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SUMMARY

We prove extension theorems in the norms described by Stokes areddperators for the three-dimensional case
with periodic boundary conditions. For the Lamaquations, we show that the extension theorem holds for nearly
incompressible media, but may fail in the opposite limit, i.e. for case of absolutely compressible media. We study
carefully the latter case and associate it with the Cosserat problem.

Extension theorems serve as an important tool in many applications, e.g., in domain decomposition and
fictitious domain methods, and in analysis of finite element methods. We consider an application of established
extension theorems to an efficient iterative solution technique for the isotropic linear elasticity equations for nearly
incompressible media and for the Stokes equations with highly discontinuous coefficients. The iterative method
involves a special choice for an initial guess and a preconditioner based on solving a constant coefficient problem.
Such preconditioner allows the use of well-known fast algorithms for preconditioning.

Under some natural assumptions on smoothness and topological properties of subdomains with small
coefficients, we prove convergence of the simplest Richardson method uniform in the jump of coefficients. For the
Lamé equations, the convergence is also uniform in the incompressible limit.

Our preliminary numerical results for two-dimensional diffusion problems show fast convergence uniform in
the jump and in the mesh size parameter. Copyr@i2001 John Wiley & Sons, Ltd.
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2 N. S. BAKHVALQV, A. V. KNYAZEV, AND R. R. PARASHKEVOV

1. Introduction

Extension theorems play a crucial role in many applications, e.g., in the theory of domain
decomposition, e.g.,5B], and fictitious domain methods, e.g11], where they describe basic
properties of the Steklov-Poin@wperators, and in homogenization, €.§9, [16, 15, 56, 34, 11].

In analysis of the finite element methods (FEM), they are needed to derive FEM error estimates
uniform in the jump of coefficients, e.g3T]. Extension theorems are also useful in a theory of partial
differential equations (PDE’s), e.g51], Appendix A, where they are proved for general Sobolev
spaces in Lipschitz domains.

In the present paper, for the Stokes equations, we use an extension of solenoidal, or divergence-free,
functions fromW;, see also10, 31, 34, 3, 5, 58]. For the Lang equations, a basic extension theorem
in the periodic case is proved i ]]. Here, we show that the Lag@rextension theorem holds for nearly
incompressible media, i.e. a theorem of extension of functionsVrlérpreserving the energy norm of
the Larré operator uniformly with respect to the parameteisA — +o is proved. We find, however,
that the Lan@ extension theorem may fail in the opposite limit, i.e. for the unusual case of absolutely
compressible media, which has important applications for gases. We study carefully the latter case,
find the corresponding new null-space, and associate it with the famous Cosserat p&ih@eng3)].

For simplicity, periodic boundary value problems for the Stokes equations, in Settiand
the Laré equations, in SectioB, with piece-wise constant coefficients are considered. Some other
standard boundary value problems can be treated similarly, or can be reduced to the periodic case
by using the fictitious/embedding domain method, see Sedéian algebraic version of which is
known as the capacitance matrix method and is popular in engineering 5&|g\WVe note, however,
that the periodic case is also very important in practice by itself as it appears naturally in traditional
homogenization procedures for periodic media.

Let us highlight that existence of an extension theorem for a continuous problem gives a hope,
but does not guarantee, that a similar extension theorem holds for a particular discretization of
the continuous problem. Establishing discrete extension theorems for some typical discretization
schemes is an important, highly technical and delicate next step in developing the theory. For the
diffusion equation, discrete extension theorems are known in many cases, e.g., for the FEM, see
[22, 62, 49, 55, 2, 50, 33, 58]. Discrete analogs of extension theorems in the present paper are
apparently not yet known.

One interesting class of applications of extension theorems has been develoge88n9, 14,

10, 17, 61, 1, 11, 4, 18, 19, 39, 3, 7, 5, 20, 21], where efficient preconditioned iterative methods for
different boundary value problems for PDE’s with large jumps in the coefficients have been proposed.
For the corresponding discrete problems, analogous methods have been suggestedl 2.d, ity [

for traditional FEM and in 35] for mixed FEM. In the present paper, we only describe algorithms

in a continuous case, for simplicity and to highlight that completely different discretization may
successfully be used, in particular, so-called “mesh—free” methods,=1.,

The main idea of our approach to iterative solution of stationary problems with highly discontinuous
coefficients can be described as follows. We suggest using a standard preconditioned iterative
solver, e.g., the preconditioned conjugate gradient method. The peculiarity is in the choices of the
preconditioner and the initial approximation. The choice of the preconditioner is determined by
the problem. Usually, a problem similar to the original one, but with constant, or slightly varying
coefficients, needs to be solved on every step of the iterative method. Several very efficient algorithms
are known for such problems, e.g., multilevel methods, and can be used for our preconditioning.
We discuss some possibilities in SectibnBecause of the special choice of the preconditioner, the
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EXTENSION THEOREMS FOR STOKES AND LAM 3

spectrum of the preconditioned system is located on a few, often just two, small and well-separated
intervals; which is the ideal situation for the conjugate gradient method. The increase in the coefficient
jump leads to the larger distance between the intervals, but does not affect their lengths. The special
constructive choice of the initial guess, which we suggest, further improves the convergence as it put
iterative errors in a special subspace, which is invariant with respect to the iterative operator. For
some classes of problems, it has been shown that the increase in the coefficient jump does not cause
deterioration in the convergence with respect to a natural coefficient-independent norm.

Some of domain decomposition methods converge similarly to our methods, i.e. the convergence
is uniform with respect to the jump in coefficients in a coefficient-independent norm, if the domain
decomposition is performed along the interface of the coefficient discontinuity. However, such version
of the domain decomposition method may be hard to program for optimal design problems. In contrast,
our approach is quite suitable for such problems, especially if the original domain is embedded in a
torus using the fictitious domain method.

There is a recent increased attention to multigrid methods for problems with jumps in coefficients,
where a typical goal is to obtain a uniform convergence in an “energy norm.” However, a uniform in
the mesh size and in the jump of coefficients convergence with respect to the energy norm does not
necessarily guarantee a similar convergence with respect to a coefficientindependent norm. The energy
norm itself does not control well the solution in subdomains with small coefficients, which may lead
in some cases to physically meaningless large errors in these subdomains.

In the present paper, some results on linear elasticity fridthdre extended to incompressible and
nearly incompressible medium. Most importantly, we finally present long overdue proofs of our results
announced inJ0].

Our results and ideas are gaining popularity in the engineering literature, see2@.80, 7, 28].
The iterative solver for the linear elasticity equations, suggestetidnand analyzed in the present
paper, has been independently rediscovered in two recent engineering publicati&. It has also
been used to compute effective elastic moduli for incompressible material with a periodic system of
pores in B].

We also note that our iterative solver for the Lamquations is simpler that that &9, but our
assumptions are more restrictive, see Reratk

We provide numerical results for the most simple FEM discretization of the two-dimensional
diffusion equation, also analyzed id|[ in Section7. While these tests are for the diffusion equation
only, they still provide a good illustration of the main idea, described above, that leads to a uniform
convergence. We find that our methods converge fast even for situations where our theory fails in the
continuous case.

Numerical results for the Laénequations, using the iterative methods we analyze in the present
paper, can be found ir2p, 54, 52, 6].

A preliminary version of the paper, without numerical results, has been published as a technical
report UCD-CCM 120, 1997, at the Center for Computational Mathematics, University of Colorado at
Denver.
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4 N. S. BAKHVALQV, A. V. KNYAZEV, AND R. R. PARASHKEVOV

2. Stokes Equations

We consider a three-dimensional periodic boundary value problem for Stokes equations in the form

Qe W] Op _ of

- A i == 1; 2) 37
o%; 0x; ox ] (2.1)
dvu = 0,
a .
whereu = (ut, Uz, Us)" and;j (u )defl [g;l al:qj}

We assume the summation on repeating indices from 1 to 3. For our periodic boundary value problem
we assume that all functions are defined on a three-dimensional unifltevitk Cartesian coordinate
system. We define the unit torus to be the unit cube with all pairs of opposite faces identified. For a
Lipschitz domainQ C T the following norms will be used throughout the paper:

def ow; Ow; 1 3
— —dx Wi (Q))3/R3
11 0= o a3 W< MA@
and 5

def . 1/2

= inf W,"<(0Q)| /R

I o ™ 00 IV Iy W w/%00)|"/
V|aQ=W
Let H be the factor space with regard to the constants fRSrof the space o$olenoidalfunctions
from [W2(T)]3, equipped with the nornj - ||[w1(T)]3' Given fij € Lo(T), a weak solution of problem
2

(2.2) is a functionu € H, satisfying

/f”ajdx Vv eH, 2.2)

whereA(u,v) d:EfZ/ H(x)€ij (u)€ij (v)dx. Let D C T be a Lipschitz domain and its complemd@htD
T

be also a domain. We assume that the viscosity coeffigignis piece-wise constant, and equals to
> 0 andy” > 0 in D andT\D correspondingly. We will need two auxiliary results.

Proposition 2.1. For any Lipschitz domai® C T there exists a constamt; = k1(Q) > 0, such that
for an arbitrary functionv € W, (Q)J3/R® a functionw € Wi(Q)]3/R® can be found for which

/Q &ij (W)eij (w)dx > Ky || w | W2 Qﬂs andw = v +Cx in Q with some3 x 3 matrix C= —CT,

not depending o € T, the vector of independent variables on the tofus

Proof. The following version of a Korn type inequality is obtained Irl] Section 5]: for a Lipschitz
domainQ on the torusT there can be found a constant= k1(Q) > 0, for which for any functiorv €

. . ow; ow;
W4 (Q)]3/R® there exist a functiow € W;-(Q)]3/R® such that/ &} (W)gij (W)dx > Kq 0 axl axl
i 04
andw = v +Cx in Q with some 3x 3 constant matri = —CT.
Copyright(© 2001 John Wiley & Sons, Ltd. Numer. Linear Algebra App2001;00:1-22
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EXTENSION THEOREMS FOR STOKES AND LAM 5

By definition,
%% H w HZ
JQ 0Xj 0X; ) ng(Q)]S
Z || || 1/2 3
[w (aQ)]

and we come to the desired inequality.

Proposition 2.2. For any Lipschitz domai® C T there exists a positive constai(iQ) < o such that
for an arbitrary functionv € [\/V21/2(6§2)]3/R3 under the conditiory{(v, n)doQ = 0, there can be found
a solenoidal extension € W4 (Q)]3/R3, for which

V12 )< Q) | V2

Proof. In [42], this proposition has been proven for a bounded Lipschitz doainR3. The proof is
applicable for a Lipschitz domain on a torus as well.
The desired solenoidal extension can also be found expliciflyas a weak solution of the following
problem:
Av+gradg=0,

divv =0,

with the trace ofv given on the boundargQ. Then, the desired estimate of the lemma is simply the
well-known stability estimate for the problem above, e 82)[O

We are now ready to prove our main extension result for solenoidal functions. Announced in our
earlier paper10], it also appeared in several different forms 8134, 3, 5, 58].

Lemma 2.1. There exists a constart= k(D) > 0, such that for an arbitrary functiow € H there
exist a functionw € H such that/ &j (W)gij (w)dx > K / &j(w)gjj (w)dx andw = v +Cx in D with
D JT

some3 x 3 matrix C= —C'independent of.

Proof. Let us apply Propositio.1 to the functionv in the domainQ = D. There exist a functiom
and a constart; = k1(D), such that

e wax >k wlE

wherew = v+ Cx in D, for some constant antisymmetric mat@x By assumption, the functionis
solenoidal on the torus, therefore it is solenoidal iD. Thenw is solenoidal irD, and its trace on the
boundarydD satisfies the following

(D)%’

j[(w,n)daD = /divwdDzo.

Next, we use Propositiod.2 for the domainQ = T\D. For w € W}(D)J3/R® there exists a
solenoidal extensiow € W (T\D)]®/R® such that

Copyright(© 2001 John Wiley & Sons, Ltd. Numer. Linear Algebra App2001;00:1-22
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6 N. S. BAKHVALQV, A. V. KNYAZEV, AND R. R. PARASHKEVOV

w2 H2

Ao S Ollw W/ 2(aD))3’
wheref = 6(T\D).
Finally,
ow; W,
2 - WS . .
|| w || 1 (T\D)]? /T\D OXJ aXJ = 2A\58|J(W)5|J(W)dx. (23)

In this way, the functionw is solenoidal on the whole tordsandw € W4(T)]®/R®, i.e.w € H; and
the following estimate holds

K
/E”(W)E”(W)dx > 2 [ sj(w)sij(w)dx,
D 8 /1o
equivalent to the one we are looking for with
1,0
K~ 2kg

O

Proof[Alternative proof of Lemma.1] One can prove Lemma 1without using traces, as suggested
by E. G. D'yakonov (private communication).

The first step is just the same as in the proof of Propositidn We use a Korn type inequality
obtained in L1, Section 5]: for the given function € W, (D)]3/R® there exist a functiow ¢
W4 (D))3/Re, such that

- - 2
Leiweimndx =kl Wi o)

wherew = v+ Cx in D with a constant antisymmetric matr® By assumption, the function is
solenoidal on the torus, thus it is solenoidal iD, and thernw is solenoidal irD as well.

The second step is different. As shown irt], for any functionw € W4(D)]3/R® there exists an
extension, not necessarily solenoidak: (Wi (T)]3/R3, such thatr = w in D and ||r||§/\121(T\5)]3 <

C(D) W%, 1,515
Ws (D)) -

Now, we setw =r +sin T\D, wheresis a weak solution to the following homogeneous Dirichlet

problem:
A(r+s)+gradg=0
div(r+s)=0,

with s= 0 on the boundargD. The boundary condition is chosen in such a way that we can estend
as zero insid®. We have a stability estimate, e.q23[ Chapter 2],

112,713y < CLD) 1y 71y
which shows that
W2 riope =I5+ T g < 2(I8 3o+ 120 mope)
< 20+ C)lr s oy
Copyright(© 2001 John Wiley & Sons, Ltd. Numer. Linear Algebra App2001;00:1-22
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EXTENSION THEOREMS FOR STOKES AND LAM 7

Combining with ¢.3) and the previous estimates, we derive the desired inequality rith=
14K IC(1+Cy). O

Let us now present an application of our extension theorem to convergence analysis of a
preconditioned iterative solver for the Stokes equations. For preconditioning, we introduce

N (v,w) def ZH*/ﬁij(V)sij(W)dX7 vv,w e H, (2.4)
T

. - 1 . .
and notice that the bilinear fornﬁ;/\*(-, -) describes a new scalar producttdrand the corresponding
norm, which is equivalent to the original noijm Hﬁ/vlmp .

2
We consider the following iterative method for problemZj:

n+1l__ ,n :
/\*(u,v)+/\(un’v) = / fij%dxa vYveH, n=0,1,..., (25)
1 T 0%

where the initial guess® € H is determined by the equation
a .
A (UOv) = / gij idx, Vv eH, (2.6)
T 0%

with o . £,(0)
[ anarbitrary function of (D) in D,
9j = { fij in T\B (2.7)

Using Lemma2.1 and arguments analogous to thoselii] [ we prove the following

Lemma 2.2. We define the subspadec H of functionsw € H such thatw = Cx in the domainD
wherex € T is the vector of independent variables on the tofuand C= —CT is any3 x 3 matrix,
independent ok. Let the subspacB C H be defined as the orthogonal, with respect to the bilinear
formA*(-,-), complement df, i.e.

AN'(v,w)=0, VveR,weN.

Then:

(a) for the initial guessi®, we haveu® — u € R whereu is the true solution of our problen? (2);

(b) R is an invariant subspace for the error propagation operator figdhe= u" —u toe™1 =u"t1—y
acting according to the rule:

En+l_$n
/\*(f,v)Jr/\(s”,v) = 0, YweH,n=01,-; (2.8)

(c) on this invariant subspace, we have
]

K—A"(v,v) <A(v,v) < max{“%,l}/\*(v,v), YWeR.

Proposition 2.3. The following equality holds:
A(v,w) = A(v,w), WeHweN.

Copyright(© 2001 John Wiley & Sons, Ltd. Numer. Linear Algebra AppR001;00:1-22
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8 N. S. BAKHVALQV, A. V. KNYAZEV, AND R. R. PARASHKEVOV

Proof. We note that;j (w) = 0 in the domairD whenw € N. Therefore,

A (vw) =240 [ e(vewdx = 2 [ o5V (W) 0=

2 . H(X)&ij (V)&ij (W) dx

2 /T H(X)ei; (V)& (W)dx = A(V,w).

Proof[LemmaZ2.2]
(a) According to the definition of the spaBe we need to verify the equality* (u® — u,w) = 0,w €
N, which is equivalent to the equality*(u,w) = A(u,w). The last equality is true by Propositi@r3.

(b) Let us consider the bounded linear oper@oH — H defined by
N (Av,w) = A(v,w), Yv,weH.

The error propagation operator fraehito €"1 is | — TA, wherel is the identity operator, i.&"! =

(I —tA)e". The statement needed to be verified is equivalent to the statemeiR than invariant
subspace for the operatér If A*(v,w) =0, v H,w € N, thenA(v,w) = 0 by Propositior2.3and,
therefore A*(Av,w) = 0 by the definition of the operatéx.

(c) The right inequality is true for any functionc H and can be proven directly. Let us verify the
left inequality. For anyw € H, we have

A(v,v) = ZH/DS” (V)Sij (v)dx + 2p* /T\ﬁ €ij (V)Sij (v)dx

> Zu/Dsij(v)sij(v)dx.

Also, by Lemma2.1, we can find a functiomv € H such thatv —w € N and

/Dﬁij(v)ﬁij(v)dx = /Dﬁij(W)sij(W)dX
. . «
> . . — * .
> K /T &j (W)gij (w)dx ZH*A (w,w)
Taking into account that € R, and using the definition of the subspaRe we can derive

N*(v—w,w) = 0, and thereforel\* (w,w) = A*(v,v) + A* (v —w,v—w) > A*(v,v). O
As a direct consequence of Lemra (cf. [11]), we obtain the following
Theorem 2.1. Let p> p* >0 and Tt = “—. Then the sequence of approximatiohs'} given by

the method 4.5 with the initial guess computed frord.6) satisfies the following convergence rate
estimate:

AU —u,u"—u) < A W0—u,u’—u), 0<g=1-k<1l

Proof. Using notations of Lemma.2, we write the identitye™! = (I — TA)e", whereg" " € R.
The operatolt —TA: R — R is selfadjoint and is a contraction in the scalar produitt:,-), which
follows from statement (c) from Lemma2 that in operator form readsp/p*l < A < p/u*l. For
example, when = p* /uwe obtain 0< | — tA < gl, which had to be provenl

The theorem shows uniform, with respectifg O < p* < p, convergence of the method. The next
theorem demonstrates that the initial error in our iterative method is uniformly bounded under some
natural assumptions required to have a possibility of taking the fimit O, cf. [11].

Copyright(© 2001 John Wiley & Sons, Ltd. Numer. Linear Algebra AppR001;00:1-22
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EXTENSION THEOREMS FOR STOKES AND LAM 9

Theorem 2.2. Let u> p* > 0, where [ is fixed. Let also
tl’{(FD—GD)CD} =0, (2.9)

where I and & are averages irD of the matrices = (fjj) and g= (gi;), and G is an arbitrary
3 x 3 antisymmetric matrix, £ = —CB, such that there exists a continuous single-value branch of the
multi-place function §x |p restricted onD, see [L1].

Then, the initial guess computed frofh€) satisfies the following estimate:

1 gl?
A W—uul—u) < const(H* +[If2 1 9>,
W lligrye )

where here and below const denotes a generic constant independént of p

Proof. We write

AW —u,v) = AC,v) /f.,ajdx Vv eH (2.10)

and write the vectov € H as an orthogonal sum with respectt(-, ) ,
V=VN+VR, VN €N, VRER.

We will now show that all terms containingy in (2.10 vanish.

For the left hand side)\(u® — u,vy) = 0, because of Propositich3, asu® —u € R by Lemma2.2
andvy € N.

For the right hand side, using Propositi®s3, we rewrite the first term

AW, vy) = A* (U, vy) /g.J ax)JdX
|

using the definitionZ.6) of u° for the last equality. Making that substitution, we obtain the right hand
side of £.10) in the form

o(v o(v
/T(gij = fij) (aX)JdX—/(gij —fij) (ax,)JdX

asvy € N, and this value is zero owing to conditio®. ).
Thus, we just proved that it is sufficient to take= R in (2.10). Lemma2.2 states that® —u € R
and the symmetric bilinear ford\(-, ) is coercive and bounded on the subsp@aeith respect to the

form uﬂl\*(- -) with constantx and 1 respectively.

We now estimate the norm, with respect to lﬁgief\ ) scalar product, of the linear functional of

the right hand side of2(10. We will not use the fact that € R in our arguments below.
For the first term,

AW < AW, UAW,Y) < (5) A (WA (V)
where
1 0,,0 9
—A\*(u”,u”) < const . (2.11)
[La(T)]®
Copyright(© 2001 John Wiley & Sons, Ltd. Numer. Linear Algebra AppR001;00:1-22
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10 N. S. BAKHVALQV, A. V. KNYAZEV, AND R. R. PARASHKEVOV

For the second term,

/f”ajdx

with a constantonstindependent oft*.
We now combine the two estimates to obtain
2
< const ‘ =
i

0vj 1
0 J 2 *
A(u ,v)f/T fija—xidx ~ [L2<T>]9+||f|“_2(m9> E/\ (V,V).

Therefore, problemZ, 10 is well-posed in the subspa&eof H, and the stability estimate holds.

const
< ||f‘|[2L2(T)]9||V“[2\/v2}(T)]3 < ||f||[2|_2(T)]9TA (V,v), veH,

g 2

Remark 2.1. The coefficient {x) can be variable irD. Letkxp < p(x) < p for almost allx € D, where
X and p are positive constants. Then Theotefinholds with g= 1 —kx < 1. Actually, only statement
(c) of Lemma2.2 changes and the corresponding inequalities can be replaced by

Kx“%/\*(v,v) <A(v,v) < max{u%,l}/\* (v,v), VER.

Remark 2.2. One can relax the requirements for connectivitypodnd T\D. Let D consists of finite
number of Lipschitz domain®; with non-intersecting closures and each connected component of
T\D satisfies the condition (L). We can change the formulation of Leuh&n such a way that

w =V + ¢ +Cix in D; with some constant vectocs and 3 x 3 matrices ¢ = —CiT different in every
connected componeBi. Then Lemma 2.1 is valid and hence, Theogir(compare to 8, 9]).

3. Lamé Equations

Following [9, 11], we consider a three-dimensional periodic boundary value problem for the isotropic
linear elasticity (Larg) equations:

26[“(X)€ij ()] n OA(x)divu] _  ofj

0X; 0Xj TXi’
ouj N Ouj}
210x; 0% |
We re-define the spadé = def WA (T)]3/R8, i.e. we no longer require vectors kh to be solenoidal.
Then a weak solution to problerfi.(), given fi; € Lo(T), is a functionu € H such that

=123, .1

whereu = (u, Up,uz) " ande;; (u )defl [

av
A(U,V) /fu de Vv eH, (3.2)

whereA(u, v) /[Zp( )€ij (U)gij (V) + A(x)div u divv]dx. We assume that Laéncoefficients\(x)

andy(x) are piece-wise constant and equalXop) and(A*, i) in D andT\D correspondingly. Also,
we assume

2 2 K*
W > 0K =A+Su> 0K =\ + 51 >00<n< 20 <nt, (3.3)
3 3 o K
for some constant < 1.
Copyright(© 2001 John Wiley & Sons, Ltd. Numer. Linear Algebra AppR001;00:1-22
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EXTENSION THEOREMS FOR STOKES AND LAM 11

Lemma 3.1. Under the assumptions (39, we have the following estimates:

2uy; ;e P+l 382
F‘B

O<a< :
uryilaP+A g

a_mm{ }[3— ax{ T3 K*} >n>0,

* ) K*
where z'#, i,] =1,2,3are arbitrary real numbers, not all equal to zero.
. . L X+ K
Proof. First, we re-write the fraction in the forrﬁjxj:i}(i;, where

1 ,
X:ZE\a'j—ééijZalﬂz7 and y:|lza1!|2-

Then, we use the well-known inequalities

p K ux+ Ky
— < 7 <K
min R S TRy max( £, X},

which are valid fony, ui* > 0,x,y > 0, andK,K* > 0 to obtain the result

IJ*’K*

Corollary 3.1. The constants andf3 are actually bounds for the ratio of the squares of the following
energy norms:

/D (2481 (W)Eij (W) + Aldiv w]?dx
/D[Zu*sij(w)sij(W)+7\*|divw|2]dx
Proof. Noting thatejj(w) € L»(D) and applying LemmaB.1 with aij = &jj(w(x)), x € D almost

everywhere, we obtain the estimates by integrating the numerator and the denominafr@ver
Let us define oM the following bilinear form:

0<a< <B, vweW;(D)]}/R.

A*(U,v) ‘jﬁfZH*/sij(u)sij(v)+)\*/divudivvdx,
JT JT

and let the forms\j(u,v) and /\;\D(u,v) be defined in the same way, except for the domain of
integration.

*

K : -
Theorem 3.1. Let 3 > & > 0. Then, there exist a positive constant k (8, D), such that for every
v € H there exist a functionv € H, such thatAj(w,w) > kA*(w,w) andw = v+Cx in D, where
C = —CT is some3 x 3 matrix independent of.
Proof. Let us choose a fixed function; € H, such thatj{(wf,n)daD = 1. For example, if the

domainD does not wrap around the tor@isin the direction ofx;, one can chooset = (Xg,X1,X1).
Then, by Propositio.1, there exist a constarf = K1(D), such that foivv € H there exist a function
w € W4 (D)]3/R3, such that

e 0 ) = ka2
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12 N. S. BAKHVALQV, A. V. KNYAZEV, AND R. R. PARASHKEVOV

andw = v +Cx in D, whereC = —C" is some 3x 3 matrix independent ok. Settingws =
W—Wjp j{(w7 n)daD in D, we havews € W+ (D)]3/R® and]{ (ws,n)doD = 0. Then, by Propositio8.2,
there exists a solenoidal extensioge W, (T\D)]3/R® satisfying

WelRugrme < OIWSI 2
with some positive constart = 6(T\D). Now we can extendv from D into T\D by w = ws +

Wi f(w,n)daD , and therw € H with

Ay (W, w) < 2( 15 (Ws, W) +/\T\D(wf,wf)¢(w)) ,

where®d(w) = \}{(W, n)daD|?. Let us estimate each term on the right-hand side separately. First,

Aol we) = 20 [ ey () < Wl 1 <

GU*”WS”;Nzl/z < ZGU*{||WH§N21/2( +e1P(w)} <

(@D)3 oD
1
260 (- /D & (W)ei (W)dX + c d(W) ),

with ¢ = ||ws|? WD) In the above inequalities we have used thatvdjv= 0 in T\D, and

Wg =W — W j{ (w,n)doD onaD.
Second, using* < K*, we have
A7\ 5(Wr, W) = 2lco+A"cs < 2o+ K e,
with Cg:/ _&j(wy)gij (we)dx and03:/ ~ |div ws 2 dx.
T\D T\D
Finally, using the Cauchy inequality, we get
w) = | %(W,n)daD|2 =| / divwdx|? < me$D)/ |div w|?dx.
. JD D
Combining the above estimates, we obtain

AL (W, w) < 2u$/ eij(w)sij(w)dx+)\$/ |div w|?dx,
T\D D Jo

wherep® = 200 ndas = (4p* (Bcy + ¢2) + 2K*cz)megD).
K1

Now, by settingu = pu® andA = A® in the assumptions of Corollarg.1 and taking into account

% > 0> 0, we get
/\;\B(W, w) < BAL (w,w),
1 L .
where[3$ 2max 0 me$D) +c1 p +2c2+0dc3| ¢, Which is equivalent to the
K1 3kim $D)

desired i lity withk = ——. O
esired inequality wi 1
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EXTENSION THEOREMS FOR STOKES AND LAM 13

Remark 3.1. A weaker version of Theore®l has been proven inlfl], where the constark — 0in
. e K* :
the incompressible limit, i.e. Wheﬁb — 400, In contrast, the constamtin TheorenB.1depends only

*

K . . . . o
on the lower bound on“? and thus does not deteriorate in the incompressible limit.

Next, we show that the result of Theoredril is sharp in the sense that, in general- 0 when
K— — 0.
“*
Lemma 3.2. If the domainD does not wrap around the tords then there exist a nontrivial function
v € H, such that for any functiow € H, such thatw = v +Cx in D, for some3 x 3 matrix C= —C"

- NG (w,w K C .
the ratio /w —0 asw — 0. Namely, an example of such vector function(is) = x in D and
extended as a function {V3(T)]® outsideD.

Proof. First of all, the fact that functiow(x) = x in D can be extended to the whole torus in
W2 (T)]® follows from extension arguments id]]. For this function,g(v) is a spherical tensor in
D, i.e.&j(v) = W(x)&;j in D, namely, with®(x) = 1. For anyw € H, such thatv = v+Cx in D, we
havee;j (W) = &jj(v) = W(x)&;j in D. Then, on one hand

/\E(W,W)ZZU*/ sij(v)sij(v)der)\*/ \divv|2dx:9K*/ W2(x)dx.
D D D
On the other hand, we have
/\*(W,W)=2|J*/Eij(W)Eij(W)dX—&-)\*/ |div w|2dx =
T T

* %%dm-()\’w—u*)/ |div w|?dx > (\* +u*)/ |div w|? dx,
T 0Xj 09X T T
. . 1 .
after integrating by parts. Now we use the assumpiion> 0 to replace\* + u* > 5“*' and integrate
over the smaller domaib to obtain

A (W, W) > }u*/ |divw\2dx:3u*/ W2(x)dx,
3" Jo D

where we have used the identities div= div v = 3¥(x) in D. Therefore,
N K*
D(W7W) 3

A (w,w) T
O
In Lemma3.2, we give only an example of a function In the next section, we find all such

functions.

Remark 3.2. If D wraps around the toru§ at least in one direction, it seems possible to prove
. K* . . .

Theorem3.1 even if — — 0. One approach is to try to estimat;(w,w) from below directly

using arguments similar to those applied to other types of boundary value probler8].iOther
possibilities are using results 058] on Cosserat eigenproblem, or adopting arguments frd3j.[We
discuss it in some more details at the end of the next section.
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14 N. S. BAKHVALQV, A. V. KNYAZEV, AND R. R. PARASHKEVOV

The rest of this section is very similar to the last part of the previous section.

Lemma 3.3. Define the spac®l c H of functionsv € H of the typev = Cx in the domainD where
x € T is the vector of independent variables on the tofysand C= —CT is some3 x 3 matrix,
independent af. Let the subspack C H be defined by the formul&* (v,w) = 0,vv € R,w € N.

Then:
a) for the initial guessi®, we haveu® —u € R;
(b) R is an invariant subspace for the error propagation operator figdhe= u" —u toe™ 1 =u"t1—y
acting by formula 2.5) according to the rule:
sn+1 _gn
/\*(f,v)Jr/\(e“,v) = 0 YveH,n=0,1,...; (3.4)

*

. K I .
(c)if 3 > 0 > 0, then on this invariant subspace we have

KaA*(v,v) <A(v,v) < max{B,1} A"(v,v), WeER,

: K K . . .
wherea = mln{“—%, W}’ B= max{u%, W}’ andk is determined in Theoref 1
Proposition 3.1. The following equality holds:
N(v,w) = A(v,w), WeHweN.

Proof. We note that;j (w) = 0 and divw = 0 in the domairD whenw € N, and therefore,

N (v,w) = 2u*/sij(v)sij(w)dx+)\*/ div v div wdx
T
2u*/ sij(v)aij(w)der)\*/divvdivwdx
T\D T\D

/ _{2u(x)Eij (v)&ij (W) + A(x)div v div w} dx
T\D

/T{Zp(x)eij (V)&ij (W) +A(x)div v div w} dx

A(v,w).

Proof[Lemma3.3]

(a) and (b) can be proven exactly like in Lemth@, except we need to use Propositi®i now.

(c) The right inequality is true for all functionse H and can be proven directly by CorollasyL
The left inequality can be shown as follows. For any H we have

AV,Y) = /T (2008 (V)& (vV) - AX)|div V2 dx >
| (2 (v)eg () +AdivvEYax >
a D{Zp*sij(v)sij(v)+)\*|divv|2}dx = aly(v,v),

by Corollary 3.1. Next, by TheorenB.1 there exist a functiow € H, such thatv —w € N and

N5(v,v) = AS(w,w) > kA*(w,w). Noting thatv € R and using the definition of the spa&e we

getA*(v—w,w) =0, and therefore)\* (w,w) = A*(v,v) + A" (Vv —w,v —w) > A*(v,v). O
Lemma3.3implies the following
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EXTENSION THEOREMS FOR STOKES AND LAK 15

K* K

Theorem3.2.Let — >8>0, B = max{ﬁ,—
u* K*

approximations{u"} given by the method(5) with the initial guess computed frora.¢) satisfies
the following convergence rate estimate:

1
} > 1 and 1T = =. Then the sequence of

AU —u,u"—u) < PN (W0—u,u®—u), 0<g=1-kn<1l

Proof. The proof is the same as in Theor@m, except that we use Lemn3a3now. O
We can also prove an estimate for the initial error, analogous to that derived in the previous section
for the Stokes equations.

4. Null-Space Corresponding to the Absolutely Compressible Media

In this section, we characterize a null-space of the quadraticAgy(w,v), v € Wi (D)]3 with K* = 0.

To that end, we need to introduce some notations[Lbe a Lipschitz domain on the tordsthat
does not wrap around the toru®(D) denotes the space of functions@¥ (D) with support inD
equipped with the standard topology, aP D) denotes the space of all continuous linear functionals
(generalized functions, or distributions) @(D). We shall use the same notatiaf,(D), for spaces
of generalized vector/tensor functions with finite number of components as well.

0 76)(3 aXZ aXl Vl
curl= Oxs 0 —0y |,grad=| 0y, |,v=1[ W
_axZ axl O a)(3 V3

For composite operations, we simply use rules of matrix operations, e.g., the strain tensor can be written
as

g(v) = % (gradv™ + (gradv™)T)
and the second order differential operator (ﬁ(mUrIT)T), acting on a given second order tenspis

curl((curlt)™) =

0 —0y; Oy 0 —0x Ox W Tz T\ |
ax3 0 76)(1 ax3 0 76X1 T21 T22 T23
—0x, O 0 —0x, Ox 0 Ta1 T3z T33

Let us recall a necessary condition for a symmetric tensor to be a symmetric part of a gradient of a
vector, i.e. the Saint-Venant compatibility conditions for a strain tensor:

Proposition 4.1. Let v € 2/(D) be a generalized vector function with three components. Then
curl ((curle(v))T) = 0 (in a sense of distributions).

Proof. In ©'(D) we can interchange an order of differentiation, thus the well-know identity
curlgrad = 0 holds.
Using standard rules of matrix operations, we get

2curl((curle(v))T) = curl(((curlgrad)v")T) + curl((curl(gradv™)")T) =
0 +  (curlgrad)(curlv)T = 0.
O
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16 N. S. BAKHVALQV, A. V. KNYAZEV, AND R. R. PARASHKEVOV

Lemma 4.1. The kernel of the quadratic formy;(v,v), v € W} (D)]3, with K* = 0, in addition to
the standard rigid body motions (translations and rotations), consists of the following 4-dimensional
space:

X1 32 —x3—x3) X1X2 X1X3
spa X |; X1X2 | 308-x%-x3) |; XoX3
1
X3 X1X3 XoX3 3(X5— X2 —x3)

Proof. We note that the following decomposition of the strain tensor
1
e =&l +ed 1 =9,
into a spherical par%siil = YW(x)I with a functionW(x) = %sii, and a deviatoric pag” leads to
No(v.v) =K* [ ()220 [ el (e (vdx, ve WD)
JD D

WhenK* = 0, the kernel of the quadratic form is, therefore, the same as the kernel of the first-order
differential operatoed(v) acting onv € W4(D)]. In the rest of the proof, we shall find the kernel
of €9(v) in a larger space, namely,c 2/(D); and we shall see that all generalized functions of the
kernel in?Y (D) are, actually, smooth functions in the Sobolev space we nee@¢D)]3. Such an
approach is used 6] to find the kernel ok(v).

Whened(v) = 0, the decomposition of the strain tensor given above shows thats a spherical
tensore = W(x)I. For a spherical tensor, the statement of Proposiidsimplifies to

curl ((curll W(x))T) = —curPW(x) =0,

which is equivalent to equations
Y
0% 0X;

=0, IaJ =123,

i.e. the distributior has all its second order derivatives vanishing. TRE&) € spar{1,x1,X2, X3}
necessarily.

Now, we need to find € 2'(D) as a solution of the equatiatv) = W(x)l. Direct computation
shows that plugging every given basis vector of the subspaceffom the statement of the lemma
into £(v) indeed produces the corresponding functié(x) = 1, x1, X2, or X3. We note that for a given
generalized functiot! the solutionv € 2/'(D) of the equatiore(v) = W(x)l is unique up to a rigid
body motion, as ifv is another solution, theg(v —w) = 0 and the standard arguments, e.g0],[can
be applied. Thus, the subspace of the statement of the lemma is the kernel of the czﬁ(;vaﬁorthe
space of distributions. Every generalized function in the subspace is smooth and can be considered as
an element of the Sobolev spad (D)]2 as well, which completes the proaf.

Remark 4.1. The four vector functions in Lemmal are the four eigenfunctions of the Cosserat
eigenproblem with Neumann boundary conditions corresponding to the eigenvahie see b3].

For a sphere, those functions were found in 1901 by&begand Francois Cosseraf$, 26]. The
Cosserat eigenproblem has attracted a significant attention recently2deé?, 48, 44, 45, 40, 46).

In the next lemma, we show that if we fix the functierin Theorem3.1 and allow the constam
depend orv, then functions from the kernel, and only those, can cause trouble.
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EXTENSION THEOREMS FOR STOKES AND LAM 17

Lemma 4.2. Letv € H be fixed and K/p* — 0. Then there exists a constaq(tv) > 0, such that
M >K as Kf N 07
N*(V,V) Ty

if and only ifv does not belong to the null-space/g (-, -) with K* = 0.

Proof.If vis in the kernel, then;j (v) is a spherical tensor and all the arguments of Leririapply.
If v is not in the kernel, then the deviatoric part of the strain tee$ar) # 0; and we have

s (v,v) /Zp el (V) (v) dx> /Zp £ (V)] (v) dx
A*(v v> RSSAY (3K +20) V[ )
To obtain the last inequality, we use

*(v,v) = W /%bdwr )\*+u*)/|divv|2dx§
j0

" 0V 0V " ov; 0V * * 2
o et a0 e /——d = (3 +240) [V Bg 10

4.1)

We complete the proof by taking the I|mhk —0in(4.2).0

Remark 4.2. Let now the domai wrap around the torug at least in one direction. Then none of
the functions of Lemmé. 1 can be realized, and the null-space/g (v, v) with K* = 0 may consist
only of some standard rigid body motions (translations and rotations). This gives us hope that for such

a domainD the statement of Theore®nl holds even an — 0. The proof is outside of the scope of

the paper; however, we want to highlight some arguments
Without loss of generality, we set i 1. Let 1 > K* > 0. We notice that the term\*(w,w) is

uniformly (in K*) equivalent to/ &j (w)gjj (w) dx. Thus, if we could prove that
T

N (W, w) > C/Dsij(w)sij(w) dx

uniformly in K*, then we would be able to use Theor@rhin its current form to conclude that it holds
when K — 0 as well, provided thaD wraps around the torus.
In the worst case, when'k= 0, the estimate above takes the form

/Dsidj (W)ef] (w) dx > C/Daij (w)gij (w) dx, Yw € W (D)]3.

We can ignore rigid body motions here as they are in the null-space of both quadratic forms.

One can try to establish the inequality directly using arguments similar to those applied to other
types of boundary value problems ih3. A simpler possibility is adopting arguments used 48]
pp. 28-34, to prove the Korn-type inequality.

Yet another choice is applying results 6f3], where it is proved that the value*= 0 corresponds
to the extreme eigenvalue of the Cosserat eigenproblem with second-type boundary conditions, and this
eigenvalue is isolated and that of finite multiplicity, see the previous remark. We cut our domain to get
a new domain that does not wrap around the torus so results3)idan be immediately applied. Now,
functions on our original domain form a subspace in the space of functions on the new domain. This
subspace has only a trivial intersection with the finite-dimensional eigenspace found in lefma
Then, the desired estimate can be obtained using known theory of the Rayleigh—Ritz meth86].e.qg., [
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18 N. S. BAKHVALQV, A. V. KNYAZEV, AND R. R. PARASHKEVOV

5. Solving The Preconditioner Problem

In order to compute the initial guess.€), and at any iteration step of the proce3$), we need to find
a solutionu € W5 (T)]®/R3 to Stokes or Laré equations

PAu+gradp = g,
div u 0 (Stokes), (5.1)

divu (Lamé).

A+u

The following theorem was first suggested by Kobelkov3g] [for a specially constructed finite-
difference approximation tc(1).

Theorem 5.1. The solution to problent(1) is given by
pu =A"1g— A 'graddivAlg

for the Stokes equations, and by

uu = A~1g—Agrad

Al g
)\+2“d|vA g

for the Lang equations.

Proof. After applying the div operator on both sides of the first equation5ii)( and using
)\+2up

A+
correspondingly. Then we plug the solution to the Poisson equation back into the first equation.

the identity Adiv = divA for our periodic case, we get a Poisson equation gpror

Remark 5.1. In the above derivations we never used tha$ a constant, and therefore, the theorem
holds for variableA in the mterval—éu < A(X) < +o0. Thus, it is workable to use a preconditioner

with variableA, as it was suggested by Kobelkov 89] for a somewhat more complicated method. In
[39], that makes possible removing the assumption
HK* -1
0 <——X
<nN= K S n-
which we need in3.3). In the present paper, we do not explore effects of using a preconditioner with
variableA in our iterative solver 2.5) applied to the Lar@ equations.

Once problem §.1) is reduced to six scalar periodic boundary value problems for the Laplace
operator, one can apply a variety of efficient solvers, like separation of variables, or multilevel methods.
Also, if we interchange the places &f ! andgrad, the number of scalar equations can be reduced to
four. _

One can directly apply the Fourier method to probléni) find the unknown scalanﬁh,nzm, j=
1,2,3 andcn n, ny, such that

W)~ S Ch iy €XP(2TH(N1X1 + X + NaXa) )
n1,n2,N3

PX)~ Y Cnynyng €XP(27H(N1X1 + NpX2 + N3Xa)) -
n1,N2,N3
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EXTENSION THEOREMS FOR STOKES AND LAM 19

There is also another version of the above method. We find, by solving a system of ordinary
differential equation, unknown functioné;l’nz(@), j =1,2,3 andcn, n,(X3), such that

uj(x)~ ch ny (Xa) €XP(21 (N Xg + NpXz))

Ny,

P(X)~ > Cnynp(Xa) €XP(2 (N1X1 + N2X2))
np,No
The latter method is applicable not only on a torus, but also on a cylinder with homogeneous boundary
conditions specified at the top and the bottom.

6. Method of Fictitious Domains

One can obtain an iterative method for solving probl@)(with p(x) = 0 in T\D (and for problem
(3.1 with u(x) = A(x) =0inT\D) by lettingu* — 0 in (2.5—(2.6) (and\* — 0 with u*/A* = /A in
the case of problenB(1)).

Similarly, by lettingp — 400 (andA — +oco0 with u*/A* = p/A in the case of problem3(1)), we

obtain an iterative method for solving probleh 1) with m =0in D (and in case of problenB(1)

with 1/u=1/A = 0 in D). These types of problems arise (ct1]) when the method of fictitious
domains is applied to boundary value problems of the first and second kind.

Mixed boundary value problems can be reduced to boundary value problems on a cylinder by
applying the fictitious domains method. For example, let us consider thet legnations with
coefficientsA andp in D, whereD is a brick. Let the homogeneous Dirichlet boundary conditions
be specified on the horizontal facesbaind the Neumann boundary conditions everywhere else. Then
we consider a fictitious bricl containingD, and having the same height, but larger length and depth.
Onm we consider the Lamequations with the homogeneous Dirichlet boundary conditions specified
on the horizontal faces and periodic boundary conditions at other pairs of opposite faces. We choose
some small coefficienk*, while keepingp*/A* = p/A. Specifying periodic boundary conditions is
equivalent to identifying the corresponding facemofe. we have re-formulated a problem on a brick
to one on a cylinder. Now we can apply all results from Secfdo the problem on a cylinder. In
this way, by letting in 2.5—(2.6) i* — 0 andA* — 0, we obtain an efficient iterative technique for the
original mixed boundary value problem with convergence rate uniforinag\ — +oo.

Remark 6.1. If the original problem possesses (odd or even) symmetry with respect to one or more
coordinate planes, then the solution will have the same symmetry. In that case, all approximations in
(2.5-(2.6) will have the symmetry property. This allows us to solve the problem only on a part of the
torus by imposing on the planes of symmetry boundary conditions of the third or fourth kind. The above
statements hold also for the problem on a cylinder instead of the torus.

7. Numerical Results

In this section, we provide numerical results for the most simple FEM discretization of the diffusion
equation in two dimensions, also analyzedih While these tests are for the diffusion equation only,
they still provide a good illustration of a uniform convergence with respect to the jump in coefficients.
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20 N. S. BAKHVALQV, A. V. KNYAZEV, AND R. R. PARASHKEVOV

We find that our methods converge fast even for situations where our theory fails in the continuous
case.

Numerical results for the Laenequations, using the iterative methods we analyze in the present
paper, can be found ir2p, 54, 52, 6]. We still do not have our own numerical results for the léam
equations, however, see tests by other28.[

Our set of numerical tests was performed for the standard Galerkin finite element method applied
to the diffusion equation with homogeneous Dirichlet boundary conditions, as descritd, im[a
square divided into two rectangles, or four squares, see Figure

2 2
Dt D
D Dt 1
D Dt
0 0
0 1 2 0 1 2

Figure 1. Model domains | and Il for the diffusion equation

The diffusion coefficient equals one i and a constand on D with w ranging between 1 and
102 in different tests. Uniform meshes with size ranging between 1/2 and 1/32 were used. The discrete
L, andH?* norms of the errors were measured.

We note that Domain | satisfies our assumption of being Lipschitz, while Domain Il does not as its
boundary has a point of self-intersection. Thus, our theory predicts that our method should converge
uniformly in w and the mesh size for Domain |, but may have some convergence deterioration for
Domain Il asw and the mesh size go to zero.

The Richardson method, i.e. metho?lq) adapted for the FEM discretization of the diffusion
equation, the preconditioned steepest descent method, and the preconditioned conjugate gradient
method were tested with a random initial guess and with the special initial guess, found similarly
to (2.6), see [L2] for the description of the algebraic analogs 8f5) and @.6). A direct solver of the
discrete Laplacian was used as a preconditioner.

We first observed the convergence deterioration of the Richardson and the steepest descent method
with a the random initial guess, when decreases, even for a fixed mesh size. Namely, a fourfold
decrease ab quadruples the number of iterations, exactly as the standard convergence theory predicts.
The convergence was uniform in the mesh size, though.

The Richardson method with the conservative choice of the iterative step and our special initial guess
for Domain | indeed converged uniformly i and the mesh size. Fosy= 1/2, the convergence was
linear with the error reduction factor per iteratigr: 0.2. The convergence slowed downge: 0.5 for
w=1/32, but did not noticeably change for smallés. We observed somewhat faster convergence of
the first couple of iterations.

Our special initial guess for Domain | was so special that in several numerical experiments the
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Richardson method with the optimal iterative step, the steepest descent, and the conjugate gradient
method all converged in one step for all tested valuas ahd the mesh size.

With the special initial guess for Domain Il, the Richardson method and the steepest descent behaved
similarly to each other. When the mesh size was fixed, the convergence was unifarmwithout
noticeable slowdown fow's smaller than 1/8. However, the convergence was not uniform in the mesh
size - the fourfold refinement of the mesh doubled the number of iterations.

As our theoretical convergence results do not depend,dout are based on extension theorems,
such numerical results illustrate the fact that there exists a mesh extension theorem for Domain Il in
spite of the failure of the continuous extension theorem, but with a mesh-dependent constanty
decreasing with the mesh sikesee b5] and references there.

Finally, the most interesting results were obtained for the conjugate gradient method in Domain |l.
The speed of convergence was uniformwmo matter whether or no the special initial guess was
used. Moreover, the number of iterations were about the same for different initial guesses.and
The convergence was clearly super-linear and the error was reduced by the factotinljdst 6
iterations forh = 1/4 and 10 iterations fon = 1/16.

That showed, again, that our technique does not provide convergence truly uniforemndithe mesh
size for Domain Il. On the other hand, the practical convergence of the conjugate gradient method was
so fast that the lack of the uniformity became a purely theoretical issue.
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