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Introduction

In this dissertation, we introduce angles between infinite dimensional

subspaces in two different ways, based on:

e spectra of product of orthogonal projectors that may result, e.g., in a
set of angles that fills the whole interval [0, 7/2];

e Courant-Fischer numbers of operators that results in a finite number of
angles or in a monotonically nondecreasing or nonincreasing sequence

of angles. Courant-Fischer numbers are defined by the Courant-Fischer

(min—max, max—min) principle. We call the second kind of angles the

discrete angles.

Connection to the finite dimensional case?




Main new results

e A new concept of principal invariant subspaces, which generalizes an

existing concept of principal vectors;

e Lidskii-Mirsky—Wielandt theorem for Courant—Fischer numbers of
bounded selfadjoint operators;

e Majorization for sines/cosines (squared) for discrete angles;

e Majorization for discrete Ritz values.

We generalize some known results in the finite dimensional case (e.g.,
Knyazev and Argentati [2002, 2005]).




Outline
Angles between subspaces;
Estimate for proximity of angles;
Discrete angles between subspaces;
Estimates for proximity and majorization of discrete angles;

Estimates for proximity of Ritz values;

Analysis of convergence of domain decomposition methods;

Application of angles between subspaces in microarray data analysis.




Why angles are important?

Canonical correlations for stochastic processes;

Information retrieval for functional data;

Perturbations of subspaces related to Rayleigh—Ritz approximations;
Analysis of convergence of domain decomposition methods;
Information about solution quality in eigensolvers;

Microarray data analysis.




Preliminaries

Let ‘H be a (real or complex) Hilbert space, F and G be its proper
nontrivial subspaces. A subspace is defined as a closed linear manifold. Let
Pr and Pg be the orthogonal projectors onto F and G, respectively. We
denote by B(H) the Banach space of bounded linear operators defined on
‘H with a norm

|T|| = sup [|Tul.
ueH
|u||=1

For T € B(H) we define |T| = (T*T)'/2, using the positive square root.
T'|y denotes the restriction of the operator T to its invariant subspace U.
¥(T') and ¥,(T") denote the spectrum and point spectrum of the operator
T, respectively. ¥,(7) is defined as the set of numbers A in 3(7’), for which
Al — T is not one-to-one, where I denotes the identity.




Angles between subspaces. Main new results:

Angles from to O(F,G) and between O(F,G);
Connections: O(F,G), O(F,GL), etc. and O(F,G), O(F,GL), etc.:

Principal invariant subspaces. Recursive relationships and isometries;

Changes in the angles where one of the subspaces varies.




Definitions and properties of angles

Definition A set

O(F,G) =1{0: 0 =arccos(o), o>0, o2 ((PrPg)|#)} C [0, g]

is called the set of angles from the subspace F to the subspace G.

Definition A set
O(F,G) = O(F,G)NO(G,F)

is called the set of angles between the subspaces F and §G.

Remark In general ©(F,G) # ©(G, F), i.e. the set-valued function

A

©(F,G) is non-symmetric, but O(F, G) is a symmetric function.

Connection to the finite dimensional case?




Definitions of angles in the finite dimensional case

Denote ¢ = min{dimF,dimG}.

Definition The principal angles 64,...,0, € [0,7/2] between F and G are

defined recursively for k =1,...,q by
cos(fr) = max,crmax,cg|(u,v)| = |(ug, vi)]

subject to ||u|| = ||[v]| =1, v u; =v*v; =0,i=1,...k — 1.

In the infinite dimensional case this definition gives a finite number of angles
(¢ < o0) or infinite sequence of angles (¢ = o0), but can not give a whole interval

of angles. We use this approach later to define the discrete angles.
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Definitions and properties of angles (cont.)

Theorem 1 O(F,G) = 5 — O(F,Gh).

Theorem 1 leads to an equivalent definition of the angles using sines.

Equivalent definition The set

O(F.G) ={0: 0 =arcsin(p), u>0 p* € X((PrPg)|7)} [0, 5]

is called the set of angles from the subspace F to the subspace G.




The connections between O(F,G), O(F,G1), 6(G, F), etc.

Theorem 2 For any pair of subspaces F and G of 'H:
1. O(F,G) =T — O(F,G*);
(G, F)\ {3} =O(F.9)\{3};
O(F G\ ({0} u{z}) =35 —{6(F G\ {oyu{zH};
CO(FH G\ ({0} U{5}) = O0(F,9)\ ({0} U {3});
(G, FH)\ {0} = 5 —{O(F.9) \ {5}}:
(G, F)IN{5} =5 —{0(F,9)\ {0}};
. O(GH, FLH\ {0} = 6(F,G) \ {0}.

Where do differences in the zero and right angles come from?

11
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The connections between O(F,G), O(F,G') and O(F+,G+)

Theorem 3 For any subspaces F and G of 'H the following equalities

O(F.9)\ {0} U{Z}) = {5 — O(F, G\ ({0} U{5}),

O(F,9) \ {0} = O0(F~,G+)\ {0}

O(F,g7)\ {0} =O6(F+,G)\ {0}
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Spectra of the sum and the difference of projectors

Theorem 4

X(Pr—FPg)\ ({-1}U{0} U{1}) = £sin(O(F,G)) \ ({-1} U{0} U{1}).
Theorem 5

Y(Pr 4 Fg) \ ({0} U {1}) = {1 £ cos(O(F,G))} \ ({0} U {1}).

0 0 0 0 0
(2)

1 0| o 7Jo o0 0.

0 0 0 0 1

F,G)=4{0}; 1+cos(O(F,G)) ={0}U{2}.
={n/2}; 1+cos(O(F,G)) ={1}.

e

(1) X(Pr+ Pg) ={0}u{1}tu{2}; ©
(2) B(Pr+ Pg) ={0}U{l}; O(F,0)
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Angles between subspaces and the gap

gap(F,9) = ||[Pr — Pgl| = max{||Pr Py, || Fg Pr|}
The classical definition, see the textbooks Akhiezer and Glazman [1981],

Gohberg and Krein [1969], Kato [1995].

Theorem 6

min{min{cosQ((:)(]:, Q))},min{cosQ((:)(Q,f))}} =1 — (gap(F,G))?
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Angles between subspaces and the minimum gap

For subspaces F and G of H let us define Deutsch [1995]

o(F.G) = sup{|(uv)| | we FA(FNG)*, |ul <1,
vEGN(FNG), o] <1},

and the minimum gap Kato [1995]

. d(u, G)
1(F,G) = et d(u, FNG)

Theorem 7

¢(F,G) = sup { cos (@(J’:, g)\ {0})}’
v(F,G) = inf { sin (8(F,G) \ {0}) }.
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Principal vectors

Definition ©,(F,G) = {# € O(F,G) : cos?(f) is an eigenvalue of
(PrPg)|7}-
0,(F,G) = 0,(F,G)NO,(G,F).

Definition Normalized vectors u = u(f) € F and v = v(#) € G form a pair

of principal vectors for subspaces F and G corresponding to the angle
0 € O(F,G), if Prv= cos(f)u and Pgu = cos(f)v.

Definition Assume 6 € ©,(F,G) \ {5}. Then, the multiplicity of cos*(9)
as an eigenvalue of the operator (PrPg)|r, is called the multiplicity of 6.

Theorem 8 There exists a pair of principal vectors for subspaces F and G
corresponding to a given angle 0 € ©(F,G) \ {5} if and only if
0 € 0,(F,G)\{3}-

Principal vectors are eigenvectors of (PrPg)|r and (PgPr)|g. What’s wrong with 7 /27
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Principal vectors (cont.)

Theorem 9 (In the finite dimensional case, e.g., Wedin [1983], Knyazev
and Argentati [2002]) Let u and v form a pair of principal vectors for

subspaces F and G, corresponding to the angle 0 € ©,(F,G)\ {0} U{%}).
Define

u; = (v —-cos(@)u)/sin(f), vy = (u— cos(f)v)/sin(f). Then

e u |, v are the principal vectors for subspaces F+ and G, corresponding
to the angle 5 — 0,

o u, v, are the principal vectors for subspaces F and G+, corresponding
to the angle 5 — 0;

o u,, —v, are the principal vectors for subspaces F+ and G+,
corresponding to the angle 6.
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Principal subspaces

Definition A pair of subspaces i C F, V C G is called a pair of principal
subspaces for subspaces F and G corresponding to the angle § € ©(F, G), if

(P£rPy)|F = cos?(0) Py, (PgPy)|g = cos*(6)Py.

Theorem 10 Let U C F be an eigenspace of an operator (PrPg)|r,

corresponding to the eigenvalue cos*(9), where 0 € ©,(F,G)\ {5}, Pu be an
orthogonal projector onto the subspace U, and V = PgU. Then the operator

1
Py = PcPy P,
% COSQ(Q) gtuLt g

1s an orthogonal projector onto the subspace V.
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Principal subspaces (cont.)

Theorem 11 U C F and V C G form a pair of the principal subspaces for
subspaces F and G corresponding to the angle 0 € ©(F,G) \ {5}, if and
only if U and V are eigenspaces of (PrPg)|r and (PgPr)|g, respectively,
corresponding to 0 € ©,(F,G)\{5}. Then OU,V) =0,U,V) = {0}.

Theorem 12 IfU(0),U(¢p) C F, and V(0), V(¢) C G are the principal
subspaces for subspaces F and G corresponding to the angles
0,0 € ©,(F,G)\ {5}, then the following relations hold:

* Puwyfuw) = fuonuw): Pvoybvg) = Pvo)nve);

® Py and Py are mutually orthogonal if 0 # ¢. Otherwise, if 0 = ¢,
then we can choose V(0) such that Py Pyo) = Puo)Po;

o For given U(0) we can choose V(0) such that Py gy Py = Py Pr.
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Principal subspaces (cont.)

Theorem 13 Let U and V be the principal subspaces for subspaces F and
G, corresponding to the angle € ©,(F,G) \ ({0} U{5}). Define
U =R(PrrPy)|rr), VI =R((PgrPy)lgr). ThenU, and V, are

closed and

o U,V are the principal subspaces for subspaces F+ and G,

corresponding to the angle 5 — 0;

o U,V are the principal subspaces for subspaces F and G+,

corresponding to the angle 5 — 0,

o U, V. are the principal subspaces for subspaces F+ and G+,

corresponding to the angle 6.
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Principal invariant subspaces

Definition A pair of subspaces i C F, V C G is called a pair of principal
invariant subspaces for subspaces F and G, if PrV =U and PgUd = V.

Theorem 14 Let U be an invariant subspace of the operator (PrPg)|r
and Py be an orthogonal projector on this subspace. Let the operator
(PrPg)|u be invertible and its inverse be bounded. Then the orthogonal
projector Py, on the invariant subspace V = PglU of the operator (PgPr)|g
is given by Py = PgPy((PrPg)lu) ' PuPg.

Theorem 15 Let 5 ¢ O(U,V) for a pair of subspaces U and V. U and V
form a pair of principal invariant subspaces for subspaces F and G if and

only if U is an invariant subspace for (PrPg)|Fz and V = PgU.
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Principal invariant subspaces (cont.)

Principal invariant subspaces can be determined recursively:

Theorem 16 LetU C F and V C G be a pair of principal tnvariant
subspaces for subspaces F and G, andUd C U,V CV be a pair of the
principal invariant subspaces for subspaces U and V. Then U, V form a

pair of the principal invariant subspaces for subspaces F, G, and

OU,VY) COU,V) CO(F,G).
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Principal invariant subspaces and isometries

Theorem 17 Let U and V be a pair of principal invariant subspaces of the
subspaces F and G. Let W be a (partial) isometry from the polar
decomposition PgPr = W/PrPgPr. ThenV =WU, U = W*V,

Py, =WPFP,W* and Py =W*P,W.

Remark If the inequality ||Pr — Pg|| < 1 holds, then the assertions of
Theorem 17 hold for both choices of W = W and W = W, where

W — Pg(I — Pr + PrPgPr)""2Pr (Riesz and Sz.-Nagy [1990]);

W = [PgPr + (I — Pg)(I — P#)][I — (Pr — Pg)?|~'/? (Davis and Kahan
[1970]; Kato [1995]).




Spectral decompositions and isometries

Theorem 18 Let {E1} and {E>} be the spectral measures of the operators
(PrPg)|F and (PgPr)|g, respectively. Further, let © C O(F,G) \ {5} be
the Borel set, Pyo) = fcos(@) E1(d\) and Py = fCOS(@)) Es(d\). Then

1
Pve) =1Ig {/ o )\E1(d)\)} Fg.

Theorem 19 Let F1(s) and Es(s) be the spectral families of the operators

PrPgPr and PgPrPg, respectively, and the polar decomposition of the
operator Pg Pr is given by PgPr = W+/PrPgPr. Then

EQ(S) = WEl(S)W*

24
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Changes in the angles from—to
where one of the subspaces varies

Hausdorff distance

dist(S1,S2) = max{ sup d(u, Ss), sup d(v,S1)}.

u€eS1 veESs

Theorem 20 (Kato [1995], Ptik [1978]). Let A, B € B('H) be selfadjoint

operators. Then

dist(S(A), %(B)) < |A— BJ.

Theorem 21

dist(cos®(O(F,G)), cos>(O(F,G))) < gap(G,G).

Angles are stable with respect to a perturbation of a subspace.
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Discrete angles: estimates and majorization

Changes in the smallest discrete angles where the subspaces vary;
Generalization of the Lidskii-Mirsky—Wielandt theorem:;

Majorization for the sines of largest and the cosines of smallest discrete

angles;

Majorization for the squared sines and cosines of the discrete angles.
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Preliminaries: Courant—Fischer numbers

The Courant—Fischer numbers for a bounded selfadjoint operator A
(Dunford and Schwartz [1988]; Reed and Simon [1978]):

e from the top: )\,lf(T) =sup wn,cn infyen, (u,Tu), k=1,2,....
dim~,=t  llull=1

The resulting sequence A'(T') is ordered nonincreasingly:

e from the bottom: )\IE(T) =inf w,cn Supuern, (u,Tu), k
dimH=k  llull=1

The resulting sequence A!(T') is ordered nondecreasingly.
Connection to the spectrum of 7' 7

Connection to matrices ?
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Recursive definition of discrete principal angles

Definition Denote ¢ = min{dimF,dimG}. The smallest discrete principal
angles 01,...,0, € [0,7/2] between F and G are defined recursively for
k=1,...,q by

cos(fy) = sup sup [(w, v)| = [(ug, vi)|
u ()

subject to ||u|| = ||[v]| =1, (u,u;) = (v,v;) =0,i=1,...,k — 1, provided
that the pair of vectors uy, v exists. If for some k = n the pair u, v does

not exist, we set 6, = 6,, for all £ > n.

@;(]—", G)=(61,...,6,), q is finite or infinite.

As a set {©](F,G)} C O(F, Q).

Connection to the finite dimensional case 7
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Definition of smallest discrete angles
using Courant—Fischer numbers

Equivalent definition The sequence

@L(F,g) — (Hk. . 0, = arccos (\/)\,t((P;ch)b:)), k=1,2,... ,q)

where )\llc((Png)] #) are the Courant-Fischer numbers of the operator
(P£rPg)|+ from the top, is called the sequence of smallest discrete principal
angles between subspaces F and .
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Definition of largest discrete angles
using Courant—Fischer numbers

Definition The sequence

04(F.G) = (0 : 01 = arcsin (\/A,{;((prgl)m), k=1, dimF)

ﬂ(@k : 0 = arcsin (\/)\,ﬁ((Pnglﬂg)), k=1,2,... ,dimg)

where )\It((P]-‘PgJ_)‘ F) and )\}i((PQPJ:‘J.”Q)&I‘G the Courant-Fischer numbers
from the top of the operators (PrPg.)|r and (PgPr1)l|g, is called the

sequence of largest discrete principal angles between subspaces F and G.

(1, 1/2, ...)yN(x/2, «/2, 1, 1/2, ...)=(1, 1/2, ...).
Principal vectors, subspaces and invariant subspaces

can be defined in the discrete case and have similar properties.
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Changes in the smallest discrete angles
where subspaces vary

Theorem 22 Let 9,1 and HAIE be the k-th smallest discrete angles between
the subspaces F and G, F and G, respectively, k =1,...,q,
g = min{dimF,dimG}. Then for k=1,...,q,

~

| cos(6)) — cos(8})| < & - gap(G,G),

where k = max{cos(0,,in {(G +G) ©G,F}); cos(0,inl(G+G) G, F}}.

We were not able to obtain similar result for the cosines of largest discrete
angles. The proof is based on s-numbers which are defined only from the
top. In the finite dimensional case both results are the same and are proven

in Knyazev and Argentati [2002].
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Majorization preliminaries

Definition (Markus [1964], Marshall and Olkin [1979]) Assume that
r=(ry,re,...)and t = (t1,%s,...) are (finite or infinite) bounded
sequences of real numbers. We say that t weakly majorizes r and write
r < t,if

k k
sup g Tr, < SUD E brss
v . v .

1=1 71=1

where the suprema are taken over all k-element permutations.

r and t nonincreasing, 7 <, t; ®(z) — convex, ®(—oco) = 0. Then
S @(ry) < 3F @(ty), (k=1,2,...) (Gohberg and Krein [1969]).

71=1
Theorem 23 p <, r and s <, t imply (pU s) < (rUt).

In the finite dimensional case this result is known.
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Generalization of the Lidskii—Mirsky—Wielandt theorem

Theorem 24 Let A, B € B(H) be selfadjoint operators on H. Then for
any choice of indices 1 <11 < --- <y, forany k > 1

k k

k
le (A+ B) SZ A+ N(B
71=1 71=1

The Lidskii—Mirsky—Wielandt theorem is one of the major tools.

Corollary 1 Under the assumptions of Theorem 24,
M(A+ B) = A(A) <, AN(B),
A (A) = N(B) <, \H(A - B),
A(A4) = A(B) =w A (A= B).
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Majorization for discrete angles

Theorem 25 Let F, G, G be subspaces of H, and ||Pg — Ps|| <1 holds.
Assume also that

max{dimF N QL, dimF+ N G} = max{dimF N QL, dimF+ N Q~} < 0.

Then

| sin @Cli(]-", G) — sin @Cll(]:,(jﬂ ~<w Sin @il((j, G)
holds, where @Cll(]:, g), @il(]:, G) and @g(g, G) are the sequences of largest

discrete angles between corresponding subspaces.
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Majorization for discrete angles (cont.)

Theorem 26 Let F, G, G be subspaces of H, ||Pg — Pzl <1, and
dimF NG < 0o, dimF NG < oo, dimFr NG+ =dimF+r NGt < oo.

Then

| cos @Il(]:, G) — cos @Il(]:, Q~)| <. SIn ®g(g,g~),

holds, where @Il(]-", G) and @Il(]-", G) are the sequences of smallest discrete
angles and @fi(g, QN) s the sequence of largest discrete angles between

corresponding subspaces.

We were not able to obtain the result of Theorem 25 for the sines of
smallest angles and the result of Theorem 26 for the cosines of largest
angles. In finite dimensional case both results are known Knyazev and
Argentati [2005].
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Majorization for discrete angles (cont.)

Theorem 27 Under the assumptions of Theorem 29,
sin? ©L(F,G) —sin? O4(F,G)| <., sin©(G,G),

| cos” @il(]:, G) — cos? @é(]—“,éﬂ < Sin @g(g,é),

and under the assumptions of Theorem 26,

| cos? @Il(]:v G) — cos? @;(f,QNH < Sin @il(g G),

sin? ©(F,G) —sin®> ©(F,G)| <, sin®'(G, G).
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Estimates for proximity of Ritz values
e Estimates for proximity of the sets of Ritz values;
e Majorization for Ritz values in the discrete case.

Definition Let X C 'H be a subspace of the Hilbert space ‘H. Then

Y((PxA)|x) is called the set of Ritz values of an operator A with respect

to the trial subspace X.

Connection to the angles?
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Extending to an orthogonal projector

The first step

Theorem 28 (Halmos [1969]; Riesz and Sz.-Nagy [1990]) A € B(H)
selfadjoint nonnegative contraction. Then 121, defined on H® H as

. A VA — A)

VA — A) I—-A

18 an orthogonal projector.
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Connection of angles to Ritz values

The second step

Theorem 29 The Ritz values of A and A are the same:

2((PxA)|x) = 2((PrA) ),

. X

. H
X = CH= CH®H.
0 0

The third step: define subspace Z s.t. P; = A
2((PrA)|x) = Z((PgPs)l ¢) = cos®(O(X, 2)).

For the finite dimensional case see Knyazev and Argentati [2005].
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Estimates for proximity of the sets of Ritz values

Theorem 30 Let A € B('H) be a selfadjoint operator and X and Y be
subspaces of H. Then the following inequality

dist(X(PxAPx),X(PyAPy)) < (M —m)||Px — Pyl

holds, where m and M are the bounds of the spectrum of A.

Theorem 31 Assume A and B are linear bounded operators on a Hilbert
space H and the equalities X(AA*) = X(A*A) and X(BB*) = X(B*B)
hold. Then the following inequality holds:

dist(%(]A]), %(]B])) < [[A = B].
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Majorization for Ritz values in discrete case

Definition Let A € B('H) be selfadjoint and X be a subspace of H. The
sequence of Courant-Fischer numbers A ((PyA)|x) is called the sequence
of the discrete Ritz values from the bottom of the operator A with respect
to the trial subspace X.

Theorem 32 Let A € B('H) be selfadjoint and X and Y be subspaces of H
and codimX = codim) < oco. Then

AT(PreA)|x) = AT((PyA)y)] <w (M —m)sin©,(X, ),

where m and M are the greatest lower and least upper bounds of 3(A).

For Ritz values from the top we use an identity

A((PrA)lx) = —AT(=(PxA)lx).




Analysis of convergence of
domain decomposition methods

1 1
/ u'v'dr = / fvdz, Yv e H = H;([0,1]); u € H.
0 0

Q1 =10,a]; Q=1[6,1]; 0< B <a<1; an overlap [3,al.

F={feH | flx)=0, x € |a,1]}
G={9eH | g(x) =0, z€0,0]}

"t =Py Prie®, k=0,1,...; (I—PriPgiPri)e=0.

"t = [I — (Pr+ Pg)le®, k=0,1,...; (Pr+ Pgle=0.

42
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Analysis of the convergence (cont.)

_ B(l—a)
Let 6 = arccos ( a(l—ﬁ))'

Theorem 33

Y(I — PriPgiPri) =X(I — PgiPri) = {sin®(0)} U {1}.

Following Bjgrstad and Mandel [1991], Vidav [1977], we prove

Theorem 34
X(Pr+ Pg)={1, 1+cos(f), 2}.

The conjugate gradient method converges for multiplicative Schwarz in two

iterations and for additive Schwarz in four iterations.
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Application of angles between subspaces

in microarray data analysis

The angles between subspaces are closely related to canonical correlations
in statistics. We propose a new application of the angles between subspaces
for microarray data analysis. For this purpose, we develop a public
supplement to MALTAB’s Biolnformatics toolbox that performs
single-array and comparison analysis for Affymetrix microarray data
analogously to the Affymetrix software. We propose and implement a novel
multi-comparison analysis of the Affymetrix microarray data using angles

between subspaces.
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