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Variational Rayleigh Quotient Iteration
Methods for a Symmetric Eigenvalue
Problem
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Abstract. New versions of Rayleigh quotient iteration (RQT) methods for a symmelric eigen-
value problem have heen investigated. 4 posieriori chaice of an additional shift in RQY is pro-
posed from variational considerations. Convergence for an arbitrary initial approximation and a
decrease in the norm of residuals which is not worse than » geometric progression with a commen
ratio of 1/v/7 are proved. The model numerical experiments showed a certain superiority of the
new version over the classic one in computing the extreme eigenvalues.
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1  Introduction

Ore of the mos: familiar methods of finding several eigenvalues and eigenvectors of &
symmetric matrix A is an inverse iteration method
{1.1) ukﬂx(r’i“waf)‘luk; k:()jl,...,
where the vector uy is an approximation to the elgenvector, and o is a cerfain shift.
The properties of convergence of the method with fixed o are well studied, e.g.,
in [4, 6].
One of the modifications of the inverse iteration method is the Rayleigh quotient
iteration method (RQI). The role of ¢ is piayed here by the Rayleigh quotient:

{1.2) Uktr = (A — pd )y,
where

e = plug) = {2

{ug, uy)

is the Rayleigh quotient for the vector ey

The RQI method has a high asymptotic rate of convergence. Late in the 19%50s
Ostrowski [5] showed that RQI converges asymptotically with a cubic rate. A detailed
investegation of the RQT method is carried out in Parlett’s book [6].
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In case of a poor chdice of the initial approximation, RQI can converge very slowly
or even diverge. Batterson and Smillie [1] showed that a set of vectors ug, for which the
values uy in (1.2) do not converge to the eigenvector subspace, has zero measure,

There are known modifications of the RQI method allowing us to avoid divergence.
Jiang Er-Xiong [3] suggests using pp + 8, as a shift, where 8 is the function dependent
on the vector of residual for the corresponding vector uy. It is stated that the method
converges regardless of the choice of the initial approximation while asymptotically cubjc
convergence retains.

It is sometimes advantageous to combine RQT with other methods. Szyld [7} pro-
poses to use RQI for improving the approximation to the eigenvector obtaiped by the
inverse iteration method {1.1) and formulates quality criterion for ap approximation
in method (1.1} which, being initial for RQI, ensures RQI convergence to the nearest
eigenvalue. The ideas of thig work are developed in {2]. :

In Section 1.7 of book [4] the version of the RQI method with an additional shift Tk
is proposed:

(1.3) ket = (A~ p(w) D)y 4y,

and the estimate of the rate of p{ur} convergence to the extreme eigenvalue for correspond-
ing vy is derived, The best a priori choice of Tx is found on the basis of this estimate. This
choice involves estimates for the spectrum bounds which are rarely known iy practice,

The aim of this paper is to find, on the basis of optimizing the vajue Alusg1), a
practically realizable 4 posteriori method of choosing . in (1.3), for a symmetric matrix
A, which improves the convergence properties of the classic RQI method with, essentially,
the same computational time per iteration.

2  The Monotone Rayleigh Quotient Iteration Method

The method in {1.3) with a step Yk chosen for each iteration according to the condition of
either the maximum or the minimum value plursr) will be called the mouotone Rayleigh
quotient iteration method. In the first case it will be called the monotone method RQIH,
in the second cage the monotone method RQI-, We shall derive explicit formulas for the
appropriate values 4, and P{tkiy).
We shall consider & single step of the iterative process {1.3)
ul = {4 - Alu)l) 4y,

where 4 is a symmetric matrix, u is a rormalized vector, and Y is & certain parameter,
Hereafter, it is supposed for simplicity that p{u) is never accurately equal to ap eigenvalue,
s0 that the matrix A4 — ()] is nondegenerate.

We shall investigate the dependence of the Rayleigh quotient P = p(u') on .
Let us introduce the designation B = Blu) = (A - plu))~t, We have

u'= Bu 4oy,
Bu, u) 4 2+
2.1 = V= (By, .
This equality provides a technique for computing the Rayleigh quotient for 4 suCes-
sive approximation of the method (1.3) without multiplying the matrix A by the vector.
The values v, and T '

. . —(Bu,u Bu, Bu) - u, u)?
(2.2) T =Yg fu) = M
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are the positions of extrema for the Rayleigh quotient p{x) in (2.1). We have
vaq- = (Bu,u)? = (Bu, Bu) <0,

by virtue of the CauchyﬂSchwarz~Bunyakowski inequality. Here the inequality is strict,
since an equality would imply the paralielism of vectors Bu and u. This is impossible,
because, in case of the nondegenerate matrix A — p{u)], the vector u is not an ejgenvector
for the matrix A and, hence, for B = (A — plu)I)™ as well, Consequently,

i2.3) ' y < 0 < g
Let us find the extreme values of Rayleigh quotient (2.1} corresponding to 74 and 7-:

B ~ {Bu,u) + 274
pe =plu,ye) = plu) -+ (Bu, Bu) + vy (Bu,u) + V3
2

* (Bu,u}++ \/4(Bu, Bu)— ?;(.Bu,'u',)2

(2.4) =p(u)

i
=plu) — — > pu.

Thus, 74 ensures the maximum vaiue for Rayleigh quotient (2.1). Similarly, 4 corre-
sponds to the minimum value of (2.1} and

, 1
(17) po = plu,pe) = plu) = — < plu).
T+
Ritz’ vectors

(2.5) ul, =Bu+ 1y,

v =Bu y-u,

and the values p, and p- form the characteristic pairs of projection {6]of the matrix A
on the subspace Span (u, Bu).

We shall denote |juy/||? by 74 and v

el ¥ =( Bu, Bu) + 27 Bu,u) + 7

{2.8) ={ Bu, Bu) ~ %(Bu,'uf + %(Bu,u)\/&(Bu, Bu) - 3(Bu,u)?
= — - {1 = 7}

Analogously

(2.7) o 17 =y = 7-)-

Let us formulate the monotone RQI+ method.

The RQI+ method:

‘We choose & certain normalized vector as an initial approximation o and calculate
pg, viz., the Rayleigh guotient for it. Subsequent approximations are calculated by the
formulas .

Bruy =(A -~ pid Y g,
(2.8) wpgr =7i( Bitis + Tertn),
1
Pt =Pk T
S
where Yk = Y {ur) in {2.2), m = (=7=r{ax = ’Ymk))ﬂﬂ‘ .

The RQI- method ensuring a decrease in the Rayleigh quotient gy is formulated in a

similar way.
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3 Properties of the Monotone RQI Method

Since the RQI+ and RQI- methods are similar, only the properties of the RQI+ method
are investigated in this section.
By contradiction it is not difficult to prove

Theorern 3.1. Regardless of the choice of the initial approzimation vy a sequence of
Rayleigh quotients py in (2.8) converges io some eigenvalue of the mairiz A.
Of major importance is
Lemma 3.1, Let the etgenvalue \; of the matriz A be the limit of a sequence pr, and
Aioy be the preceding eigenvelue, My < A;. We define £ by the condition
/‘\l-“*l -+ /\:'
P2
then, (Brug,ug) > 0 when k > £,
Proof. By virtué of the condition of the lernma,
1 1

Byl = — — = .
i minfd; = ol A~ py
Taking into account that
1
TS Pl — Pk S /\l' = Py
.

we have

(Bl 1Bl el = el = 1 < 3.

1
A —
The explicit expression for Te— in (2.2} indicates that the inequality [|Brupl] < —v,_ is
equivalent to the required one (Brug,ug) > 0.0

Theorem 8.2, Assume that the conditions of Lemma 8.1 are satisfied. Then, fork > .f:,
the norms of the residual vectors re = rlue) = Auyp — prug corresponding to the vectors
ug obtained by the RQI+ method (2.8) decrease monotonically and

ksl ___1,“,
T}

The proof is given at the end of Section 5.

4 The Combined Rayleigh Quotient Tteration Method

The monotone RQI method lacks the property of a non-increase in residuals which is in-
herent in the RQI method. The norm of a residual vector can increase af the beginning of
an jterative process, For instance, if the injtial approximation ug is in the vicinity of some
eigenvector of the matrix A and the Rayleigh quotient somewhat exceeds the correspond-
ing eigenvalue, the RQI+ method wil] depart from this good eigenvector approximation.
The combined method in which the iterations of the RQI+ and RQI- methods alternate
depending on sgn (Bu, u} enables us to avoid this sttuation, :

From (2.1}, with v = 0, it follows that sgn({Bu, u) specifies the direction of change
in the Rayleigh quotient in the conventional RQI method (1.2). With the same sign is
cornected
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Theorem 4.1. Lel uli = 1. We shall consider vectors uy and u. in (8.5) and the
corresponding residuals -

Auy = plugJuy - m Auo ~ plu_ju_

fugh 77 fufl

Let |iry || # 0 and [ir-|] # 0. If (Bu,u) > 0, then Jir4fl < jjr-. If (Bu,u) <0, then
lredl > firfl

Proof. We shall introduce the designation r = Au — p(u)u. With the aid of (2.4) we
obtain '

Ty =

(4.1) Tllugliry = (v + v Ju + y3v-r + Bu
Similarly
(£.2) Telfuflr- = (9= + ¥ )u +py-r + Bu.

Taking advantage of the eguality of the right-hand sides, we derive

Yol flrs = ypflualr-.
Squaring it and taking into account {2.6), we arrive at

e

R A

By virtue of {2.2)
{4.3) Ys + 9o = —(Bu,u).
When (Bu,u) > 0, we have y3 < —y_ and |lr4{| < ||[r_[|. Analogously, when (Bu,u) <0
we obtain |[ryf] > lIrf

Thus, at each step of an iterative process it is preferable to choose the direction of a
monotone method corresponding to sgn (Bu,u).

In order to formulate the combined Rayleigh quotient iteration (CRQI} method, we
shall introduce new quantities v, (best) and ~,, {worst} equal to vy and - in (2.2), taking
into account sgn { Bu,u):

- T, for (Bu}u) z {}a

(4.4) "= Y., for (Bu,u) <0,
' e, for (Bu,u) 26,
TeEN 4L, for (Bu,u) < 0.

The CRQY method:

Choose the initial approximation uy and calculate pg = p{ug). Subsequent approxi-
mations are calculated by the formulas

Bkuk 2(A - ka)Mi‘uk,

(4.5) Upp x’!“k(Bkuf + VertE ),
Play =0 — —,
Twk

where Yo = Wo{s) from (4.4), 7 = (—yar (e = yur)) 7
Note that immediately from definition (2.2} it follows that

(4.6) [l < 1Bu]l < bl
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5 Properties of the Combined Method

Theorem 5.1. Regardless of the choice of the initial approzimation ug, the norms of
residuals
' v = r{ug) = Aug — prug

corresponding to vectors ug in (4.4}, decrease monotonically, where

fresll 1

. < =,
el V2
Procf. We shall consider a single step of the iterative process (4.5) in the form
(5.2) o' = 7{Bu + pul, lull = 1,

(5.1)

where 7 = Ju'||7F = (yu(7w — %))"* and 4, v are from {4.4). From residual rela-
tions (4.1} we get :
(5.3) i’ = o'y = u

where r and ' are the residuals corresponding to v and v'. Taking into account that
(r,u’) = (r,u} = 0, we shall square relation (5.3):
ol o {1+ 7l 1) = 1+ 0l
Since [u'l|*/vE = L — w/vw = 1 + [1l/|rel > 1, from the equality
Lyalr' (P = {04 bl 7+ {14 Il b}l P

immediately follows the inequality

il /e

il S YA o

By virtue of (4.6) we have
i 1
L fpl/iyel 7 2
from which inequality (5.1} follows.O

This theorem shows that the CRQI method improves the property of monotenicity
of the residuals

(5.4)

lirxsdl <1
el
which is true for the conventional RQI method [8].
The very fact that the residual norms tend to zerc does not guarantee convergence,
since, unlike the monotone BQI method, the combined RQI method does not ensure the
monotonicity of the Rayleigh quotient p;. For proving the convergence we may apply

Lemma 5.1. Assume that u, and py are sequences obtained by the CRQI method (4.5),
then, i prer — pil = 0.

Proof. For the residual py = Aug — prugp = BJ uy we have
Soell 1 Brueli 2 {re, Brup) = (B uk, Brug) = (g, us) = L
Since Iyrwl = || Brull, by virtue of (4.6}, we conclude
i
— g B — n
|pris = pil e S lirsl

From Theorem 5.1 and Lemma 5.1 follows
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Theorem 5.2. -Regardless of the choice of the initial approzimation ug, a sequence of
Rayleigh quotienls py obtained by the CRQI method (4.5) converges to a certain eigenvalue
of the matriz A. '

In conclusion, we shal! give

Proof of Theorem 3.2.

Note that for (Brug,ux) > 0 in (2.8) the iterations in the RQI+ method (2.8) and
the CRQI method (4.5) coincide, and for the latter Theorem 5.1 is true.0)

6 Influence of the Choice of p}c on the Course of the
CRQI Method

- 1t is possible that the value pg in the CRQI method does not coincide with the Rayleigh
guotient on the vector ug but is chosen from some other considerations. Then, the subse-
quent values p; are not Rayleigh quotients on the vectors u, either.

We shall study the sensitivity of the CRQI method to the choice of Pr-
Let us write a single step in the CRQI method {4.5) with a perturbation in 2r in the
form
5 - _1
w=r{Bud ), F=p- v T (e - w)7E Jul=1,
where Bu = {A—5I" 'y, v, and 7, are determined by formulas (4.3, replacing Bu by Bu
in (2.2),(4.4), and 5 s a certain quantity which, generally speaking, does not coincide with
the Rayleigh quotient on the vector u. Suppose that the matrix A — A1 is nondegenerate,
Since f|o/]|* = 771, as in (2.6), we obtain by analogy with (2.1) and (2.4):
242
7 ‘ o i /7w «
pro=ple)=p i (p - Y
ETTN
In spite of replacing Bu by Bu in (2.2), (4.4), relations (4.6) and (4.6) remain valid. We

conclude that '
!

N 1 .
o~ 71< 5lo - 4l
Hence, in the CRQI method the error in choosing po is eliminated in the course of
iterations, and possible errors in the computation of gy, do not accumulate. This conclusion

was validated in the numerical experiments.

7 Discussion of the Numerical Results

A number of numerical experiments on model problems in order to cornpare the efficiency
of the classic RQI method and the CRQI mathod were conducted. Since the time reguired
for a single iteration is the same both in the CRQI and RQI methods, only the rate of
convergence for an identical initial approximation was compared.

While computing the maximum and minimum eigenvalues within the computer ac-
curacy, 5-8 iterations were characteristic of the RGI method, whereas one or two fewer
iterations were required in the CRQI method. '

In the computation of the eigenvalues in the middle of the spectrum, the number of
iterations increased, and CRQI was often even second to the RQI method.
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