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1. Definition of Principal Angles Between Subspaces

• Let PX and PY be orthogonal projectors onto the subspaces X and Y,

respectively, of the space Cn. Define the set of cosines of principal

angles between subspaces X and Y by

cos Θ(X ,Y) = [s1(PXPY), . . . , sm(PXPY)], m = min {dimX ; dimY} .

• Definition is symmetric: Θ(X ,Y) = Θ(Y,X ).

• Cosines are arranged in nonincreasing order, i.e.

cos(Θ(X ,Y)) = (cos(Θ(X ,Y)))↓.

• Definition of the distance between subspaces:

gap(X ,Y) = ‖PX − PY‖2 = sin(θmax(X ,Y)).

See e.g., Knyazev and Argentati [2002].
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2. Definition of Weak Majorization

• Let x, y ∈ Rn be given real vectors, and denote their algebraically

decreasing ordered entries by x[1] ≥ · · · ≥ x[n] and y[1] ≥ · · · ≥ y[n].

Then we say that y weakly majorizes x if

k
∑

i=1

x[i] ≤

k
∑

i=1

y[i], k = 1, . . . , n. (1)

• We use notation [x1, · · · , xn] ≺w [y1, · · · , yn] or x ≺w y.

• We have majorization (strong) if, in addition to (1),
∑n

i=1 xi =
∑n

i=1 yi.

• We denote [|x1|, · · · , |xn|] by |x|.

• Importance: the following two conditions are equivalent: x≺wy and
∑n

i=1 φ(xi) ≤
∑n

i=1 φ(yi) for all nondecreasing convex functions φ.
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3. Changes in the Trial Subspace

in the Rayleigh–Ritz Method

• The analysis of the influence of changes in a trial subspace in the

Rayleigh–Ritz method provides a natural application of the theory

concerning principal angles and majorization.

• Let A ∈ Cn×n be a Hermitian matrix and let X be an m–dimensional

subspace of Cn. We can define an operator Ã = PXA|X on X , where

PX is the orthogonal projection onto X and PXA|X denotes the

restriction of PXA to X , as discussed in Parlett [1998]. The eigenvalues

of Ã are called Ritz values, α1 ≥ · · · ≥ αm.

• The Ritz values are also the eigenvalues of Q∗
XAQX where QX is a

matrix with orthonormal columns that span X . Also the nonzero Ritz

values are the nonzero eigenvalues of PXAPX .
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Motivation: Mirsky’s Theorem

• For a fixed Hermitian matrix we vary the subspace and see how the

Ritz values change.

• An analogous problem is to vary the Hermitian matrix and see how the

eigenvalues change.

Let S(A) denote the vector of the singular values of A in nonincreasing

order.

Theorem 1 (Mirsky [1960]) Let A, B ∈ Cn×n. Then

|S(A) − S(B)| ≺w S(A − B).
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Bounding Eigenvalues

For Hermitian A let Λ(A) denote the vector of all eigenvalues of A in

nonincreasing order, i.e. Λ(A) = Λ↓(A), while individual eigenvalues of A,

enumerated in nonincreasing order, are denoted by λi(A). A generalization

of Weyl’s perturbation theorem for Hermitian matrices is the following:

Corollary 1 Let A, B ∈ Cn×n be Hermitian matrices. Then

|Λ(A) − Λ(B)| ≺w S(A − B),

which is the same as

[|λ1(A) − λ1(B)|, . . . , |λn(A) − λn(B)|] ≺w [s1(A − B), . . . , sn(A − B)],

where individual singular values of A − B, enumerated in nonincreasing

order, are denoted by si(A − B).
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Bounding Eigenvalues (Continued)

It is worth noting that Weyl’s theorem

maxj=1,...,n|λj(A) − λj(B)| ≤ ‖A − B‖2, (2)

and a Hermitian analog of the Hoffman–Wielandt theorem, e.g. Stewart

and Sun [1990],
√

√

√

√

n
∑

j=1

(λj(A) − λj(B))2 ≤ ‖A − B‖F ,

both follow from Corollary 1.



9

Changes in the Trial Subspace in the Rayleigh–Ritz Method

The closing result of (Argentati [2003]; Knyazev and Argentati [2006b]):

Theorem 2 Let A ∈ Cn×n be a Hermitian matrix and let X and Y both be

m–dimensional subspaces of Cn. Let α1 ≥ · · · ≥ αm and β1 ≥ · · · ≥ βm

denote the Ritz values for A with respect to X and Y. Then

maxj=1,...,m|αj − βj | ≤ (λmax − λmin) sin(Θmax(X ,Y))

where λmin and λmax are the smallest and largest eigenvalues of A.
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Weak Majorization Bound on the Change in Ritz Values

Previous result generalized in Knyazev and Argentati [2006a]:

Theorem 3 Let A ∈ Cn×n be a Hermitian matrix and let X and Y both be

m–dimensional subspaces of Cn, and let α1 ≥ · · · ≥ αm and β1 ≥ · · · ≥ βm

denote the Ritz values for A with respect to X and Y. Then

|α − β| ≺w (λmax − λmin) sin Θ(X ,Y).

Remark 1 Pioneering results using angles between subspaces in the

framework of unitarily invariant norms and symmetric gauge functions,

equivalent to majorization, appear in Davis and Kahan [1970], which

introduces many of the tools that we use here.
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Implications of Theorem 3

The weak majorization inequality directly implies

k
∑

i=1

|αi − βi|
↓ ≤ (λmax − λmin)

k
∑

i=1

sin(Θi(X ,Y))↓, k = 1, . . . , m,

e.g., for k = m we obtain

m
∑

i=1

|αi − βi| ≤ (λmax − λmin)
m
∑

i=1

sin(Θi(X ,Y)),

and for k = 1 we have (as in Theorem 2)

maxj=1,...,m|αj − βj | ≤ (λmax − λmin) sin(Θmax(X ,Y)).
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Implications of Theorem 3 (Continued)

For real vectors x and y the weak majorization x ≺w y is equivalent to the

inequality
∑n

i=1 φ(xi) ≤
∑n

i=1 φ(yi) for any continuous nondecreasing

convex real valued function φ, e.g., Marshall and Olkin [1979]. Taking, e.g.,

φ(t) = tp with p ≥ 1, in Theorem 3, we obtain

(

m
∑

i=1

|αi − βi|
p
)

1

p

≤ (λmax − λmin)
(

m
∑

i=1

sin(Θi(X ,Y))p
)

1

p

, 1 ≤ p < ∞.
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Outline of Proof for Theorem 3

1. First prove that for dimX = dimY, that

| cos2 Θ(X ,Z) − cos2 Θ(Y,Z)| ≺w sinΘ(X ,Y).

2. Observe that if A = PZ is an orthogonal projector, then the set of the Ritz

values of A are Λ (PXPZ |X ) = [cos2 Θ(X ,Z), 0, . . . , 0].

3. For Hermitian A let Â = (A − λminI)/(λmax − λmin), so Λ(Â) ∈ [0, 1].

4. Let PẐ =

[

Â
√

Â(I − Â)
√

Â(I − Â) I − Â

]

, X̂ =

[

X

0

]

, Ŷ =

[

Y

0

]

.

5. Observe that Λ(PX Â|X ) = Λ(PX̂PẐ |X̂ ) and Λ(PYÂ|Y) = Λ(PŶPẐ |Ŷ), and

principal angles between X̂ and Ŷ are the same as between X and Y.

6. Then we have |Λ(PX Â|X ) − Λ(PYÂ|Y)| = |Λ(PX̂PẐ |X̂ ) − Λ(PŶPẐ |Ŷ)|

≺w sin Θ(X̂ , Ŷ) = sinΘ(X ,Y), by item 1.
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4. Improvement When one Subspace is Invariant

In Theorem 3 no assumptions are made concerning the subspaces X and Y

(other than that they are of the same dimension). What happens if one of

the subspaces is invariant w.r.t. to the Hermitian operator A? Of course in

this case the Ritz values are actually eigenvalues of A, so we now estimate

eigenvalues.

It is natural to expect a much better bound that involves the squares of the

sine of the angles. The following is well known.

Theorem 4 Let A ∈ Cn×n be Hermitian and let x or y be an eigenvector

of A, then

|λ(x) − λ(y)| ≤ (λmax − λmin) sin2( 6 {x, y}),

where λ(x) =
(Ax, x)

(x, x)
, is the Rayleigh Quotient.
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Improvement When one Subspace is Invariant (Continued)

We also have the following stronger result, e.g., Knyazev [1986].

Theorem 5 Let A ∈ Cn×n be a Hermitian matrix and let X and Y both be

m–dimensional subspaces of Cn, with X invariant w.r.t A, where the Ritz

values of A with respect to X are the largest m contiguous eigenvalues of A.

Let α1 ≥ · · · ≥ αm and β1 ≥ · · · ≥ βm denote the Ritz values for A with

respect to X and Y. Then

0 ≤ αj − βj ≤ (λmax − λmin) sin2(Θmax(X ,Y)), j = 1, . . . , m.
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Weak Majorization Rayleigh–Ritz Method

Eigenvalue Error Estimate

Theorem 6 Using the same assumptions as in Theorem 5, we have

|α − β| ≺w (λmax − λmin) sin2 Θ(X ,Y). (3)
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Implications of Theorem 6

The weak majorization inequality (3) directly implies

k
∑

i=1

|αi − βi|
↓ ≤ (λmax − λmin)

k
∑

i=1

sin2(Θi(X ,Y))↓, k = 1, . . . , m,

and we also have

(

m
∑

i=1

|αi − βi|
p
)

1

p

≤ (λmax − λmin)
(

m
∑

i=1

sin(Θi(X ,Y))2p
)

1

p

, 1 ≤ p < ∞,

for example, if the Ritz values of A with respect to X are the largest (or

smallest) m contiguous eigenvalues of A.
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Weak Majorization Rayleigh–Ritz Method

Eigenvalue Error Estimate (Continued)

Theorem 7 Let A ∈ Cn×n be a Hermitian matrix and let X and Y both be

m–dimensional subspaces of Cn, with X invariant w.r.t. A. Let

α1 ≥ · · · ≥ αm and β1 ≥ · · · ≥ βm denote the Ritz values for A with respect

to X and Y. Then

|α − β| ≺w

3

2
(λmax − λmin) sin2 Θ(X ,Y). (4)

Our numerical tests support the conjecture that the constant factor is

λmax − λmin in this general case.
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Outline of Proof for Theorem 7

1. First choose QX and QY such that Q∗
XQY = Σ. Do a change of basis by

letting U = [QX QX⊥ ] which is a unitary matrix.

2. Then Â = U∗AU =

[

B 0

0 C

]

, Q̂X = U∗QX =

[

I

0

]

, Q̂Y = U∗QX =

[

Σ

Z

]

.

3. Then

|Λ(PXA|X ) − Λ(PYA|Y)| ≺w [|Λ(B) − Λ(ΣBΣ)|↓ + S(Z∗CZ)].

4. Observe that [S(Z), 0, . . . , 0] = [(sinΘ(X ,Y))↓, 0, . . . , 0].

5. Using the Corollary to Mirsky’s theorem we obtain

|Λ(PXA|X ) − Λ(PYA|Y)| ≺w 3‖A‖ sin2 Θ(X ,Y).

6. Replace A with A − (λmax + λmin)/2, i.e., shifted A, to obtain (4).
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We Can Replace λmax − λmin With a Reduced Constant

• As in Knyazev and Argentati [2006b, Remark 7], the constant

λmax − λmin can be replaced with

maxx∈X+Y, ‖x‖=1(x, Ax) − minx∈X+Y, ‖x‖=1(x, Ax),

which for some subspaces X and Y can provide a significant

improvement.

• This effectively replaces A with P(X+Y)AP(X+Y), which has the same

action on X and Y.
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Theorem 6 is Sharp in a Strong Sense

If the Ritz values of A with respect to X are the largest (or smallest)

contiguous eigenvalues of A then the weak majorization inequality is sharp.

Consider the following example: Let I be an m × m identity matrix and let

A =





I 0

0 −I



 . Let Σ be a diagonal of given cosines and let Γ be the

diagonal of sines, so Σ2 + Γ2 = I. Let QX =





I

0



 , and QY =





Σ

Γ



 .

Then Q∗
XAQX = I and Q∗

YAQY = 2Σ2 − I and

|α − β|↓ = 2[sinΘ(X ,Y))↓] = (λmax − λmin)[sinΘ(X ,Y))↓].



22

5. Application: Subspace Iteration

• Concerning the Hermitian eigenvalue problem and methods that access

the matrix only as matrix-vector operations (e.g. Lanczos method) we

work with a sequence of subspaces and compute Ritz values.

• Consider the subspace iteration method where Uk = Fk(A)U0 and U0

and Uk are both m–dimensional subspaces.

• Let U be the m–dimensional invariant subspace consisting of

eigenvectors corresponding to the the m largest eigenvalues of A.

• We are attempting to estimate the convergence rate using weak

majorization.
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6. Conclusions

• The absolute value of the difference of Ritz values for a Hermitian

operator are majorized by λmax − λmin times the sines of the angles

between the perturbed subspaces.

• When one of the subspaces is invariant w.r.t. A and if the Ritz values

are the largest (smallest) m contiguous eigenvalues of A, the absolute

value of the difference of the Ritz values is majorized by λmax − λmin
times the squares of the sines of the angles between the perturbed

subspaces, and this majorization inequality is strongly sharp.

• When one of the subspaces is invariant w.r.t. A, the absolute value of

the difference of the Ritz values is majorized by 3/2(λmax − λmin)

times the squares of the sines of the angles between the perturbed

subspaces.
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