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TOWARD THE OPTIMAL PRECONDITIONED EIGENSOLVER:
LOCALLY OPTIMAL BLOCK PRECONDITIONED
CONJUGATE GRADIENT METHOD*

ANDREW V. KNYAZEVT

Abstract. We describe new algorithms of the locally optimal block preconditioned conjugate
gradient (LOBPCG) method for symmetric eigenvalue problems, based on a local optimization of a
three-term recurrence, and suggest several other new methods. To be able to compare numerically
different methods in the class, with different preconditioners, we propose a common system of model
tests, using random preconditioners and initial guesses. As the “ideal” control algorithm, we advocate
the standard preconditioned conjugate gradient method for finding an eigenvector as an element of
the null-space of the corresponding homogeneous system of linear equations under the assumption
that the eigenvalue is known. We recommend that every new preconditioned eigensolver be compared
with this “ideal” algorithm on our model test problems in terms of the speed of convergence, costs of
every iteration, and memory requirements. We provide such comparison for our LOBPCG method.
Numerical results establish that our algorithm is practically as efficient as the “ideal” algorithm when
the same preconditioner is used in both methods. We also show numerically that the LOBPCG
method provides approximations to first eigenpairs of about the same quality as those by the much
more expensive global optimization method on the same generalized block Krylov subspace. We
propose a new version of block Davidson’s method as a generalization of the LOBPCG method.
Finally, direct numerical comparisons with the Jacobi-Davidson method show that our method is
more robust and converges almost two times faster.
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1. Introduction. We consider a generalized symmetric definite eigenvalue prob-
lem of the form (A — AB)z = 0 with real symmetric n-by-n matrices A and B, assum-
ing that A is positive definite. That describes a regular matrix pencil A — AB with
a discrete spectrum (set of eigenvalues \). It is well known that such a generalized
eigenvalue problem has all real eigenvalues )\;, and corresponding (right) eigenvec-
tors x;, satisfying (A — X\;B)x; = 0, can be chosen orthogonal in the following sense:
(x;, Azj) = (x;, Bx;) = 0, i # j. In some applications, the matrix B is simply the
identity B = I, and then we have the standard symmetric eigenvalue problem with
matrix A, which has n real positive eigenvalues

0<Apin =M <A< < Ay = Amax-

In general, when B # I, the pencil A — AB has n real, some possibly infinite, eigen-
values. If B is nonsingular, all eigenvalues are finite. If B is positive semidefinite,
some eigenvalues are infinite, all other eigenvalues are positive, and we consider the
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problem of computing the smallest m eigenvalues of the pencil A — AB. When B is
indefinite, it is convenient to consider the pencil uA — B with eigenvalues

1
B= 0 Fmin = He S0 S 1= fimax,

where we want to compute the largest m eigenvalues, p1,... tt;m, and corresponding
eigenvectors.

An important class of eigenproblems is the class of mesh eigenproblems, arising
from discretizations of boundary value problems with self-adjoint differential operators
of mathematical physics. Such problems appear, e.g., in structural mechanics, where
it is usual to call A a stiffness matrix and B a mass matrix. A mass matrix is usually
positive definite, but in some applications, e.g., in buckling, the matrix B is only
nonnegative, or even indefinite, while A is positive definite.

Typical properties of mesh eigenproblems are well known; see, e.g., [22]. We just
want to highlight that the desired eigenpairs of the matrix pencil B — A are rarely
needed with high accuracy as the pencil itself is just an approximation of the original
continuous problem and the approximation error may not be small in practice. It
means that the typical ratio of the number of iterations and the number of unknowns
should be small when a preconditioner is of a reasonable quality. For that reason, in
the present paper we are not much interested in such properties of eigensolvers, e.g.,
in superlinear convergence, which could be observed only after large number of steps.

In the rest of the paper, for brevity, we deal with the pencil B — pA mostly. With
B =1 and A = 1/p, our results and arguments are readily applied for the pencil
A— ).

The paper is organized as follows.

In section 2, we introduce, following [21, 22|, preconditioning for eigenvalue solvers
and give general definitions of preconditioned single-vector and block, or simultaneous,
iterative eigensolvers. We describe the global optimization method on the correspond-
ing generalized Krylov subspace. No efficient algorithm is presently known to perform
a global optimization of the Rayleigh quotient on the generalized Krylov subspace.
We shall show numerically in section 8, however, that the method we suggest in sec-
tion 4 provides approximations often quite close to those of the global optimization,
at a small fraction of the cost.

In section 3, we outline the “ideal” control algorithm, namely, the standard pre-
conditioned conjugate gradient method, for finding an eigenvector as an element of
the null-space of the corresponding homogeneous system of linear equations under
assumption that the eigenvalue is known. The algorithm cannot, of course, be used
in practice as it requires knowledge of the extreme eigenvalue, but it seems to be
a perfect choice as a benchmark for preconditioned eigensolvers for computing the
extreme eigenpair.

In section 4, we describe, in some details, a new algorithm of the locally optimal
preconditioned conjugate gradient method, based on the local optimization of the
three-term recurrence suggested by the author in [19, 21, 22]. In the original algorithm
of [19], the three-term recurrence contains the current eigenvector approximation, the
current preconditioned residual, and the previous eigenvector approximation. As the
current eigenvector approximation and the previous eigenvector approximation get
closer in the process of iterations, special measures need to be used in the algorithm
to overcome the potential instability. In our new algorithm, the three-term recurrence
contains the current eigenvector approximation, the current preconditioned residual,
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and the implicitly computed difference of the current and previous eigenvector ap-
proximations. Such choice resolves instability issues and allows us to write a much
simpler and more efficient code.

We present block versions of the method, the locally optimal block precondi-
tioned conjugate gradient (LOBPCG) methods for symmetric eigenvalue problems, in
section 5.

To be able to compare numerically different methods in the class, with different
preconditioners, we suggest, in section 6, a common system of model tests, using
random preconditioners and initial guesses. We recommend that every new precondi-
tioned eigensolver for computing the extreme eigenpair be compared with our “ideal”
algorithm on our model test problems in terms of the speed of convergence, costs of
every iteration, and memory requirements. We also recommend a comparison with
the global optimization method in terms of accuracy.

We provide such comparison for our LOBPCG method in sections 7 and 8. Nu-
merical results of section 7 establish that our algorithm is practically as efficient as the
“ideal” algorithm when the same preconditioner is used in both methods. In section
8 we show numerically that the block version of our method comes close to finding
the global optimum of the Rayleigh quotient on the corresponding generalized block
Krylov subspace.

Section 9 contains an informal discussion of the block Davidson method. We
describe a nonstandard restart strategy that makes the block Davidson method a
generalization of our LOBPCG method. We argue, however, that such generalization
may not be beneficial for symmetric eigenvalue problems.

In section 10, we compare directly our method with a version of the Jacobi-
Davidson method [14] for B = I. No MATLAB code of the Jacobi-Davidson method
for a generalized eigenvalue problem is currently publicly available. We find that our
method is much more robust and typically converges almost two times faster. This is
not very surprising, as the MATLAB version of the Jacobi-Davidson method available
to us for testing is not apparently optimized for symmetric eigenvalue problems, while
our method takes full advantage of the symmetry by using a three-term recurrence.

Finally, section 11 contains references to some relevant software written by the
author.

We note that the simplicity, robustness, and fast convergence of preconditioned
eigensolvers we propose make them a more and more popular choice in applications,
e.g., in band structure calculations in two- and three-dimensional photonic crystals [6,
7] and eigenvalue problems for thin elastic structures [32]. Some eigenvalue problems
in mechanics, e.g., vibration of a beam supported by springs, lead to equations with
nonlinear dependence on the spectral parameter. Preconditioned eigensolvers for such
equations are analyzed in [39, 40], where, in particular, a generalization of the theory
of a preconditioned subspace iteration method of [9, 10] is presented.

2. Preconditioning for eigenvalue problems. First, we briefly review a tra-
ditional approach for large symmetric generalized eigenproblems, based on using clas-
sical methods, e.g., the Lanczos method, for a shifted-and-inverted operator (B —
vA)~1A. Tt typically lets us quickly compute the eigenvalues closest to the shift v,
assuming that this operation may be implemented with an efficient factorization of
B — vA. However, for very large problems such factorizations are usually too expen-
sive. An inner iterative solver is often used to somewhat circumvent this difficulty;
see a review and references in [21, 22] and a recent paper [38].

If B is efficiently factorizable, e.g., B = I, so that we can multiply vectors by



520 ANDREW V. KNYAZEV

AB™! or B~'A, we take v = 0. In this case, a single iteration may not be expensive,
but eigenvalues i close to zero are usually not of practical interest, and the convergence
for eigenvalues of interest is often very slow.

Thus, the traditional approach is inefficient for very large mesh eigenproblems.
Preconditioning is the key for significant improvement of the performance as it allows
one to find a path between the Scylla of expensive factorizations and the Charybdis
of slow convergence.

Preconditioned methods are designed to handle the case when the only operation
we can perform with matrices A and B of the pencil is multiplication of a vector by
A and B. To accelerate the convergence, we introduce a preconditioner T.

In many engineering applications, preconditioned iterative solvers for linear sys-
tems Az = b are already available, and efficient preconditioners T~ A~! are con-
structed. It is important to realize that the same preconditioner T' can be used to
solve an eigenvalue problem Az = Az, or Bx = pAx.

We assume that the preconditioner T is symmetric positive definite. As A is also
symmetric positive definite, there exist positive constants 61 > g > 0 such that

(2.1) 6o(T e, z) < (Ax,x) < 6.(T 'z, ).

The ratio 61 /6y can be viewed as the spectral condition number k(T A) of the precon-
ditioned matrix T'A and measures how well the preconditioner T approximates, up to
a scaling, the matrix A=%. A smaller ratio §; /8o usually ensures faster convergence.

We want to highlight that the assumption we just made on 7T is essential for the
theory (see [21]) but may not be an actual limitation in numerical computations for
some methods. In particular, our own method of section 5 is quite robust in practice
with respect to the choice of the preconditioner, even when the assumptions above are
not satisfied; see Figure 5.2 below as an example of using an indefinite preconditioner.

As we want to discuss an optimality of preconditioned eigensolvers, we need to
have a formal definition of the whole class of such methods. We first define, follow-
ing [21], a preconditioned single-vector iterative solver for the pencil B — pA, as a
generalized polynomial method of the following kind:

(2.2) ™) = P(TA,TB)z,

where Pj, is a polynomial of the kth degree of two independent variables, 2(?) is an
initial guess, and T is a fixed preconditioner.

We need only choose a polynomial, either a priori or during the process of it-
erations, and use a recursive formula which leads to an iterative scheme. For an
approximation p(* (A(®)) to an eigenvalue of the pencil B — pA (A — AB) for a given
eigenvector approximation 2(*) the Rayleigh quotient u(x) (A(z)) defined as

(z), Bz™) </\ () (fﬂ(“,Am(“)>

T (2@, Az ) -

(2.3) p(z®) = @0, Ba®)

is typically used.
Let us now define the generalized Krylov subspace:

(2.4) K, (TA,TB,x<0>) _ {Pk(TA,TB)z(O)}7

where P, runs through the set of all polynomials of the kth degree of two independent
variables and z(?) is a fixed initial vector. In particular,
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K, (TA,TB,:U(O)>
— span {x(°>, TAz©, TBz©® (TA)2©, TAT B+, TBT Az, (TB)Qm(O)} .
We notice that in our definition (2.2) of the preconditioned eigensolver
™ € K, (TA,TB,:C(O)) .

Having definition (2.2) of the whole class of preconditioned eigensolvers, we can
introduce, as in [21], the global optimization method for computing the first eigenpair
simply by maximizing the Rayleigh quotient p(z) on the Krylov subspace (2.4):
(2.5) gc(ok) = argmaxmeKk(TA,TB,m(f)))M(‘T)'

We want to highlight that an efficient algorithm for finding x,()k), e.g., based on
short-term recurrences, is not presently known, and that the number of vectors in
the basis of the Krylov subspace (2.4) grows exponentially, which makes the method
very expensive in practice, similarly to the situation with Davidson’s method (see
discussion in [21, 22]), unless restarts are used. Therefore, the global optimization
method (2.5) is optimal only in the sense that it provides the global maximum of the
Rayleigh quotient on the Krylov subspace, but it may not be optimal if we also count

computational costs.
For block methods, we introduce the generalized block Krylov subspace:

(2.6) K (TA, TB, X<0>) — span {Pk(TA, TB)", j=1,... ,m} ,

where P, runs through the set of all polynomials of the kth degree of two independent
variables and X (©) = span{ajg-o), j=1,...,m}.

A general preconditioned block eigensolver is a generalization of method (2.2) with
a single vector being replaced with several ones. Using the Rayleigh—Ritz method is
typical for block methods; see [21, 22].

Here, we only want to define the block global optimization method, Algorithm 2.1,

as we use it later in our numerical experiments.

ALGORITHM 2.1. THE BLOCK GLOBALLY OPTIMAL PRECONDITIONED EIGEN-
SOLVER.

Input: m starting vectors x; ’,...xy; , devices to compute: Az, Bx, and Tz for
a given vector z, and the vector inner product (z,y).
1. Start: select xgo), j=1,...,m.
2. Tterate to compute the basis of the generalized block Krylov subspace (2.6).
3. Use the Rayleigh—Ritz method for the pencil B — A in the subspace
to compute the Ritz values u(»k) and the corresponding Ritz vectors x;k).
Output: the approximations ,ugk) and xg»k) to the largest eigenvalues
1; and corresponding eigenvectors, j = 1,...,m.

(0) (0)
1 »

In our code of the block global optimization method, we do not even try to
minimize computation costs and simply compute recursively

(2.7) Kii1 = Ky, + TAK), + TBE},
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followed by complete orthogonalization. The only purpose of the code is to provide a
comparison, in terms of accuracy, for the actual block method we suggest in section 5.

3. The “ideal” preconditioned conjugate gradient method. In this sec-
tion, we outline the “ideal” control algorithm, namely, the standard preconditioned
conjugate gradient (PCG) method for finding an eigenvector, corresponding to the
minimal eigenvalue, as an element of the null-space of the corresponding homoge-
neous system of linear equations under the assumption that the eigenvalue is known.

We assume B > 0 in this section. Let us suppose that the minimal eigenvalue \q
is already known, and we just need to compute the corresponding eigenvector x;, an
element of the null-space of the homogeneous system of linear equations

(A — )\1B)£C1 = 0,

where the matrix of the system is symmetric and nonnegative definite. What would
be an ideal preconditioned method of computing z17 As such, we choose the standard
PCG method. Tt is well known that a PCG method can be used to compute a nonzero
element of the null-space of a homogeneous system of linear equations with a sym-
metric and nonnegative definite matrix if a nonzero initial guess is used. While fitting
perfectly the definition of a single-vector preconditioned eigensolver of the previous
section, this ideal method cannot be used in practice as it requires knowledge of the
eigenvalue.

We suggest using the method as a control in numerical comparison with practical
eigenvalue solvers, in particular, with PCG eigensolvers, e.g., with our locally optimal
PCG method. If an eigensolver finds the eigenvector u; with the same accuracy and
costs as the ideal method, we have reasons to call such an eigensolver “optimal” for
computing the eigenvector u.

For our numerical tests, we write a code PCGNULL.m, which is a slightly modified
version of the built-in MATLAB code PCG.m, revision 1.11, of the standard PCG
method to cover solution of homogeneous systems of linear equations with symmetric
and nonnegative definite system matrices.

The standard theory of the PCG method for computing an element of the null-
space of a symmetric nonnegative definite matrix implies convergence to the eigenvec-
tor x1, which is the T~ '-orthogonal projection of the initial guess y(©) to the null-space
of the matrix A — Ay B. On the (i 4+ 1)st step, the “energy” norm of the error, in our
case it’s actually the seminorm based on A — \1 B, i.e.,

(3.1) VD, (A= \B)y+D),
is minimized over the hyperplane
(3.2) Hiyy =y + Ki(T(A— A\ B), T(A—\B)y?),

where K; is the standard Krylov subspace. As x; is in the null-space of the matrix
A — M\ B, we have

(3.3) (y, T zy) = WO, 77 2y) Wy € H,y,

in particular, (y, T~ 'z;) does not change in the process of iterations, while (3.1)
converges to zero at least linearly with the asymptotic average convergence factor
(1—-+/&)/(1+€), where £ is an upper bound for the ratio of the largest and smallest
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nonzero eigenvalues of the preconditioned matrix T(A — A\ B). Using estimates of
[18] of eigenvalues of T(A — A1 B) in terms of eigenvalues A of the pencil A — AB and
constants of (2.1), we can obtain such an upper bound and get the following upper
bound of the asymptotic average convergence factor:

Finally, we would like to remind the reader of a long forgotten version of the PCG
method based on optimization of a three-term recurrence, e.g., [35]:

(85) YD =y £ a@y@ 4 g0 (0 — =1 4O — (4~ A B)yD, g0 =0,

with both scalar parameters o and () computed by minimizing seminorm (3.1) of
y(+1) . This version is mathematically equivalent, in exact arithmetic, to the standard
version implemented in PCGNULL, which uses two linked two-term recurrences.

This provides an insight into the locally optimal PCG eigensolver [19] we discuss
in the next section, where we simply replace in (3.5) exact A\; with its approximation,
and instead of minimizing seminorm (3.1) of yUtD) we compute y“t1) by using the
Rayleigh—Ritz method on the subspace

(3.6) y D) e Span {v(i), y W, y(i_l)}.

An investigation of a possible connection between the two methods is in progress. As
we see in section 7, they behave quite similarly in our numerical tests.

4. The PCG methods. In this section, we propose a new version of the locally

optimal PCG method [19].
In [19], the author suggested the following PCG method for the pencil B — pA:

20D = @) 47D (D) 4 4 (D) (=1) -y (0) = T(ng(i)_M(Z')Agc(i))7 pli) = ,u(ﬂ?(i)), A0 =,
(4.1)
with scalar iteration parameters 7 and (") chosen using an idea of local optimality
[19], namely, select 7(*) and (?) that maximize the Rayleigh quotient p(z(*1) by
using the Rayleigh-Ritz method. As the current eigenvector approximation z(*) and
the previous eigenvector approximation z(*~1) are getting closer to each other in the
process of iterations, special measures need to be used in the algorithm to overcome
the potential instability.

Formula (4.1) has been used in an earlier revision of our MATLAB code LOBPCG.
In our numerical tests, it often led to so ill-conditioned Gram matrices that the
Rayleigh—Ritz method would produce spurious eigenpairs. As a cure, we had to use
an A-based orthogonalization of the three-dimensional trial subspace, which increased
computational costs as had to multiply by A more often.

In our new algorithm, the three-term recurrence contains the current eigenvec-
tor approximation, the current preconditioned residual, and the implicitly computed
difference between the current and the previous eigenvector approximations:

with scalar iteration parameters 7(9) and (9 chosen using the idea of local optimality
as above, namely, select 7(V and v(¥) that maximize the Rayleigh quotient /L(.T(H_l))
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by using the Rayleigh—Ritz method. We see that

Pt = 24D _ @500,

)

thus,
20D ¢ Span {w(i)7 2@ p(i)} = Span {w(i)7 2@ m(i_l)},

and therefore the new formula (4.2) is mathematically equivalent to the previous one,
(4.1), in exact arithmetic.

We describe the actual algorithm of the method given by (4.2) as Algorithm 4.1.

Our experiments confirm that Algorithm 4.1 is much more numerically stable
compared to the previous version (4.1) and that it can be used without extra A-
orthogonalization in most situations. However, for ill-conditioned problems and when
a high accuracy is required, even our new choice of the basis w(®, 2 p(®) of the
trial subspace of the Rayleigh—Ritz method may lead to ill-conditioned 3-by-3 Gram
matrices, which makes necessary orthogonalization prior to the use of the Rayleigh—
Ritz method. In the actual code of LOBPCG, we check for ill-conditioned Gram
matrices on every iteration and implement A-orthogonalization if necessary. Since
by our assumptions matrix B may not be positive definite, there is no other option
except to use the A-based scalar product for the orthogonalization. This typically
increases the cost of iterations, but it makes the algorithm more robust.

ALGORITHM 4.1. THE LOCALLY OPTIMAL PCG METHOD.
Input: devices to compute: Az, Bx, and Tz for a given vector x, the vector inner

product (z,%), and a starting vector (%),
1. Start: select (9 and set p(® = 0.
2. Tterate: For ¢ = 0,..., Until Convergence Do:
3. p = () Bz@) /(2 Az®)
4. r:=Bz® — 1Az
) w® = Tr
6 Use the Rayleigh—Ritz method for the pencil B — uA
on the trial subspace Span {w®,z(® p("}
7. 2D = () 4 7D (D) 4 (@) (D)
(the Ritz vector corresponding to the maximal Ritz value)
8. pltD) .= () 4 4 p()
9. EndDo
Output: the approximations p*) and z(*) to the largest eigenvalue p; and its
corresponding eigenvector.

We want to highlight that the algorithm can be implemented with only one appli-
cation of the preconditioner T, one matrix-vector product Bz, and one matrix-vector
product Az, per iteration.

Storage requirements for Algorithm 4.1 are small—only several n-vectors and no
n-by-n matrices at all. Such methods are sometimes called matriz-free.

For the stopping criterion, we compute some norms of the preconditioned resid-
ual w® on every iteration. Such norms may provide accurate two-sided bounds for
eigenvalues and a posteriori error bounds for eigenvectors; see [18]. For brevity, we
do not consider it in the present paper.



TOWARD THE OPTIMAL PRECONDITIONED EIGENSOLVER 525

Let us also mention the possibility of avoiding the residual in method (4.1) by
splitting it into two vectors:

(4.3) 2+ ¢ Span {TAx(i),TB:z:(i),m(i),x(iil)}.

In this new method, the trial subspace is enlarged, which may lead to somewhat
faster convergence. However, we need to apply the preconditioner two times now on
every iteration; therefore, in our opinion, method (4.3) will not be more efficient for
computing the extreme eigenpair than our favorite method, Algorithm 4.1, since the
latter already converges practically with the optimal speed; see sections 7 and 8.

Other known CG methods for eigenproblems, e.g., [41, 12, 15, 11, 42, 13, 1,
26, starting from Bradbury and Fletcher [3], are usually constructed as general CG
minimization methods, applied to the Rayleigh quotient or to a quadratic form (x, Bx)
under the constrain (z, Az) = 1. They are often based on (now standard for linear
systems) two linked two-term recurrences,

PO = gD g+ (@) 4 o))

where (%) is chosen using a line search to minimize the Rayleigh quotient of z(*+1),
which leads to a quadratic equation for o | but () is computed to make directions
p(9 to be conjugate in some sense. These methods do not utilize the specific property
of the Rayleigh quotient, i.e., that the local minimization of the Rayleigh quotient can
be cheaply carried out using the Rayleigh—Ritz method not just in two dimensions, for
line search for finding o, but in three-dimensional or larger dimensional subspaces
as well.

Let us now discuss theoretical convergence rate results for Algorithm 4.1.

The basic fact is that the locally optimal version of the PCG method trivially
converges not slower on every step than the preconditioned steepest ascent in terms of
the maximizing the Rayleigh quotient [19]; thus, we can use known and well-developed
convergence theory of the latter method (e.g., [19]; see also very recent results by
Klaus Neymeyr [29, 30]). Our numerical comparison in [21, 22] shows, however, that
the PCG method converges much faster in practice than the preconditioned steepest
ascent. A ten-fold increase of 81 /6y leads to the increase in number of iterations, ten-
fold for the preconditioned steepest ascent, but only about three-fold for the PCG
method, exactly as we would expect for a genuine PCG solver.

No comprehensive convergence theory that would explain such a fast convergence
is available yet. Moreover, no even similar results are apparently known at present,
e.g., there is no adequate convergence theory of CG methods in nonquadratic opti-
mization. Even if one considers the simplest version of (4.1) for the standard eigen-
problem and with no preconditioning, T'= A = I when it is reduced to the following
trivial method, suggested in [17, 18, 25]: find

(4.4) z0+) e Span {Bx(i),x(i),x(i_l)}

by maximizing the Rayleigh quotient (x, Bz)/(z,x) on every step. There is still no
convergence theory currently known that would be able to compare (4.4) with the
optimal method, in this case, with the Lanczos method for the global maximization
of Rayleigh quotient (z, Bx)/(x,z) on the corresponding standard Krylov subspace.
One possible approach to develop an adequate convergence theory may be based
on comparison of method (4.4) with the following stationary three-term recurrence:

20D = oBz® 4 Bz 4 4gi-D),
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where «, 3, are fixed scalar parameters, sometimes called the heavy ball method in
optimization [35]. However, for this simpler method, no accurate convergence theory
in terms of the Rayleigh quotient apparently exists yet; cf. [25].

In this paper, we do not prove any new theoretical convergence rate results for
Algorithm 4.1, but we suggest a different kind of remedy: numerical comparisons
using the benchmark routines we propose; see sections 7 and 8.

We present block versions of Algorithm 4.1 in the next section.

5. Preconditioned simultaneous iterations. The well-known idea of using
simultaneous, or block, iterations provides an important improvement over single-
vector methods, and permits us to compute an (m > 1)-dimensional invariant sub-
space, rather than one eigenvector at a time. It can also serve as an acceleration
technique over single-vector methods on parallel computers, as convergence for ex-
treme eigenvalues usually increases with the size of the block, and every step can be
naturally implemented on wide varieties of multiprocessor computers.

As in other block methods, the block size should be chosen, if possible, to provide
a large gap between first m eigenvalues and the rest of the spectrum as this typically
leads to a better convergence; see (5.5) below. Let us also mention that block methods
generally handle clusters in the spectrum and multiple eigenvalues quite well; and the
block methods we propose below are no exceptions. An attempt should be made to
include the whole cluster of eigenvalues into the block, while for multiple eigenvalues
this is not essential at all; e.g., if m—1 > i = ma1 > Wmr2, then the convergence
rate will be determined by the gap i1 — ttm+2 even though the block size is only m;
however, only one vector of the two-dimensional eigenspace corresponding to i, =
m+1 Will be computed, as we observe in numerical experiments.

A block version of the locally optimal PCG method [19] was suggested in [21, 22]:

myﬂ) € Span {x&ifl), xgi), T(B — ,ugi)A)a:(li), B O 0 uffl)A)xS,?} ,

(5.1)

where x;ZH) is computed as the jth Ritz vector. It shares the same problem, as the
single-vector version of [19] discussed in the previous section, of having close vectors
in the trial subspace.

Our new block Algorithm 5.1 is a straightforward generalization of the single-
vector Algorithm 4.1 and is combined with the Rayleigh-Ritz procedure. Here we
present two different variants of the algorithm. They differ in the way that the
Rayleigh—Ritz method is used. The first version is mathematically equivalent (without
round-off errors) to that of [21, 22], but uses directions pg-l) instead of xg-%U
to that of Algorithm 4.1.

Here, the column-vector

, similar

; . , o T
(ool 9, 70 o0, )
is the jth eigenvector corresponding to the jth largest eigenvalue of the 3m-by-3m
eigenvalue problem of the Rayleigh—Ritz method, so it should have had an index j
also, but we run out of space for indexes.
We observe that

(1) _ (1) (), ()
p == 0w

k=1,....m
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ALGORITHM 5.1. THE LOBPCG METHOD 1.

Input: m starting vectors CU&O), . x52), devices to compute: Az, Bx, and Tx

for a given vector x, and the vector inner product (z,y).

1. Start: select x( ), and set p(o) =0,57=1,....m
2. Tterate: For i =0,. Untll Convergence Do:
3. u;>. (2 ;w Bw())/($§l)7Ax§-Z)), P=1,.
4. = B, ) j)Axy),j:l,...,m;
) J()—Trj,j—l,...,m;
6 Use the Rayleigthitz method for the pencil B — pA on the trial subspace
Spari{wz w', (l) oy (l),p( ...,pm}
7. (H ) Zk . )w](c) +7',£) (@) +’y() (Z)’
(the ]th Ritz vector correspondmg to the jth largest Ritz value),
=1,...,m;
i+1 7 %
8. p§+ ) Zk:l, O[Ec)w() +71(<)p§<)§
9. EndDo
Output: the approximations ,ugk) and ;vg-k) to the largest eigenvalues u; and
corresponding eigenvectors, j = 1,...,m.
and thus,
:E;Hl) € Span {wy), . ,w%),xg), . ngl),p(l ), e ,pgﬁ)}‘
= Span {wgz), .. ,wﬁfl), acgl), xﬁ,}, xgl 1), .. ,ngfl)},

and, indeed, the new Algorithm 5.1 is mathematically equivalent to method (5.1).

We note that Algorithm 5.1 without preconditioning, i.e., with T' = I, appears in
[25] as a “W-accelerated simultaneous gradient method.”

Example 5.1. Let us consider the problem of computing first eigenpairs of the
standard five-point finite-difference approximation of the Laplacian Ay, in a [—1, 1] x
[—1,1] square on a uniform mesh with the step h = 1/10, such that the total number
of the unknowns is 361. We set B = I and A = Ajy. The initial approximations are
random. No preconditioning is used in the first test, i.e., T'= I. We plot in Figure 5.1
on a semilog scale relative errors in this example defined as ||Ax§z) —)\gl)m;l) la/ ||1’§Z) Ila,
where we use the standard notation of an A-based norm, || - |4 = (-, 4-).

Figure 5.1 shows a clear superlinear convergence. This is quite important as
some authors, e.g., [34], consider a superlinear convergence as a sign of a genuine
CG method. We see that a larger block size in the method improves convergence
in this example. We also observe different convergence speed for different eigenpairs
on Figure 5.1—the convergence is faster for smaller eigenvalues A, in particular, \;
converges first.

In the second test, we use a preconditioner T' = A — vI with the shift v =
20, which is approximately in the middle of the group of the first ten eigenvalues
that we compute, starting with random initial approximations. We plot ||Ax§l) —
)\;z)x;Z)H/HIy)H, using the Euclidean norm, in Figure 5.2 on a semilog scale. Figure

5.2 shows a superior convergence of the preconditioning. Now, we have a better
convergence for eigenvalues close to the shift on the right part of Figure 5.2.
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Fi1G. 5.1. Errors for the Laplace operator in a square without preconditioning for three (left)
and ten (right) first eigenpairs.

Fic. 5.2. Errors for the Laplacian operator in a square without preconditioning (left) and with
an indefinite preconditioner(right).

The example thus illustrates that our method works without preconditioning and
may even work with an indefinite preconditioner.

Example 5.2. As our next example, we solve a similar eigenvalue problem, but in
the L-shaped domain—a union of three unit squares with a mesh uniform in both
directions with the step 1/8, such that the total number of unknowns is 161. A spe-
cialized domain-decomposition without overlap method for such problem is suggested
in [23]. Our numerically computed eigenvalues are consistent with those found in [23].
We compare the performance of the method without preconditioning and with precon-
ditioning based on an incomplete Choleski decomposition of A with a drop tolerance
of 1073. We plot ||Aa:§-l) — /\g-l)zy) ||/||x§l) || in Figure 5.3. We see that preconditioning
leads to approximately quadruple acceleration.

The actual MATLAB code LOBPCG of Algorithm 5.1 that we wrote uses the
basis of the trial subspace exactly the way it appears in Algorithm 5.1 until this
choice leads to ill-conditioned Gram matrices in the Rayleigh—Ritz method. When
such an ill-conditioning shows up, we perform a selected orthogonalization. If this
does not fix the problem, as a last resort we apply a complete orthogonalization prior
to the Rayleigh—Ritz method. By our assumptions, A may be the only positive definite
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F1Gg. 5.3. Residuals for the Laplacian operator in the L-shaped domain with no preconditioning
(left) and an ILU preconditioning (right).

matrix of the pencil; thus, the A-based scalar product is used for the orthogonalization.

There is no theory available yet to predict accurately the speed of convergence
of Algorithm 5.1. Similarly to the single-vector case of the previous section, we can
easily see that Algorithm 5.1 does not converge slower than the block steepest ascent
on every step. Unfortunately, earlier known convergence results [9, 10, 4] for block
preconditioned eigensolvers cannot be used to take advantage of this fact. Only the
very recent result by Neymeyr [28] for the block preconditioned simple iterations al-
lows us to conclude that Algorithm 5.1 converges linearly with the average asymptotic
convergence factors

_ 2 Hj = Hjt1
H(TA) +1 Hi — Hmin
Let us formulate and prove this as the following.
THEOREM 5.1. For simplicity, let

(5.2) q; = ,j=1,...,m.

Hj >M§Z) >/'Lj+17 j:177m

Then
o (_i+1) o (z)
(5.3) Bty cptith
(i+1) I
1221 Hj+1 1221 Hj+1

with q; given by (5.2).

Proof. The proof is straightforward and is based on a possibility of using the
convergence rate estimate of [28] recursively and on the fact that our Algorithm 5.1
does not converge slower than the method of [28] in terms of Ritz values as our trial
subspace is enlarged compared to that of [28].

The first step is to notice that all results of [28], written for the pencil A — A\B
with B = I, can be trivially applied to a more general case of B # I, B > 0 by using
substitutions involving B'/2. Secondly, we take the main convergence result of (28],
presented as a nasty looking inequality for )\glﬂ), and after tedious but elementary
algebraic manipulations we show that it can be reduced to (5.3) with

2 Aj 2 Hj — Hj+1
5.4 =1 j—— =1- J T
o w=t e () S
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Here, T is optimally scaled such that || — TA|la < (k(T'A) —1)/(k(TA) + 1) to be
consistent with assumptions of [28]. Neymeyr has recently found (private communi-
cation) an easier proof that takes only two pages.

Now, we use a trick, suggested in [17] and reproduced in [8]; namely, we substitute
our actual matrix B, which is not necessarily positive definite with positive definite
B, = B — aA > 0 with a scalar a < py;, and apply the previous estimate to the
pencil B, — po A with eigenvalues p, = g — «, which gives (5.3) with

B 2 Hj — Hj+1
K(TA) +1 pj—a

g =1

Finally, we realize that the block method of [28], which is the same as that of [4], itself
is invariant with respect to «, and everything depends continuously on o < 5y, 50
we can take the limit o = py5,, as well. This proves estimate (5.3) with ¢; given by
(5.2) for the block method used in [4, 28] for the general pencil B — pA satisfying
assumptions of the present paper. However, in Algorithm 5.1 the trial subspace is
enlarged compared to that of the method of [4, 28]; thus, the convergence rate estimate
(5.3) with g, given by (5.2) holds for our method, too. |

This result, however, does not appear to be sharp for our method, while it is
sharp for the method of [28] in a certain sense.

First, if the computed eigenvalues form, or include, a cluster, the factor given by
(5.2) is quite pessimistic as it depends on p; — 141, which may be small. For a block
method, we expect to have a term p; — fty,41 instead, where m is the block size.

Second, for a genuine CG method we should count on having y/x(T A) instead of
k(T A) in the expression for g.

In [21, 22], we demonstrate numerically that our method is much faster than that
of [4, 28]. Having in mind estimate (3.4) we have for the PCGNULL and results
of [20] on the Rayleigh-Ritz method used in [4], which informally speaking allows
us to analyze the error in jth Ritz vector xg-l) ignoring components (xy),xk) A, k=
1,...,m, k # j, we should expect convergence of norms of residuals to be asymptot-
ically linear with the average asymptotic convergence factors

1—+/§; Uy — iy
5.5 g = [— V) e = i=1,....m.
(55 ’ <1+\/fj> T R(TA) = pipin

Thus, convergence of M;;) to p; should be linear with the ratio q]2-.

All our numerical tests (see some selected results in sections 7 and 8 below)
support our expectation of having asymptotically linear convergence with the ratio
(5.5).

A potential disadvantage of Algorithm 5.1 can manifest itself when the number m
of eigenpairs of interest is large, as we need to form 3m-by-3m matrices and solve the
corresponding eigenvalue problem of the size 3m in the Rayleigh—Ritz method on every

step. It seems that vectors wy) and pg.l) may not always be helpful as basis vectors
of the trial subspace of the Rayleigh-Ritz method to improve the approximation of
xSH) for j # k. And adding unnecessary vectors in the trial subspace increases
computational costs. Even more importantly, it may make the algorithm less stable,
as the 3m-by-3m eigenvalue problem of the Rayleigh-Ritz method is likely to inherit
ill-conditioning of the original eigenvalue problem when m is large.

In our second variant, Algorithm 5.2, we apply the Rayleigh—Ritz method in two

stages: first, as in Algorithm 4.1, for individual indices j, and, second, we include
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only the minimal set of vectors, namely, just current approximations to different
eigenvectors into the trial subspace.

Thus, on the first stage of an iteration of Algorithm 5.2 we solve m three-
dimensional eigenproblems, and on the second stage we solve one m-dimensional
eigenproblem. But this m-dimensional eigenproblem is constructed using approximate
eigenvectors, corresponding to extreme eigenvalues, as a basis of the trial subspace.
Therefore, this eigenvalue problem should not be ill-conditioned and no orthogonal-
ization would be required.

We note that arguments of the previous theorem cannot be applied to Algo-
rithm 5.2. Theoretical investigation of accurate convergence estimates of Algorithm 5.2
does not seem to be a trivial exercise.

Our numerical comparison using model problems described in section 6 below
shows that Algorithm 5.2 converges with practically the same speed as Algorithm 5.1,
except for the case of finding a cluster of eigenvalues with high accuracy. For eigen-
values in a cluster, Algorithm 5.2 at first converges similarly to Algorithm 5.1, but it
then slows down and soon after may hit a plateau, i.e., may stop improving the qual-
ity of approximations. See Figure 5.4, which shows convergence history of eigenvalue
errors of a one run of Algorithms 5.1 (solid) and 5.2 (dotted) with block size m = 3.
The left picture is for well-separated eigenvalues, and errors for different algorithms
are not possible to distinguish. The right picture corresponds to the cluster of three
eigenvalues with (11 — p3)/ (11 — i) = 10711

ALGORITHM 5.2. THE LOBPCG METHOD I1.

Input: m starting vectors a:(lo), e xgg),devices to compute: Az, Bz, and Tx for a

given vector x,and the vector inner product (z,y),
(0)
J
Iterate: For ¢ = 0,..., Until Convergence Do:
,u;-Z) = (x(-l), Bxg-l))/(xy), Axy)), j=1,...,m;

1. Start: select x

2

3.

4. Tj ::Bacgi) f,ug.i)A:cy), i=1,...,m;
5

6

,andsetpﬁo):O, j=1...,m.

w'? = Trj, j=1,...,m;

Use the Rayleigh—Ritz method m times for the pencil B — A on the trial
(@ G0 () . _ )
subspaces Span {w;"”, 7, p;"}, j=1,...,m;

7 Eg_iﬂ) _ wj(_i) n Tj(zfxy) 1 %i)p(_i)7

(the Ritz vector corresponding to the maximal Ritz value), j =1,...,m;
1 ) S
8. p Y= wl + 40,
9. Use the Rayleigh—Ritz method for the pencil B — pA on the trial
subspaces {a?ﬁ””, .. ,5:\%“)};

10. mgi“) := the jth Ritz vector corresponding to the jth largest Ritz value,

ij=1...,m;
11. EndDo
Output: the approximations ,ugk) and x§k) to the largest eigenvalues u; and
corresponding eigenvectors, j = 1,...,m.

For mesh eigenproblems, when high accuracy of computed eigenvalues and eigen-
vectors is not often required, Algorithm 5.2 can be recommended. For a general
purpose method, it seems best to use a mix of Algorithms 5.1 and 5.2 such that eigen-
values, which have already formed a cluster, are treated together using Algorithm 5.1,
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F1G. 5.4. LOBPCG 1 (solid) vs. LOBPCG 1I (dotted): well-separated eigenvalues (left) and
eigenvalue cluster (right).

while all other eigenvalues in the block are treated separately, as in Algorithm 5.2.
This approach will be implemented in the code LOBPCG.m in future revisions.

In the rest of the paper, all our numerical results are for Algorithm 5.1 only.

As theoretical investigation and comparison of preconditioned eigensolvers are
quite tedious ([4] provides a perfect example of this), a possibility of a fair numerical
comparison becomes even more important than usual. In the next section, we suggest
a numerical benchmark for preconditioned eigensolvers.

6. Model test problems with random preconditioners. To be able to com-
pare numerically different methods in the class with different preconditioners, we sug-
gest the following system of model tests, with random preconditioners and initial
guesses, be used for benchmarking.

For simplicity, we take the mass matrix B = I.

The stiffness matrix A is in our model tests a diagonal matrix with the minimal
entry 1 and the maximal entry 10'°; therefore, all eigenvalues p of the pencil B — pA
lie on the semiclosed interval (0,1]. We are interested in finding a group of the largest
eigenvalues and corresponding eigenvectors. In most of the tests of the present paper,
we compute only one, the largest eigenvalue p = 1.

For preconditioned eigensolvers, we expect that the convergence does not slow
down when the condition number of A gets larger [18, 19, 4, 21, 22], with a properly
chosen preconditioner. Because of this, we simply use a fixed large value, 10'°, for
the maximal entry of A. Our code seems to work robustly for condition number of A
as large as 10'6 in double precision arithmetic.

The gap between computed and excluded parts of the spectrum is known to play
an important role in the convergence speed. It seems necessary to fix the gap within
a series of tests. We do it with the gap ranging from 1 to 0.01 in different series. A
small value of the gap may or may not lead to slow convergence, depending on several
factors, the first of which is the distribution of eigenvalues in the excluded part of
the spectrum close to the desired part. This makes comparison of different methods
somewhat unreliable when the gap is small.

It is also necessary to choose a distribution of eigenvalues. The desired eigenvalues,
if there is more then one, are distributed randomly on a given interval, as their
distribution should not affect performance significantly. In the rest of the spectrum,
the distribution of eigenvalues does not noticeably affect the speed of convergence in
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our tests for a general preconditioner. If, however, the preconditioner commutes with
A eg, T =1 orT= A" we do observe a strong influence of the distribution on
convergence. For such cases, we choose a distribution that mimics that of an ordinary
differential equation of the fourth order, but with the given maximal entry 1019 (see
above). The initial guess is fixed for every run of the actual and the control codes but
is changed for every new run as a vector with random entries, chosen from a normal
distribution with mean zero and variance one.

The preconditioner T is also fixed for every run of the actual and the control
programs but is modified for every new run as a random symmetric positive definite
matrix with the fixed value of K(T'A) = 61/8¢ of (2.1). We construct T as follows.

First, we chose a diagonal matrix D with random diagonal entries, chosen from a
uniform distribution on the interval (0,1). Then we find minimal minD and maximal
maxD values of D and do a linear scaling D = 14+(D—minD)/(maxD—minD)x(k—1),
where k = k(T A) is the desired fixed value of the spectral condition number of T A.
That makes diagonal entries of D uniformly distributed on the interval (1, ) with
minimal and maximal values exactly at the end points of the interval; thus, the
condition number of D equals exactly k.

Second, we take a square matrix with random entries, chosen from a normal distri-
bution with mean zero and variance one, and perform the standard orthogonalization
procedure on it. That produces a random orthogonal matrix . We now scale it,
S = QA~1/2, keeping in mind that Q is orthogonal and A is diagonal, and therefore,
ST — A71/2Q71'

Finally, we form T = ST DS. The matrix T is clearly symmetric. Moreover, the
diagonal entries of D and columns of @ are eigenpairs of the matrix A/2TAY/2 =
Q~'DQ, which completes our argument.

There are two reasons for using random preconditioners for our model test prob-
lems. First, it is a natural choice when solving eigenvalue problems for diagonal
matrices. Second, it allows us to make a fair numerical comparison of different eigen-
solvers and gives a simple opportunity to check that the best method in the class
consistently outperforms other methods independently of the choice of the precondi-
tioner for a fixed value of k.

The size of the problem varies from 1000-4000.

The upper bound, 4000, is simply determined by our computer resources. The
above algorithm of constructing a random preconditioner is quite expensive and leads
to a full matrix T. The total cost grows cubically with the size of the problem.
We find in our tests that small problems may lead to unreliable conclusions when the
number of iterations is large enough. Namely, in some tests, depending on distribution
of excluded eigenvalues of the original pencil, we observe a superlinear convergence
of our methods when the total number of steps was more than 30% of the size of
the problem. However, in practical applications of interest, eigenvalue problems are
so large that the number of steps should not usually exceed 20% of the size of the
problem, taking also into account that the high accuracy of desired eigenpairs of the
algebraic pencil is rarely needed, as the pencil itself is just an approximation of the
original continuous problem and the approximation error may not be small. Thus,
one should not count in practice on having a superlinear convergence; and we try to
rule such a possibility out by choosing the size of the problem large enough.

We recommend every new preconditioned eigensolver be compared with our “ideal”
algorithm in our model test problems in terms of the speed of convergence, costs
of every iteration, and memory requirements. We provide such comparison for our
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LOBPCG method in the next section.

7. Numerical results: LOBPCG vs. PCGNULL. Here, we solve a model
eigenvalue problem with A\; = 1, A2 = 2 and take the condition number of A to be
100,

For simplicity, the mass matrix equals the identity B = I.

We compute only the first eigenpair, i.e., the smallest eigenvalue Ay = 1 and
the corresponding eigenvector. Thus, we set the block size m = 1 in our LOBPCG
Algorithm 5.1.

The initial guess is fixed for every run of the actual and the control codes but is
modified randomly for every new run. The preconditioner T is also fixed for every
run of the actual and the control programs but is modified for every new run as
a random symmetric positive definite matrix with the fixed value of the condition
number (T A); see above. We vary (T A) in different series of tests.

The straight (and green on a color print) line corresponds to linear convergence
with the residual reduction rate (3.4), which is the same as (5.5) with m = 1 and
Hpin = 0- To be consistent with MATLAB’s built-in code PCG.m, we measure the
error as the Euclidean norm of the residual, i.e., |(A—X; B)z®|| /||| in PCGNULL
and [|(A=XD B)z®|| /||z?]| in our code. With these definitions, norms of the residuals
are quite large on the first few iterations in our tests as our matrix A is very ill-
conditioned.

The average slope is the most important. We observe in Figure 7.1 that the
average residual reduction rate is about the same for the “ideal” method, PCGNULL,
and for our LOBPCG, and is quite close to the theoretical prediction. Convergence
history lines for every method are tightly bundled together, with the bundle for our
LOBPCG (colored red in the electronic version of the paper) consistently a bit lower
than the bundle for the PCGNULL (dotted and blue). We present here, because of
space limitations, only cases k(T A) = 4 and k(T'A) = 1000. Pictures with other values
of k are similar to those shown in Figure 7.1. Thus, our code converges essentially as
fast as the “ideal” method.

Fic. 7.1. LOPCG (solid) vs. ideal (dotted): k(T A) =4 (left) and k(T A) = 1000 (right).

Let us now compare computational costs of a single iteration. PCGNULL involves
one application of the preconditioner T, and one multiplication of A and a vector.
LOBPCG (revision 3.2.9) has exactly the same major costs; however, for very ill-
conditioned problems and when a very high accuracy is required, to increase stability
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we perform A-based orthogonalization of basis vectors of the trial subspace, which
may require matrix A be multiplied two times instead of one on every iteration.

In terms of memory use, both methods are similar, as they require only several
vectors, but no large matrices, to be stored.

To conclude, numerical results establish that our algorithm is practically as ef-
ficient as the “ideal” algorithm when preconditioners and initial approximations are
the same in both methods.

8. Numerical results: LOBPCG vs. GLOBALMIN. In the previous sec-
tion, we compare our LOBPCG with the benchmark based on PCGNULL and show
that LOBPCG is practically the optimal preconditioned method for finding the ex-
treme eigenvalue and the corresponding eigenvector. LOBPCG can also be used, of
course, for computing a group of extreme eigenvalues when the block size m > 1.

What benchmark do we advocate for preconditioned eigensolvers for finding sev-
eral eigenpairs? We do not have an answer to this question as satisfactory as that
for a single extreme eigenpair, because we are not yet able to suggest a convincing
“ideal” (in terms of speed and costs) solver. We do have, however, the block globally
optimal solver, Algorithm 2.1, which computes optimal approximations on the block
generalized Krylov subspace.

Let us highlight again that the number of vectors in the basis of the block Krylov
subspace (2.6) grows exponentially, which makes Algorithm 2.1 very expensive. On
the other hand, it provides the global optimization of the Rayleigh quotient on the
block Krylov subspace and, thus, can be used for numerical comparison with actual
block preconditioned eigensolvers to check if they provide approximations close to
those of the global optimization.

We write a MATLAB code of Algorithm 2.1, called GLOBALMIN.m, using re-
cursion (2.7), followed by complete orthogonalization.

We tested LOBPCG vs. GLOBALMIN on model problems described in section
6 with n = 3000. The gap between computed and excluded parts of the spectrum is
one. The condition number of A is chosen to be 10% as GLOBALMIN fails in some
tests for larger condition numbers.

We find in the present section that putting only one run on a figure is more
illustrative, as LOBPCG and GLOBALMIN produce very similar results, but they
change greatly with different random initial guesses. We remove the initial value of the
error from all pictures as it is typically too large to fit the chosen scale. LOBPCG is
presented by a solid (and red in a color version of the paper) line, while GLOBALMIN
is dashed (and blue). The straight (and green) line corresponds, as in section 7, to
the average error reduction predicted by (5.5).

The residual-based error is measured as ||(A— )\gi)B)z‘gi) ||/||x§l) || on a correspond-

ing Ritz vector m§7) The eigenvalue error is simply measured as the difference of the

Ritz value )\§-Z) and the corresponding eigenvalue A;. Both methods, LOBPCG and
GLOBALMIN, should monotonically decrease the eigenvalue error. GLOBALMIN
provides the global minimum of the Rayleigh quotient; therefore, the eigenvalue error
of GLOBALMIN should be always not larger than that of LOBPCG.

We first compare, on Figure 8.1, errors just for the smallest eigenvalue A\ for
the LOBPCG and GLOBALMIN both with block size one as in section 7. Figure
8.1 displays errors for the same problems as Figure 7.1, but we also add the eigen-
value error. We highlight again that dimension of the generalized Krylov subspace
global (2.4) grows exponentially with the number of iterations. For numerical tests
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FiG. 8.1. LOBPCG (solid) vs. GLOBALMIN (dashed), x(TA) = 4, m = 1: residuals (left)
and eigenvalue errors (right).
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F1G. 8.2. LOBPCG (solid) vs. GLOBALMIN (dashed), x(TA) = 4, m = 3: residuals (left)
and eigenvalue errors (right).

presented in Figure 8.1, typical dimensions are 3,7,15,31,63,127,255,511, e.g., on
the last (eighth) iteration, GLOBALMIN minimizes the Rayleigh quotient on a trial
subspace of dimension 511.

In Figures 8.2 and 8.3, we compare the error for the third smallest eigenvalue
A3 for the LOBPCG and GLOBALMIN, both with block size three. In these experi-
ments, dimensions of the block generalized Krylov subspace global (2.6) typically are
9,21,45,93,189, 381, 765. As our code GLOBALMIN is based on complete orthogo-
nalization that filters out possible linearly dependent vectors in the trial subspace, in
different tests we observe slightly different dimensions.

The trial subspace in GLOBALMIN is getting large enough—about 10%-20% of
the size of the problem—to lead to a superlinear convergence of GLOBALMIN when
k(T A) is not too large; see Figure 8.2. We believe that this effect is artificially created
by the fact that our problem is of a small size, only 3000, and should be disregarded.
Our computer resources do not allow us to solve larger problems.

We first observe that LOBPCG and GLOBALMIN produce almost the same
approximations on the first two steps. Most importantly, by comparing the slopes on
the figures, we come to the conclusion that our LOBPCG provides approximations
close to those of the global optimization method on the generalized block Krylov
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F1G. 8.3. LOBPCG (solid) vs. GLOBALMIN (dashed), k(T A) = 1000, m = 3: residuals (left)
and eigenvalue errors (right).

subspace and has a similar convergence speed.

9. LOBPCG vs. Davidson’s method. The discussion above allows us to make
some conclusions on LOBPCG vs. Davidson’s method, though we do not have a
numerical comparison. The block Davidson method without restarts can be presented
(ctf. [5, 27, 37]) as the Rayleigh—-Ritz method on the trial subspace spanned on vectors:

mgo), T(B — u&O)A)mgo), T(B — ygl)A)xgl), ..., T(B—- ugi)A)mgi), e

(9.1) ; ;
o), T(B = pi) A)al), T(B = p )y, .., T(B - ufd )i},
and xyﬂ) is computed as the jth Ritz vector. All vectors (9.1) are in the block gener-

alized Krylov subspace (2.6) (assuming a fixed preconditioner), so such defined block
Davidson method cannot converge faster than the GLOBALMIN. But our LOBPCG
converges with about the same rate as the GLOBALMIN. Therefore, we can expect
that LOBPCG is more efficient than Davidson’s method, since the former should not
converge much slower than, but is significantly less expensive than, the latter.

To make Davidson’s method more competitive with our LOBPCG, one needs to
restart after every k steps in the following special way: the Rayleigh—Ritz method is
now used on the trial subspace spanned by vectors

{x§171)7 xgl), T(B — Mgl)A)xY)7 T(B — ,u%ZH)A)mng), ..., T'(B—- ,ung)A)xng), cen
xs,ifl), xg,i), T(B — u%)A)m%), T(B - pg,iJrl)A)x%Jrl), ..., T(B- Ms,iJrk)A)m%Jrk)},

(9.2)

and xg-”kﬂ) is computed as the jth Ritz vector. The new trial subspace is still a

subset of the block generalized Krylov subspace (2.6), but its dimension does not

depend on the number of iterations.

Compared to a naive method of restarts, we have extra vectors, xy—l), j
1,...,m, in the basis of the trial subspace, which we expect will make method (9.2)
much faster. We now notice that Davidson’s method based on (9.2) with & = 0
coincides with our earlier method (5.1). Thus, our Algorithm 5.1 can be viewed as a
specially-restarted-at-every-step block Davidson method.

Is there any benefit to using block Davidson method, based on (9.2) with k£ > 07
In our opinion, for symmetric eigenproblems, the answer seems to be no. We expect
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methods with £ = 0 and k£ > 0 to be quite similar to each other in terms of speed of
convergence, as the method with & = 0 already provides approximations practically
close to those of the global optimization method on the block Krylov subspace. At the
same time, method (9.2) with k£ > 0 will be somewhat more computationally expensive
and less stable for ill-conditioned problems simply because the dimension of its trial
subspace for the Rayleigh—Ritz method is larger. A direct numerical comparison is
yet to be done.

10. Numerical results: LOBPCG vs. JDQR. Here, we present numerical
results for the MATLAB code JDQR.m of the inexact Jacobi-Davidson method [14],
written by Gerard Sleijpen, which is publicly available on the Internet (http://www.
math.uu.nl/people/sleijpen/JD_software/JDQR.html). We are not able to compare
it with PCGNULL, as recommended, because norms of the actual residuals are not
available in JDQR on every inner iteration. Instead, we provide results of direct
numerical comparison of JDQR with our method LOBPCG.

As in the previous two sections, the comparison is made using model eigenvalue
problems with B = I (a revision of JDQR code for generalized eigenproblems is not
yet available) and random preconditioners, suggested in section 6. JDQR is used with
the default tolerance. The number of iterations of our LOBPCG is chosen to match
the accuracy of eigenvector approximations provided by the JDQR. We measure the
accuracy as the angle between computed and exact invariant subspaces in the two-
norm.

First, we find that JDQR is not as robust as our method with respect to ill-
conditioning of the matrix A and the number of required eigenpairs. JDQR consis-
tently fails to find even one eigenpair for condition number of A above 10%. JDQR
becomes even more sensitive to ill-conditioning when we increase the number of re-
quired eigenpairs. With cond(A4) = 10°, JDQR typically fails to compute all ten
required eigenpairs in another series of tests, and in some of the tests outputs only
one eigenpair out of ten. Attempts to compute forty eigenpairs using JDQR even
with cond(A) = 10 produce no more than 16 eigenpairs.

JDQR does not handle random initial guess very well. In some tests it converges
to the second eigenpair instead of the desired first one, with the smallest eigenvalue
A

Our LOBPCG is much more robust and successfully computes all required eigen-
pairs in all tests mentioned above without any difficulties. Moreover, LOBPCG always
converges about one-and-a-half to two times faster than JDQR if we count the number
of iterations as the number of times the preconditioner is invoked. This may not be
very surprising, as the only MATLAB version of the inexact Jacobi-Davidson method
available to us for testing can be used for nonsymmetric eigenproblems as well and is
not apparently optimized for symmetric eigenvalue problems, while our method takes
full advantage of the symmetry by using a three-term recurrence.!

Both methods are scalable, as expected, with respect to the size of the problem
and the quality of the preconditioner used.

A comparison of LOBPCG with JDQR has also been made for some practical
problems, e.g., for an eigenvalue problem describing vibrations of a slender beam,

A new MATLAB package, JDCG by Yvan Notay, was released in 2001; see http://mnsgi.
ulb.ac.be/pub/docs/jdcg. It implements the Jacobi-Davidson method with a PCG inner solver,
specifically tuned for the symmetric case [31]. According to our numerical tests, while JDCG does
accelerate JDQR, it still converges slower than—and for clusters of eigenvalues is not as reliable
as—our LOBPCG.



TOWARD THE OPTIMAL PRECONDITIONED EIGENSOLVER 539

with a domain-decomposition-based preconditioner. This is outside of the scope of
the present paper and will be reported elsewhere. Let us just highlight that the
conclusions based on these practical comparisons are the same as above for our model
diagonal eigenproblem with random preconditioners.

11. Availability of software for the preconditioned eigensolvers. The In-
ternet page http:// www-math.cudenver.edu/ aknyazev/software/CG/ is maintained
by the author. It contains all the software used for numerical experiments of the
present paper, including benchmarking codes written in MATLAB by the author.

12. Conclusion. Let us formulate here the main points of the paper:

e Numerical results establish that our algorithm LOBPCG is practically as
efficient as the “ideal” algorithm for computing an extreme eigenpair and
provides approximations close to those of the global optimization method on
the generalized block Krylov subspace.

e Our method is much more robust and typically converges about one and a
half to two times faster than the inexact Jacobi—Davidson method.

e We provide a system of test problems with random preconditioners that we
suggest be used for benchmarking. Every new preconditioned solver for find-
ing an extreme eigenpair should be compared with the “ideal” algorithm in
terms of the speed of convergence, costs of every iteration, and memory re-
quirements. As the number of publications on different preconditioned eigen-
value solvers and their applications, e.g., recent papers [36, 43, 44, 24, 2, 34,
33|, keeps growing rapidly, a need for such benchmarking becomes evident.
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