase C

(’é‘éA = 0). Thus, the conservation of mass for the drug phase is given by
DdA(dA HdA
(Dt p*) 4 ANy L ydA gﬁf _i_/é%A. (7.5)

Using the incompressibility condition for the drug phase (D%p?1/Dt = 0), we

obtain
pid (édA + V- (sdAvdA’pA) + eV - va> = Ef}? + %A, (7.6)

where we have converted the material time derivative with respect to dA to
material time derivative with respect to pA using equation (6.93).
Because the drug has diffused out of the device by the time the polymer

matrix begins to erode, the polymer phase is assumed not to exchange mass
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with any other phase. Thus the conservation of mass for the polymer phase can

be written as
ePd 4 ePAY . pPA =, (7.7)

where we have used the incompressibility condition for the polymer phase
(DPAp?4 /Dt = 0). Using equation (7.7) to eliminate V - vP4 from equations

(7.4) and (7.6) yields

A <€~ZA _ ;:épA V. (glA,le,pA)) :’e\lBA ‘*'/éldf‘cx (7.8)
and
A (édA _ %épA) :al: Lol (7.9)
respectively.

7.2 Bulk Fluid, B

Neglecting gravity and higher-order terms, Darcy’s law for the bulk fluid B

is given by

RB . ,UB,pA — _V(eBpB) +ﬁBV53
0AP

9AP 0AP
_ BB (ag—Ang + oA Vet a&mvepf‘) . (7.10)

Bennethum and Weinstein [14] showed that for a material composed of a sin-
gle constituent the classical pressure and the thermodynamic pressure are the
same. While the bulk fluid B is composed of both liquid and drug, we are al-
ready assuming that the solution is dilute enough so that the incompressibility

condition holds. As such, we find it reasonable to assume that p® ~ p? as well.
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Furthermore, we assume that the free energy of the bulk phase B is not a strong
function of the volume fractions €4, €4, and eP4. Thus, equation (7.10) can be
written as

BB
BpA _ _E K

B
v

v

A (7.11)

where, assuming that the bulk fluid behaves isotopically

B

B
B
v

(R”) I, (7.12)

where K2 is the permeability, and u? is the viscosity of the bulk fluid.

The bulk fluid exchanges mass with the vicinal fluid and the drug phase,
but not with the polymer phase (’éf ', = 0) nor with the fluid phase C' (€5 = 0).
Thus, the conservation of mass for phase B is given by

DB(sB B
DUEPT) | by of — B 4 oB, (7.13)

Dt
Using the incompressibility condition for the bulk phase (DPp?/Dt = 0) we

obtain
B(.B ef -pA B..BpA ~B | ~B

where we have used equation (7.7) to eliminate V-vP4, and used equation (6.93)

to convert the derivative in B into a material derivative.

7.3 Fluid Phase, C

The fluid phase C' does not exchange mass with any other phase. Following
the derivation used in the previous section we can write the conservation of mass

for the fluid phase C as

c
C_E pA (CgyCpAy _
€~ af + V- ("0 = 0. (7.15)
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As discussed in the introduction, on the time scale of concern fluid C' is trapped

by walls containing micropores. Thus, fluid C' does not move relative to the solid

polymer. As such, v“?4 is taken to be zero. Thus, equation (7.15) becomes
-C *pA
€ €
which can be solved analytically by integrating
eC o epA "
de de?
- / e (7.17)
€t=0 afi()
The solution to (7.15) is given by
C pA
€ €
— = —, 7.18
o= (718)
which is equivalent to
c c
€ €0

where C] is a constant. This means that the ratio € /eP4 is unaffected by fluid

sorption/desorption or by mass transfer taking place within the system.

7.4 Bulk Transport

Because the vicinal water is more structured than the bulk fluid we expect
the density of the vicinal water to be less dense than the bulk water, [25]. The
data suggests that the vicinal fluid is approximately 4% less dense than the
bulk fluid. Since this difference is small, we assume that p'* is equal to p?, and

denote it p/. Adding equations (7.8) and (7.14), we obtain

!
o’ (éf — ;TAépA + V- (P v (anB’pA)> = +eb,, (7.20)
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where
ef =4+ P (7.21)

is the total volume fraction of the wetting phase. To obtain equation (7.20)
we have used macroscale restriction (6.29) with K = [A and L = B, that is,
et = —2P. The sum of the macroscale volume fractions is one, that is, if we

substitute equation (6.15) into equation (6.26), we obtain
et ped B ief=1. (7.22)
Substituting equation (7.21) into equation (7.22) yields
et el +eC=1. (7.23)

Solving equation (7.19) for £¢, substituting the result into equation (7.23), and
solving for eP4 yields

a_1-ef—e”

gp
1+C, 7

(7.24)

which implies that
épA _5f _ E'.dA

(&’—:PTA:—l—gf—gdA. (725)
Using equation (7.25) to eliminate éP/eP4 from equations (7.9) and (7.20), and

simplifying, we obtain

~lA ~B
cn (A2l N - S — (7.26)
1—egf —gdd 1—ef —gdd pld '

and

-f 1—e -dA e 1A 1A pA B..BpA
g (—1_€f_€dA>—|—€ (—1_€f_€dA>+V-(€ v P+ V- (ePuTPh)

~A -~
— €44 + edBA (7 27)
pl '
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respectively. To obtain equation (7.26) we have used the fact that iy = —&4}
and ¢4 = —&%,. Solving equation (7.26) for %4 /(1 — e/ — £94), substituting

the result into equation (7.27), and simplifying, we obtain
el +(1—e) (V- (M) + v - (PoPrh))

1—ef &
A ~

Substituting equations (7.2) and (7.11) into equation (7.28) yields

/ p
S (e |y (IEETEE Gy IR 047 Gy
(1 - Kel)ult it =gy
KKZA A f AZA aAlA KB B\2
_ Mlj P (888,4 Vet + (%WV#’A) ) - V. (#VPB) ]
. 1—ef  &f
— @+ et (o + ) (7.29)

where, like Singh et al. [51], we have assumed a linear relationship between the

volume fraction of the vicinal fluid and the volume fraction of the wetting phase
et = Kel, (7.30)

The first term in parentheses on the second line of equation (7.29) can be

simplified as follows. First, rewrite it as

aAlA " aAlA oA
A Ve + A Ve
Oe OeP
eB glA cpA eA gB glA
DA et A DA OedA oA
T 9edA A Vet + —= oA VeP?(7.31)
Oe 5 Oe Oe
eB elA cpA eB glA cpA gA ¢B glA eA eB glA

Substituting equations (7.30) and (7.24) into equation (6.15) and solving for %4

yields

gt = (1%01) et + (K(l —001) — 1) el + ¢y, (7.32)
1 1
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which implies that

86dA 1+ Cl
—_— = : 7.33
aE:A lA -B -pA Cl ( )
Taking the gradient of (7.24), we have
—Vel —veid
Verd = : 7.34
2 e (7.34)

Taking the gradient of equation (6.15) and substituting equation (7.34) into the

result, we obtain

K(1 —1
Vel = (1 fl(]l) Veld ( ( 1—:_053 ) Vel (7.35)

Substituting equations (7.33), (7.34), and (7.35) into equation (7.31) and sim-

plifying, we obtain

HAIA HAA
—_— Vet + Vert =
A A
0= B glA cpA OeP cAeB £lA
1 oA HAA »
1+ C, 9etA DA Ve
EA7€B7EIA €B7EZA7€pA
1 9AlA HAIA
f
FROT H(K(1+ ) = D)3 Vel (7.36)
cA gB glA eB glA cpA

Consider equation (7.36). All of the terms involve a partial derivative of the
vicinal fluid Helmholtz free energy with respect to the volume fraction of the
drug phase. Since we do not expect the energy of the vicinal fluid to be a strong
function of the volume fraction of drug, that is, the drug and vicinal fluid are

non-interacting, we expect both terms of equation (7.36) to be negligible.
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Using the Laplace transform derivation outlined in Chapter 5, we can write

equation (7.29) as

- 1—¢ef  &f
—@haty (5 ) (737)
p p
where
KBKZAK/(€f>2
D= )
and
Kl u
B,(t) Z MY (7.39)
where
DA
My = — (7.40)
o

To obtain equation (7.37), we have assumed that the classical pressure of the

bulk phase, B, is primarily a function of density, that is

o B
VB = a%vpf‘. (7.41)

If the pressure is constant along the boundaries then the density gradient, V p?
is negligible.

Equation (7.37) is very similar in form to the two-scale equation (5.16). As
expected, we have acquired an additional exchange term on the right-hand side,
so that now the total mass transfer from the drug phase to the wetting phase

must be determined. The coefficients naturally take a different form.
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7.5 Species Transport

The conservation of mass equations for drug in the vicinal water, denoted
[Ag4, and for drug in the bulk fluid B, denoted By, are given by equation (6.24)
with K =1[A, B, and j =d

: 4 el plAay L ylda — gldi +ngA7 (7.42)
DBd B By —~ ~
DY) | ooy s — 8, 1 8, (7.43

Converting derivatives in A, and By into derivatives in pA using equation (3.24)
with K = [A, B replacing «, and equation (6.93), and using the relationship

between density and concentration, equation (B.3), we obtain

plA <01Adém L GACIAL (glAClAd,led,lA) v (glAcrlAd,le,pA)

4oy 'va> — A A (7.44)

pB (C«BdéB L BBl Ly . (gBCBd,UBd,B) Lv. (6BCBd,UB,pA)
+eBobiy va) =B 138, (7.45)

To obtain equations (7.44) and (7.45) we have used the incompressibility condi-
tions D p4 /Dt = 0 and DBpP /Dt = 0 since the densities of the vicinal water
and bulk fluid, B, are assumed to be constant, as well as the fact that V!4 = 0
and Vp? = 0 since the pressure is assumed to be constant along the boundaries.

Since we have assumed a linear relationship between the volume fraction
vicinal fluid and the total wetting phase volume fraction, equation (7.30), we

can substitute this equation into equation (7.21) to obtain

b =e/(1-K) (7.46)
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Using equations (7.30) and (7.46) to eliminate €4 and P in favor of &/, and

adding equations (7.44) and (7.45), we obtain

o (ClAdKéf + KelfOMae 1 v . (KefClAd'led’lA) +V- (KEfC’lAd'le’pA)
—KgfclAd + CPi(1 - K)el + (1 = K)e!CP1 4V - (1 — K)ef ¢PapPeB)

‘pA
+V - ((1— K)efCBd'vB’pA) —(1- K)stBd;TA> =2 +elL, (7.47)

where, the variable V-vP4 has been eliminated using equation (7.7). Eliminating
ePA /ePA from equation (7.47) using equation (7.25), then eliminating 44 /(1 —

gl — ¢4) from the result using equation (7.26), and simplifying yields

(CK +CP(1 = K)) & &/ (1= &) (KCM 4 (1= K)C™)
+(1—¢) (V (K&l QHagiiatt) £ 7 . (Kol (Hagidnd)
1V (1= K)! CPonPaB) 17 - (1 = K)e! CPrpBoty)

1—¢ef  f(KCHa 4 K)CBa
A e e =y (7.45)

Fick’s law for diffusion is given by equation (6.204). Neglecting higher-order

terms and gravity, Fick’s law for the drug in both fluid phases can be written
REa. el — _ KKy Ka (7.49)

where K = [A, B. We assume that the chemical potential of the drug in both
the vicinal water or the bulk fluid, B, is a function of the concentration of the
drug in that phase and the volume fraction of that phase, that is

plis = a4, C10) = (e, M), (7.50)

pbt = pBi(eP CBy) = yB((1 - K)el, CP9). (7.51)
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Using these equations to calculate V¢, we obtain the following form of Fick’s

law
plABIA _ —5fpfF1VClAd _ gfpfFQVSf, (7.52)
vPaeB = I pfpv P — of pl Fy Ve (7.53)
where
a lAd
FI = K(RlAd)*laglAd, (7.54)
a lAd
I = K(RlAd)‘l—ggf , (7.55)
OB
PRI =(1— K)(RBd)*l—agBd, (7.56)
and
opba

F,I = (1 - K)(RP)™

o (7.57)

In a single-phase theory the coefficient appearing in front of the gradient of
the concentration is the mutual diffusion coefficient. Thus, F; and F5 should
be related to the mutual diffusion coefficient. The parameters F3 and Fj are
material parameters that need to be determined experimentally.

Substituting equations (7.52) and (7.53) into equation (7.48), and using the

same methods as in the previous section to substitute (7.2) and (7.11) into
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equation (7.48) as well, we obtain
(C"MEK + CP1(1 - K))el + e/ (1 — /) (KC™ + (1 - K)CP)
+(ef = 1)V - (D, V4 + Dy P

(1 — e [V : <D4V5f - ]Bu(t . T)Véf(T)dT>]

0

N 1—ef  f(KCWa 4 (1 - K)CBe

= (Ch + 201 < ot ( pd(A ) )) (7.58)

where
Dy = K(eh)2Capl (7.59)
Dy = (1 - K)()?*CPp F, (7.60)
Dy = O D, — ()2 p/ (KC"Fy + (1 — K)CPRy), (7.61)

and

B, (t) = CB,(t). (7.62)

Note that if there was no bulk fluid phase B then K =1, CB¢ = 0 and &/ = ¢!

and equation (7.58) simplifies to the two-scale transport equation (5.24).

7.6 Discussion

Equations (7.37) and (7.58) constitute a system of two equations and five
unknowns. The second upscaling has produced an additional two unknowns.
The additional rate of mass transfer, /e\f 4, was discussed at the end of Section

7.4. The concentration of the drug in the bulk phase is the additional variable
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that appears in (7.58). This variable could be eliminated via the assumption
that the concentration in the vicinal water and bulk phases are the same, but
this significantly reduces the applicability of this system of equations. The total
mass transfer of drug to the fluid phase, @5 =i +25,, could be measured in
the same was as described at the end of Chapter 5.

For this problem to be well posed we must have that D, and D3 are positive
and that D, is negative. The coefficients Dy and D3 represent the diffusion
coefficients in a classical Fick’s law if the other phase is not present. As such,
it seems reasonable to assume that these coefficients are indeed positive. The
complex form of Dy makes it difficult to speculate on the sign of this parameter
prior to actually determining at least a few of the constants for the system in
question, such as K and ;. As was the case in the two-scale scenario, many
models have no term that corresponds to the term involving Dy. Instead, such
models postulate the dependence of the coefficient D, on the volume fraction of
the fluid phase. In this model D, is a function of the volume fraction of the fluid
phase and yet the gradient in volume fraction still appears, suggesting that this

term is needed to fully account for the physics.
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8. Discussion and Avenues for Future Work

Most traditional fluid transport equations modeling swelling polymeric sys-
tems, including drug delivery systems, employ a single-scale theory. Both mul-
tiscale interactions and phase interactions are either ignored or the effects of
these interaction are incorporated into the coefficients. As such, the physics of
multiscale and phase interactions are not fully accounted. Experiments have
been designed to collect data in an attempt to reconcile observation and theory
and as a result there is a lack of experimental data corresponding to variables
which account for these interactions. The next step is to perform the exper-
iments needed to have a clear connection to the variables that appear in the
governing equations discussed in Chapters 5 and 7. For example, there is a
dearth of information concerning the rate of mass transfer from one phase to
another. The discussion at the end of Chapter 5 offers a way of resolving this
variable.

Theory also needs to attempt to accommodate empirical data. It was neces-
sary to modify the two-phase theory of Singh et al. [50, 51] to a three-phase the-
ory to accommodate experiments that measure the volume fraction of the drug
in solid form. In this thesis we have developed a two-scale and a three-scale
theory that takes a step forward to mathematically account for experimental
data which measures drug volume fraction.

Despite the theoretical advances made in this thesis and the complicated

form of these equations, we have not accounted for some very simple scenarios.
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For example, the compressibility condition for the liquid phase restricts the
application of these equations to systems in which the drug is transported quickly
out of the polymer matrix. This is not always the case, especially when the initial
drug loading is very high. Another scenario that is not accounted for is when
polymer matrix erosion affects release kinetics, as is the case with some poorly
soluble drugs. Modeling a system that is highly dependent on the polymer
matrix erosion requires that we consider the rate of mass transfer of polymer to
the liquid phase.

Numerical solutions of the systems of equations laid out in Chapters 5 and
7 need to be obtained and compared to experimental data. In [52], Singh et
al. used the finite element method in Lagrangian coordinates to obtain a nu-
merical solution to a similar problem involving the drying of seeds. Lagrangian
coordinates are employed in the material reference frame because the material
deforms as it swells (shrinks). A similar method needs to be applied to the afore-
mentioned equations to validate the application of this theory to drug delivery
systems.

The foundations of the application of electroquasistatics to swelling porous
media is laid out in [10, 9], but has yet to be applied to systems in which the solid
phase is known to be viscoelastic at the microscale. Such a theory would allow
us to model the effect of oscillating electromagnetic fields on chemical transport
in three-dimensional hydrogel-based scaffolds that have been designed to treat

spinal cord injuries.
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Appendix A. Mesoscale Appendix
A.1 Nomenclature

Superscripts, Subscripts, and Other Notations

- jth component of a-phase on mesoscale

- a-phase on mesoscale

denotes exchange from other interface or phase

k l

kL difference of the two quantities, i.e. -* — -

‘o, microscopic property of constituent j in phase [subscript] (non-averaged)

Latin Symbols

dA.p: Portion of af-interface in representative elementary volume (REV)
A% A“: Helmholtz free energy density [J/Kg]

b, b%:  External entropy source [J/(Kg-s-°K)]

th

C%: Mass fraction of j*'* component [-]

C*: Right Cauchy-Green tensor = (F*)" . F*

C”: Modified right Cauchy-Green tensor = (F*)7 - F

d®: Rate of deformation tensor, equal to the symmetric part of Vo® [1/s]
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e e*: energy density [J/Kg]
Egj: Rate of mass transfer from phase [subscript] to phase [superscript] per

unit mass density [1/s]
E’: Strain tensor of the solid phase [-]

F*: Deformation gradient of the solid phase [-]

S

F: Modified deformation gradient of the solid phase [-]

«

g%,g%: External supply of momentum (gravity) [m/s?]

G*: Gibbs free energy [J/Kg]

G’:  Fourth order tensor, effect of strain rate on stress due to relaxation
processes in the solid phase

h%i h®: External supply of energy [J/(Kg-s)]

H' H°: Third order tensors representing the effect of thermal gradients on
the stress

7 ”: Rate of momentum gain due to interaction with other species within the
same phase per unit mass density [N/Kg]

7 ’: Rate of momentum gain due to interaction with other species within the

same phase per unit mass density [N/Kg]

J*®: Jacobian of the sold phase [-]
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J?: Third order tensor representing the heat flux in the anisotropic solid due

to strain rate
K’: Unjacketed compressibility [N/m?]
K': Permeability, see (3.84)

K' K° Second order tensors representing heat flux in the liquid and solid

phases, respectively, due to the thermal gradient

K: Second order tensor representing the permeability of the solid matrix

L':  Fourth order tensor representing the effect on stress due to the rate of
deformation [-]
m®: Rate of angular momentum gain due to interaction with other species

within the same phase per unit mass density [N-m/Kg]

ﬁg’f Rate of angular momentum gain by constituent j in phase a due to

interaction with phase # [N-m/Kg]

M. Rate of angular momentum gain due to the microscale angular momen-

tum terms - see Appendix C [N-m/Kg]

M!:  Third order tensor representing the heat flux due to the rate of defor-

mation

n®: Number of a-phase molecules [mols]

(e}

p®: Classical pressure [N/m?]
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p®: Thermodynamic pressure [N/m?]
n®:  Unit normal vector pointing out of a-phase within mesoscopic REV -]
m®: Rate of gain of angular momentum of constituent j from other con-

stituents in phase a [m?/s?]

h

q®: Partial heat flux vector for the j2* component of phase [J/(m?-s)]

(e

q®: Heat flux vector for phase a [J/(m?-s)]

@O‘J’: Rate of energy gain due to interaction with other species within the

same phase per unit mass density not due to mass or momentum transfer

[J/(Kg-s)]

@gj , Q\g Energy transfer rate from phase [subscript] to phase [superscript] per

unit mass density not due to mass or momentum transfer [J/(Kg-s)]
r: Microscale spatial variable [m]

7% Rate of mass gain due to interaction with other species within the same

phase per unit mass density [1/s]
R: Gas constant [J/(m T)]
R: Second order tensor called the resistivity tensor
t:  Time [s]
T: Temperature [°K]

h

t%:  Partial stress tensor for the j component for phase [N/m?]
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t*: Total stress tensor for the phase [N/m?]|

t: Total stress tensor = e't! + ¢%¢° (for a two-phase system [N/m?|
t**: Terzaghi stress [N/m?], see (3.8)

t*h: Hydration stress [N/m?], see (3.9)

t°: Terzaghi stress,[N/m?], see (3.60)

sh

t . Hydration stress [N/m?], see (3.59)

ng, T; Rate of momentum transfer through mechanical interactions from

phase [subscript] to phase [superscript] per unit mass density [N/m3]

,UOL.

Molar volume fraction of phase a =vol «/ total volume

v, v*:  Velocity [m/s]

dV: Representative elementary volume (REV)

0V,: Portion of a-phase in REV

w*%i:  Velocity of constituent j at interface between phases o and 3 [m/s]

x: Ratio of molar volumes of solute to solvent [-]

@: Macroscale spatial variable [m]

Greek Symbols

(e}

~v*: Indicator function which is 1 if in mesoscopic region o and zero otherwise

d(t): Dirac delta function [-]
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€% Volume fraction of a-phase in mesoscale REV = [0V, |/|0V] [-]

n%*,n*:  Entropy [J/(Kg-°K]

n%: Entropy gain due to interaction with other species within the same

phase/interface per unit mass density [J/(Kg-s-°K)]

A% Lagrange multiplier for the continuity equation of phase «
A% A% Entropy production per unit mass density [J/(Kg-s-°K)]
p: Scalar chemical potential of j constituent in phase o [J/Kg]
: Scalar chemical potential of phase « [J/Kg]

iy,: Viscosity of the liquid phase, see (3.84)

&: Microscale spatial variable which varies over REV for fixed «: r» = « + &

[m]

Q

7®: Swelling potential, [N/m?]
p%: Partial mass density of jth component of a-phase [Kg/m?] so that e®p®

th

is the total mass of j*'* constituent in phase « divided by the volume of

REV

(e

p“: Mass density of a-phase averaged over /a-phase [Kg/m?]

h

¢ Partial entropy flux vector for the 5t/ component for phase [J/(m?-s-°K)]

¢*: Total entropy flux vector for the phase [J/(m?-s-°K)]

180



@;j, EI\DZ Entropy transfer through mechanical interactions from phase [sub-

script] to phase [superscript] per unit mass [J/(kg-s-°K)]

x: Flory-Huggins interaction parameter [-]

A.2 Bulk Phase Definitions

Bulk phase variable definitions are not always intuitive and are defined so

as to preserve the form and interpretation of the mesoscale equations.

N
A% =)0 A% (A1)
j=1
N
=) CMb (A.2)
j=1
cor =2 (A.3)
N
et = Z CY (e~ . pY?) (A.4)
j=1
N
=) ey (A.5)
j=1
N
gt = Z C% g (A.6)
j=1
N
he =) C%(h + goiv®i)) (A7)
j=1

181



mﬁ — mo

=
N

M* = ZMO‘J'
j=1

N
t* =
= tY — ™
JZI( j paJ,Ua],a,Uoz]-,a)
oy
o i
=3 s
7j=1
N
o —
vt = Z CYp%
j=1

X N
=S o
j=1

) N
A = Z A
j=1

182

(A.8)

(A.9)

(A.10)
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Appendix B. Macroscale Appendix
B.1 Nomenclature

Superscripts, Subscripts, and Other Notations

K jth component of K-phase on mesoscale

K K-phase on mesoscale
denotes exchange from other interface or phase
JGL - difference of the two quantities, i.e. % —.F

‘|, microscopic property of constituent j in phase [subscript] (non-averaged)

Latin Symbols

dAkr: Portion of K L-interface in representative elementary volume (REV)
AEi  AK: Helmholtz free energy density [J/Kg]

b%i b¥:  External entropy source [J/(Kg-s-°K)]

th

C*i: Mass fraction of j''* component [-]

C**: Right Cauchy-Green tensor = (F**)7 . F*4
sA -8 =S

C: Modified right Cauchy-Green tensor = (F )T - F

d”: Rate of deformation tensor, equal to the symmetric part of Vo’ [1/s]
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K; K

eti ef:  energy density [J/Kg]

/\Kj_

e;’: Rate of mass transfer from phase [subscript] to phase [superscript| per

unit mass density [1/s]
E**:  Strain tensor of the solid phase [-]

F*4:  Deformation gradient of the solid phase [-]

F'. Modified deformation gradient of the solid phase [-]

g%, g®: External supply of momentum (gravity) [m/s?]

G%: Gibbs free energy [J/Kg]

G**:  Fourth order tensor, effect of strain rate on stress due to relaxation

processes in the solid phase
h%i hE: External supply of energy [J/(Kg-s)]

H" H*": Third order tensors representing the effect of thermal gradients on

the stress

i ’: Rate of momentum gain due to interaction with other species within the

same phase per unit mass density [N/Kg]

K
i : Rate of momentum gain due to interaction with other species within the
same phase per unit mass density [N/Kg]

J*A: Jacobian of the sold phase [-]
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J*: Third order tensor representing the heat flux in the anisotropic solid

due to strain rate
K’: Unjacketed compressibility [N/m?]
K" Permeability, see (7.2)

KL K4 Second order tensors representing heat flux in the liquid and solid

phases, respectively, due to the thermal gradient
K: Second order tensor representing the permeability of the solid matrix

L*:  Fourth order tensor representing the effect on stress due to the rate of

deformation [-]
m™: Rate of angular momentum gain due to interaction with other species

within the same phase per unit mass density [N-m/Kg]

ﬁff : Rate of angular momentum gain by constituent 7 in phase K due to

interaction with phase L [N-m/Kg]

M*i: Rate of angular momentum gain due to the microscale angular momen-

tum terms - see Appendix C [N-m/Kg]

M?":  Third order tensor representing the heat flux due to the rate of defor-

mation
n®: Number of K-phase molecules [mols]

p: Classical pressure [N/m?]
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p: Thermodynamic pressure [N/m?|

n:  Unit normal vector pointing out of K-phase within mesoscopic REV [-]

m™:  Rate of gain of angular momentum of constituent j from other con-
stituents in phase K [m?/s?|

q%i: Partial heat flux vector for the jth component of phase [J/(m?-s)]

q”: Heat flux vector for phase K [J/(m%-s)]

@KJ': Rate of energy gain due to interaction with other species within the

same phase per unit mass density not due to mass or momentum transfer

[J/(Kg-s)]

@fj , Af : Energy transfer rate from phase [subscript] to phase [superscript]

per unit mass density not due to mass or momentum transfer [J/(Kg-s)]

r: Microscale spatial variable [m]

7%9. Rate of mass gain due to interaction with other species within the same

phase per unit mass density [1/s]
R: Gas constant [J/(m T)]
R"™: Second order tensor called the resistivity tensor
t:  Time [s]
T: Temperature [°K]

h

%5 Partial stress tensor for the j//* component for phase [N/m?]
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t%:  Total stress tensor for the phase [N/m?]

t*: Terzaghi stress [N/m?], see (6.129) and (6.159)

t51: Hydration stress [N/m?], see (6.130) and (6.160)

K ~K - .

T, ,T,;: Rate of momentum transfer through mechanical interactions from

phase [subscript] to phase [superscript] per unit mass density [N/m?]

v&: Molar volume fraction of phase K =vol K/ total volume

vEi v®: Velocity [m/s]

v&i K Diffusive velocity, v%/ — v [m/s]

dV: Representative elementary volume (REV)

0Vi: Portion of K-phase in REV

wi: Velocity of constituent j at interface between phases K and L [m/s]

Greek Symbols

~K: Indicator function which is 1 if in mesoscopic region K and zero otherwise

d(t): Dirac delta function [-]
e Volume fraction of K-phase in mesoscale REV = |[§Vk|/|6V] [-]
™, n": Entropy [J/(Kg-K]

ni:  Entropy gain due to interaction with other species within the same

phase/interface per unit mass density [J/(Kg-s-°K)]
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MK Lagrange multiplier for the continuity equation of phase K

A AK:  Entropy production per unit mass density [J/(Kg-s-°K)]

pf7: Scalar chemical potential of j constituent in phase K [J/Kg]

p'*: Scalar chemical potential of phase K [J/Kg]
w ' Viscosity of the liquid phase, see (7.2)

7. Swelling potential, [N/m?]
p"i: Partial mass density of jth

is the total mass of jth constituent in phase K divided by the volume of

component of K-phase [Kg/m?] so that X pf

REV

p®: Mass density of K-phase averaged over /a-phase [Kg/m3|

h

¢™i: Partial entropy flux vector for the jt component for phase [J/(m?-s-°K)]

¢": Total entropy flux vector for the phase [J/(m?*s-°K)]

~K; ~K
®,’,®,: Entropy transfer through mechanical interactions from phase [sub-

script] to phase [superscript] per unit mass [J/(kg-s-°K)]

B.2 Bulk Phase Definitions

Bulk phase variable definitions are not always intuitive and are defined so

as to preserve the form and interpretation of the mesoscale equations.

N
AR =3 "R AR (B.1)

J=1
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K, _ P
al 1
oK = Z K (eKjészj’K - K (B.4)
7=1
N
EDYCA (B.5)
j=1
N
g~ = ZCKngj (B.6)
j=1
N
hK = ZCK](hK] +ngij,K>> (B7>
j=1
N
my =y my (B.8)
j=1
N
ME = ZMKj (B.9)

7j=1

N
g = S0 I I g LR R K] (B10)
j=1

N
~ ~K. K . 1
Qr =) [Q + Ty o' 2y (e o o) (B

Jj=1
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