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Abstract. We analyze the Ritz–Galerkin method for symmetric eigenvalue problems and prove
a priori eigenvalue error estimates. For a simple eigenvalue, we prove an error estimate that depends
mainly on the approximability of the corresponding eigenfunction and provide explicit values for all
constants. For a multiple eigenvalue we prove, in addition, apparently the first truly a priori error
estimates that show the levels of the eigenvalue errors depending on approximability of eigenfunc-
tions in the corresponding eigenspace. These estimates reflect a known phenomenon that different
eigenfunctions in the corresponding eigenspace may have different approximabilities, thus resulting
in different levels of errors for the approximate eigenvalues. For clustered eigenvalues, we derive
eigenvalue error bounds that do not depend on the width of the cluster. Our results are readily ap-
plicable to the classical Ritz method for compact symmetric integral operators and to finite element
method eigenvalue approximation for symmetric positive definite differential operators.
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1. Introduction. We revisit the classical subject of a priori eigenvalue error es-
timates for the Ritz–Galerkin approximation of symmetric eigenvalue problems, with
application to Finite Element Methods (FEM) eigenvalue approximation. A priori
estimates have traditionally been used to prove the convergence of FEM eigenvalue ap-
proximation, and to determine the convergence rate when the mesh is refined. These
estimates are typically based on the approximability of the eigenfunctions by the FEM
subspace, and can be used to explain certain interesting features of eigenvalue approx-
imation. For example, [1–4], why the third vibration mode of an L-shaped membrane
is easier to approximate than the first two, and why two Ritz values approximating a
double eigenvalue may converge at different rates.

The main result of the present paper — briefly stated — is that the eigenvalue
errors depend mainly on just the approximability of the corresponding invariant sub-
spaces, whether the eigenvalues are well-separated, multiple, or clustered. Our results
differ from those in [2–4] in particular in that the information required by the new
estimates is minimal and is covered by explicitly given constants that can be rela-
tively easily obtained a posteriori from approximate eigenvalues and eigenfunctions.
The question of whether our theorems give completely computable eigenvalue bounds
thus is reduced to explicitly estimating the main factor, namely the approximability
of invariant subspaces.

Computing the approximability is, however, difficult except in fairly trivial sit-
uations. One traditional approach is to use approximation theory results based on
the smoothness of the eigenfunctions. Many results of this type are known, but usu-
ally the constants in the estimates are generic and not easily computable in practice.
Assessing the smoothness of the eigenfunctions, meaning obtaining an estimate for
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an appropriate higher Sobolev norm of the eigenfunction in question, can be done
using an appropriate regularity theory for the underlying partial differential equation.
Much is known about the regularity of the eigenfunctions, but, again, the constants
are typically generic and cannot be easily estimated, with rather trivial exceptions.
Nevertheless, a priori eigenvalue error analysis is a classical approach that has proved
to be useful.

Early examples of a priori eigenvalue error estimates could be found, e.g., in [17].
Later, it became clear that the eigenvalue error was governed by the approximability
of the exact eigenfunctions by the approximation space. In [5], Birkhoff, de Boor,
Swartz, and Wendroff showed that the error for the jth eigenvalue was bounded by
a constant times the sum of the norms squared of the approximation errors of the all
eigenfunctions corresponding to the first j eigenvalues. In [22], Weinberger improved
this result, showing that in the estimate for the relative eigenvalue error the constant
simply equals to one; see Remark 2.1 for the exact formulation. Knyazev in [11], see
also [8], further improved this result by replacing the norms of the approximation
errors of individual eigenfunctions with the angle that measures the approximability
of the invariant subspace spanned by these eigenfunctions. We reproduce this latter
result by Knyazev in the present paper, in Theorem 2.4, and show that it is sharp.

The estimates of [5, 11, 22] suggest that the jth eigenvalue error depends on the
approximability of all the eigenfunctions in the corresponding eigenspace, as well as
of all the eigenfunctions corresponding to the previous eigenvalues. In reality, this is
not the case. Numerical experiments for the L-shaped membrane eigenvalue problem
show that the accuracy of approximation for the third eigenvalue is significantly better
than for the first two. This can be explained as follows. We first note that the first two
eigenfunctions of the L-shaped membrane eigenvalue problem are singular because of
the reentrant corner, but the third eigenfunction is analytic because of symmetry, and
hence easily approximated, especially by the p-method (see [1]). Secondly, Vainikko
[16] and Chatelin [7] derive estimates of the eigenvalue error mainly in terms of just
the approximability of the eigenfunctions in the corresponding eigenspace. Coupling
this approximability result with this eigenvalue error estimate, we obtain the accurate
eigenvalue approximation for the third eigenvalue.

Moreover, Vainikko [16] and Chatelin [7] show that the multiplicative constant in
the estimate of the relative eigenvalue error approaches 1 under the approximability
assumption on the family of the approximating spaces; see Section 3.2 for details. In
[3], Babuška and Osborn determine that the closeness of the constant to 1 depends
on the approximability of the operator of the original problem by the Ritz method;
again, see Section 3.2.

Our first main results — Theorems 2.7 and 3.2 — clarify the estimate of [3]
and improve the constant. All our constants are explicitly given, and no asymptotic
assumptions are being made. In the FEM context, our results are readily applicable
for a fixed mesh without making the traditional assumption that the mesh size is
small enough.

When the eigenvalue of interest is of multiplicity q > 1, different eigenfunctions in
the corresponding eigenspace may have different approximabilities, thus resulting in
different levels of error for the approximate eigenvalues, i.e. the q Ritz values, corre-
sponding to the multiple eigenvalue, may approach the eigenvalue with different rates.
It is important to have eigenvalue error estimates that capture this phenomenon.

The error bounds of Vainikko [16] and Chatelin [7] effectively require approxima-
bility of all eigenfunctions in the corresponding eigenspace that provides an estimate
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for the largest eigenvalue error only. In [2–4], Babuška and Osborn perform analysis
that differentiate levels of eigenvalue error depending on approximability of different
eigenfunctions in the eigenspace, but their estimates are not truly a priori, except for
the estimate for the smallest eigenvalue error, which depends mainly on the approx-
imability of the most easily approximated eigenfunction within the eigenspace.

Our results for multiple eigenvalues — Theorems 2.11 and 3.3 — clarify and im-
prove these results of [2–4]. For example, if the eigenspace is spanned by three eigen-
functions of different approximation qualities, our results estimate the corresponding
quality of each of the three Ritz values.

Error estimates for clustered eigenvalues are not well examined in the literature.
The results presented in this paper are valid for clustered eigenvalues, as well as for
multiple eigenvalues, and give error estimates that do not depend on the width of the
cluster. Ovtchinnikov, in [19], independently derives similar estimates, which he calls
“cluster robust.” Our estimates, compared to those of [19], are more compact and
use less information.

In our proofs, we heavily use approximation error estimates for eigenspaces and
invariant subspaces obtained by Knyazev in [13].

The paper intentionally contains some material that may be considered redun-
dant, in order to improve readability. A critic once wrote about Beethoven’s Sym-
phony No.2 in D major op.36 that it “would surely benefit from the abbreviation of
some passages and the deletion of others.” If we are allowed to use musical terms in
our defense and to compare our paper to a symphony, it consists of four movements:

The first, fast, movement is Subsections 2.1-2.5. Section 2.1 sets the stage of
an abstract setting of a compact symmetric operator on a Hilbert space. We briefly
introduce the angles instruments in the development Subsection 2.2 and then, in Sub-
section 2.3, the main theme, a priori estimates for eigenvalues. Subsection 2.4 is the
most important in the first movement — it brings us the main theme in its most
“ideal” form in Theorem 2.7, without a proof. Theorem 2.7 is an error estimate for
a j-th eigenvalue mainly in terms of the approximation error of the corresponding
eigenfunctions. In Subsection 2.5, the theme appears with slight variations for multi-
ple and clustered eigenvalues. It becomes apparent that a major development needs
to come.

The second, slow, movement is the massive Subsection 2.6. The main theme is
significantly extended and generalized, with a complete vigorous proof, to carry a
considerable improvement, in Theorem 2.11, for multiple and clustered eigenvalues.
A number of possible variations surface at the end of the second movement.

The third, dance-like, movement is Subsection 3.1, which is a brief reminiscence
of the first two movements. The same theme is essentially repeated, but in a different
key, for the variational Galerkin method in a context applicable for FEM eigenvalue
approximation for second order symmetric positive definite differential operators. Our
last main results — Theorem 3.2 and Theorem 3.3 — appear in this subsection.

The fast Finale, Subsection 3.2, takes the material of the previous movement and
contrasts it from earlier work. It opens in a relaxed manner and cites several well
known results. In the closing, it reaches the climax by showing how to obtain differen-
tial levels of eigenvalue error depending on approximability of different eigenfunctions
in the eigenspace.

It would, of course, be appealing to have practical numerical examples of our
a priori analysis providing computable eigenvalue bounds, e.g., for the Laplacian
in a polygonal domain. It is known that the eigenfunctions of the Laplacian are
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smooth (analytic, in fact) inside the domain, but are generally singular in the corners.
In certain cases, however, the eigenfunction is smooth, e.g., already discussed third
eigenfunction of the Laplacian in the L-shaped domain is smooth. It is very interesting
to try to use this kind of information to compute eigenvalue bounds. But due to the
difficulties of computing the approximability of invariant subspaces, discussed in the
first paragraphs of the Introduction, such a project lies beyond the scope of the paper.
For some computational examples we refer to [3, 4].

Preliminary results of this paper were presented at the meeting State Of The
Art In Finite Element Method at the City University of Hong Kong in 1998. An
extended version of the paper was published as a technical report of the Center for
Computational Mathematics at the CU-Denver [15].

2. Estimates for a compact symmetric operator.

2.1. An abstract eigenvalue problem. We consider in this section a com-
pact symmetric positive definite operator T defined on a real separable Hilbert space
H, with inner product (u, v) and norm ‖u‖ =

√

(u, u). The spectral theory of such
operators is well known; see e.g. [9]. The spectrum consists of nonzero eigenval-
ues of finite multiplicity, together with 0, which is in the continuous spectrum. The
eigenvectors can be chosen to be orthonormal. We denote the eigenvalues and corre-
sponding eigenvectors of T by µ1 ≥ µ2 ≥ · · · > 0 and u1, u2, . . . , where (ui, uj) = δij .
We are interested in approximating the eigenpairs (µi, ui) of T by the Ritz method.
Given a finite dimensional subspace Ũ of H, referred to as the trial subspace, the
Ritz approximation to T is the operator T̃ = (Q̃T )|Ũ , where Q̃ is the orthogo-

nal projector onto Ũ . The operator T̃ is symmetric positive definite. The eigen-
pairs of T̃ are called the Ritz pairs of T ; we regard them as approximations of the
eigenpairs of T . We denote the eigenvalues and corresponding eigenvectors of T̃ by
µ̃1 ≥ µ̃2 ≥ · · · ≥ µ̃n > 0, where n = dim Ũ , and ũ1, ũ2, . . . , ũn, where (ũi, ũj) = δij .
The numbers µ̃i are called the Ritz values and the vectors ũi are called the Ritz
vectors. In this paper we are specifically concerned with approximating the eigenval-
ues of T by Ritz values: µi ≈ µ̃i. It is an immediate consequence of the max-min
characterization of eigenvalues that µ̃i ≤ µi, i = 1, . . . , n.

We make the assumptions that operator T is positive definite and compact just
to simplify the arguments. The majority of our results in this section can be easily
modified to hold without these assumptions. The most important modification is a
replacement of the ratios like (µj − µ̃j)/µj that appear in the left-hand sides of most
of our estimates below with (µj − µ̃j)/(µj − µinf ), where µinf is the algebraically
smallest point of the spectrum of T (when T is positive definite, evidently µinf = 0).
Such a modification makes our estimates invariant with respect to a scalar shift T−αI
in T for any real scalar α.

2.2. Principal angles between subspaces. If M and N are nontrivial finite
dimensional subspaces of H, we will quantify the approximability of M by N using
the sine of the largest principal angle from M to N , which is defined by

sin 6 {M ;N} = sup
u∈M,‖u‖=1

dist (u,N) = sup
u∈M,‖u‖=1

inf
v∈N

‖u − v‖.(2.1)

For nonzero vectors u and v, if M = span{u}, we write sin 6 {u;N} for sin 6 {M ;N};
and if M = span{u} and N = span{v}, we write sin 6 {u; v} for sin 6 {M ;N}.

It is immediate that 0 ≤ sin 6 {M ;N} ≤ 1 and that sin 6 {M ;N} = 0 if and only
if M ⊆ N . If dim M > dim N , then sin 6 {M ;N} = 1. If dim M = dim N < ∞, then
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sin 6 {M ;N} = sin 6 {N ;M}. In the remainder of this paper, we will typically have
dim M ≤ dim N .

We will need the following simple observations; cf. Lemma 3.4 of [6].

Lemma 2.1. Let the subspace M be split into an orthogonal sum of subspaces
M = M1 ⊕ M2. Then, see [15],

sin2 6 {M ;N} ≤ sin2 6 {M1;N} + sin2 6 {M2;N}.(2.2)

Applying (2.2) recursively, we immediately obtain

Corollary 2.2. Let vectors {ui, i = 1, . . . ,dim M} form an orthogonal basis for
the subspace M . Then

sin2 6 {M ;N} ≤
∑

i

sin2 6 {ui;N}.(2.3)

We call angle 6 {M ;N} the largest since it is also well known, e.g., [14], that
smaller angles between subspaces can be defined as follows. Using P and Q, the
orthogonal projectors onto M and N , respectively, the sine of the largest angle equals
to the largest singular value of the operator (I − Q)P . Introducing the notation
s1((I−Q)P ) ≥ s2((I−Q)P ) ≥ . . . ≥ sdim M ((I−Q)P ) for the dim M largest singular
values of the operator (I−Q)P , we define the ith angle from subspace M to subspace
N using its sine: sin 6

i{M ;N} = sdim M−i+1((I − Q)P ), i = 1, . . . ,dim M, assuming
that all angles lie on the closed interval [0, π/2]. The complete set of dim M angles
from subspace M to subspace N gives detailed information of approximability of M
by N , e.g., if the smallest angle vanishes, the subspaces M and N have a nontrivial
intersection.

Later in the paper we use the following property of angles (see [14])

6
j{M ;N} = inf

L⊆M, dim L=j

6 {L;N}, j = 1, . . . ,dim M.(2.4)

Finally, we will also need the following generalization of Corollary 2.2.

Lemma 2.3. Let vectors {ui, i = 1, . . . ,dim M} form an orthogonal basis for the
subspace M and be arranged in such a way that

6 {u1;N} ≤ . . . ≤ 6 {udim M ;N}.

Then

sin2 6
j{M ;N} ≤

j
∑

i=1

sin2 6 {ui;N}, j = 1, . . . ,dim M.(2.5)

Proof. We deduce from (2.4) that

sin2 6
j{M ;N} ≤ sin2 6 {span{u1, . . . , uj};N}.

Now, the statement of the lemma, (2.5), immediately follows from (2.3) applied to
M = span{u1, . . . , uj}.
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2.3. Estimates based on the approximability of all previous eigenvec-
tors. Sharp eigenvalue error estimates are usually derived under the assumption that
the eigenvector corresponding to the eigenvalue being estimated is well approximated
by the trial subspace.

We derive an estimate for the error in approximating µj , the jth eigenvalue of

T , by µ̃j , the jth Ritz value of T , i.e., the jth eigenvalue of T̃ . Let U1,...,j denote
the span of the eigenvectors u1, . . . , uj , and let P1,...,j be the orthogonal projector
onto U1,...,j . For u 6= 0, let µ(u) = (Tu, u)/(u, u) = (u, u)T /(u, u) be the Rayleigh
quotient associated with T . Here (·, ·)T is a second inner product on H. We will refer
to orthogonality in (·, ·)T as T -orthogonality. Note that µ(u) > 0 since T is positive
definite.

Our first theorem is known; it was proved in [11] and reproduced in [8]. For the
particular case j = dim Ũ , a different proof was then suggested in [10, 12].

Theorem 2.4. For j = 1, 2, . . . , n = dim Ũ we have

0 ≤
µj − µ̃j

µj

≤ sin2 6 {U1,...,j ; Ũ} = ‖(I − Q̃)P1,...,j‖
2.(2.6)

The estimate (2.6) is sharp, see [15].
Remark 2.1. By Corollary 2.2 we have

sin2 6 {U1,...,j ; Ũ} ≤

j
∑

i=1

sin2 6 {ui; Ũ} =

j
∑

i=1

‖(I − Q̃)ui‖
2,

therefore, the estimate

µj − µ̃j

µj

≤

j
∑

i=1

‖(I − Q̃)ui‖
2(2.7)

follows directly from Theorem 2.4. Estimate (2.7) is well-known (see, e.g., [20, 22]);
on the right-hand side we have the sum of the squares of the approximation errors for
the eigenvectors u1, . . . , uj. If j = 1, the estimates (2.6) and (2.7) are identical.

2.4. Estimates based mainly on the approximability of the target eigen-
vector. Theorem 2.4 has a major weakness; namely, the right-hand side of estimate
(2.6) for the target eigenvalue µj involves the approximability of all functions in U1,...,j .
The result thus suggests that the eigenvalue error (µj−µ̃j)/µj depends on the approxi-
mation errors for all eigenfunctions u1, . . . , uj . We now mention two results suggesting
that this is not the case; that, in fact, the ratio (µj − µ̃j)/µj depends mainly on just
the approximation error for uj , the target eigenfunction. First, consider the following

Lemma 2.5. For j = 1, 2, . . . , n = dim Ũ , the estimate

µj − µ̃j

µj

= ‖(I − P̃j)uj‖
2 −

1

µj

((I − Pj)ũj , T (I − Pj)ũj)

≤ sin2 6 {uj , ũj}(2.8)

holds, where P̃j is the orthogonal projector onto span{ũj}.
The first line of (2.8) follows from the chain of identities in the proof of Lemma

3.5 of [6].
Next consider
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Lemma 2.6. If (ũj , uj) 6= 0, the estimate

µj − µ̃j

µj

= ‖(I − Q̃)uj‖
2 +

1

µj

(

T (I − Q̃)uj ,
(I − Pj)ũj

‖Pj ũj‖

)

≤

(

1 +
‖(I − Q̃)T‖

µj

tan 6 {uj , ũj}

sin 6 {uj , Ũ}

)

sin2 6 {uj , Ũ}(2.9)

holds, where Pj is the orthogonal projector onto span{uj}.
The identity in the first line of (2.9) is based on an argument from the proof of

Theorem 4.1 in [3] (see also [18]). For a complete proof, see [15].
It is informative to compare (2.8) with (2.9). The first term on the right-hand side

of the first line of (2.8) is larger than that of (2.9). However, the second term in the
first line of (2.8) is negative, and thus is dropped in the second line of (2.8). The second
term on the right-hand side in the first line of (2.9), while generally not negative, in
typical applications (when ‖(I − Q̃)T‖ is small) is significantly smaller compared to
the first term, in other words, the term added to 1 in the second line of (2.9) in such
applications is small because of the multiplier ‖(I − Q̃)T‖. We conclude that both
(2.8) and (2.9) suggest that (µj − µ̃j)/µj depends mainly on the approximation error
for uj .

Both estimates (2.8) and (2.9), in addition to being dependent on the eigenfunc-
tion uj , depend explicitly on the approximate eigenfunction ũj : (2.8) in the main
term and (2.9) in the constant. Our next theorem is based on a novel alternative
technique, where the approximate eigenfunction ũj is not used in the proof and does
not appear in the theorem statement.

Theorem 2.7. For a fixed index j such that 1 ≤ j ≤ n = dim Ũ , suppose that

min
i=1,...,j−1

|µ̃i − µj | 6= 0.(2.10)

Then

0 ≤
µj − µ̃j

µj

≤ ‖(I − Q̃ + P̃1,...,j−1)uj‖
2(2.11)

≤

(

1 +
‖(I − Q̃)T P̃1,...,j−1‖

2

mini=1,...,j−1 |µ̃i − µj |2

)

sin2 6 {uj ; Ũ},

where P̃1,...,j−1 is the orthogonal projector onto Ũ1,...,j−1 = span{ũ1, . . . , ũj−1} (if

j = 1, we define P̃1,...,j−1 = 0 and do not use (2.10)).
To satisfy the page limit, we do not prove the theorem here, instead referring to

[15] and to the proof of the Theorem 2.11 later in the paper, which is a generalization
of Theorem 2.7.

Since ‖(I − Q̃ + P̃1,...,j−1)uj‖ ≤ ‖(I − P̃j)uj‖, our new estimate (2.11) clearly
improves (2.8). A direct comparison of the constants in (2.9) and (2.11) in a general
case does not appear to be simple because of the unresolved dependence of (2.9) on
ũj . However, we have

‖(I − Q̃)T P̃1,...,j−1‖
2

mini=1,...,j−1 |µ̃i − µj |2
≤

‖(I − Q̃)T‖2

mini=1,...,j−1 |µ̃i − µj |2

≤
‖(I − Q̃)T‖

µj

,

7



assuming

‖(I − Q̃)T‖ ≤
mini=1,...,j−1 |µ̃i − µj |

2

µj

.(2.12)

Since tan 6 {uj , ũj} ≥ sin 6 {uj , Ũ}, we can conclude that our estimate (2.11) is sharper
than (2.9) under the assumption (2.12). We note that in the FEM context assumption
(2.12) is realistic as for typical problems ‖(I−Q̃)T‖ vanishes when the mesh parameter
tends to zero.

Let us finally comment that the ratio

‖(I − Q̃)T P̃1,...,j−1‖
2

mini=1,...,j−1 |µ̃i − µj |2
=

‖(I − Q̃)(T/µj)P̃1,...,j−1‖
2

mini=1,...,j−1 |µ̃i/µj − 1|2

in (2.11) is “dimensionless,” i.e. invariant with respect to scaling of T . Here, the
quantity in the denominator, mini=1,...,j−1(µ̃i/µj −1), in the limit, where all µ̃i → µi,
turns into µj−1/µj − 1, the one-sided relative gap in the spectrum at µj .

2.5. Corollaries of Theorems 2.4 and 2.7 for multiple eigenvalues. Here
we address in details the case when the eigenvalue µj is multiple of multiplicity q >
1. Our Theorems 2.4 and 2.7 hold for multiple eigenvalues since we never assumed
the eigenvalues were simple. However, the case of multiple eigenvalues has special
features, which we want to highlight. Let us start with the simplest case, where we
are interested only in estimates for the largest eigenvalue µ1. From Theorem 2.4 we
easily derive

Corollary 2.8. Let

µ1 = µ2 = . . . = µq > µq+1

and q ≤ n = dim Ũ . For j = 1, 2, . . . , q we have

0 ≤
µ1 − µ̃j

µ1
≤ inf

U1,...,j⊂U1,...,q

dim U1,...,j=j

sin2 6 {U1,...,j ; Ũ}

= sin2 6
j{U1,...,q; Ũ}.(2.13)

Estimate (2.13) has two important properties. First, it controls the error for every
Ritz values corresponding to the first eigenvalue µ1. Second, it shows that different
Ritz values may have different approximation qualities, depending on approximability
of the eigenspace U1,...,q by the trial subspace Ũ of the Ritz method, where the ap-

proximability is measured by the angles from U1,...,q to Ũ and, thus, can be estimated
a priori.

In general, the multiple eigenvalue of interest may not be the largest:

µp−1 > µp = µp+1 = · · · = µj = · · · = µp+q−1 > µp+q.(2.14)

Applying Theorem 2.4, we obtain
Corollary 2.9. Suppose (2.14) is satisfied and p + q − 1 ≤ n. For any index

j = p, p + 1, . . . , p + q − 1 we have

0 ≤
µp − µ̃j

µp

≤ inf
U1,...,p−1 ⊂ U1,...,j ⊂ U1,...,p+q−1

dim U1,...,j = j

sin2 6 {U1,...,j ; Ũ}.
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Proof. The subspace U1,...,j has a fixed part U1,...,p−1 ⊂ U1,...,j , but the rest of it
we can choose within Up,...,min{p+q−1,n} as we like.

Corollary 2.9 preserves the desired properties of Corollary 2.8, i.e. it provides a
different estimate for each Ritz value of interest, but it requires approximability of all
previous eigenvectors.

Let us now turn our attention to Theorem 2.7. The only relevant assumption
in Theorem 2.7 is that (2.10) is satisfied so that the denominator in the constant in
Theorem 2.7 is not zero. Let us analyze the likely behavior of this constant for the
particular case q = 2 so that

µp−1 > µp = µp+1 > µp+2.(2.15)

There are two relevant possibilities for j in Theorem 2.7: j = p or j = p+1. Assuming
that all Ritz values µ̃i approximate the corresponding eigenvalues µi, which is typical
for FEM applications (see Section 3.2 for details), we observe that in (2.10)

min
i=1,...,j−1

|µ̃i − µj | ≈ µj−1 − µj .

Thus, if j = p, the denominator is asymptotically positive; specifically, it is asymp-
totically equal to µp−1 −µp, and the estimate of Theorem 2.7 is asymptotically valid;
while if j = p + 1, the denominator in the constant in Theorem 2.7 asymptotically
vanishes. This discussion demonstrates that Theorem 2.7 provides an asymptotically
valid estimate only for one out of the q = 2 Ritz values. On the positive side, however,
we can freely chose the eigenvector uj within the eigenspace corresponding to µp to
minimize the right hand side of (2.11). Let us reformulate Theorem 2.7 to reflect
these observations.

Corollary 2.10. Suppose that the eigenvalue µp, where p > 1, has multiplicity
q > 1 so that (2.14) holds, and that p + q − 1 ≤ n, and denote the corresponding
eigenspace by Up,...,p+q−1. As in Theorem 2.7, suppose that

min
i=1,...,p−1

|µ̃i − µp| 6= 0.

Then

0 ≤
µp − µ̃p

µp

≤ min
u∈Up,...,p+q−1, ‖u‖=1

‖(I − Q̃ + P̃1,...,p−1)u‖
2

≤

(

1 +
‖(I − Q̃)T P̃1,...,p−1‖

2

mini=1,...,p−1 |µ̃i − µp|2

)

min
u∈Up,...,p+q−1, ‖u‖=1

sin2 6 {u; Ũ}

=

(

1 +
‖(I − Q̃)T P̃1,...,p−1‖

2

mini=1,...,p−1 |µ̃i − µp|2

)

sin2 6 1{Up,...,p+q−1; Ũ}.(2.16)

Proof. We take j = p in Theorem 2.7 and notice that we can choose uj to be any
normalized vector in the eigenspace Up,...,p+q−1 and finally use (2.4).

It is useful to compare Corollary 2.9 with Corollary 2.10. Corollary 2.9 gives
different estimates for every Ritz value out of the q Ritz values corresponding to
the multiple eigenvalue µp, but requires approximability of all previous eigenvectors.
In Corollary 2.10, the approximability of previous eigenvectors appears only in the
constant, but it gives an estimate only for the largest Ritz value out of the q.
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We want to obtain a result that combines the advantages of Corollary 2.9 and
Corollary 2.10 and removes their weaknesses. E.g., if q = 3 and the eigenspace
corresponding to the triple eigenvalue µp is spanned by eigenfunctions of different
approximation quality, we want to have three error estimates for µp reflecting it and
not depending strongly on approximability of previous eigenfunctions.

2.6. A new estimate that covers multiple and clustered eigenvalues.
Our new result is a generalization of Theorem 2.7 that gives us the desired estimates
for a multiple eigenvalue corresponding to an eigenspace spanned by eigenfunctions
of different approximation quality. In addition, the new estimate also covers the case
of clustered eigenvalues, i.e., the constant in the new estimate does not depend on the
width of the eigenvalue cluster.

Theorem 2.11. 1 For fixed indexes j and m satisfying 1 ≤ j ≤ n and 1 ≤ m ≤ j,
let Uj−m+1,...,j be the m-dimensional invariant subspace corresponding to eigenvalues
µj−m+1 ≥ . . . ≥ µj and Pj−m+1,...,j be the orthogonal projector on Uj−m+1,...,j . If

min
i=1,...,j−m

|µ̃i − µj | 6= 0,(2.17)

then

0 ≤
µj − µ̃j

µj

≤ ‖(I − Q̃ + P̃1,...,j−m)Pj−m+1,...,j‖
2

≤

(

1 +
‖(I − Q̃)T P̃1,...,j−m‖2

mini=1,...,j−m |µ̃i − µj |2

)

‖(I − Q̃)Pj−m+1,...,j‖
2,(2.18)

where P̃1,...,j−m is the orthogonal projector onto Ũ1,...,j−m = span{ũ1, . . . , ũj−m} (if

j = m we set P̃1,...,j−m = 0 and do not use (2.17). If m = j, the present theorem
turns into Theorem 2.4; if m = 1, it turns into Theorem 2.7.

Proof. The operators I−Q̃+ P̃1,...,j−m and Pj−m+1,...,j are orthogonal projectors;

thus, ‖(I − Q̃ + P̃1,...,j−m)Pj−m+1,...,j‖ ≤ 1. If ‖(I − Q̃ + P̃1,...,j−m)Pj−m+1,...,j‖ = 1,
the first estimate in (2.18) is trivially true. Now we suppose

‖(I − Q̃ + P̃1,...,j−m)Pj−m+1,...,j‖ < 1.(2.19)

Then, since dim Uj−m+1,...,j = m, the subspace (Q̃ − P̃1,...,j−m)Uj−m+1,...,j is also
m-dimensional by Theorem 6.34 in Chapter I in [9].

We choose a normalized vector ū such that

ū ∈ (Q̃ − P̃1,...,j−m)Uj−m+1,...,j , µ(ū) = min
w∈(Q̃−P̃1,...,j−m)Uj−m+1,...,j\{0}

µ(w),

and introduce the orthogonal and T -orthogonal decomposition

ū = u + v, u ∈ U1,...,j , v ∈ U⊥
1,...,j .

Since ū ∈ (Q̃ − P̃1,...,j−m)Uj−m+1,...,j , ‖ū‖ = 1, and u = ū − v is the orthogonal
projection of ū onto U1,...,j , we see using again Theorem 6.34 in Chapter I in [9] that

‖v‖ = sin 6 {ū;U1,...,j}
≤ sin 6 {ū;Uj−m+1,...,j}

≤ sin 6 {(Q̃ − P̃1,...,j−m)Uj−m+1,...,j ;Uj−m+1,...,j}

= ‖(I − Q̃ + P̃1,...,j−m)Pj−m+1,...,j‖.

(2.20)

1It came to our attention that a similar result is independently obtained in the revised version
of [19] accepted to Linear Algebra and Applications, 2005.
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It now follows from (2.19) and (2.20) that ‖v‖ < 1; thus, u 6= 0 and µ(u) is defined.
We next prove the following chain of inequalities:

µ(ū) ≤ µ̃j ≤ µj ≤ µ(u).(2.21)

Indeed, the first inequality,

µ(ū) = min
w∈(Q̃−P̃1,...,j−m)Uj−m+1,...,j\{0}

µ(w) ≤

max
W⊆Im(Q̃−P̃1,...,j−m)

dim W=m

min
w∈W\{0}

µ(w) = µ̃j ,

follows from the min-max principle for Ritz values, since the dimension of the subspace
(Q̃ − P̃1,...,j−m)Uj−m+1,...,j is m. The second inequality, µ̃j ≤ µj , is an immediate
consequence of the max-min principle. The third inequality, µj ≤ µ(u), follows from
the fact that u ∈ U1,...,j .

The identity

µ(ū) =
(Tu, u) + (Tv, v)

(u, u) + (v, v)

can be rewritten as

µ(u) − µ(ū) =

{

[µ(ū) − µ(v)]
(v, v)
(u, u)

, v 6= 0

0, v = 0
.(2.22)

For v 6= 0, it follows directly from (2.21) and (2.22) that

0 ≤ µj − µ̃j ≤ µ(u) − µ(ū)

= [µ(ū) − µ(v)]
(v, v)

(u, u)

≤ µ̃j

‖v‖2

‖u‖2
(since µ(v) > 0);

hence, since ‖v‖2 + ‖u‖2 = 1 and (µj − µ̃j)(1 − ‖v‖2) ≤ µ̃j‖v‖
2, we get

0 ≤
µj − µ̃j

µj

≤ ‖v‖2.(2.23)

If v = 0, then from (2.22) we see that µ(u) = µ(ū), which, together with (2.21), shows
that µ̃j = µj . Thus, estimate (2.23) is also valid for v = 0.

Combining estimates (2.20) and (2.23), we obtain the first estimate in (2.18).
Finally, by Lemma 2.1,

‖(I−(Q̃−P̃1,...,j−m))Pj−m+1,...,j‖
2 ≤ ‖(I−Q̃)Pj−m+1,...,j‖

2+‖P̃1,...,j−mPj−m+1,...,j‖
2.

The second term can be estimated using Theorem 3.2 of [13]:

‖P̃1,...,j−mPj−m+1,...,j‖ ≤
‖(I − Q̃)T P̃1,...,j−m‖

mini=1,...,j−m |µ̃i − µj |
‖(I − Q̃)Pj−m+1,...,j‖.
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Combining the first estimate in (2.18) with the last two inequalities completes the
proof.

Alternatively, Lemma 2.1 can be used to estimate ‖P̃1,...,j−mPj−m+1,...,j‖, which
results in

‖P̃1,...,j−1Pj−m+1,...,j‖
2 = ‖

j−1
∑

i=1

P̃iPj−m+1,...,j‖
2

≤

j−1
∑

i=1

‖P̃iPj−m+1,...,j‖
2.

Every term ‖P̃iPj−m+1,...,j‖
2 in the sum above can be estimated using results of [13].

For simplicity, let m = 1, then by Theorem 2.1 in [13]

‖P̃iPj‖ ≤
‖T ũi − µ̃iũi‖

|µ̃i − µj |
sin 6 {uj ; Ũ},

where ‖ũi‖ = ‖uj‖ = 1, so we get

0 ≤
µj − µ̃j

µj

≤

(

1 +

j−1
∑

i=1

‖T ũi − µ̃iũi‖
2

|µ̃i − µj |2

)

sin2 6 {uj ; Ũ},

which in some cases may provide a smaller constant compared to that of (2.18) with
m = 1.

Remark 2.2. A careful examination of the proof of the first estimate in (2.18)
of Theorem 2.11 shows that we can replace the orthoprojector Pj−m+1,...,j with an
orthoprojector PL to any m-dimensional subspace L of U1,...,j : the argument still
holds and the first estimate in (2.18) can be improved:

0 ≤
µj − µ̃j

µj

≤ inf
L ⊆ U1,...,j , dim L = m

‖(I − Q̃ + P̃1,...,j−m)PL‖
2.(2.24)

The right-hand side of (2.24) allows a nice geometric interpretation, using the defini-
tion (2.4) of the angles between subspaces:

inf
L ⊆ U1,...,j , dim L = m

‖(I−Q̃+ P̃1,...,j−m)PL‖
2 = sin2 6

m{U1,...,j ; Ũ ∩(Ũ1,...,j−m)⊥}.

This may lead to a potential improvement of the second estimate (2.18) — provided
one can estimate the right-hand side of (2.24) using terms similar to those of the
second estimate in (2.18).

We can derive a simple estimate of the right-hand side of (2.24), using the fact,
which follows from dimensionality arguments, that

dim (Ũ1,...,j−m)⊥ ∩ U1,...,j ≥ m.

Since

‖(I − Q̃ + P̃1,...,j−m)u‖ = ‖(I − Q̃)u‖, u ∈ (Ũ1,...,j−m)⊥ ∩ U1,...,j ,

restricting the choice of L to the intersection above in (2.24) we derive that

0 ≤
µj − µ̃j

µj

≤ inf
L ⊆ (Ũ1,...,j−m)⊥ ∩ U1,...,j , dim L = m

‖(I − Q̃)PL‖
2.(2.25)
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In FEM applications typically (because of the approximability assumption) we have

dim
(

(Ũ1,...,j−m)⊥ ∩ U1,...,j

)

= m so the inf in (2.25) is then redundant.

Estimate (2.25) improves (2.6). We note that m is a free parameter in (2.25) and
can be chosen arbitrarily, 1 ≤ m ≤ j. We finally note that (2.25) is not truly an a
priori estimate since the right-hand side of it depends on the Ritz vectors ũ1, . . . , ũj−m

that are not known a priori.
Let us now reformulate Theorem 2.11 in the context of the multiple eigenvalue

in order to obtain a generalization of Corollary 2.10. Theorem 2.11 gives us enough
flexibility to establish a different error estimate for every of q Ritz values corresponding
to the multiple eigenvalue of multiplicity q:

Corollary 2.12. Suppose that the eigenvalue µp, where p > 1, has multiplicity
q > 1, so that (2.14) holds, and that p + q − 1 ≤ n. Suppose that

min
i=1,...,p−1

|µ̃i − µp| 6= 0.

Then, for j = p, . . . , p + q − 1, we have

0 ≤
µp − µ̃j

µp

≤ ‖(I − Q̃ + P̃1,...,p−1)Pp,...,j‖
2

≤

(

1 +
‖(I − Q̃)T P̃1,...,p−1‖

2

mini=1,...,p−1 |µ̃i − µp|2

)

‖(I − Q̃)Pp,...,j‖
2,(2.26)

where P̃1,...,p−1 is the orthogonal projector onto Ũ1,...,p−1 = span{ũ1, . . . , ũp−1} and
Pp,...,j is the orthogonal projector onto any j − p + 1-dimensional subspace of the
eigenspace Up,...,p+q−1 corresponding to the eigenvalue µp. The optimal choice of the

projector Pp,...,j allows us to replace the term ‖(I−Q̃)Pp,...,j‖
2 in estimate (2.26) with

sin2 6
j−p+1{Up,...,p+q−1, Ũ}.

Proof. We simply take m = j − p + 1 in Theorem 2.11.
To see the improvement of Corollary 2.12 over Theorem 2.7, consider the following

situation. Suppose µ2 has multiplicity 2, so p = q = 2. Then

min
i=1,···,p−1

|µ̃i − µp| ≈ µ1 − µ2 > 0,

provided µ̃1 is close enough to µ1. Taking j = 2 in Corollary 2.12 yields

µ2 − µ̃2

µ2

<
∼

(

1 +
‖(I − Q̃)T P̃1‖

2

(µ1 − µ2)2

)

‖(I − Q̃)P2‖
2;(2.27)

while taking j = 3 yields

µ3 − µ̃3

µ3
=

µ2 − µ̃3

µ2

<
∼

(

1 +
‖(I − Q̃)T P̃1‖

2

(µ1 − µ2)2

)

‖(I − Q̃)P2,3‖
2.(2.28)

In (2.27), the eigenvalues error is bounded by a constant that is slightly larger than 1
times the square of the best approximation error for u2; while in (2.28), we have the
square of the best approximation error for span{u2, u3} = the eigenspace for µ2 = µ3.
Note that estimating (µ3 − µ̃3)/µ3 with Theorem 2.7 yields no asymptotically valid
estimate (cf. the discussion preceding Corollary 2.10).
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Results giving different estimates for (µp − µ̃j)/µp, j = p, . . . , p+ q−1 (cf. Corol-
laries 2.9 and 2.12) were first proved in [2], see also [3, 4]. Our presentation simplifies
and clarifies the analysis in [2, 3], and provides explicit constants. In Section 3.2
we compare these results in details. For an example of a multiple eigenvalue with
eigenfunctions of differing approximabilities, see [2, 4].

Let us finally highlight the opportunities that Theorem 2.11 provides for error
estimates of clustered eigenvalues in the following situation. Let

µ1 > µ2 ≈ µ3 > µ4,

and suppose we are interested in error estimates for µ2 and µ3, assuming that µ̃1 ≈ µ1

and µ̃2 ≈ µ2. We do not even need Theorem 2.11 to estimate the error for µ2: Theorem
2.7 with j = 2 already gives us an asymptotically valid estimate (2.27), and the fact
that µ2 is clustered (or multiple as above) is irrelevant. Theorem 2.7 with j = 3
does not provide an asymptotically valid estimate for the error in µ3 since the term
|µ3 − µ̃2| ≈ 0 appears in the denominator.

Applying Theorem 2.11 with j = 3 we have an option to choose the free parameter
m = 1, 2, or 3. Taking m = 1 reduces Theorem 2.11 to Theorem 2.7, which does not
work well in this situation as we just discussed. Taking m = 2 yields a good estimate

µ3 − µ̃3

µ3

<
∼

(

1 +
‖(I − Q̃)T P̃1‖

2

(µ1 − µ3)2

)

‖(I − Q̃)P2,3‖
2.(2.29)

Taking m = 3 reduces Theorem 2.11 to Theorem 2.4,

µ3 − µ̃3

µ3
≤ ‖(I − Q̃)P1,2,3‖

2.(2.30)

Comparing the right-hand sides of (2.29) and (2.30), we see that (2.29) provides
a sharper estimate than (2.30) if µ1 − µ3 is large enough and u1 cannot be well
approximated by the trial subspace. To summarize, choosing different m in Theorem
2.11 allows us to reduce the constants in estimating errors for clustered eigenvalues
at the cost of enlarging the invariant subspace that needs to be well approximated by
the trial subspace. Note that in neither (2.29) nor (2.30) does the constant depend on
the width of the eigenvalue cluster µ2 ≈ µ3. Ovtchinnikov in [19] calls such estimates
“cluster robust.”

3. Application of our abstract results to the variational Galerkin method
and comparisons. We now consider the previous abstract results in two important
contexts. First, suppose we have an eigenvalue problem for a symmetric positive
compact integral operator T defined on H = L2 and apply the classical Ritz method
for integral operators. All our results apply immediately and provide relative eigen-
value error estimates for the largest eigenvalues in terms of L2 approximability of the
corresponding eigenfunctions.

Our second application is to the variational Galerkin method for symmetric posi-
tive definite differential operators. Here, we essentially need to reformulate our results
for the inverse of T , but the operator T cannot be just simply replaced with its inverse
since this would change the Ritz values. A proper inversion involves a simultaneous
change of the scalar product as it is implicitly done in the next subsection. Our es-
timates of the previous section have to be somewhat rewritten in this context, since
they are not invariant with respect to such an inversion.
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3.1. The variational Galerkin method. Suppose, as above, that H is a real
separable Hilbert space with inner product (u, v) and norm ‖u‖ =

√

(u, u), and
suppose we are given two symmetric bilinear forms B(u.v) and D(u, v) on H × H.
The bilinear form B(u, v) is assumed to satisfy

|B(u, v)| ≤ C1‖u‖‖v‖, for all u, v ∈ H(3.1)

and

C0‖u‖
2 ≤ B(u, u), for all u ∈ H, with C0 > 0.(3.2)

It follows from (3.1) and (3.2) that ‖u‖B =
√

B(u, u) and ‖u‖ are equivalent norms on
H. For the remainder of this section we use B(u, v) and ‖u‖B as the inner product and
norm, respectively, on H, and denote the resulting space by HB . We also measure
all angles in HB , i.e. with respect to B(u, v). Regarding D(u, v) we assume that
0 < D(u, u), for all nonzero vectors u ∈ H and that the unit ball of the norm || · ||D
is compact in H.

We consider the variationally formulated symmetric eigenvalue problem

{

Seek λ ∈ R and 0 6= u ∈ HB satisfying
B(u, v) = λD(u, v), for all v ∈ HB .

(3.3)

Under our assumptions, problem (3.3) has eigenvalues 0 < λ1 ≤ λ2 ≤ . . . ↗ +∞ and
corresponding eigenvectors u1, u2, . . . , which satisfy B(ui, uj) = λiD(ui, uj) = δij .

We are interested in approximating the eigenpairs of (3.3) by the variational Ritz
method. Toward this end, we suppose we are given a finite dimensional subspace Ũ of
HB , and consider the finite dimensional, variationally formulated eigenvalue problem

{

Seek λ̃ ∈ R and 0 6= ũ ∈ Ũ satisfying

B(ũ, v) = λD(ũ, v), for all v ∈ Ũ .
(3.4)

Problem (3.4), being a finite dimensional eigenvalue problem, has n = dim Ũ positive
eigenvalues λ̃1 ≤ λ̃2 ≤ . . . ≤ λ̃n, and corresponding eigenvectors ũ1, ũ2, . . . , ũn, which
satisfy B(ũi, ũj) = λ̃iD(ũi, ũj) = δij , i, j = 1, . . . , n. The Poincaré inequalities

λi ≤ λ̃i, i = 1, . . . , n, and the min-max characterization of eigenvalues of problems
(3.3) and (3.4) hold under our assumptions. We then view λ̃i as an approximation to
λi, i.e. λi ≈ λ̃i, i = 1, . . . , n.

Next we introduce the operator T : HB → HB defined by

{

Tf ∈ HB

B(Tf, v) = D(f, v), for all v ∈ HB
(3.5)

and the operator T̃ : Ũ → Ũ defined by

{

T̃ f ∈ Ũ , f ∈ Ũ ,

B(T̃ f, v) = D(f, v), for all v ∈ Ũ .
(3.6)

The operator T is the solution operator for the “boundary value problem” corre-
sponding to the eigenvalue problem (3.3). By our assumption, the unit ball of ‖ · ‖D

is compact in H and, therefore, in HB , thus, the operator T is compact in HB . Of
course, T̃ , being an operator on a finite dimensional space, is also compact. It follows
directly from the definition (3.5) that T is symmetric and positive definite on HB and
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from the definition (3.6) that T̃ is symmetric and positive definite on Ũ (with respect
to B(u, v)). It is easily seen that, if, as above, Q̃ is the orthogonal projector of HB

onto Ũ , then T̃ = (Q̃T )|Ũ .
The eigenvalues of problem (3.3) and of the operator T are reciprocals: λi =

1/µi, i = 1, 2, . . . ; problem (3.3) and the operator T have the same eigenvectors ui.
Likewise, the eigenvalues of problem (3.4) and of the operator T̃ are reciprocals: λ̃i =
1/µ̃i, i = 1, 2, . . . , n; problem (3.4) and the operator T̃ have the same eigenvectors ũi.
As in the previous section, we choose {ui} and {ũi} to be orthonormal systems, in
the context of the present section, that is in HB .

The FEM approximation of eigenvalue problems for symmetric differential oper-
ators can be viewed as a variational Ritz method; and the FEM eigenvalue errors can
be estimated using the theorems of the previous section.

We can utilize Theorems 2.4 and 2.7, applied to T and T̃ on HB , to estimate
the eigenvalue error (λ̃i − λi)/λ̃i. Here U1,...,j denotes the span of the eigenvectors
u1, . . . , uj and P1,...,j is the HB orthogonal projector onto U1,...,j .

Theorem 3.1. For j = 1, . . . , n = dim Ũ we have

0 ≤
λ̃j − λj

λ̃j

≤ sin2 6
B{U1,...,j ; Ū} = ‖(I − Q̃)P1,...,j‖

2
B .(3.7)

Remark 3.1. By analogy with Remark 2.1, from Theorem 3.1 we get the following
estimate, mathematically equivalent to estimate (2.7):

0 ≤
λ̃j − λj

λ̃j

≤

j
∑

i=1

‖(I − Q̃)ui‖
2
B ,

which can be rewritten as

0 ≤
λ̃i − λi

λi

≤

∑j

i=1 ‖(I − Q̃)ui‖
2
B

1 −
∑j

i=1 ‖(I − Q̃)ui‖2
B

,(3.8)

assuming that the denominator in the latter expression is positive. Estimate (3.8) is
well-known (see, e.g., Theorem 2.1, Chapter 4 of [22]); a similar estimate is proved
in [5].

To formulate the next theorem — an analog of Theorem 2.7 — we recall that
P̃1,...,j−1 is the orthogonal projector of HB onto Ũ1,...,j−1 = span{ũ1, . . . , ũj−1}, where
ũi are eigenvectors of (3.4).

Theorem 3.2. For a fixed index j such that 1 ≤ j ≤ n = dim Ũ , suppose

min
1,...,j−1

|λ̃i − λj | 6= 0.(3.9)

Then

0 ≤
λ̃j − λj

λ̃j

≤ ‖(I − Q̃ + P̃1,...,j−1)uj‖
2
B

≤

(

1 + max
i=1,...,j−1

λ̃2
i λ

2
j

|λ̃i − λj |2
‖(I − Q̃)T P̃1,...,j−1‖

2
B

)

sin2 6
B{uj ; Ũ}.(3.10)

Similarly, we can apply Theorem 2.11 to obtain
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Theorem 3.3. For fixed indexes j and m satisfying 1 ≤ j ≤ n and 1 ≤ m ≤ j,
let Uj−m+1,...,j be the m-dimensional invariant subspace corresponding to eigenvalues
λj ≥ . . . ≥ λj−m+1 and Pj−m+1,...,j be the HB orthogonal projector on Uj−m+1,...,j .
If

min
i=1,...,j−m

|λ̃i − λj | 6= 0,(3.11)

then

0 ≤
λ̃j − λj

λ̃j

≤ ‖(I − Q̃ + P̃1,...,j−m)Pj−m+1,...,j‖
2
B

≤

(

1 + max
i=1,...,j−m

λ̃2
i λ

2
j

|λ̃i − λj |2
‖(I − Q̃)T P̃1,...,j−m‖2

B

)

‖(I − Q̃)Pj−m+1,...,j‖
2
B ,(3.12)

where P̃1,...,j−m is the HB orthogonal projector onto Ũ1,...,j−m = span{ũ1, . . . , ũj−m}

(if j = m we set P̃1,...,j−m = 0 and do not use (3.11)). If m = j, the present theorem
turns into Theorem 3.1; if m = 1, it turns into Theorem 3.2.

Let us finally reformulate Theorem 3.3 in the context of the multiple eigenvalue
by analogy with Corollary 2.12.

Corollary 3.4. Suppose that the eigenvalue λp, where p > 1, has multiplicity
q > 1, so that

λp−1 < λp = λp+1 = · · · = λp+q−1 < λp+q(3.13)

holds, and that p + q − 1 ≤ n. Suppose that

min
i=1,...,p−1

|λ̃i − λp| 6= 0.

Then, for j = p, . . . , p + q − 1, we have

0 ≤
λ̃j − λp

λ̃j

≤ ‖(I − Q̃ + P̃1,...,p−1)Pp,...,j‖
2
B

≤

(

1 + max
i=1,...,p−1

λ̃2
i λ

2
p

|λ̃i − λp|2
‖(I − Q̃)T P̃1,...,p−1‖

2
B

)

‖(I − Q̃)Pp,...,j‖
2
B ,(3.14)

where P̃1,...,p−1 is the HB orthogonal projector onto Ũ1,...,p−1 = span{ũ1, . . . , ũp−1}
and Pp,...,j is the HB orthogonal projector onto any j − p + 1-dimensional subspace
of the eigenspace Up,...,p+q−1 corresponding to the eigenvalue λp. The main term, the

multiplier ‖(I−Q̃)Pp,...,j‖
2
B, in (3.14) can be replaced with sin2 6

j−p+1{Up,...,p+q−1, Ũ}
by choosing the projector Pp,...,j in the optimal way, where the angle is measured in
HB.

3.2. Comparison with known asymptotic estimates for eigenvalues. Es-
timate (3.10) should be compared with estimates of Vainikko [16], Chatelin [7], and
Babuška and Osborn [3], which address a slightly different context that we now de-
scribe.

In addition to all assumptions of the previous subsection, let {Uh} be a family of
finite dimensional subspaces of HB , depending on a parameter h > 0 called the mesh
parameter. For a fixed h, we use Uh = Ũ as the trial subspace for the variational Ritz
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method. Let Qh = Q̃ be the HB orthogonal projector on Uh. We make the following
approximability assumption on the family {Uh}:

‖(I − Qh)u‖HB
= inf

vh∈Uh
‖u − vh‖HB

→ 0 as h → 0, for each u ∈ HB .(3.15)

To be consistent with our new h-based notation, we denote the approximate eigen-
values by λh

j = λ̃j and the corresponding eigenvectors by uh
j = ũj . It is well known

that under assumption (3.15) we have λh
j → λj as h → 0 for each fixed j.

We compare our results to estimates of [3, 7, 16] that are asymptotic, h → 0,
upper (and lower) bounds for the ratio (λh

j − λj)/λ
h
j in [7, 16] and for the ratio

(λh
j − λj)/λj (notice a slightly different denominator) in [3]. Since

λh
j − λj

λj

=
λh

j − λj

λh
j

+
(λh

j − λj)
2

λjλh
j

,

where the second term in the sum on the right can be asymptotically ignored, the
results of [7, 16] asymptotically estimate the same eigenvalue error as those of [3].
Results of [3] provide upper bounds for (λh

j −λj)/λj that trivially also serve as upper

bounds for (λh
j − λj)/λ

h
j . Moreover, it is possible to show that the lower bounds for

(λh
j − λj)/λj in [3] also hold for (λh

j − λj)/λ
h
j without any changes. Here, we will

formulate all the results (except for (3.23)) in terms of (λh
j − λj)/λ

h
j to be consistent

with our estimates.
We start our discussion with the case of a simple eigenvalue λj and later turn

our attention to the case of multiple eigenvalues. The convergence rate for a simple
eigenvalue is determined by the following well known result: let real rh

j be defined by

0 ≤
λh

j − λj

λh
j

=
(

1 + rh
j

)

‖(I − Qh)uj‖
2
B ;(3.16)

then rh
j → 0 as h → 0; see Subsection 18.6 (pp. 285–286) of [16] and Subsection 6.2

(pp. 315–317) of [7]. Babuška and Osborn [3] showed that

|rh
j | ≤ dj sup

‖g‖D=1

‖(I − Qh)Tg‖2
B → 0(3.17)

and that, cf. (2.9),

|rh
j | ≤ dj sup

‖g‖B=1

‖(I − Qh)Tg‖B → 0,(3.18)

where dj > 0 are unknown generic constants.
Our present estimate (3.10) using the h notation takes the form (3.16) with

rh
j ≤ max

i=1,...,j−1

(λh
i )2λ2

j

|λh
i − λj |2

‖(I − Qh)TP h
1....,j−1‖

2
B .(3.19)

The first multiplier in the right hand side of (3.19) is asymptotically (as h → 0) a
constant,

(λh
i )2λ2

j

|λh
i − λj |2

→
λ2

j−1λ
2
j

|λj−1 − λj |2
,
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provided that the eigenvalue λj is simple. The second multiplier is bounded by

‖(I − Qh)TP h
1....,j−1‖

2
B ≤ ‖(I − Qh)T‖2

B

= sup
‖g‖B=1

‖(I − Qh)Tg‖2
B

≤
1

λ1
sup

‖g‖D=1

‖(I − Qh)Tg‖2
B ;

thus, our estimate (3.19) is an improvement of both estimates (3.17) (our constant is
explicitly written) and (3.18) (we have the small multiplier squared) of [3]. However,
our estimate (3.19) provides only an upper bound for rh

j , while (3.17) and (3.18) also

give the lower bounds because they estimate the absolute value |rh
j |. Let us note that

the denominator |λj−1−λj |
2 may be small, but the term in the numerator is bounded

from above by a constant times sup‖g‖D=1 ‖(I − Qh)Tg‖2
B → 0 as h → 0.

Now suppose eigenvalue λp has multiplicity q, so that (3.13) holds, and let
Pp,...,p+q−1 be the HB orthogonal projector on the q-dimensional eigenspace, cor-
responding to λp = λp+1 = · · · = λp+q−1 as in Corollary 3.4. Vainikko in Subsection
18.6 (pp. 285–286) of [16] and Chatelin in Subsection 6.2 (pp. 315–317) [7] prove that

0 ≤
λh

j − λp

λh
j

=
(

1 + rh
j

) ‖(I − Qh)Pp,...,p+q−1u
h
j ‖

2
B

‖Pp,...,p+q−1uh
j ‖

2
B

, j = p, . . . , p + q − 1,(3.20)

where rh
j → 0 as h → 0. An evident difficulty in using estimate (3.20) for a priori

error analysis is that the approximate eigenfunctions uh
j+i−1 are not known a priori.

If we consider the worst case, it leads to the estimate, which bounds the error for all
q Ritz values, using

‖(I − Qh)Pp,...,p+q−1‖
2
B = sin2 6 {Up,...,p+q−1;Uh}.(3.21)

Let us remind the reader that an angle without an index denotes the largest angle,
according to our agreement in Subsection 2.2, and that in this and the previous
subsections all angles are measured in HB .

In some cases, see [2, 4] for an example, the eigenspace may be spanned by
eigenfunctions of different approximation qualities, and it is interesting to analyze
how this affects the error for different Ritz values. As mentioned in the Introduction,
such results were first proved by Babuška and Osborn in [2]. In [3], they completed
such analysis for the smallest of the q Ritz values, using

inf
u∈Up,...,p+q−1, ‖u‖B=1

‖(I − Qh)u‖2
B = sin2 6 1{Up,...,p+q−1;Uh},(3.22)

which depends on the approximability of the most easily approximated eigenfunction
in the eigenspace. Thus, estimates based on (3.21) and (3.22) represent two extremes:
(3.21) uses the largest angle and serves to estimate the largest error (thus effectively
all q errors at once), while (3.22) uses the smallest angle and can estimate only one,
the smallest, eigenvalue error.

For the intermediate multiple eigenvalue error, Babuška and Osborn in [3] estab-
lished the following result: let for j = p, . . . , p + q − 1 the quantities rh

j be redefined
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by

0 ≤
λh

j − λp

λp

=
(

1 + rh
p

)

inf
u ∈ Up,...,p+q−1,

u ∈
(

Uh
p,...,j−1

)⊥B
,

‖u‖B = 1

‖(I − Qh)u‖2
B ;(3.23)

then

|rh
j | ≤ dj sup

‖g‖B=1

‖(I − Qh)Tg‖B ,(3.24)

with generic constants dj > 0, and where the orthogonal complement
(

Uh
p,...,j−1

)⊥B

is taken in HB . In [4], it is shown that rh
j in (3.23) are bounded, but more detailed

estimates (3.24) appear only in [3].
We note that the constraints on u in (3.23) are similar to those in (2.25) except

that (2.25) involves orthogonalization to all previous Ritz vectors, while (3.23) only
needs orthogonalization to previous Ritz vectors corresponding to the multiple eigen-
value under the consideration. Both (2.25) and (3.23) are not truly a priori estimates
since their right-hand sides depends on Ritz vectors that are not known a priori.

In contrast, our estimate (3.14) can be formulated as follows: let for j = p, . . . , p+
q − 1 the quantities rh

j be yet again redefined by

0 ≤
λh

j − λp

λh
j

=
(

1 + rh
j

)

sin2 6
j−p+1{Up,...,p+q−1, U

h};(3.25)

then

rh
j ≤ max

i=1,...,p−1

(λh
i )2λ2

p

|λh
i − λp|2

‖(I − Qh)TP h
1,...,p−1‖

2
B .

We have already shown that our upper bound for rh
p is better than that given by

estimate (3.24): the constant is explicitly written and the h-dependent part is smaller.
Let us turn our attention to the main term of the right-hand side of (3.25), namely,
the sin2 6

j−p+1{Up,...,p+q−1, U
h} multiplier, and demonstrate that it is smaller than

the main term of the right-hand side of (3.23) and that it can be easily estimated
from above using (2.5).

We first highlight again that this multiplier can be estimated a priori since it does
not depend on Ritz vectors, contrary to main term of the estimate (3.23). Second,
we can directly compare the main terms in (3.23) and (3.25). Indeed, by (2.4), and

since dim{
(

Uh
p,...,j−1

)⊥
∩ Up,...,p+q−1} ≥ j − p + 1, we have for j = p, . . . , p + q − 1:

sin2 6
j−p+1{Up,...,p+q−1, U

h} = inf
L⊆Up,...,p+q−1, dim L=j−p+1

sin2 6 {L;Uh}

≤ sin2 6 {
(

Uh
p,...,j−1

)⊥
∩ Up,...,p+q−1;U

h}

= inf
u∈Up,...,p+q−1,

u∈(Uh
p,...,j−1)

⊥
,

‖u‖B=1

‖(I − Qh)u‖2
B ,

so our estimate (3.25) is sharper than (3.23).
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Using the term sin2 6
j−p+1{Up,...,p+q−1, U

h} has yet another advantage: namely,
it permits the application of (2.5). Suppose the vectors {ui, i = p, . . . , p+ q− 1} form
an orthogonal basis for the subspace Up,...,p+q−1 and are arranged in such a way that

6 {up;U
h} ≤ . . . ≤ 6 {up+q−1;U

h}.

Then, by (2.5),

sin2 6
j−p+1{Up,...,p+q−1;U

h} ≤

j
∑

i=p

sin2 6 {ui;U
h}, j = p, . . . , p + q − 1.

In other words, if the eigenspace Up,...,p+q−1 is spanned by eigenfunctions of different
approximation qualities, our result assesses the quality of each of the Ritz values
corresponding to the multiple eigenvalue.

Conclusions. We derive eigenvalue error bounds for the Ritz method that have
several novel features:

• For a simple eigenvalue, our estimates improve those previously known and
provide explicit values for all constants.

• For a multiple eigenvalue we prove, in addition, apparently the first truly a
priori error estimates that show the levels of the eigenvalue errors depending
on approximability of eigenfunctions in the corresponding eigenspace.

• For clustered eigenvalues, our results provide elegant eigenvalue error bounds
that do not depend on the width of the cluster.

In the FEM eigenvalue approximation context, our results improve earlier known
results and are readily applicable for a fixed mesh without making the traditional
assumption about the mesh size being small enough.
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