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Jujunashvili, Abram (Ph.D., Applied Mathematics)
Angles BetweenIn nite-Dimensional Subspaces

Thesisdirected by ProfessorAndrew Knyazev

ABSTRACT

In this dissertation, we introduce anglesbetweenin nite dimensionalsub-
spacesn two di®eren ways: The rst de nition is basedon spectra of product
of orthogonal projectors and may result, e.g., in a set of anglesthat Tls a
whole closedinterval. The secondde nition is basedon so-calleds-numbers or
Courant-Fischer numbersof operatorsand resultsin a nite number of anglesor
in a monotonically nondecreasingor nonincreasingcourtably in nite sequence
of angles. We call the secondkind of anglesthe \discrete" angles. Sud angles
appear in the literature, e.g.,on functional canonicalanalysisin statistics.

For both de nitions of angleswe:

2 investigatethe basicpropertiesof the anglesand establishthe relationships
betweendi®eren setsof angles;

2 introducethe conceptsof principal vectors, principal subspacesand prin-
cipal invariant subspacesnd investigatetheir properties;

Many of our de nitions appear to be new in the in nite dimensionalcon-
text. Sewral properties, e.g., the relationships betweenthe principal invariant

subspacesand principal spectral decompositions are novel.



We investigate the changesin the angleswith the changein the subspaces

and prove:

2 estimatesfor an absoluteerror of cosines/sinegsquared)of anglesbetween

subspacesusing the gap betweenthe changedsubspaces;

2 majorization resultsfor the absolutevalue of the di®erencef the cosines/sines

(squared)for the discreteangles.

Theseestimatesgeneralizeknown resultsin the nite dimensionalcase.

We investigatea deepconnectionof the conceptof anglesbetweensubspaces
with the Rayleigh-Ritz method, using a classicalresult of extendinga selfadjoirt
nonnegatiwe cortraction to an orthogonal projector. We obtain the estimatesof
a proximity of the Ritz valueswith the changedtrial subspace.

We shav how the anglesbetweensubspacean be usedto analyzecorver-
genceof iterative methods for solving linear systemsoriginated from domain
decompsition methods.

We proposea newapplication of the anglesbetweensubspace$or microarray

data analysis.

This abstract accurately represets the content of the candidate's thesis. |

recommendits publication.
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Andrew Knyazev
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1. Intro duction
1.1 Overview and Motiv ation
In this dissertationwe focuson the following elds of researt: 1) de nition

and properties of anglesbetweenin nite dimensionalsubspaces?) estimatesfor

the proximity of the anglesbetween di®eren pairs of subspaces3) estimates
for proximity of Ritz valuesof a given selfadjoirt operator, correspnding to

di®eren trial subspaces4) anglesbetweensubspacesn analysisof corvergence
of domain decompsition methods; 5) Matlab software implemertation for us-
ing the anglesbetween subspacesn microarray data analysis. The framework

for this researt enbodies spectral theory of bounded selfadjoirt operators in

Hilbert space(in nite or nite dimensional), the Rayleigh-Ritz procedureand
majorization theory.

The concept of principal anglesbetween subspacess one of the classical
mathematical ideaswith many applications[40]. In functional analysis,the sine
of the largestprincipal angle,calledthe gap, boundsthe perturbation of a closed
linear operator by measuringthe changein its graph. The smallest nortrivial
principal angle betweentwo subspacedeterminesif the sum of the subspaces
is closed. In numerical analysis, principal anglesappear naturally to estimate
the approximability of eigenspacesln statistics, the cosinesof principal angles
are called canonical correlations and have applications in information retrieval
and data visualization. Principal anglesare very well studied in the literature,
howewer, mostly in the nite dimensionalcase.Mainly the largestand smallest

angleshave beenstudied in the in nite dimensionalcase.



In Chapter 2 we de ne and analyze the anglesbetween subspacesased
on the spectra of correspnding operators. We investigate the basic properties
of the angles, principal vectors, principal (invariant) subspacesand principal
spectral decompositions. We alsoinvestigatethe relationshipsbetweenprincipal
invariant subspacegiven by isometries.

In Section 2.2, we considera known decomposition [24] of a Hilbert space
into an orthogonalsumof v e subspacesleterminedby all possibleintersections
of two given subspacesnd their orthogonal complemerts. Then, we introduce
the correspnding decompositions of the orthogonal projectors onto the given
subspacesnd investigate spectral properties of relevant operators.

In Section2.3, we study two important mappings- the isometriesof Sz.-Nagy
[62] and of Kato [37], Davis and Kahan [12]. Weinvestigatepolar decompsitions
of products of orthoprojectors and theseisometries.

In Section 2.4, we de ne the angles\from one subspaceto another" and
the angles\b etweensubspaces".We investigate the properties of the (sets of)
angles,sud as the relationships connectingthe anglesbetweenthe subspaces
and their orthogonal complemeits. The idea of de nition of anglesbetween
in nite dimensional subspacesusing the operator spectral theory appears in
[26].

In Section2.5, we obsene that the projections of the initial subspace®nto
\ fth part" arein genericposition. This fact allows usto concludethat the zero
and right anglesmay not correspnd to the point spectra of the appropriate op-
erators, which automatically satis es assumptionsof seweral propositions, given

in Section2.4.



In Section 2.6, we de ne the principal vectors and investigate their main
properties. The casesare investgatedwherethe properties of principal vectors
are similar to those in the nite dimensional case. Using a pair of principal
vectors of given subspacesthe pairs of principal vectors are constructed for
di®eren pairs of subspacesSpecial attention is paid to the caseswherea zero
or a right anglecorrespndsto the point spectra of the appropriate operators.

In Section2.7, we generalizethe de nition of a pair of principal vectorsto
a pair of principal subspaces.We shav that the set of anglesbetween prin-
cipal subspace<onsistsof one point. We prove that the principal subspaces,
correspnding to the non-right angle, have the equal dimensions. We connect
principal subspacedor the given pair of subspacesvith principal subspacedor
their orthogonal complemerts.

In Section2.8, we generalizethe de nition of a pair of principal subspaceso
a pair of principal invariant subspacesGiven a pair of principal invariant sub-
spacef F and G, we construct principal invariant subspacegor other pairs of
subspacessuch asF and G’, F? and G, F? and G’. We investigatethe ques-
tion of uniquenesf principal invariant subspacesWe show that the isometries
givenin Section2.3 map onesubspaceof a given pair of principal invariant sub-
spacesonto another, and vice versa. We nd a connectionbetweenorthogonal
projectors onto the principal invariant subspaces.

In Section2.9, we de ne and investigate principal spectral decompsitions.
We show how the isometriesintroducedin Section2.3link the spectral families
of two products of projectors.

In Chapter 3, weintroducediscreteanglesbetweensubspacesnd investigate



their properties. We give di®eren de nitions of discrete anglesand show their
equivalence. We investigate discrete anglesbetween seeral pairs of subspaces
and relationships betweenthe largest and smallestdiscrete angles.

In Section3.1, we descrike s-numbersand their basicproperties, using [22].
We show that this de nition is equivalert to the Courant-Fisher max-min prin-
ciple. We study the s-numbers of relevant operators.

In Section3.2, we give two equivalert de nitions of discreteanglesbetween
subspaces:a recursive de nition and a de nition basedon s-numbers of the
products of orthoprojectors. Such de nitions appear in the literature, e.g., on
functional canonicalanalysisin statistics [28]. We investigatethe discreteangles
betweendi®eren pairs of subspaces.

In Section 3.3, similar to the generalcase,we de ne the principal vectors,
principal (invariant) subspacesand discusstheir properties. The subsetof dis-
crete anglesis given, for which all properties of the principal vectorsand prin-
cipal subspacedrom Sections2.6 and 2.7 also hold for discrete angles. For a
pair of subspaces necessarycondition is derived sud that the pair is a pair of
principal invariant subspaces.

In Chapter 4, we obtain estimatesfor proximity of angles. In Section4.1,
we obtain an estimate for the distance betweenthe spectra of absolute values
of operators. This estimate alows us to obtain an estimate for the proximity of
the sinesand cosinesof anglesbetweensubspaces.In Section4.2, we estimate
a proximity of squaredcosinesof anglesfrom one subspaceo another.

In Chapter 5, we obtain estimatesfor discrete anglesbetween subspaces.

We estimate the maximal di®erencebetweenthe cosines,and next we obtain



di®eren results on the weak majorization of the angles.

In Section5.1, we remind the readerof the known properties of s-numbers
that are usefulin the sequel.In the next two sectionswe generalizesomeresults
from [40] and [42).

In Section5.2, we estimate an absoluteerror of cosines/sinesof the discrete
anglesbetweentwo pairs of subspacesOne subspaceas xed in both pairs, and
the secondone changes. We estimate these quartities by the gap (aperture)
between the inital and changedsubspace. We considerthe case,where both
subspace®f the initial pair are changedand we obtain an estimate, using both
gaps.

In Section 5.3, we generalizethe well-known Lidskii-Mirsky-Wielandt the-
orem for matrices to the caseof the Couran-Fischer numbers from the top of
boundedselfadjoirt operators. We prove a majorization result for the absolute
value of the di®erenceof s-numbers by s-numbers of the di®erence.We prove
that the absolute value of the di®erenceof the cosines/sines(squared) of the
discreteanglesbetweensubspacess weakly majorized by the sinesof the angles
betweenthe changedsubspacesThe resultsabout majorization of sines/cosines
(squared) are generalizationsof correspnding results of [40], and their proofs
are also similar.

In Chapter 6, we investigate a connection between the concept of angles
betweensubspacesind the Rayleigh-Ritz method, basedon a result of extending
a selfadjoirt nonnegatiwe cortraction to an orthogonal projector. We generalize
“nite dimensionalestimatesfor a proximity of the setsof Ritz valueswith the

changedtrial subspaceo the in nite dimensionalcase.



In Section6.1, we generalizeTheorem 1 [4]] to Hilbert spaces.This result
provides an estimate of the proximity of Rayleigh quotients by the sine of angle
betweenthe vectors.

In Section6.2, we obtain a bound on the Hausdor®distancebetweenthe Ritz
values. This result has been presened at the 12th ILAS Conference,Regina,
Saslatchewan, Canada,June 26-29,2005(see[3]).

In Section 6.3, we prove a majorization result of the proximity of discrete
Ritz valuesby the sinesof anglesbetweentrial subspacesWe usethe technique
of extensionselfadjoirt nonnegatiwe cortraction to the orthogonalprojector [4Q].
The results of this sectionare direct generalizationsof the correspnding results
[4Q] to in nite dimensionalcaseand the proofs also are similar.

In Chapter 7, we use anglesbetweensubspacedo analyzethe convergence
of iterative methods for solving linear sytems originated from the domain de-
composition method. We show that in the one dimensionalcase,the spectra of
the error propagation operators consist of two or three points, which leadsto
the nite corvergenceof the conjugategradiert method. We construct the pairs
of principal vectors (functions).

In Chapter 8, we discussthe canonical correlations and A®ymetrix algo-
rithms for microarray data analysis. We brie°y descrike the canonical corre-
lation analysis and microarray technology in Section8.1. In Section 8.2, we
descusghe algorithms that are usedin A®ymetrix software. In Section8.3, we
descrike our Matlab code that performs single-array and comparisonanalysis
for A®ymetrix data. Finally, we useof anglesbetweensubspacedo analyzethe

A®ymetrix data in Section8.4.



1.2 Notation
H

B(H)
RN

u;v
A;B;:
F:G
(u;v)
kuk
KTk

E?

Pe

§(T)
§p(T)
§(T)
dist(Sy; S)
£(F;0)

£(F;0Q
£o(F; G
©

Hilbert space.

Banad algebraof boundedlinear operatorson H.
Vector spaceof real n-tuples.

Lower caseRoman letters denotevectors.
Upper Roman letters denote operators.
Calligraphic letters denotesubspace®f H.
Hilb ert spaceinner product.

Norm of vectorin H.

Norm of operator, acting on H.

Orthogonal complemen of the subspace- .
Orthogonal projector onto the subspace- .
Spectrum of the operator T.

Point spectrum of the operator T.

Continuous spectrum of the operator T.
Hausdor®distance betweenthe setsS; and S,.
One-directional, non-symmetricangles

from F to G.

AnglesbetweenF and G.

Anglesthat correspnd to eigervalues.

Direct sum of subspace®r operators.



a Intersection of the rst subspacewith orthogonal
complemen of the secondone.

gap(F;G) The gap, aperture betweenthe subspaced and G.

si(T) s-numbers of the operator T.

iTj Absolute value of an operator.

D(T) The domain of an operator T.

N(T) The null-spaceof an operator T.

R(T) The range of an operator T.

E(,) The spectral family of an operator.

, ]f(T) The Courant-Fischer numbersfrom the top

of the operator T.

, L(T) The Courant-Fischer numbersfrom the bottom
of the operator T.

£ :,(F :G) The setof smallestdiscreteangles
betweensubspace$ and G.

£§(F ;G) The setof largestdiscreteangles
betweensubspace$- and G.

S(A) The sequencef non-increasinglyordered
s-numbers of boundedoperator A.

r Ayt The sequencd rg is weakly majorized

by the sequencd tg.



aji(A)
a,4(A)
Ha(-)

PM
MM

The set of the discreteRitz values
from the top of the operator A.
The set of the discreteRitz values
from the bottom of the operator A.
The Sololev spacewith zerotrace.
The Perfect Match probe.

The MisMatch probe.



2. Angles Between Subspaces

In this chapter, we de ne and analyzethe anglesbetween subspacesising
the spectra of correspnding operators. We investigate the basic properties of
angles,principal vectors, principal (invariant) subspacesand principal spectral
decompsitions.
2.1 Preliminaries

Let H bea (real or complex)Hilbert spaceF and G beits proper nontrivial
subspacesA subspaces de ned asa closeal linear manifold. Let P and Pg be
the orthogonal projectors onto F and G, respectively. We denoteby B(H) the

Banad spaceof boundedlinear operators de ned on H with a norm

kTk = sup kTuk:

u2H
kuk=1

For T 2 B(H) we de'ne jTj = (T°T)¥?, using the positive squareroot. Tjy
denotesthe restriction of the operator T to its invariant subspaceJ. §(T) and
§p(T) denotethe spectrum and point spectrum of the operator T, respectively.
§,(T) is de ned as(see,e.g.,[16], De nition 1, p. 902) the set of numbers, in
§(T), for which || j T isnot one-to-onewherel denotesthe idertity. In other
words, §,(T) consistsof eigervalues (of nite or in nite multiplicit y). D(T)
denotesthe domain, N(T) denotesthe null space,and R(T) denotesthe range
of the operator T. Let usmertion that we do not usea Hilb ert spacedimension
(see, e.g., De nition 4.15, p. 17, [1Q) in this dissertation. We distinguish

only the nite and in nite dimensions. If g is nite number and F is in nite

10



dimensional, then we have minfqg; dmFg = g and maxfg; dmFg = dimF.
Also, if p=dimF =1 andg= dimG= 1 ,thenp- qholds.
Someuseful properties of orthogonal projectors on a Hilbert spaceH that

we needare the following (see,e.g.,[13], Lemmas4-7):
2 p2=p=pP°;

2 The product of two projectors P and Pg is alsoa projector if and only if

Pe and Pg commnute, i.e., if Pe Pg = PgPr: In this case

PePc = Pry;

2 Two subspace$- and G are orthogonal if and only if P Pg = 0;
2 PePg=Pr ifandonlyif F p G.

If we represemn the spaceH as a direct sum of the mutually orthogonal
subspaceH = F © F?, then evidertly Pg» PcPgPr = PrPgP:Pg> = 0 and

the block represemation of the operator P PP will be
0 1

PP =B O R
0 0

Consequetly we consideronly the restrictions of the operators P PP and
PcPr Pg to the subspaced- and G that are equalto the operators Pr Pgjr and
PcPEj, respectively.

The following known [44] lemma introducesthe spectra of operators that
play the certral roleslater in de nitions of anglesbetweensubspacesWe provide

the most interesting parts of the proof of [44] for better exposition.

11



Lemma 2.1 (LemmaZ2.4, [44]) For orthogonal projectors P and Pg we have
1. 8(PrPg) = 8(PrPcPr) 2 [0; 1];
2. 8(Pe i Po) %2li L;1];
3.1f, 60,81, then, 2 §(Prj Pg)if andonlyif 1i , 22 §(PgPg).

Pro of: 1. For any complex, , the block form of || | P Pg with respectto to

the decommsitionH = F © F 7 is
0 1

Pe(,l i PePcPr)Pr i PePo(l | PF)&_
0 (i Pe)

1 i PePo= @

which implies that §(PrPg) = 8(PrPgjr) [ fOg. From the equation | |
Pe PcPe = Pe (>| i Pe PGPF)PF + ., (l i PF) we concludethat §( Pe P(;PF) =
8(PrPgje) [ f0g, and 8( Pr Pg) = 8( P PgPr) follows.

2. This assertionfollows from the identity (see,e.g.,[2], p. 70)
KPr i Pk = maxtk Pr Pg K; KPgPE- kg:
3. It is enoughto note that, for any complex, ,
[C i DI+ Pelll i (Pei PRI, + 1Ii Pg]=

[(, i DI +Pg)+ PePg]l(, + 1)Ii Pg]=
Gi DC+C +Pe)+ (, +DPePsi (i 1(, +1)Psi PePg=

G20 DI+ PePgl:

12



For subspace$ and Gof H let usde ne the quartities cy(F ; G) and c(F ; G
by (see,e.qg.,[13))

(F; G =sudj(u;v)j j u2F; kuk- L,v2 G kvk- 1g; (2.1)
and

oF:G) =supfj(u;v)j j u2F\ (F\ G§?; kuk- 1;

v2G\ (F\ G7; kvk- 1g; (2.2)

which are calledin [13] the cosinesof the \minimal angle" and \angle", respec-
tively betweensubspaces-, G.

It follows directly from the de nitions of ¢(F ; G) and co(F ; G) that
o(F;G) - co(F;0): (2.3)

The following theorem, which we uselater, givesthe necessaryand suzcient
conditions for closenes®f the rangeof product of two boundedlinear operators

in terms of thesequartities.

Theorem 2.2 ([13], Theorem 22). Let A and B be boundel linear operators
on H with closal rangesR(A) = R(A) and R(B) = R(B). Then the following

statementsare equivalent:
1. AB hasclosal range;
2. o(R(B);N(A)\ [N(A)\ R(B)I") < L

3. ¢(R(B);N(A)) < L

13



2.2 Five Parts of the Space

In this section we considerthe decommsition of a Hilbert spaceinto an
orthogonal sum of v e subspaces.Then, basedon the correspnding decom-
positions of the orthogonal projectors onto the consideredsubspacesspectral
properties of somerelevant operators are investigated.

It is known (see,e.g.,[1]1], [24], [65]) that, given subspaced and G, the

spaceH can be represeted as an orthogonal sum of the subspaces
Mow=F\ G Mu=F\G; Mp=F’\G Mu=F’\G (24)

and \the rest" M, where

M=MoOM, (2.5)

with

Mo=F2 (Mgp©Mq);

|V|1:|:?"’l (M10© M 119); (2.6)
sothat, we can write
H:M00©M01©M10©M11©(M0©M1): (27)

Remark 2.3 If wedeneM3= G2 (Mp©Myg), MP= G 2 (Mo ©M 1)
and M%= MJ© M2, thenin geneal, M3 6 My and M? 6 M, butit follows

from (2.7) that M°= M.

De nition 2.4 ([11], [24]). We say that a pair of subspces F and G are in
generic position if the four intersections M go; M o1; M 10 and M 15, de ned by

(2.4), are trivial, i.e. consist of the zeo elementonly.

14



Remark 2.5 It followsdirectly from De nition 2.4 that the subspeesF and G
are in generic position if and only if any of the pairs F and G’, or F? and G,

or F? and G’ is in generic position.

Lemma 2.6 Let F and G be the subspoesof H, and a subspce M, de ned by
(2.5), (2.6), be non-trivial. Then Py F and Py G, asthe subspceesof M, arein

generic position.

Pro of: Let us rst mertion that PyF = My=F & (Myp© Mgy), PuF? =
Mi=F?2 (M3g©My), PyG= MY, and Py G’ = M9, where

MS=G2 (Mp©OMy); MJI=G 2 (Mo ©Myy): (2.8)

Next, we seethat Mg ? M, Mo©M; = M, and M3 ? M?, MJ©
M? = M. If we assumethat any pair of thesefour subspacesas a nortrivial
intersection, then it evidertly is a subspaceof one of the four subspaceM o,
M o1, M 1o Or M1;. This cortradiction shows that all intersectionsare trivial,
and consequetly, Py F and Py, G are in genericposition (with respectto M). m

The following theorem characterizesthe projectors onto subspaceghat are

in genericposition.

Theorem 2.7 ([24]). If F and G are subspcesin genericposition in a Hilbert
space H, with resgective orthogonal projectors P and Pg, then there exists a
Hilbert space M, and there exist positive selfadjoint commuting contractions S

and C on H, with S2+ C2= 1 and N(S) = N(C) = f0g, suchthat P= and Pg

15



are unitarily equivalentto
0 1 0 1

2
%I ° and %C CS& ; (2.9)
0 0 cs &2

respectively.

Using Theorem 2.7 it is proved (see[65]) that the projectors P and Pg
admit the following represetation correspnding to the decompsition (2.4),

(2.7):

0o 1
I 0
Pr=101 00000 X:
0 0
0 1
c? cs
Pe=10©001 ©00W" B X w: (2.10)
cs &2
where 0 1
I 0
w=@ K
0 W

W :M.! My isanunitary operator and S = P PePg jm,, C = P Pe Pgim,-
The represemations (2.10) shaw that all v e parts of the spaceH are invari-
ant for both operators Pg, Pg and alsofor all operators, which are represered
as polynomials of thesetwo operators. Moreover, we can see,for instance,from
the rst equality of (2.10)that M oo and M ¢; arethe eigenspacesf the operator
Pr correspnding to the eigervalue 1 and M 1o; M 1; are the eigenspacesf the

sameoperator, correspnding to the eigervalue 0.

16



Lemma 2.8 The four operators Pr; Pg; P> and Pg: commute if and only if
the spectra 8( P Pg), 8(Pr P ), 8(Pr- Ps) and 8(Pg- Pg ) are the subsetsof
fOg[ flg.

Pro of: Assumethat Pr and Pg commnute (which meansthat all four projectors

commnute). Then
PFPG: PF\G; PFPG? = PF\G?; PF? PG: PF?\G; PF? PG? = PF?\G?:

In its turn, theseequalities give then that all of the sets§( Pg Pg), 8(PrPg ),
§(Pg- Pg) and §( Pz Pg ) are the subsetsof fOg[ f 1g.

Assumenow that all four spectra are subsetsof f Og[ f1g but P Pg 6 PgPr.
In this caseM = f0g, and we can represem the spaceH asH = Mo © M, ©

M 10© M 1;. In this caseit can be easily chedked that
PePgu = PgPru=u
for 8u 2 M o and
PrPcu = PoPru= 0
for 8u 2 My © M 1 © M 1; sincethis equality holds separatelyfor all three

subspacesthat is for 8u 2 M1, 8u2 M 19, 8u 2 M 3. [

Lemma 2.9 The operators Pr Pgjv, PEPs? jm, Pe2 Pgjm, and P> P juv are

positive selfadjoint contractions.

Pro of: Direct calculationsusing (2.10) show that the operator block represen-

tations of the operators c%nsidereollhere are: 0 1

CZ 0 Sz 0]
Pr PGjM = % & ,  Pr F)G?jl\/l = % g : (211)
0 O 0O O
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and

0 1 0 1
, 0 0 . 0 0
Pe- Poin = @ K. PeoPoiv= K: e
0 W?9S2wW 0 W-°C?W
SinceS? and consequetly, alsoC? = | | S? are positive selfadjoirt cortractions,

and W is unitary operator, theserepresemations shav that all four considered
operators are positive selfadjoirt cortractions. ]
Similarly, the operators PPt jm, PcPr2 ju, P Prjm, and Pg Pe-jy are

also self-adjoirt positive cortractions.

Lemma 2.10 The point spectra of the restrictions of operators Pr PP and
Pe Pe» P to the subspoe M and the restrictions of the operators Pg» PgPg-,
and Pg» P> Pg» to the subspice M 1, respectively do not contain onesand zetros,
that is 0;1 2 8 p(PrPgjm,), 0;1 2 §,(PePg jm,) and 0;1 2 8§ (P> Pgjm,),
0,12 §,(Pe> Pgr jwm,)-

Pro of: Using (2.11) and (2.12), we have Pg Pgju, = C? and Pg- Pgjy, = S2.
But then, if we assumethat 12 §,(Pg Pgjm,), or 02 8§ ,(Pg> Pgjm,), then we
get N(S) 6 f0g, which cortradicts Theorem 2.7. Next, sinceC? + S2 = |, if
1is an eigervalue of S, then 0 is an eigervalue of C, and vice versa. Basedon
the last fact, we seealsothat if 02 8 ,(PrPgjm,), or 1 2 §,(Pg> Pgjm,), then
N(C) 6 f0g. Thesecortradictions to the properties of the operators S and C,

givenin Theorem 2.7, show that the assertionis proved. |

Corollary 2.11 The point spectra of the restrictions of operators PgPr Pg and
PsPr- Pg to the subspoe M § and the restrictions of the operators Pg> Pe Pg

and Pg. Pe» Pg to the subspice M ¢, resgectively do not contain onesand zeios,
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that is 0;1 2 §,(PcPrjmy), 0;1 2 8,(PcPr-jm9), 0;1 2 8,(Pe: Prjwo) and
0112§D(PG" PF?ng)'

Remark 2.12 (see Remark 4.27, p. 228, [37]). The ve parts are unstable
with respct to perturbations of F and/or G and thus cannot be usel in the

perturbation analysis.

The following lemma cortains simple but useful facts about the rst four
parts of the space. All assertionsassumethat correspnding subspacesM o,

M o1, M 10 and M 1; de ned by (2.4) are nortrivial.

Lemma 2.13 The following assertionsare true:

2 The subspce M (o is an eigenspce of the operators Pr Pgjr and PPk jg,
corresnding to the eigenvalueone, and is an eigenspce of the operators

Pr Pe je and PgPe- jg, correspnding to the zem eigenvalue;

2 The subspce M ¢; is an eigenspce of the operators P Pe j¢ and P Prje ,
corresnding to the eigenvalueone, and is an eigenspce of the operators

Pe Pgjr and Pg P~ jo2, correspnding to the zeo eigenvalue;

2 The subspce M 4 is an eigenspce of the operators Pr» Pgjg» and PgPg- jg,
corresnding to an eigenvalueone, and is an eigenspce of the operators

Pe- Ps je» and PgPgjg, correspnding to the zeo eigenvalue;

2 The subspe M,; is an eigenspoe of the operators Pg- Pg je» and
Ps Pe- o2, correspnding to the eigenvalueone, and is an eigenspce of
the operators Pg- Pgjr» and Ps Pejs2, correspnding to the zem eigen-

value.
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2.3 Isometries Between Subspaces

In this sectionwe study two important mappings- the isometriesof Sz.-Nagy
[62] and of Kato [37], Davis and Kahan [12]. The secondmappingis the unitary
versionof the rst oneand is called a direct rotation. It mapsthe subspaced-
and F? onto the subspacess and G’ , respectively.

We assumethat the inequality

holds. As we can seebelonv (Lemma 2.36), this property is equivalent to a
property that a set of anglesbetweenF and G doesnot cortain a right angle.
The Sz.-Nagy'spartial isometry [62] for a givensubspace$ and Gis de ned

by following equality
W = PcAl 2P, (2.14)

where

A=1j Pg+ PePgPr = A™: (2.15)
It follows from the assumption(2.13) that kPr (Pgi Pr)Pek < 1 holds,and
consequetty

A=1+ PF(PGI PF)PF > (1| kPF i ng)l > 0:

Thus Ai *2 exists and is positive, bounded and selfadjoirt. Furthermore, Pr
commutes with A and, consequetly with Ai 12 too. Basedon thesefacts we
get [62] that

ety = p; Wwive = pg: (2.16)
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The relations (2.16) imply that isa partial isometry (see,e.g.,[73], p.85): its
restriction to the subspaceF is an isometry, that is it leavesan inner product
of the elemerts of F unchanged,and Wu? = 0, for 8u? 2 F~.

The mapping, constructedby Kato [37], Davis and Kahan [12], is a unitary

mapping, which coincideswith the mapping given by (2.14) on F:
W =[PP+ (i Pe)(I i PE)I(I'i R (2.17)

whereR = (Pg | Pg)?. It is easyto shaw that the factorsin the right-hand side
of & comnute. Further, W®" = (1 | R)I (1 | R)(1 | R)I 2 =1, (see[59)
soW is unitary.

Now let us explorethe relations betweenthe partial isometriesin the polar
decomposition of operators and (partial) isometriesconsideredabove.
De nition 2.14 (De nition 3.10, p. 242,[10Q]). A partial isometry is an oper-
ator W 2 B(H) suchthat for 8u 2 N(W)?, kWuk = kuk. The subspce N(W)?
is called the initial space of W and the subspce R(W) is called the nal space
of W.

The following fact is well known:

Lemma 2.15 (Theorem 3.11, p. 242, [10]). If T 2 B(H), then there is a
partial isometry W with N(T)? asits initial space and R(T) asits nal space
suchthat T = WjTj. Moreover, if T = UQ, whee Q , 0 and U is partial
isometry with N(U) = N(Q), thenQ = jTjandU = W.

Theorem 2.16 For both choicesof W = W andw = %, whee W and % are
de ned by (2.14) and (2.17), resyectively PcPr = WjPgPrj holds.
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Pro of: DenoteB = PrPs. Then B® = PgPr, BB” = PePgPr and B°B =
PsPr Pe. If we denoteS = (BB "), then consideringthe polar decomsition
(see[73], [37]), B® canberepreseted in the following form B® = WS (for B we
have B = SW?), whereW s a partial isometry with initial domainF and nal
domain G. Note alsothat B°B = WSSW* = W(BB")W".

First let us considerthe caseW = W, where v is deTned by (2.14). We
have:

fvs = PcA 1=2Ppp Pe PgPe = PgPe A 1=2P Pe PGPk (2.18)

But the last multiplier in (2.18)is zeroon F? and Ai 2 = (P PgPgr)i 2 onF.
This meansthat WS = PgPr = B®. From this last equality we concludethat
the partial isometry usedin the polar decompsition is the sameas Sz.-Nagy's
partial isometry, given by (2.14), which mapsisometrically F onto G.

In the caseof W = W, where® is given by the relations (2.17) we have:
I & [
WS = [PGPF + (I i PG)(I i PF)](I i R)' 1=2 P|: PGPF: (219)

But analogousto the above argumerts we seethat WSu” = 0 for u? 2 F~.
Next, | i R = PePgPr on F, and we concludefrom the equality (2.19) that
WS = PP = B®. And again, we seethat the isometry usedin the polar
decomposition can be given by (2.17). ]

Let us now considera questionof the unitarily equivalenceof the operators

Pr PgPE and PcPe Pc.

Theorem 2.17 ([43]). Let F and G be subspoes of H. Then there exists a

unitary operator W 2 B(H) suchthat

Pe PGP = WUPGPF PcW. (220)
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Proof: Denote T = PgPg, then T? = PgPgs. Using Lemma 2.15 and the

fact that N(T)? = R(T"), we concludethat there exists a partial isometry

U: R(TY ! R(T), suh that T = UP PePaPr holds.
It is known (see,e.g., Theorem1, p. 126, [54]) that a partial isometry U

has a unitary extensionif and only if (D(U))? and (R(U))? are isomorphic

(De nition 5.1, p. 19, [10). SinceD(U) = R(T®) and R(U) = R(T), we
concludethat for existenceof the unitary extensionof U it is necessaryand
suzxcient N(T") and N(T) to be isomorphic. This means,that N(PrPg) and

N (PsPg) should be isomorphic. Using the decompositions (2.10), we have

N(PFPG) = M01©M10©M11© N(PFPGJM),

N(PcPr) = Mp1©OM10© M 13 © N(PcPeju):

These relations shav that to prove that N(PgPg) and N(PgPg), it sutces
to shav that N(PrPgjm) and N(PgPgjw) are isomorphic, which follows from
Theorem 1, [24]. Finally, we concludethat there exists a unitary extensionof

U. Denoteit by W and we have
P— P—
P(;.PF =W P|: PGPF ; P|: PG = P|: PGPF W-:
Multiplying theseequalitieswe obtain

PGpF PG = WPF PGPF Wu;

which is equivalent to (2.20), sinceW is unitary. ]
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2.4 De nitions and Prop erties of the Angles

In this section,we de ne the angles\from onesubspacdo anotherone”, and
angles\b etweensubspaces".Next, we investigatethe properties of the (setsof)
angles,sud as the relationships connectingthe anglesbetweenthe subspaces
and and their orthogonalcomplemets. The ideaof de nition of anglesbetween
in nite dimensionalsubspacesisingthe operator spectral theory appearsin [26].

De nition 2.18 A set
: 7
£(Fi9)=fu: u=arcco); %, 0 %2 8(PePcie)gh [0,5) (2.21)
is called the set of anglesfrom the subspce F to the subspce G.
De nition 2.19 A set
£(F;:Q) = £(F;G)\ £(GF) (2.22)
is called the set of anglesbetween the subspoesF and G.

Remark 2.20 In genenl £(F:G) 6 £(G,F), that is the set-valuel function

£(F: Q) is non-symmetric, but £( F ; G) is a symmetric function.

Denition 221 £,(F;G) = fu 2 £(F;G) : cod(y) is an eigenvalueof

P Pgjr Q.
Denition 2.22 £,(F;G) = £,(F;G\ £,(GF).

The following technical lemmadescribtesa relationship betweenthe spectra

of operators Pg Pgjr and Pg P jF .
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Lemma 2.23 If 3% 2 §(P:Pgje) then1? = 1 3% 2 §(PrPg jr) and vice
versa, that is if 122 §(PgPg je) then¥£ = 1 122 §(PgPgjr).

Pro of: The proof immediately follows from the equality
PePejr + PEPe jr = Pejr = 1r;

and the spectral mapping theorem (see,e.qg., [77], Corollary 1, p. 227), which
statesthat if f is a complex-aluedfunction, holomorphicin someneighborhood
of §(T), then §(f(T)) = f(8(T)). Inourcasef (T) =1 T. |

Using de nition 2.21in Lemma2.23we can interpret this result in terms of

the angles.

Theorem 2.24 £(F;G) = 2i £(F;G).

Interchanging the subspacegives£(G;F) = Zi £(GF?).

Using Theorem 2.24 we can introduce equivalert de nition of the angles

using the sines.
De nition 2.25 The set
. . Y.
£(F;G =fu: p=arcsint); *, 0 122 §(PePgjr)gu [0 {] (2.23)
is called the set of anglesfrom the subspce F to the subspce G.

Theorem 2.26
1 1
£(GF)nf 5/“9 = £(F:Q) nf §/4g: (2.24)

Pro of: The assertionis a particular caseof amoregeneralfact: if A; B 2 B(H),

then non-zeroelemerts of the spectra of operatorsAB and B A arethe same(see,
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e.g.,[64], Chapter 10, Exercise2, or [10], Exercise7, p. 199). Here A = PrPg
and B = PgPk.

Let us investigate where the non-symmetry of £( F ; G) comesfrom. Using
decommsitions (2.10) for the projectors P and Pg correspnding to the ve

parts of the spaceH, we get:

P|: PGjF = IMOO ©OM01 ©P|: PGjM;

PGPFjG = |M00 © Oum 10 © P(3P|:jM . (225)

Next, using Theorem 7.28, p. 208, [73], which statesthat if T 2 B(H) is
selfadjoirt and M is its invariant subspacethen the restrictions Ty, , Ty, » are
selfadjoirt and §(T) = 8(Tm) [ 8(Tw-), we have §8(PrPgjr) = 8(lwy) [
8(0mo,) [ 8(PrPcjm) and 8(PcPrjc) = 8(1me) [ 8(0mi,) [ 8(PePejm). These
two equalitiesshow that both setsof angles£( F ; G) and £ (G; F ) simultaneously
contain or do not cortain the zeroangle, but with the right anglethe situation
is di®eren. Namely, becauseof the di®erencean the secondterms of the right-
hand sides,one of thesesetsmay cortain a right angle,whenthe other onedoes
not. [
As we can see,there are eight, in generaldi®eren sets of non-symmetric
anglesfor a given pair of subspacesL et usinvestigatethe relationshipsbetween
them. It is sutcient to gettheserelationships,for instancebetween£( F ; G) and
the other sewen sets. The relationshipsbetweenarbitrary pairs of setsof angles
can be easily gotten from theseseen relations by interchanging the subspaces.
Two of thesesewen equalities are already given in Theorem 2.24 and Theorem

2.26. We consider rst the anglesfrom onesubspaceo another sincethey reveal
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“ner details. We give here all seen relations for completeness.For symmetric

angleswe obtain analogousresults later in this section.

Corollary 2.27 The following relations hold for any pair of subspceesF and

Gof H:
1. £(F;0 =% £(F;&);
2. £(GF)nf%g=£(F;G) nf%g
3. £(F”;9n(fogl f¥g) = ¥i fE(F;Gn(fog[ fZo)g;
4. £(F?;G)n(fog[ f%g) = £(F;G) n(fog[ fZo);
5. £(GF?)nfog= %i f£(F;G) nfgg

6. £(G°;F)nf%g=%; f£(F;G) nfogg

21
7. £(G;F?)nfog= £(F;G) nf0og.

Pro of:

The rst two assertionsare already proven. To prove the other equalities,
we usethesetwo relations.

3. £(F7;9n(fog[ f39) = £(GF7)n(fog[ f3g) = f5i £(GF)gn
(fog[ f39) = f3i fE(GF)nfigggnfig= i £(F;Ggn(fog[ g =
Zi TE(F;Q9n(fog[ f%g)g

4. Using the previous equality, we get £(F?;G) n(fog[ f%g) = %
£(F;G)gn(fog[ f¥g) = £(F;G) n(fog[ f30);

5. £(GF?)nfog=f%i £(GF)gnfog= %i fE(GF)nfygg= %i
f£(F;G) nf%gg;
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6. £(G;F)nf%g= £(F;G)nf%g=f%; £(F;Qgnf%g= %; f£(F;Qn
fOgg;
7. £(G;F?)nfog= % £(G;F)gnfog= % f£(F;G)nf%gg =

f2i £(F;G)gnfog= £(F;G) nfog. n

Remark 2.28 Let us explain why only one of all the relationshipsbetwesn the
two sets of anglesdoes not require elimination of the zew or right angles. As
we haveseen in Theorem 2.24, this pair is £ (F ; G) and £( F ; G?) (analogously,
£(G,F) and £(G;F?)). The keyto the answeris the fact that the operators,
correspnding to thesesets of angles,havethe sameeigenspaes outside of the
“fth part of thesppee H. Theseeigenspaes, asis shownin Lemma2.13, are M oo
and M o;. They are the eigenspcesof the operator Pg Pgjr, correspnding to the
eigenvaluesl and O, respctively, and the eigenspces of the operator Pg P jF,
corresnding to the eigenvalue and 1, resgctively. The eigenspces of other

pairs do not match, which causesa possibledi®erenae between the spectra.

To illustrate the results of Theorem 2.24 and Corollary 2.27, considerthe
following example,which is similar to that consideredin [42]. Let H be a real
Euclidean spaceR®, F be a subspaceof dimension4, spannedby the columns
of a matrix [I4;0]" 2 Mg4, and G be the three dimensional subspace spanned
by the columnsof a matrix [D1;D»]" 2 M3, whereD; and D, are diagonal
matrices, whosediagonal elemerts are 1:p 1+ d2 and d :p 1+d%i= 123,
d; = 0, and d,, d; are non-zeroreal numbers. Then it can be easily seenthat

the following equalitieshold:

2 cos(F:0Q) = f1; 1= 1+ dZ; 1= 1+ d2; Og;
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2 sinE(F:@) =1 1= 1+ & 1= 1+ & Og
1 2

2 sinE€(F?;Q) = f1= 17 d2; = 17 d2g;

P 1+ d?; 1:p 1+ dig;

2 cos€(GF)) = f1; 1= T+ dZ; 1= T+ d2g;

2 cos(F?;G)) = f1=

2 sin(GF?) = 1= T+ & 1= 1+ & Og
sin€(G°;F)) = f1; 1= 1+ 1= 1+ g
? 2 pP_—— p—
2 cos(G;F7) =fl= 1+ & 1= 1+ 0g
Corollary 2.29 £(F;G)nf%g= £(F:0) nf%g= £(G,F) nf %g.

Lemma 2.30 Let F and G be subspces of H, and subspce M, be de ned by
(2.5), (2.6), be non-trivial. Then £( F; G)n(f0g| f%“g) = £(PuwF;PuwG)n(fOg[
f Zg).

Pro of: Using (2.25), we have 8( P Pgjr) = 8°[ 8(PgPgjm) and 8( PcPkjc)

89 §(PgPgjm), where 8%8%° f0;1g. But then we get cog£( F;G))
80\ 8%\ §(P:Pgjm)\ 8(PcPrjw) = 8°\ 8%\ cog£( Py F;PyG). Since
§°%\ 8%y f0;1g, the assertionfollows from the last equality. n

The following lemma descrikes a trivial case,when the projectors P and

Ps commute.

Lemma 2.31 If PePg = PgPgr then all sets of angles£(F;G), £(F;G?),
£(F?;0), £(F?;3), £(GF), £(GF?), £(G;F), £(G;F?) are subsets
of the setf0; gg that is the only the possibleanglesbetween the subspcesF, G,

F? and G’ are the zeio and right angles.
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Pro of: If P and Pg commnute, then also all polynomialsin Pg and Pg com-
mute, particularly all four projectors P, Pg, Pe» and Pg> commute. But then
(see,e.qg., [2], p. 65, Theorem 1) we have PePg = Pr, PEPy = Prg-,
P> P = Pe2\, Pe2 P = Pg2\g>. Then the assertionfollows from the fact
that the spectrum of orthogonal projector consistsof two points - zeroand one.
|

Let us now considerthe relationships between the quartities de ned by

(2.1), (2.2) and angles,de ned in the currert section.

Lemma 2.32

© ¢a
C(F;G) =sup cos £(F; G ; (2.26)

and
a

© ¢
c(F;G) = sup cos'£(F;G)nf0g X (2.27)

Pro of: We have using Theorem5.35,p.120,[73] about de nition of a bounded

linear operator by bilinear form:

Co(F;G) = sup supj(u;v)j = sup sup j(Pru;Pgv)j =

u2F v2G u2H  v2H
kuk=1 kvk=1 kuk=1 kvk= . ¢2
) . i
sup sup j(u;PePgVv)j = kPePck = sup cos £(F;G)
u2H Vv2H
kuk=1 kvk=1
For c(F ; G) we have:
co(F;G = sup sup  j(u;v)j =
u2F \ (F\G)? v2G\ (F\G)?
kuk=1 kvk=1
sup  sup j(Pru;Pgv)j= sup  sup j(u;PePgV)j:
u2H 2 Mg v2H 2 M o u2H 2 Mo v2H 2 M oo
kuk=1 kvk=1 kuk=1 kvk=1
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Using the decompositions (2.10), we have
PePc=1©0©00©00 PgPgju; (2.28)

wherel andO arethe idertit y and zerooperatorson the correspnding subspaces
of H. (2.28) shows that excluding the subspaceM oo from a domain of the
supremum excludesl from the spectrum of Pg Pg and we obtain (2.27). ]

Let us denote by gap(F ; G) a gap (aperture) betweensubspaced and G
(see,e.q.,[2], [22, [37]) which is de ned by

gap(F ;G) = kPg | Pck = maxtk P Pgr k; kPPr - kg: (2.29)

Theorem 2.33 Let F and G be subspoes of the Hilbert sppoe H. Then
minf minf co2(£( F ; G))g; minf cof(£(G;F))gg= 1i (gap(F; Q)2

Pro of: Let usconsiderboth normsin the right-hand side of (2.29) separately

We have using Corollary 2.27:

kPe Pe k% = sup kP P Uk? = sup (Pg Pe U; Pg P U) =

u2H u2H
kuk=1 kuk=1
sup (P Pr P U;U) = kP Prjer k = maxfcog(£ (G ;F))g =

u2H
kuk=1

maxf sinf’(£(G;F))g= 1j minfcoS(£(G,F))g: (2.30)
We obtain similarly
kPP k? = maxf coS(£(F?;G)g= 1; minfco(£(F;Q))g: (2.31)

Equalities (2.30), (2.31) lead to the assertion. ]
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Remark 2.34 Corollary 2.29 descriles only the relationship between non-right

anglesfrom F to G and from G to F. What can we say alout the right angles?

There are seveal possibilities:

2 neither £( F; G) nor £( G, F) contain a right angle. In this case£(F ;G) =
£(F:0 = £(GF);

2 one of the setsof anglescontains a right angle as an isolated point, but

the other one does not;

2 both of them contain a right angle; in this case the multiplicities of the

right anglecan be di®efent.

The following Theorem gives the relationships between the sets of angles

betweendi®eren pairs of subspaces.

Theorem 2.35 For any subspcesF and G of H the following equalities

E(F;Qn(f0gl 150 = 21 E(F;G)gn(fool 19 (232)
£(F:G) nfog= £(F?;G’)nf0g (2.33)

and
£(F;G)nfog= £(F?;G) nf0g (2.34)

hold.

Pro of: We have using Theorem2.24

E(F;Q)n(10gl 126) = £(FiG)i n(fog[ {29 =

% ) Y, % ) Y,
f5i E(F1G)gn(fogl 150) =17 £(F:G)gn(fog[ f59):
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Using the sewerth equality of Corollary 2.27twice - rst for F and G, next
for G and F, and intersectingthem gives(2.33).
Interchanging G and G’ in (2.33) gives(2.34). ]
If F and G are proper subspace®f H then evidertly 02 §(PrPg), but at
the sametime £( F ; G) may not cortain %". Consequetly, usingLemma?2.1, we
can write
§(PrPg) = CoS(E(F; Q) [ fOg: (2.35)
Let us mertion that we can also prove equality (2.33) using the following
theorem, which descrikes the relationship betweenthe spectra of the product

and di®erenceof two orthogonal projectors.

Lemma 2.36 ([57], Theorem 1. See also [44], Lemma2.4). For any pair of
orthogonal projectors P and Pg on H the spectrum of the product Pr Pg lies in

the interval [0; 1] and

§(Psi Pe)n(fi 1g[ fOg[ f1g) = f§ (1j ¥5)2: %% 2 §(PePg)n(fOg[ f1g)g:
(2.36)

Using Lemma 2.36 and equation (2.35) the following theoremand corollary

are proven:

Theorem 2.37 8(Pr i Pg)n(fi 1g[ fOg[ f1g) = 8 sin(E(F; Q) n(fi 1g]
fOg[ flg).

The multiplicity of an eigenvaluel in 8(Pg i Pg) is equal to dimM iy,
multiplicity of an eigenvaluej 1 is equal to dim M o;, and multiplicity of an
eigenvaluel is equalto dim M oo+ dimM 15, whee M g9, M g1, M 10 and M 1, are

de ned by (2.4).
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Pro of: (2.36) is provenin [57]. To obtain the results about the multiplicit y
of eigervaluesl, j 1 and O, it suxcesto make usethe decompmsition of these

projectorsin v e parts, given by (2.10). ]

Corollary 2.38 §((Pr i Pg)?) n(fOg[ fig) = sin*(E(F;G) n(fog[ f1g).

In many applications, sud as domain decompsition algorithms, existence
of the information about the distribution of spectrum of the sum of projectors
is important. The results about spectra of sumsof projectors can be found e.g.,
in [7] (Seealso[72], Theorem, p. 298). Using Corollary 4.9, p. 86, [7], we can

formulate the following result in terms of the anglesbetweensubspaces.

Theorem 2.39 For any nontrivial pair of orthogonal projectors P and Pg on
H the spectrum of the sum Pg + Pg with possibleexeption of point O liesin the

interval [1j kPgPgk; 1+ kP Pgk] and

8(Pg + Pg)n(fOg[ flg) = f18 cogE(F;G)gn(fOg[ flg): (2.37)

2.5 Angles Between the Subspaces in Generic Position

The main obsenation for subspace# the \ fth part" is that the projections
of initial subspace®nto the \ fth part" arein genericposition. This fact allows
usto concludethat the zeroand right anglescan not belongto the set of angles
betweenthese new subspacegand alsoto the set of anglesfrom one subspace
to another one) as isolated angles. This simpli es the assumptionsof sewral

propositions given above in this chapter.

Lemma 2.40 Let the subspoes F and G be in generic position. Then 1 2
8 p(PF PGjF) and0 2§ p(PF PGjF)-
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Proof: Assume rst that 12 §,(PePgjr). Then we have P Pgjru = u for
someunit u 2 F. From the last equality we concludethat u 2 G, sinceotherwise
we would have kPguk < kuk = 1, and consequetty 1 = kuk = kPgPguk -
kPcuk < 1. This meansthat u 2 G, and consequetty F \ G6 f0g. But this
cortradicts our assumptionabout the genericposition, that is 1 2 § ,(Pg Pgj¢ ).
Now assumethat secondassertiondoesnot hold. Then we have Pg Pgjgu =
0 for somenonzerou 2 F. Next, if Pcu= 0,then F\ G’ 6 f0g. If Pcu 6 0,
denotev = Pgu 2 G and we get Prv = 0. But this meansthat F \ G’ 6 fO0g.

The cortradiction in both casesshavs that 0 2 § ,(Pr Pgjr ). [

Corollary 2.41 If the subspoes F and G are in generic position, then 0 2
£,(F;G and 22 £,(F;0G).

Pro of: It sutciesto mertion that the de nitions of the genericposition and

anglesbetweensubspacesre symmetric with respect to the subspaces. ]

Theorem 2.42 Let a subspoe M de ned by (2.5) and (2.6) be non-trivial.
Then
1
£,(F;G) n(fog| f§/4g) = £,(PuF;Py0): (2.38)

Pro of: By Lemma2.30,
Ya
Eo(F;QnEL(PuF;PuG 1 f0; Eg: (2.39)

But, following Lemma 2.10, the set of angles£ ,(Pu F ; Py G) doesnot cortain
zeroor right angles. Consequetly, (2.38) follows from (2.39). ]
The following theorem givesthe suzcient conditions for two subspacego

be in genericposition and describes additional relationships between di®erert
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setsof angles.

Theorem 2.43 The subspcesF and G of H are in genericposition if and only

if 0,22£,(F;0) [ £,(GF).

Proof: Let0;%2 2 £,(F;G) [ £,(GF). If weassumethat F and G are not
in genericposition, then someof the four subspace oo, M 01, M 109, M 11 given
by (2.4) is nontrivial. Then we have zero (or right) anglein above given set(s)
of angles. This is a cortradiction to the assumptionsof the theorem, and we
concludethat F and G are in genericposition.

Assumenow that F and Garein genericposition. If 02 £ ,(F; G)[ £ ,(G;F)
then the subspaceM o is nontrivial, which corntradicts the assumptions.

If 22 £,(F; Q[ £,(G F) then oneof the subspaced o1, M 10 is nortrivial,
which also cortradicts the assumptions. |

The absenceof the zero and right anglesin the set£(F;G) [ £(G,F) is
only a suzcient condition for two subspace$ and Gto bein genericposition.
But, evidertly it is not a necessaryondition. If F and G arein genericposition,
then no setof angles,cortains zeroor right angleasthe elemen of £ ,, but these

anglesmay belongto the set of cortinuous angles,which we de ne now.

Denition 2.44 £,(F;G) = £(F;G) n£,(F;0).

Let us call £(F;G) the set of cortinuous anglesfrom the subspaceF to the

subspaceG.

Remark 2.45 This de nition of the continuousanglesis baseal on the de nition

of the continuous spectrum of selfadjoint operator (see, e.g., [16], De nition 1,
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p. 902).

Let us mertion alsothat sincethe spectrum of a selfadjoirt operator con-
sists only of the eigervalues and cortinuous spectrum (the residual spectrum
of selfadjoirt operator is void), by De nition 2.21and De nition 2.44we have

de ned all possibleanglesfrom the subspace- to the subspaceG.

Theorem 2.46 Letu= 0or p= 2. If p2 £,(F;G), then:
1. p belongsalsoto the setsf£ (F?;G’), £.(G,F) and £,(G?;F?);
2. %i pbelongsto thesetsf ((F;G7), £:(F?;G), £(GF?) and£ (G ;F).

Proof: Sincep2 £(F;G) and pis not an eigervalue, there exists a sequence
fugl, » £(F:Q) n(fog [ f%“g) such that lim;; K = W But then, from
Theorem 2.24 and Corollary 2.27it follows that f gl is a subsetof all three
sets, listed in Assertion1, and f ¥ pg, is a subsetof all four sets, listed in
Assertion 2.

It suxcesonly to mertion that all setsof angles,consideredhere, are com-
pact sets. u

From Theorem 2.43and Theorem 2.46 we obtain the following
Corollary 2.47 If the subspoesF and G are in generic position, then
8(Pr Pgjr) = 8(PcPkjo);

and

£(F;:0) = £(GF):
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Remark 2.48 Using Theorem 2.43 and Theorem 2.46, we concludethat if the
subspesF and G are in genericposition, then the assertionsof Theorem 2.26,
Corollary 2.27, Corollary 2.29, Lemma2.30, Theorem 2.35 hold without exclud-
ing the zew and right angles,and the assertionsof Lemma?2.36, Theorem 2.37,

Corollary 2.38, Theorem 2.39 hold without excludingf Og, f§ 1g.

Let us now considerthe relationships between the quartities de ned by
(2.1), (2.2) and angles,de ned in the previus sectionin the case,whenF and

G are in genericposition.

Corollary 2.49 (of Lemma2.32). If F and G are in generic position, then
© ¢
C(F;G) =c¢(F;G) =sup cos £(F; G (2.40)

Pro of: It sutcesto mertion that Mo = f0Og sinceF and G are in generic
position, whereM o is de ned by (2.4). ]
2.6 Principal Vectors

In this section, we de ne the principal vectors and investigate their main
properties. Se\eral casesare investgated,when the properties of principal vec-
tors are similar to thoseof principal vectorsin the nite dimensionalcase.Based
on a given pair of principal vectors, the pairs of principal vectors are given for
di®eren pairs of subspacesSpecial attention is paid to the caseswhenthe zero
or right angleis presert asan isolated angle.
De nition 2.50 Normalized vectors u = u() 2 F andv = v() 2 G form
a pair of principal vectors for subspoes F and G correspnding to the angle

u2 £(F;Q), if the equalities

Pev = cofWu; Pgu= coguv (2.41)
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hold.

De nition  2.51 Assumep?2 £ ,(F;G) nf%/“g. Then, the multiplicity of cog ()

as an eigenvalueof the operator Pg Pgjr, is called the multiplicity of an angle .

The following auxiliary lemma shows the correctnessof last de nition and

is usefulin the rest of this section.

Lemma 2.52 If u2 F is an eigenvetor of an operator Pg Pgjr corresmnding

to the eigenvaluecog(Y), U 6 % thenv = Pgu 2 G is an eigenvetor of an
operator PgPrjc correspnding to the same eigenvalue. The multiplicities of

cog(l), as an eigenvalueof the operators P Pgjr and PgPg jcg are the same.

Pro of: First let us notice that PgPgjr IS a nonnegative operator,
Pe PGjF N 0, since Pe PGPF = (PGPF)GPGPF, and sois PGPFjG S 0. By the

lemma assumptionwe have Pgu 6 0 and
Pe Pgjru = cog(pu: (2.42)
Then we have:
(PP je)Pcu = Pg(Pg Pgjr U) = cos(H)Pgu: (2.43)

It is easyto show that the \converse" relation is also true: if v 2 G is an
eigervector of an operator PPk jg, correspnding to a non-zeroeigervalue, then
Pev 2 F is an eigervector of the operator Pg Pgjg, correspnding to the same
eigervalue.

To show that the multiplicities of cog(l) > 0 as an eigervalue of oper-

ators Pr Pgjr and PgPrjg are the same,it sutcesto mertion the following:
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if u3u®2 F form a pair of orthonormal eigervectors of an operator Pr Pgj,
correspnding to cog(l), then Pgu®=cog}) and Pgu°®cog) form a pair of or-
thonormal eigervectors of PgPrjs correspnding to the same eigervalue and
vice versa. This meansthat there is a one-to-onecorrespndencebetweenthe
orthonormal sytemsof eigervectorsof Pr Pgjr and PPk j correspnding to the

given eigervalue i.e. the multiplicities are the same. ]

Remark 2.53 The equlity of multiplicities of the nonzeo eigenvaluesof the

operators Pg Pgjr and PgPr jg can also be deduced from Theorem 2.17.

Lemma 2.54 If u2 F andv 2 Gform a pair of principal vectors for subspces

F and G correspnding to the anglep 2 £( F; G), then (u;v) = cog}).
Pro of: Using De nition 2.50we have

(u;v) = (Pru;v) = (U;Pev) = (u; coguu) = cosy); (2.44)
sinceu is normalized. |

Lemma 2.55 If u2 F andv 2 Gform a pair of principal vectors for subspces
F and G correspnding to the anglep 2 £( F; G), then u and v are the eigen-
vectors of the operators Pr Pgjr and PPk jg, resgectively, correspnding to the

eigenvaluecog(|).

Pro of: Sincethe assertionis symmetric with respectto u and v, let us prove

it only for u. We have:

P Pgjru = Pe (Pgu) = cogl)Pev = cos(Wu:
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Theorem 2.56 Let u 2 £(F;Q) nf%/“g and u 2 F be an eigenvetor of the
operator Pg Pgje, correspnding to the eigenvaluecog (), kuk = 1. Then there
existsa unique eigenvetor v 2 G, kvk = 1, of the operator PgPk jg, correspnd-
ing to the sameeigenvalue,suchthat u and v form a pair of principal vectors,

corresnding to the angle .

Proof: Let v = (1=3)Pgu, where¥= cos(). Thenv 2 G, by Lemma 2.6
v 6 0 andv is an eigervector of PPk jg, correspnding to the sameeigervalue
73

We have
PeV = Pr ((1=%)Pou) = (1=%)Pe PePr u = %

Thus Pgu = ¥ and Prv = 34, that is both of the equalities(2.41) hold. Also
kvk? = (v;Vv) = (1=3)(v; Pgu) = (1=3%(PgVv;u) = (u;u) = 1. This meansthat u
and v form a pair of principal vectorscorrespnding to the angle .

Now let usshaw that v is unique. If there existtwo di®eren vectorsv; and v,
which with u form two diferert pairs of principal vectors,then we have Pgu = 3/,
and Pgu = 3,. Subtracting theselast two equalitieswe get ¥{v,i Vv,) = 0. But
%6 0 by the assumptionsof theorem. Consequetly v; = v,. ]

It follows from Lemma 2.55and Theorem 2.56 that

Theorem 2.57 There existsa pair of principal vectors for subspeesF and G

correspndingto a givenanglep 2 £( F; G)nf %“g if andonlyif p2 £ ,(F;Gnf %“g.

Remark 2.58 If p 2 £,(F;G nf%/“g is an angle of multiplicity one, then

the subspoes spanfug and spanfvg, correspnding to p are unique. If g 2
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£,(F; Q) nf %“g is multiple (of nite or in nite multiplicity) angle,then we have
more then one pair of principal vectors, but each principal vector is de ned cor-

respnding to the other vector uniquely.

Remark 2.59 If p= g in Theorem 2.56 then the vector v may not be unique.
Assume for example,H = R3, F = spanfug and G = spanfv;;Vv.g, whee
u= (1;0,0)", vi=(0;10)" andv, = (0;0;1)". Then we havePrv, = 0¢u

and Prv, = O ¢u.

Lemma 2.60 Let ;A2 £,(F;G) nfZg, and u(p);u(A) 2 F;  v(W);v(A) 2 G
be corresnding principal vectors. Then, if u6 A, the pairs of vectors u(p) and
u(A), v(i) and v(A), u(l) and v(A) are orthogonal. If p= A, then for a given
u(y), there existsv(l), suchthat (u(p);v(y) = cogu) holds.

Pro of:  Orthogonality of the rst two pairs follows from the fact that
eigervectorsof a selfadjoirt operator correspnding to di®erer eigervalues,are

orthogonal (seee.qg.,[29]). Next, we have:

(u(; v(A) = (P u(); v(A) = (u(W); PeVv(A)) = cos@)(u(W); u(A));

but the last inner product is equalto 0if p6 A and to cos{) if p= A and both

vectorsin the last inner product are the same. ]

Corollary 2.61 A pair of principal vectors u;v spans a two dimensional sub-
space, invariant with respect to the orthogonal projectors Pg, Pg, | i P and

| i Pg. Suchsubspces, correspnding to di®etent p's are mutually orthogonal.

The following theoremdescrikesrelationshipsbetweenthe anglesof di®eren

pairs of subspaces.
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Theorem 2.62 Let u and v form a pair of principal vectors for subspces F

and G, corresnding to the anglep 2 £ ,(F; G n(fOg [ f%“g). De ne
U, = (vi cos@u)=sin(); v» = (uj cos@v)=sin(y): (2.45)
Then

2 u,, v are the principal vectors for subspoesF? and G, correspnding to

theangle i W

2 y, v, are the principal vectors for subspoes F and G’ , correswnding to

theangle 2 W

2 u,, i V» arethe principal vectors for subspoesF ? and G’ , correspnding

to the angle .

Pro of: Denote %= cogy) and! = sin(y). Evidently u, 2 F?, v, 2 G’

and
Pe(l i Pg)Pru= Pruj PePgPru= (1] ¥)u=12;
Po(l i Pr)Pev=Povi PePePov = (1i ¥)v=1%;
(1'i Pe)Ps(l j Pe)u, = (A=2)(vi Y ¥(vi ) = t2u,:
Similarly,

(I'i Pe)Pe(li Po)v, = 2v5;
(1i Pe)(I'i Pa)(I'i Pe)us = %us;

(i Pe)(I'i Pe)(I'i Po)ve = %v,:

43



Thus,

Peu, =v; (Ij Pe)v="1u,,
Peve =1u; (I Pe)u= v,

(I'i PE)G v2)=%,; (Ij Pg)u, = ¥j vo):

Remark 2.63 It is easy to see that if p = 0, then the formulae (2.45) are
meaningless. If y= %/“ then the sameformulae give nothing new but the same
vectors u and v. Evidently, this does not necessarily mean that we have no
principal vectors between the pairs of subspces, correspndingto the casespu= 0

1,

andp= 7.

The following lemmagivesmore details about the casediscussedn the last

remark.

Lemma 2.64 If p= 02 £,(F;G), then the intersection F \ G is non-trivial,
andif p= %2 £,(F;G) then both of the intersections F \ G’ or F? \ G are

non-trivial.

Pro of: Consider rst the casep= 02 £ ,(F;G). Then by Theorem2.57there
exist a pair of pricipal vectorsu;v of subspaced- and G correspnding to this
angle,i.e. to the eigervalue 1, and we have the equalitiesPrv = u and Pgu = v.
From, for instance,the last equality we concludethat u 2 G, sinceotherwisewe
would have 1 = kvk = kPguk < kuk = 1, which is a cortradiction. This means

that u 2 G, and consequetly F\ G6 fOQg.
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Consider now the casep = % 2 £,(F;G). SinceO is an eigervalue of
the operator Pg Pgjr We have PePgu = Oforu 2 F, u 6 0. Then we have
(Pe Pgu; u) = 0, which leadsto (Pgu;u) = 0. Using the property Pg® = Pg we
obtain (Pgu; Pgu) = 0, from wherewe concludethat Pgu = 0. This meansthat
u2 G’,thatisu2 F\ G’.

The proof of F? \ G6 f0g is comletely similar. m

Corollary 2.65 Under the assumptionsof Theorem 2.62, sin?(l) is an eigen-
value of the operators Pg Pe jr, PoPe2 jg, Pe2 Pgjr» and Pg Prje ; COZ(Y) is
an eigenvalueof the operators Pr» Pz jg» and Pg Pe2 jg» . The correspnding

eigenvetors are, respectively u, v, u,, v,, U, andvs,.
Corollary 2.66 If n2 £,(F;G) n(fOg[ f%/“g), then:
2 71 H2E,(F7;0);
2 71 W2 £4(FiG) ;
2 u2 £,(F?;G) .

Theorem 2.67 Under the assumptionsof Theorem 2.62, sin?(l) is an eigen-
value of the operator (Pr | Pg)? with correspnding eigenvetors u + v and
uj v, wheee the pair u;v is the pair of principal vectors of subspceesF and G,

corresnding to the angle .

Pro of: We have

(Pe i Pe)®=Pe(l i Pg)+ Pg(l i Pg): (2.46)
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For eat term of the sum on right-hand side we have, basedon the Theorem
2.62,
Pe(l i Po)u= sird(Wu (2.47)

and

Pe(l i Pe)v = sin?(yv: (2.48)

From the equalities(2.47) and (2.48) it is easyto seethat [Pe (I i Pg) + Pg(l i
P:)](u § v) = sin?()(u § v), which basedon (2.46) provesthe assertion. ]
Let us now formulate one of the results about the eigenpairsof the sum of

projectors which are easily constructed using pairs of principal vectors.

Theorem 2.68 Let u and v form a pair of principal vectors for subspces F
and G, correspnding to the anglep 2 £ ,(F;G) n(fOg [ f%/“g). Thenu+ v
and uj v are the eigenvetors of the operator P + Pg, correspnding to the

eigenvaluesl + coq) and 1 cogq}), respctively.

Pro of: We have
(Pe + Pg)(u+ v) = u+ cofp)u + cof)v + v = (1+ cogu)(u+ v);
and

(Pe + Pg)(uij v)=uj cos@u+ cofpvi v=(1i cofp))(uij v):

Remark 2.69 If p= 02 £ ,(F;G), then using Lemma2.64, we can conclude,

that F and G have a nontrivial intersection and, conseuently, any nonzeio
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vector, kelongingto F \ G, is an eigenvetor of the operator P + Pg, corre-
sponding to the eigenvalue2. Also, using the samelemma, we concludethat if
U= 22 £,(F;G), then at least one of the intersections F \ G* or F?\ Gis

non-trivial. If u2 F\ G’, then
Pru=u; Pgu=u:

From the last equality we have Pgu = 0, and by adding this equality to the rst
of the alovetwo, we get (Pr + Pg)u = u. This meansthat u is an eigenvetor of
the operator P + Pg, correspnding to the eigenvaluel. The sameconclusion

can be madeif F? \ G is non-trivial.

Remark 2.70 Using Theorem 2.43, we concludethat if the subspces F and
G are in generic position, then the assertionsof Lemma 2.52, Theorem 2.56,
Theorem 2.57, Lemma2.60, Theorem 2.62, Corollary 2.66, Theorem 2.68 hold

without excludingthe zero and right angles.

2.7 Principal Subspaces

In this section, we generalizethe de nition of a pair of principal vectorsto
a pair of principal subspacesWe show that the set of anglesbetweenprincipal
subspacesconsistsof one point. We also showv that the principal subspaces,
correspnding to a non-right angle, have equal dimensions. Using a given pair
of principal subspace®f F, G, the pairs of principal subspacesre constructed
for di®eren pairs of subspacessuc asF andG’, F? and G, F? and G’.
De nition 2.71 A pair of subspeesU p F; V u Gis called a pair of prin-
cipal subspces for subspesF and G correspnding to the anglep 2 £( F; G),
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if the equalities
PePyje = cog(WPy; PsPujc = cog(W)Py (2.49)

hold.

Let us prove the following auxiliary assertion rst.

Lemma 2.72 Let U u F be an eigenspce of the operator Pr Pgjr corresmpnd-
ing to the eigenvalueco$(), whee p2 £ ,(F;G) nf gg Then V = PgU is an
eigenspce of the operator PgPgjs correspnding to the same eigenvalue,and
vice versa: If V u G is an eigenspce of the operator PgPr jg corresmpnding to
cog(M) 6 0, thenU = PrV is an eigenspce of the operator Pg Pgjr corresmpnd-

ing to the sameeigenvalue.

Pro of: If v 2V =PsU thenv = Pgu;u 2 U. But then PgPgjgv =

Ps(Pr Pgjr U) = cog(W)v. The secondpart is analogous. ]

Remark 2.73 If U F is an eigenspce of the operator Pr Pgjr corresmnding

to the eigenvalue0, thenV = PgU = f0g.

We now considerthe relation betweenorthoprojectors on the eigenspaces.

Lemma 2.74 LetU p F be an eigenspce of an operator Pg Pgjg, correspnd-
ing to the eigenvaluecos(y), whee p 2 £,(F;G) nf Zg, Py be an orthogonal

projector onto the subspce U, and V = PgU. Then the operator

1
Py = —— PsP,P 2.50
\ CO?(IJ.) Grurc ( )

is an orthogonal projector onto the subspce V.
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Pro of: Denote %= cog}). First notice that Py = P," and
Py? = (1=¥4)PaPr PyPs PoPr PyPe Po = (1=%4)PcPy¥PyPs = Py:

Now let us show that Pyv = v forany v2 V. If v 2 V, it is represeted in
the form v = Pgu for someu 2 U basedon Lemma 2.52. But then Pyv =
(1=34)PcPyPcPcPr U = (1=34)PcPrPy%u = PgPzu = v. We needto show
now that

Py =0 for any Vv’ 2V’: (2.51)

Assumethat PgPyPgv’ = v 8 0. Evidently v 2 V, and consequettly, using
Lemma2.72,it canbe represeted asv = Pgu for someu 2 U. Then we have
Ps(PuPeVv’ i u) = 0, which meansthat PyPgv’ i u 2 G’. But we also have
PuPev? i u=u’2 Uandwegetu®2 U\ G’ 6 fOg. It follows from the last
equationthat Pg Pgjr u°= 0for u®2 U. But this is a cortradiction, sinceU is an
eigenspac®f the operator Pr Pgjr, corresmnding to the eigervalue cog(l) 6 O.
Consequetly, we concludethat (2.51) holds. ]

Now we investigate someproperties of principal subspacesimilar to those

of principal vectors.

Theorem 2.75 LetU %2 F and V % G form a pair of the principal subspoes
for subspces F and G correspnding to the anglep 2 £(F;G). Then p 2
£,(F;G) andU andV are the eigenspces of the operators Pe Pgjr and PgPejg,

respctively correspndngto the eigenvaluecog(L).
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Pro of: Denote¥= coq}). Multiplying the rst equality of (2.49) by P, from

the right and the secondequality by Py from the left we get:

(Pe Py)? = ¥%PyPy;

(PuPe)? = ¥5PyPy: (2.52)
From (2.52) we get
Pe Py = PyPg;
PcPuy = PyPe: (2.53)

Let us mertion that the secondequality of (2.53) is simply a conjugate of the
“rst one.

Now, multiplying the rst equality of (2.49) by Py and the secondequality
by Py from the right we get:

Pe PyPe Py = ¥£Py;

PGPU PGPV = 3/4%PV: (254)
Using (2.53) in (2.54) gives

Pe Pjr Py = %Py;

PePrjcPy = ¥Py; (2.55)
which meansthat the assertionis proved. |

Theorem 2.76 Letp 2 £,(F;G) nfZg and U % F be an eigenspce of the
operator Pg Pgje, corresmnding to the eigenvaluecog (). Then there exists a

unique eigenspce V %2 G of the operator PgPgjs, correspnding to the same
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eigenvaluesuchthat U and V form a pair of principal subspces correspnding

to the angle

Pro of: Considera subspaceV = PgU %2 G. Basedon LemmaZ2.72we conclude
that V is an eigenspaceof the operator PgPrjs, correspnding to the same

eigervalue. Next, using Lemma 2.74 we have the relation

1

=~ __PgPyPg: 2.

I:)V CO§(|J.) Grurae ( 56)

To shaw that
1

Py= ——P:PyP

u= cog(1) FPVPER,
we write:

P|: PVpF = §( )PF PGPF PUpF PGPF

Using the fact that the operators P PP and Py comnute in the last equal-
ity, we get: PePyPr = PgPgP: Py, which givescog(WPy = PePyP:. The
last equality together with (2.56) shav that U and V form a pair of principal
subspacesorrespnding to the angle .

It remainsto shaw that V is unique. If we assumethat there exist two
di®erenn subspacesv; and V, with the above mertioned properties, then we
have from the secondequality of (2.49): co(W)(Py, i Pv,) = 0. Sincep< % we
concludethat Py, = Py,, which itself provesthe assertion. [

It follows from Theorem2.75and Theorem 2.76that

Theorem 2.77 There existsa pair of principal subspcesfor subspeesF and G

correspndingto a givenanglep 2 £( F; G)nf 1/"g if andonlyif p2 £,(F;Gnf 5'g %
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Theorem 2.78 If U %2 F and V Y2 G form a pair of the principal subspoes
for subspeesF and G correspnding to the anglep2 £(F; G), then£(U;V) =
£,(U;V) = fg.

Pro of: Using Theorem 2.75 and equalities (2.53) we have PyPyPy =
Pu(PF Pv)PF Pu = PyuPcPePy = PyPePcPePy = CO§(H)Pu. This equality
shows that U is an eigenspaceof the operator PyPyjy, correspnding to the

eigervalue cog (), i.e. 8( PyPyjy) = fcog(u)g, which meansthat
£(U;V) = fug: (2.57)

Next, usingthe sametheoremand equalities,we have P, Py Py = Py (PgPy)PcPy =
PyPePcPy = PyPgP:PgPy = cog(WPy. This equality shows that V is an
eigenspac®f the operator Py Pgjyv, correspnding alsoto the eigervalue cog(l),

i.e. 8§( PyPyjyv) = fcof(u)g, which meansthat
£(V:U) = fug: (2.58)
From (2.57), (2.58) we concludethat £( U; V) = £ ,(U;V) = fug. ]

Theorem 2.79 If U%F andV ¥ G form a pair of the principal subspaesfor
subspees F and 