Available online at www.sciencedirect.com

. . JOURNAL OF
: ScienceDirect Functional
L Analysis

ELSEVIE Journal of Functional Analysis 259 (2010) 1323-1345

www.elsevier.com/locate/jfa

Angles between infinite dimensional subspaces with
applications to the Rayleigh—Ritz and alternating
projectors methods ™

Andrew Knyazev *', Abram Jujunashvili, Merico Argentati
Department of Mathematical and Statistical Sciences, University of Colorado Denver, P.O. Box 173364,
Campus Box 170, Denver, CO 80217-3364, United States
Received 17 July 2008; accepted 29 May 2010
Available online 11 June 2010

Communicated by I. Rodnianski

Abstract

We define angles for infinite dimensional subspaces of Hilbert spaces, inspired by the work of E.J. Han-
nan, 1961/1962. The angles of Dixmier and Friedrichs, and the gaps are characterized. We establish
connections between the angles corresponding to orthogonal complements. The sensitivity of angles with
respect to subspaces is estimated. We show that the squared cosines of the angles from one subspace to
another can be interpreted as Ritz values in the Rayleigh—Ritz method. The Hausdorff distance between the
Ritz values, corresponding to different trial subspaces, is shown to be bounded by a constant times the gap
between the subspaces. We prove a similar eigenvalue perturbation bound that involves the gap squared.
An ultimate acceleration of the classical alternating projectors method is proposed. Its convergence rate is
estimated in terms of the angles. We illustrate the acceleration for a domain decomposition method with a
small overlap for the 1D diffusion equation.
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1. Introduction

Principal angles, also referred to as canonical angles, or simply as angles, between subspaces
represent one of the classical mathematical tools with many applications. The cosines of the an-
gles are related to canonical correlations which are widely used in statistics. Angles between
finite dimensional subspaces have become so popular that they can be found even in linear alge-
bra textbooks.

The angles between subspaces & and G are defined as ¢ = min{dim ¥, dim G} values on
[0, /2] if ¢ < oo. In the case ¢ = oo, where both subspaces F and G are infinite dimensional,
traditionally only single-valued angles are defined, which in the case ¢ < co would correspond
to the smallest (Dixmier [11]), smallest nonzero (Friedrichs [13]), or largest (Krein et al. [29])
angles. We define angles from—to and between (infinite) dimensional subspaces of a Hilbert
space using the spectra of the product of corresponding orthogonal projectors. The definition is
consistent with the finite dimensional case ¢ < oo and results in a set, possibly infinite, of angles.

Our definition is inspired by E.J. Hannan [16], where such an approach to canonical corre-
lations of stochastic processes is suggested. Canonical correlations for stochastic processes and
functional data often involve infinite dimensional subspaces. This paper is intended to revive the
interest in angles between infinite dimensional subspaces.

In functional analysis, the gap and the minimum gap are important concepts used, e.g., in
operator perturbation theory [19]. The gap between infinite dimensional subspaces bounds the
perturbation of a closed linear operator by measuring the change in its graph. We show in Theo-
rem 2.12 that the gap is closely connected to the sine of the largest angle.

The minimum gap between infinite dimensional subspaces provides a necessary and sufficient
condition to determine if the sum of two subspaces is closed. The minimum gap is applied,
e.g., in [22] to prove wellposedness of degenerate saddle point problems. The minimum gap is
precisely, see Theorem 2.15, the sine of the angle of Friedrichs, which, in its turn, as shown in
Theorem 2.14, is the infimum of the set of nonzero angles. The Dixmier angle is simply the
smallest of all angles in our definition.

We consider a (real or complex) Hilbert space equipped with an inner product (f, g) and
a vector norm || f|| = (f, f)'/2. The angle between two unit vectors f and g is defined as
0(f, g) = arccos|(f, g)| € [0, /2]. In Section 2 of the present paper, we replace 1D subspaces
spanned by the vectors f and g with (infinite dimensional) subspaces, and introduce the con-
cept of principal angles from one subspace to another and between subspaces using the spectral
theory of selfadjoint operators. We investigate the basic properties of the angles, which are al-
ready known for finite dimensional subspaces, see [23], e.g., we establish connections between
the angles corresponding to subspaces and their orthogonal complements. We express classical
quantities: the gap and the minimum gap between subspaces, in terms of the angles.

In Section 2, we provide a foundation and give necessary tools for the rest of the paper, see
also [5] and references there. In Section 3, we introduce principal invariant subspaces and prove
that they are connected by the isometry that appears in the polar decomposition of the product of
corresponding orthogonal projectors. We define point angles by analogy with the point operator
spectrum and consider peculiar properties of the invariant subspaces corresponding to a point
angle. In Section 4, the Hausdorff distance is used to measure the change in the principal angles,
where one of the subspaces varies, extending some of our previous results of [23,25] to infinite
dimensional subspaces.

We consider two applications of the angles: to bound the change in Ritz values, where the
Rayleigh—Ritz method is applied to different infinite dimensional trial subspaces, in Section 5;
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and to analyze and accelerate the convergence of the classical alternating projectors method (e.g.,
[10, Chapter IX]) in the context of a specific example—a domain decomposition method (DDM)
with an overlap, in Section 6. In computer simulations the subspaces involved are evidently finite
dimensional; however, the assumption of the finite dimensionality is sometimes irrelevant in
theoretical analysis of the methods.

In Section 5, we consider the Rayleigh—Ritz method for a bounded selfadjoint operator A on
a trial subspace ¥ of a Hilbert space, where the spectrum X ((Pg A)|#) of the restriction to
the subspace ¥ of the product of the orthoprojector P# onto ¥ and the operator A is called
the set of Ritz values, corresponding to A and ¥ . In the main result of Section 5, we bound
the change in the Ritz values, where one trial subspace ¥ is replaced with another subspace G,
using the Hausdorff distance between the sets of Ritz values, by the spread of the spectrum times
the gap between the subspaces. The proof of the general case is based on a specific case of
one dimensional subspaces ¥ and G, spanned by unit vectors f and g, correspondingly, where
the estimate becomes particularly simple: |(f, Af) — (g, Ag)| < (Amax — Amin) SIn(6(f, g)); here
Amax — Amin 1S the spread of the spectrum of A, cf. [24]. If in addition f or g is an eigenvector
of A, the same bound holds but with the sine squared—similarly, our Hausdorff distance bound
involves the gap squared, assuming that one of the trial subspaces is A-invariant. The material
of Section 5 generalizes some of the earlier results of [25,26] and [27] for the finite dimensional
case. The Rayleigh—Ritz method with infinite dimensional trial subspaces is used in the method
of intermediate problems for determining two-sided bounds for eigenvalues, e.g., [36,37]. The
results of Section 5 may be useful in obtaining a priori estimates of the accuracy of the method
of intermediate problems, but this is outside of the scope of the present paper.

Our other application, in Section 6, is the classical alternating projectors method given by:
elt+h = Pz Pge(i), ¢©® ¢ ¥ where F and G are two given subspaces and Pz and Pg are
the orthogonal projectors onto ¥ and G, respectively. If || (P# Pg)|# || < 1 then the sequence of
vectors e'!) evidently converges to zero. Such a situation is typical if ¢®) represents an error of an
iterative method, e.g., a multiplicative DDM, so that the alternating projectors method describes
the error propagation in the DDM, e.g., [38,4].

If the intersection # NG is nontrivial then the sequence of vectors e’ converges under reason-
able assumptions to the orthogonal projection of ¢(?) onto # NG as in the von Neumann—Halperin
method, see [34,15], and [2]. Several attempts to estimate and accelerate the convergence of al-
ternating projectors method are made, e.g., [9,2], and [39]. Here, we use a different approach,
known in the DDM context, e.g., [38,4], but apparently novel in the context of the von Neumann—
Halperin method, and suggest the ultimate, conjugate gradient based, acceleration of the von
Neumann—Halperin alternating projectors method.

Our idea of the acceleration is inspired by the following facts. On the one hand, every self-
adjoint nonnegative non-expansion A, 0 < A < [ in a Hilbert space H can be extended to an
orthogonal projector Pg in the space H x H, e.g., [14,31], and, thus, is unitarily equivalent to a
product of two orthogonal projectors Pg Pg restricted to the subspace ¥ = H x {0}. Any poly-
nomial iterative method that involves as a main step a multiplication of a vector by A can thus
be called an “alternating projectors” method. On the other hand, the conjugate gradient method
is the optimal polynomial method for computing the null-space of A, therefore the conjugate
gradient approach provides the ultimate acceleration of the alternating projectors method.

We give in Section 6 the corresponding convergence rate estimate in terms of the angles. We
illustrate a possible acceleration for the DDM with a small overlap for the 1D diffusion equation.
The convergence of the classical alternating projectors method degrades when the overlap gets
smaller, but the conjugate gradient method we describe converges to the exact solution in two
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iterations. For a finite difference approximation of the 1D diffusion equation a similar result can
be found in [12].
This paper is partially based on [18], where simple proofs that we skip here can be found.

2. Definition and properties of the angles

Here we define angles from one subspace to another and angles between subspaces, and inves-
tigate the properties of the (sets of) angles, such as the relationship concerning angles between
the subspaces and their orthogonal complements. We express the gap and the minimum gap be-
tween subspaces in terms of angles. We introduce principal invariant subspaces and prove that
they are connected by an isometry that appears in the polar decomposition of the product of
corresponding orthogonal projectors. We define point angles and their multiplicities by analogy
with the point operator spectrum, and consider peculiar properties of the invariant subspaces
corresponding to a point angle.

2.1. Preliminaries

Let H be a (real or complex) Hilbert space and let ¥ and G be proper nontrivial subspaces.
A subspace is defined as a closed linear manifold. Let P¢ and Pg be the orthogonal projectors
onto ¥ and G, respectively. We denote by B(H) the Banach space of bounded linear operators
defined on ‘H with the induced norm. We use the same notation || - || for the vector norm on H,
associated with the inner product (-,-) on H, as well as for the induced operator norm on B(H).
For T € B(H) we define |T| = +/T*T, using the positive square root. T'|y denotes the restric-
tion of the operator T to its invariant subspace U. By D(T), R(T), NU(T), X(T), and X, (T)
we denote the domain, range, null-space, spectrum, and point spectrum, respectively, of the op-
erator T'. In this paper, we distinguish only between finite and infinite dimensions. If g is a finite
number then we set by definition min{g, co} = ¢ and max{g, oo} = oo, and assume that co < oo
holds. We use @ to highlight that the sum of subspaces is orthogonal and for the corresponding
sum of operators. We denote the © operation between subspaces ¥ and G by F ©G = F NG+,

Introducing an orthogonal decomposition H = gy D N1 D D10 D D11 D M, where

Moo =F NG, Mor = F NG+, Mio=F NG, My =FLngt
(see, e.g., [14,6]), we note that every subspace in the decomposition is P# and Pg invariant.

Definition 2.1. (See [14].) Two subspaces F C H and G C 'H are said to be in generic position
within the space H, if all four subspaces Moo, Mo1, M0, and 911 are null-dimensional.

Clearly, subspaces ¥ C H and G C H are in generic position within the space H iff any of
the pairs of subspaces: ¥ C H and G+ C H,or FL CcHand G C H,or F+ C H and G+ C H,
is in generic position within the space H.

The fifth part, 901, can be further orthogonally split in two different ways as follows:

e M=Ms &Mz with Mg =F © Moo © Mo1), Mg =F LS Mo ® Miy), or
o M=Mg ® Mg with Mg =G S (Moo ® Mio), Mg1 =G+ S (Mo & Myy).

We obtain orthoprojectors’ decompositions
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Py = Iomy, @ Iong, @ Oony @ Oom;, @ Pylom  and
Pg = Isny, @ Oonyy @ Iomo © Oy, @ Pglom,

and decompositions of their products:

(Pg Pg)|F = Iomy, @ 0oy © (P Pg)lomy, and  (PgPgr)lg = Iomy @ Oy, © (Pg Ps)lomg-

These decompositions are very useful in the sequel. In the next theorem we apply them to prove
the unitary equivalence of the operators Py Pg Py and Pg Ps Pg.

Theorem 2.2. Let F and G be subspaces of H. Then there exists a unitary operator W € B(H)
such that P Pg Py = W*Pg Py PgW.

Proof. Denote T = PgPs#. Then T* = Pg Pg and T*T = P# Pg P#. Using the approach of
[31, Section 110, p. 286] or [19, Section VI.2.7, p. 334], we introduce the polar decomposition,
T =U|T|, where |T| =~/T*T = \/Py Pg Py is selfadjoint and nonnegative and U : R(|T|) —
R(T) is an isometry. We extend U by continuity, keeping the same notation, to the isometry U :
R(T|) — R(T). It is easy to check directly that N(|T|) = N(T), so R(T|) = (M(T))* since
|T| is selfadjoint. Taking also into account that R(T) = N(T*)L, we have U : OW(T)*+ —
OUT*) ™.

For a general operator 7' € B(H), the isometry U is then typically extended to a partial isom-
etry U € B(H) by setting U = 0 on 9U(T'). For our special T = Pg Pz, we can do better and
extend U to a unitary operator W € B(H). Indeed, we set W = U on (OUT))* to make W an
extension of U. To make W unitary, we set W = V on U(T), where V : 0UT) — JU(T*) must
be an isometry. The specific form of V is of no importance, since it evidently does not affect
the validity of the formula PgPs = W,/P# Pg P#, which implies P¢ Pg = /Py Pg Py W*.
Multiplying these equalities we obtain the required Pg P Pg = W Py Pg P W*.

For the existence of such V/, it is sufficient (and, in fact, necessary) that Y(T*) = N (Pg Pg)
and N(T") = N(Pg Pg) be isomorphic. Using the five-parts decomposition, we get

N(Pg Pg) = Mo1 & Mio ® M1 & N((Pr Pg)lom).
N(Pg Pr) =Mo1 & Mio ® My & N((Pg Pr)lom).

The first three terms in the decompositions of M(P¢ Pg) and J1(PgPs) are the same, so
N(Pg Pg) and N(PgPys) are isomorphic iff the last terms J((Pz Pg)lom) = MgL and
N((Pg Pz )lon) = Mg are isomorphic. The pair of the subspaces Mg = P¢IM € M and
Mg = P C I are in generic position within the space M, see [14], as well as their orthogo-
nal in 90t complements M1 and M. According to [14, Proof of Theorem 1, p. 382], any two
subspaces in generic position are isomorphic, thus 91(P# Pg) and 91(Pg P« ) are isomorphic. O

Corollary 2.3. The operators (P# Pg)|om, and (Pg Px)|omg are unitarily equivalent.
Proof. We have the representations Pz Pg Pr = (Pr Pg)lon; @ Iomy ® Oneomgpem,) and

Pg Pz Pg = (Pg Pr)|omg @ Iy, ® Oro@ngemg)- The subspaces Mg and Mg are connected
by Mg = Wf)ﬁg, mg = W*I#, and P}‘nggr = W*PngpPgW. O
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In the important particular case || Pz — Pg|| < 1, subspaces ¥ and G are isometric and Riesz
and Sz.-Nagy [31, Section VII.105] explicitly describe a partial isometry

—-1/2
U = Pg[I + P¢(Pg — P)Pz]| /> Py

that maps ¥ one-to-one and onto G. On ¥, clearly I 4+ P#(Pg — P#)P# is just the same as
Pg Pg Py, so this U represents the partial isometry in the polar decomposition in the proof of
our Theorem 2.2, in this case. Let

V=(—Pg)[I+U—Ps)(I - Pg)— (I — Pp))(I — Pp)] >(I - Pg)

be another partial isometry that maps ¥ one-to-one and onto G, constructed in the same
way as U. Setting W = U + V, we extend U from the subspace # to a unitary operator W on
the whole space. The sum W = U + V is the same as the unitary extension suggested in Kato
[19, Sections 1.4.6, 1.6.8] and Davis and Kahan [7]:

W =[Pg Py + (I — Po)(I = Po)][I — (P — P

=[(I = Pg)(I — Pg) + Py PG|~ *[PgPs + (I — Pg)(I — Pg)] @2.1)

(the second equality holds since the corresponding terms in square brackets are the same and
(P — Pg)2 commutes both with Pg¢ and Pg), which is used there to prove the unitary equiva-
lence P& = W*PgW. It is easy to check directly that the operator W is unitary and that on ¥
it acts the same as the operator U, so it is indeed a unitary extension of U. If || Pz — Pg|| <1,
Theorem 2.2 holds with this choice of W.

In the next subsection we define angles from—to and between subspaces using the spectrum of
the product of two orthogonal projectors. Our goal is to develop a theory of angles from—to and
between subspaces based on the well-known spectral theory of selfadjoint bounded operators.

2.2. Angles from—to and angles between subspaces

Definition 2.4. @(f‘”, G) ={0: 6 =arccos(o), 0 >0, ole 2 ((Pg Pg)lF)} €0, m/2]is called
the set of angles from the subspace ¥ to the subspace G. Angles O (¥, G) = é (F,9)n é G, F)
are called angles between the subspaces ¥ and G.

Let the operator T € B(H) be a selfadjoint nonnegative contraction. Using an extension of 7'
to an orthogonal projector [31, Section A.2, p. 461], there exist subspaces ¥ and G in > such
that 7' is unitarily equivalent to (P# Pg)|#, where P and Pg are the corresponding orthogonal
projectors in 7. This implies that the spectrum of the product of two orthogonal projectors is
as general a set as the spectrum of an arbitrary selfadjoint nonnegative contraction, so the set of
angles between subspaces can be a sufficiently general subset of [0, 7 /2].

Definition 2.5. The angles ©,(F,G) = {6 € O(F,G): cos’(9) € Z,((Pg Pg)|ls)} and
O,(F,9) = @p(}', g n ép(g, F) are called point angles. Angle 0 € (:)p(?', G) inherits its
multiplicity from 0052(0) € X, ((Ps Pg)|5). Multiplicity of angle 8 € ®,(¥,G) is the mini-
mum of multiplicities of 6 € & ,(F,G) and 6 € ©,(G, F).
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For two vectors f and g in the plane, and their orthogonal counterparts f and g+ we
evidently have that 6(f, g) = 6(f*, g1) and 8(f, g) + 6(f, g-) = /2. We now describe re-
lationships for angles, corresponding to subspaces F,G, £, and G-. We first consider the
angles from one subspace to another as they reveal the finer details and provide a foundation for
statements on angles between subspaces.

Theorem 2.6. For any pair of subspaces ¥ and G of H:

OF,GH =n/2-O(F,0);

OG, F)\{r/2) =O(F, )\ {7/2};

OF L O\ (0} U (m/2)) =7/2 —{O(F, )\ ({0} U {z/2D)};
O(F+,GH\ ({0} U {r/2)) = O(F,G) \ ({0} U {/2});
OG, FH\ (0} =7/2—{O(F, )\ {7/2});

QG+, F)\(/2) =7/2 —{O(F,G) \ {0}};

OGh FH\{0}=6O(F,G)\ {0}

Nk wd =

The multiplicities of the point angles 6 € (0,7/2) in O(F.G), O(FL.G1), O(G.F) and
OG*, F1L) are the same, and are Aequal to theAcorresponding multiplicities of the point angles
7/2—0¢€(0,7/2)in OF,GLH), OFL,G), OG, FL)and OG*L, F).

Proof. (1) Using the equalities (P¢ Pg1)|s = Prly — (Pg Pg)|gy = 1|7 — (Pg Pg)|# and the
spectral mapping theorem for f(T) =1 — T we have X ((Pg Pg1)|5) =1 — X((PF Pg)|#).
Next, using the identity Y(7T — A1) =9((I —T) — (1 — A)I), we conclude that X is an eigenvalue
of (P# Pg)|# if and only if 1 — 4 is an eigenvalue of (Pg¢ Pg.)|#, and that their multiplicities
are the same.

(2) The statement on nonzero angles follows from Corollary 2.3. The part concerning the zero
angles follows from the fact that (P# Pg)|omy, = (Pg P7) oy = 1lomy,-

(3-7) All other statements can be obtained from the (1-2) by exchanging the subspaces. Ta-
ble 1 entries are checked directly using the five-parts decomposition. O

Theorem 2.7 and Table 2 relate the sets of angles between pairs of subspaces:

Theorem 2.7. For any subspaces ¥ and G of 'H the following equalities hold:

1. OF, 9\ {0} U{r/2}) ={n/2—O(F,GH}\ {0} U {r/2});
2. OF,0)\ {0t =60(FL gh\ (o}
3. O(F,GH\ {0} =0(F+ 0\ {0

Table 1

Multiplicities of 0 and 7 /2 angles for different pairs of subspaces.
Pair 6=0 0=m/2 Pair 60=0 0=m/2
O(F.G) dimMyy  dim9My;  O(G, F) dimMgy  dim Mg

eF.¢hH dimMy;  dim9Myy  OG, FL) dimMMyy  dim Mg
eoEFL 0 dimMyy  dimMy;  OGL, F) dim9y;  dimMiy;
OF+.¢h  dimMmy;  dim9y, O@GL. FL)  dimMy;  dim9Mg;
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Table 2

Multiplicities of 0 and 7 /2 angles between subspaces.
Pair 60=0 0=m/2
OF.9) dim Mpg min{dim Ny, dim Ny}
e, ghH dim 90y, min{dim Mg, dim M} 1}
eF+. 9 dim My min{dim M, dim Ny}
eF+.¢hH dim My min{dim My, dim 9t}

The multiplicities of the point angles 6 in ©(F , G) and O (F+, G1) satisfying 0 <0 < /2 are
the same, and equal to the multiplicities of point angles 0 < /2 — 0 < /2 in O(F, G ) and
O(F*+,9).

Proof. Statement (1) follows from Theorem 2.6 since
OF. G\ ({0tU{r/2}) =O(F .9\ ({0} U {r/2})

={n/2-6(F.¢4)}\ (10} U {r/2})
={n/2—-60(F,61)}\ ({0} U(r/2}).
Using Theorem 2.6(7) twice: first for ¥ and G, next for G and ¥, and then intersecting them
gives (2). Interchanging G and G in (2) leads to (3). The statements on multiplicities easily
follow from Theorem 2.6 as the entries in Table 2 are just the minima between pairs of the
corresponding entries in Table 1. O
Remark 2.8. Theorem 2.6(1) allows us to introduce an equivalent sine-based definition:

O(F,G) ={6: 6 =arcsin(n), >0, u* e X((PrPg)lx)} C10,7/21.

Remark 2.9. Theorem 2.6(2) implies © (F, G) \ {/2} = O(F,G) \ {n/2} = O (G, F) \ {7/2}.

Remark 2.10. We have @ (F,G) \ ({0} U {r/2}) = @ (PognF, PinG), in other words, the pro-
jections Pop¥F = Mg and PonG = Mg of the initial subspaces F and G onto their “fifth
part” 901 are in generic position within 91, see [14], so the zero and right angles cannot be-
long to the set of point angles &, (Pon ¥, Pon§G), but apart from 0 and 7z /2 the angles ® (¥, G)
and @ (Pogp ¥, PognG) are the same.

Remark 2.11. Tables 1 and 2 give the absolute values of the multiplicities of 0 and 7 /2. If
we need relative multiplicities, e.g., how many “extra” 0 and /2 values are in & (F <, QJ-)
compared to ®@(F,G), we can easily find the answers from Tables 1 and 2 by subtraction,
assuming that we subtract finite numbers, and use identities such as dim$tyy — dimM;; =
dim F — dimGt and dim 9y, — dimMtjp = dim F — dim G. Indeed, for the particular ques-
tion asked above, we observe that the multiplicity of 77/2 is the same in @(F+,G1) and in
O(F, G), but the difference in the multiplicities of 0 in & (F L, QJ-) compared to in O (F, G) is
equal to dim9;; — dim Mgy = dim G+ — dim F, provided that the terms that participate in the
subtractions are finite. Some comparisons require both the dimension and the codimension of a
subspace to be finite, thus, effectively requiring dim’H < oo.
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2.3. Known quantities as functions of angles

The gap bounds the perturbation of a closed linear operator by measuring the change in its
graph, while the minimum gap between two subspaces determines if the sum of the subspaces
is closed. We connect the gap and the minimum gap to the largest and to the nontrivial smallest
principal angles. E.g., for subspaces ¥ and G in generic position, i.e., if 9T = H, we show that
the gap and the minimum gap are the supremum and the infimum, correspondingly, of the sine
of the set of angles between F and G.

The gap (aperture) between subspaces # and G defined as, e.g., [19],

gap(F, G) = || P — Pgll = max{|| Pz Pg. |, || Pg Py 1|}

is used to measure the distance between subspaces. We now describe the gap in terms of the
angles.

Theorem 2.12. min{min{cos(® (¥, G))}, min{cos2(O (G, F)}} = 1 — gap*(F, G).

Proof. Let us consider both norms in the definition of the gap separately. Using Theorem 2.6,
we have

IP#Pgil*>= sup |PgPgiul®>= sup (PgPgiu, Py Pgiu)
ucH ucH
[lull=1 lull=1
= sup (Pg.PgPgiu,u)=|(PgiPs)lg:| :max{cosz(@(gL, )}
ue
[lull=1

=max{sin*(8(G, F))} = 1 — min{cos*(A (G, F))}.
Similarly, || Pg P¢ 1 ||> = max{cos? (@ (F *, G))} = 1 — min{cos?(O(F,G))}. O
It follows directly from the above proof and the previous section that

Corollary 2.13. If gap(F, G) < 1 or if the subspaces are in generic position then both terms
under the minimum are the same and so gap(¥ , G) = max{sin(® (£, G))}.

Let ¢(F,9) =sup{|(f.®)I: feF O (FNG, IfI<L geGgo(F NG, gl <1}, as
in [8], which is a definition of the cosine of the angle of Friedrichs.

Theorem 2.14. In terms of the angles, c(F, G) = cos(inf{® (F, G) \ {0}}).

Proof. Replacing the vectors f = Pgu and g = Pgv in the definition of c¢(¥,G) with the
vectors u and v and using the standard equality of induced norms of an operator and the cor-
responding bilinear form, we get

c(F,G)= sup sup  |(u, Pg Pgv)| = | (Px Pg)lamy, |-
uceHOMyy ve HOMyo
lull=1 lvll=1
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Using the five-parts decomposition, Pg Pg = Ion,, ® Ogny, @ Oon,y @ Oom,; ® (Px Pg)lon, thus
“subtracting” the subspace Mo from the domain of Pg Pg excludes 1 from the point spectrum
of Py Pg, and, thus, O from the set of point angles from ¥ to G and, by Theorem 2.6(2), from
the set of point angles between ¥ and G. O

Let the minimum gap, see [19, Section 1V.4], be defined as

dist(f, G)

F, = i _
yFO= a0

Theorem 2.15. In terms of the angles, y (¥, G) = sin(inf{® (¥, G) \ {0}}).

Proof. We have f € ¥ and f ¢ G, so we can represent f in the form f = f| + f>, where
fieFoe(FNG), fi#0and f, € F NG. Then

) dist(f, G)
mn —_

feF, reg dist(f, F N G)

_ inf I f1+ f2— Pgfi — Pg f2ll
heFoFENG), LeFnG || f1 + f2 — Prng f1 — Prng f2ll

y(F,G) =

_ inf Il fi — Pg fill
heFoEwng) | fi — Prng fill
If—Pgfl

= n _—
reFeEng) | f — Prag f

But f € (F NG and || f — Perg Il = || fII. Since |f — PgGe /) = Ikl f — Pg f|, using
the Pythagorean theorem we have

; If — PgfII*
reFa@Eng ISP

Ilf—PgflII?

vIF,G) =

= m
feFo(FnG), lIfl=1

- inf 1—IPgfI%
feFe(Fng), | fl=1 ¢

Using the equality || Pg f|l =supgeg, =1 (/> 8)] we get

2
yAF.G)=1-— sup |(f: 9)|
feFe(FnG), geq, I fli=lgl=1

=1-(c(F.9)
and finally we use Theorem 2.14. O

Let us note that removing O from the set of angles in Theorems 2.14 and 2.15 changes the
result after taking the inf, only if O is present as an isolated value in the set of angles, e.g., it has
no effect for a pair of subspaces in generic position.
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2.4. The spectra of sum and difference of orthogonal projectors

Sums and differences of a pair of orthogonal projectors often appear in applications. Here,
we describe their spectra in terms of the angles between the ranges of the projectors, which
provides a geometrically intuitive and uniform framework to analyze the sums and differences of
orthogonal projectors. First, we connect the spectra of the product and of the difference of two
orthogonal projectors.

Lemma 2.16. (See [30, Theorem 1], [28, Lemma 2.4].) For proper subspaces ¥ and G we have
Y (Pg Pg) =X (Pg PgPs) C [0, 1] and

2(Pg — Pr)\ (-1 U10)U (1) = {£(1 = 0?) "% 0” € Z(Pr Po)\ (10} U (1))}.

Using Lemma 2.16, we now characterize the spectrum of the differences of two orthogonal
projectors in terms of the angles between the corresponding subspaces.

Theorem 2.17. The multiplicity of the eigenvalue 1 in X (Pg — Pg) is equal to dimty, the
multiplicity of the eigenvalue —1 is equal to dim Mo, and the multiplicity of the eigenvalue 0 is
equal to dimMoyo + dim My, where Moo, Mo1, M1 and M1 are defined in Section 2.1. For
the rest of the spectrum, we have the following:

2 (Pg — Pg)\ ({—1} u{oju {1}) = :I:sin(@(?—', g)) \ ({—1} u{oju {1}).

Proof. The last statement follows from Lemma 2.16 and Definition 2.4. To obtain the results
concerning the multiplicity of eigenvalues 1, —1 and O, it suffices to use the decomposition of
these projectors into five parts, given in Section 2.1. O

In some applications, e.g., in domain decomposition methods, see Section 6, the distribution
of the spectrum of the sum of projectors is important. We directly reformulate [3, Corollary 4.9,
p. 86], see also [33, p. 298], in terms of the angles between subspaces:

Theorem 2.18. For any nontrivial pair of orthogonal projectors Pg and Pg on 'H the spectrum
of the sum Py + Pg, with the possible exception of the point O, lies in the closed interval of the
real line [1 — || P Pgll, 1 + || P Pg|], and the following identity holds:

Z(Pg + Pg)\ ({0} U {1}) = {1 £cos(0(F, ) }\ ({oy U {1}).
3. Principal vectors, subspaces and invariant subspaces

In this section, we basically follow [18, Section 2.8] to introduce principal invariant subspaces
for a pair of subspaces by analogy with invariant subspaces of operators. Given the principal
invariant subspaces (see Definition 3.1 below) of a pair of subspaces ¥ and G, we construct
the principal invariant subspaces for pairs £ and Gt FL and G, FL and G+. We describe
relations between orthogonal projectors onto principal invariant subspaces. We show that, in
particular cases, principal subspaces and principal vectors can be defined essentially as in the
finite dimensional case, and we investigate their properties. Principal vectors, subspaces and



1334 A. Knyazev et al. / Journal of Functional Analysis 259 (2010) 1323-1345

principal invariant subspaces reveal the fine structure of the mutual position of a pair of subspaces
in a Hilbert space. Except for Theorem 3.3, all other statements can be found in [18, Sections
2.6-2.9], which we refer the reader to for detailed proofs and more facts.

3.1. Principal invariant subspaces

Principal invariant subspaces for a pair of subspaces generalize the already known notion
of principal vectors, e.g., [35]. We give a geometrically intuitive definition of principal invariant
subspaces and connect them with invariant subspaces of the product of the orthogonal projectors.

Definition 3.1. A pair of subspaces Y C F and V C G is called a pair of principal invariant
subspaces for the subspaces ¥ and G, if PsV CU and Pgld C V. We call the pair Y € F
and V C G nondegenerate if Pr) = # {0} and @ =) # {0} and strictly nondegenerate if
Pz V =U # {0} and PgUd =V # {0}.

This definition is different from that used in [18, Section 2.8, p. 57], where only what we call
here strictly nondegenerate principal invariant subspaces are defined.
The following simple theorem deals with enclosed principal invariant subspaces.

Theorem 3.2. Let U C F and V C G be a pair of principal invariant subspaces for subspaces
F and G, andUU CU, VY CV be a pair of principal invariant subspaces for subspaces U and V.
ThenU, Y form a pair of principal invariant subspaces for the subspaces ¥ , G, and the following
inclusions hold U, V) COWU,V) CO(F, G).

Definition 3.1 resembles the notion of invariant subspaces. The next theorem completely clar-
ifies this connection for general principal invariant subspaces.

Theorem 3.3. The subspaces U C F andV C G form a pair of principal invariant subspaces for
the subspaces ¥ and G if and only if U C ¥ is an invariant subspace of the operator (Pg Pg)|s
andV = PgU @ Vo, where Vo CMjp =GN FL

Proof. Conditions PV C U and PgUd €V imply P¢ PgU € P¢V CU. Let us consider a vec-
torvge VO Pg—l/{ =Y NU"* (the latter equality follows from 0 = (v, Pgu) = (vo, u), Yu e U).
We have Pguvg € UL since U C F, but our assumption PV C U assures that Prvg € U, so
P#vg =0, which means that Vy € 99, as required.

To prove the converse, let P& Pgld CU and V = @ @®Vy. Then PV = PJch—Z/l C U since
U is closed. PgUd €V follows from the formula for V. O

If the subspace 9)1;q is trivial, the principal invariant subspace )V that corresponds to U is
clearly unique. The corresponding statement for U/, given )V, we get from Theorem 3.3 by
swapping ¥ and G. We now completely characterize (strictly) nondegenerate principal invariant
subspaces using the corresponding angles.

Theorem 3.4. The pairid C F and V C G of principal invariant subspaces for the subspaces ¥
and G is nondegenerate if and only if both operators (Pg Pg)lyy and (PgPs )|y are invertible,
ie,m/2 ¢ @p U, Y)u @p (V,U), and strictly nondegenerate if and only if each of the inverses
is bounded, i.e., w/2 ¢ OWU,V)UOW,U), or equivalently, gap(U,V) = || Py — Pyl < L.



A. Knyazev et al. / Journal of Functional Analysis 259 (2010) 1323—1345 1335

Proof. We prove the claim for the operator (P# Pg)ly, and the claim for the other operator
follows by symmetry. Definition 3.1 uses PV = U # {0} for nondegenerate principal invariant
subspaces. At the same time, Theorem 3.3 holds, so V = Pg—u ® )y, where Vo CMjp=GNFL.
SoU = m = P¢ PgU. Also by Theorem 3.3, I/ C ¥ is an invariant subspace of the opera-
tor (Pg Pg)ls, so U = Py PgU = (Pg Pg)lyUd. Since (Pg Pg)lys is Hermitian, its null-space
is trivial (as the orthogonal in ¢/ complement to its range which is dense in U{), i.e., the oper-
ator (Pg Pg)ly is one-to-one and thus invertible. For strictly nondegenerate principal invariant
subspaces, (P# Pg)lyyd = U, so the operator (Pg Pg)lyy by the open mapping theorem has a
continuous and thus bounded inverse.

Conversely, by Theorem 3.3 &/ C ¥ is an invariant subspace of the operator (Pg Pg)| s, so the
restriction (Pg Pg)|y is correctly defined. The operator (P# Pg)|y4 is invertible by assumption,
thus its null-space is trivial, and so its range is dense: U = (P¢ Pg)|yyUd = P# PgU. By Theo-
rem 3.3, V = PglU ® V), therefore PV = Py PgU = U. The other equality, Pgld =V # {0},
of Definition 3.1 for nondegenerate principal invariant subspaces, is proved similarly using the
assumption that (Pg P )|g is invertible. If, in addition, each of the inverses is bounded, the cor-
responding ranges are closed, i/ = Pg PgU and V = Py PgV and we obtain Pz V = U # {0}
and PgU =V # {0} as is needed in Definition 3.1 for strictly nondegenerate principal invariant
subspaces.

The equivalent formulations of conditions of the theorem in terms of the angles and the gap
follow directly from Definitions 2.4 and 2.5 and Theorem 2.12. O

Theorem 2.2 introduces the unitary operator W that gives the unitary equivalence of P¢ Pg P#
and PgP# Pg and, if gap(¥, G) < 1, the unitary equivalence by (2.1) of P and Pg. Now we
state that the same W makes orthogonal projectors P;; and Py unitarily equivalent for strictly
nondegenerate principal invariant subspaces { C ¥ and V C G, and we obtain expressions for
the orthogonal projectors.

Theorem 3.5. Let U C F and V C G be a pair of strictly nondegenerate principal invariant
subspaces for the subspaces ¥ and G, and W be defined as in Theorem 2.2. Then V = WU and
U = W*V, while the orthoprojectors satisfy Py = W PyW* = Pg Py ((P¢ Pg)|z,,)’1 Py Pg and
Py =W*PyW = Pz Py((Pg PF)ly) ™" Py Py

The proof of Theorem 3.5 is straightforward and can be found in [18, Section 2.8]. Juju-
nashvili [18, Section 2.9] also develops the theory of principal invariant subspaces, using the
spectral decompositions, e.g., below is [18, Theorem 2.108]:

Theorem 3.6. Let {E1} and {E;} be spectral measures of the operators (Pg Pg)|y and
(Pg Pz )lg, respectively. Let ©® C ©(U, V) \ {m/2} be a closed Borel set, and define projectors
Py = fcos(@)dEl (M) and Pyg) = fCOS(@)dEz(A). Then U(O®) C F and V(O®) C G is a pair
of strictly nondegenerate principal invariant subspaces and

1
Pv(@)ng{ / xdEl()»)}Pg,
cos(®)

and ® = OU(O), V(O)) = OV(O),U(O)).
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Proof. We have [, o) LdE1 () = (P P)w) ™" = Pu((Pr Pg)ly) ™' Py (Where we denote
U = U(®)), which we plug into the expression for the orthogonal projector Py of Theo-

rem3.5. O

For a pair of principal invariant subspaces f C ¥ and V C G, using Theorems 3.3 and 3.4
we define the corresponding principal invariant subspaces in £+ and G+ as U; = P#1V and
V1 = PgiU, and describe their properties in the next theorem.

Theorem 3.7. Let U and V be a pair of principal invariant subspaces for subspaces ¥ and g
and 0,/2¢ OU, VYU OV, U). ThenU) = Pg1V and V| = PgiU are closed and

e U and V is a pair of strictly nondegenerate principal invariant subspaces for subspaces ¥
and G;

e U, and V is a pair of strictly nondegenerate principal invariant subspaces for subspaces
FLand G and Py, and Py are unitarily equivalent,

o U and V| is a pair of strictly nondegenerate principal invariant subspaces for subspaces ¥
and G* and Py and Py are unitarily equivalent;

e Uy and V) is a pair of strictly nondegenerate principal invariant subspaces for subspaces
FL and G* and Py , and Py, are unitarily equivalent.

Proof. The statements follow directly from Theorems 3.3 and 3.4 applied to the corresponding
pairs of subspaces. The closedness of I/} and V| can be alternatively derived from Theorem 2.14
and [8, Theorem 22]. O

3.2. Principal subspaces and principal vectors

For a pair of principal invariant subspaces i/ C ¥ and V C G, if the spectrum X' ((Pg Pg)lys)
consists of one number, which belongs to (0, 1] and which we denote by cos2(f), we can use
Theorem 3.5 to define a pair of principal subspaces corresponding to an angle 6:

Definition 3.8. Let 6 € © (¥, G) \ {m/2}. Nontrivial subspaces i/ C F and V C G define a pair of
principal subspaces for subspaces F and G corresponding to the angle 6 if the following holds,
(P Py)|s = cosz(O)Pu and (Pg Py)lg = cosz(Q)Py. Normalized vectors u = u(f) € £ and
v =v(#) € G form a pair of principal vectors for subspaces ¥ and G corresponding to the angle
0 if Pgv =cos(f)u and Pgu = cos(6)v.

We exclude 0 = /2 in Definition 3.8 so that principal subspaces belong to the class of strictly
nondegenerate principal invariant subspaces. We describe the main properties of principal sub-
spaces and principal vectors that can be checked directly (for details, see [18]). The first property
characterizes principal subspaces as eigenspaces of the products of the corresponding projectors.

Theorem 3.9. Subspaces U C F and V C G form a pair of principal subspaces for subspaces
F and G corresponding to the angle 0 € ©(F,G) \ {w/2} if and only if 0 € ©,(F,G) \ {7 /2}
and U and V are the eigenspaces of the operators (P¢ Pg)|# and (Pg Px)|g, respectively, cor-
responding to the eigenvalue cos*(9). In such a case, @(U,V) = O,U, V) =1{0}. All pairs of
principal vectors u and v of subspaces ¥ and G corresponding to the angle 0 generate the
largest principal subspaces U and V corresponding to the angle 6.
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Theorem 3.10. Let U(0),U(¢) C F, and V(0),V($p) C G be the principal subspaces for sub-
spaces ¥ and G corresponding to the angles 6,¢ € ©,(F,G) \ {w/2}, respectively. Then
PM(Q)PM(@ = PU(Q)QU(@; PV(@)PV(¢) = P]}(@)QV@); PZ,{(@) and P])(¢) are mutually orthogo-
nal if 0 # ¢ (if & = ¢ we can choose V(0) such that Py ey Py @y = Pug) Pg); for given U(0) we
can choose V(0) such that Py @)y P9y = Py@) P

Corollary 3.11 (of Theorem 3.7). Let U and V be the principal subspaces for subspaces ¥ and G,
corresponding to the angle 0 € @, (¥, G) \ ({0} U {r/2}). Then U = Pz V and V| = Pg. U
are closed and

e Uy, V are the principal subspaces for subspaces F+ and G, corresponding to the angle
w/2—0;

e U, V| are the principal subspaces for subspaces ¥ and G+, corresponding to the angle
/2 —0;

e Uy, V| are the principal subspaces for subspaces ¥+ and G+, corresponding to the angle 6.

Let u and v form a pair of principal vectors for the subspaces F and G, corresponding to the
angle 0. Then u; = (v — cos(@)u)/sin(0) and v) = (u — cos(0)v)/sin(0) together with u and
v describe the pairs of principal vectors.

4. Bounding the changes in the angles

Here we prove bounds on the change in the (squared cosines of the) angles from one subspace
to another where the subspaces change. These bounds allow one to estimate the sensitivity of the
angles with respect to the changes in the subspaces. For the finite dimensional case, such bounds
are known, e.g., [23,24]. To measure the distance between two bounded real sets S and S> we use
the Hausdorff distance, e.g., [19], dist(S1, $2) = max{supuesl dist(u, S»), SUp,es, dist(v, S1)},
where dist(u, S) = infycs |u — v| is the distance from the point u to the set S. The following
theorem estimates the proximity of the set of squares of cosines of O(F,G) and the set of
squares of cosines of O(F,G), where F, G and G are nontrivial subspaces of H.

Theorem 4.1. dist(cos2(O (F, G)), cos2(O(F, §))) < gap(G, G).
Proof. cos*(O(F,G)) = T((PrPg)ly) and cos’(O(F,G)) = Z((PsPg)l5) by Defini-

tion 2.4. Both operators (P# Pg)|# and (Pg Pg~)| ¢ are selfadjoint. By [19, Theorem 4.10,
p- 291],

dist( X ((Pg Pg)l#). Z'((Png)lf)) < |[(Pe P15 — (P Pg)l7 I
Then, [[(Ps Pg)ls — (Pr Py)ls | < IP# I Pg — Pl Pl < gap(G.G). O
The same result holds also if the first subspace, ¥, is changed in @(? ,0):
Theorem 4.2. dist(cos>(O(F , G)), cos> (O (F, §))) < gap(F, ).

Proof. The statement of the theorem immediately follows from Theorem 5.2, which is indepen-
dently proved in the next section, where one takes A = Pg. O
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We conjecture that similar generalizations to the case of infinite dimensional subspaces can
be made for bounds involving changes in the sines and cosines (without squares) of the angles
extending known bounds [23,24] for the finite dimensional case.

5. Changes in the Ritz values and Rayleigh—Ritz error bounds

Here we estimate how Ritz values of a selfadjoint operator change with the change of a vector,
and then we extend this result to estimate the change of Ritz values with the change of a (infinite
dimensional) trial subspace, using the gap between subspaces, gap(¥, G) = || P& — Pgll. Such
results are natural extensions of the results of the previous section that bound the change in the
squared cosines or sines of the angles, since in the particular case where the selfadjoint operator
is an orthogonal projector its Ritz values are exactly the squared cosines of the angles from the
trial subspace of the Rayleigh—Ritz method to the range of the orthogonal projector. In addition,
we prove a spectrum error bound that characterizes the change in the Ritz values for an invariant
subspace, and naturally involves the gap squared; see [27,1,26] for similar finite dimensional
results.

Let A € B(H) be a selfadjoint operator. Denote by A(f) = (f, Af)/(f, f) the Rayleigh quo-
tient of an operator A at a vector f # 0. In the following lemma, we estimate changes in the
Rayleigh quotient with the change in a vector. This estimate has been previously proven only
for real finite dimensional spaces [24]. Here, we give a new proof that works both for real and
complex spaces.

Lemma 5.1. Let A € B(H) be a selfadjoint operator on a Hilbert space H and f, g € H with
f,8#0. Then

IA(f) = 2(g)| < (max{ X (A)} — min{ £ (A)})sin(6(f, g))- (5.1

Proof. We use the so-called “mini-dimensional” analysis, e.g., [20,21]. Let S =span{f, g} C'H
be a two dimensional subspace (if f and g are linearly dependent then the Rayleigh quotients
are the same and the assertion is trivial). Denote A = (PsA)|s and two eigenvalues of A by
A1 < X2. By well-known properties of the Rayleigh—Ritz method, the Rayleigh quotients satisfy
A(f), A(g) € [A1, A2] € [max{X (A)}, min{ X (A)}]. In the nontrivial case A(f) # A(g), we then
have the strong inequality A1 < A3.

In this proof, we extend the notation of the Rayleigh quotient of an operator A at a vector f
to A(f; A) = (f, Af)/(f, f) to explicitly include A. It is easy to see that A(f; A) = A(f; A) and
that the same holds for vector g. Then, since [A1, A2] C [max{ X (A)}, min{ X' (A)}] the statement
of the lemma would follow from the 2D estimate |A(f; A) — rg; A)| < (A2 — A1) sin(0(f, g))
that we now have to prove. The latter estimate is clearly invariant with respect to a shift and
scaling of A. Let us use the transformation A = (A — A1) /(A2 — A1) then the estimate we need
to prove turns into [A(f; A) — A(g; A)| < sin(A(f, g)), but the operator A has two eigenval-
ues, zero and one, and thus is an orthoprojector on some one dimensional subspace span{h} C
S. Finally, A(f; A) = (f, Paf)/(f. f) = cos2(@(h, [)) and A(g; A) = (g, Prg)/(g, 8) =
cos*(0(h, g)). But | cos*(@(h, f)) —cos*(O(h, &) = || P Ps Pyl — | Ph Pg Pulll < || Py — Pgll =
sin(0(f, g)). O

In the Rayleigh—Ritz method for a selfadjoint operator A € B(H) on a trial subspace ¥ the
spectrum X ((P¢ A)|#) is called the set of Ritz values, corresponding to A and . The next
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result of this section is an estimate of a change in the Ritz values, where one trial subspace, ¥,
is replaced with another, G. For finite dimensional subspaces such a result is obtained in [24],
where the maximal distance between pairs of individually ordered Ritz values is used to measure
the change in the Ritz values. Here, the trial subspaces may be infinite dimensional, so the Ritz
values may form rather general sets on the real interval [min{ X (A)}, max{X (A)}] and we are
limited to the use of the Hausdorff distance between the sets, which does not take into account
the ordering and multiplicities.

Theorem 5.2. Let A € B(H) be a selfadjoint operator and F and G be nontrivial subspaces
of H. Then a bound for the Hausdorff distance between the Ritz values of A, with respect to the
trial subspaces ¥ and G, is given by the following inequality

dist(ZJ((PgrA)Lr), Z‘((PgA)|g)) < (max{ZJ(A)} — min{Z‘(A)}) gap(F, G).

Proof. If gap(¥,G) = 1 then the assertion holds since the both spectra are subsets of
[min{ X (A)}, max{X¥(A)}]. Consequently we can assume without loss of generality that
gap(F,G) < 1. Then we have G = WF with W defined by (2.1). Operators (PgA)|g and
(W*(PgA)|gW)|g are unitarily equivalent, since W is an isometry on #, therefore, their spectra
are the same. Operators (Pg A)|¢ and (W*(PgA)|gW)|# are selfadjoint on the space ¥ and
using [19, Theorem 4.10, p. 291] we get

dist(Z((PrA)l5), Z((PgA)lg)) =dist(Z((PrA)lg), Z((W*(PgA)IgW)|s))

<|(PrA— W (PgA)IGW)I5 |- (5.2)
Then
[(PrA—W*(PgA)gW)ls| = sup |((PrA—W*(PgA)gW)f. f)]
If1=1, feF
= sup  [(Af. /)= (AWF, WS).
Ifl=1, feF

We have |(f, Af) — (Wf, AWf)| < (max{Z(A)} — min{Z(A)NV1—[(f, Wf)]2, Vf € F,
Il =1 by Lemma 5.1. We need to estimate |(f, Wf)| from below. From the polar decom-
position Pg Py = W,/ Py Pg Ps, we derive the equalities

(f, Wf)=(PgPg f,Wf)=(W*Pg Ps f, f) = (/ P¥ Pg P¥ [, [),

where we have /Py Pg Py |3 = /(P PgPs)|# = /(P# Pg)|#, since  is an invariant sub-
space of the operator P¢ Pg Pz . Thus, (f, Wf) = /(P Pg)ls f, f) = min{cos(@(fF, 9))} by
Definition 2.4. Finally, by assumption, gap(¥,G) < 1, thus Corollary 2.13 gives
min{cos2(O(F,G)} =1 — gap*(F,G). O

Finally, we assume that ¥ is A-invariant, which implies that the set of the values X' ((Pz A)|#)
is a subset, namely X' (A|#), of the spectrum of A. The change in the Ritz values, bounded
in Theorem 5.2, can now be interpreted as a spectrum error in the Rayleigh—Ritz method.
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The result of Theorem 5.2 here is improved since the new bound involves the gap squared as
in [1,26].

Theorem 5.3. Under the assumptions of Theorem 5.2 let in addition & be an A-invariant sub-
space of 'H corresponding to the top (or bottom) part of the spectrum of A. Then

dist(Z(Alx), Z((PgA)lg)) < (max{Z(A)} — min{Z(A)}) gap*(F, §).

Proof. As the subspace & is A-invariant and A is selfadjoint, the subspace £ is also
A-invariant, so A = Pr APy + P1 AP¢1 and A = A|g + A|g .1, corresponding to the de-
composition H = F @ F+, thus X (A) = X (A|¢) U 2 (Alg1). We assume that & corresponds
to the top part of the spectrum of A—the bottom part case can be treated by replacing A with
—A. Under this assumption, we have max{ X' (A|#1)} < min{ X (A|#)}.

Let us also notice that the inequality we want to prove is unaltered by replacing A with A — o/
where « is an arbitrary real constant. Later in the proof we need A|# to be nonnegative. We set
o =min{X¥ (A|#)} and substitute A with A — o/, so now max{¥ (A|#1)} <O0=min{X(A|5)},
thus

lA|# || =max{2(A|$)} =max{Z‘(A)}, and
[AlgL]l = —min{ X (A|z1)} = —min{Z(A)}.

The constant in the bound we are proving then takes the following form:
max{ X (A)} —min{Z(A)} = Al + Al L] (5.3)

As in the proof of Theorem 5.2, if gap(¥,G) =1 then the assertion holds since the both
spectra are subsets of [min{X'(A)}, max{X' (A)}]. Consequently we can assume without loss of
generality that gap(¥,G) < 1. Then we have G = W¥ with W defined by (2.1). Operators
(W*(Pg Py APs)|gW)|# and (Pg P# AP#)|g are unitarily equivalent, since W is an isometry
on £, thus their spectra are the same. Now, instead of (5.2), we use the triangle inequality for
the Hausdorff distance:

dist(Z(Alg), Z((PgA)lg)) <dist(Z((Alg), Z((W*(PgPr AP)IgW)Ix))
+ dist(Z ((Pg Pr AP#)|g)). £ ((PgA)lg)). (5.4)

The operator /Ps PgPys |g = /(Ps Pg)l5 is selfadjoint and its smallest point of the
spectrum is min{cos((:)(f“' ,G))} by Definition 2.4, which is positive by Theorem 2.12 with

gap(¥,G) < 1. The operator /Pg PgPg|s is invertible, so from the polar decomposition
Pg Py = W,/ Pg Pg Pg, which gives P Pg P = Py PgW ,/ P Pg Py, we obtain by applying
the inverse on the right that (P PgW)|¢ = \/P# Pg P# |y = (W*Pg Pz )|#. Thus,

(W*(Pg P APg)|gW)| - = (/ Py Pg Py A/ PF Pg Py )| 7

=/Ps PGPz |7/ Al5v/Al5/Pr PG Pr |7

where the operator A|# is already made nonnegative by applying the shift and the substitution.
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The spectrum of the product of two bounded operators, one of which is bijective, does not
depend on the order of the multipliers, since both products are similar to each other. One of our

operators, / P# Pg P¢ | #, in the product is bijective, so

Z((W*(PgPr AP)IgW)| ;) = Z(VAl# (Ps Pg)l#/Als 7).

Then the first term in the triangle inequality (5.4) for the Hausdorff distance is estimated using
[19, Theorem 4.10, p. 291]:

dist(Z(Alg), Z((W*(PgPr APF)IgW)|,)) = dist(Z(Al5), Z (/A5 (P5 Pg)l5+/AlF ))
< | Alg — VAl# (Ps Pg)l#VAls ||
= |Vl (Pr — Pr Po)l5AlF |

<Al ]| (PF Pgols | = Al 1| Pe Pgoll*.
To estimate the second term in (5.4), we apply again [19, Theorem 4.10, p. 291]:
dist(Z ((Pg Pz APF)lg), Z((PgA)lg)) < |[(PgPr APs)lg — (PgA)lg|

= [(PgPgLAPz1)|g]|
= || PgPriAlgi Pri Pg| < IIAl5L Il Pg Prrll?,

where A = P AP¢ + Pg1 APg 1. Plugging in bounds for both terms in (5.4) gives
dist(Z(Al5). 2((PgA)lg)) <Al Il Pr Pgo > + Al 1 1| Pg Py .

Assumption gap(F,G) < 1 implies that ||PgPgi| = [|[PgPsrL| = gap(F,G), e.g., see
[19, Section 1.8, Theorem 6.34] and, cf. Corollary 2.13. Thus we obtain

dist(Z((Pr A7), Z((PgA)g)) < (1AI# 1l + Al 1 1l) gap*(F, G).
Taking into account (5.3) completes the proof. O

We conjecture that our assumption on the invariant subspace representing a specific part of
the spectrum of A is irrelevant, i.e., the statement of Theorem 5.3 holds without it as well, cf.
Argentati et al. [1], Knyazev and Argentati [26].

6. The ultimate acceleration of the alternating projectors method

Every selfadjoint nonnegative non-expansion A, 0 < A < [ in a Hilbert space { can be
extended to an orthogonal projector in the space H x H, e.g., [14,31], and, thus, can be im-
plicitly written as (strictly speaking is unitarily equivalent to) a product of two orthogonal
projectors Pg Pg restricted to a subspace & C ‘H x H. Any iterative method that involves as
a main step a multiplication of a vector by A can thus be called “an alternating projectors”
method.
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In the classical alternating projectors method, it is assumed that the projectors are given ex-
plicitly and that the iterating procedure is trivially

¢tD = prpge®, OeF. 6.1)

If |(P# Pg)|# || <1 then the sequence of vectors e® evidently converges to zero. Such a situa-
tion is typical when e'”) represents an error of an iterative method, e.g., in a multiplicative DDM,
and formula (6.1) describes the error propagation as in our DDM example below.

If the subspace Moo = F N G is nontrivial and ||(Pg Pg)lFemy,ll < 1 then the sequence
of vectors e!) converges to the orthogonal projection e of ¢® onto Mpg. The latter is called a
von Neumann—Halperin [34,15] method in [2] of alternating projectors for determining the best
approximation to ¢© in 9ty. We note that, despite the non-symmetric appearance of the error
propagation operator Pz Pg in (6.1), it can be equivalently replaced with the selfadjoint operator
(Pg Pg)|# since e € F and thus all /) € F.

Several attempts to estimate and accelerate the convergence of iterations (6.1) are made, e.g.,
[9,2,39]. Here, we use a different approach, cf., e.g., [38,4], to suggest the ultimate acceleration
of the alternating projectors method. First, we notice that the limit vector e € Mgg is a nontrivial
solution of the following homogeneous equation

(I —PgPg)lge=0, ec¥. (6.2)

Second, we observe that the linear operator is selfadjoint and nonnegative in the equation above,
therefore, a conjugate gradient (CG) method can be used to calculate approximations to the solu-
tion e in the null-space. The standard CG algorithm for linear systems Ax = b can be formulated
as follows, see, e.g., [17]:

Initialization: set y = 1 and compute the initial residual r = b — Ax;
Loop until convergence:
Yold =7,y =(r);
on the first iteration: p = r; otherwise:
B =V /Void (standard) or B = (r — roig, r)/(roid, Fold)
(the latter is recommended if an approximate application of A is used)
p=r+pBp,r=Ap,a=y/(r,p), x=x+ap,r=r —ar.
End loop

It can be applied directly to the homogeneous equation Ae = 0 with A = A* > 0 by set-
ting b =0. We need A = (I — Pz Pg)|l# for Eq. (6.2). Finally, we note that CG acceleration
can evidently be applied to the symmetrized alternating projectors method with more than two
projectors.

The traditional theory of the CG method for non-homogeneous equations extends trivially to
the computation of the null-space of a selfadjoint nonnegative operator A and gives the following
convergence rate estimate:

(e(k)7 Ae® < min sup |pk(k)|2(e(0), Ae(o)). (6.3)
deg pr=k, pr(0)=1 e 2 (A)\{0}
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For Eq. (6.2), A= (I — P# Pg)|# and thus (e®, Ae®) = || Pg1e®||? and by Definition 2.4 we
have X' (A) = 1 — cos? @(? , G). Estimate (6.3) shows convergence if and only if zero is an iso-
lated point of the spectrum of A, or, in terms of the angles, if and only if zero is an isolated point,
or not present, in the set of angles @(?’ , G), which is the same as the condition for convergence
of the original alternating projectors method (6.1), stated above.

Method (6.1) can be equivalently reformulated as a simple Richardson iteration

B =1 —Ake®, O eF where A= — PrPg)|s,

and thus falls into the same class of polynomial methods as does the CG method. It is well
known that the CG method provides the smallest value of the energy (semi-) norm of the error,
in our case of || PgL e® |, where e € F, which gives us an opportunity to call it the “ultimate
acceleration” of the alternating projectors method.

A possible alternative to Eq. (6.2) is

(PgL+ Pgi)e=0, (6.4)

so we can take A = Pg1 + Pg1 in the CG method for Eq. (6.4) and then X'(A) is given by
Theorem 2.18. Eq. (6.4) appears in the so-called additive DDM method, e.g., [32]. A discussion
of (6.4) can be found in [18, Section 7.1, p. 127].

Estimate (6.3) guarantees the finite convergence of the CG method if the spectrum of A con-
sists of a finite number of points. At the same time, the convergence of the Richardson method
can be slow in such a case, so that the CG acceleration is particularly noticeable. In the remain-
der of the section, we present a simple domain decomposition example for the one dimensional
diffusion equation.

We consider the equation fol uw'v'dx = fol fv'dx, Yv € H}([0,1]) with the solution u €
HO1 ([0, 1]), where H(} ([0, 1]) is the usual Sobolev space of real-valued functions with the
Lebesgue integrable squares of the first generalized derivatives and with zero values at the end
points of the interval [0, 1]. We use the bilinear form fol u'v’ dx as a scalar product on HO1 ([0, 1]).

We consider DDM with an overlap, i.e., we split [0, 1] =[0,¢]U [B, 1], with0 < 8 <a < 1
so that [B, o] is an overlap. We directly define orthogonal complements:

Ft={ueH)(10,1]): u(x)=0, x €[, 1]} and
Gt ={veHy (0, 1]): v(x) =0, x €[0, B1}

of subspaces ¥ C Hol([O, 17) and G C Hol([O, 1]. Evidently, H = FL 4+ GL, where the sum is
not direct due to the overlap.

It can be checked easily that the subspace ¥ consists of functions, which are linear on the
interval [0, o] and the subspace G consists of functions, which are linear on the interval [8, 1].
Because of the overlap [, o], the intersection Mg = F N G is trivial and the only solution
of (6.2) and (6.4) is e = 0.

We now completely characterize all angles between ¥ and G. Let f € F be linear on in-
tervals [0, «] and [¢, 1]. Similarly, let g € G be linear on intervals [0, 8] and [S, 1]. It is easy
to see, cf. [18, Section 7.2], that all functions in the subspace ¥ © span{f} vanish outside
of the interval [«, 1], while all functions in the subspace G © span{g} vanish outside of the
interval [0, B]. Therefore, the subspaces & © span{f} and G © span{g} are orthogonal, since
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B < o. We summarize these results in terms of the angles: @(5—', G)=0(F,§)=0,(F,0) =
0(f, g) Um/2, where cos? 0(f, g) = (B —a))/(x(l — B)) (the latter equality can be derived
by elementary calculations, see [18, Theorem 7.2, p. 131]); span{ f} and span{g} is one pair of
principal subspaces and ¥ & span{f} and G © span{g} is the other, corresponding to the an-
gle /2.

In multiplicative Schwarz DDM with an overlap for two subdomains, the error propagation of
a simple iteration is given by (6.1) and the convergence rate is determined by the quantity

|(Ps Pg)ls || =cos*6(f, ) = (B —a)) /(«(1=B)) <1,

which approaches one when the overlap @ — B becomes small. At the same time, however, the
CG method described, e.g., in [4,38], converges at most in two iterations, since the spectrum of A
in (6.2) consists of only two eigenvalues, 1 — cos20(f, g) = sin? 0(f,g) and 1.

In the additive DDM the error is determined by (6.4) and the spectrum of A, the sum of two
orthoprojectors, by analogy with Theorem 2.18 consists of four eigenvalues,

1 —cosO(f, g) =2sin*(0(f, 8)/2), 1, 1 +cosO(f,g) =2cos*(A(f, g)/2), and 2,

therefore the CG method converges at most in four iterations. Similar results for a finite difference
discretization of the 1D diffusion equation can be found in [12].
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