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‘We consider the problem of computing a modest number of the smallest eigenvalues
along with orthogonal bases for the corresponding eigenspaces of a symmetric positive
definite operator A defined on a finite dimensional real Hilbert space V. In our
applications, the dimension of V' is large and the cost of inverting A is prohibitive. In
this paper, we shall develop an effective parallelizable technique for computing these
eigenvalues and eigenvectors utilizing subspace iteration and preconditioning for A.
Estimates will be provided which show that the preconditioned method converges
linearly when used with a uniform preconditioner under the assumption that the
approximating subspace is close enough to the span of desired eigenvectors.

1. INTRODUCTION.

In this paper, we shall be concerned with computing a modest number of the
smallest eigenvalues and their corresponding eigenvectors of a large symmetric ill-
conditioned system. More explicitly, let A be a symmetric and positive definite
linear operator on a N-dimensional real vector space V' with inner product (")
and norm ||-| = (-,-)%/2. The distinct eigenvalues, {)\;}, of A are positive real
numbers which along with their respective eigenvectors {v; }, satisfy

AUZ' = )\zvz

The eigenvalues {\;} are ordered to be increasing with ¢ and are assumed to be
simple. The eigenvectors {v;} are orthogonal with respect to the inner product (-, -)
and chosen so that (Av;,v;) =1. The algorithms and results of this paper carry
over to the case of Hermitian operators on complex inner product spaces without
change.

We consider the case where the first s eigenvalues are simple and well sepa-
rated. It seems possible to extend the analysis to the case of eigenvalues of higher

1991 Mathematics Subject Classification. Primary 65N30; Secondary 65F10.

This manuscript has been authored under contract number DE-AC02-76CH00016 with the
U.S. Department of Energy. Accordingly, the U.S. Government retains a non-exclusive, royalty-
free license to publish or reproduce the published form of this contribution, or allow others to
do so, for U.S. Government purposes. This work was also supported in part under the National
Science Foundation Grants No. DMS-9007185, DMS-9501507 and NSF-CCR~9204255, and by the
U.S. Army Research Office through the Mathematical Sciences Institute, Cornell University.

Typeset by ApS-TEX



2 BRAMBLE, ET. AL.

multiplicity. The extensions of the results to the case of eigenvalues with little
separation is somewhat more tedious. If the operator A is a mesh analog of a PDE
with multiple eigenvalues, then A has clusters of eigenvalues and this is one of the
most interesting practical examples of a bad separation of eigenvalues. However, for
this case the operator A can be viewed as a perturbation of an operator with well
separated multiple eigenvalues, see [24]. The analysis of such perturbation appears
possible for the method described below, but will not be addressed in this paper.

We shall be interested in iterative schemes for computing {\;} and {v;}, for
t=1,...,s, where s is small compared to N. We will only assume that a procedure
for evaluating the action of A applied to vectors in V is available. Given a basis
for V' the corresponding matrix representing A is often large and sparse and a full
computer representation, including the zero elements, is not feasible since its size
would be too large to manage. We will also avoid the computation of the action of
AL

There are many methods for obtaining eigenvalues and eigenvectors for sym-
metric positive definite matrices (see, [44]). Methods like the QR—algorithm work
extremely well for relatively small matrices. Classical iterative methods involve
subspaces of vectors which result from applying A — Al or its inverse with a non-
negative parameter A which may change from iteration to iteration. Because A is
ill-conditioned and we seek the eigenspaces corresponding to the smaller eigenval-
ues, to be effective, the classical methods require inversions of A — \I.

In this paper, we shall study an iterative eigenvalue scheme which utilizes sub-
space iteration and preconditioning. A preconditioner B is a symmetric positive
definite operator on V' which “approximates” the inverse of A. For our purposes,
we shall assume that B is scaled so that the operator I — BA is a reducer. This
means that there is a number 7 in (0,1) satisfying

(1.1) |(A(I — BA)v,v)| < y(Av,v) forallve V.
Note that (1.1) implies that
(1.2) (1 —)(Av,v) < (BAv, Av) < (1 +7v)(Av,v) forallv e V.

There is a vast literature of techniques for developing preconditioners for sym-
metric positive definite problems, especially in the case when the operator A is a
discretization of an elliptic partial differential equation (see, e.g., [1], [2], [15], [16],
[27], [28]). The best preconditioners satisfy (1.1) with v bounded away from one
(independently of N). In addition, a good preconditioner is economical to evalu-
ate. This means that the cost of computing the action of B applied to an arbitrary
vector should not be much greater than that of applying A. When A corresponds
to a discretization of a partial differential equation, often low cost preconditioners
are known for which (1.1) holds with « independent of the mesh size and hence
the number of unknowns (see, e.g., [3]-[6], [12], [21], [52]). Multigrid and domain
decomposition are two examples of effective techniques for developing precondition-
ers for the discrete systems arising from approximations to elliptic boundary value
problems (see, e.g., [4]-[13]).

The use of preconditioned iterations for computing the eigenvectors and eigenval-
ues has been first studied by L. V. Kantorovitch’s graduate student B. A. Samokish
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[50], and then by W. V. Petryshyn [45]. Axel Ruhe [46], [47] clarified the asymp-
totic connection of the such methods and similar preconditioned iterative methods
for finding a nontrivial solution of the corresponding Helmholtz system.

Explicit convergence rate estimates, independent of the number of unknowns, for
preconditioned iterative methods in the case of one eigenvector were first obtained
in the Russian literature, by S. K. Godunov et. al. [29] and by E. G. D’yakonov
et. al. [25], [26] (see also [22] and the included references). In particular, the base
iteration used in our preconditioned subspace iteration was used in [29] and was
further analyzed in [25].

There are a number of alternative preconditioned schemes which have been pro-
posed to further improve convergence of the base method. The possibility of using
Chebyshev parameters to accelerate the convergence of two stage preconditioned
eigenvalue iterations was discovered by V. P. IIin [30]. An analogous idea of using
Lanczos method in the inner stage is due to D. Scott et. al. [51], [42]. Explicit
convergence rate estimates, independent of the number of unknowns, for these
methods have been established in [33],[32]. The convergence estimates for the two
stage method are better than those for the base method when high accuracy is
required. The locally optimal preconditioned conjugate gradient method was sug-
gested in [35]. In [35], [36], a new preconditioned variant especially suited for the
domain decomposition approach was presented and the corresponding convergence
rate estimates were proved.

Davidson proposed a diagonally preconditioned subspace method [18] where the
dimension of the subspace increased each step of the iteration. Although the original
Davidson method is likely to converge fast with a good preconditioner, the cost per
iteration and storage requirements grow with the iteration number. This makes the
method unacceptable in many large scale applications. Nevertheless, the method
became popular in computational molecular physics and was further developed (see,
e.g., [19], [37], [41], [40], [43], [49], [20]). Theoretically Davidson-like methods are
still not well studied, for example, it is not proved that their convergence does not
depend on the number of unknowns with a proper preconditioner, though it seems
to be the case.

Generalizations of the preconditioned methods for the simultaneous computation
of several leading eigenvalues and the corresponding invariant subspaces by using
subspace iterations were suggested in [50], [39], [38], [14]. The first and, in fact, the
only explicit estimates on the convergence behavior, independent of the number of
unknowns, were obtained by Dyakonov and Knyazev (DK) in [23], [24], [22] where
simplified methods with the same iteration operator for all vectors in a subspace
were developed and analyzed. This simplification, however, leads to a method which
computes only one eigenvalue, the largest in the group, at a time. To find another,
smaller, eigenvalue, the method has to be used again with an initial subspace of
a smaller dimension and with an orthogonalization to the previously computed
eigenvector. For the DK method, the convergence estimates do not depend on the
separation of the eigenvalues.

In the present paper we analyze a preconditioned subspace iteration technique.
This involves a recursively generated sequence of subspaces. Given a subspace in
this sequence, we compute the approximate eigenvectors by applying the Rayleigh-
Ritz procedure. The next subspace in the sequence is defined as the linear space
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spanned by the vectors which result from the application of a simple preconditioned
eigenvector iteration procedure to the Ritz eigenvectors. In contrast to the DK
method, our iteration operator is different for different Ritz eigenvectors. On the
other hand, our method differs from that of [39], [38] by using a fixed-shift basic
algorithm, whereas [39], [38] suggest a block version of the steepest descent method
[50]. Our method could also be thought of as a truncated version of a block Davidson
method.

We present a theorem which guarantees convergence of the preconditioned sub-
space method provided that the starting subspace is sufficiently accurate. As in the
classical block inverse power method, the convergence rate estimate for the smaller
eigenvalues and their corresponding eigenvectors is better than for eigenpairs whose
eigenvalues are closer to As41. The rates only depend on the first s+ 1 eigenvalues,
0 and is independent of the largest eigenvalue A,, and/or the number of unknowns.
This is crucial for our applications where we seek the eigenvalues of a discrete sec-
ond order elliptic operator. The largest eigenvalue of such an operator and the
number of unknowns tend to infinity like =2 where h is the mesh parameter. The
only disadvantage of our theory is that the accuracy condition on the initial sub-
space depends on the gap in first s + 1 eigenvalues, in contrast to the theory of
the classical block inverse power method and of the simplified preconditioned sub-
space DK method. Numerical experiments suggest that the actual convergence of
our method is, in fact, independent of the gap and that its overall performance is
much better than the DK method. We have chosen the DK method for numerical
comparison as it was, before the present paper, the only preconditioned subspace
iteration method with proven explicit convergence rate estimates, independent of
the number of unknowns.

The form of the algorithm proposed was motivated by a need for developing a
parallelizable eigenvalue/eigenvector algorithm which would be effective in comput-
ing a number of the smallest eigenvalues and their corresponding eigenvectors for
large symmetric systems. The scheme is currently being applied to the computation
of several hundred eigenfunctions for a problem with several thousand unknowns
which arises in first principle electronic structure computations [17].

The outline of the remainder of the paper is as follows. We describe the algorithm
in Section 2 and give a theorem which bounds its convergence. Section 3 contains
several useful estimates for the Rayleigh-Ritz method, partially based on results of
[48], [33], [34]. The proof of the theorem is given in Section 4. Finally, the results of
numerical experiments involving the preconditioned subspace technique are given
in Section 5.

2. THE SUBSPACE PRECONDITIONING ALGORITHM.

In this section, we describe the subspace preconditioning algorithm which will
be studied in this paper. This algorithm involves the development of a sequence of
subspaces V' C V, for n =1,2,..., approximating the eigenspace

Vs = span{vy, ... ,vs}.

The initial approximation subspace V? of dimension s is assumed given.
Given an approximation subspace V" of dimension s, the eigenvectors and eigen-
values of A are approximated by computing the Ritz eigenvectors {v"} C V* along
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with their corresponding eigenvalues A} satisfying
(2.1) (Av?, w) = A (v, w) for all w € V'

Here A} < A\ < ... < A" and {v}'} are mutually orthogonal and normalized so
that (Avl', o) =1,fori=1,...,s.

The new subspace V! is generated from a basis which is defined by applying a
simple preconditioned eigenvalue iteration scheme to the Ritz vectors of the previous
subspace V.'. Specifically, let
(2.2) o = — B(Avl — A\l fori=1,...,s,
and define

Vil = span{o? ... 00T,

?7Ss

The iteration (2.2) has been studied as a stand alone iterative scheme for computing
the smallest eigenvalue A\; and a vector in the corresponding eigenspace [25].
The above method could also be thought of as the simplest truncated version of
a block Davidson method which defines
Vit = v pospan{of T, ... 00T

»vSs

We shall need some additional notation to state our convergence estimates. Let
(+,-)a denote the inner product defined by

(v,w)a = (Av,w) for all v,w € V.
The corresponding norm will be denoted by
|v]]a = (v,0)? forall v e V.
Let Qs and Q7 be the (-,-)4 orthogonal projection operators onto Vs and V],

respectively. We measure the gap between the subspaces V; and V" by considering
the norm of the difference of these projectors:

(2.3) 0" = [|Q% — Qsl|a-
We also define
T = v — Qhvgl|a, fori=1,... s,
and
Aig1 + N

The main result of this paper is given in the following theorem.
Theorem 2.1. Suppose that the initial approzimation subspace VO satisfies

- o (1= 1 = A/ Agq1)?
(24) >_(6) < 1999A2 (1) .

=1
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where v satisfies (1.1). Then the dimension of V* forn > 0 is equal to s. Moreover,
we have

1.03 -
2. I—P)ot|4 < ————52"(9Y)?
( 5) H( )U’L HA = 1_)\1'/)\3—&—162 (91)
and

1.03 -
2.6 0<1-—N/AP< —— 527902
(2.6 1= N/N S )
where
(27) 51 :7+(1 _7))\2'/)\34—1 < 1,

_ (1—8,) (Asr1 = A\ PN

2.8 0; = 0; — < 1.
(2:8) AR G v R

In (2.5), P; denotes the orthogonal projector onto the one dimensional eigenspace
spanned by v;.

Remark 2.1. Note that §; is less than or equal to J; + (1—19;)/2 which is clearly less
than one. In addition, the convergence rate estimate 9; is closer to 9; for smaller
eigenvalues since )\; is smaller than A4 in that case.

Remark 2.2. Note that ||v]'||4 = 1 and hence (2.5) implies that the eigenvector v}
converges to the eigenvector v; exponentially with n.

Remark 2.3. The above theorem can be applied to the problem of the approxima-
tion of relatively few of the lowest eigenvalues and their corresponding eigenvectors
of an elliptic boundary value problem defined on a bounded domain in the case when
the corresponding lower eigenvalues are simple. It is well known that these eigenval-
ues are distinct. Moreover, these eigenvalues and eigenvectors can be approximated
by those which result from finite element discretization. The eigenvalues of the dis-
crete system exhibit behavior similar to those of the continuous problem. They
are well separated provided that the mesh parameter A is suitably small since the
discrete eigenvalues converge to those of the continuous problem. If A = Ay, is the
system corresponding to the discretization with mesh size h then the parameters
As, A1, A can be bounded independently of the mesh parameter h. If one uses a
preconditioner B = Bj, which satisfies (1.1) with v < 1 (not depending h) then the
above proposition provides asymptotic rates of convergence which do not depend h
and hence the dimension of the underlying system.

Remark 2.4. With a slightly more complicated proof, it is possible to reduce the
constant 1999 to 500 in the above theorem. Of course, even the latter constant is
still too large to convince someone theoretically that our method is useful. However,
the method appears to be much more robust in practice. In our experience, the
method converges with initial subspaces consisting of vectors with random entries
(see Section 5). Such an initial subspace fails to satisfy the accuracy condition
(2.4).
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The following corollary show that the rates of convergence for the given eigen-
value/eigenvector tend asymptotically to d; as the V* converges to V.
Corollary 2.1. Assume that the hypothesis of Theorem 2.1 hold. Then for any
€ (0,1] there exists an m = m(e) such that for n > m,

1.03 - _
I—P)or)4 < ———(6; ;)2 2m §2m 0)2
I = Pl < gy s (B (B = 522752 (00)
and 03
<1-— i n < . 5 72. o 61 2n—2m52m 00 2
0< A/&_l_MMHﬁ5+d5 ) i)

where §; and &; are as in (2.7) and (2.8).

3. PROPERTIES OF THE RITZ APPROXIMATION

In this section, we give some lemmas which describe the approximation proper-
ties of the eigenvalues and eigenvectors resulting from the Ritz subspace method.
These lemmas only depend on the distribution of the eigenvalues of A and the ap-
proximation properties of the subspace. Thus, we shall state them in terms of an
arbitrary approximation subspace V C V of dimension less than or equal to s.

The Ritz eigenvectors {9;} C V along with their corresponding eigenvalues \;
satisfy

(Ab;, w) = \i(0;,w) for all we V.

Here 5\1 < 5\2 < --- and the vectors in {9;} are mutually orthogonal and normalized
so that (Av;,v;) = 1 for each i.
Let @ be the (-,-) 4 orthogonal projection operator onto V' and set

0=11Q —Qslla.

It will also be important to measure how well the actual eigenvectors can be ap-
proximated in the subspace V. To this end, we define the quantities

0; = ||vi — Quil|a, fori=1,...,s.
The eigenvalue accuracy can be estimated in terms of the above parameters by the

following lemma.
Lemma 3.1. If

(3.1) 0<1
then the dimension off/ is s and fori=1,...,s,

0<1—X\/N\ <62

The proof of the above lemma follows [33] and uses two additional lemmas. The
first is essentially given in [31] (see Theorem 6.34).



8 BRAMBLE, ET. AL.

Lemma 3.2. Let P and Q be two orthogonal projectors with M = Range(P),
N = Range(Q) such that dim(N) < dim(M) and

(I -Q)P|=0<1.
Then dim(N) = dim(M) and
1P =Ql =l -P)Q| =4

Lemma 3.3. Let V; be the space spanned by the eigenvectors v;, for j =
1,...,i. We define the additional operators Q; and Q; to be the (-,-)a orthogonal

projectors onto the spaces V; and V; = Range(@%). Assume that 6 < 1. Then for
1 < s, the maps

Q’i : ‘/Z — f/ia
Qi ViV,
are isomorphisms. Moreover,
(3.2) 1Qi = Qilla = |I(1 = Q)Qilla = [|(I — Q:)Qsl[a < 6.

Proof. By definition of Q;,
Qiv=Qu for allv € V.

Thus, ) i
(I —Q:)Qilla= max ||[v—Q;v|la=

veVi,[|v[la=1

max |jv—Qu|la< max |jv—Qu|la=0.
veV;,||v||la=1 vEV,,||v]|a=1

This proves the last equality of (3.2). The lemma now follows from Lemma 3.2.

Proof (of Lemma 3.1). Let i be less than or equal to s and v* € V; be the eigenvector
with maximal eigenvalue \* eigenproblem:

(Av,w) = M(v,w) for all w € V;.
By Lemma 3.3, the dimension of V; is equal to 7. By the Courant—Fischer Theorem,
(3.3) A <\ <A
from which the lower bound of the lemma follows. For the upper bound, it suffices

to bound the quantity
1— A /A%

We may assume that |[v*||4 = 1. We decompose

vt = Qv + va*.



PRECONDITIONED EIGENVECTOR/EIGENVALUE COMPUTATION 9

Let Rq(w) = (Aw,w)/ ||w||* denote the Rayleigh quotient. Then
L= X/A" = (A = A) o
Now it follows from (3.2) that Q;v* # 0. Clearly,
1 =Ra(Qu") [Qiv"|I* + ||QFv*|%
<N [|Qiv” |17+ 11Q 15

If Q-v* = 0 then v* € V. In this case, it follows that A* = \; and there is nothing
more to prove. If Q;-v* # 0 then (3.4) implies

1<\ Q™ |* + Ra(Qfv HQLU*H
= 0P + (Ra(@QEv7) — ) [|@i oI

(3.4)

Consequently,

1= A/A < (Ra(QFv*) — N) Qo7
—[1- Z/Rq@l NNQFv*IA < 1QF |14
< (T = Q)% < 6

where we used Lemma 3.3 for the last inequality. This completes the proof of
Lemma 3.1

The next lemma provides a relationship between 6 and 6;.

Lemma 3.4. , 12
(1= Q)Qslla < (zéf) .
j=1

Moreover, if

(3.5) (I —Q)Qslla <1
then dim(V) =s and fori=1,...,s,
(3.6) 0; <0=11Q - Qslla=II - Q)Qslla = [I(I — Q:)Ql| a-

Proof. Let v be in V; and write

s
= E CjUj.

Clearly

S

1(1 = Q)vlla = ||ZCJ(I_Q)UJ||A

S

<D leil 1= Q)wylla

=1

° 1/2 °L 1/2 ° - 1/2
<O T =1plad o0
Jj=1 j=1 j=1
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It follows that \
~ ~5\1/2
(= Q)Qulla < (3 82)
j=1
The lemma follows from Lemma 3.2.

Lemma 3.1 implies that for sufficiently small 6, S\j # \; whenever i,j € {1...s}
and 7 # j. Thus, we can define the quantities

Ai S
0ij=——="fori#j, i,j=1,...,s
11— X/ A
Let
(37) 5-2 = max (5'1']')7

J=1,...,8,jF#i

The next lemma provides bounds for the eigenvector error in terms of the ap-
proximation parameter 6;. Its proof is essentially based on the analysis given in
[48] and is included for completeness.

Lemma 3.5. Assume that (3.5) holds and that for a fived index i € [1,... ,s],
S\j # N forj#iandj€[l,...,s|. Then,

~2

(I — P)i])4 < { (A) 92}02 C162.

Here P; is the projection onto the i’th eigenvector v;.

Proof. Let f’j denote the (-,-) 4 orthogonal projector onto the subspace generated
by ;. Note that

(I = P)%illa = [|(I = P)Pi|la = ||(I - P,)P;||a
= [|(I — Pi)vil|a
and that
(3.8) (I = P2 = (T = Q)vil |4 + 11(Q — P)vil|4
=02 +||(Q — P)vi 4.

We estimate the last term above as follows: Note that

Q= ZP and QA~'Q = Z P

j= 1

Thus,

>/|,_.

1 1 1
(39) v )\ j=1, ];éz )\J
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The two terms on the left of (3.9) are (-,-)4 orthogonal and hence

1, .~ = > 1

—|[(Q — P)vi|la < | E (y—

0-7, . . . T ]
j=1, j#i J

< [|QA™(I — Q)uilla
< [|QATH(I = Q)llall( — Q)i a.

|~

) Pjvs|| 4

oL,

(3.10)

In the last product the second term is 0, by definition and it remains now to
estimate the first term. Since the projector @, commutes with A=, Lemma 3.4
and the triangle inequality give

1QA (T = Qlla = 1A~ - 1) = @)l
1
.11 <IQU - @A™ = 5D - Dl

54-1 1 ~ 0
+lQ(A —KI)QS(I—Q)IIAS/\—l.

Combining (3.10) and (3.11) gives
. 52
(3.12) @ — Pyuills < 3607
1

The lemma follows combining (3.8) and (3.12).

The error in the corresponding eigenvalue is second order in 6; and is bounded
by the following lemma.
Lemma 3.6. Assume that the hypotheses of Lemma 3.5 hold. Then,

0<1—X/N <||(I—-P)%||4 < C162.
Proof. Using the identity A; = ||5;]| ™ gives
1—Xi/Xi = (A= X))oy, ).
We clearly have

(A= N)s, 03) = (AL = P, (I — P)d;) — N(( — Py)ay, (I — Py)oy)
(I = P)

IN

Bil[%.
This completes the proof of Lemma 3.6.

Both the eigenvectors {v;} and the corresponding approximate eigenvectors {v; }
are orthonormal with respect to the (-,-)4 inner product. The following lemma,
based on [34], shows that for i # j, |(vi, ;) a| is small with 6 since

[(vi, ) al = [((Qs — Pj)vi, 05) al < [[(Qs — Pj)05l]a-
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~ Lemma 3.7. Assume that (3.5) holds and that for a fized index j € [1,... ,s],
NjF# N fori#jandje[l,...,s]. Then,

1(Qs — Py |4 < C26%62

where

and

Proof. We clearly have
1 - _ Y1~
= [1(Qs = P)vjlla < [1(Qs = P)(A™ = A7 D)5 a.
j

Since
(3.13) (A =X D), w)a =0 forallw eV,
it follows that

1(Qs = P)(A" = X D14 = [[(Qs — P)T — Q)(A™ = XM T)| a

< Qs = P = Q)all(A7H = X D)5 4.
Now by Lemma 3.4,
1Qs = P = Q)lla < [|Qs(I = Q)l|a = [I(I = Q)Qsl|a = 6.

In addition, (3.13) implies that

1A = A7 DTlla < (AT = X7 D551l = (AT = A7 D — Fy)og]la

<A™ = X7 D)|all(T — Py)51a-

The lemma follows combining the above estimates with Lemma 3.5.

The final lemma of this section shows that the approximation parameter 6; can
be bounded in terms of the orthogonal component of the approximate eigenvector.
Lemma 3.8. If C»0% < 1 then

07 < (1= Cof?) I Quail I
Proof. 1t follows that
07 = |I(I = Q)uil 3 < |I(T = Poywill4
= |I(1 = Pl |4
= [1Qz will% + I(Qs — P)uil [
Thus, applying Lemma 3.7 gives
02 < || QL w3 + Co0%02.

The lemma immediately follows.
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4. CONVERGENCE ANALYSIS.

In this section, we will prove the theorem and corollary stated in Section 2.
Their proofs are based on three additional lemmas as well as the lemmas for the
Ritz eigenpairs.

We shall require some additional notation for this section. If 8" is sufficiently
small, Lemma 3.1 implies that A} # X\; whenever4,j € {1...s} and i # j. Following
Section 3, we define the quantities

Ai o
Uij(n):mforl%j, Z,j:]_,...,S

and set

oi(n) = _ max_ (0j(n)) and oj(n) = max_ (03(n)).

Let V% denote the A orthogonal complement of V. For each i in [1,2,...,s], let
[-,-]; denote the inner product

[v,w]; = (A= NI)v,w) for all v,w € V..

1/2
P

The corresponding norm (on V1) will be denoted by ||| - ||| = [, ]
alent to the original norm,

It is equiv-

- 1/2
s+
(@) lolls < llolla < (522 ) bl € Vit
s+1 A
We start by considering the effect of a related iteration operator on the comple-
ment of Vi. For each 7 in [1,2,... 5], let
(4.2) E;=1-QrBA-\I)

Note that F; is symmetric on V- with respect to the inner product [-,-];. Moreover,
it is a reducer as guaranteed by the following lemma.
Lemma 4.1. For all w in V2,

(4.3) I1Eiwl|] i < &illlwl]]

where §; is given by (2.7).
Proof. From (1.2) it follows that

[1—4](A ™ 'w, w) < (Bw,w) < [1+7)(A" 'w,w) forallw € V.
For u € V.*,

(1= X/ As1] (A = Xo)u,u) < (ATHA = Ni)u, (A = X)u)
(I = NA Y, (A= X)u) < (A= N)u,u).
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Combining the above inequalities gives

(1=~ = Ai/Asa]((A = AiJu, u) < (B(A = AiJu, (A = Ai)u)
< [1+9)((A = X\)u,u) for all u € V-

This implies that
(I — QEB(A — NI))u,ul;| < 6||ul||? for all u € V-

Inequality (4.3) follows from the symmetry of (I — Q+B(A — \;I)) with respect to
the [+, ]; inner product.

The next lemma shows that #™+! can be controlled in terms of 6™.
Lemma 4.2. Assume that

no__M
(1+7)A2
Define
n 2
A1
Then dimV*™ = s and
(4.4) (6" TH)2 < Ch(6™)2.

Proof. By the triangle inequality,

0" = 1|QIT — Qslla <|QETT = QU |a + |QF — Qslla

(4.5) - . .
= ||Qs+1 - Qs ||A +0".

By construction, dimV/**! < dimV;*. We now estimate

17 -QyQla=  max — [|(I-Qu)o"||a.
UnEVS",H’U"HA:l
Let v™ be an arbitrary element of VJ* with [[v"|[a = 1, v" = >7]_, a;v} and
consider w = 377, a; 07, We clearly have

17 = Q" |la < [Jo" — wl|a

S
<1 ey — o7+l
j=1

By definition,

S

Z (v — @;“Ll) = BZaj(Av;1 — Ajvl).
j=1

j=1
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It follows by (1.2) and the identity
(A~ — (A?)_ll)vj”,w)A =0 forallwe V]
that
1) i) = o7 lla < (L)1) ay(vf = AFAT )]l
j=1 j=1
= (LY ai(I = Qu)(v) = XpAT )| |a
j=1
= (L+III = QNATIQY Y Najv}la
j=1

Applying (3.11) gives

1> i =7 )[4 < (L+ )AL — Q1ATQY|a
j=1

/\n
<(1+79)5>

o".
A

15

Finally, by the assumptions of the lemma, the last value is less than one, therefore,

by Lemma 3.2, we have dimV**! = s and
n+1 n n+1 n A? n
HQS _QSHA:H(I_QS )Qs“AS(l‘F’}/))\—le :
The lemma follows combining (4.5) and the last estimate.

We will need the following technical lemma.
Lemma 4.3. Let A be as in Section 2 and suppose that

OO

for some positive parameter o« < 1. Then Lemmas 3.5 — 3.8 apply with V= V.

Moreover, the quantities 6;; = 0;;(n) are well defined, and

(4.6) AP < Ai(1—a)7h,
(4.8) M <oi(n) < 28
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Proof. Lemma 3.1 shows that for i =1,... s,
Ait1 — A
1— N/ A< a————.
JAT S a)\i—l—l + A

A simple manipulation gives

1 1 )‘i-l-l — )\1
4.9 — > —(l—-a—— ).
(49) = )\i( O‘A,-+1+Ai)

Inequality (4.6) immediately follows.
The left inequalities in (4.7) and (4.8) are based on the simple estimate

)\1 S all(n).

We next prove the right inequalities. Suppose that j is greater than i. Then
Ai S A1 < Aj < )\;7 and hence

|1—/\i/)\?| l—Ai/A? T 1=/
_ )\jfl)\j < )\j()\jfl +)\j)
Aj = Ao T 2(N = Aja)
If j <i<sthen \; > A\j11 > A} and (4.9) imply
1= X/A0] 7 A /A] — 1

(4.10)

AjAj+1
Al = alXjpn = X5) /(A +A5)) = Xy
AN+ Aj)
T 2N =)
The inequality (4.7) follows from (4.10) and (4.11). We have also shown (4.8).

(4.11)

IN

The next lemma provides a perturbation estimate which will be used to develop
bounds for convergence of the preconditioned subspace method.
Lemma 4.4. Assume that 6™ < A~Y2 97t1 < A=Y/2 gnd define

2
Cl -1 4 0; (n) (9n)2,

)2
(o1 (n)*Cy
=00
Cy = [(1 ()1 - Ai/Asm] ,
o?(n+1) nt112
C’4 1 ()\1>2 (9 ) 9
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If C2(0™)2 < 1 then

(4.12) 11Qu oy T[4 < &lllQy v [l] i-

where .
6 = (1—CL(OM)H) Y26, + 0" T1C5 + 07 Cg.

Proof. Let us first notice that Lemma 4.3 guarantees that Lemmas 3.5 — 3.8 can
be applied with V = V* and with V = Vil the quantities o;(n), of(n), and

o?(n + 1) are well defined and the assumption 02(9”)2 < 1 of the lemma assures
C1(67)? < 1 because Cy > Cy by (4.8). Therefore, all constants above are well
defined.

We start the proof with two technical estimates. By (1.2), it follows that
1B(Av = Afol)lla < (L+)llof = AFA™ 0|4

For:=1,...,s,
( )\nAln n)A:O

Z’Z

and hence

[lof = AFAT R[4 < AP /N0 = MAT 0 |a
= AP/l = XATH(T = P)opl]a
< AP/ = NATH|all(1 = Pi)vjt|a
< A/ = P)vf|a.

(4.13)

Consequently, by Lemma 3.5
1 AP
(4.14) [ B(Av? — N4 < %\/Cleg
1
Using the estimate above, we now prove that 0] controls 0;”’1. Indeed,

1. 1 .
07+ < i — @) 3 00 4 = T 103 — P

|(vi*, vi) al

Applying Lemma 3.5, we can estimate the first factor by

(4.15) (0} vi)al Tt = [Pl < (1= Cu(0)?) 12

We clearly have

(4.16) Pt — Pl = (I — P)oP + 97T — o' = (I — P)v' — B(Av}! — Aol

and thus (4.15), the triangle inequality, and (4.14) give

(4.17) ortl < (1-Cr (oM"Y /C <1+ 1;7))0;1.
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We are now ready to prove the lemma. Define

n
uy = n%
(’U'[, 7U1)A
Un+1
u =
(ij 7Ui)A
antt = —@?H
k (v, vi)a’
wn+1 QJ_ n.
Then
Qs o HI1i = [[1Qy w11 il (0] *, vi) al.
Applying the triangle inequality to
Qyuy™h = w4 Qu (u T — @) + QT —w ™)

and Lemma 4.1 with w = QL+ ul gives

N1Qzui ™Il < dilllQuilll+ + Qs (wi™ — a7+l
+llQya; ™t —wi Il

By multiplying both sides by |(v]""!,v;) 4| and using the estimate |(v]" T v;) 4] < 1

for all terms on the right but the second one, it follows that

€ € 1 N
Qv I < 6lllQs il + Q5 (uf™ — a7 )| 4|(vj ™, vi) al

(4.18) A
+HQz ™ — w4

We estimate the three terms in (4.18) separately. For the first, by (4.15)

Qs oIl

< (1= C M)~ 210L | ;.
o oa] < =GOl

(4.19) Q@ uillls =

By (4.1), the norm part of the second term of (4.18) can be bounded by

1@z (uf ™t = a7 ™ Il < [1Qx (uf™ — a7 )lla

(4.20) = 1QF QU (! = )
<07t — L,

By (4.16) and the fact that Pul = v

w gt =yt g — (I = P)u? 4+ B(Aul — \'ul)

(2 (2 7

and the triangle inequality gives
[l =@l < NI = Po)u ™ |a + (1 = P)uilla + 1 B(Auf = Aful!)]]a
_ I = P+ = Po)ofla + [|B(Av] = Afo)lla

(07, 0) Al | (v}, vi) Al
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Multiplying both sides by |(vt!,v;) 4| and using the estimates |(v)'t! v;)a] < 1
and (4.15) for the last term give

[Jug ™ — a7 | al (ot i) al < ([T = Pt ]a
(I — P)vl||a + || B(AvI — AP0l 4

|
+
1—C1(67)?

Applying Lemma 3.5 with V = V/**! and V = V" and (4.14) gives

g * = a4l (0f T vi) al < V/CabFT
(4.21) s N VG,
M /T Cu(0r)2

By Lemma 3.8 and (4.1),
—1
(4.22) (07)° < {1 - 02(9")2] 1Qz v 14 < CslllQy oIl 7.

Combining (4.20), (4.21), (4.17) and (4.22) gives
(4.23) Q3 (™ = a ™ H Il (v vi)al < Cs0™ Qv ] 4
For the last term in (4.18), we use the fact that

Qyapt —with = (A — \)Qy Bul! — Qy B(A — NI)(Qs — Py)ul

(2

and hence by (4.1), (1.2), by Lemmas 3.6, 3.4, and 3.7, and by (4.15),

Qv a;™ —wi M Ils < (L+)[(vf, va) alTH{AT (L = X/ A AT 074
H{I(I = NATNQs — P)v}][a}
(4.24) < L) NG+ Ai\/C_zenen
=N oG
< Co0"[|Q5 v} ]|

We used (4.22) for the last inequality above. Combining (4.18), (4.19), (4.23) and
(4.24) verifies (4.12). This completes the proof of the lemma.

Proof of Theorem 2.1. Assume that (2.4) holds. Let 8 be defined by

(L= N*A)* (1 = As/As41)*

(425) b= 1941(\,)2

We use mathematical induction to show that for £ > 0,

(M)?
AQ()\S)2

(4.26) (%) < 3
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and

(4.27) Qs oflll: < & Qs vl

— 71

where d; is given by (2.8). It follows from (2.4) and Lemma 3.4 that (4.26) holds
for k = 0. The inequality (4.27) holds trivially for k = 0.

Assume that (4.26) and (4.27) hold for k = n, we show that they also hold for
k = n+ 1. The induction assumption (4.26) with k = n, (4.6), (4.7), v < 1, (4.25)
and elementary manipulations give

2 2
(428) Co < 9.0062(A\s)?/(A\1)?,
C, <1+ 6/(2—-p)* <1.00013.
Thus by (4.4) and (4.26) with k = n,
(4.29) (6" T1)2 < 9.0062(X\s)?/(A1)%(0™)% < 9.0062A723.
By (4.8),
()2 A2
(2 —9.00623)2"

of(n+1) <
We also have
C1(6")* < B(1+ B/(2 - B)?) < .00052,
Co(0™)? < B(1+ /(2= 5)%)/(2 - 5)? < .00013,
(1 — 02(9")2) - < 1.00013,

. < 100013
TS 1— NifAsy1’
9.0062(\, )20
C, <1
4= 5 T 9.00628)200)

A
9" +1Cy < 18.025\/5)\—,
1

5 < 1.00117,

ﬁ )1/2 )\1

0"Cs < 3.0031( ————— —.
Cs < 3.003 (1_)\i/)\8+1 "

We used the inequality 1 — \;/As41 < A for the next to last inequality above and
(4.6) in the last two inequalities above.
Applying Lemma 4.3 gives that (4.12) holds with

. Ai
6; = (14 1.00026+/5)8; + 18.025\/5/\—
1

3 1/2 A

11— )\i/>\s+1) AL

PN
1 —Xi/Ast1 A1

(4.30) + 3.0031(

<d; + 22.028(
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It then follows from (4.25) that

te 2 As+1 — A A_s:Z

. — — D VAN VI
5. < 8 + (I =) = As/Asi1) ()‘erl )‘8> Ai _
and hence (4.27) holds for k = n + 1.
The bound (4.29) is not strong enough to imply (4.26) for k =n + 1. We get a
better bound as follows. The above inequalities imply that

_ Ap)?
’I’L-|-1 2 < . 2 < . ( 1
(") < 9.0062A7%5 < 004645557,

2
Cy(60"T1)? <.00117.

Applying Lemma 3.4, (4.27) and the inequality analogous to (4.22) gives

S

. . 1.00117 .
(9 +1 <Z 9 +1 ZMQJ_ +1H|2

P =1z 1T—Xi/Asr1
1.00117 5
< T Z/AMZHQ il
Now
(4.31) sv; = (I = Py —(Qs — P}

and hence applying Lemmas 3.5 and 3.7 gives

(6"H)? < % ; (1+V/B)Cr+ (1+1//B)C2(6°)%) (67)

S

1.02984
< ———— > ().
_1_)\1/>\5+1;( Z)

In the above inequality, the constants C'; and C5 correspond to n = 0. The in-
equality (4.26) for k = n + 1 then follows from (2.4). This completes the induction
part of the theorem.

We now show that (4.26) and (4.27) imply (2.5) and (2.6). Lemmas 3.5 and 3.7,
(4.22) and (4.31) give

(I = P)opl[h < CiCsll|Qy v ||| < CLCs67™M[[|Qav? ]| 7
< C1Cs((1 4+ /B)Cy + (14 1/1/B)Co(6°)%)527(69)?
103 0 ovo

A similar argument using Lemma 3.6 proves (2.6). This completes the proof of the
theorem.
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Proof of Corollary 2.1. 1t follows from (3.6), (4.27) and Lemma 3.8 that for any
m > 0,

(6™)% < C367™ Y |l1Qx Pl 7.
i=1
Let
M =2

and choose m so large that

~ vz (L= 7)) (1 = As/As1)?
(07 < 1999M A2(\,)* =

i=1
Following the proof of the theorem, we prove by mathematical induction, that for
k> m,
A1)?
(67)" < 6MA2()\5)2

and B
Qs il s < (8 +€(8; — 6:)* ™ 11Qs v} ||| -
It then follows that

103 = 2n—2m <
H( )UZ HA =1 _ )\i/)\s—l—l (5 + 6(5 o )) 51 (ez)
and 103
n : < 2n=2m com [ n0\2
<T= NN < — (5 + e(6; — & 2m (99)2
0<1—X/A"< S (6; + €(0; — &:)) 52m(69)

This completes the proof of the corollary.

5. NUMERICAL EXPERIMENTS.

The results of numerical experiments involving the preconditioned subspace it-
eration technique are given in this section. We first give results for the case when
the eigenvalues are well separated. We also consider an example where a group of
eigenvalues are distinct but much closer together. For comparison, we include the
results of numerical experiments involving a block preconditioned method analyzed
n [23], [24], [22]. All of our experiments include subspaces of multiplicity greater
than one.

The model problem which we shall consider is the one dimensional eigenvalue
problem

2
u— 8_1; = Au on (0,1)
(5.1) Oz
0) = u(1) and @(O) = %(1)
u ox ox

The smallest eigenvalue for (5.1) is one and its eigenspace is equal to the space of
constants. The larger eigenvalues are given by \; = 1+ 47252 for j = 1,2,.... The
corresponding eigenspace has dimension two and is spanned by the vectors

~+ . . ~— . .
v =cos(2mjz), U; =sin(2mjz).
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102 1 \ 4
As
100 + \ +

1
10-44 +
10704 +
A0

Figure 1.
Eigenvalue error: The case of well separated eigenvalues.

ro -
W
(@)
oo

We approximate (5.1) by using a spectral approximation. Let n be given and
define h = (2n)~! and x; = ih. V is the space of 2n dimensional vectors with inner
product

(v,w) = thiwi.

i=1
The i’th component of a vector v € V' corresponds to the nodal value at ;. Consider
the functions

(52) {92} = {17@f—7171_7 e 7{)?{7@;76:—#1}

and let V be the corresponding linear span. Given a vector v € V' there exists a
unique function v € V such that

(z;) = v;.

In fact, the transformation from v € V' to the coefficients of ¢ in the basis (5.2) can
be rapidly computed by use of the fast Fourier transform. The operator A : V +— V

is defined by
! 00 0w
- .
(Av,w) = /0 (0w + e —856) dx
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The eigenvalues of A coincide with those of (5.1). In addition, the eigenvectors of
A are of the form (1,...,1), (vj')Z = f);r(mz) and (v} )i = 05 ().

It is well known that different numerical approximations can often be used as
preconditioners for each other. Accordingly, we consider the finite difference ap-

proximation
(53) (.AU)z =v; + h—2(2’0i —Vj—1 — Ui_|_1>.

We interpret i — 1 and i+ 1 modulo n above. The use of A~! as a preconditioner for
A would be a bit too trivial since 4 and A share the same eigenvectors. Instead, we
define B by applying an additive overlapping domain decomposition preconditioner
for (5.3) [21], [12]. This is a more realistic choice since the resulting preconditioner
B does not commute with A.

T T T
10° T
U5
V4
1072 T
U3
1074 o2 T
U1
—6L 4
10 v
: % : : I
0 2 4 6 8

Figure 2.
Eigenvector error: The case of well separated eigenvalues.

For all of the numerical results reported, we use eight overlapping subdomains
(of size 1/4) and a coarse grid of size H = 1/8. For this problem, the additive
preconditioner was scaled so that (1.1) holds with v = 2/3 (independently of n).
Such a value of « is not unusual in many applications. For example, a well designed
multigrid V-cycle gives rise to v ~ 1/10. In all of our runs, we took n = 256. The
results for other n were qualitatively the same.

Figure 1 illustrates the eigenvalue convergence for the eigenvalues

Ao =1

A1 =40.48
A2 = 158.9
A3 = 356.3
Ay = 632.7

A5 = 988.0.
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We applied the above algorithm with an eleven dimensional subspace. The initial
subspace was chosen to be the space spanned by 11 vectors with entries consisting
of random numbers uniformly distributed in the interval [0,1]. No attempt was
made to generate a sufficiently accurate starting subspace as required by the the-
ory. Nevertheless, the method converged extremely well. Note the faster rate of
convergence for the smaller eigenvalues. Figure 1 reports the actual error. Thus
after eight iterations the error in the fifth eigenvalue was less than 1.5 percent.

102 1 \ -
A A5
A4

100

1072+ T
A2
10_4_' )\1 T
1076+ T
: | | Qo
2 4 6 8
Figure 3.

Eigenvalue error: The case of clustered eigenvalues.

We did not report the eigenvalue error for the initial subspace. The reason
for this is that these errors are very large and depend on the largest eigenvalue
of the system. For the reported example (n = 256), the eigenvalue error in the
initial subspace was on the order of 10%. This is to be expected since the initial
subspace is chosen at random and is dominated by high frequency components.
It is somewhat surprising that the method reduces these errors so rapidly. The
eigenvector convergence behavior is illustrated in Figure 2. Here we report the
eigenvector error as measured by

n_‘
e; =

vi — Qs
[

where Q? is the (-, -) orthogonal projector onto the the space V;” spanned by the

(2
approximate eigenvectors. The first eigenvalue is of multiplicity zero and hence
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Vg is one dimensional. The remaining eigenvalues are of multiplicity two and
V. involves the span of subsequent pairs of approximate eigenvectors. For the
multiplicity two case, we report the larger of the two values of el'. As predicted by
the theory, more rapid convergence is observed for the eigenvectors associated with
the smaller eigenvalues.

I 1 I I I
100 + T
U5
V4
1072 T
v (U27 US)
10~ 1 T
1076+ 0 T
I I I I I
0 2 4 6 8

Figure 4.
FEigenvector error: The case of clustered eigenvalues.

The estimates developed earlier in this manuscript deteriorate in the case of
eigenvalues with little separation. The next example suggests that the precondi-
tioned subspace method still works well even when the eigenvalues cluster. For this
example, we no longer use (5.1) but still preserve the same eigenspaces. We simply
move the second and fourth eigenvalues so that they are significantly closer to the
third. Specifically, we apply the preconditioned subspace method to the problem
with eigenvalues

Ao =1

A = 157.7
A2 = 158.9
A3 = 160.9
Ag = 632.7
A5 = 988.0.

For this problem, there is a six dimensional eigenspace with eigenvalues which are
separated by less than two percent. We used the same preconditioner as in the first
example but in this case (since A has changed) we have § < .7.

Figure 3 illustrates that we still get rapid eigenvalue convergence. In fact, there is
not a lot of difference in the performance when compared to the well separated case
in Figure 1. Figure 4 gives the eigenvector convergence measured the same way as
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reported in the first example (Figure 2). Note that the eigenspaces corresponding
to the three clustered eigenvalues still converge quite rapidly.

As our final example, we consider the DK block iterative method studied in [23],
[24], [22]. We choose this method because it was the only other method available
with a fully developed convergence theory. This method uses the shift corresponding
to the largest eigenvalue in the subspace for all vectors in the space. Thus,

(5.4) Vit = span{o? ... o0t
where
(5.5) ot =l — B(Av — A™P) fori=1,... s

The above scheme is somewhat easier to implement than that studied in this paper.
This is because the Ritz eigenvectors {v'} in (5.5) can be replaced by any spanning
set for the subspace V', e.g., {v]'}.

It is shown in [23], [24], [22] that convergence is acheived for the eigenspace
corresponding to the largest eigenvector in the subspace Vi. In contrast to the
theory of the present paper, the convergence estimates for the DK method do not
depend on the clustering of eigenvalues.

As
10% T T
Ag \
A\g
100 + (A1, A2) -+
—2 1 A4
10 Ao
1074 T
1075+ T
I i i i
6 12 18 24

Figure 5.
Eigenvalue error: DK method, clusered eigenvalues.
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To compare the method of the paper with the DK method, we ran the DK
method for the clustered eigenvalue example. The eigenvalue convergence is illus-
trated in Figure 5. The figure shows that the DK method does exhibit a rate of
convergence for the largest eigenvalue A\5. However, it should be noted that the
accuracy achieved by the DK method for this eigenvalue using 18 iterations was
not as good as that by the method of this paper using 8 iterations. Note that the
approximations for the lower eigenvalues are not improving. This is what one would
expect as the theory does not suggest any convergence for these eigenvalues.

The initial steps of the DK method show good convergence on the smaller eigen-
values and eigenvectors. The eigenvector convergence is illustrated in Figure 6.
Although a uniform convergence rate is achieved for the eigenspace corresponding
to the largest eigenvector, the method stops converging the remaining eigenspaces.
The method of this paper gives rise to a faster convergent approximation to the
eigenspace corresponding to the largest eigenvalue A5 while converging the smaller
eigenspaces at much better rates.

I I I I
10 Us T
U3
U2 %
10—2__ U1 U4 4
Vo
104 +
1070 T
I I I I I
0 6 12 18 24

Figure 6.
FEigenvector error: DK method, clustered eigenvalues.
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