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On an iterative method for finding lower eigenvalues
E.G. D'YAKONOV and A. V. KNYAZEV

Abstract — We present the analysis of the errors involved in approximate orthogoznalization with respect to
previously found eigenvectors in preconditioned iterations of a subspace for simultaneous determinaticn of a
cluster of eigenvalues and the corresponding eigenvectors of a large sparse symmetrical eigenvalue problem.

L INTRODUCTION

Efficient preconditioned iterative methods have been lately gaining acceptance for
solving partial symmetric sparse eigenvalue problems arising in grid discretization of
spectral problems in mathematical physics (see, e.g. {1], the review [4], and the
references therein). In addition to conventional preconditioned vector iterations for
caleulation (in turns) of the eipenvectors, there have been developed [3] precondi-
tioned iterations of a subspace for simultaneous caleulation of a group of the
eigenvectors corresponding to a cluster of eigenvalues: using the subspace H” one
construets & new p-dimensional subspace H"*1 and thereby determines more exact
approximations to A_ and UA . where A is the p-th, in increasing order, eigenvalue
of the problem:

Lu=iMu, LeC(H), MeCH) (1.1
while U, is the corresponding eigen subspace
2
CHY={A:Ae Z(HH), A=A4"> 0}

H is the N-dimensional Euclidean space with the inner product (u,v). It has been
proved that

(Lt i) }
"=f(H = max {---—— 1.2
A A p) uel uxd (Mu,u) (12
converges to ip at a rate of the geometric progression with the ratio of
po B0 4
g,=q= q[ﬁ—f S| <1
P S 4
provided 8Y< 3}7 , wWhere
'?LPH )Lp, d=8/9,, GGB<L<§B, ;>0 (L.3)
n+l . n - T ~1 __pn
ng —Ran, Rpn=E-yB (L. - ("M}, (1.4)

When implementing the method, it is necessary to solve systems of the form of
By; nl =g p-times at each iteration. In the case of grid problems an appropriate
ch01ce of the operator B is usually associated with the spectral equivalence of the
‘operators L and B, and the operator B can be selected out of known samples.
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It is also easy to calculate the corresponding approximation to U, in the subspace
H” Using orthogonalization with respect to some approximately determmed eigen
subspac&s one can construct similar iterative methods of finding all A,, i <p, and the
corresponding subspaces U&' The convergence rates of these methods are equal to
those of geometric progressions with a ratio of g <g, =g. Thus, the availability of
some closely-spaced 4, with i<p does not decrease the convergence rate of the
iterative method bemg discussed. The urgency of the problem of finding iterative
methods possessing the above property has beenm pointed out, for instance, by
G. 1. Marchuk and V. 1. Lebedev.

This paper is concerned with studying the convergence of the method mentioned
above, with allowance made for the fact that orthogonalization with respect to the
previously determined eigen subspaces is approximate, This study is, to a considerable
extent, analogous to that made for vector iterations in [1} where more detailed proofs
are available. The reader frightened by cumbersome calculations typical of the direct
error analysis is referred to [1,4] where a backward error analysis is available, though
for a somewhat more tedious orthogonalization procedure. The case of the singular
operator M of unfixed sign is also studied in [1,4].

Here we present the results of numerical experiments on implementing the method
under consideration for model difference problems.

This work has been published in Russian (see [2]), the main results have been
discussed in [1} without detailed proafs,

2. DETERMINATION OF ’lp
For 4 € C(H) let H, be an Euclidean space that differs from H only in the inner
product

W), = ) = (Au), el = (du).

By uUs,...,iy we shall denote an orthonorma! basis H,, comprising the
eigenvectors of (1.1):

(2.1)

Let @y be a subset of the indices i for which there have been found the
approximations i to &, where

o -l < o=l < 8
2.2)
max {& &} =¢
iEwﬂ{L’I M,I}

Q= Q and Q= Q are, respectively, the linear spans of u and i, i€ w,,
dunQ m, O+ and QJ‘ are orthogonal in H,, complements to ¢ and O, P and P
are orthogonal in H projectors onto ¢ and 0, pl=g-pP, PL=E-P and E is
the identity operator. The preximity of the subspaces ¢ and Q will be defined from
(2.2) and with the use of the openings &,,= M(Q,Q) and &, =& (0; 0) of these
subspaces into My, and H,, respectively. In this case (see {1]) we have
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0,= max [u-Pufy, =P~ Pl (2.3)
ne, fuly=1

For u # 0 the following notation is used:

_ (Luw '
)= p = Ulng) (2.4)

At= min max a(@), A= min max g@), p=1L..,.N-m (2.5
7 Heo) uen, 7 H<Q' ueH,
where fnfp is a p-dimensional subspace of H. It is easily seen that At coincides with
the p-th, in increasing order, eigenvalue A; that has remained after eliminating ail A,
with i e @y from the set 4, ,AN, if iz }{.; forall i e Wy, then ).[f = Ap, and it is
this case that will be most important in what follows.

Let H” be a prescribed p-dimensional subspace with the basis af,.. ”. Consider
the foHowmg algebraic eigenvalue problem:
Fry _ qqnvy
LP X= }.M}) X (2.6)
where
T - T
X= (xl,...,xp)

Ly =[(La’a™)], 1<ij<p

ﬁ";[}f =[(Mal',a™], 1<ij<p.

If af,. ,a; is the orthonormal in H,, basis of H" then M” becomes an identity

matrix and probiem (2.6) is simplified. Let 4] < ﬂ,” A" be its eigenvalues, with
their cigenvectors X = (x{’) {’))T fmmmg an orthonorma% system in accordance

with the inner product (M;]X ) = Y.M;’X . Then the vectors

P,
= Dgn =
v; }Elx} a’, i Lyeensl 2.7)
form an orthonormal in H,, basis of H” and
Y= A= min max A= BUH™Y . 2.8
) < 2 = min s ) >y, 3= ) (2.8)

Besides, the orthogonality of X(l),...,X ) in accordance with the inner product
(L”,X,Y) entails the orthogonality of the vectors VireensV, in H; [see (2.7)].

Lemma 2.1. Let conditions (1.3) and (2.2) be satisfied, H fe gt 0<y< 46, 1
and
Hn+1 ___Rﬁnfff;! (29)

be an image of HY in mapping Rgn=FE - yPLB =YL - g"M). Then I—g’*l is a
p-dimensional subspace of 0. .
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Proof. let u & hg‘ and ful,, =1, 8" = § [see (1.2)]. Then u =Py and
(Rgnttsi)ye = 1= ¥(B " Mu) + pAMull

> 1 = p|B YA LY 20 M s+ yBAMu G-

In view of (1.3) it is easy to verify that ||B~/2L1/2| < 61/2 In addition, as u € H"
then L2l < 8Y/2. Therefore,

Ryttt > 1~ y8L 28 + yp*
where ¢ = ||Mu| ;... Hence,
(R uu)lemwyc?l?K >0,  |Rgully 2 K,

which proves the lemma. o

Note that if a, is empty, then the operator Ry =FE — yB~ YL - BM) is self-adjoint
in Hy and (Rgu,u)p > yBlluf? for 0<y < 6“1 and for any ue H. If uefj;‘, then
(Rgu,u)p 2 }!u{fB for any ¥ 2 0. To find the basm dyyenerth, of the subspace f{;‘” it is
sufflc;em to solve the system of equations:

Bz = —y(Lv, - BMv), i=1,.. (2.10)

and to set g =v, - PJ*z Now we can again construct the problem of the type of (2.6)
for }{;’“ and fmd an orthonormal in H,, basis of H“+1 consisting of the vectors
vttty ; 1 isee (2.7)].

Now we proceed to a study of the convergence of the quantity 57 = ﬁ(H”) from
(1.2) to Al with H" determined by iterative method (2.9) at n = 0 1,.

Let dimeO—m and }.}' A‘L AIJ\', o Lsee (2.5)]. Let v be an eigenvalue

AgL closest to AJ‘ and strictly greater than Al.

Lemma 2.2 (see [1]). Let the conditions of Lemma2.1 be satisfied, ue 0%,
il =1, A=A <p@y=u<v}t=v, >0, rg=Lu - fMu. Then
i [ (=) - ) U J & , =i, - 4)

RN DA M LA S
o TR T i, 3 @19

[]rﬁﬂi_l # P

where @y is a subset of the Indices { from @, such that A < /’Ll. <V,

Lemma 2.3. Let the conditions of Lemma 2.1 be satisfied, 0<y<25{1,
u=u"eHl, fulp =1, pl)=p"=u, p" =8, §=5/8, W= Rgu™ [see (2.9)],

uttl = y(u" 1y, Then, for sufficiently small & there exist such numbers
¥=9(y.d,) >0, K, >0 that the following inequality hoids:
B =z )l + B ) - Kog? (2.12)

where 1) = 7lrglig 1+ B~ ut.
Proof. Let w=P1B _1rﬂ. Then

B =t = (2ywarg) = YEWIE + will, + 2008 - w3 e
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Let us represent the term (w7, ) (PtB~ ) it the form:
(.rg) = lrgliZ -1 = (PB ™ Lrgurg) + «Pl PYB )
angd find a lower bound, by analogy with the estimate for (w,F) given in {1]. Then

(BB 1) | < M gl AB ™ rgll < 2K, eligl -1 < gl + a7 20,07

where
12
2Kw>x;1/251/2{,§: (A,.-ﬁ)z] ,  a,€(0,1).
igay
Besides,
(P = PYB )| < IIP = Pligliglh -1 < 0722y ellrglly 1
where
—-1/2 1/2 1/2
64";211 / [m / +if;zwgli/ }
Therefore,

(15) > Il cr(1 - 85722, - ay) - a7 22, (2.13)

For - ]twﬂ%, similar to [1], we find
- Wl 2 - (1+ 2 ePIBIrgll} 2 - 0,1+ 28)lrglp -
which, combined with (2.13), vields the inequality:
2ywirg) = 2 wliy > y(.ea) gl -2 - K 22
where
K =2vK2a7t,  y(v.ea) =2y(1 - e2 6 V2 gy -y (1 e ez ¥ 0

for y < 251""1 and small ¢ and a;. Hence,
Flirgllg -1+ ¥ ulwls + 298 - wu,w)y kg2

n n*l £
1-2y(u, W)M+ 4 HW“M !

B

Hrﬁng 1+y #“W“M"r B-u
1-2p(u,w)y, + yziiwﬂM

+ 4B -K gt
Let us also take into consideration that, in view of Lemma 2.1,
IEu”HIEM =|IR u];M > K, > 0. Therefore, setting K, =K /K we obtain

. }’“rﬁHB-l +Y NHWI]M"*“/? —H
T = 2wy, + YRl

B-u"tl+ K e (2.14)

Let us increase the denominator in the right-hand side of {2.14) by replacing the
term -2y(u,w),, with its upper bound allull? A ta "1iiw“ %p @ > 0. Then, aliowing for
B = u, from (2.14) we have
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ﬁ—,u"“—KZsz;zmin{—t(i)——' s }

l+a’ t+a?

We may assume that r, # 0 and take g =#{u)/8. In view of this, we obtain lower
bound maximal in ¢ for g~ u"*1, which leads to (2.12). o

Theorem 2.1. Let ax, cho and p > 1 be such that we have A, > Ap for any 7 € w,
and @, (Q;0) <& 6, (0Q) <& Assume that we have an initial p-dimensional
subspace h;) c Ot with ,8{15;@) =fV<f< vPJ“ =y, where vt coincides with the
eigenvalue 4, [ € wy, closest to A =4 and strictly greater than A. Let inequalities
(1.3) and {)<y<251“1 be true. Let & be sufficiently small and ¥, <1 (see
Temma 2.3}, Assume that there have been defined the constants K, Kl' and K,
from Lemma 2.3, the same for all B belonging to {4,,6], and

K3>-;% P (}”'—“%(331—’) K> KB+ Ky(1+K,2%
l[sjj)sov ‘
i) s
p(ﬁ)m1+750(ﬁ/1—1)(1—ﬂ/v}’ %=, me ﬁgp(ﬁ)d Ks>K(1-g)""

Then for iterative method (2.9) the following estimate is valid:
B - L <p(B")(B" - 4) + K, g* (2.15)
and the omethod enzbles one to obtain g€ [A ). + 82(K4 +Kg)]  in

5 = [Iog (82K4( 8% - 2)"1 + 1 iterations for a certain value of r < 5.

Proof. Substitute 1 =u" € H' in {2.12) so that pnty = ﬂ(H"*l) B"**1. Then,
taking into account the monotomcﬁy in ¢ of the function #(1 + at)~ ! with a> 0, £ >0,
from {2.12} we obtain :

B =Bz 01+ BN - K, 62 (2.16)
where

0 < ¢ < min Hu).
;‘:EH;;I
Let us determine the explicit form of ¢.
First of all, note that, in view of (1.3), i!rﬁljﬁml 2 Jellrﬂ}!%ﬁl. The lower bound of
the right-hand side of this inequality can be found using (2.11). Then, using the fact
that ).i' =4, for k <p, we obtain

Hu) > PO B2+ v, = )y )'1+ﬂ—2ﬁ1+ﬁ~ﬂﬁgk(u)
for

Zk<u<Vk<lpf
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and
() > Pl B0 + ¥ — W) 4 = 2B+ B - i - Koo = () = Kyt

for p » A due to the assumption made about w,, the form of wy, [see (2.11)], and
the validity of inequalities (2.2). As '

76,11 = B <L, glhiy) =8eri(hest)
then

min min g(m) =g (B}
k<p ped,min(v.H)] g ¥

and
Hu) = ¢ = F8,B0 - B/VIB/A - 1) ~K,e?

which, together with (2.16), leads to inequality (2.15).
It is easy to verify that A" > 4 pJ" > . Besides, from (2.15) it follows that

pr-a<gi(B0-ay+ K e

and, hence, the last s-th iteration will have the accuracy required. In fact, such an
accuracy could have been reached previously, since there could be a violation in the
monotonicity of decrease of 8", which couid happen only for 7€ [Ap,xp + K582) [see

(2.15)]. Tt is easily seen that for small € the best value of y is ¥ =d; 1 since with
this value we obtain the least values of p(/5) and g o

In the particular case, when &= 0 (P =P) or when w, s empty, the investigation
of the method is significantly simplified. Then it can be proved [3] that for y = 61'1
the inequalities 3" ~ 4, < a(n)(B° - 1) hold, where

n=1 ,
atn)= T1 p(BY<q
i=qQ

1—5(1—5/Vp) 5 é(},  t (50) .
1+5(ﬁ/ip—1>(1-;s/vp)’ 5, 4, = pUE) £(A)} -

p(By=

3. DETERMINATION OF U,
: »
Lemuma 3.7. Let H; < O be a subspace such that, in view of Theorem 2.1, the
foliowing estimate is valid:
0<ﬁ*—xp<K652 (3.1)

and A > B’ for any i€ w, Let p’ be a dimension of a direct sum of the eigen

subspaces U, of problem (2.1), provided 4 <A . Then, in H’ there exists a
o . : =7 f4 14

(p - p')-dimensional subspace U such that

@M(ff";UAp) <[(B7 =20 — 4 S me) 2 < Koe (3.2)

. where K, = {Ké(vpi - ;Lp)"i + ml;/z 5 1.
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Proof. Take 5"EngnL(up,+1,...,uN). Then, for any ue€ U’ [see (2.2)] with

lizelip, = 1, we have

N N 3
u=2 iy, 2 ¢{A-pu)=0
1 f=p+1

i=
where u =u(u) & [lp,ﬁ’] . Therefore,

S Gmmt= B u-a)r T (- 2)d
Wy 1€y

i€ f=pr+l

where w, = {p+ 1,...,N}\w,. Take into account that A — 4 > vpi ~ B for i € @, and
that 4 — 4 <0 for { € . Then

2, GO BT )

and
2 2 r L -1 2
U, ) = £ —- A (v - +me 3.3
Pt = E (B R0 ) e m @.3)
since
2 ciza{mez.
i€y

Relation (3.3), together with (2.3) and (3.1), gives (3.2). o
For H‘" consider the numbers A< ... < AP’ [see (2.6)], A7 > 4, A, < A;H
€ }uf' ﬁf’

Theorem 3.1, Provided {3.1) is true, for Ar *1 the following estimate holds for
sufficiently small &:

,1;1 <A1+ /BT 7+ Kye? (3.4)
where
oy = 7O, (L= B/ (874, ~ 1) - Kze* > 0. (3.9
Proof. Let

T' = H) 0 Ly, . wiy)y T =R T

Dl sty s
dim7" =dimT " 1=p’
and u € 77, with |Jul,, = 1, be such that

[ S r+1 r
u(Rﬁru} =y BT = Ap, = Ap,.

e

Then, in view of (2.12),

11;,” <utl < BT+ K E? - )L+ () /871
(3.6)
<P KyeR -G+ G /BT = I+ BT+ Ke?
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where @ > 0 is the lower bound for #(u), u € T, Jufy =1 Letus find the expression
for . If we drop the values AJ' with i =p"+1,...,p, from the set kf‘ khl, 568
(2.5)] then, as 77 < Q* nL‘L(u ey up) inequality (2.11) is valid and the same
reasoning, as used in the proof of Theorem 2.1, applies to the lower bound of ().
As a resuit, we obtain: #(u) > @ =¢,. Combining the lower bound with (3.6) we
obtain the required inequality (3.4). From inequality (3.4) it follows that for
sufficiently small ¢ we have

Af<1 si-’ 1 S <.l’ ﬁ'<a +Ks

Therefore, A7 s )L with an accuracy of K &2 can be combined into a separate
group that is a finite dxstance apart from },’ Thus the number p- can be determined
from the results of the calculations.

Theorem 3.2. Let the conditions of Lemma 3.1 be satisfied and ,1; <A, [see (3.6)].
Let problem {2.6) correspond to H’ and X9, i=1,...,p, be the eigenvectors of (2.6)
orthonormalized in accordance w1th the inner product (Y,X Vigr = YM X, Let these

eigenvectors be put in correspondence with the vectors v/ =v, [see (2. 7}} forming an
. . r > . T

orthonormal in H,, basis of h:,_). Let U7 be a linear span of the veciors AVRTRR

Then

(U, ) <Kpe+ (87 - AV~ 30T < K (3.7)

Proof. Let us estimate @M(ﬁr U7), where U has been defined in Lemma 3.1.
Both these {p - p’)-dimensional subspaces belong to H’ To estimate p,,(z; Uy,
where x € U" and |z|;, = 1, we perform an isometric in HM transition from H” to
the p-dimensional Euclidean space H - consisting of X = (X0t )T with the 1nner
product {¥,.X) i where M= Mg [see (2 6)}. In this case, if

2
z= 2 zY,
i=1
then
5 _ 0] 2y = 2
Z=72 zXY, peU)= 3 z°.
i=1 fm1

Since
P
AW -w0=0, w=aC)h, Nk
[see {2.4) and (2.8)], we have
2 P
S - = T Z -
=1’ Pobeper

and
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Hence,
b @V < (B =) (8" = A) ™ < (87~ A )"~ A
and
Oy (TRUN) < (B = )VHpT = 27)"1 2. (38)

As the opening of the subspaces possesses the properties of a metric, ‘then inequality
(3.7) follows from (3.2) and (3.8). Now it is easy to estimate &, (U"; U,l) since for
any u & U with {jull,, =1 and for any v with [v],, = 1, we have the equahty

v =l = ) = &, + A e~ v,
Therefore :
CICIHURER Iy L O (U, )}1/2 <Kye. (3.9)

Having found U;I with an accuracy of &(g) [see (3 7} and (3.8)], we are in a

position to change the structure of a, and Ql and to turn to the determination of

k and U}1 By virtue of (3.4), we may take the linear span of the vectors v,. Ve

belongmg 0 H’ as an initial iteration HO If }L’ is sufficiently far away frorn
)Lpr 1 ﬁ. orthogonahzatlon can turn out 1o be unnecessary In case }L" differs from
)Lf; o1 oniy slightly, the use of orthogenalization with respect to U" can be an
essential factor.

Inserting the indices p”+ 1,...,p into ¢, with possible elimination of some higher
indices enables one to obtain the convergence rate estimates of such iterative methods
no worse than the given estimates for the case of finding l and UA considered
above. Thus, it provides a possibility of determining 4 and U)_ with the accuracy

required for all i < p, given, for example, an initial iteration HO w1th ﬁ(H 0y < 2

4, NUMERICAL EXPERIMENTS

As previously mentioned, the most important applications of modified gradient
methods are connected with the solution of grid eigenvalue problems that
approximate, for exampie, the corresponding ones with elliptic operators. In order to
carry out & larger number of numerical experiments on the study of the effect of
various conditions and parameters on the comvergence, while preserving reasonable
computational costs, the calculations were performed only for model problems. These
were the simplest difference schemes on a umform grid with the step h=n/(N+ 1)
for the problems of the type:

—(alxpu ()Y = Agu(x), x€@n), uw@®)=u(=)=0
The problems were of the form: uy =wu,_ , =0,
+1/z( he1 "W TGy g 1= Agyy, i=10 N .1

and, on eliminating U and Uy, ;, they were reduced to standard algebraic problems
(1.1). The operator L with a=1 defined the operator B. For the examples
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considered, we took L with a(x)€(0,1] and the constants g, and 6, were
determined from the formulae:
3 xir%é{;lza(x), g, =1.

For this reason, the iterative parameter y was always taken equal to Y= 53'1 =1,
The main attention was paid to the problem of determining A, and A, with an
accuracy of & by two methods: the conventional modified gradient method (method 1)
and the group method with p =2 (method 2). With both methods, the initia]
approximations were determined by the same subspace HZO. In methed 1 the initial
approximation was usually ui] with E[u?ﬂ A= 1 and u(u?) =min, . H}),u(u). Then we
performed the iterations:

Erwl =y~ Bml(Lu” _ #(uJI}Mu?I) , un+1 — —-ﬂ+luﬁn+lﬁd;[1 (4_2)
with ¥ = u? until we obtained the inequality:
u@hy - u@h*h <e. (4.3)

Then at the second stage of the method, for ug with E{ué} 5= 1 and ,u(ug) = ,B{HZO),
we constructed a new approximation:

wO=gOt ot a%=ud - )

with &, coinciding with previously determined ufirl After this, we performed next
k., iterations:

ﬁn+l =" _I'S.L(Lun _ ,u(un)Mun}’ un+1 — g!wliiﬁlﬁlﬁ.\—[l

with orthogonalization with respect to i, until we obtained an inequality of the type
of (4.3) for a number k,. The value w1 gbtained was taken equal to iZ,.

In the group method 2, (without orthogonalization) the set @, was taken empty
and we performed iterations until we obtained the inequality:

BUHE) - B(HR) <.

Then the vector HzeHzri*l wwith il =1 and u(ﬁ2)=5(H2’1+1) yielded an
orthogona! in ), complement 0. Then method (4.2) with orthogonalization with
respect t0 il,, and with the initial iteration ule H;H and

= min _uw
uEH;i”

was applied. With this method, r, iterations were required for an inequalify of the
form of (4.3) to be obtained. In this case the computational costs can be estimated by
the number k, + k, for method 1 and 2r, +r, for method 2.

For N=10 and N =20 the resuits were compared with the available information
on eigenvalues and eigenvectors obtained by using the conventional program of the
method of orthogonal rotations. The subspace Hz0 usually coincided with the linear
span of the grid functions sinx and sinZx.

Let us give some conclusions and illustrations.
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{1) The choice of an initial approximation that does not obey the conditions of the
type of AY< A, as a rule did not prevent us from obtaining the convergence to the
required vaives A, and A, when using both method 1 and method 2. For some
highest eigenvalues A we did sometimes observe the convergence slowing-cown. The
iterative process in the vicinity of A, came to a halt only when the Initial iteration
virtually coincided with the linear span of certain eigenfunctions. For example, Fig. 1
demonstrates the behaviour of u(u”") at the first stage of method 1 {determination of
Ay), while Fig.2 shows the behaviour of A" at the first stage of method 2
(determination of 4,) for problem (4.1) with N =10, a(x) = 1073 for 0<x <1 and
a(x)=1 for 1<x<n, g=1, §=1077 ¢=10"% and A, =0.0072, 4,=0.0245,
Ay =0.0418, 4, = 0.5391, 4, = 4.686, ﬁ(Hzo) =291, 1, =81, 1y =3, ky =27, k, = 69.

From Fig.2 it is seen that the convergence becomes slower in the vicinity of the
point A, In Figs.1, 2 for simplicity, instead of functions defined on the integers,
contipuous functions are depicted,

7
i3
41
A
0 10 20 27 .
Figure 1.
ﬁ n
L,
-_13
Az
{3 l 20 , 4b ‘ GIO ’ E;() n

Figure 2.
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The most aggravated sitnation (we did this intentionally) occurred for methods 1
and 2 with a special choice of HZ0 coinciding with the linear span of uf =y, + U and
ug =u, + U, where u denote the corresponding eigenfunctions. In this case we had
a{x) = 1072 on the segment [0,1] and a(x)=1 on the segment (L7}, g=1,
O = 1072, e=1074, Ay =0.06952, 4, =0.2387, Ay =10.4126, A,=0.5814, and
Ay =4.7133. An example of the dependence of 4" on n method 1 gave under these
conditions is provided in Table 1.

Method 1, stopped after 100 iterations, gave a rather crude approximation to A;
(1% = 0.0890). Method 2 after 100 iterations at the first stage gave quite an accurate
approximation to A, (instead of 1,) while at the second stage as little as 16 iterations
were required 1o obtain p1¢ =0.0699 close to 4,.

(2) Almost in all the experiments it was noted that the strongest decrease in g%
and " happened at several first iterations. Frequently, this change at the first 3-5
iterations accounted for as much as 90% of the total initial error.

(3) While applying method 2, we noticed that, in general, Af changed non-
monotonically. Fowever, the last iterations at the second stage gave as a rule very
good approximations to u,. Therefore, the second stage of the method usually
required a significantly smaller number of iierations (sometimes, 10 times smaller)
than at the first stage.

(4) The effect of the value of & on the required number of iterations in methods 1
and 2 was not profound. A 100-fold decrease in & often called for mere doubling of
the number of iterations. For example, in the problem with a(x) =1 ~x/m, g =1, and
A= 0.29, Az ~ 1.19, A, = 2.66, A, =7.25, 15 = 10.5 method 1 required &, =17 and
Je, =26 iterations (1%=0.5) for £=10"3 and it required k, =27 and k,=32
iterations for &= 1077 and at the worst initial value #0 = 3. In the same situation,
method 2 required respectively r; =26, r, =3 and r; = 48, r, =8.

(5) The calculations were performed with the values of &,/8, varying between 2
and 1000. An increase in the value of &,/8, was not profound either.

(6)In all the above examples method 2 was used in the situations when the
determination of 1, was a more difficult problem than the determination of 4,. For
instance, in the example from item 4 we have ,12/11 =4, but 13/}{2 = 2. Probably, it
is this fact that was a reason why method 2 usually had no advantages over method 1.
Recall that method 2 is, first of all, aimed at the cases when 4,= ’11 « 13.
Presumably, the method may be of particular assistance when one has to separate 4,
and A, (4, and w,) given a relatively good approximation {0 le + U)Q' Hvidently, it
would be reasonable to obtain such an approximation using method 1.

Table 1,

Stage n 0 4 10 30 56 70 90 160

n

1 u 6.35 0.36 0.297 0473 G613 0.107.  0.0925 0.0890
2 u o 2.65 0,573 0.5372 0.562 0.55 0.53 0.482  0.4148
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