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ABSTRACT

This thesis concerns four interdependent topics. The first one is principal angles

(or canonical angles) between subspaces (PABS) and their tangents. The second topic

is developing algorithms to compute PABS in high accuracy by using sines of half-

angles. The third topic is the Rayleigh quotient (RQ) and the eigenvalue perturbation

theory for bounded self-adjoint operators in Hilbert spaces. The last, but not least,

topic is the Rayleigh-Ritz (RR) method and mixed majorization-type error bounds

of Ritz value and eigenvalue perturbations.

PABS serve as a classical tool in mathematics, statistics, and applications, e.g.,

data mining. Traditionally, PABS are introduced and used via their cosines. The tan-

gents of PABS have attracted relatively less attention, but are important for analysis

of convergence of subspace iterations for eigenvalue problems. We explicitly construct

matrices, such that their singular values are equal to the tangents of PABS, using or-

thonormal and non-orthonormal bases for subspaces, and orthogonal projectors.

Computing PABS is one of the basic important problems in numerical linear

algebra. To compute PABS and the principal vectors in high accuracy for large,

i.e., near π/2, and small angles, we propose new algorithms by using the sines of

half-angles. We generalize our algorithms to computing PABS in the A-based scalar

product. We also describe a numerically robust and fast way to compute PABS from

the upper triangular matrices of the QR factorizations. Perturbation analysis for the

sines and cosines of half-PABS is provided using the majorization technique. The

results of numerical tests are given, supporting the theory.
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Next we turn our attention to the eigenvalue perturbation theory. If x is an

eigenvector of a self-adjoint bounded operator A in a Hilbert space, then the RQ ρ(x)

of the vector x is an exact eigenvalue of A. In this case, the absolute change of the

RQ |ρ(x)−ρ(y)| becomes the absolute error in an eigenvalue ρ(x) of A approximated

by the RQ ρ(y) on a given vector y. There are three traditional kinds of bounds of the

eigenvalue error: a priori bounds via the angle between vectors; a posteriori bounds

via the norm of the residual; mixed type bounds using both the angle and the norm

of the residual. In this work, we examine these three kinds of bounds and derive new

identities and bounds for the change in the RQ with respect to the change of the

vectors. We propose a unifying approach to prove known bounds of the spectrum,

analyze their sharpness, and derive new sharper bounds.

Finally, we consider bounds of the absolute changes of Ritz values and eigenvalue

approximation errors. The RR method is a widely used technique for computing

approximations to eigenvalues and eigenvectors of a Hermitian matrix A, from a given

subspace. We take advantage of PABS and the residual matrix to derive several new

majorization-type mixed bounds that improve and generalize the existing results. Our

bounds hold for subspaces not necessary A-invariant and extend the mixed bound of

the absolute change of the vector RQ to multidimensional subspaces.

The form and content of this abstract are approved. I recommend its publication.

Approved: Andrew Knyazev
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1. Introduction

1.1 Overview

This dissertation mainly consists of four parts. The first part deals with principal

angles (or canonical angles) between subspaces (PABS) and their tangents. The

second part develops algorithms to compute PABS in high accuracy by using sines

of half-angles. The third part studies the Rayleigh quotient (RQ) and the eigenvalue

perturbation theory for bounded self-adjoint operators in Hilbert spaces. The last part

explores the Rayleigh-Ritz (RR) method and properties of Ritz values and eigenvalues

of Hermitian matrices.

The history of PABS dates to Jordan in 1875 [40]. In statistics, the cosines of

principal angles and principal vectors are interpreted as canonical correlations and

canonical variables, correspondingly. PABS are widely used in many applications,

e.g., in ecology, information retrieval, random processes, face recognition, and system

identification; e.g., [27, 39, 43, 45, 78]. The cosines, sines, or tangents of PABS

are commonly used to measure the accuracy of numerical computation of invariant

subspaces of matrices; e.g., [47, 51, 64, 73].

The sines and especially cosines of PABS are well studied; e.g., in [9, 74]. Tangents

of PABS also appear in applications, but are less investigated. In [10, 20, 52, 71, 73],

researchers define the tangents of PABS of the same dimension via the norm or

singular values of some matrices, and use the tangents as analytic tools. Specifically,

the tangents of PABS are related to the singular values of a matrix—without explicit

formulation of the matrix—in [73, p. 231-232] and [71, Theorem 2.4, p. 252]. The

tangent of the largest principal angle is obtained from the norm of a matrix in [10, 20].

In [52], the tangents are used to derive convergence rate bounds of subspace iterations.

In Chapter 2, we briefly review the concepts and the most fundamental and im-

portant properties of PABS. We give explicit matrices, such that their singular values

are the tangents of PABS. We construct matrices using three different scenarios:
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orthonormal bases, non-orthonormal bases, and orthogonal projectors. Using a geo-

metric approach, new constructions of such matrices are obtained. In addition, our

results include the formulations of matrices consistent with those in [10, 20, 52, 71, 73].

Furthermore, we present the tangents of PABS with possibly different dimensions.

Computing PABS is one of the basic important problems in numerical linear

algebra. An efficient method, based on singular value decomposition (SVD) for cal-

culating cosines of PABS, is proposed by Björck and Golub [9]. The cosines of prin-

cipal angles and principal vectors are obtained by using the SVD of XHY , where the

columns of matrices X and Y form orthonormal bases for the subspaces X and Y ,

correspondingly.

However, the cosine-based algorithm cannot provide accurate results for small an-

gles, i.e., angles smaller than 10−8 are computed as zero in double precision arithmetic

with EPS ≈ 10−16. For the same reason, the sine-based algorithm loses accuracy for

computing large principal angles, i.e., close to π/2. A remedy is to combine sine

and cosine based algorithms proposed by Knyazev and Argentati [48], where small

and large angles are computed separately. They introduced a threshold to compute

the angles less than the threshold using the sine-based approach and to compute the

angles greater than the threshold using the cosine-based approach. However, this

algorithm is complicated, and introduces a new potential difficulty—accurate com-

putation of the principal vectors corresponding to the PABS in the neighborhood of

the threshold.

In Chapter 3, we propose new algorithms to compute PABS and the principal

vectors using the sines of half -PABS. Our new algorithms provide accurate results

for all PABS in one sweep and can be implemented simply and efficiently. We also

propose a method to compute PABS for sparse data. Furthermore, we generalize our

algorithms to compute the principal angles and the principal vectors in an A-based

scalar product as well, where A is a positive definite Hermitian matrix. Perturbation
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analysis for the sines and cosines of half-PABS is provided in this work. Results of

extensive numerical tests are included.

In Chapter 4, we briefly review some existing majorization inequalities based on

the singular values and the eigenvalues of matrices. Using majorization technique, we

bound the absolute changes of eigenvalues of two Hermitian matrices in terms of the

singular values of the difference of two matrices. We also use majorization technique

to bound the changes of sines and cosines of half-PABS, and of tangents of PABS.

If x is an eigenvector of a self-adjoint bounded operator A in a Hilbert space, then

the RQ ρ(x) of the vector x is an exact eigenvalue of A. In this case, the absolute

change of the RQ |ρ(x)− ρ(y)| becomes the absolute error in an eigenvalue ρ(x) of A

approximated by the RQ ρ(y) on a given vector y. There are three traditional kinds of

bounds of eigenvalue errors: a priori bounds [49, 53, 67] via the angle between vectors

x and y; a posteriori bounds [13, 44, 64] via the norm of the residual Ay− ρ(y)y of a

vector y; and mixed type bounds [47, 75] using both the angle and the norm of the

residual. In Chapter 5, we propose a unified approach to prove known bounds of the

spectrum, analyze their sharpness, and derive new sharper bounds.

The RR method [64, 73] is a classical method for eigenvalue approximation of

Hermitian matrices. A recent paper by Knyazev and Argentati [51] presents a priori

error bounds of Ritz values and eigenvalues in terms of the principal angles between

subspaces X and Y using a constant. In [5, 64, 73], researchers derive a posterior

bounds of eigenvalues in terms of the singular values of the residual matrix. Another

a posterior bound obtained by Mathias [56] uses the residual matrix and the gap.

In Chapter 6, we take advantage of the principal angles and the residual matrix

to present new majorization-type mixed bounds. We improve the bounds in [61, 75]

if one of the subspaces is A-invariant. In addition, our bounds are more general, since

they hold for subspaces not necessary A-invariant. We generalize the mixed bound

of the absolute change of the RQ |ρ(x) − ρ(y)| to multidimensional subspaces. This

3



work also provides majorization-type mixed bounds for Ritz values and eigenvalues,

and for RQ vector perturbation identities for application in generalized eigenvalue

problems. We compare our new bounds with the known ones.

We present our conclusions and recommend some further work in Chapter 7.

The main new results obtained in the thesis are summarized as follows:

1. We analyze the tangents of PABS related to the SVD of explicitly constructed

matrices. New properties of PABS are obtained.

2. Original numerical algorithms are developed, based on the sines of half-PABS,

to compute PABS and principal vectors for column ranges of dense and sparse

matrices. Moreover, we generalize our algorithms to compute PABS in the

A-based scalar product.

3. We use majorization techniques to present novel perturbation analysis for sines

and cosines of half-PABS.

4. A unifying approach is proposed, based on new RQ vector perturbation iden-

tities, to prove bounds of the operator spectrum, analyze their sharpness, and

derive new sharp bounds.

5. We present several majorization-type mixed bounds for the absolute changes

of Ritz values and the RR absolute eigenvalue approximation error. The

majorization-type mixed bounds are in terms of the principal angles and the

residual matrix.

4



1.2 Notation

A = AH A Hermitian matrix in Cn×n or a self-adjoint bounded operator.

S(A) The vector of singular values of A and S(A) = [s1(A), . . . , sn(A)].

S+(A) The vector of positive singular values of A.

S↓(A) The singular values of A are arranged in nonincreasing order.

Sm↓(A) The vector of the largest m singular values of A in

nonincreasing order.

S↓m(A) The vector of the smallest m singular values of A in

nonincreasing order.

smax(A) The largest singular value of A.

smin(A) The smallest singular value of A.

‖x‖ Vector norm of x.

‖A‖ Spectral norm of the matrix A, i.e., ‖A‖ = smax(A).

‖A‖F Frobenius norm of A.

|||A||| Unitarily invariant norm of A.

X ,Y Subspaces of Cn×n.

X⊥ The orthogonal complement of the subspace X .

R(X) The column space of a matrix X.

PX Orthogonal projector on the subspace X or R(X).

PX⊥ Orthogonal projector on the subspace X⊥.

Λ(A) The vector of eigenvalues of A and Λ(A) = [λ1(A), . . . , λn(A)].

Λ↓(A) The eigenvalues of A are arranged in nonincreasing order.

Θ(X ,Y) The vector of principal angles between the subspaces X and Y ,

and Θ(X ,Y) = [θ1, . . . , θp].

Θ↓(X ,Y) Principal angles are arranged in nonincreasing order.

5



Θ↑(X ,Y) Principal angles are arranged in nondecreasing order.

Θ(0,π/2) The vector of principal angles in (0, π/2).

ΘA(X ,Y) The vector of principal angles in the A-based scalar product

between X and Y .

θmax(X ,Y) The largest angle between subspaces X and Y .

θmin(X ,Y) The smallest angle between subspaces X and Y .

rank(A) The rank of the matrix A.

x ≺ y The vector x is majorized by the vector y.

x ≺w y The vector x is weakly majorized by y.

|x| The absolute value of the vector x.

A† Moore-Penrose inverse of A.

re(A) re(A) = A+AH

2
.

|A|pol The square root of the matrix AHA, i.e., |A|pol = (AHA)1/2.

〈·, ·〉 An inner product, associated with a norm by ‖ · ‖2 = 〈·, ·〉 .

〈·, ·〉B The scalar product induced by B, where B is positive definite.

κ(A) The condition number of a matrix A in the 2 norm, such that

κ(A) = smax(A)/smin(A).

ρ(x) The Rayleigh quotient of A with respect to the vector x.

H A real or complex Hilbert space.

spec(A) Spectrum of the bounded operator A.

6



2. Principal angles between subspaces (PABS) and their tangents1

The concept of principal angles between subspaces (PABS) is first introduced by

Jordan [40] in 1875. Hotelling [37] defines PABS in the form of canonical correlations

in statistics in 1936. Numerous researchers work on PABS; see, e.g., our pseudo-

random choice of initial references [18, 38, 50, 73, 74, 79], out of tens of thousand of

Internet links for the keywords “principal angles” and “canonical angles”.

In this chapter, we first briefly review the concept and some important properties

of PABS in Section 2.1. Traditionally, PABS are introduced and used via their sines

and more commonly, because of the connection to canonical correlations, cosines. The

tangents of PABS have attracted relatively less attention. Our interest to the tangents

of PABS is motivated by its applications in theoretical analysis of convergence of

subspace iterations for eigenvalue problems.

We review some previous work on the tangents of PABS in Section 2.2. The main

goal of this chapter is explicitly constructing a family of matrices such that their

singular values are equal to the tangents of PABS. We form these matrices using sev-

eral different approaches: orthonormal bases for subspaces in Subsection 2.2.1, non-

orthonormal bases in Subsection 2.2.2, and orthogonal projectors in Subsection 2.2.3.

Throughout this chapter, we also discover new properties of PABS.

2.1 Definition and basic properties of PABS

In this section, we remind the reader of the concept of PABS and some funda-

mental properties of PABS. First, we recall that an acute angle between two nonzero

vectors x and y is defined as

cos θ(x, y) = |xHy|,

with xHx = yHy = 1, where 0 ≤ θ(x, y) ≤ π/2.

1The material of this chapter is based on our manuscript, P. Zhu and A. V. Knyazev, Principal
angles between two subspaces and their tangents, submitted to Linear Algebra and its Applications.
Also, it is available at http://arxiv.org/abs/1209.0523.
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The definition of an acute angle between two nonzero vectors can be extended to

PABS; see, e.g., [9, 24, 30, 37].

Definition 2.1.1 Let X ⊂ Cn and Y ⊂ Cn be subspaces with dim(X ) = p and

dim(Y) = q. Let m = min (p, q). The principal angles

Θ(X ,Y) = [θ1, . . . , θm] ,where θk ∈ [0, π/2], k = 1, . . . ,m,

between X and Y are recursively defined by

sk = cos(θk) = max
x∈X

max
y∈Y
|xHy| = |xHk yk|,

subject to

‖x‖ = ‖y‖ = 1, xHxi = 0, yHyi = 0, i = 1, . . . , k − 1.

The vectors {x1, . . . , xm} and {y1, . . . , ym} are called the principal vectors.

An alternative definition of PABS is proposed in [9, 30] based on the singular

value decomposition (SVD) and reproduced here as the following theorem. It is

shown in [24] that the SVD approach to define PABS is a direct consequence of the

recursive definition.

Theorem 2.1.2 Let the columns of matrices X ∈ Cn×p and Y ∈ Cn×q form or-

thonormal bases for the subspaces X and Y, correspondingly. Let the SVD of XHY

be UΣV H , where U and V are unitary matrices and Σ is a p by q diagonal matrix

with the real diagonal elements s1(XHY ), . . . , sm(XHY ) in nonincreasing order with

m = min(p, q). Then

cos Θ↑(X ,Y) = S
(
XHY

)
=
[
s1

(
XHY

)
, . . . , sm

(
XHY

)]
,

where Θ↑(X ,Y) denotes the vector of principal angles between X and Y arranged in

nondecreasing order and S(A) denotes the vector of singular values of A. Moreover,

the principal vectors associated with this pair of subspaces are given by the first m

columns of XU and Y V, correspondingly.
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Theorem 2.1.2 implies that PABS are symmetric, i.e. Θ(X ,Y) = Θ(Y ,X ), and

unitarily invariant, since (UX)H(UY ) = XHY for any unitary matrix U ∈ Cn×n.

A number of other important properties of PABS have been established, for finite

dimensional subspaces, e.g., in [23, 38, 50, 73, 74, 79], and for infinite dimensional

subspaces in [18, 53]. We list a few of the most useful properties of PABS below.

Property 2.1.3 [74] In the notation of Theorem 2.1.2, let p ≥ q and q ≤ n− p, let

[X X⊥] be a unitary matrix. Let s1(XH
⊥ Y ) ≥ · · · ≥ sq(X

H
⊥ Y ) be singular values of

XH
⊥ Y . Then

sk(X
H
⊥ Y ) = sin(θq+1−k), k = 1, . . . , q.

Relationships of principal angles between X and Y , and between their orthogonal

complements are thoroughly investigated in [38, 50, 53]. Let the orthogonal comple-

ments of the subspaces X and Y be denoted by X⊥ and Y⊥, correspondingly. The

nonzero principal angles between X and Y are the same as those between X⊥ and

Y⊥. Similarly, the nonzero principal angles between X and Y⊥ are the same as those

between X⊥ and Y .

Property 2.1.4 [38, 50, 53] For the subspaces X , Y and their orthogonal comple-

ments, we have

1.
[
Θ↓(X ,Y), 0, . . . , 0

]
=
[
Θ↓(X⊥,Y⊥), 0, . . . , 0

]
.

where there are max(n − dim(X ) − dim(Y), 0) additional 0s on the left and

max(dim(X ) + dim(Y)− n, 0) additional 0s on the right.

2.
[
Θ↓(X ,Y⊥), 0, . . . , 0

]
=
[
Θ↓(X⊥,Y), 0, . . . , 0

]
.

where there are max(dim(Y) − dim(X ), 0) additional 0s on the left and there

are max(dim(X )− dim(Y), 0) additional 0s on the right.

3.
[
π
2
, . . . , π

2
,Θ↓(X ,Y)

]
=
[
π
2
−Θ↑(X ,Y⊥), 0, . . . , 0

]
,

where there are max(dim(X ) − dim(Y), 0) additional π/2s on the left and

9



max(dim(X ) + dim(Y)− n, 0) additional 0s on the right.

These statements are widely used to discover new properties of PABS.

2.2 Tangents of PABS

The tangents of PABS serve as an important tool in numerical matrix analysis.

For example, in [10, 20], the authors use the tangent of the largest principal angle

derived from a norm of a specific matrix. In [71, Theorem 2.4, p. 252] and [73, p. 231-

232] the tangents of PABS, related to singular values of a matrix—without an explicit

matrix formulation—are used to analyze perturbations of invariant subspaces. In [52],

the tangents are used to derive the convergence rate bounds of subspace iterations.

In [10, 20, 52, 71, 73], the two subspaces have the same dimensions.

Let the orthonormal columns of matrices X, X⊥, and Y span the subspaces X ,

the orthogonal complement X⊥ of X , and Y , correspondingly. According to Theo-

rem 2.1.2 and Property 2.1.3, cos Θ(X ,Y) = S(XHY ) and sin Θ(X ,Y) = S(XH
⊥ Y ).

The properties of sines and especially cosines of PABS are well investigated; e.g., see

in [9, 74]. The tangents of PABS have attracted relatively less attention. One could

obtain the tangents of PABS by using the sines and the cosines of PABS directly,

however, this is not the most efficient or accurate approach in some situations.

In this work, we construct a family F of explicitly given matrices, such that the

singular values of the matrix T are the tangents of PABS, where T ∈ F . We form T

in three different ways. First, we derive T as the product of matrices whose columns

form the orthonormal bases of subspaces. Second, we present T as the product of

matrices with non-orthonormal columns. Third, we form T as the product of or-

thogonal projections on subspaces. For better understanding, we provide a geometric

interpretation of singular values of T and of the action of T as a linear operator.

Our constructions include the matrices presented in [10, 20, 52, 71, 73]. Further-

more, we consider the tangents of principal angles between two subspaces not only

with the same dimension, but also with different dimensions.
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2.2.1 tan Θ in terms of the orthonormal bases of subspaces

The sines and cosines of PABS are obtained from the singular values of explicitly

given matrices, which motivate us to construct T as follows: if matrices X and Y

have orthonormal columns and XHY is invertible, let T = XH
⊥ Y

(
XHY

)−1
, then

tan Θ(X ,Y) can be equal to the positive singular values of T . We begin with an

example in two dimensions in Figure 2.1.

Figure 2.1: The PABS in 2D.

Let X =

cos β

sin β

 , X⊥ =

− sin β

cos β

 , and Y =

cos (θ + β)

sin (θ + β)

 ,
where 0 ≤ θ < π/2 and β ∈ [0, π/2]. Then, XHY = cos θ and XH

⊥ Y = sin θ.

Obviously, tan θ coincides with the singular value of T = XH
⊥ Y

(
XHY

)−1
. If θ = π/2,

then the matrix XHY is singular, which demonstrates that, in general, we need to

use its Moore-Penrose Pseudoinverse to form our matrix T = XH
⊥ Y

(
XHY

)†
.

The Moore-Penrose Pseudoinverse is well known. For a fixed matrix A ∈ Cn×m,

the Moore-Penrose Pseudoinverse is the unique matrix A† ∈ Cm×n satisfying

AA†A = A, A†AA† = A†, (AA†)H = AA†, (A†A)H = A†A.
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Some properties of the Moore-Penrose Pseudoinverse are listed as follows.

� If A = UΣV H is the singular value decomposition of A, then A† = V Σ†UH .

� If A has full column rank, and B has full row rank, then (AB)† = B†A†.

However, this formula does not hold for general matrices A and B.

� AA† is the orthogonal projector on the range of A, and A†A is the orthogonal

projector on the range of AH .

For additional properties of the Moore-Penrose Pseudoinverse, we refer the reader

to [73]. Now we are ready to prove that the intuition discussed above, suggesting to

try T = XH
⊥ Y

(
XHY

)†
, is correct. Moreover, we cover the case of the subspaces X

and Y having possibly different dimensions.

Theorem 2.2.1 Let X ∈ Cn×p have orthonormal columns and be arbitrarily com-

pleted to a unitary matrix [X X⊥]. Let the matrix Y ∈ Cn×q be such that Y HY = I.

Then the positive singular values S+(T ) of the matrix T = XH
⊥ Y

(
XHY

)†
satisfy

tan Θ(R(X),R(Y )) = [∞, . . . ,∞, S+(T ), 0, . . . , 0], (2.2.1)

where R(·) denotes the matrix column range.

Proof: Let [Y Y⊥ ] be unitary, then [X X⊥ ]H [Y Y⊥ ] is unitary, such that

[X X⊥ ]H [Y Y⊥ ] =

q n− q

p

n− p

XHY XHY⊥

XH
⊥ Y XH

⊥ Y⊥

 .
Applying the classical CS-decomposition (CSD), e.g., [22, 28, 62, 63], we get

[X X⊥ ]H [Y Y⊥ ] =

XHY XHY⊥

XH
⊥ Y XH

⊥ Y⊥

 =

U1

U2

D
V1

V2


H

,
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where U1 ∈ U(p), U2 ∈ U(n − p), V1 ∈ U(q), and V2 ∈ U(n − q). The symbol U(k)

denotes the family of unitary matrices of the size k. The matrix D has the following

structure:

D =



r s q−r−s n−p−q+r s p−r−s

r I OH

s C1 S1

p−r−s O I

n−p−q+r O −I

s S1 −C1

q−r−s I OH


,

where C1 = diag(cos(θ1), . . . , cos(θs)), and S1 = diag(sin(θ1), . . . , sin(θs)) with θk ∈

(0, π/2) for k = 1, . . . , s, which are the principal angles between the subspaces R(Y )

and R(X). The matrices C1 and S1 could be empty. Matrix O is the matrix of zeros

and does not have to be square. I denotes the identity matrix. We may have different

sizes of I in D.

Therefore,

T = XH
⊥ Y

(
XHY

)†
= U2


O

S1

I

V H
1 V1


I

C1

O


†

UH
1 = U2


O

S1C
−1
1

OH

UH
1 .

Hence, S+(T ) = (tan(θ1), . . . , tan(θs)), where 0 < θ1 ≤ θ2 ≤ · · · ≤ θs < π/2.

From the matrix D, we obtain S
(
XHY

)
= S (diag(I, C1, O)) . According to The-

orem 2.1.2, Θ(R(X),R(Y )) = [0, . . . , 0, θ1, . . . , θs, π/2, . . . , π/2], where θk ∈ (0, π/2)

for k = 1, . . . , s, and there are min(q−r−s, p−r−s) additional π/2’s and r additional

0’s on the right-hand side, which completes the proof.

Remark 2.2.2 If we know the subspaces X , Y and their orthogonal complements

explicitly, we can obtain the exact sizes of block matrices in the matrix D. Let us
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consider the decomposition of the space Cn into an orthogonal sum of five subspaces

as in [11, 31, 53],

Cn = M00 ⊕M01 ⊕M10 ⊕M11 ⊕M,

where M00 = X ∩Y , M01 = X ∩Y⊥, M10 = X⊥∩Y , M11 = X⊥∩Y⊥ (X = R (X)

and Y = R (Y )). Using Tables 1 and 2 in [53] and Theorem 3.12 in [41], we get

dim(M00) = r,

dim(M10) = q − r − s,

dim(M11) = n− p− q + r,

dim(M01) = p− r − s,

where M = MX ⊕MX⊥ = MY ⊕MY⊥ with

MX =X ∩ (M00 ⊕M01)⊥ ,

MX⊥=X⊥∩ (M10 ⊕M11)⊥ ,

MY =Y ∩ (M00 ⊕M10)⊥ ,

MY⊥=Y⊥∩ (M01 ⊕M11)⊥ ,

and s = dim(MX ) = dim(MY) = dim(MX⊥) = dim(MY⊥). Thus, we can represent

D as



dim(M00) dim(M)/2 dim(M10) dim(M11) dim(M)/2 dim(M01)

dim(M00) I OH

dim(M)/2 C1 S1

dim(M01) O I

dim(M11) O −I

dim(M)/2 S1 −C1

dim(M10) I OH


.

In addition, it is possible to permute the first q columns or the last n− q columns of

D, or the first p rows or the last n− p rows and to change the sign of any column or

row to obtain the variants of the CSD.
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Remark 2.2.3 In Theorem 2.2.1, there are additional dim(X ∩Y) 0’s and additional

min
(
dim(X⊥ ∩ Y), dim(X ∩ Y⊥)

)
∞′s in [∞, . . . ,∞, S+(T ), 0, . . . , 0].

Due to the fact that the angles are symmetric, i.e., Θ(X ,Y) = Θ(Y ,X ), the

matrix T in Theorem 2.2.1 could be substituted with Y H
⊥ X(Y HX)†. Moreover, the

nonzero angles between the subspaces X and Y are the same as those between

the subspaces X⊥ and Y⊥. Hence, T can be presented as XHY⊥(XH
⊥ Y⊥)† and

Y HX⊥(Y H
⊥ X⊥)†. Furthermore, for any matrix T , we have S(T ) = S(TH), which

implies that all conjugate transposes of T hold in Theorem 2.2.1. Let F denote a

family of matrices, such that the singular values of the matrix in F are the tangents

of PABS. To sum up, any of the formulas for T in F in the first column of Table 2.1

can be used in Theorem 2.2.1.

Table 2.1: Different matrices in F : matrix T ∈ F using orthonormal bases.

XH
⊥ Y

(
XHY

)†
PX⊥Y

(
XHY

)†
Y H
⊥ X(Y HX)† PY⊥X(Y HX)†

XHY⊥(XH
⊥ Y⊥)† PXY⊥(XH

⊥ Y⊥)†

Y HX⊥(Y H
⊥ X⊥)† PYX⊥(Y H

⊥ X⊥)†

(Y HX)†Y HX⊥ (Y HX)†Y HPX⊥

(XHY )†XHY⊥ (XHY )†XHPY⊥

(Y H
⊥ X⊥)†Y H

⊥ X (Y H
⊥ X⊥)†Y H

⊥ PX

(XH
⊥ Y⊥)†XH

⊥ Y (XH
⊥ Y⊥)†XH

⊥ PY

Using the fact that the singular values are invariant under unitary multiplications,

we can also use PX⊥Y (XHY )† for T in Theorem 2.2.1, where PX⊥ is an orthogonal

projector onto the subspace X⊥. Thus, we can use T as in the second column in

Table 2.1, where PX , PY , and PY⊥ denote the orthogonal projectors on the subspace

X , Y , and Y⊥, correspondingly. Note that PX⊥ = I − PX and PY⊥ = I − PY .
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Remark 2.2.4 From the proof of Theorem 2.2.1, we immediately derive that

XH
⊥ Y

(
XHY

)†
= −(Y H

⊥ X⊥)†Y H
⊥ X and Y H

⊥ X(Y HX)† = −(XH
⊥ Y⊥)†XH

⊥ Y.

Remark 2.2.5 Let XH
⊥ Y

(
XHY

)†
= U2Σ1U1 and Y H

⊥ X(Y HX)† = V2Σ2V1, be the

SVDs, where Ui and Vi (i = 1, 2) are unitary matrices and Σi (i = 1, 2) are diagonal

matrices. Let the diagonal elements of Σ1 and Σ2 be in the same order. Then the

principal vectors associated with the pair of subspaces X and Y are given by the

columns of XU1 and Y V1.

2.2.2 tan Θ in terms of the bases of subspaces

In the previous section, we use matrices X and Y with orthonormal columns

to formulate T . An interesting question is whether we can choose non-orthonormal

bases for these subspaces to get the same result as in Theorem 2.2.1. It turns out

that we can choose a non-orthonormal basis for one of the subspaces X or Y . Before

we present the theorem, we need the following lemma.

Lemma 2.2.6 For integers q ≤ p, let [X X⊥] be a unitary matrix with X ∈ Cn×p. Let

the matrix Y ∈ Cn×q be such that XHY has full rank. Let us define Z = Y (Y HY )−1/2,

T̂ = XH
⊥ Z

(
XHZ

)†
, and T = XH

⊥ Y
(
XHY

)†
. Then T = T̂ .

Proof: The matrix XHY (p × q) has full rank and q ≤ p, which implies that the

matrix Y has full rank, i.e., dim(R(Y )) = dim(R(XHY )) = q. So, the matrix Y HY is

nonsingular. Moreover, the columns of Z = Y (Y HY )−1/2 are orthonormal and span

R(Y ). Using the fact that if A is of full column rank, and B is of full row rank, then

(AB)† = B†A†, it follows that (XHZ)† = (XHY (Y HY )−1/2)† = (Y HY )1/2(XHY )†.

Finally, we have

T̂ =XH
⊥ Z

(
XHZ

)†
= XH

⊥ Y (Y HY )−1/2(Y HY )1/2(XHY )† = XH
⊥ Y (XHY )† = T.
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In general, if q > p, the matrices T and T̂ are different. For example, let

X =


1

0

0

 , X⊥ =


0 0

1 0

0 1

 , and Y =


1 1

0 1

0 0

 .

Then, we have XHY = [1 1] and (XHY )† = [1/2 1/2]H . Thus,

T = XH
⊥ Y

(
XHY

)†
= [1/2 0]H .

On the other hand, we obtain T̂ = XH
⊥ Z

(
XHZ

)†
= [0 0]H .

From the proof of Lemma 2.2.6, we see that the matrix (XHZ)† is not equal to

(Y HY )1/2(XHY )† for the case q > p, since in general the formula (AB)† = B†A† does

not hold. Furthermore, in the example above we have

cos Θ(R(X),R(Y )) = s(XHY (Y HY )−1/2) = 1,

which implies that tan Θ(R(X),R(Y )) = 0. However, s(T ) = 1/2, which also shows

that the condition q ≤ p is necessary in the following theorem.

Theorem 2.2.7 For integers q ≤ p, let X ∈ Cn×p have orthonormal columns and be

arbitrarily completed to a unitary matrix [X X⊥]. Let Y ∈ Cn×q be such that XHY

has full rank. Let T = XH
⊥ Y

(
XHY

)†
. Then

tan Θ(R(X),R(Y )) = [S+(T ), 0, . . . , 0],

where there are dim(R(X) ∩R(Y )) 0’s on the right.

Proof: Combining Theorem 2.2.1, Remark 2.2.3, and Lemma 2.2.6 directly

proves this theorem.

Remark 2.2.8 We make the explicit matrix T in Theorem 2.2.7 connection to the

implicit matrix which is related to the tangents of angles described in [73, 71]. Using

the idea described in [73, p. 231-232], [71, Theorem 2.4, p. 252], and [52], we construct
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Z as X+X⊥T. Since
(
XHY

)†
XHY = I, the following identities Y = PXY +PX⊥Y =

XXHY + X⊥X
H
⊥ Y = ZXHY imply that R(Y ) ⊆ R(Z). By direct calculation, we

easily obtain that

XHZ = XH(X +X⊥T ) = I andZHZ = (X +X⊥T )H(X +X⊥T ) = I + THT.

Thus, XHZ
(
ZHZ

)−1/2
= (I + THT )−1/2 is Hermitian positive definite. The ma-

trix Z(ZHZ)−1/2 by construction has orthonormal columns which span the space Z.

Moreover, we observe that

S
(
XHZ(ZHZ)−

1
2

)
= Λ

(
(I + THT )−

1
2

)
=
[(

1 + s2
1 (T )

)− 1
2 , . . . ,

(
1 + s2

p (T )
)− 1

2

]
,

where Λ(·) denotes the vector of eigenvalues.

Therefore, tan Θ(R(X),R(Z)) = [S+(T ), 0, . . . , 0] and dim(X ) = dim(Z). From

Theorem 2.2.7, we have tan Θ(0,π/2)(R(X),R(Y )) = tan Θ(0,π/2)(R(X),R(Z)), where

Θ(0,π/2) denotes all PABS in (0, π/2). In other words, the angles in (0, π/2) be-

tween subspaces R(X) and R(Y ) are the same as those between subspaces R(X)

and R(Z). For the case p = q, we can see that Θ(R(X),R(Y )) = Θ(R(X),R(Z)).

We give an explicit matrix XH
⊥ Y

(
XHY

)−1
for the implicit matrix P , where S(P ) =

tan Θ(R(X),R(Y )), in [73, p. 231-232] and [71, Theorem 2.4, p. 252]. The case

p = q is considered in [52]. We extend their result to the case q ≤ p.

Corollary 2.2.9 Using the notation of Theorem 2.2.7, let p = q and PX⊥ be an

orthogonal projection on the subspace R(X⊥). We have

tan Θ(R(X),R(Y )) = S
(
PX⊥Y

(
XHY

)−1
)
.

Proof: Since the singular values are invariant under unitary transforms, it is easy

to obtain
[
S
(
XH
⊥ Y

(
XHY

)−1
)
, 0, . . . , 0

]
= S

(
PX⊥Y

(
XHY

)−1
)

. Moreover, the

number of the singular values of PX⊥Y
(
XHY

)−1
is p, hence we obtain the result.

Above we always suppose that the matrix Y has full rank. Next, we derive a

similar result as in Theorem 2.2.7, if Y is not a full rank matrix.
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Theorem 2.2.10 Let [X X⊥] be a unitary matrix with X ∈ Cn×p. Let Y ∈

Cn×q and rank (Y ) = rank
(
XHY

)
≤ p. Then the positive singular values of

T = XH
⊥ Y

(
XHY

)†
satisfy tan Θ(R(X),R(Y )) = [S+(T ), 0, . . . , 0], where there are

dim(R(X) ∩R(Y )) 0’s on the right.

Proof: Let the rank of Y be r, thus r ≤ p. Let the SVD of Y be UΣV H , where U is

an n×n unitary matrix; Σ is an n× q real rectangular diagonal matrix with diagonal

entries s1, . . . , sr, 0, . . . , 0 ordered by decreasing magnitude such that s1 ≥ s2 ≥ · · · ≥

sr > 0, and V is a q × q unitary matrix. Since rank(Y )=r ≤ q, we can compute a

reduced SVD such that Y = UrΣrV
H
r . Only the r column vectors of U and the r row

vectors of V H , corresponding to nonzero singular values are used, which means that

Σr is an r × r invertible diagonal matrix. Let

Z1 = Y
(
Y HY

)+1/2
Vr = UrΣrV

H
r

[
Vr
(
ΣH
r Σr

)−1
V H
r

]1/2

Vr.

Let C = V H
r

[
Vr
(
ΣH
r Σr

)−1
V H
r

]1/2

Vr, then C is Hermitian and invertible. More-

over, we have ZH
1 Z1 = Ir×r. Since the matrix Y has rank r, the columns of Z1 are

orthonormal and the range of Z1 is the same as the range of Y . Therefore, we have

tan Θ(R(X),R(Y )) = tan Θ(R(X),R(Z1)).

Moreover, let T1 = XH
⊥ Z1

(
XHZ1

)†
. According to Theorem 2.2.1, it follows that

tan Θ(R(X),R(Z1)) = [S+(T1), 0, . . . , 0],

where there are dim(R(X) ∩ R(Z1)) 0’s on the right. Our task is now to show that

T1 = T . By direct computation, we have

T1 =XH
⊥ UrΣrC

(
XHUrΣrC

)†
=XH

⊥ UrΣrCC
† (XHUrΣr

)†
=XH

⊥ UrΣr

(
XHUrΣr

)†
.
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The second equality is based on
(
XHUrΣrC

)†
= C†

(
XHUrΣr

)†
, since rank

(
XHY

)
=

r. Since the matrix C is invertible, we obtain the last equality. On the other hand,

T =XH
⊥ Y

(
XHY

)†
= XH

⊥ UrΣrV
H
r

(
XHUrΣrV

H
r

)†
=XH

⊥ UrΣrV
H
r

(
V H
r

)† (
XHUrΣr

)†
=XH

⊥ UrΣr

(
XHUrΣr

)†
.

Hence, tan Θ(R(X),R(Y )) = [S+(T ), 0, . . . , 0] which completes the proof.

Next, we provide an alternative way to construct T by adopting only the trian-

gular matrix from one QR factorization.

Corollary 2.2.11 Let X ∈ Cn×p and Y ∈ Cn×q with q ≤ p be matrices of full

rank, and also let XHY be full rank. Let the triangular part R of the reduced QR

factorization of the matrix L = [X Y ] be

R =

R11 R12

O R22

 .
Then the positive singular values of the matrix T = R22(R12)†satisfy

tan Θ(R(X),R(Y )) = [S+(T ), 0, . . . , 0],

where there are dim(R(X) ∩R(Y )) 0’s on the right.

Proof: Let the reduced QR factorization of L be

[X Y ] = [Q1 Q2 ]

R11 R12

O R22

 ,
where the columns of [Q1 Q2 ] are orthonormal, and R(Q1) = X . We directly obtain

Y = Q1R12 + Q2R22. Multiplying by QH
1 on both sides of the above equality for Y ,

we get R12 = QH
1 Y. Similarly, multiplying by QH

2 we have R22 = QH
2 Y. Combining

these equalities with Theorem 2.2.10 completes the proof.
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2.2.3 tan Θ in terms of the orthogonal projectors on subspaces

In this section, we present T using orthogonal projectors only. Before we proceed,

we need a lemma and a corollary.

Lemma 2.2.12 [73] If U and V are unitary matrices, then for any matrix A, we

have (UAV )† = V HA†UH .

Corollary 2.2.13 Let A ∈ Cn×n be a block matrix, such that

A =

B O12

O21 O22

 ,
where B is a p× q matrix and O12, O21, and O22 are zero matrices. Then

A† =

B† OH
21

OH
12 O

H
22

 .
Proof: Let the SVD of B be U1ΣV H

1 , where Σ is a p× q diagonal matrix, and

U1 and V1 are unitary matrices. Then there exist unitary matrices U2 and V2, such

that

A =

U1

U2


Σ O12

O21 O22


V H

1

V H
2

 .
Thus,

A† =

V1

V2


Σ O12

O21 O22


† UH

1

UH
2

 =

V1

V2


Σ† OH

21

OH
12 O

H
22


UH

1

UH
2

 .

Since B† = V1Σ†UH
1 , we have A† =

B† OH
21

OH
12 O

H
22

 as desired.

Theorem 2.2.14 Let PX , PX⊥ and PY be orthogonal projectors on the subspaces X ,

X⊥ and Y, correspondingly. Then the positive singular values S+(T ) of the matrix

T = PX⊥PY (PXPY)† satisfy

tan Θ(X ,Y) = [∞, . . . ,∞, S+(T ), 0, . . . , 0],
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where there are additional min
(
dim(X⊥ ∩ Y), dim(X ∩ Y⊥)

)
∞′s and additional

dim(X ∩ Y) 0’s on the right.

Proof: Let the matrices [X X⊥ ] and [Y Y⊥ ] be unitary, where R(X) = X and

R(Y ) = Y . By direct calculation, we obtainXH

XH
⊥

PXPY [Y Y⊥ ] =

XHY O

O O

 .
The matrix PXPY can be written as

PXPY = [X X⊥ ]

XHY O

O O


Y H

Y H
⊥

 . (2.2.2)

By Lemma 2.2.12 and Corollary 2.2.13, we have

(PXPY)† = [Y Y⊥ ]

(XHY )† O

O O


XH

XH
⊥

 . (2.2.3)

In a similar way, we get

PX⊥PY = [X⊥ X ]

XH
⊥ Y O

O O


Y H

Y H
⊥

 . (2.2.4)

Let T = PX⊥PY (PXPY)† and B = XH
⊥ Y

(
XHY

)†
, so

T = [X⊥ X ]

XH
⊥ Y O

O O


(XHY )† O

O O


XH

XH
⊥

 = [X⊥ X ]

B O

O O


XH

XH
⊥

 .
The singular values are invariant under unitary multiplication. Hence, S+(T ) =

S+(B). From Theorem 2.2.1, we have tan Θ(X ,Y) = [∞, . . . ,∞, S+(T ), 0, . . . , 0].

Moreover, from Remark 2.2.3 we can obtain the exact numbers for 0 and ∞.

Remark 2.2.15 From the proof of Theorem 2.2.14, we can obtain the properties for

sines and cosines related to orthogonal projectors. According to representation (2.2.2),
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we have S (PXPY) = S


XHY O

O O


 = [cos Θ(X ,Y), 0, . . . , 0] . Similarly, from

equality (2.2.4) and Property 2.1.4 we have

S (PX⊥PY) = S


XH

⊥ Y O

O O


 =

[
cos Θ(X⊥,Y), 0, . . . , 0

]
= [1, . . . , 1, sin Θ(X ,Y), 0, . . . , 0] ,

where there are max(dim(Y)− dim(X ), 0) additional 1s on the right.

Furthermore, we haveXH
⊥

XH

 (PX − PY)[Y Y⊥ ] =

−XH
⊥ Y O

O XHY⊥

 ,
which implies that the singular values of PX −PY are the union of the singular values

of XH
⊥ Y and XHY⊥, such that S (PX − PY) =

[
S(XH

⊥ Y ), S(XHY⊥)
]
. By Property

2.1.3, it follows that

S(0,1) (PX − PY) =
[
sin Θ(0,π/2)(X ,Y), sin Θ(0,π/2)(X ,Y)

]
,

where S(0,1)(·) denotes the singular values in (0, 1) ; see also [50, 60] for differ-

ent proofs.

We note that the null space of PXPY is the orthogonal sum Y⊥⊕
(
Y ∩ X⊥

)
. The

range of (PXPY)† is thus Y ∩
(
Y ∩ X⊥

)⊥
, which is the orthogonal complement of the

null space of PXPY . Moreover, (PXPY)† is an oblique projector, because (PXPY)† =(
(PXPY)†

)2
which can be obtained by direct calculation using equality (2.2.3). The

oblique projector (PXPY)† projects on Y along X⊥. Thus, we have PY (PXPY)† =

(PXPY)† . Consequently, we can simplify T = PX⊥PY (PXPY)† as T = PX⊥ (PXPY)†

in Theorem 2.2.14.

To gain geometrical insight into T , in Figure 2.2 we choose an arbitrary unit

vector z. We project z on Y along X⊥, then project on the subspace X⊥ which is
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Figure 2.2: Geometrical meaning of T = PX⊥PY (PXPY)†.

interpreted as Tz. The red segment in the graph is the image of T under all unit

vectors. It is straightforward to see that s(T ) = ‖T‖ = tan(θ).

Using Property 2.1.4 and the fact that principal angles are symmetric with respect

to the subspaces X and Y , the expressions PY⊥PX (PYPX )† and PXPY⊥(PX⊥PY⊥)† can

also be used in Theorem 2.2.14.

Remark 2.2.16 According to Remark 2.2.4 and Theorem 2.2.14, we have

PXPY⊥(PX⊥PY⊥)† = PX (PX⊥PY⊥)† = −
(
PX⊥ (PXPY)†

)H
.

Furthermore, by the geometrical properties of the oblique projector (PXPY)†, it follows

that (PXPY)† = PY(PXPY)† = (PXPY)†PX . Therefore, we obtain

PX⊥PY (PXPY)† = PX⊥ (PXPY)† = (PY − PX )(PXPY)†.

Similarly, we have

PY⊥PX (PYPX )† = PY⊥(PYPX )† = (PX − PY)(PYPX )† = −
(
PY(PY⊥PX⊥)†

)H
.

From equalities above, we see that there are several different expressions for T in

Theorem 2.2.14, which are summarized in Table 2.2.
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Table 2.2: Different expressions for T .

PX⊥PY (PXPY)† PX⊥ (PXPY)†

PY⊥PX (PYPX )† PY⊥(PYPX )†

PXPY⊥(PX⊥PY⊥)† PX (PX⊥PY⊥)†

PYPX⊥(PY⊥PX⊥)† PY(PY⊥PX⊥)†

(PX − PY)(PXPY)† (PY − PX )(PYPX )†

Theorem 2.2.17 Let Θ(X ,Y) < π/2. Then,

1. If dim(X ) ≤ dim(Y), we have PXPY(PXPY)† = PX (PXPY)† = PX .

2. If dim(X ) ≥ dim(Y), we have (PXPY)†PXPY = (PXPY)†PY = PY .

Proof: Let the columns of matrices X and Y form orthonormal bases for the

subspaces X and Y , correspondingly. Since Θ(X ,Y) < π/2, the matrix XHY has

full rank. Using the fact that XHY (XHY )† = I for dim(X ) ≤ dim(Y) and com-

bining identities (2.2.2) and (2.2.3), we obtain the first statement. Identities (2.2.2)

and (2.2.3), together with the fact that (XHY )†XHY = I for dim(X ) ≥ dim(Y),

imply the second statement.

Remark 2.2.18 From Theorem 2.2.17, for the case dim(X ) ≤ dim(Y) we have

PX⊥(PXPY)† = (PXPY)† − PX (PXPY)† = (PXPY)† − PX .

Since the angles are symmetric, using the second statement in Theorem 2.2.17 we

have (PX⊥PY⊥)†PY = (PX⊥PY⊥)† − PY⊥ .

On the other hand, for the case dim(X ) ≥ dim(Y) we obtain

(PXPY)†PY⊥ = (PXPY)† − PY and (PX⊥PY⊥)†PX = (PX⊥PY⊥)† − PX⊥ .
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To sum up, the following formulas for T in Table 2.3 can also be used in Theo-

rem 2.2.14. An alternative proof for T = (PXPY)†−PY is provided by Drmač in [20]

for the particular case dim(X ) = dim(Y).

Table 2.3: Different formulas for T with Θ(X ,Y) < π/2: dim(X ) ≤ dim(Y) (left);
dim(X ) ≥ dim(Y) (right).

(PXPY)† − PX (PXPY)† − PY

(PX⊥PY⊥)† − PY⊥ (PX⊥PY⊥)† − PX⊥

Remark 2.2.19 Finally, we note that our choice of the space H = Cn may appear

natural to the reader familiar with the matrix theory, but in fact is somewhat mis-

leading. The principal angles (and the corresponding principal vectors) between the

subspaces X ⊂ H and Y ⊂ H are exactly the same as those between the subspaces

X ⊂ X +Y and Y ⊂ X +Y, i.e., we can reduce the space H to the space X +Y ⊂ H

without changing PABS.

This reduction changes the definition of the subspaces X⊥ and Y⊥ and thus of

the matrices X⊥ and Y⊥ that span the column spaces X⊥ and Y⊥. All our statements

that use the subspaces X⊥ and Y⊥ or the matrices X⊥ and Y⊥ therefore have their

new analogs, if the space X + Y substitutes for H.

2.3 Conclusions

In this chapter, we have briefly reviewed the concept and some important prop-

erties of PABS. We have constructed explicit matrices such that their singular values

are equal to the tangents of PABS. Moreover, we form these matrices using several

different approaches, i.e., orthonormal bases for subspaces, non-orthonormal bases for

subspaces, and projectors. We use some of the statements in the following chapters.
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3. New approaches to compute PABS2

Computing PABS is one of the most important problems in numerical linear

algebra. Let X ∈ Cn×p and Y ∈ Cn×q be full column rank matrices and let X = R(X)

and Y = R(Y ). In this chapter, we are interested in the case n � p and n � q.

Traditional methods for computing principal angles and principal vectors are based

on computations of eigenpairs of the eigenvalue problems. The cosines of PABS are

eigenvalues of the generalized eigenvalue problem (see [9, 30])O XHY

Y HX O


 ũ
ṽ

 = λ

XHX O

O Y HY


 ũ
ṽ

 . (3.0.1)

The generalized eigenvalue problem above is equivalent to the eigenvalue problems

for a pair of matrices

(XHX)−1/2XHY (Y HY )−1Y HX(XHX)−1/2û= λ2û,

(Y HY )−1/2Y HX(XHX)−1XHY (Y HY )−1/2v̂ = λ2v̂,

which can be found in most multivariate statistics books, e.g., see [39].

Let the columns of matrices X and Y form orthonormal bases for the subspaces

X and Y , correspondingly. The matrix on the right side of (3.0.1) is identity, since

XHX = I and Y HY = I. We notice that solving the eigenvalue problem in (3.0.1) is

the same as solving the SVD of XHY . Computing PABS based on the SVD has been

established by Björck and Golub [9]. The cosines of principal angles and principal

vectors are obtained from the SVD of XHY , which is also called the cosine-based

algorithm. Drmač [21] shows this algorithm to be mixed stable and recommends QR

factorizations with the complete pivoting for computing X and Y from original data.

The cosine-based algorithm in principle cannot provide accurate results for small

angles in computer arithmetic, i.e., angles smaller than 10−8 are computed as zero

2Kahan has attracted our attention to the half angles approach and given us his note [42], via
Parlett. We thank Kahan and Parlett for their help.
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in double precision arithmetic when EPS ≈ 10−16. This problem is pointed out and

treated in [9], where a sine-based algorithm for computing the small principal angles

is proposed. The sines of PABS are obtained from the SVD of (I −XXH)Y. For the

same reason, the sine-based algorithm has trouble computing “large”, i.e., close to

π/2, angles in the presence of round-off errors.

The sine and cosine based algorithms combined by Knyazev and Argentati [48],

where small and large angles are computed separately, are being used to cure this

problem. They use sine-based algorithm to compute the angles less than a threshold

(e.g., π/4) and cosine-based algorithm to compute the angles greater than this thresh-

old. Cosine-based angles are obtained from the SVD of XHY and sine-based angles

are obtained from the SVD of (I −XXH)Y . However, such algorithms introduce a

new difficulty—accurate computation of the principal vectors corresponding to PABS

in the neighborhood of the threshold between the small and large angles.

To compute all angles with high accuracy, another approach is by computing the

sines of half -PABS mentioned in [9, 42]. In this chapter, we propose several new al-

gorithms to compute the sines of half-PABS. Our algorithms provide accurate results

for all PABS in one sweep and can be implemented simply and more efficiently, com-

pared to the sine-cosine algorithms. Moreover, we also propose methods to compute

all PABS for large sparse matrices.

Numerical solution of Hermitian generalized eigenvalue problems requires compu-

tation of PABS in general scalar products, specifically, in an A-based scalar product

for a Hermitian positive definite matrix A, which may only be available through a

function performing the product of A times a vector. Our implementation also allows

computation of PABS in general scalar products.

The remainder of this chapter is organized as follows. We first propose a method

to compute the sines and cosines of half-PABS by one SVD of [X Y ], which is proved

by using properties of Jordan-Wielandt matrix. In Section 3.2, we provide a method
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to compute sines of half-PABS based on the geometrical insight view of half-PABS.

Both methods for computing PABS developed in Sections 3.1 and 3.2 are based on

the orthonormal bases of a pair of subspaces.

For better computational efficiency, we propose algorithms adopting only the R

factors of QR factorizations without formulating the orthonormal bases of input ma-

trices in Section 3.3. Furthermore, we provide algorithms to compute all principal

angles, not only for dense matrices, but also for sparse-type structure matrices. Gen-

eralizations of these algorithms to compute PABS in the A-based scalar product are

presented in Section 3.4. A MATLAB implementation and results of numerical tests

are included in Sections 3.5 and 3.6. Finally, we give a brief discussion for the new

algorithms and compare these algorithms with the sine-cosine based algorithm.

3.1 Algebraic approaches to compute sin
(

Θ
2

)
and cos

(
Θ
2

)
Theorem 3.1.1 Let the columns of matrices X ∈ Cn×p and Y ∈ Cn×q, where q ≤ p

and p + q ≤ n, form orthonormal bases for the subspaces X and Y, correspondingly.

Let L = [X Y ] and let the SVD of L be ŨΣ̃Ṽ H , where Σ̃ is a diagonal matrix with

diagonal elements in nonincreasing order. Then

cos

(
Θ↑

2

)
=

1√
2
Sq↓(L) and sin

(
Θ↓

2

)
=

1√
2
S↓q (L),

where Sq↓(L) denotes the vector of the largest q singular values of L in nonincreasing

order and S↓q (L) denotes the vector of the smallest q singular values of L in nonin-

creasing order. Moreover, we have

Ṽ =
1√
2

U1

√
2U2 −Û1

V O V̂

 ,
where UH

1 U1 = ÛH
1 Û1 = I with U1, Û1 ∈ Cp×q; V HV = V̂ H V̂ = I with V, V̂ ∈ Cq×q;

and the matrix [U1, U2] is unitary. Then, the principal vectors of Θ↑ associated with

this pair of subspaces are given by the columns of

VX = XU1 and VY = Y V.
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Alternatively, the principal vectors of Θ↓ associated with this pair of subspaces are

given by the columns of

VX = XÛ1 and VY = Y V̂ .

Proof: Let the SVD of the matrixXHY be UΣV H , where U and V are unitary and Σ

is a diagonal matrix with the real diagonal elements s1(XHY ), . . . , sq(X
HY ) arranged

in nonincreasing order. Due to [4, 35, 82], the eigenvalues of the (p + q) × (p + q)

Hermitian matrix O XHY

Y HX O

 (3.1.1)

are ±s1(XHY ), . . . ,±sq(XHY ) together with (p − q) zeros. The matrix in (3.1.1)

is sometimes called the Jordan-Wielandt matrix corresponding to XHY . Since

(XHY )V = UΣ and (Y HX)U = V ΣH , it follows that

XHY vk = sk(X
HY )uk, (3.1.2)

Y HXuk = sk(X
HY )vk, (3.1.3)

for k = 1, . . . , q. Thus,

uk
vk

 and

−uk
vk

 are eigenvectors of (3.1.1) corresponding

to the eigenvalues sk and −sk, correspondingly. Further (see [35, p. 418]), we present

the eigenvalue decomposition of matrix in (3.1.1) asO XHY

Y HX O

=Q diag (s1, s2, . . . , sq, 0, . . . , 0,−sq,−sq−1, . . . ,−s1)QH ,

where Q ∈ C(p+q)×(p+q) is a unitary matrix. Let the first q columns of U be denoted

as U1, i.e., U1 = [u1, u2, . . . , uq]. Let U = [U1 U2 ] and V = [v1, v2, . . . , vq]. Let

Û1 = [uq, uq−1, . . . , u1] and V̂ = [vq, vq−1, . . . , v1]. The matrix Q can be written as

Q=
1√
2

U1

√
2U2 −Û1

V O V̂

 . (3.1.4)
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Consequently, the eigenvalues of

I +

O XHY

Y HX O

 (3.1.5)

are [1 + s1, 1 + s2, . . . , 1 + sq, 1, . . . , 1, 1− sq, 1− sq−1, . . . , 1− s1] and the columns of

Q in (3.1.4) are the eigenvectors of (3.1.5).

Furthermore, we can rewrite (3.1.5) as follows:

I +

O XHY

Y HX O

= [X Y ]H [X Y ]. (3.1.6)

Let the SVD of the matrix [X Y ] be ŨΣ̃Ṽ H , where Σ̃ is a diagonal matrix and the

matrices Ũ and Ṽ are unitary. Since cos2 (θ/2) = (1 + cos(θ))/2 and sin2(θ/2) =

(1− cos(θ))/2, we have

Σ̃ = diag
(√

2 cos
(
Θ↑/2

)
, 1, . . . , 1,

√
2 sin

(
Θ↓/2

))
.

Moreover, Ṽ = Q. By Theorem 2.1.2, the principal vectors of Θ↑ associated with

this pair of subspaces are given by the columns of VX = XU1 and VY = Y V. Also,

the principal vectors of Θ↓ associated with this pair of subspaces are given by the

columns of VX = XÛ1 and VY = Y V̂ .

Remark 3.1.2 In Theorem 3.1.1, we obtain PABS for the case p + q ≤ n. In a

similar way, we can compute PABS for p+ q ≥ n. Suppose p+ q ≥ n, then

dim(X ∩ Y) = dim(X ) + dim(Y)− dim(X ∪ Y)

≥ dim(X ) + dim(Y)− n

= p+ q − n.

Therefore, there are at least p + q − n zero angles between the subspaces X and Y.

Furthermore, we obtain the sines and cosines of half-PABS by the singular values of
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L as follows:

cos

(
Θ↑

2

)
=

1√
2
Sq↓(L) and sin

(
Θ↓

2

)
=

1√
2

[S↓n−p(L), 0, . . . , 0].

There are p+ q−n zeros after S↓n−p(L) in 1/
√

2[S↓n−p(L), 0, . . . , 0]. We also note that

the principal vectors are not unique if sk(L) = sk+1(L).

Theoretically speaking, PABS can be obtained from the eigenvalues and eigen-

vectors of equality (3.1.5). However, this result does not appear to be of practical

interest in computing PABS. Calculating the sine or cosine squared gives inaccu-

rate results for small angles in exact arithmetic. Moreover, we should avoid using

XHY . We can achieve a better understanding of this from the following example.

Let x = [1 0]H and y = [1 1e−10]H . They are both normalized in double-precision

and equality (3.1.5) results in a zero angle no matter what, since xHy = 1.

0 pi/8 pi/4 3pi/8 pi/2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 θ 

 

 

Cos(θ/2)

Sin(θ/2)

Figure 3.1: Sines and cosines of half-angles.

To illustrate Theorem 3.1.1, we again take x = [1 0]H and y = [1 1e−10]H as

an example. We have L =

1 1

0 1e−10

. Computing the singular values of L, we get

sin(θ/2) = 5e − 11 and cos(θ/2) = 0. Obviously, we lose accuracy in cos(θ/2) in

this case. As shown in Figure 3.1, cos(θ/2) loses accuracy for small angles in double-
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precision. Since we always have | sin′(θ/2)| ≥ | cos′(θ/2)| for θ ∈ [0, π/2], the better

choice is to use sin(θ/2) to calculate PABS.

Combining Theorem 3.1.1 and Remark 3.1.2, we formulate an algorithm to com-

pute all PABS. This algorithm provides accurate computation for small and large

angles. The Algorithm 3.1 is based on computing sin(θ/2) which is obtained from the

smallest min(p, q) singular values of L. Moreover, the principal vectors are obtained

from the right singular vectors of L corresponding to the smallest min(p, q) singular

values for the case p+ q ≤ n. For completeness, we also provide the algorithm for the

case p+ q ≥ n.

Table 3.1: Algorithm 3.1.

Algorithm 3.1

Input: matrices X1 and Y1 with the same number of rows.

1. Compute orthonormal bases X ∈ Cn×p and Y ∈ Cn×q of R(X1) and R(Y1), correspondingly.

2. Set L = [X Y ], compute the SVD of L:
[
Ũ , Σ̃, Ṽ

]
= svd(L, 0).

3. If p+ q ≤ n, take the smallest m = min (p, q) singular values of L denoted as s1, . . . , sm.

If p+ q ≥ n, take the smallest n−max(p, q) singular values of L and add p+ q − n zeros

singular values and denote as s1, . . . , sm.

4. Compute the principal angles in nonincreasing order for k = 1, . . . ,m:

θk = 2 arcsin
(
sk/
√

2
)
.

5. Compute corresponding principal coefficients:

Û1 = −
√

2Ṽ (1 : p, p+ q −m+ 1 : p+ q) and V̂1 =
√

2Ṽ (p+ 1 : p+ q, p+ q −m+ 1 : p+ q).

6. Compute the principal vectors:

VX = XÛ1 and VY = Y V̂1.

Output: the principal angles θ1, . . . , θm between the column-space of matrices X1 and Y1, the

corresponding principal vectors VX and VY , and the principal coefficients Û1 and V̂1.

Remark 3.1.3 In the first step of Algorithm 3.1, we use the MATLAB function

ORTHUPDATE.m (see Appendix A) to compute the orthonormal bases of the input

matrices. The function ORTHUPDATE.m is backward compatible with the built-in
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MATLAB function ORTH.m. Our function ORTHUPDATE.m provides three choices

to compute an orthonormal basis with option opts.fast being 0, 1 and 2. The or-

thogonalization is performed using the SVD with the option opts.fast being 0, which

performs the same as ORTH.m. With opts.fast = 1, the function ORTHUPDATE.m

performs QR factorization with pivoting. The function ORTHUPDATE.m only works

for a full-column rank matrix if opts.fast = 2. The algorithm is developed as follows:

suppose X1 is an input matrix, then we compute an upper triangular matrix R from

a Cholesky factorization, such that R = chol(XH
1 X1), then we take the orthonormal

basis as X1R
−1.

Let us consider the cost of these three algorithms as mentioned above to compute

the orthonormal basis of the input matrix. In general, there are two steps to com-

pute the SVD, e.g., see [8, 12, 19]. The first step can be done using Householder

reflections to reduce X1 to a bidiagonal matrix. The second step reduces the bidi-

agonal matrix form to diagonal form iteratively by a variant of the QR algorithm.

According to [8, p.90], [12], and [19, Chap. 11], the total cost of the complete SVD is

about (3 + a)np2 + 11/3p3 flops, where a = 4 if standard givens transformations are

used in QR algorithm, a = 2 if fast given transformations are used. For the detailed

transformations, the reader is referred to [8, Section 2.6].

Generally, the cost of QR factorization based on Householder reflections (see [77])

is about 2np2−2/3p3 flops for an n by p matrix with n ≥ p. The Cholesky factorization

for the matrix XH
1 X1 is about 1/3p3 flops. Among these three choices for computing

the orthonormal basis, the opts.fast being 2 runs fastest, but is the least reliable. The

most robust and slowest one is based on the SVD-based algorithm, since the cost

of SVD is about two times the cost of QR. For detailed information concerning the

stability of these three factorizations, see [77].

In our actual code, we use the economy-size factorization QR and SVD in the

function ORTHUPDATE.m. We do not know the exact number of flops in MATLAB.
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In [57], it states that floating-point operations are no longer the dominant factor in

execution speed with modern computer architectures. Memory references and cache

usage are the most important.

Remark 3.1.4 Golub and Zha [30] point out that PABS are sensitive to perturbation

for ill-conditioned X1 and Y1. A proper column scaling of X1 and Y1 can improve

condition numbers of both matrices and reduce the error for PABS, since column

scaling does not affect PABS. Numerical tests by Knyazev and Argentati [48] show that

proper column scaling improves accuracy when the orthonormal bases are computed by

using the SVD. However, there is no need to scale the columns when the orthonormal

bases are obtained by the QR factorization with complete pivoting, e.g., see [21, 48].

Also, it is pointed out in [21] that one good way to compute the orthogonal bases

is to use the unit lower trapezoidal matrices LX and LY from the LU factorizations

of X1 and Y1 with pivoting, since R(X1) = R(LX ) and R(Y1) = R(LY).

Remark 3.1.5 We note that the matrix size of L in Algorithm 3.1 is n by p+ q. If

n is large, in order to reduce the cost of the SVD of L, we can reduce the matrix L

to a (p + q) by (p + q) triangular matrix R by QR factorization, such that L = QR.

We can obtain PABS by the SVD of R.

In the following, we will derive a different formula to compute the sines and

cosines of half-PABS.

Lemma 3.1.6 Let the matrices X and Y be described as in Theorem 3.1.1. Let the

columns of matrix QX+Y form an orthonormal basis for the column-space of L, where

L = [X Y ]. Let L̂ = QH
X+YL. Then

[S(L̂), 0, . . . , 0] = S(L),

where extra 0s may need to be added on the left side to match the size. In particular,
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if we take QX+Y = [X X̂⊥], then

L̂=

I XHY

O X̂H
⊥ Y

 .
Proof: By direct computation, we have

L̂HL̂= LHQX+YQ
H
X+YL

= LHPX+YL

= LHL,

where PX+Y is an orthogonal projector on the column-space of L. So, the positive

singular values of L̂ coincide with the positive singular values of L. If we take QX+Y =

[X X̂⊥], then

L̂ = [X X̂⊥ ]H [X Y ] =

I XHY

O X̂H
⊥ Y

 ,
as expected.

Remark 3.1.7 Let the matrix X1 ∈ Cn×p have full column rank. Let Y1 ∈ Cn×q and

let [Q1Q2] be an orthonormal matrix obtained from the reduced QR factorization of

[X1 Y1]. We take X = Q1, thus we have

L̂ =

I XHY

O QH
2 Y

 .
The size of L̂ is small, since max(size(L̂)) is p+ q. However, this L̂ is not attractive

to be used to compute PABS in practice. In some situations, we have no information

about the rank of the input matrix X1. Suppose we use the QR factorization to obtain

the full-column rank matrix X̂1 from the matrix X1. In this method, to get PABS we

have to do the QR factorizations for X1, Y1, [X̂1 Y1] and plus one SVD of L̂. The

computational cost is similar to the method described in Remark 3.1.5. Moreover,

applying the orthonormal matrix [Q1Q2], which is obtained from the QR factorization
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[X̂1 Y1], may increase the inaccuracy for small angles. Especially if [X̂1 Y1] is ill-

conditioned, we may obtain [Q1Q2] inaccurately.

Let us highlight that updating the SVD of L by appending a row or column and

deleting a row or column is well investigated, e.g., see [8, Section 3.4]. In the last

lemma of this section, we discuss briefly the relationship between the sines and the

cosines of half of the principal angles between R(X1) and R(Y1) and those of R(X1)

and R([Y1 u]), where X1 ∈ Cn×p and Y1 ∈ Cn×q. For convenience, let p + q < n and

q < p.

Lemma 3.1.8 Let the principal angles between R(X1) and R(Y1) with X1 ∈ Cn×p

and Y1 ∈ Cn×q, where p + q < n and q < p, be θ1, . . . , θq arranged in nondecreasing

order. Let the principal angles between R(X1) and R([Y1 u]) be θ̂1, . . . , θ̂q+1 arranged

in nondecreasing order. Then

cos

(
θ̂1

2

)
≥ cos

(
θ1

2

)
≥ cos

(
θ̂2

2

)
≥ · · · ≥ cos

(
θq
2

)
≥ cos

(
θ̂q+1

2

)
≥ 1√

2
,

1√
2
≥ sin

(
θ̂q+1

2

)
≥ sin

(
θq
2

)
≥ · · · ≥ sin

(
θ̂2

2

)
≥ sin

(
θ1

2

)
≥ sin

(
θ̂1

2

)
.

Proof: Let the columns of matrices X and Y form orthonormal bases for the sub-

spaces R(X1) and R(Y1), correspondingly. Let the columns of matrix [Y û] form the

orthonormal basis for R([Y1 u]). Moreover, let L = [X Y ] and L̂ = [X Y û]. By Theo-

rem 3.1.1, we have S↓(L) =
√

2[cos(1
2
θ1), . . . , cos(1

2
θq), 1, . . . , 1, sin(1

2
θq), . . . , sin(1

2
θ1)]

and S↓(L̂) =
√

2
[
cos
(

1
2
θ̂1

)
, . . . , cos

(
1
2
θ̂q+1

)
, 1, . . . , 1, sin

(
1
2
θ̂q+1

)
, . . . , sin

(
1
2
θ̂1

)]
.

Applying the interlace property of the singular values [28, p. 449], the results are

obtained.

3.2 Geometric approaches to compute sin
(

Θ
2

)
Let x and y be unit vectors. The Hausdorff metric between vectors x and y is

defined as

2 sin

(
1

2
θ(x, y)

)
= inf{‖xq̂ − y‖ : q̂ ∈ C, |q̂| = 1}. (3.2.1)
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In particular, if x and y in Rn are such that xHy > 0 (see Figure 3.2), then

2 sin

(
1

2
θ(x, y)

)
= ‖x− y‖.

Similarly, the Hausdorff metric between two k-dimensional subspaces X and Y , e.g.,

Figure 3.2: Sine of half-angle between x and y in Rn.

see [66], is defined as

Φ

(
2 sin

(
1

2
θ1(X ,Y)

)
, . . . , 2 sin

(
1

2
θk(X ,Y)

))
= inf{|||XQ̂− Y ||| : Q̂ ∈ U(k)},

(3.2.2)

where U(k) is the family of unitary matrices of size k and the columns of matrices

X and Y form orthonormal bases for the subspaces X and Y , correspondingly. The

function Φ(·) is a symmetric gauge function [5] and ||| · ||| denotes the corresponding

unitarily invariant norm [55]. See [66] for further information concerning the sines

of half-PABS related to the Hausdorff metric between two subspaces. In particu-

lar, taking the same minimization problem for Frobenius norm in (3.2.2), we have

(see [73])

min
Q̂∈U(k)

‖XQ̂− Y ‖F =

∥∥∥∥2 sin

(
1

2
Θ(X ,Y)

)∥∥∥∥
F

.
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This is a special case of the orthogonal Procrustes problem. The solution Q̂ of the

Procrustes problem can be obtained by using the orthogonal polar factor of XHY [28]:

let the SVD of XHY be UΣV H , then the optimal Q̂ is given by Q̂ = UV H . We use

this construction of Q̂ to demonstrate that S(XQ̂−Y ) = 2 sin (Θ(X ,Y)/2), which is

mentioned in Kahan’s lecture note [42].

Theorem 3.2.1 [42] Let the columns of matrices X ∈ Cn×p and Y ∈ Cn×q (q ≤ p)

form orthonormal bases for the subspaces X and Y, correspondingly. Let L = XQ̂−

Y and B = XHY , where Q̂HQ̂ = I and Q̂ is the unitary factor from the polar

decomposition of B. Then

sin

(
Θ↓

2

)
=

1

2
S↓(L). (3.2.3)

Proof: Let B = U [C O]H V H be the SVD of B, where U and V are unitary

matrices. The matrix C is a diagonal matrix with cos (θk) on its diagonal, where

θk for k = 1, . . . , q are the principal angles between the subspaces X and Y . Let

Q̂ = U [I O]H V H . We have

LHL= (XQ̂− Y )H(XQ̂− Y )

= 2I − Q̂HXHY − Y HXQ̂

= 2I − 2V CV H

= 2V (I − C)V H ,

where I − C is a diagonal matrix with 1 − cos (θk) for k = 1, . . . , q on its diagonal.

Note that

Q̂HXHY = V [I O ]UHU

C
O

V H = V CV H .

Therefore, the singular values of L are
√

2(1− cos θk) for k = 1, . . . , q. Since

sin2 (θ/2) = (1− cos θ)/2, we obtain sin
(
Θ↓/2

)
= S↓(L)/2.
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Remark 3.2.2 We can rewrite L as XU [I O ]H − Y V . Moreover, if we use the

reduced SVD of B, such that B = UrCV
H
r with Ur ∈ Cp×q and Vr ∈ Cq×q, then L can

be written as

XUrV
H
r − Y or XUr − Y Vr.

The formulation XUr − Y Vr to compute the sines of half-PABS is also mentioned in

[9], but no detailed information provided.

Remark 3.2.3 From the proof of Theorem 3.2.1, we also can get

cos (Θ/2) = S(XQ̂+ Y )/2.

Moreover, if we use the reduced SVD of B, such that B = UrCV
H
r , we have

cos (Θ/2) = S(XUr + Y Vr)/2.

Theoretically speaking, the principal vectors associated with the pair of the sub-

spaces X and Y are the columns of the matrices XUr and Y Vr, correspondingly, where

Ur and Vr are obtained from the reduced SVD of B. However, the cosine-based al-

gorithm fails to accurately compute the small principal angles and the corresponding

principal vectors in double precision, which is pointed out in [48]. For example, we

have small angles 10−9, 10−10, 10−11, and 10−12, which will produce multiple singular

values 1 with multiplicity 4 in double precision based on the cosine-based algorithm.

In fact, there are four small distinct angles with exact arithmetic. This implies that

the principal vectors corresponding to small principal angles may not be computed

accurately in double precision using the SVD of B.

To obtain the principal vectors corresponding to small angles in high accuracy,

one way is by using the SVD of L in Theorem 3.2.1. Let SVD of L be ÛΣ̂V̂ H . The

principal vectors on the subspace Y are the columns of VY , where VY = Y V̂ and the

principal vectors VX on the subspace X can be obtained by VX = XQ̂V̂ .
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The formulation for principal angles on the subspaces X may not be obvious. In

our actual code, we reformulate L in Theorem 3.2.1 as XUr−Y Vr in Remark 3.2.2, an

alternative approach to get the principal vectors associated with all angles is by the

SVD of XUr−Y Vr. Let the SVD of XUr−Y Vr be U1Σ1V
H

1 , then the principal vectors

associated with the pair of two subspaces are the columns of XUrV1 and Y VrV1. Our

numerical tests support this result.

We formulate Algorithm 3.2 to computing all principal angles and principal vec-

tors by using L = XUr − Y Vr as in remark 3.2.2.

Table 3.2: Algorithm 3.2.

Algorithm 3.2

Input: matrices X1 and Y1 with the same number of rows.

1. Compute orthonormal bases X and Y of column spaces of X1 and Y1, correspondingly.

2. Compute the SVD of B = XHY :

 [Ur, C, Vr] = svd(B, 0) if rank(X) ≥ rank(Y );

[Vr, C, Ur] = svd(BH , 0) otherwise.

3. Let L = XUr − Y Vr and compute the singular values sk of L for k = 1, . . . ,min (p, q).

4. Compute the principal angles: θk = 2 arcsin (sk/2) .

5. Compute the right singular vectors V1 of L, then the principal coefficients are

Û1 = UrV1 and V̂1 = VrV1.

6. Compute the principal vectors:

VX = XÛ1 and VY = Y V̂1

Output: the principal angles θ1, . . . , θmin(p,q) between the column-space of X1 and Y1 matrices,

the corresponding principal vectors VX and VY , and the principal coefficients Û1 and V̂1.
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3.3 Computing sin
(

Θ
2

)
and cos

(
Θ
2

)
without using orthonormal bases

Our algorithms described above and the cosine-sine based algorithm compute

PABS accurately by using the orthonormal bases for subspaces. If the input matri-

ces are large sparse, then computing an orthogonal basis for each of the subspaces

may destroy sparsity of the given spaces. The cosine-sine based algorithm coded by

Knyazev and Argentati is not capable of handling the sparse-type structure matrices

available in MATLAB. In this section, we propose algorithms to compute the sines

of half-PABS by only using the upper triangular matrices R from QR factorizations

without forming the orthonormal bases of input matrices X1 and Y1. Moreover, we

provide an algorithm to compute PABS not only for dense matrices but also for sparse

matrices.

Theorem 3.3.1 Let X1 ∈ Cn×p and Y1 ∈ Cn×q be matrices of full rank where p+q ≤

n and q ≤ p. The principal angles between R(X1) and R(Y1) can be computed as

follows.

1. Compute the triangular part R of the reduced QR factorization of the matrix

L1 = [X1 Y1], such that

R =

R11 R12

O R22

 ,
where R11 ∈ Cp×p, R12 ∈ Cp×q, and R22 ∈ Cq×q.

2. Compute the triangular part RY of the reduced QR factorization of the matrix Y1.

3. Let L =

I R12R
−1
Y

O R22R
−1
Y

. We have

cos

(
Θ↑

2

)
=

1√
2
Sq↓(L) and sin

(
Θ↓

2

)
=

1√
2
S↓q (L).
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Proof: Let the reduced QR factorization of L1 be

[X1 Y1 ] = [Q1 Q2 ]

R11 R12

O R22

 , (3.3.1)

where the columns of the matrix [Q1 Q2 ] ∈ Cn×(p+q) are orthonormal. Thus, the

matrix X1 can be written as X1 = Q1R11. Let the reduced QR factorization of Y1 be

QYRY . Therefore,

[X1 Y1 ] = [Q1 QY ]

R11 O

O RY

 . (3.3.2)

Combining (3.3.1) and (3.3.2), we obtain

[Q1 QY ] = [Q1 Q2 ]

R11 R12

O R22


R−1

11 O

O R−1
Y

 (3.3.3)

= [Q1 Q2 ]

I R12R
−1
Y

O R22R
−1
Y

 . (3.3.4)

Since the singular values of a matrix are invariant under orthogonal transformations,

we have

S

(
[Q1 QY ]

)
= S


I R12R

−1
Y

O R22R
−1
Y


 .

According to Theorem 3.1.1, we obtain the result.

Remark 3.3.2 Let the SVD of L in Theorem 3.3.1 be ŨΣ̃Ṽ H and let

Û =
√

2Ṽ (1 : p, q + 1 : p+ q) and V̂1 = −
√

2Ṽ (p+ 1 : p+ q, q + 1 : p+ q).

Then the principal vectors of Θ↓ associated with this pair of subspaces are given by

the columns of VX = X1R
−1
11 Û andVY = Y1R

−1
Y V̂1, correspondingly.

Remark 3.3.3 Note that the matrix size of L in Theorem 3.3.1 is (p+ q) by (p+ q).

The cost of the SVD of L in Theorem 3.3.1 should be less than the cost of the SVD
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of L in Theorem 3.1.1. The method discussed in Theorem 3.3.1 may be an efficient

alternative to compute PABS.

Remark 3.3.4 The R factor is easy to update whenever a column or row is appended

to the matrix L1, see [8, Section 3.2].

Theorem 3.3.5 Under the assumptions of Theorem 3.3.1, we have

cos(Θ↑) = S↓(R12R
−1
Y ) (3.3.5)

sin(Θ↓) = S↓(R22R
−1
Y ). (3.3.6)

Proof: From (3.3.1) and (3.3.2), we obtain

Y1 = Q1R12 +Q2R22 = QYRY .

By multiplying R−1
Y on both sides of above equality, we get

Q1R12R
−1
Y +Q2R22R

−1
Y =QY . (3.3.7)

By multiplying QH
1 on both sides of (3.3.7), we have

R12R
−1
Y = QH

1 QY .

Note that QH
1 Q2 = 0. From Theorem 2.1.2 of PABS, we obtain equality (3.3.5).

Similarly, by multiplying QH
2 on both sides of (3.3.7), we have

R22R
−1
Y = QH

2 QY .

Since R([X1 Y1]) ⊂ R([Q1Q2]), from Property 2.1.3 we get equality (3.3.6).

Remark 3.3.6 In Theorems 3.3.1 and 3.3.5, the matrix RY is obtained from the QR

factorization of Y1. In fact, we could get RY from the QR factorization of

R12

R22

.

Let the reduced QR factorization

R12

R22

 be Q̂YR̂Y . Then,

Y1 = [Q1 Q2 ]Q̂YR̂Y .
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Moreover, let B = [Q1 Q2 ]Q̂Y . We have BHB = I. Hence, R̂Y is the triangular

matrix of the QR factorization of Y1. An alternative method to compute the cosines

of PABS using LQ factorization can be found in [17].

Remark 3.3.7 In the Householder QR factorization, we apply a succession of ele-

mentary unitary matrices Qi on the left of the initial matrix L
(0)
1 = L1 = [X1 Y1], so

that the upper-triangular matrix R is obtained. Let Qp denote the pth unitary matrix.

The matrix L
(0)
1 = L1 after p steps is

QpQp−1 . . . Q1L1 =

R11 R12

0 L
(p)
1

 ,
where [R11 R12 ] contains the first p rows of the final upper-triangular matrix R. Let

L̂ =

I R12R
−1
Y

0 L
(p)
1 R−1

Y

 where RY is the upper-triangular matrix obtained from the QR

factorization of Y1 or

R12

L
(p)
1

 . Then we have

1. cos
(

Θ↑

2

)
= 1√

2
Sq↓(L̂) and sin

(
Θ↓

2

)
= 1√

2
S↓q (L̂).

2. cos(Θ↑) = S↓(R12R
−1
Y ) and sin(Θ↓) = S↓(L

(p)
1 R−1

Y ).

To summarize, we formulate Algorithm 3.3 to compute all PABS with dense or

sparse matrices. This algorithm provides accurate computation for small and large

angles.
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Table 3.3: Algorithm 3.3.

Algorithm 3.3

Input: matrices X1 ∈ Cn×p and Y1 ∈ Cn×q with full column rank .

1. Compute the triangular part R of the QR factorization of L1 = [X1 Y1], e.g.,

R =

qr(L1, 0) if X1 and Y1 are sparse,

triu(qr(L1, 0)) otherwise.

2. Compute R12 = R(1 : p, p+ 1 : p+ q) and R22 = R(p+ 1 : end, p+ 1 : p+ q).

3. Compute the triangular part RY of the QR factorization of

R12

R22

.

4. Compute L =



 speye(p) R12/RY

sparse(a− p, p) R22/RY

 if X1 and Y1 are sparse,

eye(p) R12/RY

zeros(a− p, p) R22/RY

 otherwise,

where a = min(size(L1)).

5. If p+ q ≤ n, compute the smallest m = min(p, q) singular values s1, . . . , sm of L and

corresponding m right singular vectors V̂ . The principal angles are computed as

θk = 2 arcsin
(
sk/
√

2
)

for k = 1, . . . ,m.

6. If p+ q ≥ n, compute the smallest n−max(p, q) singular values si of LH and corresponding

n−max(p, q) right-singular vectors V̂1. Moreover, there are p+ q − n zeros singular values

and the p+ q − n right-singular vectors V̂2 corresponding to the largest p+ q − n singular

values are computed. Let V̂ = [ V̂1 V̂2 ]. The principal angles are computed as

θk =

2 arcsin
(
sk/
√

2
)

for k = 1, . . . , n−max(p, q).

0 for k = n− q + 1, . . . ,m.

7. Compute the principal vectors:

VX =
√

2X1/R(1 : p, 1 : p)V̂ (1 : p, :) and VY =
√

2Y1/RY V̂ (p+ 1 : p+ q, :).

Output: the principal angles θ1, . . . , θm and the corresponding principal vectors VX and VY .

Remark 3.3.8 In the first step of Algorithm 3.3, we apply the MATLAB function

qr to compute the upper triangular matrix for both the dense-type and sparse-type

matrix L1. SuiteSparseQR developed by Davis [16] in MATLAB R2009a, has re-

placed the prior sparse QR factorization in MATLAB provided by Gilbert [26], where
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SuiteSparseQR is a multithreaded multifrontal sparse QR factorization method.

In step 3, for dense matrices X1 and Y1 it is cheaper to compute the triangular part

RY from the QR factorization of

R12

R22

 than the QR factorization of Y1. However,

factorizing a sparse matrix implies fill-in in the factors. Thus,

R12

R22

 may not be as

sparse as Y1. So, in step 3, we can compute RY from the sparse matrix Y1. A good

column ordering can help limit the worst-case fill-in. A suitable column ordering of

A is usually obtained by the minimal degree analysis on AHA. For a more detailed

account of finding a good column ordering, the reader is referred to [33].

Remark 3.3.9 In step 5, if we compute a few principal angles for the large sparse

matrix L, it is better to use the function svds(L) than svd(full(L)). However, to com-

pute all singular values svd(·) will usually perform better than svds(·) in MATLAB.

See SVDS MATLAB function reference for detailed information. In our actual code,

we use svd(full(L)) instead of svds(L) to compute all PABS of sparse matrices.

Let us finally present new simple proofs for some properties of orthogonal pro-

jectors on the subspaces X and Y .

Corollary 3.3.10 [23] Let PX and PY be orthogonal projectors on the subspaces X

and Y, correspondingly. We have

S↓(0,1)∪(1,2) (PX + PY) =
[
1 + cos

(
Θ↑(0,π/2)(X ,Y)

)
, 1− cos

(
Θ↓(0,π/2)(X ,Y)

)]
,

where S(0,1)∪(1,2) denotes the vector of singular values in (0, 1) ∪ (1, 2).

Proof: By direct calculation, we have

PX + PY = [X Y ]

XH

Y H

 .
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Let the SVD of [X Y ] be ŨΣ̃Ṽ H . Then

PX + PY = ŨΣ̃Σ̃HŨH .

Applying Theorem 3.1.1, the result is obtained directly.

In the following corollary, we will present the sines and cosines of half-PABS

which are relative to these orthogonal projectors.

Corollary 3.3.11 Let PX and PY be orthogonal projectors on the subspaces X and

Y, correspondingly. Then,

S↓
(0,1)∪(1,

√
2)

([PX PY ]) =
√

2

[
cos

(
1

2
Θ↑(0,π/2)(X ,Y)

)
, sin

(
1

2
Θ↓(0,π/2)(X ,Y)

)]
.

Proof: We have

PX + PY = [PX PY ][PX PY ]H .

Thus, the singular values of [PX PY ] are the square root of the eigenvalues of PX+PY .

Since the eigenvalues of PX +PY are the same as the singular values of PX +PY , using

Corollary 3.3.10 completes the proof.

Remark 3.3.12 Note that we can write [PX PY ] = [X Y ]

XH 0

0 Y H

 . From this

representation, it is clear that the principal vectors can be obtained directly from the

right singular vectors of [PX PY ].
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3.4 Computing sin
(

Θ
2

)
and cos

(
Θ
2

)
in the A-based scalar product

Numerical solution of Hermitian generalized eigenvalue problems requires compu-

tation of PABS in general scalar products, specifically, in an A-based scalar product

for a Hermitian positive definite (HPD) matrix A. In this section, we will develop

methods to compute PABS in the A-based scalar product based on sines of half-PABS

in the A-based scalar product. To proceed, we need the definitions of the A-based

scalar product [69] and PABS in the A-based scalar product.

For an HPD matrix A, let

� 〈·, ·〉A = 〈A·, ·〉2 denote the scalar product induced by A.

� ‖ · ‖A =
√
〈A·, ·〉2 = ‖A1/2 · ‖2 denote the corresponding vector norm induced

by A.

� ‖ · ‖A = ‖A1/2 · A−1/2‖2 denote the corresponding matrix norm induced by A.

The following definition of PABS in the A-based scalar product, consistent with the

definition of PABS in Section 2.1, is proved by Knyazev and Argentati in [48].

Definition 3.4.1 Let X ,Y ⊂ Cn be subspaces with p = dim (X ) and q = dim (Y).

Let m = min (p, q). The principal angles

ΘA(X ,Y) = [θA1 , . . . , θAm ],where θAk ∈ [0, π/2], k = 1, . . . ,m,

between X and Y in the A-based scalar product are recursively defined by

sk = cos(θAk) = max
x∈X

max
y∈Y
| 〈x, y〉A | = | 〈xk, yk〉A | = |x

H
k Ayk|,

subject to

‖x‖A = ‖y‖A = 1, xHAxi = 0, yHAyi = 0, i = 1, . . . , k − 1.

The vectors {x1, . . . , xm} and {y1, . . . , ym} are called principal vectors relative to the

A-based scalar product.
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Theorem 3.4.2 [48] Let the columns of matrices X ∈ Cn×p and Y ∈ Cn×q form

A-orthonormal bases for the subspaces X and Y, correspondingly. Let the SVD of

the matrix XHAY be UΣV H , where U and V are unitary matrices and Σ is a p

by q diagonal matrix with the real diagonal elements s1(XHAY ), . . . , sm(XHAY ) in

nonincreasing order with m = min(p, q). Then

cos Θ↑A(X ,Y) = S↓(XHAY ) =
[
s1(XHAY ), . . . , sm(XHAY )

]
,

where Θ↑A is the vector of principal angles in the A-based scalar product between X

and Y arranged in nondecreasing order. Moreover, the principal vectors relative to

the A-based scalar product associated with this pair of subspaces are given by the first

m columns of VX = XU and VY = Y V, correspondingly.

Now we derive theorems about sines and cosines of half-PABS in the A-based

scalar product. The following theorem is the extension of Theorem 3.1.1.

Theorem 3.4.3 In the notation of Theorem 3.4.2, let q ≤ p and p + q ≤ n. Let

L = A1/2[X Y ] and let the SVD of L be ŨΣ̃Ṽ H , where Σ̃ is a diagonal matrix with

diagonal elements in nonincreasing order. Then

cos

(
Θ↑A
2

)
=

1√
2
Sq↓(L) and sin

(
Θ↓A
2

)
=

1√
2
S↓q (L). (3.4.1)

Moreover, we have

Ṽ =
1√
2

U1

√
2U2 −Û1

V O V̂

 ,
where UH

1 U1 = ÛH
1 Û1 = I with U1, Û1 ∈ Cp×q; V HV = V̂ H V̂ = I with V, V̂ ∈ Cq×q;

the matrix [U1 U2 ] is unitary. Then, the principal vectors in the A-based scalar product

of Θ↑A associated with this pair of subspaces X and Y are given by the columns of

VX = XU1 and VY = Y V.
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Alternatively, the principal vectors in the A-based scalar product of Θ↓A associated with

the pair of subspaces are given by the columns of

VX = XÛ1 and VY = Y V̂ .

Proof: By the assumption that the columns of matrices X ∈ Cn×p and Y ∈ Cn×q

are A-orthonormal bases for the subspaces X and Y , correspondingly, it follows that

XHAX = I and Y HAY = I. Let SVD of the matrix XHAY be UΣV H , where

Σ = diag(s1, . . . , sq) with s1 ≥ · · · ≥ sq and sk = cos θAk (X ,Y) for k = 1, . . . , q.

Using a similar process as in the proof of Theorem 3.1.1, we have the eigenvalues of

[X Y ]HA[X Y ] = I +

O XHAY

Y HAX O

 (3.4.2)

are [1 + s1, . . . , 1 + sq, 1, . . . , 1, 1− sq, . . . , 1− s1] and the corresponding eigenvectors

are the columns of

Q=
1√
2

U1

√
2U2 −Û1

V O V̂

 , (3.4.3)

where U1 is the first q columns of U , such that U1 = [u1, u2, . . . , uq]. Moreover, U =

[U1 U2]. Let V = [v1, v2, . . . , vq], then V̂ = [vq, vq−1, . . . , v1] and Û1 = [uq, uq−1, . . . , u1].

Since the eigenvalues of (3.4.2) are equal to the square of the singular values of

L = A1/2[X Y ], we obtain (3.4.1). Moreover, let the SVD of L be ŨΣ̃Ṽ H . It is easy

to obtain Ṽ = Q. Based on the definition of PABS in the A-based scalar product via

SVD, we have that the principal vectors of Θ↑A in the A-based scalar product are the

columns of XU1 and Y V . Similarly, the principal vectors of Θ↓A in the A-based scalar

product are the columns of XÛ1 and Y V̂ .

Higham and Al-Mohy [34] give an algorithm to compute the square root of A.

It costs about 152
3
n3 flops for an n by n Hermitian positive definite matrix A. For

computational reasons, when the size of A is large, we need to avoid dealing with the
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square root of A explicitly. From the proof of Theorem 3.4.3, let L1 = [X Y ]HA[X Y ]

and p+ q ≤ n then

cos2

(
Θ↑A
2

)
=

1

2
Sq↓(L1) and sin2

(
Θ↓A
2

)
=

1

2
S↓q (L1). (3.4.4)

However, using the SVD of the matrix [X Y ]HA[X Y ] may not produce small angles

accurately. Because we need to take the square root of the singular values of L1 to

obtain the sines or cosines of half-PABS. In other words, the PABS smaller than 10−8

will be zero in double precision.

One way to cure the problem is to replace L in Theorem 3.4.3 by L = R[X Y ]

or L = K[X Y ] where A = RHR (Cholesky factorization) or A is known as A =

KHK. For this case, we need to know A exactly or give A as KHK. However,

sometimes A may not be available as a matrix but only as some function performing

the multiplication of A by a given vector. We can update L by using the following

lemma [48, Lemma 6.1].

Lemma 3.4.4 The SVD of the matrix A1/2L coincides with the SVD of the matrix

QH
LAL, where QL is a matrix with A-orthonormal columns, which span the same

column-space as columns of matrix L.

In Theorem 3.2.1, we present a formula of the sines of half-PABS. The following

theorem is an extension of Theorem 3.2.1.

Theorem 3.4.5 In the notation of Theorem 3.4.2, let L = A1/2[XU1 − Y V ], where

U1 is the first q columns of U. Let q ≤ p. We have

sin

(
Θ↓A
2

)
=

1

2
S↓(L). (3.4.5)

Proof: From Theorem 3.2.1, we have XHAY = UΣV H . Since q ≤ p, we have

XHAY = U1CV
H , where C is a diagonal matrix with cos (θAk) on its diagonal, and

θAk for k = 1, . . . , q are the principal angles between X and Y in the A-based scalar
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product. It is worth noting that U1CV
H is the thin SVD of XHAY . Then

LHL= (XU1 − Y V )HA(XU1 − Y V )

= UH
1 X

HAXU1 − UH
1 X

HAY V − V HY HAXU1 + V HY HAY V

= 2I − 2C,

where I − C is a diagonal matrix with 1− cos (θAk) for k = 1, . . . , q on its diagonal.

Since the singular values of L are the square root of the eigenvalues of LHL, the proof

is completed.

By analogy with Algorithms 3.1 and 3.2, we can obtain Algorithms 3.4 and 3.5

for computing the principal angles in the A-based scalar product according to The-

orems 3.4.3 and 3.4.5. In Algorithms 3.4 and 3.5, we use the function ORTHUP-

DATE.m (see Appendix A) with option opts.A = A to compute an A-orthogonal

basis, which is compatible with the function ORTHA.m presented in [48].

Table 3.4: Algorithm 3.4.

Algorithm 3.4

Input: matrices X1 and Y1 with the same number of rows.

1. Compute A-orthonormal bases X ∈ Cn×p of R(X1) and Y ∈ Cn×q of R(Y1).

2. Compute L1 = [X Y ] and QL1 = orthupdate(L1, opts.A).

3. Compute the SVD of L = QH
L1
AL1, such that

[
Ũ , Σ̃, Ṽ

]
= svd(L, 0).

4. Take the smallest m− (p+ q − j) singular values of L with j = size(QL1 , 2) and add

p+ q − j zeros denoted as s1, . . . , sm with m = min(p, q).

5. Compute the principal angles in the A-based scalar product:

θk = 2 arcsin
(
sk/
√

2
)

for k = 1, . . . ,m.

6. Take

 Û1 = −
√

2Ṽ (1 : p, p+ q −m+ 1 : p+ q)

V̂1 =
√

2Ṽ (p+ 1 : p+ q, p+ q −m+ 1 : p+ q)

7. Compute the principal vectors in the A-based scalar product: VX = XÛ1 and VY = Y V̂1.

Output: the principal angles θ1, . . . , θm between column-space of matrices X1 and Y1 in the

A-based scalar product, and the corresponding principal vectors VX and VY .
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Table 3.5: Algorithm 3.5.

Algorithm 3.5

Input: matrices X1 and Y1 with the same number of rows.

1. Compute A-orthonormal bases X and Y of R(X1) and R(Y1), correspondingly.

2. Compute the SVD of B = XHAY :

 [Ur, C, Vr] = svd(B, 0) if rank(X) ≥ rank(Y ),

[Vr, C, Ur] = svd(BH , 0) otherwise.

3. Compute L1 = XUr − Y Vr and QL1 = orthupdate(L1, opts.A).

4. Compute SVD of L = QH
L1
AL1.

5. Take the singular values sk of L for k = 1, . . . ,m, where m = min(size(L)). Then

the principal angles in the A-based scalar product are

θk =

2 arcsin (sk/2) for k = 1, . . . ,m,

0 for k = m+ 1, . . . ,min(p, q).

6. Take the right singular vectors V1 of L, then the principal vectors in the A-based

scalar product associated with the pair of subspaces are the columns of

VX = XUrV1 and VY = Y VrV1.

Output: the principal angles θ1, . . . , θmin (p,q) between column-space of matrices X1 and Y1

in the A-based scalar product, and the corresponding principal vectors VX and VY .

Remark 3.4.6 The first and second steps of Algorithm 3.5 can be replaced by

the Cholesky factorization. Let the matrices X1 and Y1 have full column rank.

Let the Cholesky factorization of XH
1 AX1 and Y H

1 AY1 be RH
XRX and RH

YRY , cor-

respondingly, where RX and RY are upper triangular matrices. Then, we have

B = (RH
X )−1XH

1 AY1(RY)−1, which implies that cos Θ↑A(X ,Y) = S↓(B).

If the input matrices are ill-conditioned, the A-orthonormal bases may be com-

puted inaccurately. Next, we develop an algorithm to compute PABS in the A-based

scalar product without forming A-orthonormal bases. To proceed, we use two lem-

mas. The following lemma links the PABS in the A-based scalar product with the

PABS in the standard scalar product, e.g., see [48].

Lemma 3.4.7 [48] Let A = KHK for some matrix K. The principal angles between
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subspaces X and Y relative to the scalar product 〈·, ·〉A coincide with the principal

angles between subspaces KX and KY relative to the standard scalar product 〈·, ·〉 .

(Here KX = {Kx : x ∈ X}).

The following lemma links A-orthogonal QR factorization with QR factorization

in the standard product.

Lemma 3.4.8 Let A-orthogonal QR factorization of S be QAR, where QH
AAQA = I

and R is an upper triangular matrix. Then the QR factorization of A1/2S is Q̂R with

respect to the standard inner product with Q̂ = A1/2QA.

Proof: The proof is straightforward, since QH
AAQA = (A1/2QA)H(A1/2QA) = I.

Remark 3.4.9 Alternative ways to compute PABS in the A-based scalar product are

by using the SVD of the triangular part R obtained from A-orthogonal QR factoriza-

tions of [X Y ] and [XU1 − Y V ] in Theorems 3.4.3 and 3.4.5.

Theorem 3.4.10 Let X1 ∈ Cn×p and Y1 ∈ Cn×q be matrices of full rank where

p + q ≤ n and q ≤ p. The principal angles between R(X1) and R(Y1) relative to the

A-based scalar product can be computed as follows.

1. Compute the triangular part R of the reduced A-orthogonal QR factorization of

the matrix L1 = [X1 Y1 ], such that

R =

R11 R12

O R22

 ,
where R11 ∈ Cp×p, R12 ∈ Cp×q, and R22 ∈ Cq×q.

2. Compute the triangular part RY of the reduced A-orthogonal QR factorization

of the matrix Y1.
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3. Let L =

I R12R
−1
Y

O R22R
−1
Y

. Then

cos

(
Θ↑A
2

)
=

1√
2
Sq↓(L) and sin

(
Θ↓A
2

)
=

1√
2
S↓q (L);

cos(Θ↑A) = S↓(R12R
−1
Y ) and sin(Θ↓A) = S↓(R22R

−1
Y ).

Proof: Using Lemma 3.4.7, we take K = A1/2. Computing the principal angles

between the subspaces X and Y in the A-based scalar product is equivalent to com-

puting the principal angles between the subspaces A1/2X and A1/2Y in the standard

scalar product.

Therefore, to compute PABS in the A-based scalar product, we can replace L1

with L1 = A1/2[X1 Y1 ] in the first statement of Theorem 3.3.1 and replace Y1 with

A1/2Y1 in the second statement of Theorem 3.3.1. In other words, we can obtain trian-

gular matrices R and RY by the reduced QR factorizations of the matrix A1/2[X1 Y1 ]

and A1/2Y1, correspondingly. Using Lemma 3.4.8, we obtain the results as stated.

Remark 3.4.11 In particular, if [X1 Y1 ] has full column rank, we can obtain R and

RY by the Cholesky factorizations of matrices [X1 Y1 ]HA[X1 Y1 ] and Y H
1 AY1, such

that [X1 Y1 ]HA[X1 Y1 ] = RHR and Y H
1 AY1 = RH

YRY .

Remark 3.4.12 One approach to constructing A-orthogonal QR factorization of a

matrix is to use the modified Gram-Schmidt process with respect to the A-based scalar

product. See the algorithm below. The MATLAB code gmsa.m to compute the trian-

gular part R by the A-orthogonal QR factorization is provided in Appendix A.

According to Theorem 3.4.10, we formulate Algorithm 3.6 to compute all PABS

in the A-based scalar product by computing the triangular upper matrices from A-

orthogonal QR factorizations.
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Algorithm: modified Gram-Schmidt with respect to the A-based scalar product

Input: matrix V = [v1, . . . , vn].

for i = 1 : n

Rii =
√

(vHi Avi);

qi = vi/Rii;

for j = i+ 1 : n

Rij = qHi Avj ;

vj = vj −Rijqi;

end

end

Output: triangular matrix R.

Table 3.6: Algorithm 3.6.

Algorithm 3.6

Input: matrices X1 ∈ Cn×p and Y1 ∈ Cn×q with full column rank .

1. Compute the triangular part R of A-orthogonal QR factorization of L1 = [X1 Y1 ].

2. Compute R12 = R(1 : p, p+ 1 : p+ q) and R22 = R(p+ 1 : p+ q, p+ 1 : p+ q).

3. Compute the triangular part RY of A-orthogonal QR factorization of Y.

4. Compute L =

eye(p) R12/RY

zeros(q, p) R22/RY

 .
5. Compute the smallest m = min(p, q) singular values s1, . . . , sm of L and the

corresponding m right singular vectors V̂ . The principal angles are computed as

θk = 2 arcsin
(
sk/
√

2
)

for k = 1, . . . ,m.

6. Compute the principal vectors:

VX =
√

2X1/R(1 : p, 1 : p)V̂ (1 : p, :) and VY =
√

2Y1/RY V̂ (p+ 1 : p+ q, :).

Output: the principal angles θ1, . . . , θm, and the corresponding principal vectors VX and

VY in the A-based scalar product.

Finally, we obtain some properties of A-orthogonal projectors. We use the rep-

resentation for the A-orthogonal projector as in [48, 72]. Let PX be an A-orthogonal

projector on the subspace X , such that PX = XXHA, where XHAX = I.
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Theorem 3.4.13 Let PX and PY be A-orthogonal projectors on the subspaces X and

Y, correspondingly. Then

S↓(0,1)∪(1,2)

(
A1/2(PX + PY)A−1/2

)
=[

1 + cos
(

Θ↑A(0,π/2)
(X ,Y)

)
, 1− cos

(
Θ↓A(0,π/2)

(X ,Y)
)]
.

In particular,

‖PX + PY‖A = 1 + cos (ΘAmin
(X ,Y)) ,

where ΘAmin
(X ,Y) is the smallest angle between the subspaces X and Y in the A-based

scalar product.

Proof: Let the columns of matrices X and Y form A-orthonormal bases for the

subspaces X and Y , correspondingly. We have

A1/2(PX + PY)A−1/2 =A1/2(XXHA+ Y Y HA)A−1/2

=A1/2(XXH + Y Y H)A1/2

=A1/2[X Y ][X Y ]HA1/2.

Let L = A1/2[X Y ], then A1/2(PX + PY)A−1/2 = LLH . Thus, the eigenvalues of

A1/2(PX + PY)A−1/2 are the square of the singular values of L. Notice that we could

add zeros or delete zeros from the singular values of L in order to match the eigen-

values of A1/2(PX +PY)A−1/2. Moreover, A1/2(PX +PY)A−1/2 is positive definite and

Hermitian. The singular values of A1/2(PX+PY)A−1/2 are the same as the eigenvalues.

From Theorem 3.4.3, we obtain the result.

3.5 Matlab implementation

In this section, we describe our code SUBSPACEUPDATE.m in detail. Our func-

tion has more features, compared to the built-in MATLAB function SUBSPACE.m

and the function SUBSPACEA.m in Mathworks written by Knyazev and Argen-

tati [48]. Our function returns principal angles, principal vectors, and normalized

principal coefficients. Our function specifies options. Below is a list of options which

SUBSPACEUPDATE takes:
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opts.fast=0 Using the algorithm as described in Algorithm 3.1 or Algorithm 3.4

for the A-based scalar product.

opts.fast=1 Using the algorithm as described in Algorithm 3.2 or Algorithm 3.5

for the A-based scalar product.

opts.fast=2 Using cosine-based algorithm or cosine-based algorithm for

the A-based scalar product.

opts.A Use A-based scalar product, where A is positive definite.

opts.R=0 Use the orthonormal bases or use the A-orthonormal bases for

input matrices.

opts.R=1 Use the triangular upper matrices from the QR factorization or

the A-orthonormal QR factorization of input matrices.

opts.number Find k smallest principal angles, if the number is k.

opts.disp Diagnostic information display level 0, 1, 2.

With opts.fast = 0, the code is written based on Algorithm 3.1 and Algorithm 3.4.

To compute the principal angles in the A-based scalar product, we add one more

option, such that opts.A = A. With opts.fast = 1, the code is written based on

Algorithm 3.2 and Algorithm 3.5. With opts.fast = 2, the code is written based on

the cosine-based algorithm, which computes all principal angles, but it loses accuracy

for small angles. With opts.R=1, we use Algorithm 3.3 and Algorithm 3.6 to compute

principal angles and principal vectors with respect to the standard inner product and

the A-based scalar product, correspondingly. Moreover, we use Algorithm 3.3 to

compute the principal angles for large sparse-type data. We summarize the options

which algorithms 3.1, 3.2, 3.3, 3.4, 3.5, and 3.6 take in the following table.

Name option Name option

Alg. 3.1 opts.fast = 0 Alg. 3.4 opts.fast = 0, opts.A

Alg. 3.2 opts.fast = 1 Alg. 3.5 opts.fast = 1, opts.A

Alg. 3.3 opts.R = 1 Alg. 3.6 opts.R = 1, opts.A

A listing for the function ORTHUPDATE.m is provided in Appendix A.
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3.6 Numerical tests

We perform the numerical tests for our code SUBSPACEUPDATE.m based on

algorithms 3.1, 3.2, 3.3, 3.4, 3.5, and 3.6 described in previous sections for full-

type structure matrices and Algorithm 3.3 for sparse-type structure matrices. For

comparison, we also run the code SUBSPACEA.m [48] based on the sine-cosine based

algorithm which can be obtained from MathWorks. Numerical tests are performed

on Windows Intel Duo Core and 64-bit operating system, running MATLAB R2011b.

Our first example is taken from [9, 48] with p = 13 and n = 26. The matrix X1

is orthogonal, while Y1 is an n by p Vandermonde matrix. In our code, all compu-

tations are performed in double precision in MATLAB. We observe that our results

in Table 3.9 are coinciding with those of [48] within twelve decimal digits and are

consistent with those of [9] within four decimal digits.

In the next test, we take the example from [48]. Let p = q ≤ n/2. We define n

by p matrices

X1 = [I O ]H and Y1 = [I D O ]H ,

where D is a diagonal matrix of the size of p such that D = diag(d1, . . . , dp) and

dk > 0 for k = 1, . . . , p. I is the identity matrix of the size p and O are zero matrices

of appropriate sizes. The exact values of sines and cosines of principal angles between

column spaces of matrices X1 and Y1 are given by

sin(θk) =
dk√

1 + d2
k

,

cos(θk) =
1√

1 + d2
k

,

for k = 1, . . . , p. Assuming that dk’s are arranged in the nondecreasing order, then

θk’s are in the nonincreasing order. Let θ̃k be computed from our algorithms. The
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Table 3.9: Computed sines and cosines of principal angles.

k sin(θk) cos(θk)

1 0.9998785422971522 0.01558527040901074

2 0.9981506873301972 0.06078820101183188

3 0.6456213362708716 0.7636577048336605

4 0.4928094246236336 0.8701372713555736

5 0.3975367883303482 0.9175862367777712

6 0.3370430714820327 0.9414892288103764

7 0.2700504602152627 0.9628461709626958

8 0.2156943479780999 0.9764609302221479

9 0.1418470818351141 0.9898885823035148

10 0.1387517672025158 0.9903271919412184

11 0.06089682091193156 0.9981440663565656

12 0.05942261363977260 0.9982329151997635

13 1.072148118598322e-017 1.000000000000000

collective error in principal angles is measured as the following sum:√(
sin(θ1)− sin(θ̃1)

)2

+ · · ·+
(

sin(θp)− sin(θ̃p)
)2

+ (3.6.1)√(
cos(θ1)− cos(θ̃1)

)2

+ · · ·+
(

cos(θp)− cos(θ̃p)
)2

.

We multiply matrices X1 and Y1 by a random orthogonal matrix U1 of the size n on

the left to get

X2 = U1X1 and Y2 = U1Y1.

Also we multiply matrices by random orthogonal p by p matrices UX and UY , corre-

spondingly, on the right to obtain

X3 = X2UX and Y3 = Y2UY .

We highlight that the principal angles and the condition numbers are invariant with

respect to these two transformations.
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Figure 3.3: Errors in principal angles: p = 20 top and p as a function of n such
that p = n/2 bottom; left for Algorithm 3.1 and Algorithm 3.4 with A = I, and right
for Algorithm sine-cosine and Algorithm sine-cosine with A = I.

In the following tests, we start to check the scalability of the code of Algo-

rithms 3.1, 3.2, 3.3, and Algorithms 3.4, 3.5, 3.6 with A = I, for well-conditioned

cases. We plot the collective error in (3.6.1) by increasing the size of the problem n

for the principal angles between X3 and Y3.

In our first two tests, we use the same D as in [48]. The diagonal entries of D

are chosen as uniformly distributed random numbers on the interval (0, 1). On the

top part of Figure 3.3, we fix p = q = 20 and increase the size of the problem n

and plot the collective error, for the principal angles between X3 and Y3, against the

value n/2. The left side graph of Figure 3.3 presents for Algorithm 3.1 and the right

side graph presents for the sine-cosine based algorithm in [48]. We get the similar

observation as in [48] that the average error grows approximately two times with a

ten time increase in the problem size in both graphs. The behavior of Algorithm 3.1
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and sine-cosine based algorithm is very similar. On the bottom part of Figure 3.3,

we increase p = q = n/2. We observe that the average error grows with the same

pace as the problem size in both right and left graphs. Algorithm 3.4 and sine-cosine

based algorithm with A = I behave very similarly in Figure 3.3. We also try other

analogous tests which verify the similar behavior of these algorithms. We also test

Algorithms 3.2, 3.3 and Algorithms 3.5, 3.6 with A = I. We obtain similar graphs as

these displayed in Figure 3.3, so some graphs are not shown here.
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Figure 3.4: Errors in the principal angles for Algorithms 3.1, 3.2, and sine-cosine
based algorithm with D = diag(10−16rand(1,p)) and p = 20.

In the second test, we focus on testing for small angles. We set p = q = 20 and

select every diagonal element of D in the form 10−16rand(1,p), where rand(·, ·) is again

a uniformly distributed random number on the interval (0, 1). We increase the size of

the problem n and plot the collective error, for the principal angles between X3 and

Y3. We compare the collective errors of our new Algorithms 3.1 and 3.2 with those

of the cosine-sine based algorithm in Figure 3.4. In this figure, we get good accuracy

with errors less than 6× 10−15 for these three methods. Moreover, among these three

methods, Algorithm 3.1 is the most accuracy and Algorithm 3.2 is the least accuracy.

63



In the third test, we turn our attention to the errors for individual PABS,

| sin(θk)− sin(θ̃k)|+ | cos(θk)− cos(θ̃k)|, for k = 1, . . . , p,

instead of the sum of errors in (3.6.1). We fix a small p = q and n = 100 and compute

the principal angles between X2 and Y2 and between X3 and Y3 500 times. In [48],

they test several different combinations of angles less than π/4. One of the worse-case

scenario is taking

D = diag
(
1, 0.5, 10−11, 10−12, 10−13, 5× 10−15, 2× 10−15, 10−15, 10−16, 0

)
.

We repeat this test for our Algorithms 3.1, 3.2 and the sine-cosine based algorithm,

which is presented in Figure 3.5. The top three graphs of Figure 3.5 show the dis-

tributions of the error for individual angles between X3 and Y3 for Algorithm 3.1,

Algorithm 3.2 and sine-cosine based algorithm in 500 runs. In Figure 3.5, smaller an-

gles are further away from the view of reader. Again, we observe that Algorithm 3.1

achieves the best stability and Algorithm 3.2 achieves the least stability for small

angles among these three algorithms. Three graphs on the bottom of Figure 3.5

demonstrate the performance of Algorithm 3.4, Algorithm 3.5 and sine-cosine based

algorithm with A = I for the same problem.

Surprisingly, the errors for small individual angles are getting smaller for Algo-

rithm 3.4 with A = I. The main reason is the following. We use QL1 , which has

A-orthonormal columns, to apply in Algorithm 3.4. QL1 should return as an n by

k matrix in the exact arithmetic, but in double precision QL1 returns as an n by k̂

matrix, where k̂ < k in this case. In our code, we add k− k̂ zero angles. In this test,

it returns two or three zero angles in Algorithm 3.4. Since the exact three smallest

angles are less than 4× 10−16, it returns that the error for the three smallest angles

are less than 4× 10−16 for Algorithm 3.4.

Also, we did the same test for Algorithms 3.3 and 3.6 (see Figure 3.6), which

do not require the orthonormal bases and A-orthonormal bases, correspondingly. In
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Figure 3.5: Error distributions for individual angles: top three for Algorithm 3.1,
Algorithm 3.2, and Algorithm sine-cosine; bottom three for Algorithms 3.4, 3.5, and
sine-cosine with A = I.
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Figure 3.6: Errors in the principal angles for Algorithms 3.3 and 3.6.

Figure 3.6, we get high accuracy for both algorithms.

In the next test, we will analyze the stability of our algorithms for ill-conditioned

scalar products. We take A = Ak = 10−kI + H for k = 1, . . . , 16 as in [48], where

I is the identity matrix and H is the Hilbert matrix of the order twenty with hi,j =

1/(i + j − 1) for i, j = 1, . . . , 20. We take X1 and Y1 as G and F in [48], such that

X1 = eye(20, 10) and Y1 is equal to the last ten columns of the Vandermonde matrix

with elements yi,j = i20−j for i, j = 1, . . . , 20, with κ(Y1) ≈ 1013. We apply the LU

factorization to Y1 with partial pivoting in order to reduce the condition number of

Y1. Therefore, we get the lower triangular part matrix Y2, such that R(Y1) = R(Y2).

As k increases, the subspaces X and Y are invariant, but the condition number of A

increases, since κ(A) ≈ 10k. We plot the sines of all ten principal angles as function of

k in logarithmic scale. Also, as in [48], we plot the error, which is defined as follows.

error = ‖V H
X AVX − I‖+ ‖V H

Y AVY − I‖+ ‖ diag(cos(Θ))− V H
X AVY‖,

where VX and VY are principal vectors of the pair of subspaces.

In Figure 3.7, we observe that the results of our new algorithms are quite similar

as those of the sine-cosine based algorithm in [48]. The error increases as the condition

number of A increases. Furthermore, among Algorithms 3.4, 3.5, and 3.6, the error
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Figure 3.7: Sine of angles as functions of k for Algorithms 3.4, 3.5, and 3.6 (top
and left on bottom); Errors as functions of condition number for Algorithms 3.4, 3.5,
and 3.6 (right on bottom).

of Algorithm 3.5 is the smallest for large k. In particular, for k = 16 and κ(A) ≈ 1018

our code for Algorithm 3.4 returns zeros for 6 smallest angles, which leads to gaps

occurring in Figure 3.7 for Algorithm 3.4. The reason is the same as we have explained

in the previous test. We lose accuracy in the step for A-orthonormal. In Figure 3.7

(bottom), we observe that Algorithm 3.6 is not stable for ill-conditioned A. The

reason is that the modified Gram-Schmidt algorithm with respect to the A-based

scalar product is not stable for ill-conditioned matrix.

3.7 Discussion

In this section, we briefly discuss algorithms which we have presented in the

previous sections, and give a short summary for the comparison for these algorithms
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and the sine-cosine based algorithm. The algorithms to compute PABS and PABS in

the A-based scalar product are summarized in Tables 3.10.

Table 3.10: Algorithms to compute PABS and PABS in the A-based scalar product.

Name Algorithm Name Algorithm (A-based scalar product)

Alg.3.1

X = orthupdate(X1)

Y = orthupdate(Y1)

SVD of [X Y ]

Alg.3.4

X = orthupdate(X1, opts.A)

Y = orthupdate(Y1, opts.A)

L1 = [X Y ]

QL1
= orthupdate(L1, opts.A)

SVD of QH
L1
AL1

Alg.3.2

X = orthupdate(X1)

Y = orthupdate(Y1)

SVD of XHY : UΣV H

SVD of XU − Y V

Alg.3.5

X = orthupdate(X1, opts.A)

Y = orthupdate(Y1, opts.A)

SVD of XHAY : UΣV H

L1 = XU − Y V

QL1
= orthupdate(L1, opts.A)

SVD of QH
L1
AL1

Alg.3.3

R = qr([X1 Y1])

RY = qr([R12 R22 ]′)

SVD of

I R12R
−1
Y

O R22R
−1
Y

 Alg.3.6

R from A-orthogonal QR of [X1 Y1]

RY from A-orthogonal QR of Y1

SVD of

I R12R
−1
Y

O R22R
−1
Y



Sine-cosine

X = orthupdate(X1)

Y = orthupdate(Y1)

SVD of XHY

SVD of (I −XXH)Y

Sine-cosine

X = orthupdate(X1, opts.A)

Y = orthupdate(Y1, opts.A)

SVD of XHAY

L1 = (I −XXHA)Y

QL1 = orthupdate(L1, opts.A)

SVD of QH
L1
AL1

We remark that we use the function ORTHUPDATE.m with the default value,

such that opts.fast is 0, which is is backward compatible with MATLAB built-in

function orth to compute the orthonormal bases. The function orthupdate.m with

option opts.A is backward compatible with ortha.m function in [48], which is more

expensive than A-orthogonal QR factorization using the function mgsa.m based on
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our MATLAB tests.

Next, we summarize the comparison for algorithms to compute PABS in Ta-

ble 3.11 and PABS in the A-based scalar product in Table 3.12.

Table 3.11: Comparison for algorithms to compute PABS

Name Advantage Disadvantage

Alg.3.1 most accurate expensive for very large n

Alg.3.2 the cost is the same as the cost of

sine-cosine based algorithm

less accuracy for small angles com-

pare to Alg.3.1 and Alg. sine-cosine

Alg.3.3 worth for sparse matrix

Sine-cosine the cost is the same as Alg.3.2 cannot compute principal vectors

in good accuracy corresponding to

PABS in the neighborhood of the

threshold

Table 3.12: Comparison for algorithms to compute PABS in the A-based scalar
product (1).

Name Advantage Disadvantage

Alg.3.4 if A is available as RHR or KHK,

PABS can be obtained in most high

accuracy.

if the function orth lose accuracy

for [X Y ], then those angles return

as zeros

Alg.3.5 good accuracy for an ill-conditioned

matrix A

Alg.3.6 cheap lose accuracy for an ill-conditioned

matrix A and the accuracy depends

on MSG algorithm

Sine-cosine good accuracy for an ill-conditioned

matrix A

lose accuracy for principal vectors

corresponding PABS near thresh-

old
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3.8 Conclusions

In this chapter, we have derived several new methods to compute all PABS and

PABS in the A-based scalar product accurately. The algorithms are based on com-

puting the sines of half angles using the algebraic and geometric approaches. We have

also described a numerically robust and fast method to compute PABS of sparse-type

and dense-type matrices using the basis of triangular matrices from QR factoriza-

tions. We conclude this work with several numerical tests. The code is robust and

can provide accurate angles not only for large scale matrices but also for large sparse

matrices.

There remains a number of problems associated with this technique, such as de-

termining orthonormal column in the A-based scalar product to make the fourth step

in Algorithm 3.5 more accurate. Though alternative ways to compute A-orthonormal

basis are available, such as a variant of the Gram-Schmidt algorithm [72] or the mod-

ified Gram-Schmidt as we use for the A-orthogonal QR factorization, those methods

do not fit well for our purpose.
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4. Majorization inequalities

Majorization is a topic of much interest in various areas of mathematics, e.g., ma-

trix theory, numerical analysis, combinatorics, statistics, and probability. Majoriza-

tion is one of the most powerful techniques that can be used to derive inequalities in

a concise way. In particular, majorization relations among eigenvalues and singular

values of matrices produce a variety of norm inequalities in matrix theory. For a

general discussion of majorization, see Mashall, Olkin and Arnold [55], Bhatia [5],

Ando [1], and Horn and Johnson [36].

In this chapter, we present weak majorization inequalities for singular values and

eigenvalues of Hermitian matrices. We are concerned with the singular values for

the difference of two Hermitian matrices A − B bounded by the singular values of

AT − TB and T−1A − BT−1, where T is positive definite. The extensions of these

bounds applied to eigenvalues are provided. We also present the relations involving

the difference of eigenvalues of A and B with a matrix AT−TB, where T is invertible.

Our work is inspired by Bhatia, Kittaneh and Li [7], Bhatia, Davis, and Kittaneh [6].

Also, in this chapter we consider the absolute change in the principal angles

between subspaces X and Y , where subspaces are perturbed to X̃ and Ỹ . We use weak

majorization to measure the change. We also provide some basic results involving the

absolute change for the tangents of PABS and present a perturbation analysis for

sines and cosines of half-PABS.

4.1 Definition and properties of majorization

Definition 4.1.1 Weak majorization and majorization

Let x↓ and y↓ ∈ Rn be the vectors obtained by rearranging the coordinates of vectors x

and y in algebraically nonincreasing order, denoted by x[1], . . . , x[n] and y[1], . . . , y[n],

such that x[1] ≥ x[2] · · · ≥ x[n] and y[1] ≥ y[2] · · · ≥ y[n]. We say that x is weakly

majorized by y, using the notation x ≺w y, if

k∑
i=1

x[i] ≤
k∑
i=1

y[i], 1 ≤ k ≤ n.
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If in addition
∑n

i=1 x[i] =
∑n

i=1 y[i], we say that x is majorized or strongly majorized

by y, using the notation x ≺ y.

For example, we have the following strong majorization:

[
1
n
, . . . , 1

n

]
≺
[

1
n−1

, . . . , 1
n−1

, 0
]
≺ · · · ≺ [1, 0, . . . , 0] .

Moreover, we can see that all vectors with sum 1 majorize the vector with uniform

components, i.e.,
[

1
n
, 1
n
, . . . , 1

n

]
.

Geometrically, for x, y ∈ Rn, the relation x ≺ y holds if and only if x is in the

convex hull of all vectors obtained by permuting the coordinates of y, i.e., see [55].

In Figure 4.1 (left), for a fixed vector y we see that all vectors x on the blue segment

are majorized by y, such that [y1+y2
2
, y1+y2

2
] ≺ · · · ≺ x ≺ y. In Figure 4.1 (right), for

a fixed vector y we see that all vectors x on the area bounded with blue edges are

majorized by y, such that [y1+y2+y3
3

, y1+y2+y3
3

, y1+y2+y3
3

] ≺ · · · ≺ x ≺ y.

Figure 4.1: Geometry of majorization in 2D and 3D.

We remark that x ≤ y means xi ≤ yi for i = 1, . . . , n. Therefore, x ≤ y

implies x ≺w y, but x ≺w y does not imply x ≤ y. The relations ≺ and ≺w are

all reflective and transitive [3, 5], but not symmetric, e.g., y ≺ x and x ≺ y do

not imply x = y. By the characterization of majorization, Polya proves in [65] that
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nondecreasing convex functions preserve the weak majorization. In other words, if

y ≺w x, then f(y) ≺w f(x), where f is a nondecreasing convex function. We use the

notation f(x) = [f(x1), f(x2), . . . , f(xn)].

The following two results provide ways to preserve majorization. These two basic

majorization inequalities of vectors can be obtained by straightforward algebra. Let

nonnegative vectors x, y, u, and v be decreasing and of the same size. If x ≺w y, then

x◦u ≺w y ◦u which can be found in [51]. Note that x◦u = x↓ ◦u↓ = [x1u1, . . . , xnun].

However, the converse is not true in general. Moreover, if x ≺w y and u ≺w v, then

x ◦ u ≺w y ◦ v. The proof is simple. x ≺w y implies x ◦ u ≺w y ◦ u and u ≺w v implies

y ◦ u ≺w y ◦ v, so we have x ◦ u ≺w y ◦ v.

4.2 Some known majorization results

In this section, we briefly review some existing majorization inequalities based on

singular values and eigenvalues of matrices. We provide these well known majorization

results as they serve as a foundation for our new majorization inequalities for singular

values, eigenvalues, and the absolute change in PABS.

In the rest of this thesis, Λ(·), S(·), and Θ denote the ordered vectors,

i.e., Λ(·) = Λ↓(·), S(·) = S↓(·) and Θ = Θ↓.

Theorem 4.2.1 [Lidskii-Mirsky-Wielandt Theorem][5, 55] If A and B are Hermitian

matrices, then

Λ(A)− Λ(B) ≺ Λ(A−B).

Theorem 4.2.2 [55, Fan theorem p. 287] For any square matrices A and B, we have

S(A+B) ≺w S(A) + S(B).

Theorem 4.2.3 [5, Mirsky’s Theorem] For any square matrices A and B, we have

|S(A)− S(B)| ≺w S(A−B).
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Theorem 4.2.4 [5, p. 71, Lidskii’s Theorem] For Hermitian matrices A and B,

|Λ(A)− Λ(B)| ≺w S(A−B).

Let the eigenvalues of A and B be in nonincreasing order, such that

Λ(A) = [λ1(A), . . . , λn(A)] and Λ(B) = [λ1(B), . . . , λn(B)].

There are two inequalities that follow from Theorem 4.2.4. One is called Weyl’s

theorem:

max
i=1,...,n

|λi(A)− λi(B)| ≤ ‖A−B‖.

The other (see Stewart and Sun [73]) is
√∑n

i=1 |λi(A)− λi(B)|2 ≤ ‖A−B‖F , which

is a special case of the Hoffman-Wielandt theorem established for normal matrices.

The results mentioned above describe the eigenvalues and the singular values of

the difference or the sum of matrices. Next we turn to the singular values of the

product of matrices.

Theorem 4.2.5 [51] For general matrices A and B, we have

S(AB) ≺w S(A) ◦ S(B).

If needed, we add zeros to match the sizes of vectors on either side.

Theorem 4.2.6 [5, p. 94, Theorem IV.2.5] Let A and B be square matrices. Then,

for any t > 0 we have

St(AB) ≺w St(A) ◦ St(B),

where St(A) = [st1(A), . . . , stn(A)].

We can see that Theorem 4.2.6 is a generalization of Theorem 4.2.5, if A and B

are square matrices. However, Theorem 4.2.5 also works for rectangular matrices.

4.3 Unitarily invariant norms, symmetric gauge functions, and

majorization
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In this section, we discuss the relationship between unitarily invariant norms,

symmetric gauge functions, and weak majorization.

Definition 4.3.1 Unitarily invariant norms

A norm ||| · ||| on the space of matrices is called unitarily invariant, if

|||UAV ||| = |||A|||,

for all unitary matrices U and V .

For example, the 2-norm, Ky-Fan k norms, Schatten p-norms, and Frobenius

norm are all unitarily invariant norms.

� Ky-Fan k norms: ‖A‖k =
∑k

i=1 si (A) , where k = 1, . . . ,min(m,n).

� Schatten p-norms: ‖A‖p =
(∑min(m,n)

i=1 si (A)p
)1/p

for p ≥ 1.

The Frobenius norm is a special case of a Schatten p-norm for p = 2.

Definition 4.3.2 Symmetric gauge functions

A function Φ : Rk → R is called a symmetric gauge function if

� Φ is a norm,

� Φ(Pξ) = Φ(ξ) for any ξ ∈ Rk and permutation matrix P ,

� It is absolute, Φ(|ξ|) = Φ(ξ).

The relationship between unitarily invariant norms and symmetric gauge func-

tions is well investigated by von Neumann, e.g., see [35, p. 438, Theorem 7.4.24].

He shows that if Φ is a symmetric gauge function, the matrix function defined by

Φ(S(A)) is a unitarily invariant norm. Conversely, for every unitarily invariant norm,

there is a corresponding symmetric gauge function Φ such that |||A||| = Φ(S(A)).

Considering singular value decomposition, it is immediately apparent that a uni-

tarily invariant norm on a matrix A is a function of the singular values of A. Let
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the SVD of A be UΣV H , then |||A||| = |||UΣV H ||| = |||Σ|||. The following theo-

rem provides an intimate link between unitarily invariant norm inequalities and weak

majorization inequalities.

Theorem 4.3.3 [5] Let A and B be square matrices. Then S (A) ≺w S (B) if and

only if |||A||| ≤ |||B||| for every unitarily invariant norm.

From this theorem, we see that the inequalities of unitarily invariant norms are

equivalent to weak majorization of singular values of matrices. For a general discus-

sion of the connection between unitarily invariant norms, symmetric gauge functions,

and majorization, the reader is referred to [5].

Theorem 4.3.4 [5, p. 254] Let A and B be square matrices and AB be a Hermitian

matrix. Then

|||AB||| ≤ ||| re(BA)|||,

for every unitarily invariant norm, or equivalently,

S(AB) ≺w S (re(BA)) ,

where re(A) denotes (A+ AH)/2.

Theorem 4.3.5 [7] Let A and B be square matrices and AB be a normal matrix.

Then

|||(|AB|1/2pol )||| ≤ |||(|BA|
1/2
pol )|||,

for every unitarily invariant norm, or equivalently,

S
(
|AB|1/2pol

)
≺w S

(
|BA|1/2pol

)
,

where |A|pol = (AHA)1/2.
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Theorem 4.3.6 [5, p. 236 VIII.3.9] Let A and B be square matrices such that A =

JD1J
−1 and B = TD2T

−1, where J and T are invertible matrices, and D1 and D2

are real diagonal matrices. Then

||| diag(Λ(A))− diag(Λ(B))||| ≤ [κ(J)κ(T )]1/2 |||A−B|||,

for every unitarily invariant norm, or equivalently,

|Λ(A)− Λ(B)| ≺w [κ(J)κ(T )]1/2 S(A−B),

where diag(Λ(A))denotes a diagonal matrix whose diagonal entries arranged in de-

creasing order are the eigenvalues of A, and κ(·) denotes the condition number.

Theorem 4.3.7 [6] Let A and B be Hermitian and T be positive definite. Then

smin(T )|||A−B||| ≤ |||AT − TB|||,

for every unitarily invariant norm, or equivalently,

smin(T )S(A−B) ≺w S(AT − TB),

where smin(T ) denotes the smallest singular value of T .

4.4 New majorization inequalities for singular values and eigenvalues

In this section, we apply the results of Sections 4.2 and 4.3 to derive weak ma-

jorization inequalities for the difference of singular values and eigenvalues of matrices.

Lemma 4.4.1 If A and B are square matrices, then

S
(
|AB|1/2pol

)
≺w S1/2(A) ◦ S1/2(B).

Proof: First, we show that S
(
|T |1/2pol

)
= S1/2(T ) for all T ∈ Cn×n. Since |T |pol is

semi-positive definite and Hermitian, it follows that Λ1/2 (|T |pol) = S1/2 (|T |pol). Also,

it follows that |T |1/2pol is semi-positive definite and Hermitian. Therefore, S
(
|T |1/2pol

)
=
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Λ
(
|T |1/2pol

)
= Λ1/2 (|T |pol) . Moreover, it is easy to check that S(|T |pol) = S(T ). So,

we have

S
(
|T |1/2pol

)
= Λ1/2 (|T |pol) = S1/2(T ).

Setting T = AB, it follows that

S
(
|AB|1/2pol

)
= S1/2(AB).

Applying Theorem 4.2.6 for S1/2(AB), we obtain the result.

Lemma 4.4.2 For a square matrix A, we have

S (re(A)) ≺w S(A).

Proof: From Theorem 4.2.2 we have

S(re(A)) = S

(
A+ AH

2

)
≺w S

(
A

2

)
+ S

(
AH

2

)
.

Since S(A) = S(AH), we have S (re(A)) ≺w S(A).

The following theorem is inspired by Bhatia, Kittaneh and Li [7]. We use the

same technique as Bhatia, Kittaneh and Li used in [7, Theorem 2.2] to prove the

majorization inequality of singular values of AT − TB and T−1A−BT−1.

Theorem 4.4.3 Let A and B be Hermitian and T be positive definite. Then

S2(A−B) ≺w S(AT − TB) ◦ S
(
T−1A−BT−1

)
.

Proof: Since A and B are Hermitian, we have
∣∣(A−B)2

∣∣
pol

= (A−B)2. Thus,

S (A−B) = S
(∣∣(A−B)2

∣∣1/2
pol

)
= S

(∣∣(A−B)T−1/2T 1/2 (A−B)
∣∣1/2
pol

)
.

Applying Theorem 4.3.5, we have

S(A−B) ≺w S
(∣∣T 1/2 (A−B)2 T−1/2

∣∣1/2
pol

)
.
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Using Lemma 4.4.1, it follows that

S(A−B)≺w S
(∣∣T 1/2 (A−B)2 T−1/2

∣∣1/2
pol

)
≺w S1/2

(
T 1/2 (A−B)T 1/2

)
◦ S1/2

(
T−1/2 (A−B)T−1/2

)
.

Since the nondecreasing convex functions preserve the weak majorization, e.g., x2 for

x ≥ 0, we square both sides to get

S2(A−B)≺w S
(
T 1/2 (A−B)T 1/2

)
◦ S
(
T−1/2 (A−B)T−1/2

)
.

Using Theorem 4.3.4,

S2(A−B)≺w S (re [(A−B)T ]) ◦ S
(
re
[
T−1 (A−B)

])
. (4.4.1)

Since BT −TB and BT−1−T−1B are skew-Hermitian matrices, i.e., CH = −C, thus,

re (AT − TB) = re [(A−B)T + (BT − TB)] = re [(A−B)T ] (4.4.2)

and

re
(
T−1A−BT−1

)
= re

[
T−1 (A−B)−

(
BT−1 − T−1B

)]
= re

[
T−1 (A−B)

]
. (4.4.3)

By Lemma 4.4.2, we obtain

S [re (AT − TB)]≺w S (AT − TB) , (4.4.4)

S
[
re
(
T−1A−BT−1

)]
≺w S

(
T−1A−BT−1

)
. (4.4.5)

Substituting (4.4.2) and (4.4.3) into (4.4.1), together with (4.4.4) and (4.4.5), we

obtain the result as desired.

Remark 4.4.4 In [7, Theorem 2.2], the authors prove the inequality for unitarily

invariant norm such that |||A − B|||2 ≤ |||AT − TB||| |||T−1A − BT−1|||, which is

equivalent to (see [7, Proposition 2.1])(
k∑
i=1

si(A−B)

)2

≤

(
k∑
i=1

si(AT − TB)

)(
k∑
i=1

si
(
T−1A−BT−1

))
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for k = 1, 2 . . . , n. However, the weak majorization inequality in our Theorem 4.4.3

implies that

k∑
i=1

s2
i (A−B) ≤

k∑
i=1

(
si(AT − TB)si

(
T−1A−BT−1

))
for k = 1, 2 . . . , n.

Lemma 4.4.5 Under the assumptions of Theorem 4.4.3, we have

S2 (A−B) ≺w S2 (T−1) ◦ S2 (AT − TB) .

Proof: Since T−1A−BT−1 = T−1 (AT − TB)T−1, we have

S
(
T−1A−BT−1

)
≺w S

(
T−1

)
◦ S (AT − TB) ◦ S

(
T−1

)
.

By Theorem 4.4.3, this lemma is proved.

Lemma 4.4.6 Let A and B be Hermitian and T be invertible. We have

1. smin(T ) |Λ(A)− Λ(B)| ≺w S (AT − TB) .

2. |Λ(A)− Λ(B)|2 ≺w S (AT − TB) ◦ S (T−1A−BT−1) .

3. |Λ(A)− Λ(B)|2 ≺w S2 (T−1) ◦ S2 (AT − TB) .

Proof: Let the SVD of T be UΣV H , where U and V are n by n unitary matrices

and Σ is diagonal. Since T is invertible, it follows that Σ is positive definite.

AT − TB = AUΣV H − UΣV HB = U
(
UHAUΣ− ΣV HBV

)
V H .

Since the singular values are invariant under unitary transforms, we have

S (AT − TB) = S
(
UHAUΣ− ΣV HBV

)
. (4.4.6)

Taking A := UHAU , B := V HBV , and T := Σ in Theorem 4.3.7, we obtain

smin(Σ)S(UHAU − V HBV ) ≺w S
(
UHAUΣ− ΣV HBV

)
. (4.4.7)
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Applying Theorem 4.2.4, we have

|Λ(A)− Λ(B)| = |Λ(UHAU)− Λ(V HBV )| ≺w S
(
UHAU − V HBV

)
. (4.4.8)

Combining (4.4.6), (4.4.7), and (4.4.8), we obtain the first statement.

Next, we prove the second statement. We have

T−1A−BT−1 = V Σ−1UHA−BV Σ−1UH = V
(
Σ−1UHAU − V HBV Σ−1

)
UH .

Therefore, we have S (T−1A−BT−1) = S
(
Σ−1UHAU − V HBV Σ−1

)
.

By Theorem 4.4.3, we have

S2
(
UHAU − V HBV

)
≺w S

(
UHAUΣ− ΣV HBV

)
◦ S
(
Σ−1UHAU − V HBV Σ−1

)
.

By using (4.4.8), we get the second argument. Similarly, applying Lemma 4.4.5 we

obtain the third statement.

Remark 4.4.7 It is worth noting that Theorem 4.2.4 is one special case of the first

result of Lemma 4.4.6. In Lemma 4.4.6, if we take T as an identity matrix, the first

result of Lemma 4.4.6 becomes |Λ(A)− Λ(B)| ≺w S (A−B) .

4.5 Perturbation analysis for principal angles

In this section, we deal with the absolute change in the principal angles between

the subspaces X and Y , where the subspace X is perturbed to obtain a subspace

X̃ . We establish some perturbation bounds for PABS using majorization techniques.

First, we start with a review of inequalities for the absolute changes of angles between

vectors. For vectors x and y, if the vector x is perturbed to the new vector x̃, we

have (see [50, 66])

|θ(x, y)− θ(x̃, y)| ≤ θ(x, x̃).

The perturbation bound for the cosines of angles is

| cos (θ(x, y))− cos (θ(x̃, y)) | ≤ sin (θ(x, x̃))
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and the perturbation bound the sines of angles is

| sin (θ(x, y))− sin (θ(x̃, y)) | ≤ sin (θ(x, x̃)) .

For the subspaces X and Y , let the subspace X be perturbed to the new subspace

X̃ with dim(X ) = dim(X̃ ) = dim(Y) = p. There exist results for majorization

inequalities for PABS similar to the angles between vectors, e.g., see [50, 66, 82].

Theorem 4.5.1 [66] |Θ(X ,Y)−Θ(X̃ ,Y)| ≺w Θ(X , X̃ ).

We note that the angles Θ(X ,Y), Θ(X̃ ,Y), and Θ(X , X̃ ) are in nonincreasing order.

The left side of the above majorization inequality is(
|θ1(X ,Y)− θ1(X̃ ,Y)|, . . . , |θp(X ,Y)− θp(X̃ ,Y)|

)
.

Theorem 4.5.1 deals with the principal angles themselves. The next two theorems

deal with the sines and cosines of the principal angles.

Theorem 4.5.2 [50]
∣∣∣cos (Θ(X ,Y))− cos

(
Θ(X̃ ,Y)

)∣∣∣ ≺w sin
(

Θ(X , X̃ )
)
.

Theorem 4.5.3 [50, 82]
∣∣∣sin (Θ(X ,Y))− sin

(
Θ(X̃ ,Y)

)∣∣∣ ≺w sin
(

Θ(X , X̃ )
)
.

Remark 4.5.4 Generally, we have similar results for perturbation bounds for an-

gles in the A-based scalar product as those for angles in the standard product.

By Lemma 3.4.7, we know that the principal angles between the subspaces X and

Y relative to the A-based scalar product are equal to the principal angles between

KX and KY in the standard product, where A = KHK. By Theorem 4.5.1, we

have |Θ(KX , KY) − Θ(KX̃ , KY)| ≺w Θ(KX , K̃X ), which implies |ΘA(X ,Y) −

ΘA(X̃ ,Y)| ≺w ΘA(X , X̃ ). Therefore, we conclude that if the perturbation bounds for

the absolute change of principal angles in the standard product hold, then we have

similar perturbation bounds for the absolute change of principal angles in the A-based

scalar product. For this reason, in the following we only deal with the perturbation

bounds for the principal angles in the standard product.
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What happens with the tangents of PABS, if one subspace is perturbed? To see

what to expect, we derive bounds for vectors first. Let θ(x, y) < π/2 and θ(x̃, y) <

π/2. By direct calculation,

tan (θ(x, y))− tan (θ(x̃, y)) =
sin(θ(x, y)) cos(θ(x̃, y))− cos(θ(x, y) sin(θ(x̃, y))

cos(θ(x, y)) cos(θ(x̃, y))

=
sin(θ(x, y)− θ(x̃, y))

cos(θ(x, y)) cos(θ(x̃, y))
.

Moreover,

|sin(θ(x, y)− θ(x̃, y))|= sin (|θ(x, y)− θ(x̃, y)|)

≤ sin (θ(x, x̃)) .

Notice that θ(x, y)− θ(x̃, y) ∈ (−π/2, π/2).

Thus,

|tan (θ(x, y))− tan (θ(x̃, y))| ≤ sin (θ(x, x̃))

cos(θ(x, y)) cos(θ(x̃, y))
. (4.5.1)

In particular, assuming that θ(x, y) ≤ π/4 and θ(x̃, y) ≤ π/4, we have

cos(θ(x, y)) cos(θ(x̃, y)) =
cos (θ(x, y) + θ(x̃, y)) + cos (θ(x, y)− θ(x̃, y))

2
.

Since cosine is decreasing in [0, π/2), we obtain

|tan (θ(x, y))− tan (θ(x̃, y))| ≤ 2 tan (θ(x, x̃)) . (4.5.2)

In the following Theorem, we replace subspaces spanned by the vectors x, y, and

x̃ with multidimensional subspaces X , Y , and X̃ , correspondingly. We extend the

inequalities of (4.5.1) and (4.5.2) to the general case.

Theorem 4.5.5 If dim(X ) = dim(X̃ ) = dim(Y), Θ(X ,Y) < π/2 and Θ(X̃ ,Y) <

π/2, then

∣∣∣tan (Θ(X ,Y))− tan
(

Θ(X̃ ,Y)
)∣∣∣ ≺w sin

(
Θ(X , X̃ )

)
cos (θmax (X ,Y)) cos

(
θmax(X̃ ,Y)

) .
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In addition, if Θ(X ,Y) ≤ π/4 and Θ(X̃ ,Y) ≤ π/4, we have

∣∣∣tan (Θ(X ,Y))− tan
(

Θ(X̃ ,Y)
)∣∣∣ ≺w 2 sin

(
Θ(X , X̃ )

)
cos
(
θmax(X , X̃ )

) .
Proof: Considering the properties of the tangents of PABS, e.g., see Table 2.2, we

have tan (Θ(X ,Y)) = [S+

(
PY⊥ (PYPX )†

)
, 0, . . . , 0], and similarly

tan
(

Θ(X̃ ,Y)
)

= [S+

(
PY⊥ (PYPX̃ )†

)
, 0, . . . , 0].

The difference between tan (Θ(X ,Y)) and tan
(

Θ(X̃ ,Y)
)

can be written as

S
(
PY⊥ (PYPX )†

)
− S

(
PY⊥ (PYPX̃ )†

)
except for some zero singular values.∣∣∣S (PY⊥ (PYPX )†

)
− S

(
PY⊥ (PYPX̃ )†

)∣∣∣≺w S(PY⊥ (PYPX )† − PY⊥ (PYPX̃ )†)

≺w S(PY⊥) ◦ S ((PYPX )† − (PYPX̃ )†).

The first majorization inequality is based on Theorem 4.2.3. From Theorem 4.2.5,

we obtain the second majorization inequality. The difference between (PYPX )† and

(PYPX̃ )† can be treated as a perturbation for oblique projections [79] or as a pertur-

bation of pseudoinverse [70]. We use the technique of Wedin [79]. We have

(PYPX )† − (PYPX̃ )† = (PYPX )†(I − (PYPX̃ )†)− (I − (PYPX )†)(PYPX̃ )†.

We know that (PYPX )† is an oblique projector onto X along Y⊥ and I − (PYPX )† is

an oblique projector onto Y⊥ along X . Thus,

(PYPX )† = (PYPX )†PY and I − (PYPX )† = (I − (PYPX )†)(I − PX ).

Similarly, we have

(PYPX̃ )† = PX̃ (PYPX̃ )† and (I − (PYPX̃ )†) = (I − PY)(I − (PYPX̃ )†).

Therefore,

S
(
(PYPX )† − (PYPX̃ )†

)
= S

(
−(I − (PYPX )†)(I − PX )PX̃ (PYPX̃ )†

)
≺w S

(
I − (PYPX )†

)
◦ S (PX⊥PX̃ ) ◦ S

(
(PYPX̃ )†

)
≺w
∥∥I − (PYPX )†

∥∥∥∥(PYPX̃ )†
∥∥S (PX⊥PX̃ ) .
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The first majorization inequality follows from Theorem 4.2.5. Thus,

∣∣∣tan (Θ(X ,Y))− tan
(

Θ(X̃ ,Y)
)∣∣∣ ≺w sin

(
Θ(X , X̃ )

)
cos (θmax (X ,Y)) cos

(
θmax(X̃ ,Y)

) .
Furthermore, let Θ(X ,Y) ≤ π/4 and Θ(X̃ ,Y) ≤ π/4, by direct computation, we have

cos (θmax (X ,Y)) cos
(
θmax(X̃ ,Y)

)
≥ cos

(
θmax(X , X̃ )

)
.

In Section 3, we propose several algorithms to compute principal angles based on

the sine of half-PABS. Next we present perturbation bounds for the sine and cosine

of half-PABS, where subspaces are perturbed.

Proposition 4.5.6∣∣∣∣cos2

(
1

2
Θ(X ,Y)

)
− cos2

(
1

2
Θ(X̃ ,Y)

)∣∣∣∣ ≺w sin

(
1

2
Θ(X , X̃ )

)
.

∣∣∣∣sin2

(
1

2
Θ(X ,Y)

)
− sin2

(
1

2
Θ(X̃ ,Y)

)∣∣∣∣ ≺w sin

(
1

2
Θ(X , X̃ )

)
.

Proof: Since cos2(θ/2) = (1 + cos(θ))/2 and sin2(θ/2) = (1 − cos(θ))/2, by Theo-

rem 4.5.2 it is easy to obtain the following two results,∣∣∣∣cos2

(
1

2
Θ(X ,Y)

)
− cos2

(
1

2
Θ(X̃ ,Y)

)∣∣∣∣ ≺w 1

2
sin
(

Θ(X , X̃ )
)

and ∣∣∣∣sin2

(
1

2
Θ(X ,Y)

)
− sin2

(
1

2
Θ(X̃ ,Y)

)∣∣∣∣ ≺w 1

2
sin
(

Θ(X , X̃ )
)
.

Moreover, sin
(

Θ(X , X̃ )
)

= 2 sin
(

Θ(X , X̃ )/2
)

cos
(

Θ(X , X̃ )/2
)
.

Results in Proposition 4.5.6 are weak majorization estimates for the square of

sines or cosines of half principal angles. Next, we deal with the perturbation bound for

sines or cosines of half-angles. Before we proceed, we present the following theorem,

e.g., [70], from which two new results are derived.

Theorem 4.5.7 [70] Let X, Y ∈ Cn×p with XHX = I and Y HY = I. If 2p ≤ n,
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there are unitary matrices Q, U and V such that

QXU =
p

n− p

I
0

 and QY V =

p

p

n− 2p


Γ

Ω

0

 , (4.5.3)

where Γ = diag(γ1, . . . , γp) and Ω = diag(ω1, . . . , ωp) satisfy

0 ≤ γ1 ≤ . . . ≤ γp; ω1 ≥ . . . ≥ ωp ≥ 0;

γ2
k + ω2

k = 1, k = 1, . . . , p.

Lemma 4.5.8 Let σ1 ≥ . . . ≥ σp and σ̂1 ≥ . . . ≥ σ̂p be sines of half of the principal

angles between subspaces X ,Y and X̃ ,Y, correspondingly. Then, for k = 1, . . . , p,

|σk − σ̂k| ≤ sin

(
1

2
θmax(X , X̃ )

)
. (4.5.4)

Proof: Without loss of generality, we assume that the dimension of the subspaces

X ,Y and X̃ is less than n/2, otherwise we could deal with the complementary sub-

spaces of X ,Y and X̃ . Let the columns of X and Y be orthonormal bases for the

subspaces X and Y , correspondingly. Applying Theorem 4.5.7, we have

S(XU − Y V ) = S

([
I − Γ −Ω 0

]H)
,

where U, V,Γ and Ω are as described in Theorem 4.5.7 and Γ = cos(Θ(X ,Y)). Fur-

thermore, by Theorem 3.2.1 S(XU − Y V ) = 2 sin(Θ(X ,Y)/2). In a similar way,

we obtain 2 sin(Θ(X̃ ,Y)/2) = S

([
I − Γ̂ −Ω̂ 0

]H)
, where Γ̂ = cos(Θ(X̃ ,Y)).
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Therefore,

∣∣∣∣2 sin

(
1

2
Θ(X ,Y)

)
− 2 sin

(
1

2
Θ(X̃ ,Y)

)∣∣∣∣ =

∣∣∣∣∣∣∣∣∣∣
S



I − Γ

−Ω

0


− S



I − Γ̂

−Ω̂

0



∣∣∣∣∣∣∣∣∣∣

≺w S


Γ̂− Γ

Ω̂− Ω

0


= S

(√(
Γ̂− Γ

)2

+
(

Ω̂− Ω
)2
)
.

We note that
(

Γ̂− Γ
)2

+
(

Ω̂− Ω
)2

is a diagonal matrix with diagonal elements

2− 2 cos
(
θk(X ,Y)− θk(X̃ ,Y)

)
for k = 1, . . . , p. Hence,∣∣∣∣2 sin

(
1

2
Θ(X ,Y)

)
− 2 sin

(
1

2
Θ(X̃ ,Y)

)∣∣∣∣ ≺w 2 sin

(
1

2

∣∣∣Θ(X ,Y)−Θ(X̃ ,Y)
∣∣∣) .

According to Theorem 4.5.1,

max
k=1,...,p

∣∣∣θk(X ,Y)− θk(X̃ ,Y)
∣∣∣ ≤ θmax(X , X̃).

Therefore,∣∣∣∣2 sin

(
1

2
Θ(X ,Y)

)
− 2 sin

(
1

2
Θ(X̃ ,Y)

)∣∣∣∣ ≺w 2 sin

(
1

2
θmax(X , X̃)

)
,

which completes the proof.

Lemma 4.5.9 Let µ1 ≥ . . . ≥ µp and µ̂1 ≥ . . . ≥ µ̂p be cosines of half of the principal

angles between subspaces X ,Y and X̃ ,Y, correspondingly. Then, for k = 1, . . . , p,

|µk − µ̂k| ≤ sin

(
1

2
θmax(X , X̃ )

)
. (4.5.5)

Proof: In the notation of the proof of Lemma 4.5.8, we have

S(XU + Y V ) = 2 cos (Θ(X ,Y)/2) .

The rest of proof is similar to the proof in Lemma 4.5.8.
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Remark 4.5.10 In [82], Zhang and Li developed majorization inequalities for con-

cave functions of principal angles. They state that if f : [0, π/2] → [0,∞) is a

nondecreasing concave function, then∣∣∣f(Θ(X ,Y))− f(Θ(X̃ ,Y))
∣∣∣ ≺w f(Θ(X , X̃ )).

Since sin(x/2) is a nondecreasing concave function on [0, π/2], we have∣∣∣∣sin(1

2
Θ(X ,Y)

)
− sin

(
1

2
Θ(X̃ ,Y)

)∣∣∣∣ ≺w sin

(
1

2
Θ(X , X̃)

)
.

Although the result we obtain in Lemma 4.5.8 is not as strong as the above weak

majorization inequality of sines of half-PABS, we use a different technique to prove

(4.5.4). Furthermore, we use the same technique to prove the bound for the change of

cosines of half-PABS in Lemma 4.5.9.

Proposition 4.5.11 Let

a = cos (Θ(X ,Y)/2)− cos
(

Θ(X̃ ,Y)/2
)

b = sin (Θ(X ,Y)/2)− sin
(

Θ(X̃ ,Y)/2
)
.

Then

[|a|, |b|]≺w
[√

2 sin

(
1

2
Θ(X , X̃)

)
, 0, . . . , 0

]
.

Proof: Let columns of matrices X, X̂ and Y be orthonormal bases for the subspaces

X , X̃ and Y , correspondingly. Let the SVD of XHX̂ be UΣV H . By Theorem 3.1.1

we have

√
2

[
cos

(
1

2
Θ(X ,Y)

)
, sin

(
1

2
Θ(X ,Y)

)]
= S

(
[XU Y ]

)
and

√
2

[
cos

(
1

2
Θ(X̃ ,Y)

)
, sin

(
1

2
Θ(X̃ ,Y)

)]
= S

(
[X̂V Y ]

)
.
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We may need to add zeros to the vectors on the right side. Moreover, we have∣∣∣∣S ([XU Y ]

)
− S

(
[X̂V Y ]

)∣∣∣∣≺w S ([XU − X̂V 0]

)
= [S(XU − X̂V ), 0, . . . , 0]

= [S(XUV H − X̂), 0, . . . , 0]

=

[
2 sin

(
1

2
Θ(X , X̃)

)
, 0, . . . , 0

]
.

From Theorem 4.2.3, we obtain weak majorization for the first inequality. The last

equality is obtained by Theorem 3.2.1. Let a = cos (Θ(X ,Y)/2) − cos
(

Θ(X̃ ,Y)/2
)

and b = sin (Θ(X ,Y)/2)− sin
(

Θ(X̃ ,Y)/2
)
. Then we have

√
2[|a|, |b|]≺w

[
2 sin

(
1

2
Θ(X , X̃)

)
, 0, . . . , 0

]
,

which completes the proof.

Remark 4.5.12 Let a = [a1, . . . , ap] and b = [b1, . . . , bp]. From the definition of

majorization, we have

k∑
1

|ai|↓ +
k∑
1

|bi|↓ ≤
√

2
k∑
1

sin

(
1

2
θ↓i (X , X̃ )

)
, 1 ≤ k ≤ p,

where

ai = cos (θi(X ,Y)/2)− cos
(
θi(X̃ ,Y)/2

)
,

bi = sin (θi(X ,Y)/2)− sin
(
θi(X̃ ,Y)/2

)
.

Moreover, it is worth noting that the bound for the sum of the absolute changes of the

sines of half-PABS and the absolute changes of cosines of half-PABS in Proposition

4.5.11 are sharp, since the constant on the right side of Proposition 4.5.11 is
√

2 and

it will be at least 2 by combining Lemmas 4.5.8 and 4.5.9.

All results for the perturbation bounds for changes of angles presented above use

the condition that one of subspaces is perturbed. Now we assume both subspaces X

and Y are perturbed to subspaces X̃ and Ỹ , correspondingly. We obtain the following

lemma which can be easily obtained from Theorems 4.5.1, 4.5.2, and 4.5.3.
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Corollary 4.5.13 If dim(X) = dim(X̃ ) = dim(Y) = dim(Ỹ), we have

1. |Θ(X ,Y)−Θ(X̃ , Ỹ)| ≺w Θ(X , X̃ ) + Θ(Y , Ỹ).

2.
∣∣∣cos (Θ(X ,Y))− cos

(
Θ(X̃ , Ỹ)

)∣∣∣ ≺w sin
(

Θ(X , X̃ )
)

+ sin
(

Θ(Y , Ỹ)
)
.

3.
∣∣∣sin (Θ(X ,Y))− sin

(
Θ(X̃ , Ỹ)

)∣∣∣ ≺w sin
(

Θ(X , X̃ )
)

+ sin
(

Θ(Y , Ỹ)
)
.

Proof: We prove the first statement,

|Θ(X ,Y)−Θ(X̃ , Ỹ)| = |Θ(X ,Y)−Θ(X̃ ,Y) + Θ(X̃ ,Y)−Θ(X̃ , Ỹ)|

≤ |Θ(X ,Y)−Θ(X̃ ,Y)|+ |Θ(X̃ ,Y)−Θ(X̃ , Ỹ)|

≺w Θ(X , X̃ ) + Θ(Y , Ỹ).

The proof for the other two is similar.

Similarly, we bound the squares of sines and cosines of half-PABS as follows.

Corollary 4.5.14∣∣∣∣cos2

(
1

2
Θ(X ,Y)

)
− cos2

(
1

2
Θ(X̃ , Ỹ)

)∣∣∣∣ ≺w sin

(
1

2
Θ(X , X̃ )

)
+ sin

(
1

2
Θ(Y , Ỹ)

)
.∣∣∣∣sin2

(
1

2
Θ(X ,Y)

)
− sin2

(
1

2
Θ(X̃ , Ỹ)

)∣∣∣∣ ≺w sin

(
1

2
Θ(X , X̃ )

)
+ sin

(
1

2
Θ(Y , Ỹ)

)
.

Theorem 4.5.15 Let σ1 ≥ . . . ≥ σp and σ̃1 ≥ . . . ≥ σ̃p be sines of half of the principal

angles between subspaces X ,Y and X̃ , Ỹ, correspondingly. Then, for k = 1, . . . , p,

|σk − σ̃k| ≤ sin

(
1

2
θmax(X , X̃ )

)
+ sin

(
1

2
θmax(Y , Ỹ)

)
. (4.5.6)

Proof: First, by Lemma 4.5.8, for k = 1, . . . , p we have

|σk − σ̂k| ≤ sin

(
1

2
θmax(X , X̃ )

)
.

Second, we apply a similar statement to the sine of half-PABS between subspaces

X̃ ,Y and X̂ , Ỹ , correspondingly. We have

|σ̂k − σ̃k| ≤ sin

(
1

2
θmax(Y , Ỹ)

)
.
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Using the triangle inequality, we obtain the result as desired.

Similarly, we can establish an estimate of the cosine of half-PABS with respect

to perturbations of two subspaces.

Theorem 4.5.16 Let µ1 ≥ . . . ≥ µp and µ̃1 ≥ . . . ≥ µ̃p be cosines of half of the

principal angles between subspaces X ,Y and X̃ , Ỹ, correspondingly. Then, for k =

1, . . . , p,

|µk − µ̃k| ≤ sin

(
1

2
θmax(X , X̃ )

)
+ sin

(
1

2
θmax(Y , Ỹ)

)
. (4.5.7)

Let us emphasize that we can obtain similar perturbation bounds for sines or

cosines of half-PABS with respect to the A-based scalar product as in Lemmas 4.5.8

and 4.5.9, and Theorems 4.5.15 and 4.5.16.

Let us now turn our attention to a perturbation analysis in terms of matrices X1

and X1 + ∆X1 that generate subspaces X and X̃ . Often a subspace is defined by

the column space of a matrix. We are interested in estimating the sensitivity of a

column space of a matrix. There are several results provided by Sun [74], and Golub

and Zha [29] involving the perturbation analysis for the principal angles of a pair of

matrices. The bounds in [74] are improved in [29] without restricting the dimensions

of two subspaces to be equal. Moreover, Knyazev and Argentati [48] generalize results

of [29, 74] to the A-based scalar product.

Lemma 4.5.17 [29, 48, 74] Let X and X̃ be column-spaces of matrices X1 and

X1 + ∆X1, correspondingly. Let κA(X1) = smax(A1/2X1)/smin(A1/2X1) denote the

corresponding A-based condition number of X1. Then

sin(θAmax(X , X̃ ))≤ κA(X1)
‖A1/2∆X1‖
‖A1/2X1‖

.

In particular, for A = I, we have

sin(θmax(X , X̃ ))≤ κ(X1)
‖∆X1‖
‖X1‖

.
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Since sin θ = 2 sin(θ/2) cos(θ/2) ≥ 2 sin2(θ/2) for θ ∈ [0, π/2], our theorems for

sines and cosines of half-PABS trivially follow next.

Theorem 4.5.18 Under the assumptions of Theorem 4.5.15,

|σk − σ̃k| ≤
1√
2
κ(X1)

‖∆X1‖
‖X1‖

+
1√
2
κ(Y1)

‖∆Y1‖
‖Y1‖

, for k = 1, . . . , p.

Theorem 4.5.19 Under the assumptions of Theorem 4.5.16,

|µk − µ̃k| ≤
1√
2
κ(X1)

‖∆X1‖
‖X1‖

+
1√
2
κ(Y1)

‖∆Y1‖
‖Y1‖

, for k = 1, . . . , p.

Remark 4.5.20 These theorems show that the accuracy involved in computing the

sines or cosines for half-PABS depends on the condition number of matrices X1 and

Y1. Thus, ill-conditioned matrices X1 and Y1 may produce large errors. Since column

scaling does not change the column space of matrix, column scaling of matrices X1

and Y1 may help to improve the condition number.

Remark 4.5.21 We have similar results for the sines or cosines of half-PABS in the

A-based scalar product. We use the notation σk and σ̃k as in Theorem 4.5.15 and µk

and µ̃k as in Theorem 4.5.16, but we compute σk, σ̃k and µk, µ̃k in the A-based scalar

product.

|σk − σ̃k| ≤
1√
2
κA(X1)

‖A1/2∆X1‖
‖A1/2X1‖

+
1√
2
κA(Y1)

‖A1/2∆Y1‖
‖A1/2Y1‖

,

|µk − µ̃k| ≤
1√
2
κA(X1)

‖A1/2∆X1‖
‖A1/2X1‖

+
1√
2
κA(Y1)

‖A1/2∆Y1‖
‖A1/2Y1‖

,

for k = 1, . . . , p.

4.6 Conclusions

In this chapter, we have derived the bounds for the singular values and the eigen-

values of two Hermitian matrices related to a matrix in terms of Hermitian matrices

92



and an invertible matrix. We have presented a perturbation analysis for sines and

cosines of half-PABS. The perturbation analysis is based on PABS in the standard

product. Extension of the results to PABS in the A-based scalar product is straight-

forward.
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5. Bounds for the Rayleigh quotient and the spectrum of self-adjoint

operators3

5.1 Introduction

Let A be a bounded self-adjoint operator in a real or complex Hilbert space

H (we use operators in this chapter and we deal with matrices for other

chapters). For a nonzero vector x, the Rayleigh quotient (RQ) is defined by

ρ(x) = ρ(x,A) =
〈x,Ax〉
〈x, x〉

and the corresponding residual vector is denoted by r (x) = r(x,A) = Ax − ρ(x)x,

where 〈·, ·〉 is an inner product, associated with a norm ‖ · ‖2 = 〈·, ·〉 . The acute angle

between two nonzero vectors x and y is denoted by

∠ {x, y} = arccos
| 〈x, y〉 |
‖x‖‖y‖

.

We are interested in the RQ vector perturbation bounds. Specifically, for nonzero

vectors x and y, we want to bound the following quantity, |ρ(x) − ρ(y)|, in terms of

∠ {x, y}, ‖r(x)‖, and ‖r(y)‖. If x is an eigenvector of A, then the RQ of x is an

exact eigenvalue of A and r(x) = 0. In this case, the absolute change of the RQ

|ρ(x)− ρ(y)| becomes the absolute error in the eigenvalue ρ(x) of A. The RQ is often

used to approximate points of the spectrum spec(A) of A.

Known bounds of the spectrum are traditionally classified depending on the terms

that appear in the bounds. Let λ ∈ spec(A) be approximated by ρ(y), i.e., the

absolute approximation error is |λ− ρ(y)|. Bounds of |λ− ρ(y)| that are based on the

norm of the residual ‖r(y)‖ are called “a posteriori” bounds, since the residual r(y)

and its norm can typically be computed for the given vector y.

If λ is an eigenvalue with the corresponding eigenvector x, bounds of |λ − ρ(y)|

that rely on the angle ∠ {x, y} are called “a priori,” since the eigenvector x is usually

3The material of this chapter is based on our manuscript, P. Zhu, M. E. Argentati and
A. V. Knyazev, Bounds for the Rayleigh quotient and the spectrum of self-adjoint operators, submit-
ted to SIMAX. Also, it is available at http://arxiv.org/abs/1207.3240.
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not explicitly known, and some a priori information about it needs to be used to bound

the angle ∠ {x, y}. In the context of the Finite Element Method error bounds, where

x and y are functions, such information is usually associated with the smoothness of

the function x; see, e.g., [51]. Finally, we call a bound “a mixed type,” if it involves

both terms, the residual norm ‖r(y)‖ and the angle ∠ {x, y}.

Sharp bounds of the spectrum approximation error are very important in the

theory of numerical solution of self-adjoint eigenvalue problems. Computable a pos-

teriori bounds allow one to obtain two-sided approximations to points of the spec-

trum. A priori and mixed bounds give one an opportunity to determine the quality

of approximation of a point of the spectrum by the RQ.

We revisit this classical topic of research for two reasons. Our first goal is to

carefully examine a posteriori and a priori bounds together, to understand what

they have in common and why they are so different. Second, we are interested in

discovering a general framework for deriving bounds of |ρ(x) − ρ(y)| for arbitrary

vectors x and y where known bounds of the spectrum approximation error become

corollaries.

We start, in Section 5.2, by reviewing three known bounds of the spectrum ap-

proximation error, each representing a priori, a posteriori, and mixed types, corre-

spondingly. In Section 5.3, we derive new identities and bounds for the change in the

RQ with respect to the change of the vectors, using an orthogonal projector on the

subspace span{x, y}. The idea of such a “low-dimensional” analysis has been found

fruitful before, e.g., in [46]. We observe that in the case dim(H) = 2 all three bounds,

which we want to reinvent, turn into the same identity. In Section 5.4, we derive the

a priori and mixed type bounds from this identity, using a single inequality, different

for each bound, only at the last step. This unifying proof technique allows us to

easily specify the circumstances where the bonds are sharp. We dedicate Section 5.5

to a posteriori bounds. Our “low-dimensional” analysis not only allows us to find a
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novel proof of a well known a posteriori bound, but also gives us an opportunity to

improve it, and obtain several new sharper results. Our bonus in Section 5.6 touches

the topic of improving known sin(2θ) and tan(θ) error bounds for eigenvectors.

5.2 Short review of some known error bounds for eigenvalues

Let y be an approximation to an eigenvector x of the operator A, corresponding

to the eigenvalue ρ(x) of A. An a priori bound involves a constant and the square of

the sine of the angle between the eigenvector x and the vector y, see, e.g., [49, 53, 67],

|λ− ρ(y)| ≤ (specmax(A)− specmin(A)) sin2 (∠ {x, y}) , (5.2.1)

where we denote λ = ρ(x), and specmax(A) and specmin(A) denote the largest and the

smallest points of the spectrum spec(A) of A, correspondingly.

The mixed type bound shown in [47, 75] is in terms of the norm of the residual

vector and the tangent of the angle between vectors x and y, i.e.,

|λ− ρ(y)| ≤ ‖r(y)‖
‖y‖

tan (∠ {x, y}) . (5.2.2)

There is no constraint on the location of the eigenvalue ρ(x) relative to ρ(y)

in (5.2.1) and (5.2.2). Bounds (5.2.1) and (5.2.2) hold for any nonzero vector y and

any eigenvector x. The next bound we review requires having some information about

the spectrum of A in the neighborhood of ρ(y). This a posteriori bound involves the

square of the norm of the residual vector and the gap between ρ(y) and the rest of

the spectrum of A. Let us choose real numbers α and β such that α < ρ (y) < β and

spec (A)∩ (α, β) = ∅, where spec (A) represents the spectrum of A. Then the Temple

bound holds, see, e.g., [32, 44, 76],

(β − ρ(y)) (ρ(y)− α) ≤ ‖r(y)‖2

‖y‖2
. (5.2.3)

The Temple bound (5.2.3) turns into an equality if both α and β are eigenvalues of

A and the vector y is a linear combination of the corresponding eigenvectors.
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Let the only point of the spectrum spec (A) in the interval (a, b) be an eigenvalue

λ and let also ρ(y) ∈ (a, b), then

− 1

ρ(y)− a
‖r(y)‖2

‖y‖2
≤ ρ(y)− λ ≤ 1

b− ρ(y)

‖r(y)‖2

‖y‖2
. (5.2.4)

This is Kato-Temple’s inequality [44, 76], and it easily follows from (5.2.3). Indeed,

in the case where λ is located to the right of ρ(y) then we take α = a and β = λ

in (5.2.3) to get the lower bound of (5.2.4). In the opposite case, we take α = λ and

β = b to obtain the upper bound of (5.2.4).

If we take a = ρ(y)− δ and b = ρ(y) + δ in (5.2.4), where δ = minη∈{spec(A)/λ} |η−

ρ(y)|, then (5.2.4) directly implies, see, e.g., [64, 68, 73],

|λ− ρ(y)| ≤ 1

δ

‖r(y)‖2

‖y‖2
. (5.2.5)

Bound (5.2.5) turns into an equality if λ − δ or λ + δ is an eigenvalue of A and the

vector y is a linear combination of the corresponding to λ − δ or λ + δ eigenvector

and an eigenvector corresponding to λ.

Since among all points of the spectrum of A, the isolated point λ ∈ spec(A) is

the closest one to ρ(y), we evidently have from (5.2.5) that

|λ− ρ(y)|2 ≤ |λ− ρ(y)|δ ≤ ‖r(y)‖2

‖y‖2
,

which gives the Krylov-Weinstein bound, see, e.g., [13, 64]

|λ− ρ(y)| ≤ ‖r(y)‖
‖y‖

.

This derivation of the Krylov-Weinstein bound from bound (5.2.5), although trivial,

is not apparently very well known. It demonstrates that the Krylov-Weinstein bound

is simply a particular case of (5.2.5), where |λ− ρ(y)| ≤ δ.

Our discussion above shows that bound (5.2.3) is the most fundamental a posteri-

ori bound, since other a posteriori bounds, reviewed here, can be derived from it. The

main goal of the rest of this chapter is to revisit bounds (5.2.1), (5.2.2), and (5.2.3).
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We propose a new unifying approach to prove them, analyze their sharpness, and

derive some new sharper bounds.

5.3 Key identities for RQ

We present several key identities for the absolute change in the RQ.

Let A be a bounded self-adjoint operator on a real or complex Hilbert space

H. Let F denote a subspace of H and PF be an orthogonal projector on F . Let

AF = (PFA) |F denote the restriction of the operator PFA to the subspace F . For

a nonzero vector x ∈ F , we denote ρ(x,AF) = 〈x,AFx〉/〈x, x〉 and r(x,AF) =

AFx − ρ(x,AF)x ∈ F . We start with a couple of trivial, but extremely important,

for our approach, lemmas.

Lemma 5.3.1 [2] If x ∈ F then ρ(x,AF) = ρ (x).

Proof: The orthogonal projector PF is self-adjoint, so

ρ(x,AF) =
〈x, PFAx〉
〈x, x〉

=
〈x,Ax〉
〈x, x〉

= ρ (x) .

Lemma 5.3.2 If x ∈ F then r(x,AF) = PFr(x).

Proof: Directly by the definition and Lemma 5.3.1, we obtain

r(x,AF) = AFx− ρ(x,AF)x = PFAx− ρ(x)x = PF(Ax− ρ(x)x) = PFr(x).

In the rest of this chapter, for given linearly independent vectors x

and y in H we always define the subspace F as F = span{x, y}.

Corollary 5.3.3 If one of the vectors x or y is an eigenvector of A, it is also an

eigenvector of AF .
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Proof: Let x be an eigenvector of A, then r(x) = 0, so r(x,AF) = PFr(x) = 0,

which means that x is also an eigenvector of AF .

Remark 5.3.4 It is important to realize that the operator AF acts in a two dimen-

sional space, thus many statements concerning AF can be easily proved because of

this. Here, we collect some basic identities, using the eigenvectors of AF .

Let us denote µ = λmax(AF) = ρ(u1) and ν = λmin(AF) = ρ(u2), where u1 and

u2 are orthogonal eigenvectors of the operator AF . Let Pi with i = 1, 2 denote the

orthogonal projectors on the subspace span(ui). Assuming a nontrivial case Pix 6= 0

for i = 1, 2, we evidently have ∠ {x, ui} = ∠ {x, Pix}. Now,

ρ (x) =
〈x,AFx〉
〈x, x〉

=
〈P1x,AFP1x〉+ 〈P2x,AFP2x〉
〈P1x, P1x〉+ 〈P2x, P2x〉

=
µ〈P1x, P1x〉+ ν〈P2x, P2x〉
〈P1x, P1x〉+ 〈P2x, P2x〉

since x = P1x+ P2x and P1P2 = P1AFP2 = 0. Therefore,

µ− ρ (x) = (µ− ν) sin2 (∠ {x, u1}) and ρ (x)− ν = (µ− ν) sin2 (∠ {x, u2}) . (5.3.1)

Evidently, in a two-dimensional space,

cos (∠ {x, u1}) = sin (∠ {x, u2}) and cos (∠ {x, u2}) = sin (∠ {x, u1}) . (5.3.2)

5.3.1 Identities for the norm of the residual r (x) = Ax− ρ(x)x

Our main identity is in the following lemma.

Lemma 5.3.5

[λmax (AF)− ρ(x)] [ρ(x)− λmin (AF)] =
‖PFr (x) ‖2

‖x‖2
. (5.3.3)

Proof: Let us denote µ = λmax(AF) and ν = λmin(AF). By Lemmas 5.3.1 and 5.3.2,

identity (5.3.3) can be equivalently rewritten as

[µ− ρ(x,AF)] [ρ(x,AF)− ν] =
‖r(x,AF)‖2

‖x‖2
.
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Since 〈r(x,AF), x〉 = 0, we have ‖r(x,AF)‖2 = ‖AFx‖2 − ρ2(x,AF)‖x‖2 and thus

‖r(x,AF)‖2

‖x‖2
− (µ− ρ(x,AF))(ρ(x,AF)− ν) =

‖AFx‖2

‖x‖2
− (µ+ ν)ρ(x,AF) + µν

=
〈AFx− µx,AFx− νx〉

‖x‖2

= 0,

where (AF − µ)(AF − ν) = 0 is the minimal polynomial of AF , since dimF = 2 and

µ and ν are the eigenvalues of AF .

Remark 5.3.6 Let x be an eigenvector of A in Lemma 5.3.5. Then one of the two

eigenvalues of AF is equal to ρ(x).

Proof: The statement follows directly from Lemma 5.3.1 and Corollary 5.3.3.

We also mention the following identity, relying on eigenvectors of AF .

Lemma 5.3.7 Let ui with i = 1, 2 denote the eigenvectors of AF . For both i = 1

and 2, we have

1

2
[λmax (AF)− λmin (AF)] sin (2∠ {x, ui}) =

‖PFr (x) ‖
‖x‖

. (5.3.4)

Proof: By Lemma 5.3.2, and using the notation of Remark 5.3.4, identity (5.3.4)

can be equivalently rewritten as

1

2
[µ− ν] sin (2∠ {x, ui}) =

‖r(x,AF)‖
‖x‖

.

The statement of the lemma follows from Lemma 5.3.5 and the trigonometric identity

for the sine of the double angle.

5.3.2 Identities for the absolute change in the RQ

Here we prove our main tangent- and sine-based identities.

Remark 5.3.8 Let ∠ {x, y} < π/2. We note the following useful identities

‖r(x)‖
‖x‖

cos (∠ {r(x), y})
cos (∠ {x, y})

=
| 〈r(x), y〉 |
| 〈x, y〉 |

=
| 〈PFr(x), y〉 |
| 〈x, y〉 |

,

100



| 〈PFr(x), y〉 |
| 〈x, y〉 |

=
‖PFr(x)‖
‖x‖

cos (∠ {PFr(x), y})
cos (∠ {x, y})

,

and

‖PFr(x)‖
‖x‖

cos (∠ {PFr(x), y})
cos (∠ {x, y})

=
‖PFr (x) ‖
‖x‖

tan (∠ {x, y}) ,

where cos (∠ {PFr(x), y}) = sin (∠ {x, y}). Indeed, 0 = 〈r(x), x〉 = 〈PFr(x), x〉, i.e.,

vectors PFr(x) ∈ F and x ∈ F are orthogonal in F , and also y ∈ F , where dimF = 2.

Let us finally also give an alternative simple identity,

| 〈r(x), y〉 |
| 〈x, y〉 |

=
| 〈Pyr(x), y〉 |
| 〈x, y〉 |

=
‖Pyr(x)‖
‖x‖

cos (∠ {Pyr(x), y})
cos (∠ {x, y})

=
‖Pyr(x)‖

‖x‖ cos (∠ {x, y})
,

where Py is an orthogonal projector on the subspace span{y} and ∠ {Pyr(x), y} = 0.

Theorem 5.3.9 Let ∠ {x, y} < π/2 and let us denote

Ξ± =

∣∣∣∣‖PFr (x) ‖
‖x‖

± ‖PFr (y) ‖
‖y‖

∣∣∣∣ tan (∠ {x, y}) .

We always have

Ξ− ≤ |ρ(x)− ρ(y)| ≤ Ξ+.

Now, let us assume that 〈x, r(y)〉 / 〈x, y〉 or 〈r(x), y〉 / 〈x, y〉 is real. Then

|ρ(x)− ρ(y)| = Ξ+

if 〈x, r(y)〉 / 〈r(x), y〉 ≤ 0 or 〈r(x), y〉 / 〈x, r(y)〉 ≤ 0, otherwise,

|ρ(x)− ρ(y)| = Ξ−.

Proof: By elementary calculations, we obtain

(ρ(x)− ρ(y)) 〈x, y〉= 〈ρ(x)x, y〉 − 〈x, ρ(y)y〉+ 〈x,Ay〉 − 〈Ax, y〉

= 〈x, r(y)〉 − 〈r(x), y〉 ,

thus

|ρ(x)− ρ(y)|= | 〈x, r(y)〉 − 〈r(x), y〉 |
| 〈x, y〉 |

. (5.3.5)
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In a complex space, the RQ remains real, since A is Hermitian, but the scalar products

may not be real, so in general we have, by the triangle inequality, that∣∣| 〈x, r(y)〉 | − | 〈r(x), y〉 |
∣∣ ≤ | 〈x, r(y)〉 − 〈r(x), y〉 | ≤ | 〈x, r(y)〉 |+ | 〈r(x), y〉 |.

Unless one of the ratios 〈x, r(y)〉 / 〈x, y〉 or 〈r(x), y〉 / 〈x, y〉 is real, the inequalities

above are strict. Indeed, the difference of the ratios is equal to ρ(x) − ρ(y), i.e., is

always real. Thus, one of the ratios is real if and only if one of the scalar products

〈x, r(y)〉 and 〈r(x), y〉 is a real scalar times the other.

The assumption ∠ {x, y} < π/2 implies that at least one of the scalar products

〈x, r(y)〉 and 〈r(x), y〉 is non-zero. Let it be, e.g., 〈r(x), y〉. If 〈x, r(y)〉 / 〈r(x), y〉 ≥ 0

then the left inequality turns into an equality. If 〈x, r(y)〉 / 〈r(x), y〉 ≤ 0 then the

right inequality turns into an equality. All other cases, possible in a complex space,

lead to strict inequalities above.

The statements of the theorem now follow directly from Remark 5.3.8.

Lemma 5.3.10 For both i = 1 and 2, we have

|ρ(x)− ρ(y)| = [µ− ν] sin (∠ {x, ui}+ ∠ {y, ui}) |sin (∠ {x, ui} − ∠ {y, ui})| . (5.3.6)

Proof: Identities (5.3.1) and (5.3.2) of Remark 5.3.4 imply

|ρ (x)− ρ (y) |= [µ− ν]
∣∣cos2 (∠ {x, ui})− cos2 (∠ {y, ui})

∣∣ ,
which leads directly to identity (5.3.6) using elementary trigonometry.

Theorem 5.3.11 Let us for i = 1 or 2 denote

Ψ± = [λmax (AF)− λmin (AF)] |sin (∠ {x, ui} ± ∠ {y, ui})| sin (∠ {x, y}) ,

and let C = 〈x, u1〉 〈u2, x〉 〈u1, y〉 〈y, u2〉. We always have

Ψ− ≤ |ρ(x)− ρ(y)| ≤ Ψ+.

If C is a complex quantity then both inequalities on the left and right are strict. If

C ≥ 0 (C ≤ 0) then we have equality for the lower (upper) bound.
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Proof: Identity (5.3.6) makes the statement of the theorem equivalent to

| sin (∠ {x, ui} − ∠ {y, ui}) | ≤ sin∠ {x, y} ≤ sin (∠ {x, ui}+ ∠ {y, ui}) . (5.3.7)

For simplicity of notation, let us assume, without loss of generality, that all vectors

involved here are normalized, i.e., ‖u1‖ = ‖u2‖ = ‖x‖ = ‖y‖ = 1. Using representa-

tions of the vectors x and y with respect to the orthonormal basis u1 and u2 of the

subspace S, we obtain by direct computation

sin2 ∠ {x, y} = cos2 ∠ {x, u1} cos2 ∠ {y, u2}+ cos2 ∠ {x, u2} cos2 ∠ {y, u1} − 2<(C)

and

|C| = cos∠ {x, u1} cos∠ {x, u2} cos∠ {y, u1} cos∠ {y, u2}

Evidently, −|C| ≤ <(C) ≤ |C|, and if C ≥ 0 (C ≤ 0) then <(C) = |C| (<(C) =

−|C|), which proves bounds (5.3.7) and also gives conditions for their sharpness.

Remark 5.3.12 An alternative proof of Theorem 5.3.11 is based on the fact that

angles between subspaces describe a metric, see, e.g. [82] and references there, so

|∠ {x, u} − ∠ {y, u}| ≤ ∠ {x, y} ≤ |∠ {x, u}+ ∠ {y, u}| . (5.3.8)

Theorem 5.3.11 trivially implies the bound

|ρ(x)− ρ(y)| ≤ [λmax (AF)− λmin (AF)] sin (∠ {x, y})

that can be found for the real case in [49].

Finally, we apply our results above to an important special case.

Corollary 5.3.13 Let x be an eigenvector of A and ρ(x) = λ. Then

|λ− ρ(y)|= [λmax (AF)− λmin (AF)] sin2 (∠ {x, y}) . (5.3.9)

If, in addition ∠ {x, y} < π/2, then

|λ− ρ(y)|= ‖PFr (y) ‖
‖y‖

tan (∠ {x, y}) . (5.3.10)
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If also η 6= λ denotes an eigenvalue of AF , then

tan (∠ {x, y}) =
1

|η − ρ(y)|
‖PFr (y) ‖
‖y‖

. (5.3.11)

Proof: Since x is an eigenvector of A it is also an eigenvector of AF , with the same

eigenvalue ρ(x) = λ, by Corollary 5.3.3. The statements (5.3.9) and (5.3.10) follow

directly from Theorems 5.3.9 and 5.3.11, correspondingly. Finally, identity (5.3.11)

comes from (5.3.3) and (5.3.10).

5.4 Deriving some known eigenvalue error bounds from our identities

We now easily derive two known bounds, reviewed in Section 5.2, from the re-

sults obtained in Section 5.3. First, since specmin (A) ≤ λmin (AF) ≤ λmax (AF) ≤

specmax (A), from (5.3.9) we obtain a priori bound (5.2.1),

|λ− ρ(y)|= [λmax (AF)− λmin (AF)] sin2 (∠ {x, y})

≤ [specmax(A)− specmin(A)] sin2 (∠ {x, y}) .

The inequality becomes an equality if specmax(A) and specmin(A) are eigenvalues of

AF . For details, see reference [49].

The second known result, mixed bound (5.2.2), follows from (5.3.10),

|λ− ρ(y)|= ‖PFr (y) ‖
‖y‖

tan (∠ {x, y})

≤ ‖r (y) ‖
‖y‖

tan (∠ {x, y}) .

The inequality would turn into an equality if PFr(y) = r(y), i.e., if Ay ∈ span{x, y},

which is equivalent to the subspace span{x, y} being A-invariant. More detailed

information about the quality of this bound is determined by Remark 5.3.8 where

vectors x and y are swapped to give us the following identity

‖r(y)‖cos (∠ {r(y), x}) = ‖PFr(y)‖cos (∠ {PFr(y), x}).
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Remark 5.4.1 Our assumption that the operator A is bounded is necessary in

bound (5.2.1) and can be used in bound (5.2.2) to guarantee the existence of the

vector Ay. Our results of Section 5.3 formally speaking would hold for an unbounded

operator A and given vectors x and y as soon as the operator AF can be correctly

defined by AF = (PFA) |F , where F = span{x, y}. One could do even better than

that, in fact, one only needs to be able to correctly define the values ρ(x) and ρ(y).

Rather than providing technical details, we illustrate such a possibility using the

following example from Davis and Kahan [15]. Let ε = 1/2 and H = l2. We take

y = [1, ε, ε2, · · · , εn, · · · ]H ∈ l2 and A = diag(1, ε−1, ε−2, · · · , ε−n, · · · ). We get ρ(y) =

1 + ε even though the vector Ay = [1, 1, 1, · · · ]H has an infinite norm in l2. Let

us take x = [1, 0, 0, · · · ]H , the eigenvector corresponding to the lowest eigenvalue

ρ(x) = 1, and define w = [0, ε, ε2, ε3, · · · ]H with ρ(w) = (1 + ε)/ε. Then AF can be

constructed using its eigenvectors x and w and the corresponding eigenvalues ρ(x)

and ρ(w) despite the fact that Aw = [0, 1, 1, · · · ]H does not exist in H = l2

We have now demonstrated how two known bounds, a priori bound (5.2.1) and

mixed bound (5.2.2), can be derived in a simple and uniform manner from essentially

two dimensional identities (5.3.9) and (5.3.10). The last well known bounds, we

review in Section 5.2, the a posteriori Temple bound (5.2.3) and its follow-up (5.2.5),

can also be derived in a similar way from their two dimensional prototype (5.3.3).

However, the derivation is not so trivial, so we dedicate a separate section for it,

coming next.

5.5 New a posteriori bounds for eigenvalues

For convenience, let us remind the reader of the Temple bound (5.2.3)

(β − ρ(y)) (ρ(y)− α) ≤ ‖r(y)‖2

‖y‖2
,

where α < ρ (y) < β and spec (A)∩ (α, β) = ∅, and its two dimensional analog (5.3.3)

[λmax (AF)− ρ(y)] [ρ(y)− λmin (AF)] =
‖PFr (y) ‖2

‖y‖2
.
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Our primary goal is to derive (5.2.3) from (5.3.3). We first prove it for an important

particular case, where we can even improve (5.2.3).

Lemma 5.5.1 Let α = λmin (A) be an isolated point of the spectrum of A and β > α

be the nearest larger point of the spectrum of A. Let X denote the complete eigenspace

corresponding to the eigenvalue α. For a given vector y 6= 0, such that α < ρ(y) < β,

we define x = PXy, where PX is an orthogonal projector on the subspace X . Assuming

that x 6= 0, we denote F = span{x, y}. Then

(β − ρ(y)) (ρ(y)− α)≤ ‖PFr(y)‖2

‖y‖2
, (5.5.1)

where PF is an orthogonal projector on the subspace F .

Proof: The assumption ρ(y) > α implies y /∈ X since α = λmin (A), so x 6= y. The

vector x is an eigenvector of AF , and ρ(x) = λmin (A) = λmin (AF). Let X⊥ denote

the orthogonal complement to the subspace X . The vector w = y − PXy ∈ F ∩ X⊥

is an eigenvector corresponding to the other eigenvalue of AF , i.e., ρ(w) = λmax (AF).

Since X is the complete eigenspace corresponding to the eigenvalue α = λmin (A), the

fact that w ∈ X⊥ guarantees that β ≤ ρ(w). Therefore

λmin (AF) = α < ρ(y) < β ≤ ρ(w) = λmax (AF) .

Substituting β ≤ λmax (AF) for λmax (AF) in identity (5.3.3) gives the desired bound.

The Temple bound (5.2.3) follows from bound (5.5.1), using ‖PFr (y) ‖ ≤ ‖r (y) ‖.

In Remark 5.4.1 we have already discussed that having a bound based on ‖PFr (y) ‖

rather than on ‖r (y) ‖ may give great advantages.

Of course, Lemma 5.5.1 can be easily reformulated for the case for the opposite

side of the spectrum of the operator A. Returning our attention to our main goal, we

can construct simple examples showing that bound (5.5.1) does not hold if neither

α nor β corresponds to the extreme points of the spectrum of the operator A. The
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extension of bound (5.5.1) to the general case is described below. We start with a

technical lemma.

Lemma 5.5.2 Let ρ(y) /∈ spec(A) for a given vector y 6= 0. Let us denote by U the

invariant subspace of A associated with all of the spectrum of A larger than ρ(y), and

define V = U + span{y}. Then spec (AV) = ρ(v) ∪ spec (AU), and the smallest point

of the spectrum specmin (AV) < ρ(y) is an isolated point of the spectrum spec (AV)—

an eigenvalue of multiplicity one.

Proof: Since V = U + span{y}, we have dim
(
V ∩ U⊥

)
= 1. We define a nonzero

vector v = (I−PU)y ∈ V∩U⊥, and notice that V = U⊕span{v} is an orthogonal sum.

Since U is an A-invariant subspace, it is also AV-invariant. Then the decomposition

V = U ⊕ span{v} implies that v is an eigenvector of the operator AV , corresponding

the eigenvalue ρ(v). Moreover, by the variational principle for the Rayleigh quotient,

ρ(v) ≤ ρ(y) < specmin (AU), according to the definition of U . Thus, we deduce that

spec (AV) = ρ(v) ∪ spec (AU), where ρ(v) = specmin (AV) is an isolated point. The

multiplicity of the eigenvalue ρ(v) is one, because, again, dim
(
V ∩ U⊥

)
= 1.

We are now prepared to prove our main result in this section.

Theorem 5.5.3 Let α < ρ(y) < β where α and β are the nearest points of the

spectrum of A to ρ(y). Let U be the invariant subspace of A associated with all of the

spectrum of A larger than ρ(y). We define x = (I −PU)y and F = span{x, y}. Then

(β − ρ(y)) (ρ(y)− α)≤ ‖PFr(y)‖2

‖y‖2
. (5.5.2)

Proof: Applying Lemma 5.5.2 and noticing that specmin (AU) = β, we observe that

the assumptions of Lemma 5.5.1 are satisfied if AV replaces A, where the scalar β and

the eigenvalue specmin (AV) are the nearest points of the spectrum of the operator AV

to ρ(y, AV) = ρ(y). Thus, by Lemma 5.5.1,

(β − ρ(y)) (ρ(y)− specmin (AV)) ≤ ‖PFr(y, AV)‖2

‖y‖2
=
‖PFr(y)‖2

‖y‖2
.
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Since specmin (AV) ≤ α < ρ(y), we obtain (5.5.2).

Remark 5.5.4 Substituting −A for A in Lemmas 5.5.1 and 5.5.2, and using similar

arguments, we end up with the same subspace F = span{PUy, y} = span{(I−PU)y, y}

and obtain exactly the same bound.

Repeating the arguments of Section 5.2 with appropriate modifications, we ob-

tain improved versions of the Kato-Temple inequality and other bounds, reviewed in

Section 5.2, from Theorem 5.5.3. Specifically, let the only point of the spectrum in

the interval (a, b) be an eigenvalue λ, and let also ρ(y) ∈ (a, b). Defining the subspace

F as in Theorem 5.5.3, we get

− 1

ρ(y)− a
‖PFr(y)‖2

‖y‖2
≤ ρ(y)− λ ≤ 1

b− ρ(y)

‖PFr(y)‖2

‖y‖2
.

Taking a = ρ(y)− δ and b = ρ(y) + δ, where δ = minη∈{spec(A)/λ} |η − ρ(y)|, implies

|λ− ρ(y)| ≤ 1

δ

‖PFr(y)‖2

‖y‖2
,

which, in its turn, gives us the improved Krylov-Weinstein bound,

|λ− ρ(y)| ≤ ‖PFr(y)‖
‖y‖

.

Remark 5.5.5 We note that ‖PFr(y)‖ ≤ ‖PVr(y)‖ ≤ ‖r(y)‖, since F ⊆ V ⊂ H.

Thus, first, the classical a posteriori bounds now trivially follows from our bounds.

Second, if the smallest quantity ‖PFr(y)‖ may not be easy to access in a practical

situation, it can be bounded above by a much simpler expression ‖PVr(y)‖, which can

still be dramatically smaller compared to the standard value ‖r(y)‖ used in the Temple

bound (5.2.3). As an alternative for V, we can use U⊥ + span{y} ⊇ F .

5.6 Improving known error bounds for eigenvectors

The main topic of this work is RQ bounds. However, having the machinery of

identities already constructed in Section 5.3, we need only very little extra effort to
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revisit and improve some well known error bounds for eigenvectors, as a bonus. The

reader might have noticed a couple of identities, (5.3.4) and (5.3.11), that have not yet

been used. For convenience, we repeat them here, changing the notation in (5.3.4),

for the case where F = span{x, y}, the vector x is an eigenvector of A (and, thus,

AF) with the eigenvalue λ = ρ(x), the scalar η 6= λ denotes the other eigenvalue of

AF , and θ = ∠ {x, y}:

sin (2θ) =
2

|λ− η|
‖PFr (y) ‖
‖y‖

(5.6.1)

and, if θ < π/2,

tan (θ) =
1

|η − ρ(y)|
‖PFr (y) ‖
‖y‖

. (5.6.2)

In order to use identities (5.6.1) and (5.6.2), one needs to bound the scalar η.

It is easily possible in the special case, where λ = λmin (A) or λ = λmax (A). The

latter choice is reduced to the former one by substituting A with −A. We can use the

arguments from the proof of Lemma 5.5.1 to handle the case λ = λmin (A). Let the

assumptions of Lemma 5.5.1 be satisfied, i.e., let α = λmin (A) be an isolated point

of the spectrum of A and β > α be the nearest larger point of the spectrum of A.

Let X denote the complete eigenspace corresponding to the eigenvalue α. For a given

vector y 6= 0, such that α < ρ(y) < β, we define x = PXy, where PX is the orthogonal

projector to the subspace X . Assuming that x 6= 0, we denote F = span{x, y}. Then

λ = ρ(x) = α and β ≤ η, directly by the proof of Lemma 5.5.1. Substituting β ≤ η

in (5.6.1) and (5.6.2), we obtain the following improvements of the corresponding

bounds from [15, 64]:

sin (2θ)≤ 2

β − λ
‖PFr (y) ‖
‖y‖

and, if θ < π/2,

tan (θ)≤ 1

β − ρ(y)

‖PFr (y) ‖
‖y‖

.
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Remark 5.6.1 Finally, we note that the results obtained in this chapter can be refor-

mulated to apply to the generalized eigenvalue problem, Ax = λBx, where A is Her-

mitian and B is Hermitian and positive definite. We briefly describe the eigenvalue

perturbation bounds for generalized eigenvalue problem as follows. Let us recall the

generalized Rayleigh quotient (GRQ), associated with A and B, for a given nonzero

vector x,

ρ(x,A,B) =
〈x,Ax〉
〈x,Bx〉

.

The corresponding residual is defined as r(x,A,B) = Ax − ρ(x,A,B)Bx. It is easy

to reduce the GRQ with a pair of Hermitian matrices to the RQ with a Hermitian

matrix. Let B = GHG, M = G−HAG−1 and x̃ = Gx. It follows

〈x,Ax〉
〈x,Bx〉

=

〈
Gx,G−HAG−1Gx

〉
〈Gx,Gx〉

=
〈x̃,Mx̃〉
〈x̃, x̃〉

.

Then the absolute change in the GRQ with respect to nonzero vectors x, y is

|ρ(x,A,B)− ρ(y, A,B)| = |ρ(x̃,M)− ρ(ỹ,M)|,

where ỹ = Gy. In what follows, it is more convenient to use the scalar product 〈·, ·〉B

and the corresponding norm ‖ · ‖B. Let F̃ = span{x̃, ỹ}. By calculation, we have the

identities

‖Px̃r(x̃,M)‖
‖x̃‖ cos(∠ {x̃, ỹ})

=
‖PBx r̃(x)‖B

‖x‖B cos(∠B {x, y})
=
‖PF̃r(x̃,M)‖
‖x̃‖

tan(∠ {x̃, ỹ})

=
‖PBF r̃(x)‖B
‖x‖B

tan(∠B {x, y}),

where r̃(x) = B−1Ax− ρ(x,A,B)x; PBx and PBF are the B-orthogonal projectors on

the vector x and the subspace F = span{x, y}, correspondingly. ∠B {x, y} denotes

the angle between x and y in the B-based scalar product. The first identity can be

obtained by direct calculation. The third identity needs extra work. The main step is

to show PF̃ = GPBFG
−1. We take a B-orthonormal basis from F denoted as a matrix

V , such that V HBV = I. Since F̃ = span{x̃, ỹ} = span{Gx,Gy}, we have PF̃ =
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GV (V HGHGV )−1V HGH = GV (V HBV )−1V HG = GV V HGH = GV V HBG−1 =

GPBFG
−1.

Consequently, several results concerning the change of the GQR can be obtained

by Remark 5.3.8 and Theorem 5.3.9. For example, let

ΞB± =

∣∣∣∣‖PBF r̃(x)‖B
‖x‖B

± ‖PBF r̃(y)‖B
‖y‖B

∣∣∣∣ tan(∠B {x, y} .

We have

ΞB− ≤ |ρ(x,A,B)− ρ(y, A,B)| ≤ ΞB+. (5.6.3)

Moreover, we have

‖PF̃r(x̃,M)‖
‖x̃‖

tan(∠ {x̃, ỹ})≤ ‖r(x̃,M)‖
‖x̃‖

tan(∠ {x̃, ỹ})

=
‖r(x,A,B)‖B−1

‖x‖B
tan(∠B {x, y}).

By Remark 5.3.8 and equality (5.6.3), we obtain

ΞB+ ≤
(
‖r(x,A,B)‖B−1

‖x‖B
+
‖r(y, A,B)‖B−1

‖y‖B

)
tan(∠B {x, y}). (5.6.4)

Furthermore, assume that x is an eigenvector of Ax = λBx, we have

|ρ(x,A,B)− ρ(y, A,B)|= ‖PBF r̃(y)‖B
‖y‖B

tan(∠B {x, y})

≤ ‖r(y, A,B)‖B−1

‖y‖B
tan(∠B {x, y}).

5.7 Conclusions

Not only have we found a new unifying proof technique, based on RQ identities.

We have also made a significant improvement, adding an extra projector in front of

the residual in the bounds that involve the norm of the residual.

111



6. Majorization bounds for the absolute change of Ritz values and

eigenvalues

Many problems in science and engineering lead to eigenvalue problems for ma-

trices. In most cases, eigenvalues cannot be computed exactly, so numerical approxi-

mation is required. Bounds for changes of eigenvalues of matrices play an important

role.

Let x and y be unit vectors and ∠ {x, y} < π/2. Let Px and Py be orthogonal

projections on vectors x and y, correspondingly. We recall that the bounds in The-

orem 5.3.9 for the absolute change in the Rayleigh quotient of Hermitian matrix A

with respect to vectors x and y are

Ξ− ≤ |ρ(x)− ρ(y)| ≤ Ξ+, (6.0.1)

where Ξ± = 1
cos(∠{x,y})abs (‖Pyr(x)‖ ± ‖Pxr(y)‖) and abs(·) denotes the absolute

value. The bounds in (6.0.1) are sharp. Specifically, in a real space (6.0.1) becomes

an equality, i.e., either |ρ(x)− ρ(y)| = Ξ+ or |ρ(x)− ρ(y)| = Ξ−. Furthermore, if x is

an eigenvector of A, we always have the equality (also see [14])

|ρ(x)− ρ(y)|= 1

cos (∠ {x, y})
‖Pxr(y)‖, (6.0.2)

in either a complex space or real space. Discussion of these novel results and proofs

can be found in Chapter 5. In this chapter, we replace 1D subspaces spanned by the

vectors x and y with multidimensional subspaces X and Y , and generalize (6.0.1)

and (6.0.2) to multidimensional subspaces. In [61] one can find a generalization

of (6.0.2), which is a special case of our new results. We summarize our results in the

next paragraph.

The Rayleigh-Ritz (RR) method [64, 73] is a classical method for eigenvalue

approximation of Hermitian matrices. We derive error bounds for the RR approxi-

mation to eigenvalues of a Hermitian matrix A. Let the columns of matrices X and

Y form orthonormal bases for the subspaces X and Y , correspondingly. We present
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perturbation bounds of the change of Ritz values expressed in terms of principal an-

gles between subspaces (PABS), and the residual matrices RX and RY of A with

respect to the matrices X and Y , i.e, RX = AX −XHX and RY = AY − Y HY with

HX = XHAX and HY = Y HAY . In particular, if one of the subspaces X and Y is

an invariant subspace of A, then the changes in Ritz values of A represent absolute

eigenvalue approximation errors.

Majorization naturally extends the inequalities. We use several majorization

results obtained in Section 4.4. In this chapter, we obtain several different bounds

for the absolute changes of Ritz values. Our results generalize the results obtained in

[47, 61, 75], since our bounds also hold for both subspaces X and Y , not necessarily

A-invariant. Further, by taking advantage of majorization we present better bounds

than those in [61, 75] for the case where one subspace is A-invariant.

A recent paper by Knyazev and Argentati [51] presents a priori error bounds of

Ritz values and eigenvalues in terms of the principal angles between subspaces X and

Y with some constant. A posteriori bounds of eigenvalues presented in [5, 64, 73]

are in terms of the singular values of the residual matrix. Other a posteriori bounds

obtained by Mathias [56] concerning the absolute change of eigenvalues are in terms

of the residual matrix and the gap. Our new bounds take advantage of PABS and

the residual matrix and use majorization techniques. We therefore call these bounds

majorization-type mixed bounds. A brief discussion of the relationship between the

mixed majorization bounds and classical bounds is included at the end of this chapter.

The rest of this chapter is organized as follows. We briefly discuss the RR method

in Section 6.1. We review the perturbation of eigenspaces and present the relation

of the residual matrix to the tangents of PABS in Section 6.2. In Section 6.3, we

present our main results—mixed bounds of the absolute changes of Ritz values and

eigenvalues using weak majorization. Finally, we briefly compare our new bounds

with the known a priori bounds and a posteriori bounds.
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6.1 Rayleigh-Ritz method

The RR method is a widely used technique for computing approximations to

eigenvalues and eigenvectors of a Hermitian matrix A, from a given subspace. Back-

ground material for the RR method can be found in [64, 73]. Let A be a Hermitian

matrix of order n. Let the columns of matrix X ∈ Cn×p form an orthonormal basis

for the subspace X . The matrix Rayleigh quotient associated with the matrix X is

defined as

ρ(X) = HX = XHAX.

The eigenvalues of HX are called Ritz values of A corresponding to X. Let (α, u)

be an eigenpair of XHAX. The so-called Ritz pair (α,Xu) is as the approximate

eigenpair of A where Xu is called a Ritz vector. Specially, let the subspace X be A

invariant, i.e., AX ⊂ X . In this case, we have

AX = XHX ,

and the columns of X are eigenvalues of A. The eigenvalues of HX are also the

eigenvalues of A. In other words, the p Ritz values of A corresponding to X are

exactly some p eigenvalues of A, if the subspace X is A-invariant.

The RR approximations are optimal, which is demonstrated by the following two

theorems.

Theorem 6.1.1 [64] Let the columns of X ∈ Cn×p form an orthonormal basis for

the subspace X . Let α1(HX) ≥ · · · ≥ αp(HX) be p eigenvalues of HX = XHAX with

a Hermitian matrix A ∈ Cn×n. Then

αi = max
G⊂X

dim(G)=i

min
x∈G
‖x‖=1

xHAx for i = 1, . . . , p.
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Theorem 6.1.2 [64, Theorem 11.4.5] Let the columns of X ∈ Cn×p be orthonormal,

A = AH , and HX = XHAX. For any matrix B ∈ Cp×p, we have

‖AX −XHX‖ ≤ ‖AX −XB‖.

From the above theorem, the residual HX has a minimal property.

6.2 Perturbation of eigenspaces

An important issue in the perturbation theory of Hermitian matrices is to inves-

tigate the perturbation of eigenspaces. The general approach is due to Davis and

Kahan [15], and the following theorem is called the second sin Θ theorem.

Theorem 6.2.1 [15] Let A be Hermitian and let [X X⊥] be unitary with X ∈ Cn×p,

such that [X X⊥]HA[X X⊥] = diag(L1, L2). Let Y ∈ Cn×p have orthonormal columns

and RY = AY − Y HY with HY = Y HAY. Moreover, assume Λ(HY ) ⊂ [a, b] and

δ > 0, while Λ(L2) ⊂ R \ [a− δ, b+ δ]. Then for every unitarily invariant norm

||| diag (sin Θ (R (X) ,R (Y ))) ||| ≤ |||RY |||
δ

or equivalently,

sin Θ (R (X) ,R (Y )) ≺w
S(RY )

δ
, (6.2.1)

where S(RY ) denotes the vector of singular values of RY .

If more information about the spectra of HY and L2 is available, we can obtain

a sharper bound than (6.2.1). The reader is referred to [80] for details.

Davis and Kahan [15] find another important theorem about the bound on the

tangent of principal angles between an exact spectral subspace and an approximate

subspace of a Hermitian matrix, which is called the tan Θ theorem.

Theorem 6.2.2 [15] In the notation of sin Θ Theorem, assume Λ(HY ) ⊂ [a, b] and

δ > 0, while Λ(L2) ⊂ (−∞, a − δ] or Λ(L2) ⊂ [b + δ,∞). Then for every unitarily
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invariant norm

||| diag (tan Θ (R (X) ,R (Y ))) ||| ≤ |||RY |||
δ

,

or equivalently,

tan Θ (R (X) ,R (Y )) ≺w
S(RY )

δ
.

The tan Θ theorem requires more restrictive conditions on the eigenvalues of A

than the sin Θ theorem, since the tan Θ theorem is valid only for the Ritz values of

A with respect to Y above or below the eigenvalues of L2. A recent paper [59] shows

that the conditions of the tan Θ theorem can be relaxed. See the following theorem.

Theorem 6.2.3 [59] In the notation of sin Θ Theorem, assume Λ(L2) ⊂ [a, b] and

δ > 0, while Λ(HY ) lies in the union of (−∞, a − δ] and [b + δ,∞). Then for every

unitarily invariant norm

||| diag (tan Θ (R (X) ,R (Y ))) ||| ≤ |||RY |||
δ

,

or equivalently,

tan Θ (R (X) ,R (Y )) ≺w
S(RY )

δ
.

An alternative proof of the case of the spectral norm is found in [54, 58].

Another interesting result is that the angles between subspacesR(X) andR(AX)

are related to the singular values of the residual matrix.

Theorem 6.2.4 Let the columns of matrix X be orthonormal and HX = XHAX be

invertible with a Hermitian matrix A. Then

tan Θ (R (X) ,R (AX)) ≺w S (RX) ◦ S
((
XHAX

)−1
)
.

Moreover, if dim (R (X)) = 1 (using vector notation x instead of X), then

tan θ (x,Ax) =
‖r (x) ‖
|ρ (x) |

,

where r (x) = Ax− xxHAx.
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Proof: Since HX is invertible, matrix AX has full column rank. From Corol-

lary 2.2.9,

tan Θ (R (X) ,R (AX)) = S
(
PX⊥AX

(
XHAX

)−1
)
.

Applying Theorem 4.2.5 gives

S
(
PX⊥AX

(
XHAX

)−1
)
≺w S (PX⊥AX) ◦ S

((
XHAX

)−1
)
.

Since AX −XHX = AX − PXAX = PX⊥AX, we obtain the first result.

In particular, for dim (R (X)) = 1, we have

tan θ (x,Ax) = S
(
Px⊥Ax

(
xHAx

)−1
)

= ‖Px⊥Ax
(
xHAx

)−1 ‖

=
‖r (x) ‖
|ρ (x) |

,

which completes the proof.

For the case dim (R (X)) = 1, Argentati has proved this using sin Θ and cos Θ

in [2]. Above, we take advantage of the formula of tan Θ derived in Chapter 2 to

prove it directly.

6.3 Majorization-type mixed bounds

In this section we derive several different majorization-type mixed bounds in

terms of singular values of residual matrix and PABS. One of our main results is

contained in the following lemma.

Lemma 6.3.1 Let the columns of matrices X and Y form the orthonormal bases

for the subspaces X and Y with dim(X ) = dim(Y), correspondingly. Let A be a

Hermitian matrix and Θ(X ,Y) < π/2. Then∣∣Λ(XHAX)− Λ(Y HAY )
∣∣≺w 1

cos(θmax(X ,Y))
{S(PYRX) + S(PXRY )} .(6.3.1)

In addition, if the subspace X is A-invariant, then∣∣Λ(XHAX)− Λ(Y HAY )
∣∣≺w 1

cos(θmax(X ,Y))
S(PXRY ). (6.3.2)

117



Proof: According to the hypothesis Θ(X ,Y) < π/2, the singular values of XHY

are positive, which implies that the matrix XHY is invertible. We apply the first

statement of Lemma 4.4.6 with A := XHAX, B := Y HAY and T := XHY . Thus,

we get∣∣Λ(XHAX)− Λ(Y HAY )
∣∣ ≺w 1

smin(XHY )
S
(
XHAX(XHY )− (XHY )Y HAY

)
.

(6.3.3)

From the definition of PABS, the singular values of XHY are the cosines of principal

angles between two subspaces X and Y . So, we have

smin(XHY ) = cos(θmax(X ,Y)). (6.3.4)

Additionally, the formula XHAX(XHY )− (XHY )Y HAY on the right side of (6.3.3)

can be written as

XHAX(XHY )− (XHY )Y HAY =XHA(I −X⊥XH
⊥ )Y −XH(I − Y⊥Y H

⊥ )AY

=−XHAX⊥X
H
⊥ Y +XHY⊥Y

H
⊥ AY. (6.3.5)

Further, the singular values are invariant under conjugate transpose and orthonormal

transforms. Thus,

S(XHAX⊥X
H
⊥ Y ) = S(Y HX⊥X

H
⊥AX) = S(PYPX⊥AX) = S(PYRX).

Similarly, S(XHY⊥Y
H
⊥ AY ) = S(PXRY ). From Theorem 4.2.2 and equality (6.3.5),

we establish that

S(XHAX(XHY )− (XHY )Y HAY ) = S(−XHAX⊥X
H
⊥ Y +XHY⊥Y

H
⊥ AY )

≺w S(XHAX⊥X
H
⊥ Y ) + S(XHY⊥Y

H
⊥ AY )

= S(PYRX) + S(PXRY ). (6.3.6)

Substituting (6.3.6) and (6.3.4) into (6.3.3), we obtain the first result in Lemma 6.3.1

as expected. In addition, if the subspace X is A-invariant, then RX = 0 which

completes the proof.
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When the subspace X is A-invariant, the eigenvalues of XHAX are exactly some

eigenvalues of A. Thus, the bounds (6.3.2) represent the approximation errors for

eigenvalues of A in the RR method. An alternative proof of (6.3.2) can be found

in [61]. The bounds in Lemma 6.3.1 are sharp. For the case dim(X ) = dim(Y) = 1,

the majorization inequality in (6.3.1) could become an equality, see Chapter 5. In

particular, if X is A-invariant with dim(X ) = 1, then the weak majorization inequality

in (6.3.2) becomes an equality, e.g., see [14] and Chapter 5.

Next, we develop several different majorization-type mixed bounds in terms of

residual matrices using orthogonal projections on subspaces and PABS.

Lemma 6.3.2 Under the assumptions of Lemma 6.3.1, we have

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣2 ≺w {S(PYRX) + S(PXRY )}2

cos2(Θ↓(X ,Y))
.

In addition, if the subspace X is A-invariant, then

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣2 ≺w S2(PXRY )

cos2(Θ↓(X ,Y))
,

where S2(PXRY )
cos2(Θ↓(X ,Y)))

=
[

s2max(PXRY )
cos2(θmax(X ,Y))

, . . . ,
s2min(PXRY )

cos2(θmin(X ,Y))

]
.

Proof: Since Θ(X ,Y) < π/2, it follows that XHY is invertible. We replace XHAX,

Y HAY and XHY for A,B, and T in the third result of Lemma 4.4.6, such that

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣2

≺w S2
((
XHY

)−1
)
◦ S2

(
XHAX(XHY )− (XHY )Y HAY

)
.

Next we mainly deal with the right side of the majorization inequality above. Based

on the definition of PABS, we know that S(XHY ) = cos(Θ↑(X ,Y)). So

S
((
XHY

)−1
)

=
1

cos(Θ↓(X ,Y))
. (6.3.7)

From (6.3.6), we already have

S
(
XHAX(XHY )− (XHY )Y HAY

)
≺w {S(PYRX) + S(PXRY )} .
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Since nondecreasing convex functions preserve weak majorization, we take the func-

tion f(x) = x2 for nonnegative x. Squaring both sides of the weak majorization

inequality above, it yields

S2
(
XHAX(XHY )− (XHY )Y HAY

)
≺w {S(PYRX) + S(PXRY )}2 .

Together with (6.3.7), this proves the first statement of Lemma 6.3.2. If the subspace

X is A-invariant, then RX = 0, which completes the proof.

Lemma 6.3.3 Under the assumptions of Lemma 6.3.1, we have

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣ ≺w

√
cos(θmin(X ,Y))

cos(θmax(X ,Y))

{S(PYRX) + S(PXRY )}
cos(Θ↓(X ,Y))

.

If the subspace X is A-invariant, then

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣ ≺w

√
cos(θmin(X ,Y))

cos(θmax(X ,Y))

S(PXRY )

cos(Θ↓(X ,Y))
.

Proof: Θ(X ,Y) < π/2 implies that XHY is invertible, so Y HAY is similar to the

matrix
(
XHY

)
Y HAY

(
XHY

)−1
. The matrix A is Hermitian, so XHAX and Y HAY

are. From the spectral decomposition, we have XHAX = U1D1U
H
1 , where U1 is

unitary and D1 is diagonal. Similarly, Y HAY = U2D2U
H
2 , where U2 is unitary and

D2 is diagonal. As a consequence, we have

Λ
(
XHAX

)
− Λ

(
Y HAY

)
= Λ

(
XHAX

)
− Λ

((
XHY

)
Y HAY

(
XHY

)−1
)

= Λ
(
U1D1U

H
1

)
− Λ

((
XHY

)
U2D2U

H
2

(
XHY

)−1
)
.

Applying Theorem 4.3.6, we obtain

|Λ
(
XHAX

)
− Λ

(
Y HAY

)
|

≺w
[
κ(U1)κ(XHY U2)

]1/2
S
(
XHAX −

(
XHY

)
Y HAY

(
XHY

)−1
)
.

Furthermore, the condition number of U1 is 1 and the condition number of XHY U2 is

equal to the condition number of XHY , i.e., κ(U1) = 1 and κ(XHY U2) = κ(XHY ).
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Moreover, we have

XHAX −
(
XHY

)
Y HAY

(
XHY

)−1

=
[
XHAX

(
XHY

)
−
(
XHY

)
Y HAY

] (
XHY

)−1
.

Consequently,

∣∣Λ (XHAX
)
− Λ

(
Y HAY

)∣∣
≺w

[
κ(XHY )

]1/2
S
[
XHAX

(
XHY

)
−
(
XHY

)
Y HAY

]
◦ S
((
XHY

)−1
)
.(6.3.8)

Substituting (6.3.6) and (6.3.7) into (6.3.8), we obtain the result as expected.

Remark 6.3.4 The bounds in Lemmas 6.3.1, 6.3.2, and 6.3.3 look quite different.

But in some particular cases, the bounds in these lemmas are the same. It is worth

noting that the bounds for max
∣∣Λ(XHAX)− Λ(Y HAY )

∣∣ are the same in both Lem-

mas 6.3.1 and 6.3.2. The bounds for max
∣∣Λ(XHAX)− Λ(Y HAY )

∣∣ in Lemma 6.3.3

are slightly weaker than those in Lemmas 6.3.1 and 6.3.2, since there is a constant√
cos(θmin(X ,Y))
cos(θmax(X ,Y))

≥ 1 in Lemma 6.3.3. If we take dim(X ) = dim(Y) = 1, then the

bounds in these three lemmas are the same.

Although the bounds in Lemma 6.3.3 are slightly weak for the maximum value of

the vector v as we discuss above, by taking the advantage of weak majorization, the

bounds in Lemma 6.3.3 may be sharper for the sum of
∣∣Λ(XHAX)− Λ(Y HAY )

∣∣, since

the bounds in Lemma 6.3.3 involve the vector 1/ cos(Θ↓(X ,Y)), which is arranged

in nonincreasing order. However, the bounds in Lemmas 6.3.1 and 6.3.2 involve

the terms of 1/ cos(θmax(X ,Y)) and 1/ cos2(Θ↓(X ,Y)), correspondingly. Note that

1/ cos(Θ↓(X ,Y)) ≤ [1/ cos(θmax(X ,Y)), . . . , 1/ cos(θmax(X ,Y))].

Let us highlight that we cannot take the square root from both sides of the weak

majorization inequalities in Lemma 6.3.2. However, from our numerical test, we

observe that the result holds without the square of both sides. In other words, the
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results in Lemma 6.3.3 numerically hold without the constant
√

cos(θmin(X ,Y))
cos(θmax(X ,Y))

on the

right side. We have the following conjecture.

Conjecture 6.3.5 Under the assumptions of Lemma 6.3.1,

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣ ≺w {S(PYRX) + S(PXRY )}

cos(Θ↓(X ,Y))
.

If the subspace X is A-invariant, then

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣ ≺w S(PXRY )

cos(Θ↓(X ,Y))
.

In general, the orthogonal projections make the bounds in Lemmas 6.3.1, 6.3.2,

and 6.3.3 sharper. However, in practice it may be difficult to evaluate S(PXRY ) or

S(PYRX). We provide the following useful weak majorization inequalities.

Lemma 6.3.6 In the notation of Lemma 6.3.1, we have

S(PXRY ) ≺w S(RY ) ◦ sin(Θ(X ,Y)) and S(PYRX) ≺w S(RX) ◦ sin(Θ(X ,Y)).

Proof: Since the singular values are invariant under unitary transforms and the ma-

trix conjugate transpose, it follows that S(PXRY ) = S(XHPY⊥AY ) = S(Y HAPY⊥X).

According to Theorem 4.2.5, we have

S(Y HAPY⊥X)≺w S
(
Y HAPY⊥

)
◦ S(PY⊥X) = S (PY⊥AY ) ◦ S(PY⊥X)

= S(RY ) ◦ S(PY⊥X).

Moreover, the singular values of PY⊥X coincide with the sines of the principal angles

between X and Y , e.g., see [9, 48], since dim(X ) = dim(Y). In other words, we have

S(PY⊥X) = sin(Θ(X ,Y)). Consequently, we have S(PXRY ) ≺w S(RY ) sin(Θ(X ,Y)).

Since PABS are symmetric, such that Θ(X ,Y) = Θ(Y ,X ), and the two subspaces

X and Y have the same dimensions, it is clear that S(PX⊥Y ) = sin(Θ(X ,Y)). In a

similar way, we can establish that S(PYRX) ≺w S(RX) ◦ sin(Θ(X ,Y)).
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Theorem 6.3.7 Let the columns of the matrices X and Y form orthonormal bases

for the subspaces X and Y with dim(X ) = dim(Y), correspondingly. Let A be a

Hermitian matrix and Θ(X ,Y) < π/2. Then

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣ ≺w 1

cos(θmax(X ,Y))
{S(RX) + S(RY )} ◦ sin(Θ(X ,Y)).

In addition, if the subspace X is A-invariant, then

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣ ≺w 1

cos(θmax(X ,Y))
S(RY ) ◦ sin(Θ(X ,Y)).

Proof: Combining Lemma 6.3.1 and Lemma 6.3.6 yields this theorem directly.

Remark 6.3.8 For the case where the subspace X is A-invariant, in [75, Theorem

3.3] the author obtains

|||Λ(XHAX)− Λ(Y HAY )||| ≤ ‖ sin (Θ(X ,Y)) ‖√
1− ‖ sin (Θ(X ,Y)) ‖2

|||RY |||,

which implies that |Λ(XHAX)− Λ(Y HAY )| ≺w tan(θmax(X ,Y))S(RY ).

If we take X and Y for the subspaces ϕ and H̃ in [61, Theorem 1], then we have

cos(θmax(X ,Y))|Λi(X
HAX)− Λi(Y

HAY )| ≤ sin(θmax(X ,Y))‖RY ‖.

Since we take advantage of all singular values of RY and all sines of PABS between

X and Y, our results are stronger than those in [61, 75]. Furthermore, our bounds

are more general, since they also hold for both subspaces X and Y not necessarily

A-invariant.

Theorem 6.3.9 Under the assumptions of Theorem 6.3.7, we have

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣2 ≺w {S(RX) + S(RY )}2 ◦ tan2(Θ(X ,Y)).

In addition, if the subspace X is A-invariant, then

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣2 ≺w S2(RY ) ◦ tan2(Θ(X ,Y)).
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Proof: Combining Lemmas 6.3.2 and 6.3.6, we obtain the results.

Lemmas 6.3.3 and 6.3.6 imply the following theorem.

Theorem 6.3.10 Under the assumptions of Theorem 6.3.7, we have

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣ ≺w

√
cos(θmin(X ,Y))

cos(θmax(X ,Y))
{S(RX) + S(RY )} ◦ tan(Θ(X ,Y)).

If the subspace X is A-invariant, then

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣ ≺w

√
cos(θmin(X ,Y))

cos(θmax(X ,Y))
S(RY ) ◦ tan(Θ(X ,Y)).

Again, let us underscore that according to our numerical tests, we can remove

the constant from the right hand side of weak majorization inequalities in Theorem

6.3.10. We have the following conjecture.

Conjecture 6.3.11 Under the assumptions of Theorem 6.3.7,

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣ ≺w {S(RX) + S(RY )} ◦ tan(Θ(X ,Y)).

If the subspace X is A-invariant, then

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣ ≺w S(RY ) ◦ tan(Θ(X ,Y)).

The implications of the weak majorization inequalities in Theorems 6.3.7, 6.3.9,

and 6.3.10 may not be obvious to every reader. Let components of both vec-

tors Λ(XHAX) and Λ(Y HAY ) be arranged in nondecreasing order, such that

Λ(XHAX) = [α1, α2, . . . , αp] and Λ(Y HAY ) = [β1, β2, . . . , βp] . We discuss the case

where the subspace X is A-invariant. For k = 1, . . . , p, the weak majorization in-

equalities of Theorem 6.3.7 directly imply

k∑
i=1

|αi − βi|↓ ≤
1

cos(θmax(X ,Y))

k∑
i=1

(
sin(θ↓i (X ,Y))s↓i (RY )

)
.

Theorem 6.3.9 implies

k∑
i=1

|αi − βi|2↓ ≤
k∑
i=1

(
tan2(θ↓i (X ,Y))s2↓

i (RY )
)
.
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Theorem 6.3.10 implies

k∑
i=1

|αi − βi|↓ ≤

√
cos(θmin(X ,Y))

cos(θmax(X ,Y))

k∑
i=1

(
tan(θ↓i (X ,Y))s↓i (RY )

)
.

These three inequalities mentioned above are different from each other. Specifically,

for k = 1, both Theorems 6.3.7 and 6.3.9 imply

max
i=1,...,p

|αi − βi| ≤ ‖RY ‖ tan(θmax(X ,Y)). (6.3.9)

Note that continuous nondecreasing convex functions f for real values preserve

weak majorization inequalities [55], such that x ≺w y implies f(x) ≺w f(y), i.e.,∑n
i=1 f(xi) ≺w

∑n
i=1 f(yi). For example, if we take f(t) = tm with m ≥ 1, then the

bounds in Theorem 6.3.9 imply(
k∑
i=1

|αi − βi|2m
)1/2m

≤

(
k∑
i=1

(
tan2m(θi(X ,Y))s2m

i (RY )
))1/2m

.

In particular, setting k = p and m = 1 we have(
p∑
i=1

|αi − βi|2
)1/2

≤ tan(θmax(X ,Y))

(
p∑
i=1

s2
i (RY )

)1/2

,

which is equivalent to(
p∑
i=1

|αi − βi|2
)1/2

≤ tan(θmax(X ,Y))‖RY ‖F .

Corollary 6.3.12 Let A be Hermitian and let [X X⊥] be unitary with X ∈ Cn×p,

such that [X X⊥]HA[X X⊥] = diag(L1, L2). Let Y ∈ Cn×p have orthonormal columns

and RY = AY − Y HY with HY = Y HAY. Moreover, assume Λ(HY ) ⊂ [a, b] and

δ > 0, while Λ(L2) ⊂ R \ [a− δ, b+ δ]. Then

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣ ≺w S2(RY )

cos(θmax(X ,Y))δ
.

Proof: We obtain the result directly by using Theorems 6.2.1 and 6.3.7.
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Corollary 6.3.13 In the notation of Corollary 6.3.12, assume that Λ(HY ) ⊂ [a, b]

and δ > 0, while Λ(L2) ⊂ (−∞, a−δ] or Λ(L2) ⊂ [b+δ,∞). Or, assume Λ(L2) ⊂ [a, b]

and δ > 0, while Λ(HY ) lies in the union of (−∞, a− δ] and [b+ δ,∞). Then

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣2 ≺w S4(RY )

δ2
.

Proof: From Theorems 6.2.2 and 6.2.3, together with Theorem 6.3.9, we obtain the

result directly.

Remark 6.3.14 We can obtain the result directly from Corollary 6.3.12, such that

max
i=1,...,p

|αi − βi| ≤
‖RY ‖2

δ
.

Alternatively, this result can be obtained by Theorems 6.2.2 and 6.2.3 together with

inequality (6.3.9).

6.4 Discussion

If PABS are small, such that tan(θmax(X ,Y)) ≤ 1, then the mixed majorization

bounds in Theorems 6.3.7 and 6.3.9 are sharper than the known a posteriori bounds in

terms of the residual matrix. For completeness, we reproduce here known a posteriori

majorization bounds as follows.

Theorem 6.4.1 [5, 73, 81] Let Y be an orthonormal n by p matrix and matrix A be

Hermitian. Then there exist a set of incices 1 ≤ i1 < i2 < · · · < ip ≤ n, and some p

eigenvalues of A as ΛI(A) =
(
λi1 , . . . , λip

)
, such that

|ΛI(A)− Λ(Y HAY )| ≺w [s1, s1, s2, s2, . . .] ≺w 2S (RY ) ,

where S(RY ) = [s1, s2, . . . , sp].

It is important to realize that in our bounds the choice of subspaces X and Y is

arbitrary, while in Theorem 6.4.1 one cannot choose the subspace X . The multiplier
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2 in Theorem 6.4.1 cannot be removed, which is shown by Bhatia in [5, p. 188]. The

implication of this fact is that we can choose X in our bounds, such that θmax(X ,Y) ≤

π/4, to make our bounds sharper. Next, we describe some situations where principal

angles are less than π/4.

1. [10, p. 64] Let [Y Y⊥] be unitary. Suppose λmax(Y HAY ) < λmin(Y H
⊥ AY⊥) and

X is the space spanned by the eigenvectors corresponding to the p smallest

eigenvalues of A, then θmax(X ,Y) < π/4.

2. [15, sin(2Θ) and 8.2 Theorem] Let A be Hermitian and let [X X⊥] be unitary

with X ∈ Cn×p, such that [X X⊥]HA[X X⊥] = diag(L1, L2). Let Y ∈ Cn×p be

with orthonormal columns and HY = Y HAY. There is a δ > 0 , such that

Λ(L1) ∈ [α, β] and Λ(L2) ∈ R\ [α− δ, β+ δ]. Let Λ(HY ) ∈ [α− δ
2
, β− δ

2
]. Then,

θmax(X ,Y) < π/4.

3. [25] Let A be a Hermitian quasi-definite matrix, i.e.,

A=

H BH

B −G

 , (6.4.1)

where H ∈ Ck×kand G ∈ C(n−k)×(n−k) are Hermitian positive definite matrices.

Let the subspace Y be spanned by the eigenvectors of A corresponding to p

eigenvalues which have the same sign. Let the subspace X be spanned by

e1, . . . , ep and Z be spanned by en−p+1, . . . , en, where ei is the coordinate vector.

Then, if the eigenvalues corresponding to the eigenspace Y are positive, we have

θmax(X ,Y) < π/4. If the eigenvalues corresponding to the eigenspace Y are

negative, we have θmax(Z,Y) < π/4.

In these situations, we have

max
i=1,...,p

|αi − βi| < ‖RY ‖ and

(
p∑
i=1

|αi − βi|2
)1/2

< ‖RY ‖F .
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To summarize, compared to the known a posterior bounds, the advantages of the

mixed majorization-type bounds in Theorem 6.3.7 are described in the following. The

mixed majorization bounds are more general than the known a posteriori bounds,

because the a posteriori bounds hold only if one subspace is A-invariant. We can

choose any invariant subspace in the majorization-type mixed bounds. In contrast,

in the known a posteriori majorization bounds only the existence of the A-invariant

subspace X is stated. Finally, if PABS are small, such as θmax(X ,Y) ≤ π/4, then the

majorization-type mixed bounds in Theorem 6.3.7 are sharper.

What is the advantage of the majorization-type mixed bounds compared to the

a priori majorization bounds? For convenience, we formulate here known a priori

bounds as follows.

Theorem 6.4.2 [51] Let the subspaces X and Y have the same dimensions, with

orthonormal bases given by the columns of the matrices X and Y , correspondingly.

Let A = AH . Then

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣ ≺w [λmax(A)− λmin(A)] sin (Θ(X ,Y)) .

If in addition one of the subspaces is A-invariant then

∣∣Λ(XHAX)− Λ(Y HAY )
∣∣ ≺w [λmax(A)− λmin(A)] sin2 (Θ(X ,Y)) .

The main advantage of the majorization-type mixed bounds is in the case where

both subspaces X and Y approximate the same A-invariant subspace, so that the

principal angles between subspaces X and Y are small and the singular values of the

residual matrices are small.

For example, in Figure 6.1 we choose a random Hermitian matrix A ∈ Cn×n. Let

the columns of U be eigenvectors of A. We use the MATLAB notation. Let E =

orth(randn(n,p)). We set X = orth(U(:,1:p) + c×E) and Y = orth(U(:,1:p) + c×E)

where c = rand(1, 1)× 10−3 + 10−3 × i for i = 1, . . . , 100. In other words, we choose
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the perturbed matrix c×E such as ‖c×E‖ is less than 0.1. We compare the largest

bound of absolute change of Ritz values in the mixed type bounds in Theorem 6.3.7

or 6.3.9 to that in the a priori bounds in Theorem 6.4.2.
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Figure 6.1: Comparison of the absolute change of Ritz values for the mixed bounds
and for the a priori bounds with the exact absolute change of Ritz values (left); The
corresponding tangent of the largest principal angle (right).
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Figure 6.2: Comparing the mixed type bound of the absolute change of Ritz values
with the exact absolute change of Ritz values.

Figure 6.1 (left) displays the comparison of bounds of the absolute changes of Ritz

values for mixed type bounds and the a priori bounds with the exact absolute changes

for Ritz values. Figure 6.1 (right) shows the corresponding tangent of the maximum
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angle between R(X) and R(Y ). From Figure 6.1, we see that the mixed type bounds

are smaller than the a priori bounds for the largest bound of the absolute change

of Ritz values. Moreover, the a priori bounds of Ritz value perturbation increase

with the same speed as i increases. In contrast, the mixed type bounds of Ritz value

perturbation increase slightly as i increases. To see this more clearly, in the same test

the comparison of the mixed type bound for the absolute change of Ritz values with

the exact value is shown in Figure 6.2.

6.5 Conclusions

In this chapter, we have derived several majorization-type mixed bounds for the

absolute changes of Ritz values and approximations of eigenvalues of a Hermitian ma-

trix. Our results improve the existing mixed bounds and extend the results obtained

in Chapter 5 to multi-dimensional subspaces.
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7. Conclusions and future work

In this thesis, we have obtained new properties of PABS relating the tangents of

PABS to singular values of explicitly constructed matrices. We are further interested

in applying our matrix formulations to derive novel majorization-type convergence

rate bounds of subspace iterations, finishing the work started in [52].

Concerning the computation of PABS, we have presented several numerical al-

gorithms based on the sines of half-PABS. From our formulations involving the sines

of half angles, one can also directly compute the Hausdoff metric. None of the algo-

rithms is a clear winner, with each of them having its own advantages. We would like

to invest more time into looking for an ultimate algorithm for computing the PABS,

since it is very important in many applications. We also want to develop parallel algo-

rithms to compute PABS in the future, and write a parallel code to be included into

our BLOPEX (Block Locally Optimal Preconditioned Eigenvalue Xolvers) parallel

software library.

For computing the PABS for sparse data, iterative methods are preferable, pre-

serving the sparsity. In this work, we have not considered using iterative methods.

One could evidently try an eigensolver, e.g., the locally optimal block preconditioned

conjugate gradient method (LOBPCG) to compute the cosines of PABS and the

principal vectors, reformulating the SVD as a generalized eigenvalue problem. We

are interested to investigate LOBPCG-like algorithms for the sines of half-PABS.

We have proposed a unifying technique to prove bounds for the Rayleigh quotient

and for the spectrum of self-adjoint operators. New mixed majorization-type bounds

for the absolute change of Ritz values and eigenvalues have been derived. We have

formulated the following two majorization inequalities as conjectures:∣∣Λ(XHAX)− Λ(Y HAY )
∣∣ ≺w {S(PYRX) + S(PXRY )}

cos(Θ↓(X ,Y))
,

and ∣∣Λ(XHAX)− Λ(Y HAY )
∣∣ ≺w {S(RX) + S(RY )} ◦ tan(Θ(X ,Y)).
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We plan to attempt proving these elegant and powerful conjectures.
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APPENDIX A. MATLAB code

The MATLAB code of subspaceupdate.m is as follows:

1 function [theta ,varargout] = subspaceupdate(X,Y,varargin)

%SUBSPACEUPDATE Find principal angles between subspaces

3 %

% This is backward compatible with the MATLAB built -in

5 % SUBSPACE function , except that our function gives much

% more accurate results for nearly orthogonal vectors.

7 % If X and Y are unit vectors , then the angle is

% ACOS(ABS(X'*Y)) in exact arithmetic.

9 %

% Our function has many more features , compared to the built -in original.

11 % [THETA ,U,V] = subspaceupdate(X,Y)

% outputs the orthonormalized principal vectors: U=X*A and V=Y*B.

13 % where A and B are the orthonormalized canonical coefficients.

% The principal vectors U and V reveal the directions of the largest

15 % change between X and Y.

%

17 % [THETA ,U,V,A,B] = subspaceupdate(X,Y)

% also outputs the orthonormalized canonical coefficients A and B, which

19 % are p-by-d and q-by-d matrices , where d = min(rank(X),rank(Y)) and

% X and Y are n-by-p and n-by-q, correspondingly.

21 %

% Class support for input X and Y:

23 % full (float: double , single),

% sparse (float: double)

25 %

% SUBSPACEUPDATE(X,Y,OPTS) specifies options:

27 % OPTS.fast: use faster , but less accurate algorithm [{0} | 1 | 2]

% OPTS.R: use method based on the triangular upper matrices [{0} | 1 ]

29 % OPTS.A: use A-based scalar product [matrix or function handle | {null}]

% OPTS.number:find k principal angles , if the number is k.

31 % OPTS.disp: diagnostic information display level [{0} | 1 | 2]

%

33 % The number of all principal angles is equal to

% min(size(orthupdate(X),2),size(orthupdate(Y),2))

35 %

% [THETA ,U,V] = subspaceupdate(X,Y)

37 % outputs all orthonormalized principal vectors: U for X and V for Y,

% where size(U)=size(orth(X)) and size(V)=size(orth(Y)).

39 %

% [THETA ,U,V] = subspaceupdate(X,Y,opts), if opts.A=A.

41 % does the same , but in the A-based scalar product x'*A*y, where A

% is Hermitian and positive definite. The optional parameter A is a

43 % Hermitian and positive definite matrix , or a corresponding function.

% When A is a function , it must accept a matrix as an argument.

45 %

% COS(THETA) for centered data X and Y (with zero mean) gives

47 % canonical correlations.

%

49 % This code requires ORTHUPDATE.m and MGSA.m

% Examples:
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51 % opts.fast =1;X=rand (10 ,4);Y=randn (10 ,6); theta=subspaceupdate(X,Y,opts);

% computes 4 angles between X and Y, while in addition

53 % A=hilb (10); opts.A=A; [theta ,U,V] = subspaceupdate(X,Y,opts);

% computes angles relative to A and corresponding vectors U and V

55 %

57 if (nargout > 5)

error('subspace:TooManyOutputs ', 'Too many output arguments.')

59 end

61 if (nargin < 2)

error('subspace:NeedAtLeastTwoArguments ' ,...

63 'Subspace needs at least two arguments ');

end

65

if ¬isnumeric(X)
67 error('subspace:XNotNumeric ' ,...

'X must be a numeric matrix.')

69 end

71 if ¬isnumeric(Y)
error('subspace:YNotNumeric ' ,...

73 'Y must be a numeric matrix.')

end

75

if size(X,1) 6= size(Y,1)

77 error(['The row dimension ' int2str(size(X,1)) ...

' of the matrix X is not the same as ' int2str(size(Y,1)) ...

79 ' the row dimension of Y'])

end

81

%%%%%%%%%%%%%% set the default value %%%%%%%%%%%%%%%%%%%%%%%%%

83 A =[]; subFast = 0; subR = 0; subDisplay = 0; subNumber =[];

85 if (nargin > 2)

opts = varargin {1};

87 if ¬isa(opts ,'struct ')
error('subspace:OptionsNotStructure ' ,...

89 'Options argument must be a structure.')

end

91 if isfield(opts ,'number ')

subNumber=opts.number;

93 if ¬isscalar(subNumber)
error('subspace:NonScalarSubNumber ' ,...

95 'subNumber must be a scalar.')

end

97 if subNumber≤0

error('subspace:InvalidNumberInput ' ,...

99 'Invalid number input ');

end

101 end

% Process the input A

103 if isfield(opts ,'A')

A=opts.A;

105 if isnumeric(A)

Amatrix = true;

107 else

% By checking the function A with fcnchk , we can now use direct

109 % function evaluation on the result , without resorting to feval

A = fcnchk(varargin {1});

111 Amatrix = false;

end
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113 if Amatrix

[mA ,nA] = size(A);

115 n=size(X,1);

if (mA 6= nA)

117 error('subspace:NonSquareMatrix ' ,...

'A must be a square matrix.')

119 end

if (mA 6= n)

121 error('subspace:AXSizeMismatch ' ,...

['The size ' int2str(size(A)) ...

123 ' of the matrix A does not match with ' int2str(n) ...

' - the number of rows of X'])

125 end

if ¬isequal(A,A');
127 error('subspace:NonHermitianMatrixn ' ,...

'A must be Hermitian.')

129 end

131 end

end

133 if isfield(opts ,'fast')

subFast = opts.fast;

135 if (¬issparse(X)) && (¬issparse(Y))
if ¬(subFast == 0 || subFast == 1 || ...

137 subFast == 2)

dispstr = 'Fast level opts.fast must be 0, 1 or 2.';

139 error('subspace:WrongDiagnosticLevel ', dispstr)

end

141 else

if ¬(subFast == 0 || subFast == 1)

143 dispstr = 'Fast level opts.fast must be 0, or 1.';

error('subspace:WrongDiagnosticLevel ', dispstr)

145 end

end

147 end

if isfield(opts ,'R')

149 subR = opts.R;

if ¬(subR == 0 || subR == 1)

151 dispstr = 'Fast level opts.R must be 0 and 1.';

error('subspace:WrongDiagnosticLevel ', dispstr)

153 end

end

155 if isfield(opts ,'disp')

subDisplay = opts.disp;

157 dispstr = 'Diagnostic level opts.disp must be 0, 1, or 2.';

if ¬(subDisplay == 0 || subDisplay == 1 || ...

159 subDisplay == 2)

error('subspace:WrongDiagnosticLevel ', dispstr)

161 end

end

163 end

if subDisplay ==1 || subDisplay ==2

165 if isempty(A)

fprintf('\n Compute the principal angles based on method using \n');

167 if subFast == 0 && subR ==0

if (issparse(X)) && (issparse(Y))

169 disp('the triangluar matrix R from QR factorization.');

else

171 disp(strcat('the SVD of matrix [QF,QG], where ' ,...

'QF=orth(X) and QF=orth(Y).'))

173 disp('');

disp('The computation is the slowest , but provides more');
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175 disp('reliable and accuracy.');

end

177 elseif subFast ==1 && subR ==0

if (issparse(X)) && (issparse(Y))

179 disp('Compute the principal angles based on cosine -based ');

disp('algorithm using R from Cholesky factorization.');

181 else

disp('the geometry approach by the SVD of the difference of')

183 disp('principal vectors on two subspaces.')

disp('');

185 disp('The computation is faster.');

end

187 elseif subFast ==2 && subR ==0

disp('the cosine -based algorithm.');

189 disp('');

disp('The computation is the fastest possible and least ');

191 disp('accuracy for small angles.');

end

193 if subR ==1

disp('the triangluar upper matrix R from QR factorization.');

195 end

else

197 disp(['Compute the principal angles in the A-based' ,...

' scalar product ']);

199 if subFast == 0 && subR ==0

disp(strcat('the SVD of matrix A^(1/2)[QF ,QG], where' ,...

201 'QF^HAQF=I and QG^HAQG=I.'));

disp('');

203

elseif subFast ==1 && subR ==0

205 disp('the geometry approach by the SVD of A^(1/2) time the')

disp('difference of principal vectors on two subspaces.')

207 disp('');

disp('The computation is faster.');

209 elseif subFast ==2 && subR ==0

disp('the cosine -based algorithm in the A-based scalar product.')

211 disp('');

disp('The computation is the fastest possible and least ' ,...

213 'accuracy for small anlges.');

end

215 if subR ==1

disp('by using the triangular upper matrix R from A-orthgonal ');

217 disp('QR factorization.');

end

219 end

end

221

if isempty(A) && ((¬issparse(X)) || (¬issparse(Y)))
223 if issparse(X)

X=full(X);

225 end

227 if issparse(Y)

Y=full(Y);

229 end

% Column scaling first

231 for i=1: size(X,2),

normi=norm(X(:,i),inf);

233 %Adjustment makes tol consistent with experimental results

if normi > eps ^.981

235 X(:,i)=X(:,i)/normi;

end
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237 end

for i=1: size(Y,2),

239 normi=norm(Y(:,i),inf);

%Adjustment makes tol consistent with experimental results

241 if normi > eps ^.981

Y(:,i)=Y(:,i)/normi;

243 end

end

245 %Use default opts.fast=0 in orthupdate

%which is the same as ORTH function

247 QF = orthupdate(X); %This can also be done using QR.m

QG = orthupdate(Y); %with opts.fast=1

249 [n,p]=size(QF);

q=size(QG ,2);

251 k = min(p,q);

if subNumber >k

253 error('subspace:InvalidNumberInput ' ,...

'Invalid number input ');

255 end

if (subFast ==0)&&( subR ==0)

257 index=p+q;

newindex=index -k+1;

259 L=[QF QG];

if index ≤n

261 [¬,s,Vhat]=svd(L,0);
if size(s ,1)==1

263 s=1/ sqrt (2)*s(1);

else

265 s=1/ sqrt (2)* diag(s);

end

267 theta=flipud (2* asin(s( newindex:index )));

else

269 [Vhat ,s]=svd(L');

if size(s ,1)==1

271 s=1/ sqrt (2)*s(1);

else

273 s=1/ sqrt (2)* diag(s);

end

275 theta1 =2* asin(s(newindex:n));

theta2=diag(zeros(index -n));

277 theta=flipud ([ theta1;theta2 ]);

end

279 Ys=fliplr(Vhat (1:p, newindex:index ).* sqrt (2));

Zs=fliplr(-Vhat(p+1:index , newindex:index ).* sqrt (2));

281

elseif (subFast == 1) &&( subR ==0)

283 if p≥q

[Ys ,¬,Zs] = svd(QF '*QG ,0);

285 else

[Zs ,¬,Ys] = svd(QG '*QF ,0);

287 end

L=QF*Ys -QG*Zs;

289 [¬,s,Vl]=svd(L,0);
if size(s ,1)==1

291 s=0.5*s(1);

else

293 s=0.5* diag(s);

end

295 theta=flipud (2* asin(s));

Ys=fliplr(Ys*Vl);

297 Zs=fliplr(Zs*Vl);
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299 elseif (subFast == 2)&&( subR ==0)

[Ys ,s,Zs] = svd(QF '*QG ,0);

301 if size(s ,1)==1

% make sure s is column for output

303 s=s(1);

end

305 s = diag(s);

theta =acos(s);

307 end

if (subR ==0)

309 U=QF*Ys;

V=QG*Zs;

311 end

if (subR ==1)

313 if (subFast ==1)||( subFast ==2)

error('subspace:Option ' ,...

315 'Options opts.fast should be 0' );

else

317 [theta ,U,V]= subspace_general(X,Y);

end

319 end

if (subR ==0)

321 if isempty(subNumber)

varargout (1)={U(:,1:k)};

323 varargout (2)={V(:,1:k)};

varargout (3)={Ys(:,1:k)};

325 varargout (4)={Zs(:,1:k)};

327 else

K=subNumber;

329 theta=theta (1:K,:);

varargout (1)={U(:,1:K)};

331 varargout (2)={V(:,1:K)};

varargout (3)={Ys(:,1:K)};

333 varargout (4)={Zs(:,1:K)};

335 end

elseif (subR ==1)

337 if isempty(subNumber)

varargout (1)={U(:,1:k)};

339 varargout (2)={V(:,1:k)};

341 else

K=subNumber;

343 theta=theta (1:K,:);

varargout (1)={U(:,1:K)};

345 varargout (2)={V(:,1:K)};

end

347 end

end

349

if (isempty(A)) && (issparse(X)) && (issparse(Y))

351 %work for full rank inputs X and Y

[n,p]=size(X);

353 q=size(Y,2);

k = min(p,q);

355 if subNumber >k

error('subspace:InvalidNumberInput ' ,...

357 'Invalid number input ');

end

359 if (subFast == 0)

L1=[X Y];
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361 R=qr(L1 ,0);

R1=R(1:p,p+1:p+q);

363 R2=R(p+1:end ,p+1:p+q);

a=min(size(L1));

365 L2=[R1; R2];

RY=qr(L2 ,0);

367 L=[speye(p) R1/RY;

sparse(a-p,p) R2/RY];

369 index=p+q;

newindex=index -k+1;

371

if index ≤n

373 [¬,s,Vhat]=svd(full(L),0);
if size(s ,1)==1

375 s=1/ sqrt (2)*s(1);

else

377 s=1/ sqrt (2)* diag(s);

end

379 theta=flipud (2* asin(s( newindex:index )));

Ys=fliplr(Vhat (1:p, newindex:index ).* sqrt (2));

381 Zs=fliplr(-Vhat(p+1:index , newindex:index ).* sqrt (2));

clear Vhat

383 else

385 [Vhat ,s]=svd(full(L'),0);

if size(s ,1)==1

387 s=1/ sqrt (2)*s(1);

else

389 s=1/ sqrt (2)* diag(s);

end

391 theta1 =2* asin(s(newindex:n));

theta2=diag(zeros(index -n));

393 theta=flipud ([ theta1;theta2 ]);

Vhat1=Vhat(:,newindex:n);

395 U1=fliplr(Vhat1 (1:p ,:).* sqrt (2));

V1=fliplr(-Vhat1(p+1:index ,:).* sqrt (2));

397 Vhat2=Vhat (:,1:index -n);

U2=Vhat2 (1:p,:).* sqrt (2);

399 V2=Vhat2(p+1:q+p,:).* sqrt (2);

Ys=[U2 U1];

401 Zs=[V2 V1];

clear Vhat U1 U2 V1 V2

403 end

RX=R(1:p,1:p);

405 elseif (subFast == 1)

XX=X'*X;

407 RX=chol(XX);

YY=Y'*Y;

409 RY=chol(YY);

L=(X/RX)'*(Y/RY);

411 [Ys ,s,Zs] = svd(full(L),k);

if size(s ,1)==1

413 s=s(1);

end

415 s = diag(s);

% r=sum(s>1);

417 % s(1:r ,1)=1;

theta =acos(s);

419

end

421 U=(X/RX)*Ys;

V=(Y/RY)*Zs;
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423 if subDisp ==2

if isempty(subNumber)

425 bar(x,cos(theta), 'g')

else

427 bar(x,cos(theta (1:K,:)), 'g')

end

429 title 'Canonical Correlations '

xlabel 'Dimension '

431 end

433 if isempty(subNumber)

varargout (1)={U(:,1:k)};

435 varargout (2)={V(:,1:k)};

else

437 K=subNumber;

theta=theta (1:K,:);

439 varargout (1)={U(:,1:K)};

varargout (2)={V(:,1:K)};

441

end

443 end

445 if ¬isempty(A) && ((¬issparse(X)) || (¬issparse(Y)))
if issparse(X)

447 X=full(X);

end

449 if issparse(Y)

Y=full(Y);

451 end

optsorth.A=A;

453 [QX ,AQX]= orthupdate(X,optsorth );

[QY ,AQY]= orthupdate(Y,optsorth );

455 p=size(QX ,2);

q=size(QY ,2);

457 k = min(p,q);

if (subFast ==0)&&( subR ==0)

459 index=p+q;

newindex=index -k+1;

461 S=[X Y];

%[a1,b1 ,p1]=lu(S);

463 % S=p1 '*a1;

QS=orthupdate(S,optsorth );

465 m=size(QS ,2);

L=QS '*[AQX AQY];

467 [¬,s,Vhat]=svd(L,0);
if size(s ,1)==1

469 s=1/ sqrt (2)*s(1);

else

471 s=1/ sqrt (2)* diag(s);

end

473 theta1 =2* asin(s(newindex:m));

theta2=zeros(index -m,1);

475 theta=flipud ([ theta1;theta2 ]);

Ys=fliplr(Vhat (1:p,newindex:index ).* sqrt (2));

477 Zs=fliplr(-Vhat(p+1:index ,newindex:index ).* sqrt (2));

479 elseif (subFast ==1)&&( subR ==0)

if p≥q

481 [Ys ,¬,Zs] = svd(QX '*AQY ,0);

else

483 [Zs ,¬,Ys] = svd(AQY '*QX ,0);

end
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485 S=QX*Ys -QY*Zs;

QS=orthupdate(S,optsorth );

487 L=QS '*A*S;

b=min(size(L));

489 [¬,s,Vl]=svd(L,0);
s=0.5* diag(s);

491 theta1 =2* asin(s);

b1=min(p,q);

493 theta2=zeros(b1-b,1);

theta=flipud ([ theta1; theta2 ]);

495 Ys=fliplr(Ys*Vl);

Zs=fliplr(Zs*Vl);

497

elseif (subFast == 2)&&( subR ==0)

499 [Ys ,s,Zs] = svd(QX '*AQY ,0);

if size(s ,1)==1

501 s=s(1);

end

503 s = diag(s);

theta =acos(s);

505 end

if (subR ==0)

507 U=QX*Ys;

V=QY*Zs;

509 end

if (subR ==1)

511 if (subFast ==1)

error('subspace:Option ',' Opts.fast should be 0 for A' );

513 else

[theta ,U,V]= subspace_general(X,Y,A);

515 end

end

517 if isempty(subNumber)

varargout (1)={U(:,1:k)};

519 varargout (2)={V(:,1:k)};

else

521 K=subNumber;

theta=theta (1:K,:);

523 varargout (1)={U(:,1:K)};

varargout (2)={V(:,1:K)};

525 end

end

527 if subDisplay ==2

if isempty(subNumber)

529 bar (1:k,cos(theta), 'g')

else

531 bar (1:K,cos(theta (1:K,:)), 'g')

end

533 if isempty(A)

title 'Canonical Correlations '

535 xlabel 'Dimension '

else

537 title 'Cosines of principal angles in the A-based scalar product '

xlabel 'Dimension '

539 end

end

541

end
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1 function [theta ,U,V] = subspace_general(X,Y,A)

3 % input matrices X and Y have full rank

% X=independentColumnupdate(X);

5 % Y=independentColumnupdate(Y);

[n,p]=size(X);

7 q=size(Y,2);

k = min(p,q);

9 L1=[X Y];

index=p+q;

11 newindex=index -k+1;

13 if nargin <3

R=qr(L1 ,0);

15 R=triu(R);

R1=R(1:p,p+1:p+q);

17 if p+q<n

R2=R(p+1:p+q,p+1:p+q);

19 else

R2=R(p+1:end ,p+1:p+q);

21 end

a=min(size(L1));

23 L2=[R1; R2];

RY=qr(L2 ,0);

25 RY=triu(RY);

RY=RY(1:q,1:q);

27 L=[eye(p) R1/RY; zeros(a-p,p) R2/RY];

if index ≤n

29 [¬,s,Vhat]=svd(L,0);
if size(s ,1)==1

31 s=1/ sqrt (2)*s(1);

else

33 s=1/ sqrt (2)* diag(s);

end

35 theta=flipud (2* asin(s( newindex:index )));

Ys=fliplr(Vhat (1:p, newindex:index ).* sqrt (2));

37 Zs=fliplr(-Vhat(p+1:index , newindex:index ).* sqrt (2));

clear Vhat

39 else

41 [Vhat ,s]=svd(L',0);

if size(s ,1)==1

43 s=1/ sqrt (2)*s(1);

else

45 s=1/ sqrt (2)* diag(s);

end

47 theta1 =2* asin(s(newindex:n));

theta2=diag(zeros(index -n));

49 theta=flipud ([ theta1;theta2 ]);

Vhat1=Vhat(:,newindex:n);

51 U1=fliplr(Vhat1 (1:p ,:).* sqrt (2));

V1=fliplr(-Vhat1(p+1:index ,:).* sqrt (2));

53 Vhat2=Vhat (:,1:index -n);

U2=Vhat2 (1:p,:).* sqrt (2);

55 V2=Vhat2(p+1:q+p,:).* sqrt (2);

Ys=[U2 U1];

57 Zs=[V2 V1];

clear Vhat U1 U2 V1 V2

59 end

RX=R(1:p,1:p);

61 U=(X/RX)*Ys;
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V=(Y/RY)*Zs;

63 else

[¬,R]= mgs_A(A,L1);
65 R1=R(1:p,p+1:p+q);

R2=R(p+1:end ,p+1:p+q);

67 [¬,RY]= mgs_A(A,Y);
L=[eye(p) R1/RY;

69 zeros(q,p) R2/RY];

[¬,s,Vhat]=svd(L,0);
71 if size(s ,1)==1

s=1/ sqrt (2)*s(1);

73 else

s=1/ sqrt (2)* diag(s);

75 end

theta=flipud (2* asin(s( newindex:index )));

77 Ys=fliplr(Vhat (1:p, newindex:index ).* sqrt (2));

Zs=fliplr(-Vhat(p+1:index , newindex:index ).* sqrt (2));

79 clear Vhat

RX=R(1:p,1:p);

81 U=(X/RX)*Ys;

V=(Y/RY)*Zs;

83 end

Below is a list of options ORTHPDATE takes:

opts.fast=0 Backward compatible with built-in MATLAB function ORTH.

opts.fast=1 Using QR factorization with complete pivoting.

opts.fast=2 Using Cholesky factorization.

opts.A Use A-based scalar product, where A is positive definite.

opts.tolzero Cut-off for zero vectors.

opts.tol Cut-off for dependent vectors.

opts.disp Diagnostic information display level 0, 1.

1 function [Q,varargout ]= orthupdate(X,varargin)

%ORTHUPDATE Find an orthonormal basis for the range of X

3 % Q = ORTHUPDATE(X) returns an orthonormal basis for the range of X.

% That is Q'*Q = I, the columns of Q span the same space as the columns

5 % of X, and the number of columns of Q is the rank of X. Backward

% compatible with built -in MATLAB and OCTAVE codes ORTH , which it

7 % is replacing.

%

9 % Class support for input X:

% full (float: double , single),

11 % sparse (float: double)

%

13 % [Q,R]= orthupdate(X) also returns R such that Q = X*R.

%

15 % [Q,R]= orthupdate(X,opts) specify options:

% OPTS.tolzero: cut -off for zero vectors [float | {0}]

17 % OPTS.tol: cut -off for dependent vectors [float | {determined by the code}]

% OPTS.A: A-based scalar product [float matrix or function handle | {null}]

19 % OPTS.fast: use faster , but less accurate algorithm [{0} | 1 | 2]

% OPTS.disp: diagnostic information display level [{0} | 1 ]

21 %

% In default , the dimension of the range space is taken as the number of

23 % singular values of X greater than opts.tol. It is computed as
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% max (size (X)) * max (svd ({X})) * eps(class(X));

25 %

% If opts.A is present , Q=orthupdate(X,opts) computes an orthonormal basis

27 % Q for the range of X, relative to the scalar product using a positive

% definite and selfadjoint matrix A. That is , Q'*A*Q = I, the columns of

29 % Q span the same space as columns of X, and rank(Q)=rank(X). Missing

% opts.A is mathematically equivalent to opts.A = identity.

31 %

% [Q,AQ,R]= orthupdate(X,opts) also gives AQ=A*Q and Q=X*R.

33 %

% opts.A: either an m x m positive definite and selfadjoint matrix A

35 % or a linear operator A=A(v) that is positive definite selfadjoint;

%

37 % Class support for input opts.A:

% full (float: double , single),

39 % sparse (float: double)

% handle to a function multiplying A*X

41 %

43 if (nargout > 3)

error('orth:TooManyOutputs ', 'Too many output arguments.')

45 end

47 if ¬isnumeric(X)
error('orth:XNotNumeric ' ,...

49 'X must be a numeric matrix.')

end

51

if issparse(X)

53 warning('orth:XSparse ' ,...

'Sparse X may result in a fill -in in Q')

55 end

57 [m,n] = size(X); % the first input parameter is required

59 % Set the defaults

A =[]; orthTolZero = []; orthTol = []; orthFast = 0; orthDisplay = 0;

61

if (nargin > 1)

63 opts = varargin {1};

if ¬isa(opts ,'struct ')
65 error('orth:OptionsNotStructure ' ,...

'Options argument must be a structure.')

67 end

if isfield(opts ,'tolzero ')

69 orthTolZero = opts.tolzero;

if ¬isscalar(orthTolZero)
71 error('orth:NonScalarOrthTolZero ' ,...

'orthTolZero must be a scalar.')

73 end

if ¬(orthTolZero >0)
75 error('orth:NonPositiveOrthTolZero ' ,...

'orthTolZero must be positiv.')

77 end

end

79 if isfield(opts ,'tol')

orthTol = opts.tol;

81 if ¬isscalar(orthTol)
error('orth:NonScalarOrthTol ' ,...

83 'orthTol must be a scalar.')

end

85 if ¬(orthTol >0)
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error('orth:orthTol ' ,...

87 'orthTol must be a positive scalar.')

end

89 end

% Process the input A

91 if isfield(opts ,'A')

A=opts.A;

93 if isnumeric(A)

Amatrix = true;

95 else

% By checking the function A with fcnchk , we can now use direct

97 % function evaluation on the result , without resorting to feval

A = fcnchk(varargin {1});

99 Amatrix = false;

end

101 if Amatrix

[mA ,nA] = size(A);

103 if (mA 6= nA)

error('orth:NonSquareMatrix ' ,...

105 'A must be a square matrix.')

end

107 if (mA 6= m)

error('orth:AXSizeMismatch ' ,...

109 ['The size ' int2str(size(A)) ...

' of the matrix A does not match with ' int2str(m) ...

111 ' - the number of rows of X'])

end

113 if ¬isequal(A,A');
error('orth:NonHermitianMatrixn ' ,...

115 'A must be Hermitian.')

end

117 end

end

119 if isfield(opts ,'fast')

orthFast = opts.fast;

121 dispstr = 'Fast level opts.fast must be 0, 1, or 2.';

if ¬(orthFast == 0 || orthFast == 1 || ...

123 orthFast == 2)

error('orth:WrongDiagnosticLevel ', dispstr)

125 end

end

127 if isfield(opts ,'disp')

orthDisplay = opts.disp;

129 dispstr = 'Diagnostic level opts.disp must be 0, 1, or 2.';

if ¬(orthDisplay == 0 || orthDisplay == 1 || ...

131 orthDisplay == 2)

error('orth:WrongDiagnosticLevel ', dispstr)

133 end

end

135 end

137 % normalization and cleaning , if ordered

if ¬isempty(orthTolZero)
139 normXc=max(abs(X)); %origianl is normXc=max(abs(X))

orthTolZeroI =(normXc <orthTolZero );

141 X(:, orthTolZeroI )=[]; %removing "zero" colomn vectors

normXc(orthTolZeroI )=[];

143 n=size(normXc ,2); %the number of vectors survived

if issparse(X)

145 diagnornXc=spdiags(normXc ,0,n,n); %preserve the sparsity of X

else

147 diagnornXc=diag(normXc );
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end

149 X=X/diagnornXc; % normalizing the rest

clear normXc orthTolZeroI diagnornXc;

151 end

if orthDisplay ==1

153 if isempty(A)

fprintf('\n An orthonormal basis for the range of input matrix .\n');

155 if orthFast == 0

disp('The method is based on singular value decomposition.')

157 disp('');

disp('The computation is the slowest , but provides more');

159 disp('reliable and consistent with rank determination.');

elseif orthFast ==1

161 disp('The method is based on QR decomposition.')

disp('The computation is faster , but less accurate.');

163 elseif orthFast ==2

disp('The method is based on Cholesky factorization.')

165 disp('The computation is the fastest possible and least reliable.');

end

167 else

fprintf('\n An A-orthonoraml basis Q for the range of X \n');

169 fprintf('That is: \n');

fprintf('\t\tQ''*A*Q = I,\n')

171 end

end

173 % Normalize , so ORTH below would not delete wanted vectors

for i=1: size(X,2),

175 normXi=norm(X(:,i),inf);

%Adjustment makes tol consistent with experimental results

177 if normXi > eps ^.981

X(:,i)=X(:,i)/ normXi;

179 % Else orth will take care of this

end

181 end

183 if isempty(A) %standard scalar product

if (orthFast == 0) % the most robust and slowest , SVD -based

185 if issparse(X)

X=full(X);

187 end

[U,S,V] = svd(X,0);

189

if m > 1

191 s = diag(S);

elseif m == 1

193 s = S(1);

else

195 s = 0;

end

197 if isempty(orthTol)

orthTol = max(m,n) * max(s) * eps(class(X));

199 end

r = sum(s > orthTol );

201 Q = U(:,1:r);

R=V(:,1:r)/S(1:r,1:r);

203 elseif (orthFast == 1) %faster , but less accurate , QR -based

% % QR decomposition

205 [Q,R,E]=qr(X,0);

% Determine r = effective rank

207 if isempty(orthTol)

orthTol = eps*norm(X,'fro');

209 end
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r = sum(abs(diag(R)) > orthTol );

211 r = r(1); % fix for case where R is vector.

% Use first r columns of Q.

213 if r > 0

Q = Q(:,1:r);

215 % Cosmetic sign adjustment

Q = -Q;

217 Q(:,r) = -Q(:,r);

else

219 Q = [];

end

221 A=eye(n,n);

R=A(:,E)*eye(n,r)/R(1:r,1:r);

223 clear E;

else % the fastest possible and least reliable

225 XX = X'*X;

if ¬isreal(XX)
227 XX=(XX+XX ')*0.5;

end

229 [R,cholFlag ]=chol(XX);

if cholFlag 6= 0

231 fprintf('The input matrix X is not full rank.\n');

fprintf('Please choose other options for opts.fast: 0 or 1.\n');

233 error('orth:NonFullMatrix ' ,...

'The input matrix X is not full rank.');

235 end

Q = X/R;

237 R=eye(n,n)/R;

end

239 if (nargout >1)

varargout (1)={R};

241 end

else

243 %

% Compute an A-orthonormal basis Algorithm:

245 %

if issparse(X)

247 X=full(X);

end

249 [U,S,V] = svd(X,0);

if m > 1

251 s = diag(S);

elseif m == 1

253 s = S(1);

else

255 s = 0;

end

257 if isempty(orthTol)

orthTol = max(m,n) * max(s) * eps(class(X));

259 end

r = sum(s > orthTol );

261 X= U(:,1:r);

[m,n]=size(X);

263 R1=V(:,1:r)/S(1:r,1:r);

%[m,n]=size(X);

265 tol=max(m,n)*eps;

if ¬ischar(A)
267 AX = A*X;

else

269 AX = feval(A,X);

end

271 XAX = X'*AX;
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273 XAX = 0.5.*(XAX ' + XAX);

%[U,S,V]=svd(XAX); clear V: %unused

275 [U,S,¬]=svd(XAX);
if n>1

277 s=diag(S);

elseif n==1, s=S(1);

279 else s=0;

end

281

%Adjustment makes tol consistent with experimental results

283 threshold1=max(m,n)*max(s)*eps ^1.1;

r=sum(s>threshold1 );

285 s(r+1: size(s ,1))=1;

S=diag (1./ sqrt(s),0);

287 R=U*S;

X=X*U*S;

289 AX=AX*U*S;

XAX = X'*AX;

291 R=R1*R;

% Check subspaceaError against tolerance

293 subspaceaError=normest(XAX(1:r,1:r)-eye(r));

% Check internal precision , e.g., 80bit FPU registers of P3/P4

295 precision_test =[1 eps /1024 -1]*[1 1 1]';

if subspaceaError <tol || precision_test ==0;

297 Q=X(:,1:r);

varargout (1)={AX(:,1:r)};

299 varargout (2)={R(:,1:r)};

return

301 end

% Complete another iteration to improve accuracy

303 % if this machine supports higher internal precision

if ¬ischar(A)
305 AX = A*X;

else

307 AX = feval(A,X);

end

309 XAX = X'*AX;

311 XAX = 0.5.*(XAX ' + XAX);

313 [U,S,¬]=svd(XAX);
if n>1

315 s=diag(S);

elseif n==1, s=S(1);

317 else s=0;

end

319 threshold2=max(m,n)*max(s)*eps;

r=sum(s>threshold2 );

321 S=diag (1./ sqrt(s(1:r)) ,0);

R1=U(:,1:r)*S(1:r,1:r);

323 Q=X*U(:,1:r)*S(1:r,1:r);

varargout (1)={AX*U(:,1:r)*S(1:r,1:r)};

325 varargout (2)={R*R1};

end
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The MATLAB code of msga.m is as follows:

1 function [Q,R]=mgsa(A,X)

2 %MGSA Find A-orthogonal QR factorization

3 %Our function is based on Modified Gram -Schmidt respect to an A-based

4 %scalar product , where A is a positive definite and selfadjoint matrix.

5 %

6 %[Q,R]=mgsa(A,X) returns a triangular matrix R and an A-orthogonal basis Q,

7 % such that Q'*A*Q=I.

8 %

9

10 [m,n]=size(X);

11 Q = zeros(m,n);

12 R = zeros(n,n);

13 V=X;

14 for i=1:n

15 R(i,i)=sqrt(V(:,i)'*A*V(:,i));

16 Q(:,i)=V(:,i)/R(i,i);

17 for j=i+1:n

18 R(i,j)=Q(:,i)'*A*V(:,j);

19 V(:,j)=V(:,j)-R(i,j)*Q(:,i);

20 end

21 end
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[8] Å. Björck. Numerical methods for least squares problems. Society for Industrial
and Applied Mathematics (SIAM), Philadelphia, PA, 1996. ISBN 0-89871-360-9.
doi:10.1137/1.9781611971484.
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