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1. Definition of Principal Angles Between Subspaces

Let Py and Py be orthogonal projectors onto the subspaces X and ),
respectively, of the space C". Define the set of cosines of principal

angles between subspaces X and ) by

cosO(X,Y) = [s1(PxPy), ..., $m(PxPy)], m = min {dimX; dim)} .

Definition is symmetric: O(X,)) = 6O(), X).
Cosines are arranged in nonincreasing order, i.e.

cos(0O(X,))) = (cos(O(X, V)))*.

Definition of the distance between subspaces:
gap(X,Y) = ||Px — Pyll2 = sin(fmax (X, V)).
See e.g., Knyazev and Argentati [2002].




2. Definition of Weak Majorization

Let z, y € R"™ be given real vectors, and denote their algebraically
decreasing ordered entries by xj;; > -+ > x[,) and Yy = -+ 2> Y-
Then we say that y weakly majorizes x if

k

k
ZZB[Z-]SZym, k=1,...,n.
1=1

i=1
We use notation [x1, -, Zn] <w [Y1, s Yn] OF T <y Y.
We have majorization (strong) if, in addition to (1), > ;@i = > 0| i
We denote [|x1|, -, |zn|] by |z|.

Importance: the following two conditions are equivalent: r<,y and

2?21 d(x;) < 2?21 ®(y;) for all nondecreasing convex functions ¢.




3. Changes in the Trial Subspace
in the Rayleigh—Ritz Method

e The analysis of the influence of changes in a trial subspace in the
Rayleigh—Ritz method provides a natural application of the theory
concerning principal angles and majorization.

Let A € C™**™ be a Hermitian matrix and let X be an m—dimensional

subspace of C™. We can define an operator A = Py A|x on X, where

Py is the orthogonal projection onto X and Py A|x denotes the
restriction of Py A to X, as discussed in Parlett [1998]. The eigenvalues
of A are called Ritz values, a1 > -+ > .

The Ritz values are also the eigenvalues of Q% AQx where Qx is a
matrix with orthonormal columns that span X. Also the nonzero Ritz
values are the nonzero eigenvalues of Py APx.




Motivation: Mirsky’s Theorem

e For a fixed Hermitian matrix we vary the subspace and see how the

Ritz values change.

e An analogous problem is to vary the Hermitian matrix and see how the

eigenvalues change.

Let S(A) denote the vector of the singular values of A in nonincreasing

order.

Theorem 1 (Mirsky [1960]) Let A, B € C**". Then

S(A) — S(B)| <w S(A — B).




Bounding Eigenvalues

For Hermitian A let A(A) denote the vector of all eigenvalues of A in

nonincreasing order, i.e. A(A4) = Al(A), while individual eigenvalues of A,

enumerated in nonincreasing order, are denoted by A;(A). A generalization
of Weyl’s perturbation theorem for Hermitian matrices is the following:

Corollary 1 Let A, B € C™*™ be Hermitian matrices. Then
[A(A) = A(B)| <w S(A = B),
which is the same as
(A1 (A) = A1 (B)|,..., [ An(A) = A\ (B)|] <w [s1(A—B),...,s,(A— B)],

where individual singular values of A — B, enumerated in nonincreasing
order, are denoted by s;(A — B).




Bounding Eigenvalues (Continued)
It is worth noting that Weyl’s theorem
max;—1,... Ay (4) = A, (B)] < |4 - B, 2)

and a Hermitian analog of the Hoffman—Wielandt theorem, e.g. Stewart
and Sun [1990],

(B))? < |[A = Bl|F,

\ .

both follow from Corollary 1.




Changes in the Trial Subspace in the Rayleigh—Ritz Method
The closing result of (Argentati [2003]; Knyazev and Argentati [2006b]):

Theorem 2 Let A € C**® be a Hermitian matrixz and let X and Y both be
m—dimenstonal subspaces of C™. Let oy > -+ > ay, and 31 > -+ > B,
denote the Ritz values for A with respect to X and ). Then

max;—1,...m|® — Fj| < (Amax — Apin) sin(Omax(X,V))

where Anin and Amax are the smallest and largest eigenvalues of A.

n
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Weak Majorization Bound on the Change in Ritz Values
Previous result generalized in Knyazev and Argentati [2006a]:

Theorem 3 Let A € C**® be a Hermitian matriz and let X and Y both be
m—dimenstonal subspaces of C*, and let a7 > --- > a,, and 81 > -+ > B,
denote the Ritz values for A with respect to X and ). Then

lo — B] <w (Amax — Apip) sin©(X, ).

Remark 1 Pioneering results using angles between subspaces in the
framework of unitarily invariant norms and symmetric gauge functions,
equivalent to magorization, appear in Davis and Kahan [1970], which

introduces many of the tools that we use here.
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Implications of Theorem 3

The weak majorization inequality directly implies

Z\Ozz Bil} < (Amax — Mg Zsm (X, 0N, k=1,...

1=1

e.g., for k = m we obtain

m

=1

1=1

and for k = 1 we have (as in Theorem 2)

— Amin) Sin(O@max (X, V)).
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Implications of Theorem 3 (Continued)

For real vectors = and y the weak majorization x <., ¥y is equivalent to the
inequality > " ¢(z;) < > #(y;) for any continuous nondecreasing
convex real valued function ¢, e.g., Marshall and Olkin [1979]. Taking, e.g.,
¢(t) = tP with p > 1, in Theorem 3, we obtain

(i v — ﬁz‘p)% < (Amax — )\min)(isin(@i(X,y))p) . 1<p< .
=1 i=1
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Outline of Proof for Theorem 3

. First prove that for dimX = dim)/, that
| cos? O(X, Z) — cos? O(Y, Z)| <w sinO(X, ).

. Observe that if A = Pz is an orthogonal projector, then the set of the Ritz
values of A are A (PxPz|x) = [cos® O(X, 2),0,...,0].

. For Hermitian A let A = (A — A\ i01)/(Amax — Apin ), 50 A(A) € [0,1].

A

A VAI - A) o | X
VAT -4 1-A 1o

. Let P2:

. Observe that A(PxA|x) = A(PxPs|5) and A(PyAly) = A(PyPsy), and

principal angles between X and ) are the same as between X and ).

. Then we have |A(PxAlx) — A(PyA|y)| = |A(PxPs|5) — A(PyPsls)|
~<w Sin @(/?,)}) =sin©(X,)), by item 1.
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4. Improvement When one Subspace is Invariant

In Theorem 3 no assumptions are made concerning the subspaces X and Y
(other than that they are of the same dimension). What happens if one of

the subspaces is invariant w.r.t. to the Hermitian operator A? Of course in
this case the Ritz values are actually eigenvalues of A, so we now estimate

eigenvalues.

It is natural to expect a much better bound that involves the squares of the
sine of the angles. The following is well known.

Theorem 4 Let A € C™*™ be Hermitian and let x or y be an eigenvector

of A, then

() — Ay)] < (Amax — )‘min) SiﬂQ(Z{x, Y1),

, 18 the Rayleigh Quotient.

where \(x) (z.2)
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Improvement When one Subspace is Invariant (Continued)

We also have the following stronger result, e.g., Knyazev [1986].

Theorem 5 Let A € C™**™ be a Hermitian matrixz and let X and ) both be
m—dimensional subspaces of C™, with X invariant w.r.t A, where the Ritz
values of A with respect to X are the largest m contiguous eigenvalues of A.

Let oy > -+ > oy, and By > -+ - > By, denote the Ritz values for A with
respect to X and Y. Then

0 S Oéj — Bj S ()\max — )‘mln) Sin2(@max()(,y)), j = 1, e, M.
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Weak Majorization Rayleigh—Ritz Method
Eigenvalue Error Estimate

Theorem 6 Using the same assumptions as in Theorem 5, we have

la — 6] <w (Amax — A\pin) sin? O(X,)).
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Implications of Theorem 6

The weak majorization inequality (3) directly implies

Z|O¢Z Bil} < Amax — Apin Zsm XN, k=1,...,m,

and we also have

1 <p<oo,

for example, if the Ritz values of A with respect to X are the largest (or
smallest) m contiguous eigenvalues of A.
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Weak Majorization Rayleigh—Ritz Method
Eigenvalue Error Estimate (Continued)

Theorem 7 Let A € C**™ be a Hermitian matriz and let X and Y both be
m—dimensional subspaces of C™, with X invariant w.r.t. A. Let

Qa1 > > oy and B1 > - > B, denote the Ritz values for A with respect
to X and ). Then

3
o — B <w 5()\max — Amin) sin® ©(X, V). (4)

Our numerical tests support the conjecture that the constant factor is

Amax — Amin ¢ this general case.
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Outline of Proof for Theorem 7

. First choose Qx and (Jy such that Q% @y = X. Do a change of basis by

letting U = [Qx QL] which is a unitary matrix.

.ThenA:U*AU:[B OI,QX:U*QX:[I],
0 C 0

. Then

IA(PrA|x) — APy A|y)| <w [[AB) = ASBL)|F + 5(Z*C 7).

. Observe that [S(Z),0,...,0] = [(sin®(X,Y))},0,...,0].
. Using the Corollary to Mirsky’s theorem we obtain

A(PxAlx) = A(PyAly)| < 3 Allsin® ©(X, V).

. Replace A with A — (Amax + A\jpip)/2, i-e., shifted A, to obtain (4).
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We Can Replace Amax — Ay With a Reduced Constant

e As in Knyazev and Argentati [2006b, Remark 7|, the constant

Amax — Ayip can be replaced with

MaXzec x4y, |o|=1(%, AT) — mingc x4y, |z=1(2, Ax),

which for some subspaces X and ) can provide a significant

improvement.

e This effectively replaces A with P x4y)AP x+y), which has the same
action on X and Y.
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Theorem 6 is Sharp in a Strong Sense

If the Ritz values of A with respect to X are the largest (or smallest)
contiguous eigenvalues of A then the weak majorization inequality is sharp.
Consider the following example: Let I be an m X m identity matrix and let

I 0
A= . Let X be a diagonal of given cosines and let I' be the

0 —I

I
diagonal of sines, so 3% + T = [. Let Qy = ,and Qy =
0

Then Q% AQx = I and Q% AQy = 2% — I and

o — B = 2[sin O(X, ¥))'] = (Amax — Apyin) [sin O(X, V) ].
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5. Application: Subspace Iteration

Concerning the Hermitian eigenvalue problem and methods that access
the matrix only as matrix-vector operations (e.g. Lanczos method) we

work with a sequence of subspaces and compute Ritz values.

Consider the subspace iteration method where U* = F},(A)U" and U°

and U” are both m-dimensional subspaces.

Let U be the m—dimensional invariant subspace consisting of

eigenvectors corresponding to the the m largest eigenvalues of A.

We are attempting to estimate the convergence rate using weak

majorization.
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6. Conclusions

e The absolute value of the difference of Ritz values for a Hermitian

operator are majorized by Amax — Appjn times the sines of the angles

m
between the perturbed subspaces.

e When one of the subspaces is invariant w.r.t. A and if the Ritz values
are the largest (smallest) m contiguous eigenvalues of A, the absolute
value of the difference of the Ritz values is majorized by Amax — Apin

times the squares of the sines of the angles between the perturbed

subspaces, and this majorization inequality is strongly sharp.

e When one of the subspaces is invariant w.r.t. A, the absolute value of

the difference of the Ritz values is majorized by 3/2(Amax — A

min)
times the squares of the sines of the angles between the perturbed

subspaces.
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