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ABSTRACT

In this dissertation, we introduce anglesbetween in¯nite dimensionalsub-

spacesin two di®erent ways: The ¯rst de¯nition is basedon spectra of product

of orthogonal projectors and may result, e.g., in a set of angles that ¯lls a

whole closedinterval. The secondde¯nition is basedon so-calleds-numbers or

Courant-Fischer numbersof operatorsand results in a ¯nite number of anglesor

in a monotonically nondecreasingor nonincreasingcountably in¯nite sequence

of angles. We call the secondkind of anglesthe \discrete" angles. Such angles

appear in the literature, e.g.,on functional canonicalanalysisin statistics.

For both de¯nitions of angleswe:

² investigatethe basicpropertiesof the anglesand establishthe relationships

betweendi®erent setsof angles;

² introduce the conceptsof principal vectors,principal subspacesand prin-

cipal invariant subspacesand investigatetheir properties;

Many of our de¯nitions appear to be new in the in¯nite dimensionalcon-

text. Several properties, e.g., the relationships betweenthe principal invariant

subspacesand principal spectral decompositions are novel.
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We investigate the changesin the angleswith the changein the subspaces

and prove:

² estimatesfor an absoluteerror of cosines/sines(squared)of anglesbetween

subspacesusing the gap betweenthe changedsubspaces;

² majorization resultsfor the absolutevalueof the di®erenceof the cosines/sines

(squared)for the discreteangles.

Theseestimatesgeneralizeknown results in the ¯nite dimensionalcase.

We investigatea deepconnectionof the conceptof anglesbetweensubspaces

with the Rayleigh-Ritz method, usinga classicalresult of extendinga selfadjoint

nonnegative contraction to an orthogonalprojector. We obtain the estimatesof

a proximit y of the Ritz valueswith the changedtrial subspace.

We show how the anglesbetweensubspacescan be usedto analyzeconver-

genceof iterativ e methods for solving linear systemsoriginated from domain

decomposition methods.

Weproposea newapplication of the anglesbetweensubspacesfor microarray

data analysis.

This abstract accurately represents the content of the candidate's thesis. I

recommendits publication.

Signed
Andrew Knyazev
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1. In tro duction

1.1 Overview and Motiv ation

In this dissertationwe focuson the following ¯elds of research: 1) de¯nition

and propertiesof anglesbetweenin¯nite dimensionalsubspaces;2) estimatesfor

the proximit y of the anglesbetween di®erent pairs of subspaces;3) estimates

for proximit y of Ritz values of a given selfadjoint operator, corresponding to

di®erent trial subspaces;4) anglesbetweensubspacesin analysisof convergence

of domain decomposition methods; 5) Matlab software implementation for us-

ing the anglesbetweensubspacesin microarray data analysis. The framework

for this research embodies spectral theory of bounded selfadjoint operators in

Hilbert space(in¯nite or ¯nite dimensional), the Rayleigh-Ritz procedureand

majorization theory.

The concept of principal anglesbetween subspacesis one of the classical

mathematical ideaswith many applications[40]. In functional analysis,the sine

of the largestprincipal angle,calledthe gap,boundsthe perturbation of a closed

linear operator by measuringthe changein its graph. The smallest nontrivial

principal angle betweentwo subspacesdeterminesif the sum of the subspaces

is closed. In numerical analysis,principal anglesappear naturally to estimate

the approximabilit y of eigenspaces.In statistics, the cosinesof principal angles

are called canonicalcorrelations and have applications in information retrieval

and data visualization. Principal anglesare very well studied in the literature,

however, mostly in the ¯nite dimensionalcase.Mainly the largest and smallest

angleshave beenstudied in the in¯nite dimensionalcase.
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In Chapter 2 we de¯ne and analyze the anglesbetween subspacesbased

on the spectra of corresponding operators. We investigate the basic properties

of the angles,principal vectors, principal (invariant) subspacesand principal

spectral decompositions. We alsoinvestigatethe relationshipsbetweenprincipal

invariant subspacesgiven by isometries.

In Section2.2, we considera known decomposition [24] of a Hilbert space

into an orthogonalsumof ¯v e subspacesdeterminedby all possibleintersections

of two given subspacesand their orthogonal complements. Then, we introduce

the corresponding decompositions of the orthogonal projectors onto the given

subspacesand investigatespectral properties of relevant operators.

In Section2.3,westudy two important mappings- the isometriesof Sz.-Nagy

[62] andof Kato [37], Davis andKahan [12]. Weinvestigatepolar decompositions

of products of orthoprojectors and theseisometries.

In Section 2.4, we de¯ne the angles\from one subspaceto another" and

the angles\b etweensubspaces".We investigate the properties of the (sets of)

angles,such as the relationships connecting the anglesbetween the subspaces

and their orthogonal complements. The idea of de¯nition of anglesbetween

in¯nite dimensional subspacesusing the operator spectral theory appears in

[26].

In Section2.5, we observe that the projections of the initial subspacesonto

\¯fth part" are in genericposition. This fact allows us to concludethat the zero

and right anglesmay not correspond to the point spectra of the appropriate op-

erators,which automatically satis¯esassumptionsof several propositions,given

in Section2.4.
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In Section 2.6, we de¯ne the principal vectors and investigate their main

properties. The casesare investgatedwhere the properties of principal vectors

are similar to those in the ¯nite dimensional case. Using a pair of principal

vectors of given subspaces,the pairs of principal vectors are constructed for

di®erent pairs of subspaces.Special attention is paid to the cases,wherea zero

or a right anglecorresponds to the point spectra of the appropriate operators.

In Section2.7, we generalizethe de¯nition of a pair of principal vectors to

a pair of principal subspaces.We show that the set of anglesbetween prin-

cipal subspacesconsistsof one point. We prove that the principal subspaces,

corresponding to the non-right angle, have the equal dimensions. We connect

principal subspacesfor the given pair of subspaceswith principal subspacesfor

their orthogonal complements.

In Section2.8,we generalizethe de¯nition of a pair of principal subspacesto

a pair of principal invariant subspaces.Given a pair of principal invariant sub-

spacesof F and G, we construct principal invariant subspacesfor other pairs of

subspaces,such asF and G? , F ? and G, F ? and G? . We investigatethe ques-

tion of uniquenessof principal invariant subspaces.We show that the isometries

given in Section2.3 map onesubspaceof a given pair of principal invariant sub-

spacesonto another, and vice versa. We ¯nd a connectionbetweenorthogonal

projectors onto the principal invariant subspaces.

In Section2.9, we de¯ne and investigateprincipal spectral decompositions.

We show how the isometriesintroducedin Section2.3 link the spectral families

of two products of projectors.

In Chapter 3, weintroducediscreteanglesbetweensubspacesand investigate

3



their properties. We give di®erent de¯nitions of discreteanglesand show their

equivalence. We investigate discrete anglesbetweenseveral pairs of subspaces

and relationshipsbetweenthe largest and smallestdiscreteangles.

In Section3.1, we describe s-numbersand their basicproperties, using [22].

We show that this de¯nition is equivalent to the Courant-Fisher max-min prin-

ciple. We study the s-numbersof relevant operators.

In Section3.2, we give two equivalent de¯nitions of discreteanglesbetween

subspaces:a recursive de¯nition and a de¯nition basedon s-numbers of the

products of orthoprojectors. Such de¯nitions appear in the literature, e.g., on

functional canonicalanalysisin statistics [28]. We investigatethe discreteangles

betweendi®erent pairs of subspaces.

In Section3.3, similar to the generalcase,we de¯ne the principal vectors,

principal (invariant) subspacesand discusstheir properties. The subsetof dis-

crete anglesis given, for which all properties of the principal vectorsand prin-

cipal subspacesfrom Sections2.6 and 2.7 also hold for discrete angles. For a

pair of subspacesa necessarycondition is derived such that the pair is a pair of

principal invariant subspaces.

In Chapter 4, we obtain estimatesfor proximit y of angles. In Section4.1,

we obtain an estimate for the distance between the spectra of absolute values

of operators. This estimate alows us to obtain an estimate for the proximit y of

the sinesand cosinesof anglesbetweensubspaces.In Section4.2, we estimate

a proximit y of squaredcosinesof anglesfrom onesubspaceto another.

In Chapter 5, we obtain estimates for discrete anglesbetween subspaces.

We estimate the maximal di®erencebetween the cosines,and next we obtain
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di®erent results on the weak majorization of the angles.

In Section5.1, we remind the readerof the known properties of s-numbers

that are useful in the sequel.In the next two sectionswe generalizesomeresults

from [40] and [42].

In Section5.2, we estimatean absoluteerror of cosines/sinesof the discrete

anglesbetweentwo pairs of subspaces.One subspaceis ¯xed in both pairs, and

the secondone changes. We estimate these quantities by the gap (aperture)

between the inital and changedsubspace. We consider the case,where both

subspacesof the initial pair are changedand we obtain an estimate,using both

gaps.

In Section 5.3, we generalizethe well-known Lidskii-Mirsky-Wielandt the-

orem for matrices to the caseof the Courant-Fischer numbers from the top of

boundedselfadjoint operators. We prove a majorization result for the absolute

value of the di®erenceof s-numbers by s-numbers of the di®erence.We prove

that the absolute value of the di®erenceof the cosines/sines(squared) of the

discreteanglesbetweensubspacesis weakly majorized by the sinesof the angles

betweenthe changedsubspaces.The resultsabout majorization of sines/cosines

(squared) are generalizationsof corresponding results of [40], and their proofs

are alsosimilar.

In Chapter 6, we investigate a connection between the concept of angles

betweensubspacesand the Rayleigh-Ritz method, basedon a result of extending

a selfadjoint nonnegative contraction to an orthogonal projector. We generalize

¯nite dimensionalestimatesfor a proximit y of the setsof Ritz valueswith the

changedtrial subspaceto the in¯nite dimensionalcase.
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In Section6.1, we generalizeTheorem 1 [41] to Hilbert spaces.This result

providesan estimateof the proximit y of Rayleigh quotients by the sineof angle

betweenthe vectors.

In Section6.2,weobtain a boundon the Hausdor®distancebetweenthe Ritz

values. This result has been presented at the 12th ILAS Conference,Regina,

Saskatchewan, Canada,June 26-29,2005(see[3]).

In Section 6.3, we prove a majorization result of the proximit y of discrete

Ritz valuesby the sinesof anglesbetweentrial subspaces.We usethe technique

of extensionselfadjoint nonnegativecontraction to the orthogonalprojector [40].

The resultsof this sectionare direct generalizationsof the corresponding results

[40] to in¯nite dimensionalcaseand the proofs alsoare similar.

In Chapter 7, we useanglesbetweensubspacesto analyzethe convergence

of iterativ e methods for solving linear sytems originated from the domain de-

composition method. We show that in the onedimensionalcase,the spectra of

the error propagation operators consist of two or three points, which leads to

the ¯nite convergenceof the conjugategradient method. We construct the pairs

of principal vectors(functions).

In Chapter 8, we discussthe canonical correlations and A®ymetrix algo-

rithms for microarray data analysis. We brie°y describe the canonical corre-

lation analysis and microarray technology in Section 8.1. In Section 8.2, we

descussthe algorithms that are usedin A®ymetrix software. In Section8.3, we

describe our Matlab code that performs single-array and comparisonanalysis

for A®ymetrix data. Finally, we useof anglesbetweensubspacesto analyzethe

A®ymetrix data in Section8.4.
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1.2 Notation

H Hilbert space.

B(H) Banach algebraof boundedlinear operators on H.

Rn Vector spaceof real n-tuples.

u; v Lower caseRoman letters denotevectors.

A; B ; ::: Upper Roman letters denoteoperators.

F ; G Calligraphic letters denotesubspacesof H .

(u; v) Hilbert spaceinner product.

kuk Norm of vector in H .

kTk Norm of operator, acting on H.

F ? Orthogonal complement of the subspaceF .

PF Orthogonal projector onto the subspaceF .

§( T) Spectrum of the operator T.

§ p(T) Point spectrum of the operator T.

§ c(T) Continuousspectrum of the operator T.

dist(S1; S2) Hausdor®distancebetweenthe setsS1 and S2.

£̂( F ; G) One-directional,non-symmetricangles

from F to G.

£( F ; G) AnglesbetweenF and G.

£ p(F ; G) Angles that correspond to eigenvalues.

© Direct sum of subspacesor operators.
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ª Intersectionof the ¯rst subspacewith orthogonal

complement of the secondone.

gap(F ; G) The gap, aperture betweenthe subspacesF and G.

si (T) s-numbersof the operator T.

jTj Absolute value of an operator.

D(T) The domain of an operator T.

N(T) The null-spaceof an operator T.

R(T) The rangeof an operator T.

E(¸ ) The spectral family of an operator.

¸ #
k(T) The Courant-Fischer numbers from the top

of the operator T.

¸ "
k(T) The Courant-Fischer numbers from the bottom

of the operator T.

£ "
d(F ; G) The set of smallestdiscreteangles

betweensubspacesF and G.

£ #
d(F ; G) The set of largest discreteangles

betweensubspacesF and G.

S(A) The sequenceof non-increasinglyordered

s-numbersof boundedoperator A.

r Áw t The sequencef rg is weakly majorized

by the sequencef tg.
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¤ #
d(A) The set of the discreteRitz values

from the top of the operator A.

¤ "
d(A) The set of the discreteRitz values

from the bottom of the operator A.

H 1
0 (­) The Sobolev spacewith zero trace.

PM The Perfect Match probe.

M M The MisMatch probe.
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2. Angles Bet ween Subspaces

In this chapter, we de¯ne and analyzethe anglesbetweensubspacesusing

the spectra of corresponding operators. We investigate the basic properties of

angles,principal vectors,principal (invariant) subspacesand principal spectral

decompositions.

2.1 Preliminaries

Let H be a (real or complex)Hilbert space,F and G be its proper nontrivial

subspaces.A subspaceis de¯ned asa closed linear manifold. Let PF and PG be

the orthogonal projectors onto F and G, respectively. We denoteby B(H) the

Banach spaceof boundedlinear operators de¯ned on H with a norm

kTk = sup
u2H

kuk=1

kTuk:

For T 2 B(H) we de¯ne jTj = (T¤T)1=2, using the positive squareroot. TjU

denotesthe restriction of the operator T to its invariant subspaceU. §( T) and

§ p(T) denotethe spectrum and point spectrum of the operator T, respectively.

§ p(T) is de¯ned as (see,e.g., [16], De¯nition 1, p. 902) the set of numbers ¸ in

§( T), for which ¸I ¡ T is not one-to-one,whereI denotesthe identit y. In other

words, § p(T) consistsof eigenvalues (of ¯nite or in¯nite multiplicit y). D(T)

denotesthe domain, N(T) denotesthe null space,and R(T) denotesthe range

of the operator T. Let us mention that we do not usea Hilbert spacedimension

(see, e.g., De¯nition 4.15, p. 17, [10]) in this dissertation. We distinguish

only the ¯nite and in¯nite dimensions. If q is ¯nite number and F is in¯nite

10



dimensional, then we have minf q; dim F g = q and maxf q; dim F g = dim F .

Also, if p = dim F = 1 and q = dim G = 1 , then p · q holds.

Someuseful properties of orthogonal projectors on a Hilbert spaceH that

we needare the following (see,e.g., [13], Lemmas4-7):

² P2 = P = P¤ ;

² The product of two projectors PF and PG is alsoa projector if and only if

PF and PG commute, i.e., if PF PG = PGPF : In this case

PF PG = PF \G ;

² Two subspacesF and G are orthogonal if and only if PF PG = 0;

² PF PG = PF if and only if F µ G .

If we represent the spaceH as a direct sum of the mutually orthogonal

subspacesH = F © F ? , then evidently PF ? PF PGPF = PF PGPF PF ? = 0 and

the block representation of the operator PF PGPF will be

PF PGPF =

0

B
@

PF PGjF 0

0 0

1

C
A :

Consequently we consideronly the restrictions of the operators PF PGPF and

PGPF PG to the subspacesF and G that are equal to the operators PF PGjF and

PGPF jG, respectively.

The following known [44] lemma introducesthe spectra of operators that

play the central roleslater in de¯nitions of anglesbetweensubspaces.Weprovide

the most interesting parts of the proof of [44] for better exposition.
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Lemma 2.1 (Lemma2.4, [44]) For orthogonal projectors PF and PG we have

1. §( PF PG) = §( PF PGPF ) ½ [0; 1];

2. §( PF ¡ PG) ½ [¡ 1; 1];

3. If ¸ 6= 0; § 1, then ¸ 2 §( PF ¡ PG) if and only if 1 ¡ ¸ 2 2 §( PF PG).

Pro of: 1. For any complex¸ , the block form of ¸I ¡ PF PG with respect to to

the decomposition H = F © F ? is

¸I ¡ PF PG =

0

B
@

PF (¸I ¡ PF PGPF )PF ¡ PF PG(I ¡ PF )

0 ¸ (I ¡ PF )

1

C
A ;

which implies that §( PF PG) = §( PF PGjF ) [ f 0g. From the equation ¸I ¡

PF PGPF = PF (¸I ¡ PF PGPF )PF + ¸ (I ¡ PF ) we concludethat §( PF PGPF ) =

§( PF PGjF ) [ f 0g, and §( PF PG) = §( PF PGPF ) follows.

2. This assertionfollows from the identit y (see,e.g., [2], p. 70)

kPF ¡ PGk = maxfk PF PG? k; kPGPF ? kg:

3. It is enoughto note that, for any complex¸ ,

[(¸ ¡ 1)I + PF ][¸I ¡ (PF ¡ PG)][(¸ + 1)I ¡ PG] =

[(¸ ¡ 1)(¸I + PG) + PF PG][(¸ + 1)I ¡ PG] =

(¸ ¡ 1)(¸ + 1)(¸I + PG) + (¸ + 1)PF PG ¡ (¸ ¡ 1)(¸ + 1)PG ¡ PF PG =

¸ [(¸ 2 ¡ 1)I + PF PG]:

12



For subspacesF and Gof H let usde¯ne the quantities c0(F ; G) and c(F ; G)

by (see,e.g., [13])

c0(F ; G) = supfj (u; v)j j u 2 F ; kuk · 1; v 2 G; kvk · 1g; (2.1)

and

c(F ; G) = supfj (u; v)j j u 2 F \ (F \ G)? ; kuk · 1;

v 2 G\ (F \ G)? ; kvk · 1g; (2.2)

which are called in [13] the cosinesof the \minimal angle" and \angle", respec-

tiv ely betweensubspacesF , G.

It follows directly from the de¯nitions of c(F ; G) and c0(F ; G) that

c(F ; G) · c0(F ; G): (2.3)

The following theorem,which we uselater, givesthe necessaryand su±cient

conditions for closenessof the rangeof product of two boundedlinear operators

in terms of thesequantities.

Theorem 2.2 ([13], Theorem 22). Let A and B be bounded linear operators

on H with closed rangesR(A) = R(A) and R(B) = R(B). Then the following

statementsare equivalent:

1. AB hasclosed range;

2. c0(R(B); N(A) \ [N(A) \ R(B)]? ) < 1;

3. c(R(B); N(A)) < 1.

13



2.2 Fiv e Parts of the Space

In this section we consider the decomposition of a Hilbert spaceinto an

orthogonal sum of ¯v e subspaces.Then, basedon the corresponding decom-

positions of the orthogonal projectors onto the consideredsubspaces,spectral

properties of somerelevant operators are investigated.

It is known (see,e.g., [11], [24], [65]) that, given subspacesF and G, the

spaceH can be represented as an orthogonal sum of the subspaces

M 00 = F \ G; M 01 = F \ G? ; M 10 = F ? \ G; M 11 = F ? \ G? (2.4)

and \the rest" M , where

M = M 0 © M 1 (2.5)

with

M 0 = F ª (M 00 © M 01);

M 1 = F ? ª (M 10 © M 11); (2.6)

so that, we can write

H = M 00 © M 01 © M 10 © M 11 © (M 0 © M 1): (2.7)

Remark 2.3 If we de¯ne M 0
0 = Gª (M 00 © M 10), M 0

1 = G? ª (M 01 © M 11)

and M 0 = M 0
0 © M 0

1, then in general, M 0
0 6= M 0 and M 0

1 6= M 1, but it follows

from (2.7) that M 0 = M .

De¯nition 2.4 ([11], [24]). We say that a pair of subspaces F and G are in

generic position if the four intersections M 00; M 01; M 10 and M 11, de¯ned by

(2.4), are trivial, i.e. consist of the zero elementonly.

14



Remark 2.5 It followsdirectly from De¯nition 2.4 that the subspacesF and G

are in genericposition if and only if any of the pairs F and G? , or F ? and G,

or F ? and G? is in genericposition.

Lemma 2.6 Let F and G be the subspacesof H , and a subspace M , de¯ned by

(2.5), (2.6), be non-trivial. Then PM F and PM G, as the subspacesof M , are in

genericposition.

Pro of: Let us ¯rst mention that PM F = M 0 = F ª (M 00 © M 01), PM F ? =

M 1 = F ? ª (M 10 © M 11), PM G = M 0
0, and PM G? = M 0

1, where

M 0
0 = Gª (M 00 © M 10); M 0

1 = G? ª (M 01 © M 11): (2.8)

Next, we see that M 0 ? M 1, M 0 © M 1 = M , and M 0
0 ? M 0

1, M 0
0 ©

M 0
1 = M . If we assumethat any pair of thesefour subspaceshas a nontrivial

intersection, then it evidently is a subspaceof one of the four subspacesM 00,

M 01, M 10 or M 11. This contradiction shows that all intersectionsare trivial,

and consequently, PM F and PM G are in genericposition (with respect to M ).

The following theoremcharacterizesthe projectors onto subspacesthat are

in genericposition.

Theorem 2.7 ([24]). If F and G are subspaces in genericposition in a Hilbert

space H, with respective orthogonal projectors PF and PG, then there exists a

Hilbert space Ĥ , and there exist positive selfadjoint commuting contractions S

and C on Ĥ , with S2 + C2 = 1 and N(S) = N(C) = f 0g, suchthat PF and PG
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are unitarily equivalent to
0

B
@

I 0

0 0

1

C
A and

0

B
@

C2 CS

CS S2

1

C
A ; (2.9)

respectively.

Using Theorem 2.7 it is proved (see[65]) that the projectors PF and PG

admit the following representation corresponding to the decomposition (2.4),

(2.7):

PF = I © I © 0 © 0 ©

0

B
@

I 0

0 0

1

C
A ;

PG = I © 0 © I © 0 © W ¤

0

B
@

C2 CS

CS S2

1

C
A W; (2.10)

where

W =

0

B
@

I 0

0 W

1

C
A ;

W : M 1 ! M 0 is an unitary operator and S =
p

PF PG? jM 0 , C =
p

PF PGjM 0 .

The representations (2.10) show that all ¯v e parts of the spaceH are invari-

ant for both operators PF , PG and also for all operators, which are represented

aspolynomialsof thesetwo operators. Moreover, we can see,for instance,from

the ¯rst equality of (2.10) that M 00 and M 01 are the eigenspacesof the operator

PF corresponding to the eigenvalue 1 and M 10; M 11 are the eigenspacesof the

sameoperator, corresponding to the eigenvalue 0.
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Lemma 2.8 The four operators PF ; PG; PF ? and PG? commute if and only if

the spectra §( PF PG), §( PF PG? ), §( PF ? PG) and §( PF ? PG? ) are the subsetsof

f 0g [ f 1g.

Pro of: Assumethat PF and PG commute (which meansthat all four projectors

commute). Then

PF PG = PF \G ; PF PG? = PF \G ? ; PF ? PG = PF ? \G ; PF ? PG? = PF ? \G ? :

In its turn, theseequalitiesgive then that all of the sets§( PF PG), §( PF PG? ),

§( PF ? PG) and §( PF ? PG? ) are the subsetsof f 0g [ f 1g.

Assumenow that all four spectra aresubsetsof f 0g[ f 1g but PF PG 6= PGPF .

In this caseM = f 0g, and we can represent the spaceH as H = M 00 © M 01 ©

M 10 © M 11. In this caseit can be easily checked that

PF PGu = PGPF u = u

for 8u 2 M 00 and

PF PGu = PGPF u = 0

for 8u 2 M 01 © M 10 © M 11 since this equality holds separately for all three

subspaces,that is for 8u 2 M 01, 8u 2 M 10, 8u 2 M 11.

Lemma 2.9 The operators PF PGjM , PF PG? jM , PF ? PGjM , and PF ? PG? jM are

positive selfadjoint contractions.

Pro of: Direct calculationsusing (2.10) show that the operator block represen-

tations of the operators consideredhereare:

PF PGjM =

0

B
@

C2 0

0 0

1

C
A ; PF PG? jM =

0

B
@

S2 0

0 0

1

C
A ; (2.11)

17



and

PF ? PGjM =

0

B
@

0 0

0 W ¤S2W

1

C
A ; PF ? PG? jM =

0

B
@

0 0

0 W ¤C2W

1

C
A : (2.12)

SinceS2 and consequently, alsoC2 = I ¡ S2 arepositiveselfadjoint contractions,

and W is unitary operator, theserepresentations show that all four considered

operators are positive selfadjoint contractions.

Similarly, the operators PGPF jM , PGPF ? jM , PG? PF jM , and PG? PF ? jM are

alsoself-adjoint positive contractions.

Lemma 2.10 The point spectra of the restrictions of operators PF PGPF and

PF PG? PF to the subspace M 0 and the restrictions of the operators PF ? PGPF ? ,

and PF ? PG? PF ? to the subspace M 1, respectively do not contain onesand zeros,

that is 0; 1 =2 § p(PF PGjM 0 ), 0; 1 =2 § p(PF PG? jM 0 ) and 0; 1 =2 § p(PF ? PGjM 1 ),

0; 1 =2 § p(PF ? PG? jM 1 ).

Pro of: Using (2.11) and (2.12), we have PF PGjM 0 = C2 and PF ? PGjM 1 = S2.

But then, if we assumethat 1 2 § p(PF PGjM 0 ), or 0 2 § p(PF ? PGjM 1 ), then we

get N(S) 6= f 0g, which contradicts Theorem 2.7. Next, sinceC2 + S2 = I , if

1 is an eigenvalue of S, then 0 is an eigenvalue of C, and vice versa. Basedon

the last fact, we seealso that if 0 2 § p(PF PGjM 0 ), or 1 2 § p(PF ? PGjM 1 ), then

N(C) 6= f 0g. Thesecontradictions to the properties of the operators S and C,

given in Theorem2.7, show that the assertionis proved.

Corollary 2.11 The point spectra of the restrictions of operators PGPF PG and

PGPF ? PG to the subspace M 0
0 and the restrictions of the operators PG? PF PG?

and PG? PF ? PG? to the subspace M 0
1, respectively do not contain onesand zeros,
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that is 0; 1 =2 § p(PGPF jM 0
0
), 0; 1 =2 § p(PGPF ? jM 0

0
), 0; 1 =2 § p(PG? PF jM 0

1
) and

0; 1 =2 § p(PG? PF ? jM 0
1
).

Remark 2.12 (see Remark 4.27, p. 228, [37]). The ¯ve parts are unstable

with respect to perturbations of F and/or G and thus cannot be used in the

perturbation analysis.

The following lemma contains simple but useful facts about the ¯rst four

parts of the space. All assertionsassumethat corresponding subspacesM 00,

M 01, M 10 and M 11 de¯ned by (2.4) are nontrivial.

Lemma 2.13 The following assertionsare true:

² The subspace M 00 is an eigenspace of the operators PF PGjF and PGPF jG,

corresponding to the eigenvalueone, and is an eigenspace of the operators

PF PG? jF and PGPF ? jG, corresponding to the zero eigenvalue;

² The subspace M 01 is an eigenspace of theoperators PF PG? jF andPG? PF jG? ,

corresponding to the eigenvalueone, and is an eigenspace of the operators

PF PGjF and PG? PF ? jG? , corresponding to the zero eigenvalue;

² The subspace M 10 is an eigenspace of theoperators PF ? PGjF ? andPGPF ? jG,

corresponding to an eigenvalueone, and is an eigenspace of the operators

PF ? PG? jF ? and PGPF jG, corresponding to the zero eigenvalue;

² The subspace M 11 is an eigenspace of the operators PF ? PG? jF ? and

PG? PF ? jG? , corresponding to the eigenvalueone, and is an eigenspace of

the operators PF ? PGjF ? and PG? PF jG? , corresponding to the zero eigen-

value.
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2.3 Isometries Bet ween Subspaces

In this sectionwestudy two important mappings- the isometriesof Sz.-Nagy

[62] and of Kato [37], Davis and Kahan [12]. The secondmapping is the unitary

versionof the ¯rst oneand is called a direct rotation. It mapsthe subspacesF

and F ? onto the subspacesG and G? , respectively.

We assumethat the inequality

kPF ¡ PGk < 1 (2.13)

holds. As we can seebelow (Lemma 2.36), this property is equivalent to a

property that a set of anglesbetweenF and G doesnot contain a right angle.

The Sz.-Nagy'spartial isometry [62] for a givensubspacesF and Gis de¯ned

by following equality

fW = PGA ¡ 1=2PF ; (2.14)

where

A = I ¡ PF + PF PGPF = A¤: (2.15)

It follows from the assumption(2.13) that kPF (PG ¡ PF )PF k < 1 holds,and

consequently

A = I + PF (PG ¡ PF )PF > (1 ¡ kPF ¡ PGk)I > 0:

Thus A ¡ 1=2 exists and is positive, bounded and selfadjoint. Furthermore, PF

commutes with A and, consequently with A ¡ 1=2 too. Basedon thesefacts we

get [62] that

fW ¤fW = PF ; fW fW ¤ = PG: (2.16)
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The relations (2.16) imply that fW is a partial isometry (see,e.g.,[73], p.85): its

restriction to the subspaceF is an isometry, that is it leavesan inner product

of the elements of F unchanged,and fWu? = 0, for 8u? 2 F ? .

The mapping, constructedby Kato [37], Davis and Kahan [12], is a unitary

mapping, which coincideswith the mapping given by (2.14) on F :

cW = [PGPF + (I ¡ PG)( I ¡ PF )](I ¡ R)¡ 1=2; (2.17)

whereR = (PF ¡ PG)2. It is easyto show that the factors in the right-hand side

of cW commute. Further, cW cW ¤ = (I ¡ R)¡ 1=2(I ¡ R)(I ¡ R)¡ 1=2 = I , (see[58])

so cW is unitary.

Now let us explore the relations betweenthe partial isometriesin the polar

decomposition of operators and (partial) isometriesconsideredabove.

De¯nition 2.14 (De¯nition 3.10, p. 242, [10]). A partial isometry is an oper-

ator W 2 B(H) suchthat for 8u 2 N(W)? , kWuk = kuk. The subspace N(W)?

is called the initial space of W and the subspace R(W) is called the ¯nal space

of W.

The following fact is well known:

Lemma 2.15 (Theorem 3.11, p. 242, [10]). If T 2 B(H), then there is a

partial isometry W with N(T)? as its initial space and R(T) as its ¯nal space

such that T = WjTj. Moreover, if T = UQ, where Q ¸ 0 and U is partial

isometry with N(U) = N(Q), then Q = jTj and U = W.

Theorem 2.16 For both choicesof W = fW and W = cW, where fW and cW are

de¯ned by (2.14) and (2.17), respectively PGPF = WjPGPF j holds.
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Pro of: Denote B = PF PG. Then B ¤ = PGPF , BB ¤ = PF PGPF and B ¤B =

PGPF PG. If we denoteS = (BB ¤)1=2, then consideringthe polar decomposition

(see[73], [37]), B ¤ can be represented in the following form B ¤ = WS (for B we

have B = SW ¤), whereW is a partial isometry with initial domain F and ¯nal

domain G. Note also that B ¤B = WSSW ¤ = W(BB ¤)W ¤.

First let us considerthe caseW = fW, where fW is de¯ned by (2.14). We

have:

fWS = PGA ¡ 1=2PF

p
PF PGPF = PGPF A ¡ 1=2

p
PF PGPF : (2.18)

But the last multiplier in (2.18) is zeroon F ? and A ¡ 1=2 = (PF PGPF )¡ 1=2 on F .

This meansthat WS = PGPF = B ¤. From this last equality we concludethat

the partial isometry usedin the polar decomposition is the sameas Sz.-Nagy's

partial isometry, given by (2.14), which maps isometrically F onto G.

In the caseof W = cW, wherecW is given by the relations (2.17) we have:

cWS = [PGPF + (I ¡ PG)( I ¡ PF )](I ¡ R)¡ 1=2
p

PF PGPF : (2.19)

But analogousto the above arguments we seethat cWSu? = 0 for u? 2 F ? .

Next, I ¡ R = PF PGPF on F , and we concludefrom the equality (2.19) that

cWS = PGPF = B ¤. And again, we seethat the isometry used in the polar

decomposition can be given by (2.17).

Let us now considera questionof the unitarily equivalenceof the operators

PF PGPF and PGPF PG.

Theorem 2.17 ([43]). Let F and G be subspaces of H . Then there exists a

unitary operator W 2 B(H) suchthat

PF PGPF = W ¤PGPF PGW: (2.20)
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Pro of: Denote T = PGPF , then T¤ = PF PG. Using Lemma 2.15 and the

fact that N(T)? = R(T¤), we conclude that there exists a partial isometry

U : R(T¤) ! R(T), such that T = U
p

PF PGPF holds.

It is known (see,e.g., Theorem 1, p. 126, [54]) that a partial isometry U

has a unitary extension if and only if (D(U)) ? and (R(U))? are isomorphic

(De¯nition 5.1, p. 19, [10]). Since D(U) = R(T ¤) and R(U) = R(T), we

conclude that for existenceof the unitary extension of U it is necessaryand

su±cient N(T¤) and N(T) to be isomorphic. This means,that N(PF PG) and

N(PGPF ) should be isomorphic. Using the decompositions (2.10), we have

N(PF PG) = M 01 © M 10 © M 11 © N(PF PGjM );

N(PGPF ) = M 01 © M 10 © M 11 © N(PGPF jM ):

These relations show that to prove that N(PF PG) and N(PGPF ), it su±ces

to show that N(PF PGjM ) and N(PGPF jM ) are isomorphic, which follows from

Theorem 1, [24]. Finally, we concludethat there exists a unitary extensionof

U. Denote it by W and we have

PGPF = W
p

PF PGPF ; PF PG =
p

PF PGPF W ¤:

Multiplying theseequalitieswe obtain

PGPF PG = WPF PGPF W ¤;

which is equivalent to (2.20), sinceW is unitary.
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2.4 De¯nitions and Prop erties of the Angles

In this section,wede¯ne the angles\from onesubspaceto anotherone", and

angles\b etweensubspaces".Next, we investigatethe properties of the (setsof)

angles,such as the relationships connecting the anglesbetween the subspaces

and and their orthogonalcomplements. The ideaof de¯nition of anglesbetween

in¯nite dimensionalsubspacesusingthe operator spectral theory appearsin [26].

De¯nition 2.18 A set

£̂( F ; G) = f µ : µ = arccos(¾); ¾¸ 0; ¾2 2 §( PF PGjF )g µ [0;
¼
2

] (2.21)

is called the set of anglesfrom the subspace F to the subspace G.

De¯nition 2.19 A set

£( F ; G) = £̂( F ; G) \ £̂ (G; F ) (2.22)

is called the set of anglesbetween the subspaces F and G.

Remark 2.20 In general £̂( F ; G) 6= £̂( G; F ), that is the set-valued function

£̂( F ; G) is non-symmetric, but £( F ; G) is a symmetric function.

De¯nition 2.21 £̂ p(F ; G) = f µ 2 £( F ; G) : cos2(µ) is an eigenvalueof

PF PGjF g.

De¯nition 2.22 £ p(F ; G) = £̂ p(F ; G) \ £̂ p(G; F ).

The following technical lemma describesa relationship betweenthe spectra

of operators PF PGjF and PF PG? jF .
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Lemma 2.23 If ¾2 2 §( PF PGjF ) then ¹ 2 = 1 ¡ ¾2 2 §( PF PG? jF ) and vice

versa, that is if ¹ 2 2 §( PF PG? jF ) then ¾2 = 1 ¡ ¹ 2 2 §( PF PGjF ).

Pro of: The proof immediately follows from the equality

PF PGjF + PF PG? jF = PF jF = I jF ;

and the spectral mapping theorem (see,e.g., [77], Corollary 1, p. 227), which

statesthat if f is a complex-valuedfunction, holomorphicin someneighborhood

of §( T), then §( f (T)) = f (§( T)). In our casef (T) = I ¡ T.

Using de¯nition 2.21in Lemma2.23we can interpret this result in terms of

the angles.

Theorem 2.24 £̂( F ; G) = ¼
2 ¡ £̂ (F ; G? ).

Interchanging the subspacesgives£̂( G; F ) = ¼
2 ¡ £̂ (G; F ? ).

Using Theorem 2.24 we can introduce equivalent de¯nition of the angles

using the sines.

De¯nition 2.25 The set

£̂( F ; G) = f µ : µ = arcsin(¹ ); ¹ ¸ 0 ¹ 2 2 §( PF PG? jF )g µ [0;
¼
2

] (2.23)

is called the set of anglesfrom the subspace F to the subspace G.

Theorem 2.26

£̂( G; F ) n f
¼
2

g = £̂( F ; G) n f
¼
2

g: (2.24)

Pro of: The assertionis a particular caseof a moregeneralfact: if A; B 2 B(H),

then non-zeroelements of the spectraof operatorsAB and BA arethe same(see,
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e.g., [64], Chapter 10, Exercise2, or [10], Exercise7, p. 199). Here A = PF PG

and B = PGPF .

Let us investigatewhere the non-symmetry of £̂( F ; G) comesfrom. Using

decompositions (2.10) for the projectors PF and PG corresponding to the ¯v e

parts of the spaceH, we get:

PF PGjF = I M 00 © 0M 01 © PF PGjM ;

PGPF jG = I M 00 © 0M 10 © PGPF jM : (2.25)

Next, using Theorem 7.28, p. 208, [73], which states that if T 2 B(H) is

selfadjoint and M is its invariant subspace,then the restrictions TM , TM ? are

selfadjoint and §( T) = §( TM ) [ §( TM ? ), we have §( PF PGjF ) = §( I M 00 ) [

§(0 M 01 ) [ §( PF PGjM ) and §( PGPF jG) = §( I M 00 ) [ §(0 M 10 ) [ §( PGPF jM ). These

two equalitiesshow that both setsof angles£̂( F ; G) and £̂ (G; F ) simultaneously

contain or do not contain the zeroangle,but with the right anglethe situation

is di®erent. Namely, becauseof the di®erencein the secondterms of the right-

hand sides,oneof thesesetsmay contain a right angle,whenthe other onedoes

not.

As we can see,there are eight, in generaldi®erent sets of non-symmetric

anglesfor a givenpair of subspaces.Let us investigatethe relationshipsbetween

them. It is su±cient to get theserelationships,for instancebetween£̂( F ; G) and

the other seven sets. The relationshipsbetweenarbitrary pairs of setsof angles

can be easily gotten from theseseven relations by interchanging the subspaces.

Two of theseseven equalitiesare already given in Theorem 2.24 and Theorem

2.26. We consider¯rst the anglesfrom onesubspaceto anothersincethey reveal
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¯ner details. We give here all seven relations for completeness.For symmetric

angleswe obtain analogousresults later in this section.

Corollary 2.27 The following relations hold for any pair of subspaces F and

G of H :

1. £̂ (F ; G) = ¼
2 ¡ £̂( F ; G? );

2. £̂ (G; F ) n f ¼
2 g = £̂( F ; G) n f ¼

2 g;

3. £̂ (F ? ; G) n (f 0g [ f ¼
2 g) = ¼

2 ¡ f £̂( F ; G) n (f 0g [ f ¼
2 g)g;

4. £̂ (F ? ; G? ) n (f 0g [ f ¼
2 g) = £̂( F ; G) n (f 0g [ f ¼

2 g);

5. £̂ (G; F ? ) n f 0g = ¼
2 ¡ f £̂ (F ; G) n f ¼

2 gg;

6. £̂ (G? ; F ) n f ¼
2 g = ¼

2 ¡ f £̂( F ; G) n f 0gg;

7. £̂ (G? ; F ? ) n f 0g = £̂( F ; G) n f 0g.

Pro of:

The ¯rst two assertionsare already proven. To prove the other equalities,

we usethesetwo relations.

3. £̂ (F ? ; G) n (f 0g [ f ¼
2 g) = £̂( G; F ? ) n (f 0g [ f ¼

2 g) = f ¼
2 ¡ £̂( G; F )g n

(f 0g [ f ¼
2 g) = f ¼

2 ¡ f £̂( G; F ) n f ¼
2 gggn f ¼

2 g = f ¼
2 ¡ £̂( F ; G)g n (f 0g [ f ¼

2 g) =

¼
2 ¡ f £̂( F ; G) n (f 0g [ f ¼

2 g)g

4. Using the previous equality, we get £̂( F ? ; G? ) n (f 0g [ f ¼
2 g) = f ¼

2 ¡

£̂( F ; G? )g n (f 0g [ f ¼
2 g) = £̂( F ; G) n (f 0g [ f ¼

2 g);

5. £̂ (G; F ? ) n f 0g = f ¼
2 ¡ £̂ (G; F )g n f 0g = ¼

2 ¡ f £̂( G; F ) n f ¼
2 gg = ¼

2 ¡

f £̂( F ; G) n f ¼
2 gg;

27



6. £̂( G? ; F )nf ¼
2 g = £̂ (F ; G? )nf ¼

2 g = f ¼
2 ¡ £̂ (F ; G)gnf ¼

2 g = ¼
2 ¡ f £̂ (F ; G)n

f 0gg;

7. £̂ (G? ; F ? ) n f 0g = f ¼
2 ¡ £̂ (G? ; F )g n f 0g = ¼

2 ¡ f £̂ (F ; G? ) n f ¼
2 gg =

f ¼
2 ¡ £̂( F ; G? )g n f 0g = £̂( F ; G) n f 0g.

Remark 2.28 Let us explain why only one of all the relationshipsbetween the

two sets of anglesdoes not require elimination of the zero or right angles. As

we haveseen in Theorem 2.24, this pair is £̂ (F ; G) and £̂( F ; G? ) (analogously,

£̂( G; F ) and £̂ (G; F ? )). The key to the answer is the fact that the operators,

corresponding to thesesetsof angles,havethe sameeigenspaces outside of the

¯fth part of the space H. Theseeigenspaces,asis shownin Lemma2.13, are M 00

and M 01. They are the eigenspacesof the operator PF PGjF , corresponding to the

eigenvalues1 and 0, respectively, and the eigenspaces of the operator PF PG? jF ,

corresponding to the eigenvalues0 and 1, respectively. The eigenspacesof other

pairs do not match, which causesa possibledi®erence between the spectra.

To illustrate the results of Theorem 2.24 and Corollary 2.27, considerthe

following example,which is similar to that consideredin [42]. Let H be a real

Euclidean spaceR6, F be a subspaceof dimension4, spannedby the columns

of a matrix [I 4; 0]T 2 M 6;4, and G be the three dimensionalsubspace,spanned

by the columns of a matrix [D1; D2]T 2 M 6;3, where D1 and D2 are diagonal

matrices, whosediagonal elements are 1=
p

1 + d2
i and di =

p
1 + d2

i , i = 1; 2; 3,

d1 = 0, and d2, d3 are non-zeroreal numbers. Then it can be easily seenthat

the following equalitieshold:

² cos(̂£( F ; G)) = f 1; 1=
p

1 + d2
1; 1=

p
1 + d2

2; 0g;

28



² sin(£̂ (F ; G? )) = f 1; 1=
p

1 + d2
1; 1=

p
1 + d2

2; 0g;

² sin(£̂ (F ? ; G)) = f 1=
p

1 + d2
1; 1=

p
1 + d2

2g;

² cos(̂£( F ? ; G? )) = f 1=
p

1 + d2
1; 1=

p
1 + d2

2g;

² cos(̂£( G; F )) = f 1; 1=
p

1 + d2
1; 1=

p
1 + d2

2g;

² sin(£̂ (G; F ? )) = f 1=
p

1 + d2
1; 1=

p
1 + d2

2; 0g;

² sin(£̂ (G? ; F )) = f 1; 1=
p

1 + d2
1; 1=

p
1 + d2

2g;

² cos(̂£( G? ; F ? )) = f 1=
p

1 + d2
1; 1=

p
1 + d2

2; 0g.

Corollary 2.29 £( F ; G) n f ¼
2 g = £̂ (F ; G) n f ¼

2 g = £̂ (G; F ) n f ¼
2 g.

Lemma 2.30 Let F and G be subspaces of H , and subspace M , be de¯ned by

(2.5), (2.6), be non-trivial. Then £( F ; G) n(f 0g[ f ¼
2 g) = £( PM F ; PM G) n(f 0g[

f ¼
2 g).

Pro of: Using (2.25), we have §( PF PGjF ) = § 0[ §( PF PGjM ) and §( PGPF jG) =

§ 00[ §( PGPF jM ), where § 0; § 00 µ f 0;1g. But then we get cos(£( F ; G)) =

§ 0 \ § 00\ §( PF PGjM ) \ §( PGPF jM ) = § 0 \ § 00\ cos(£( PM F ; PM G)). Since

§ 0 \ § 00µ f 0;1g, the assertionfollows from the last equality.

The following lemma describes a trivial case,when the projectors PF and

PG commute.

Lemma 2.31 If PF PG = PGPF then all sets of angles £̂( F ; G), £̂ (F ; G? ),

£̂( F ? ; G), £̂ (F ? ; G? ), £̂ (G; F ), £̂( G; F ? ), £̂ (G? ; F ), £̂( G? ; F ? ) are subsets

of the set f 0; ¼
2 g, that is the only the possibleanglesbetween the subspacesF , G,

F ? and G? are the zero and right angles.
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Pro of: If PF and PG commute, then also all polynomials in PF and PG com-

mute, particularly all four projectors PF , PG, PF ? and PG? commute. But then

(see, e.g., [2], p. 65, Theorem 1) we have PF PG = PF \G , PF PG? = PF \G ? ,

PF ? PG = PF ? \G , PF ? PG? = PF ? \G ? . Then the assertionfollows from the fact

that the spectrum of orthogonal projector consistsof two points - zeroand one.

Let us now consider the relationships between the quantities de¯ned by

(2.1), (2.2) and angles,de¯ned in the current section.

Lemma 2.32

c0(F ; G) = sup
©

cos
¡
£( F ; G)

¢ª
; (2.26)

and

c(F ; G) = sup
©

cos
¡
£( F ; G) n f 0g

¢ª
: (2.27)

Pro of: We have usingTheorem5.35,p.120,[73] about de¯nition of a bounded

linear operator by bilinear form:

c0(F ; G) = sup
u2F

kuk=1

sup
v2G

kvk=1

j(u; v)j = sup
u2H

kuk=1

sup
v2H

kvk=1

j(PF u; PGv)j =

sup
u2H

kuk=1

sup
v2H

kvk=1

j(u; PF PGv)j = kPF PGk = sup
©

cos
¡
£( F ; G)

¢ª
:

For c(F ; G) we have:

c(F ; G) = sup
u2F \ (F \G )?

kuk=1

sup
v2G\ (F \G )?

kvk=1

j(u; v)j =

sup
u2H ª M 00

kuk=1

sup
v2H ª M 00

kvk=1

j(PF u; PGv)j = sup
u2H ª M 00

kuk=1

sup
v2H ª M 00

kvk=1

j(u; PF PGv)j:
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Using the decompositions (2.10), we have

PF PG = I © 0 © 0 © 0 © PF PGjM ; (2.28)

whereI and 0 arethe identit y and zerooperatorson the correspondingsubspaces

of H . (2.28) shows that excluding the subspaceM 00 from a domain of the

supremum excludes1 from the spectrum of PF PG and we obtain (2.27).

Let us denote by gap(F ; G) a gap (aperture) betweensubspacesF and G

(see,e.g., [2], [22], [37]) which is de¯ned by

gap(F ; G) = kPF ¡ PGk = maxfk PF PG? k; kPGPF ? kg: (2.29)

Theorem 2.33 Let F and G be subspaces of the Hilbert space H. Then

minf minf cos2(£̂( F ; G))g; minf cos2(£̂( G; F ))gg = 1 ¡ (gap(F ; G))2.

Pro of: Let us considerboth norms in the right-hand sideof (2.29) separately.

We have using Corollary 2.27:

kPF PG? k2 = sup
u2H

kuk=1

kPF PG? uk2 = sup
u2H

kuk=1

(PF PG? u; PF PG? u) =

sup
u2H

kuk=1

(PG? PF PG? u; u) = kPG? PF jG? k = maxf cos2(£̂ (G? ; F ))g =

maxf sin2(£̂( G; F ))g = 1 ¡ minf cos2(£̂( G; F ))g: (2.30)

We obtain similarly

kPGPF ? k2 = maxf cos2(£̂( F ? ; G))g = 1 ¡ minf cos2(£̂( F ; G))g: (2.31)

Equalities (2.30), (2.31) lead to the assertion.
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Remark 2.34 Corollary 2.29 describesonly the relationshipbetween non-right

anglesfrom F to G and from G to F . What can we say about the right angles?

There are several possibilities:

² neither £̂( F ; G) nor £̂( G; F ) contain a right angle. In this case£( F ; G) =

£̂ (F ; G) = £̂ (G; F );

² one of the sets of anglescontains a right angle as an isolated point, but

the other one does not;

² both of them contain a right angle; in this case the multiplicities of the

right anglecan be di®erent.

The following Theorem gives the relationships between the sets of angles

betweendi®erent pairs of subspaces.

Theorem 2.35 For any subspaces F and G of H the following equalities

£( F ; G) n (f 0g [ f
¼
2

g) = f
¼
2

¡ £( F ; G? )g n (f 0g [ f
¼
2

g); (2.32)

£( F ; G) n f 0g = £( F ? ; G? ) n f 0g (2.33)

and

£( F ; G? ) n f 0g = £( F ? ; G) n f 0g (2.34)

hold.

Pro of: We have using Theorem2.24

£( F ; G) n (f 0g [ f
¼
2

g) = £̂( F ; G) ¡ n(f 0g [ f
¼
2

g) =

f
¼
2

¡ £̂ (F ; G? )g n (f 0g [ f
¼
2

g) = f
¼
2

¡ £( F ; G? )g n (f 0g [ f
¼
2

g):
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Using the seventh equality of Corollary 2.27 twice - ¯rst for F and G, next

for G and F , and intersecting them gives(2.33).

InterchangingG and G? in (2.33) gives(2.34).

If F and G are proper subspacesof H then evidently 0 2 §( PF PG), but at

the sametime £( F ; G) may not contain ¼
2 . Consequently, using Lemma 2.1, we

can write

§( PF PG) = cos2(£( F ; G)) [ f 0g: (2.35)

Let us mention that we can also prove equality (2.33) using the following

theorem, which describes the relationship between the spectra of the product

and di®erenceof two orthogonal projectors.

Lemma 2.36 ([57], Theorem 1. See also [44], Lemma 2.4). For any pair of

orthogonalprojectors PF and PG on H the spectrum of the product PF PG lies in

the interval [0; 1] and

§( PG¡ PF )n(f¡ 1g[ f 0g[ f 1g) = f§ (1¡ ¾2)1=2 : ¾2 2 §( PF PG)n(f 0g[ f 1g)g:

(2.36)

Using Lemma 2.36and equation (2.35) the following theoremand corollary

are proven:

Theorem 2.37 §( PF ¡ PG) n (f¡ 1g [ f 0g [ f 1g) = § sin(£( F ; G)) n (f¡ 1g [

f 0g [ f 1g).

The multiplicity of an eigenvalue1 in §( PG ¡ PF ) is equal to dim M 10,

multiplicity of an eigenvalue¡ 1 is equal to dim M 01, and multiplicity of an

eigenvalue0 is equal to dim M 00 + dim M 11, where M 00, M 01, M 10 and M 11 are

de¯ned by (2.4).
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Pro of: (2.36) is proven in [57]. To obtain the results about the multiplicit y

of eigenvalues1, ¡ 1 and 0, it su±ces to make use the decomposition of these

projectors in ¯v e parts, given by (2.10).

Corollary 2.38 §(( PF ¡ PG)2) n (f 0g [ f 1g) = sin2(£( F ; G)) n (f 0g [ f 1g).

In many applications, such as domain decomposition algorithms, existence

of the information about the distribution of spectrum of the sum of projectors

is important. The resultsabout spectra of sumsof projectors can be found e.g.,

in [7] (Seealso [72], Theorem, p. 298). Using Corollary 4.9, p. 86, [7], we can

formulate the following result in terms of the anglesbetweensubspaces.

Theorem 2.39 For any nontrivial pair of orthogonal projectors PF and PG on

H the spectrum of the sum PF + PG with possibleexception of point 0 lies in the

interval [1 ¡ kPF PGk; 1 + kPF PGk] and

§( PF + PG) n (f 0g [ f 1g) = f 1 § cos(£( F ; G))g n (f 0g [ f 1g): (2.37)

2.5 Angles Bet ween the Subspaces in Generic Position

The main observation for subspacesin the \¯fth part" is that the projections

of initial subspacesonto the \¯fth part" are in genericposition. This fact allows

us to concludethat the zeroand right anglescan not belongto the set of angles

betweenthesenew subspaces(and also to the set of anglesfrom one subspace

to another one) as isolated angles. This simpli¯es the assumptionsof several

propositions given above in this chapter.

Lemma 2.40 Let the subspaces F and G be in generic position. Then 1 =2

§ p(PF PGjF ) and 0 =2 § p(PF PGjF ).
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Pro of: Assume¯rst that 1 2 § p(PF PGjF ). Then we have PF PGjF u = u for

someunit u 2 F . From the last equality weconcludethat u 2 G, sinceotherwise

we would have kPGuk < kuk = 1, and consequently 1 = kuk = kPF PGuk ·

kPGuk < 1. This meansthat u 2 G, and consequently F \ G 6= f 0g. But this

contradicts our assumptionabout the genericposition, that is 1 =2 § p(PF PGjF ).

Now assumethat secondassertiondoesnot hold. Then we have PF PGjF u =

0 for somenonzerou 2 F . Next, if PGu = 0, then F \ G? 6= f 0g. If PGu 6= 0,

denotev = PGu 2 G and we get PF v = 0. But this meansthat F \ G? 6= f 0g.

The contradiction in both casesshows that 0 =2 § p(PF PGjF ).

Corollary 2.41 If the subspaces F and G are in generic position, then 0 =2

£ p(F ; G) and ¼
2 =2 £ p(F ; G).

Pro of: It su±cies to mention that the de¯nitions of the genericposition and

anglesbetweensubspacesare symmetric with respect to the subspaces.

Theorem 2.42 Let a subspace M de¯ned by (2.5) and (2.6) be non-trivial.

Then

£ p(F ; G) n (f 0g [ f
¼
2

g) = £ p(PM F ; PM G): (2.38)

Pro of: By Lemma 2.30,

£ p(F ; G) n £ p(PM F ; PM G) µ f 0;
¼
2

g: (2.39)

But, following Lemma 2.10, the set of angles£ p(PM F ; PM G) doesnot contain

zeroor right angles.Consequently, (2.38) follows from (2.39).

The following theorem gives the su±cient conditions for two subspacesto

be in genericposition and describes additional relationships between di®erent
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setsof angles.

Theorem 2.43 The subspacesF and G of H are in genericposition if and only

if 0; ¼
2 =2 £̂ p(F ; G) [ £̂ p(G; F ).

Pro of: Let 0; ¼
2 =2 £̂ p(F ; G) [ £̂ p(G; F ). If we assumethat F and G are not

in genericposition, then someof the four subspacesM 00, M 01, M 10, M 11 given

by (2.4) is nontrivial. Then we have zero (or right) angle in above given set(s)

of angles. This is a contradiction to the assumptionsof the theorem, and we

concludethat F and G are in genericposition.

Assumenow that F and Garein genericposition. If 0 2 £̂ p(F ; G)[ £̂ p(G; F )

then the subspaceM 00 is nontrivial, which contradicts the assumptions.

If ¼
2 2 £̂ p(F ; G) [ £̂ p(G; F ) then oneof the subspacesM 01, M 10 is nontrivial,

which alsocontradicts the assumptions.

The absenceof the zero and right anglesin the set £̂ (F ; G) [ £̂ (G; F ) is

only a su±cient condition for two subspacesF and G to be in genericposition.

But, evidently it is not a necessarycondition. If F and G are in genericposition,

then no setof angles,contains zeroor right angleasthe element of £ p, but these

anglesmay belongto the set of continuousangles,which we de¯ne now.

De¯nition 2.44 £̂ c(F ; G) = £̂ (F ; G) n £̂ p(F ; G).

Let us call £̂ c(F ; G) the set of continuous anglesfrom the subspaceF to the

subspaceG.

Remark 2.45 This de¯nition of the continuousanglesis based on the de¯nition

of the continuous spectrum of selfadjoint operator (see, e.g., [16], De¯nition 1,
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p. 902).

Let us mention also that sincethe spectrum of a selfadjoint operator con-

sists only of the eigenvalues and continuous spectrum (the residual spectrum

of selfadjoint operator is void), by De¯nition 2.21 and De¯nition 2.44 we have

de¯ned all possibleanglesfrom the subspaceF to the subspaceG.

Theorem 2.46 Let µ = 0 or µ = ¼
2 . If µ 2 £̂ c(F ; G), then:

1. µ belongsalso to the sets£̂ c(F ? ; G? ), £̂ c(G; F ) and £̂ c(G? ; F ? );

2. ¼
2 ¡ µ belongsto the sets£̂ c(F ; G? ), £̂ c(F ? ; G), £̂ c(G; F ? ) and £̂ c(G? ; F ).

Pro of: Sinceµ 2 £̂ c(F ; G) and µ is not an eigenvalue, there exists a sequence

f µi g1
i=1 ½ £̂ (F ; G) n (f 0g [ f ¼

2 g) such that lim i !1 µi = µ. But then, from

Theorem 2.24 and Corollary 2.27 it follows that f µi g1
i=1 is a subsetof all three

sets, listed in Assertion 1, and f ¼
2 ¡ µi g1

i=1 is a subsetof all four sets, listed in

Assertion 2.

It su±cesonly to mention that all setsof angles,consideredhere,are com-

pact sets.

From Theorem2.43and Theorem2.46we obtain the following

Corollary 2.47 If the subspaces F and G are in genericposition, then

§( PF PGjF ) = §( PGPF jG);

and

£̂( F ; G) = £̂( G; F ):
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Remark 2.48 Using Theorem 2.43 and Theorem 2.46, we concludethat if the

subspacesF and G are in genericposition, then the assertionsof Theorem 2.26,

Corollary 2.27, Corollary 2.29, Lemma2.30, Theorem 2.35 hold without exclud-

ing the zero and right angles,and the assertionsof Lemma2.36, Theorem 2.37,

Corollary 2.38, Theorem 2.39 hold without excludingf 0g, f§ 1g.

Let us now consider the relationships between the quantities de¯ned by

(2.1), (2.2) and angles,de¯ned in the previus section in the case,when F and

G are in genericposition.

Corollary 2.49 (of Lemma2.32 ). If F and G are in genericposition, then

c0(F ; G) = c(F ; G) = sup
©

cos
¡
£( F ; G)

¢ª
: (2.40)

Pro of: It su±ces to mention that M 00 = f 0g sinceF and G are in generic

position, whereM 00 is de¯ned by (2.4).

2.6 Principal Vectors

In this section, we de¯ne the principal vectors and investigate their main

properties. Several casesare investgated,when the properties of principal vec-

tors aresimilar to thoseof principal vectorsin the ¯nite dimensionalcase.Based

on a given pair of principal vectors, the pairs of principal vectorsare given for

di®erent pairs of subspaces.Specialattention is paid to the cases,whenthe zero

or right angle is present as an isolated angle.

De¯nition 2.50 Normalized vectors u = u(µ) 2 F and v = v(µ) 2 G form

a pair of principal vectors for subspaces F and G corresponding to the angle

µ 2 £( F ; G), if the equalities

PF v = cos(µ)u; PGu = cos(µ)v (2.41)
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hold.

De¯nition 2.51 Assumeµ 2 £ p(F ; G) n f ¼
2 g. Then, the multiplicity of cos2(µ)

as an eigenvalueof the operator PF PGjF , is called the multiplicity of an angleµ.

The following auxiliary lemma shows the correctnessof last de¯nition and

is useful in the rest of this section.

Lemma 2.52 If u 2 F is an eigenvector of an operator PF PGjF corresponding

to the eigenvaluecos2(µ), µ 6= ¼
2 , then v = PGu 2 G is an eigenvector of an

operator PGPF jG corresponding to the same eigenvalue. The multiplicities of

cos2(µ), as an eigenvalueof the operators PF PGjF and PGPF jGg are the same.

Pro of: First let us notice that PF PGjF is a nonnegative operator,

PF PGjF ¸ 0, since PF PGPF = (PGPF )¤PGPF , and so is PGPF jG ¸ 0. By the

lemma assumptionwe have PGu 6= 0 and

PF PGjF u = cos2(µ)u: (2.42)

Then we have:

(PGPF jG)PGu = PG(PF PGjF u) = cos2(µ)PGu: (2.43)

It is easy to show that the \converse" relation is also true: if v 2 G is an

eigenvector of an operator PGPF jG, corresponding to a non-zeroeigenvalue, then

PF v 2 F is an eigenvector of the operator PF PGjF , corresponding to the same

eigenvalue.

To show that the multiplicities of cos2(µ) > 0 as an eigenvalue of oper-

ators PF PGjF and PGPF jG are the same, it su±ces to mention the following:
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if u0; u002 F form a pair of orthonormal eigenvectors of an operator PF PGjF ,

corresponding to cos2(µ), then PGu0=cos(µ) and PGu00=cos(µ) form a pair of or-

thonormal eigenvectors of PGPF jG corresponding to the same eigenvalue and

vice versa. This meansthat there is a one-to-onecorrespondencebetweenthe

orthonormal sytemsof eigenvectorsof PF PGjF and PGPF jG corresponding to the

given eigenvalue i.e. the multiplicities are the same.

Remark 2.53 The equlity of multiplicities of the nonzero eigenvaluesof the

operators PF PGjF and PGPF jG can also be deduced from Theorem 2.17.

Lemma 2.54 If u 2 F and v 2 G form a pair of principal vectors for subspaces

F and G corresponding to the angleµ 2 £( F ; G), then (u; v) = cos(µ).

Pro of: Using De¯nition 2.50we have

(u; v) = (PF u; v) = (u; PF v) = (u; cos(µ)u) = cos(µ); (2.44)

sinceu is normalized.

Lemma 2.55 If u 2 F and v 2 G form a pair of principal vectors for subspaces

F and G corresponding to the angle µ 2 £( F ; G), then u and v are the eigen-

vectors of the operators PF PGjF and PGPF jG, respectively, corresponding to the

eigenvaluecos2(µ).

Pro of: Sincethe assertionis symmetric with respect to u and v, let us prove

it only for u. We have:

PF PGjF u = PF (PGu) = cos(µ)PF v = cos2(µ)u:
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Theorem 2.56 Let µ 2 £( F ; G) n f ¼
2 g and u 2 F be an eigenvector of the

operator PF PGjF , corresponding to the eigenvaluecos2(µ), kuk = 1. Then there

existsa uniqueeigenvector v 2 G, kvk = 1, of the operator PGPF jG, correspond-

ing to the sameeigenvalue,such that u and v form a pair of principal vectors,

corresponding to the angleµ.

Pro of: Let v = (1=¾)PGu, where¾= cos(µ). Then v 2 G, by Lemma 2.6

v 6= 0 and v is an eigenvector of PGPF jG, corresponding to the sameeigenvalue

¾2.

We have

PF v = PF ((1=¾)PGu) = (1=¾)PF PGPF u = ¾u:

Thus PGu = ¾v and PF v = ¾u, that is both of the equalities (2.41) hold. Also

kvk2 = (v; v) = (1=¾)(v; PGu) = (1=¾)(PGv; u) = (u; u) = 1. This meansthat u

and v form a pair of principal vectorscorresponding to the angleµ.

Now let usshow that v is unique. If thereexist two di®erent vectorsv1 andv2

which with u form two diferent pairsof principal vectors,then wehavePGu = ¾v1

and PGu = ¾v2. Subtracting theselast two equalitieswe get ¾(v1 ¡ v2) = 0. But

¾6= 0 by the assumptionsof theorem. Consequently v1 = v2.

It follows from Lemma 2.55and Theorem2.56that

Theorem 2.57 There existsa pair of principal vectors for subspaces F and G

correspondingto a givenangleµ 2 £( F ; G)nf ¼
2 g if andonly if µ 2 £ p(F ; G)nf ¼

2 g.

Remark 2.58 If µ 2 £ p(F ; G) n f ¼
2 g is an angle of multiplicity one, then

the subspaces spanf ug and spanf vg, corresponding to µ are unique. If µ 2
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£ p(F ; G) n f ¼
2 g is multiple (of ¯nite or in¯nite multiplicity) angle, then we have

more then one pair of principal vectors, but each principal vector is de¯ned cor-

responding to the other vector uniquely.

Remark 2.59 If µ = ¼
2 in Theorem 2.56 then the vector v may not be unique.

Assume for example, H = R3, F = spanf ug and G = spanf v1; v2g, where

u = (1; 0; 0)T , v1 = (0; 1; 0)T and v2 = (0; 0; 1)T . Then we havePF v1 = 0 ¢u

and PF v2 = 0 ¢u.

Lemma 2.60 Let µ; Á 2 £ p(F ; G) n f ¼
2 g, and u(µ); u(Á) 2 F ; v(µ); v(Á) 2 G

be corresponding principal vectors. Then, if µ 6= Á, the pairs of vectors u(µ) and

u(Á), v(µ) and v(Á), u(µ) and v(Á) are orthogonal. If µ = Á, then for a given

u(µ), there existsv(µ), suchthat (u(µ); v(µ)) = cos(µ) holds.

Pro of: Orthogonality of the ¯rst two pairs follows from the fact that

eigenvectorsof a selfadjoint operator corresponding to di®erent eigenvalues,are

orthogonal (seee.g., [29]). Next, we have:

(u(µ); v(Á)) = (PF u(µ); v(Á)) = (u(µ); PF v(Á)) = cos(Á)(u(µ); u(Á));

but the last inner product is equal to 0 if µ 6= Á and to cos(µ) if µ = Á and both

vectors in the last inner product are the same.

Corollary 2.61 A pair of principal vectors u; v spans a two dimensional sub-

space, invariant with respect to the orthogonal projectors PF , PG, I ¡ PF and

I ¡ PG. Suchsubspaces, corresponding to di®erent µ's are mutually orthogonal.

The following theoremdescribesrelationshipsbetweenthe anglesof di®erent

pairs of subspaces.
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Theorem 2.62 Let u and v form a pair of principal vectors for subspaces F

and G, corresponding to the angleµ 2 £ p(F ; G) n (f 0g [ f ¼
2 g). De¯ne

u? = (v ¡ cos(µ)u)=sin(µ); v? = (u ¡ cos(µ)v)=sin(µ): (2.45)

Then

² u? , v are the principal vectors for subspaces F ? and G, corresponding to

the angle ¼
2 ¡ µ;

² u, v? are the principal vectors for subspaces F and G? , corresponding to

the angle ¼
2 ¡ µ;

² u? , ¡ v? are the principal vectors for subspacesF ? and G? , corresponding

to the angleµ.

Pro of: Denote ¾= cos(µ) and ¹ = sin(µ). Evidently u? 2 F ? , v? 2 G?

and

PF (I ¡ PG)PF u = PF u ¡ PF PGPF u = (1 ¡ ¾2)u = ¹ 2u;

PG(I ¡ PF )PGv = PGv ¡ PGPF PGv = (1 ¡ ¾2)v = ¹ 2v;

(I ¡ PF )PG(I ¡ PF )u? = (1=¹ )(v ¡ ¾u ¡ ¾2(v ¡ ¾u)) = ¹ 2u? :

Similarly,

(I ¡ PG)PF (I ¡ PG)v? = ¹ 2v? ;

(I ¡ PF )( I ¡ PG)( I ¡ PF )u? = ¾2u? ;

(I ¡ PG)( I ¡ PF )( I ¡ PG)v? = ¾2v? :
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Thus,

PGu? = ¹v ; (I ¡ PF )v = ¹u ? ;

PF v? = ¹u; (I ¡ PG)u = ¹v ? ;

(I ¡ PF )(¡ v? ) = ¾u? ; (I ¡ PG)u? = ¾(¡ v? ):

Remark 2.63 It is easy to see that if µ = 0, then the formulae (2.45) are

meaningless. If µ = ¼
2 , then the sameformulae give nothing new but the same

vectors u and v. Evidently, this does not necessarily mean that we have no

principal vectors between the pairs of subspaces,corresponding to the casesµ = 0

and µ = ¼
2 .

The following lemmagivesmoredetails about the casesdiscussedin the last

remark.

Lemma 2.64 If µ = 0 2 £ p(F ; G), then the intersection F \ G is non-trivial,

and if µ = ¼
2 2 £ p(F ; G) then both of the intersections F \ G? or F ? \ G are

non-trivial.

Pro of: Consider¯rst the caseµ = 0 2 £ p(F ; G). Then by Theorem2.57there

exist a pair of pricipal vectorsu; v of subspacesF and G corresponding to this

angle,i.e. to the eigenvalue1, and we have the equalitiesPF v = u and PGu = v.

From, for instance,the last equality we concludethat u 2 G, sinceotherwisewe

would have 1 = kvk = kPGuk < kuk = 1, which is a contradiction. This means

that u 2 G, and consequently F \ G 6= f 0g.
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Consider now the caseµ = ¼
2 2 £ p(F ; G). Since 0 is an eigenvalue of

the operator PF PGjF we have PF PGu = 0 for u 2 F , u 6= 0. Then we have

(PF PGu; u) = 0, which leadsto (PGu; u) = 0. Using the property PG
2 = PG we

obtain (PGu; PGu) = 0, from wherewe concludethat PGu = 0. This meansthat

u 2 G? , that is u 2 F \ G? .

The proof of F ? \ G 6= f 0g is comletely similar.

Corollary 2.65 Under the assumptionsof Theorem 2.62, sin2(µ) is an eigen-

value of the operators PF PG? jF , PGPF ? jG, PF ? PGjF ? and PG? PF jG? ; cos2(µ) is

an eigenvalueof the operators PF ? PG? jF ? and PG? PF ? jG? . The corresponding

eigenvectors are, respectively u, v, u? , v? , u? and v? .

Corollary 2.66 If µ 2 £ p(F ; G) n (f 0g [ f ¼
2 g), then:

² ¼
2 ¡ µ 2 £ p(F ? ; G) ;

² ¼
2 ¡ µ 2 £ p(F ; G? ) ;

² µ 2 £ p(F ? ; G? ) .

Theorem 2.67 Under the assumptionsof Theorem 2.62, sin2(µ) is an eigen-

value of the operator (PF ¡ PG)2 with corresponding eigenvectors u + v and

u ¡ v, where the pair u; v is the pair of principal vectors of subspaces F and G,

corresponding to the angleµ.

Pro of: We have

(PF ¡ PG)2 = PF (I ¡ PG) + PG(I ¡ PF ): (2.46)
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For each term of the sum on right-hand side we have, basedon the Theorem

2.62,

PF (I ¡ PG)u = sin2(µ)u (2.47)

and

PG(I ¡ PF )v = sin2(µ)v: (2.48)

From the equalities(2.47) and (2.48) it is easyto seethat [PF (I ¡ PG) + PG(I ¡

PF )](u § v) = sin2(µ)(u § v), which basedon (2.46) provesthe assertion.

Let us now formulate one of the results about the eigenpairsof the sum of

projectors which are easily constructedusing pairs of principal vectors.

Theorem 2.68 Let u and v form a pair of principal vectors for subspaces F

and G, corresponding to the angle µ 2 £ p(F ; G) n (f 0g [ f ¼
2 g). Then u + v

and u ¡ v are the eigenvectors of the operator PF + PG, corresponding to the

eigenvalues1 + cos(µ) and 1 ¡ cos(µ), respectively.

Pro of: We have

(PF + PG)(u + v) = u + cos(µ)u + cos(µ)v + v = (1 + cos(µ))( u + v);

and

(PF + PG)(u ¡ v) = u ¡ cos(µ)u + cos(µ)v ¡ v = (1 ¡ cos(µ))( u ¡ v):

Remark 2.69 If µ = 0 2 £ p(F ; G), then using Lemma2.64, we can conclude,

that F and G have a nontrivial intersection and, consequently, any nonzero
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vector, belonging to F \ G, is an eigenvector of the operator PF + PG, corre-

sponding to the eigenvalue2. Also, using the samelemma, we concludethat if

µ = ¼
2 2 £ p(F ; G), then at least one of the intersections F \ G? or F ? \ G is

non-trivial. If u 2 F \ G? , then

PF u = u; PG? u = u:

From the last equality we havePGu = 0, and by adding this equality to the ¯rst

of the abovetwo, weget (PF + PG)u = u. This means that u is an eigenvector of

the operator PF + PG, corresponding to the eigenvalue1. The sameconclusion

can be madeif F ? \ G is non-trivial.

Remark 2.70 Using Theorem 2.43, we conclude that if the subspaces F and

G are in generic position, then the assertionsof Lemma 2.52, Theorem 2.56,

Theorem 2.57, Lemma2.60, Theorem 2.62, Corollary 2.66, Theorem 2.68 hold

without excludingthe zero and right angles.

2.7 Principal Subspaces

In this section,we generalizethe de¯nition of a pair of principal vectors to

a pair of principal subspaces.We show that the set of anglesbetweenprincipal

subspacesconsistsof one point. We also show that the principal subspaces,

corresponding to a non-right angle, have equal dimensions. Using a given pair

of principal subspacesof F , G, the pairs of principal subspacesare constructed

for di®erent pairs of subspaces,such as F and G? , F ? and G, F ? and G? .

De¯nition 2.71 A pair of subspaces U µ F ; V µ G is called a pair of prin-

cipal subspaces for subspaces F and G corresponding to the angleµ 2 £( F ; G),
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if the equalities

PF PV jF = cos2(µ)PU; PGPU jG = cos2(µ)PV (2.49)

hold.

Let us prove the following auxiliary assertion¯rst.

Lemma 2.72 Let U µ F be an eigenspace of the operator PF PGjF correspond-

ing to the eigenvaluecos2(µ), where µ 2 £ p(F ; G) n f ¼
2 g. Then V = PGU is an

eigenspace of the operator PGPF jG corresponding to the same eigenvalue,and

vice versa: If V µ G is an eigenspace of the operator PGPF jG corresponding to

cos2(µ) 6= 0, then U = PF V is an eigenspace of the operator PF PGjF correspond-

ing to the sameeigenvalue.

Pro of: If v 2 V = PGU, then v = PGu; u 2 U. But then PGPF jGv =

PG(PF PGjF u) = cos2(µ)v. The secondpart is analogous.

Remark 2.73 If U µ F is an eigenspace of the operator PF PGjF corresponding

to the eigenvalue0, then V = PGU = f 0g.

We now considerthe relation betweenorthoprojectors on the eigenspaces.

Lemma 2.74 Let U µ F be an eigenspace of an operator PF PGjF , correspond-

ing to the eigenvaluecos2(µ), where µ 2 £ p(F ; G) n f ¼
2 g, PU be an orthogonal

projector onto the subspace U, and V = PGU. Then the operator

PV =
1

cos2(µ)
PGPUPG (2.50)

is an orthogonal projector onto the subspace V.
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Pro of: Denote¾= cos(µ). First notice that PV = PV
¤ and

PV
2 = (1=¾4)PGPF PUPF PGPF PUPF PG = (1=¾4)PGPU¾2PUPG = PV :

Now let us show that PVv = v for any v 2 V. If v 2 V, it is represented in

the form v = PGu for someu 2 U basedon Lemma 2.52. But then PVv =

(1=¾2)PGPUPGPGPF u = (1=¾2)PGPF PU¾2u = PGPF u = v. We need to show

now that

PVv? = 0 f or any v? 2 V? : (2.51)

Assumethat PGPUPGv? = v 6= 0. Evidently v 2 V, and consequently, using

Lemma 2.72, it can be represented as v = PGu for someu 2 U. Then we have

PG(PUPGv? ¡ u) = 0, which meansthat PUPGv? ¡ u 2 G? . But we also have

PUPGv? ¡ u = u0 2 U and we get u0 2 U \ G? 6= f 0g. It follows from the last

equationthat PF PGjF u0 = 0 for u0 2 U. But this is a contradiction, sinceU is an

eigenspaceof the operator PF PGjF , corresponding to the eigenvaluecos2(µ) 6= 0.

Consequently, we concludethat (2.51) holds.

Now we investigatesomeproperties of principal subspacessimilar to those

of principal vectors.

Theorem 2.75 Let U ½ F and V ½ G form a pair of the principal subspaces

for subspaces F and G corresponding to the angle µ 2 £( F ; G). Then µ 2

£ p(F ; G) and U and V are the eigenspacesof the operators PF PGjF and PGPF jG,

respectively correspondngto the eigenvaluecos2(µ).
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Pro of: Denote¾= cos(µ). Multiplying the ¯rst equality of (2.49) by PV from

the right and the secondequality by PU from the left we get:

(PF PV)2 = ¾2PUPV ;

(PUPG)2 = ¾2PUPV : (2.52)

From (2.52) we get

PF PV = PUPG;

PGPU = PVPF : (2.53)

Let us mention that the secondequality of (2.53) is simply a conjugateof the

¯rst one.

Now, multiplying the ¯rst equality of (2.49) by PU and the secondequality

by PV from the right we get:

PF PVPF PU = ¾2PU;

PGPUPGPV = ¾2PV : (2.54)

Using (2.53) in (2.54) gives

PF PGjF PU = ¾2PU;

PGPF jGPV = ¾2PV ; (2.55)

which meansthat the assertionis proved.

Theorem 2.76 Let µ 2 £ p(F ; G) n f ¼
2 g and U ½ F be an eigenspace of the

operator PF PGjF , corresponding to the eigenvaluecos2(µ). Then there exists a

unique eigenspace V ½ G of the operator PGPF jG, corresponding to the same
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eigenvaluesuch that U and V form a pair of principal subspaces corresponding

to the angleµ.

Pro of: Considera subspaceV = PGU ½ G. Basedon Lemma2.72we conclude

that V is an eigenspaceof the operator PGPF jG, corresponding to the same

eigenvalue. Next, using Lemma 2.74we have the relation

PV =
1

cos2(µ)
PGPUPG: (2.56)

To show that

PU =
1

cos2(µ)
PF PVPF ;

we write:

PF PVPF =
1

cos2(µ)
PF PGPF PUPF PGPF :

Using the fact that the operators PF PGPF and PU commute in the last equal-

it y, we get: PF PVPF = PF PGPF PU, which gives cos2(µ)PU = PF PVPF . The

last equality together with (2.56) show that U and V form a pair of principal

subspacescorresponding to the angleµ.

It remains to show that V is unique. If we assumethat there exist two

di®erent subspacesV1 and V2 with the above mentioned properties, then we

have from the secondequality of (2.49): cos2(µ)(PV1 ¡ PV2 ) = 0. Sinceµ < ¼
2 we

concludethat PV1 = PV2 , which itself provesthe assertion.

It follows from Theorem2.75and Theorem2.76that

Theorem 2.77 There existsa pair of principal subspacesfor subspacesF and G

correspondingto a givenangleµ 2 £( F ; G)nf ¼
2 g if andonly if µ 2 £ p(F ; G)nf ¼

2 g.
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Theorem 2.78 If U ½ F and V ½ G form a pair of the principal subspaces

for subspaces F and G corresponding to the angleµ 2 £( F ; G), then £( U; V) =

£ p(U; V) = f µg.

Pro of: Using Theorem 2.75 and equalities (2.53) we have PUPVPU =

PU(PF PV)PF PU = PUPGPF PU = PUPF PGPF PU = cos2(µ)PU. This equality

shows that U is an eigenspaceof the operator PUPV jU, corresponding to the

eigenvalue cos2(µ), i.e. §( PUPV jU) = f cos2(µ)g, which meansthat

£̂( U; V) = f µg: (2.57)

Next, usingthe sametheoremandequalities,wehavePVPUPV = PV(PGPU)PGPV =

PVPF PGPV = PVPGPF PGPV = cos2(µ)PV . This equality shows that V is an

eigenspaceof the operator PVPU jV , corresponding alsoto the eigenvaluecos2(µ),

i.e. §( PVPU jV) = f cos2(µ)g, which meansthat

£̂( V; U) = f µg: (2.58)

From (2.57), (2.58) we concludethat £( U; V) = £ p(U; V) = f µg.

Theorem 2.79 If U ½ F and V ½ G form a pair of the principal subspaces for

subspaces F and G corresponding to the angleµ 2 £ p(F ; G) n f ¼
2 g, then U and

V are isomorphic.

Pro of: If µ = 0, then the assertionis trivial. If µ 2 £ p(F ; G) n (f 0g [ f ¼
2 g),

using Theorem 2.43, we concludethat U and V are in genericposition. But

then, it follows from Theorem1, [24] that U and V are isomorphic.
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Theorem 2.80 If U(µ); U(Á) ½ F , and V(µ); V(Á) ½ G are the principal

subspaces for subspaces F and G corresponding to the anglesµ; Á 2 £ p(F ; G) n

f ¼
2 g, then the following relations hold:

² PU(µ)PU(Á) = PU(µ)\ U(Á) ;

² PV(µ)PV(Á) = PV(µ)\V (Á) ;

² PU(µ) and PV(Á) are mutually orthogonal if µ 6= Á. Otherwise, if µ = Á,

then we can chooseV(µ) suchthat PU(µ)PV(µ) = PU(µ)PG;

² For given U(µ) we can chooseV(µ) suchthat PV(µ)PU(µ) = PV(µ)PF .

Pro of: Using Theorem2.75we concludethat the projectors consideredin this

theorem,are orthoprojectors onto the eigenspacesof the operators PF PGjF and

PGPF jG, respectively. But then PU(µ) and PU(Á) commute, and so do PV(µ) and

PV(Á) . Next, let us mention that a product of two commuting projectors is a

projector onto an intersectionof their ranges,seeSection2.1. Consequently, the

¯rst two assertionsare proved.

To prove the third assertion,let us chooseV(µ) = PGU(µ). Then we have

PU(µ)PV(µ) =
1

cos2(µ)
PU(µ)PGPU(µ)PG =

1
cos2(µ)

PU(µ)PF PGPF PU(µ)PG = PU(µ)PG:

The proof of the fourth assertionis similar to that of the third assertion.

Lemma 2.81 A pair U; V of principal subspacescorresponding to a givenangle

µ 6= 0 forms a subspace U+ V, invariant with respect to the orthogonalprojectors

PF , PG, I ¡ PF and I ¡ PG. SubspacesU(µ)+ V(µ), corresponding to the di®erent

µ's, are mutually orthogonal.
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Pro of: The proof follows from De¯nition 2.71and Theorem2.80

Theorem 2.82 Let U and V be the principal subspaces for subspacesF and G,

corresponding to the angleµ 2 £ p(F ; G) n (f 0g [ f ¼
2 g). De¯ne

U? = R(PF ? PV jF ? ); V? = R(PG? PU jG? ): (2.59)

Then U? and V? are closed and

² U? , V are the principal subspaces for subspaces F ? and G, corresponding

to the angle ¼
2 ¡ µ;

² U, V? are the principal subspaces for subspaces F and G? , corresponding

to the angle ¼
2 ¡ µ;

² U? , V? are the principal subspacesfor subspacesF ? and G? , corresponding

to the angleµ.

Pro of: We need to show that the rangesof the products of operators,

given by (2.59) , that is R(PF ? PV jF ? ) and R(PG? PU jG? ) are subspacesof H .

We usefor this the third criterion of Theorem2.2.

Let us considerthe ¯rst of two rangesgiven by (2.59).

We have A = PF ? , B = PV , N(A) = F , and R(B) = V. Next, since

µ 2 £ p(F ; G) n (f 0g [ f ¼
2 g), cos(£( U; V)) < 1. Using Lemma 2.32and (2.3), we

concludethat the third criterion of Theorem2.2 holds.

We have proved with this that R(PF ? PV jF ? ) is a subspaceof H . The proof

for R(PG? PU jG? ) is completelysimilar. Next, evidently U? 2 F ? , V? 2 G? and
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we have:

PGPF ? PGPV = PGPV ¡ PGPF PGPV = (1 ¡ cos2(µ))PV = cos2(
¼
2

¡ µ)PV ;

PF ? PGPF ? PU? =
1

1 ¡ cos2(µ)
PF ? PGPF ? PVPF ? =

1
sin2(µ)

PF ? PGPF ? PGPVPF ? = PF ? PVPF ? = cos2(
¼
2

¡ µ)PU? ;

PF PG? PF PU = PF PU ¡ PF PGPF PU = (1 ¡ cos2(µ))PU = cos2(
¼
2

¡ µ)PU;

PG? PF PG? PV? =
1

1 ¡ cos2(µ)
PG? PF PG? PUPG? =

1
sin2(µ)

PG? PF PG? PF PUPG? = PG? PUPG? = cos2(
¼
2

¡ µ)PV? ;

PF ? PG? PF ? PU? = (I ¡ PF ? PGPF ? )PU? = cos2(µ)PU? ;

PG? PF ? PG? PV? = (I ¡ PG? PF PG? )PV? = cos2(µ)PV? :

Thus,

PGPU? jG = cos2(
¼
2

¡ µ)PV ; PF ? PV jF ? = cos2(
¼
2

¡ µ)PU? ;

PF PV? jF = cos2(
¼
2

¡ µ)PU; PG? PU jG? = cos2(
¼
2

¡ µ)PV? ;

PF ? PV? jF ? = cos2(µ)PU? ; PG? PU? jG? = cos2(µ)PV? :

Let us investigate now a seemingdi®erencebetween the formulae for the

pairs of principal vectors for di®erent pairs of subspaces(Theorem 2.62,equal-

ities (2.45)) and pairs of principal subspaces(Theorem 2.82, equalities (2.59)).

Namely, the questionis do we obtain the sameresult, if we construct the di®er-

ent pairs of principal subspacesnot basedon equalities (2.59), but in a similar

way to equalities (2.45)? The following theorem gives the positive answer to

this question.
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Theorem 2.83 Let U be the set of pairs of principal vectors f u; vg of subspaces

F and G, corresponding to an angleµ 2 £ p(F ; G) n (f 0g [ f ¼
2 g). Then

U? = spanf v ¡ cos(µ)u; f u; vg 2 Ug;

V? = spanf u ¡ cos(µ)v; f u; vg 2 Ug; (2.60)

where U? and V? are de¯ned by (2.59).

Pro of: Becauseof symmetry, we need to prove only the ¯rst of the two

assertedequalities. As we have seenfrom Theorem2.62, for a given pair f u; vg

the vectorsf u? ; vg (we canconsideralsotwo other pairs: f u; v? g and f u? ; v? g),

whereu? = (v¡ cos(µ)u)=sin(µ), arethe eigenvectorsof the operatorsPF ? PGjF ?

and PGPF ? jG, respectively, corresponding to the eigenvalue sin2(µ). Then from

Lemma2.72,weconcludethat spanf v¡ cos(µ)u; f u; vg 2 Ug = PF ? V. Finally,

using Lemma 2.74 we get PU? = 1
sin2 (µ) PF ? PVPF ? , which meansthat assertion

is proved.

Lemma 2.84 Let µ 2 £ p(F ; G) n f ¼
2 g and PU and PV be the orthogonal projec-

tors on the principal subspaces U and V of the subspaces F and G, respectively

corresponding to the angleµ. Then the equality

(PF ¡ PG)2(PU § PV) = sin2(µ)(PU § PV)

holds.

Pro of: We have from Theorem2.82:

PF PG? PU = sin2(µ)PU; PGPF ? PV = sin2(µ)PV : (2.61)

Next, usingequation (2.46), and the relations PF PG? PV = 0 and PGPF ? PU = 0,

the assertionfollows directly from (2.61).
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Remark 2.85 Using Theorem 2.43, we concludethat if the subspacesF and G

are in genericposition, then the assertionsof Lemma2.72, Lemma2.74, Theo-

rem 2.76, Theorem 2.77, Theorem 2.80, Theorem 2.82, Theorem 2.83, Lemma

2.84 hold without excludingthe zero and right angles.

2.8 Principal In varian t Subspaces

In this section,wegeneralizethe de¯nition of a pair of principal subspacesto

a pair of principal invariant subspaces.Using a given pair of principal invariant

subspacesof F , G, we construct the pairs of principal invariant subspacesfor

di®erent pairs of subspaces,such as F and G? , F ? and G, F ? and G? . We

investigatethe questionof uniquenessof the principal invariant subspaces.We

also investigate the properties of isometries,given in Section 2.3. Namely, we

show that theseisometriesmaponesubspaceof a givenpair of principal invariant

subspacesonto another, and vice versa. We give also the relations between

orthogonal projectors onto the principal invariant subspaces.

De¯nition 2.86 A pair of subspaces U µ F ; V µ G is called a pair of prin-

cipal invariant subspaces for subspaces F and G, if the equalities

PF V = U; PGU = V: (2.62)

hold.

Now let us prove someauxiliary results.

Lemma 2.87 Let U µ F be an invariant subspace of the operator PF PGjF .

Then V = PGU µ G is an invarinat subspace of the operator PGPF jG. Next, if
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an operator PF PGjU is invertible and its inverse is bounded, then the equality

PF PGjF U = U holds. If PGPF jV is invertible and its inverse is bounded, then

also the equality PGPF jGV = V holds.

Pro of: Since U is an invariant subspaceof the operator PF PGjF we have

PF PGjF U µ U. From this relation we get PGPF (PGU) µ PGU, that is, V = PGU

is an invariant subspaceof the operator PGPF jG. Next, sincePF PGjU is invertible

and the inverseoperator is bounded,we concludethat PF PGjF U = U. Similarly,

if PGPF jV is invertible and its inverseis bounded, then we have PGPF jGV = V.

The following lemmagivesa generalizationof the relation (2.50) for invariant

subspaces.

Lemma 2.88 Let U be an invariant subspace of the operator PF PGjF and PU

be an orthogonal projector on this subspace. Further assumethat the operator

PF PGjU is invertible and its inverse is bounded. Then the orthogonal projector

PV on the invariant subspace V = PGU of the operator PGPF jG is given by

PV = PGPU(PF PGjU)¡ 1PUPG: (2.63)

Pro of: First notice that PV = PV
¤ and

PV
2 = PGPU(PF PGPF )¡ 1PUPGPGPU(PF PGPF )¡ 1PUPG =

PGPU(PF PGPF )¡ 1PF PGPF PU
2(PF PGPF )¡ 1PUPG =

PGPU(PF PGPF )¡ 1PUPG = PV :
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Further, if v 2 V then it is represented in the form v = PGu, whereu 2 U. We

have:

PVv = PGPU(PF PGPF )¡ 1PUPG(PGPF u) =

PGPU(PF PGPF )¡ 1PF PGPF PUu = PGPUu = PGu = v:

We need to show now that PVv? = 0 for any v? 2 V? . Assume that

PGPU(PF PGjU)¡ 1PUPGv? = v 6= 0. Evidently v 2 V, and consequently, it can be

represented asv = PGu for someu 2 U. Then wehavePG(PU(PF PGjU)¡ 1PUPGv? ¡

u) = 0, which meansthat PU(PF PGjU)¡ 1PUPGv? ¡ u 2 G? . But we also have

PU(PF PGjU)¡ 1PUPGv? ¡ u = u0 2 U and we get u0 2 U \ G? 6= f 0g. But this is

a contradiction, sincethe inverseof the operator PF PGjU is not bounded.

Lemma 2.89 If U ½ F and V ½ G form a pair of the principal invariant

subspaces for subspaces F , G and ¼
2 =2 £( U; V), then the operators PF PGjU,

PGPF jV are invertible and their inversesare bounded.

Pro of: We have0 =2 §( PUPV jU) and 0 =2 §( PVPU jV). Using the sameargument

is in the proof of Theorem 2.33, we concludethat §( PUPV jU) = §( PVPU jV) is

a compact subsetof [0; 1], separatedfrom 0. This meansthat there exists an

m > 0 such that kPF PGjF uk ¸ mkuk for every u 2 F and kPGPF jGvk ¸ mkvk

for every v 2 G. Finally, using Corollary 3 ([77], p. 43), which states that an

operator T 2 B(H) admits a continuous inverseT ¡ 1 if and only if there exists

a positive constant ° such that kTuk ¸ ° kuk for every u from the domain of T

we concludethat the assertionis proved.

The following lemma provides other relations between the invariant and

principal invariant subspaces.
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Lemma 2.90 Let U µ F be an invariant subspace of the operator PF PGjF ,

V = PGU, and ¼
2 =2 £( U; V). Then U and V form a pair of principal invariant

subspaces for subspaces F and G. For the given subspace U, the corresponding

subspace V is unique.

Pro of: From Lemma2.89we concludethat the operatorsPF PGjU, PGPF jV are

invertible and their inversesare bounded. Then, using Lemma 2.87, we have

PF PGjF U = U, which meansPF V = U. Similarly, we get PGU = V. Finally,

we concludethat U and V form a pair of principal invariant subspaces.The

uniquenessof V follows from the equality V = (PF PGjU)¡ 1U.

Now we investigatesomeproperties of principal invariant subspacessimilar

to thoseof principal subspaces.

Theorem 2.91 If U ½ F and V ½ G form a pair of the principal invariant

subspaces for subspaces F and G, then U and V are invariant subspaces of the

operators PF PGjF and PGPF jG, respectively.

Pro of: We have using De¯nition 2.86:

PF PGjF U = PF (PGU) = PF V = U;

PGPF jGV = PG(PF V) = PGU = V:

Theorem 2.92 Let U and V be the principal invariant subspaces for subspaces

F and G and 0; ¼
2 =2 £( U; V). De¯ne

U? = R(PF ? PV jF ? ); V? = R(PG? PU jG? ): (2.64)

60



Then

² U? , V are the principal invariant subspaces for subspaces F ? and G;

² U, V? are the principal invariant subspaces for subspaces F and G? ;

² U? , V? are the principal invariant subspaces for subspaces F ? and G? .

Pro of: We have maxf cos(£(U; V))g < 1, sinceby the assumptions0; ¼
2 =2

£( U; V). Consequently, usingLemma2.32and (2.3), we concludethat the third

criterion of Theorem2.2 holds. The remaining part of a proof is similar to that

of Theorem2.82.

The following assertionsconnect the setsof anglesbetweena given pair of

subspacesand a pair of their principal invariant subspaces.

Lemma 2.93 If U ½ F and V ½ G form a pair of principal invariant subspaces

for subspaces F and G, then

£( U; V) µ £( F ; G):

Pro of: Using Theorem 2.91, we concludethat U is an invariant subspaceof

the operator PF PGjF and V is an invariant subspaceof the operator PGPF jG.

Then we have the decompositions

PF PGjF = PUPV jU © PF ªU PGªV jF ªU

and

PGPF jG = PVPU jV © PGªV PF ªU jGªV :
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From theseequalities, using Theorem 7.28, p. 208, [73], mentioned in Section

2.4, we get

§( PF PGjF ) = §( PUPV jU) [ §( PF ªU PGªV jF ªU )

and

§( PGPF jG) = §( PVPU jV) [ §( PGªV PF ªU jGªV );

that imply £̂( U; V) µ £̂( F ; G) and £̂( V; U) µ £̂ (G; V). Thesetwo inclusions

prove the assertion.

Lemma 2.94 Let U ½ F and V ½ G be a pair of principal invariant subspaces

for subspaces F and G, and U ½ U, V ½ V be a pair of the principal invari-

ant subspaces for subspaces U and V. Then U, V form a pair of the principal

invariant subspaces for subspaces F , G, and

£( U; V) µ £( U; V) µ £( F ; G):

Pro of: The proof follows directly from De¯nition 2.86and Lemma 2.93.

Now, let us investigate the relationships between principal invariant sub-

spacesprovided by (partial) isometriesfrom Section2.3. In the following theo-

rem we usethe fact of existenceof a polar decomposition which is guaranteed

by Lemma 2.15.

Theorem 2.95 Let fU ; Vg be a pair of principal invariant subspaces of the

subspaces F ; G, and PU, PV be the orthogonal projectors on these subspaces,

respectively. Assumealso that

PGPF = W
p

PF PGPF (2.65)
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is the polar decomposition of the operator PGPF , with W (partial) isometry.

Then:

1. V = WU; U = W ¤V;

2. PV = WPUW ¤; PU = W ¤PVW.

Pro of: We prove only the ¯rst parts of the both assertions;the secondparts

are analogous.

It follows directly from De¯nition 2.86 that PF PGPF U = U (seealso The-

orem 2.91). From this equality we obtain that
p

PF PGPF U = U. Multiplying

both sidesof (2.65) by U and using De¯nition 2.86again, we have:

V = PGU = PGPF U = W
p

PF PGPF U = WU:

From the equality PGPU = PVPF we have PGPF PU = PVPGPF . Next, using

(2.65), we have

W
p

PF PGPF PU = PVW
p

PF PGPF : (2.66)

Using Theorem 2.91again, U is an invariant subspacefor
p

PF PGPF , and con-

sequently
p

PF PGPF PU = PU
p

PF PGPF . Then we have from (2.66)

WPU = PVW;

multiplying both sidesof which by W ¤ from the right and using the fact that

WW ¤ is a projector onto the subspaceof G, which contains V as a subspace,

leadsto the ¯rst part of the secondassertion.

Remark 2.96 Using Theorem 2.16, we conclude that if the inequality (2.13)

holds, then the assertionsof Theorem 2.95 hold for both choicesof W = fW and

W = cW, where fW and cW are de¯ned by (2.14) and (2.17), respectively.
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2.9 Principal Spectral Decomp ositions

Beforewe investigateprincipal spectral decompositions of interesting oper-

ators, we formulate the de¯nitions and basic properties of the spectral family

and a spectral measurecorresponding to a given selfadjoint operator. Next, we

give Lemma 2.88 in terms of a principal spectral decomposition. We also show

how the isometriesgiven in Section2.3 link the spectral familiesof two products

of projectors.

De¯nition 2.97 ([37, 62]). A one-parameter family of orthogonal projectors

depending on a real parameter ¸ with properties

² a) E(¸ ) · E(¹ ), or equivalently, E(¸ )E(¹ ) = E(¸ ) for ¸ · ¹ ;

² b) E(¸ + 0) = E(¸ );

² c) E(¸ ) = 0; ¸ < m and E(¸ ) = I ; ¸ ¸ M for somegiven pair of real

numbers m · M

is called a spectral family.

De¯nition 2.98 (De¯nition C.10, p. 380, [10]). Let X be a compact subset

of real line. The set of the smallest ¾-algebra of subsetsof X that contains all

open setsis called a Borel set.

Theorem 2.99 ([62]). Every selfadjoint transformation T in Hilbert space,

with greatest lower and least upper boundsof §( T) equal to m and M , uniquely
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de¯nes a spectral family suchthat

T =
Z M

m¡ 0
¸E (d¸ ) (2.67)

holds.

Let usnow describein a nutshell a method of constructinga spectral measure

from a spectral family, e.g.,[37]. First, for any semiclosedinterval J = (¸ 0; ¸ 00] we

set E(J ) = E(¸ 00) ¡ E(¸ 0), which is the orthogonal projector onto the subspace

R(E(¸ 00)) ª R(E(¸ 0)). Evidently, E(J 0)E(J 00) = E(J 00)E(J 0) = 0 for disjoint

J 0; J 00. For any real ¸ , we set P(¸ ) = E(¸ ) ¡ E(¸ ¡ 0), which is a projector

onto the subspaceR(E(¸ )) ª R(E(¸ ¡ 0)). If ± is the union of a ¯nite number

of intervals (open, closedor semiclosed)on the real line, ± can be expressedas

the union of disjoint semiclosedintervals and points f ¸ g. Let us de¯ne E(±)

as the sum of the corresponding E(J ) or P(¸ ). Then E(±) is called a spectral

measureon the class of all sets ± described above. This measureE(±) can

then be extended to the classof all Borel sets of the real line by a standard

measure-theoreticconstruction, e.g., [16].

The properties of the resulting spectral measureare given by the following

relations, where±, ±0 and ±00are arbitrary Borel sets:

1. E(±0 \ ±00) = E(±0)E(±00);

2. E(±0 [ ±00) = E(±0) + E(±00) ¡ E(±0)E(±00);

3. E(§( T)) = I ;

4. E(? ) = 0;
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5. E(±)T = TE(±);

6. §( T±) µ ¹±, where T± = TjE (±)H is the restriction of T to the subspace

H ± = E(±)H , and ¹± denotesthe closureof ±;

7.
P 1

i=1 E(±i )x = E([ 1
i=1 ±i )x, 8x 2 H.

The ¯rst four propertiesare the generalpropertiesof orthogonalprojectors.

The last three properties determinethe corresponding to T spectral measure.

We can summarize the above construction of a spectral measureby the

following assertions:

Lemma 2.100 ([16], p. 897, Corollary 4). A bounded selfadjoint operator T

uniquelydeterminesa countablyadditive spectral measure E on the Borel setsof

the real line which vanisheson the resolventset of T and has the property that

f (T) =
Z

§( T )
f (¸ )E(d¸ ); f 2 C(§( T));

where C(§( T)) is the space of continuous functions on §( T).

De¯nition 2.101 ([16]). The uniquely de¯ned spectral measure, associated in

Lemma 2.100 with the selfadjoint operator T, is called the resolution of the

identity for T.

Lemma 2.102 ([16], p. 898, Corollary 7). Let E be a countablyadditive spec-

tral measure de¯ned on the Borel setsof the real line. Then E is the resolution

of the identity for the bounded selfadjoint operator T if and only if the equality

T =
Z

§( T )
¸E (d¸ ):

holds.
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Lemma 2.103 ([10]). If T =
R

§( T ) ¸E (d¸ ) is a spectral decomposition of a

selfadjoint operator T, then E(±)H is a invariant subspace for every Borel set

±.

Using Lemma 2.103,we can introducefollowing

De¯nition 2.104 Let £ µ £( F ; G) be a Borel set, and f E1g, f E2g be the

spectral measures corresponding to the operators PF PGPF and PGPF PG, respec-

tively. Then U(£) = E1(cos(£)) H and V(£) = E2(cos(£)) H are called a pair

of principal invariant subspaces corresponding to the set of angles£ .

Now let £ µ £( F ; G) be a Borel set and denoteby PU(£) and PV(£) the or-

thogonal projectors onto the invariant subspacesU(£) and V(£) corresponding

to £.

The following lemma and theorem give a generalization of the results of

Lemma 2.54and Lemma 2.60.

Lemma 2.105 Let £ 0; £ 00µ £( F ; G)nf ¼
2 g be the Borel sets. Then the following

equality

PU(£ 0)PU(£ 00) = PU(£ 0\ £ 00) (2.68)

holds.

Pro of: Denote by f Eg a spectral measureof the operator PF PGPF . Then,

using Lemma 2.103we have U(£ 0) = E(cos(£0))H and U(£ 00) = E(cos(£00))H .

But then, using the ¯rst property of spectral measure,we get:

PU(£ 0)PU(£ 00) = E(cos(£0))E(cos(£00)) = E(cos(£0) \ cos(£00)) = PU(£ 0\ £ 00) ;

which is (2.68).
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Theorem 2.106 Under assumptionsof Lemma2.105 the following relation

PU(£ 0)PV(£ 00) = PU(£ 0\ £ 00)PG (2.69)

holds.

Pro of: Basedon Lemma 2.88and on Lemma 2.105we have:

PU(£ 0)PV(£ 00) = PU(£ 0)PGPU(£ 00)(PF PGjU(£ 00))¡ 1PU(£ 00)PG =

PU(£ 0)(PF PGjU(£ 00))PU(£ 00)(PF PGjU(£ 00))¡ 1PU(£ 00)PG =

PU(£ 0)PU(£ 00)PG = PU(£ 0\ £ 00)PG:

Corollary 2.107 If for Borel sets£ 0 and £ 00, £ 0 \ £ 00= ? then

PU(£ 0)PV(£ 00) = 0;

that is, we havebyorthogonal projectors.

The following theoremgivesthe result of Lemma2.88in terms of a principal

spectral decomposition.

Theorem 2.108 Let f E1g and f E2g be the spectral measures of the operators

PF PGjF and PGPF jG, respectively. Further, let £ µ £( F ; G) n f ¼
2 g be the Borel

set, PU(£) =
R

cos(£) E1(d¸ ) and PV(£) =
R

cos(£) E2(d¸ ). Then the following rela-

tion

PV(£) = PG

½Z

cos(£)

1
¸

E1(d¸ )
¾

PG (2.70)

holds.
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Pro of: We have using Lemma 2.100

Z

cos(£)

1
¸

E1(d¸ ) = f PF PGjU(£) g¡ 1 = PU(£) f PF PGjU(£) g¡ 1PU(£) :

Based on this equality and on Lemma 2.88 we conclude that equality (2.70)

holds.

Now we obtain a result which generalizesthe relation betweenorthogonal

projectors onto the principal invariant subspacesof subspacesF , G obtained in

Theorem2.95.

Theorem 2.109 Let E1(s) and E2(s) be the spectral families of the operators

PF PGPF and PGPF PG, respectively, and the polar decomposition of the operator

PGPF is given by (2.65). Then the relationship between the spectral families

E1(s) and E2(s) is given by

E2(s) = WE1(s)W ¤: (2.71)

Pro of: Denote F (s) = WE1(s)W ¤: We needto show that f F (s); s 2 Rg is a

spectral family and that

PGPF PG =
Z

R
sF(ds): (2.72)

To show that f F (s); s 2 Rg is a spectral family, weneedto provethe following:

² F (s) is an orthogonal projector for any s 2 R. We have: (F (s)) ¤ =

F (s) and (F (s))2 = WE1(s)W ¤WE1(s)W ¤: The product W ¤W in the

last expressionis equal to PF or to the identit y. In both caseswe have

(F (s))2 = W(E1(s))2W ¤ = WE1(s)W ¤ = F (s);
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² F (s)F (t) = F (s) if s · t. For this wehave: F (s)F (t) = WE1(s)E1(t)W ¤ =

WE1(s)W ¤ = F (s).

² F (s + 0) = F (s) for s 2 R; this is evident, becauseE1(s + 0) = E1(s);

² lims!¡1 F (s) = 0 and lims!1 F (s) = I : Theserelations are also immedi-

ate consequencesof the relations lims!¡1 E1(s) = 0 and lims!1 E1(s) =

I :

It remainsto show that (2.72) is true. For W = fW we have:

Z

R
sF(ds) = W

Z

R
sE1(ds)W ¤ = WPF PGPF W ¤ =

W
p

PF PGPF (W
p

PF PGPF )¤ = PGPF (PGPF )¤ = PGPF PG: (2.73)

Remark 2.110 Using Theorem 2.16, we conclude that if inequality (2.13)

holds, the assertion of Theorem 2.109 holds for both choices of W = fW and

W = cW, where fW and cW are de¯ned by (2.14) and (2.17), respectively.
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3. Discrete Angles Bet ween Subspaces

In this chapter, weformulate the de¯nition andbasicpropertiesof s-numbers

of boundedoperatorson Hilbert spacefollowing [22] and de¯ne the discretean-

glesbetweensubspacesusing s-numbers. Similar to the generalcaseof Chapter

2, we introduceprincipal angles,principal (invariant) subspaces,and investigate

their properties for discreteangles. Discrete anglesare the subsetof anglesof

Chapter 2, characterizedby variational principles.

3.1 De¯nition and Basic Prop erties of s-Num bers

In this section, we remind the reader of the de¯nition of s-numbers, and

give their basic properties, following [22]. We show that s-numbers can be

equivalently obtained by Courant-Fisher max-min principle. We also provide

somerelations betweenthe s-numbersof di®erent operators that we needlater.

Let H be a Hilbert spaceand A 2 B(H) be a bounded linear operator

de¯ned on H. Let us present here the known de¯nitions and results related to

s-numbers,e.g., [22, 61].

De¯nition 3.1 [22]. A point of the spectrum of selfadjoint operator T 2 B(H)

is called a point of the condensed spectrum, if it is either an accumulation point

of the spectrum of T or an eigenvalueof T of in¯nite multiplicity.

Remark 3.2 The abovede¯nition is the sameasde¯nition of an essentialspec-

trum of selfadjoint operator, see e.g., [73], p. 202. Consequently,wedenotethis

subsetof §( T) by § e(T).
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Denote by ¹ the supremum of the spectrum of T 2 B(H). If the point ¹

belongsto § e(T), we set

¸ j (T) = ¹; j = 1; 2; : : : :

If the point ¹ doesnot belongto § e(T), then it is an eigenvalue of ¯nite multi-

plicit y and in this casewe set

¸ j (T) = ¹; j = 1; 2; : : : ; p;

wherep is the multiplicit y of the eigenvalue ¹ . In the latter casethe subsequent

numbers ¸ j (T); j = p + 1; : : : are de¯ned by

¸ p+ j (T) = ¸ j (T1); j = 1; 2; : : : ;

wherethe operator T1 is given by

T1 = T ¡ ¹P ;

and P is the orthogonal projector onto the eigenspaceof the operator T corre-

sponding to the eigenvalue ¹ .

De¯nition 3.3 The s-numbers of an operator A 2 B(H) are de¯ned by

sj (A) = ¸ j (
p

A¤A); j = 1; 2; : : : ; (3.1)

and ¸ j (¢) are obtained by the abovedescribed procedure with T =
p

A¤A.

According to De¯nition 3.3, the sequenceof s-numbers f sj (A)g1
1 of an ar-

bitrary operator A 2 B(H) is nonincreasingand

lim
j !1

sj (A) = s1 (A); (3.2)
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wheres1 (A) denotesthe number ¸ 1 (T) = supf ¸ j ¸ 2 § e(T)g (see[22], p.

60).

Also, from the de¯nition of s-numbers it follows (see[22], p. 61) that for

any operator A 2 B(H)

sj (A) = sj (A¤); j = 1; 2; : : : (3.3)

and for any scalarc

sj (cA) = jcjsj (A); j = 1; 2; : : : : (3.4)

The following lemmashowsthat the abovedescribedprocedurefor obtaining

¸ j (T), j = 1; 2; : : : givesus the Courant-Fischer values,e.g., [31, 36, 39, 61], of

an operator T.

Lemma 3.4 Let U be an eigenspace of a selfadjoint operator T 2 B(H) corre-

sponding to an eigenvaluȩ , and PU be the orthogonal projector onto U. Then

the following equalities

T ¡ ¸P U = (I ¡ PU)T(I ¡ PU) = (I ¡ PU)T = T(I ¡ PU)

hold.

Pro of: Since T = T¤ and U is an eigenspaceof T, then U is an invariant

subspace,e.g., [10] for the operator T and we have

TPU = PUT = PUTPU = ¸P U: (3.5)

But then T ¡ ¸P U = T(I ¡ PU) and the assertionfollows from the fact that T

commutes alsowith I ¡ PU.
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Let us now considerthe Courant-Fischer principle and the properties of the

corresponding extremal values for bounded operators. First, we consider the

Courant-Fischer valuesfor a boundedselfadjoint operator A from the top:

¸ #
k(T) = sup

H k ½H
dim H k = k

inf
u2H k
kuk=1

(u; Tu); k = 1; 2; : : : : (3.6)

The resulting sequence¤ #(T) is orderednonincreasingly:

¸ #
1(T) ¸ ¸ #

2(T) ¸ : : : :

Second,we considerthe Courant-Fischer valuesfrom the bottom:

¸ "
k(T) = inf

H k ½H
dim H k = k

sup
u2H k
kuk=1

(u; Tu); k = 1; 2; : : : : (3.7)

The resulting sequence¤ " (T) is orderednondecreasingly:

¸ "
1(T) · ¸ "

2(T) · : : : :

It is known, e.g., [61], Theorem XI I I.1, p. 76, that for the Courant-Fischer

valuesfrom the top(bottom) there exist only two possibilities. For each ¯xed k

either:

² there are k eigenvalues (counting the multiplicities) above(below) the

top(bottom) of the essential spectrum, and ¸ #
k(T) (¸ "

k(T)) is the kth eigen-

value counting multiplicit y;

² ¸ #
k(T) (¸ "

k(T)) is the top(bottom) of the essential spectrum, that is ¸ #
k(T) =

supf ¸ j ¸ 2 § e(T)g (¸ "
k(T) = inf f ¸ j ¸ 2 § e(T)g) and in that case

¸ #
k(T) = ¸ #

k+1 (T) = : : : (¸ "
k(T) = ¸ "

k+1 (T) = : : : ) and there are at most

k ¡ 1 eigenvalues(counting multiplicit y) above(below) ¸ #
k(T) (¸ "

k(T)).
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Lemma 3.5 Let T 2 B(H) be selfadjoint, and ® be a real number. Then the

following equality

¸ "
k(T) = ®¡ ¸ #

k(®I ¡ T) (3.8)

holds.

Pro of: We have:

®¡ ¸ #
k(®I ¡ T) = ®¡ sup

H k ½H
dim H k = k

inf
u2H k
kuk=1

(u; (®I ¡ T)u) =

®¡ sup
H k ½H

dim H k = k

inf
u2H k
kuk=1

[®¡ (u; Tu)] = ®¡ sup
H k ½H

dim H k = k

[®¡ sup
u2H k
kuk=1

(u; Tu)] =

inf
H k ½H

dim H k = k

sup
u2H k
kuk=1

(u; Tu) = ¸ "
k(T):

Corollary 3.6 Let T 2 B(H) be selfadjoint, and ® be a real number. Then the

following equality

¸ #
k(T) = ®¡ ¸ "

k(®I ¡ T) (3.9)

holds.

Corollary 3.7 If T 2 B(H) is selfadjoint, then

¸ #
k(T) = ¡ ¸ "

k(¡ T); k = 1; 2; : : : : (3.10)

The following lemmagivesa relation betweenthe Courant-Fischer valuesof

two interesting operators.

Lemma 3.8 For any k = 1; 2; : : : the following equality

¸ "
k(PF PG? jF ) = 1 ¡ ¸ #

k(PF PGjF ) (3.11)

holds.
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Pro of: The proof of this lemma follows from Corollary 3.6 with ® = 1,

T = PF PGjF and PF PG? jF + PF PGjF = PF jF = I F .

3.2 Discrete Angles Bet ween Subspaces

Herewegive two equivalent de¯nitions of discreteanglesbetweensubspaces.

The ¯rst de¯nition is recursive, and the secondoneis basedon Courant-Fischer

numbers of somerelevant operators. We considersequencesof discrete angles

betweendi®erent pairs of subspaces.

Let F and G be proper nontrivial subspacesof H , and PF and PG be the

orthogonal projectors onto F and G, respectively.

De¯nition 3.9 Denoteq = minf dim F ; dim Gg. The smallestdiscreteprincipal

anglesµ1; : : : ; µq 2 [0; ¼=2] between F and G are de¯ned recursively for k =

1; : : : ; q by

cos(µk) = sup
u2F

sup
v2G

j(u; v)j = j(uk ; vk)j (3.12)

subject to

kuk = kvk = 1; (u; ui ) = (v; vi ) = 0; i = 1; : : : ; k ¡ 1;

provided that the pair of vectors uk ; vk exists. If for somek = n the pair uk ; vk

does not exist, we set µk = µn for all k > n.

If q = 1 , we have a sequenceof discreteanglesµ1; µ2; : : : .

Theorem 3.10 Let F and Gbe the subspacesof a Hilbert space H, PF ; PG be the

orthogonal projectors onto thesesubspaces, respectively, and µk , k = 1; 2; : : : ; q

be de¯ned by (3.12). Then µk = arccos(sk(PF PG)) , k = 1; 2; : : : ; q.
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Pro of: First let us prove that

µ1 = arccos(s1(PF PG)) = kPF PGk = sup
u2F

kuk=1

sup
v2G

kvk=1

j(u; v)j: (3.13)

We usefor the proof a bilinear form representation of an operator (see,e.g.,[73],

Theorem5.35,p. 120). Then we have:

kPF PGk = sup
u2H

kuk=1

sup
v2H

kvk=1

j(u; PF PGv)j = sup
u2H

kuk=1

sup
v2H

kvk=1

j(PF u; PGv)j =

sup
u2F

kuk=1

sup
v2G

kvk=1

j(PF u; PGv)j = sup
u2F

kuk=1

sup
v2G

kvk=1

j(u; v)j:

Next, using Lemma 3.4 we get:

cos(µk) = sk(PF PG) = sup
u2H

kuk=1
u?U k ¡ 1

j(u; jPGPF ju)j =

sup
u2H

kuk=1

j(u; (I ¡ PVk ¡ 1 )jPGPF j(I ¡ PUk ¡ 1 )u)j =

sup
u2H

kuk=1

j(( I ¡ PVk ¡ 1 )u; PGPF (I ¡ PUk ¡ 1 )u)j =

sup
u2H

kuk=1

j(PG(I ¡ PVk ¡ 1 )u; PF (I ¡ PUk ¡ 1 )u)j =

sup
u2H

kuk=1

j(PGªV k ¡ 1 u; PF ªU k ¡ 1 u)j =

sup
u2F

kuk=1
u?U k ¡ 1

sup
v2G

kvk=1
v?V k ¡ 1

j(u; v)j = (uk ; vk) = cos(µk):

Since the s-numbers are de¯ned by (3.1), using the assertionof Theorem

3.10,we can introducethe following de¯nition, equivalent to De¯nition 3.9.

De¯nition 3.11 The sequence

£ "
d(F ; G) =

n
µk : µk = arccos

³ q
¸ #

k(PF PGjF )
´

; k = 1; 2; : : : ; q
o

(3.14)
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where ¸ #
k(PF PGjF ) are the Courant-Fischer numbers of the operator PF PGjF ,

givenby (3.6), is called the sequence of smallest discreteprincipal anglesbetween

subspaces F and G.

To de¯ne the sequenceof largest discrete angles we need the intersec-

tion of two sequences,which we de¯ne in the following way. Assume that

we have two sequencesof real numbers, one of which contains in the begin-

ning a ¯nite number of terms that do not belong to other sequence.Remain-

ing parts are the same. If we denote the sequencesby f r i g1
i=1 and f t i g1

i=1 ,

then there exists minimal positive integer k such that f r 1; : : : r k ; t1; t2; : : : g =

f r1; r2; : : : g; or f t1; : : : tk ; r1; r2; : : : g = f t1; t2; : : : g: If there exists such k for

the ¯rst equality, then we call f t i g1
i=1 = f t i g1

i=1 \ f r i g1
i=1 : Otherwise we set

f r i g1
i=1 = f t i g1

i=1 \ f r i g1
i=1 :

De¯nition 3.12 The sequence

£ #
d(F ; G) =

n
µk : µk = arcsin

³ q
¸ #

k(PF PG? jF )
´

; k = 1; : : : ; dim F
o

\
n

µk : µk = arcsin
³ q

¸ #
k(PGPF ? jG)

´
; k = 1; 2; : : : ; dim G

o
(3.15)

where ¸ #
k(PF PG? jF ) and ¸ #

k(PGPF ? jG)are the Courant-Fischer numbers from the

top of the operators PF PG? jF and PGPF ? jG, respectively, givenby (3.6), is called

the sequence of largestdiscrete principal anglesbetween subspaces F and G.

It follows from De¯nition 3.11 that £ "
d(F ; G) = £ "

d(G; F ) and this fact is

discussedin detail in Theorem 3.14. If we de¯ned the largest discrete angles

using only one product of projectors, the result would not be symmetric with

respect to the subspaces.To make it symmetric, we considerthe intersectionof

the sequences.
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Remark 3.13 Let us consider the sequence of discrete anglesas the set of its

components. Then wehavethe following relationshipsbetween thesesetsand the

setsof anglesde¯ned in general caseby De¯nition 2.19: £ "
d(F ; G) µ £( F ; G),

£ #
d(F ; G) µ £( F ; G). If q < 1 , then £ "

d(F ; G) = £ #
d(F ; G).

The following theorem provides a detailed description of the sequencesof

discrete angles. For reader'sconvenience,we repeat here the notation of sub-

spaces,that are usedin decompositions of the space,(2.4), (2.5), (2.6), (2.8).

Theorem 3.14 Let F and G be subspacesof H , M 00 = F \ G, M 01 = F \ G? ,

M 10 = F ? \ G, M 11 = F ? \ G? , M = M 0 © M 1, M 0 = F ª (M 00 © M 01),

M 1 = F ? ª (M 10 © M 11), M 0
0 = Gª (M 00 © M 10). Denote for transparency of

the correspondence by F = M 0 and G = M 0
0. Then:

1.

£ "
d(F ; G) = (0; : : : ; 0; £ "

d(F; G);
¼
2

; : : : ;
¼
2

); (3.16)

where number of 0s is equal to dim M 00, number of anglesin £ "
d(F; G) is

equal to dim F = dimG, number of ¼
2 s is equal to

minf dim M 01; dim M 10g:

If any of M 00 or F are in¯nite dimensional, then the next part does not

appear in the sequence.

2. £ "
d(G; F ) = £ "

d(F ; G);

3.

£ #
d(F ; G) = (

¼
2

; : : : ;
¼
2

; £ #
d(F; G); 0; : : : ; 0); (3.17)
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where number of ¼
2 s is equal to

minf dim M 01; dim M 10g;

number of 0s is equal to dim M 00. If any of previoussubspaces is in¯nite

dimensional, then the next part does not appear in the sequence.

4. £ #
d(G; F ) = £ #

d(F ; G);

5.

£ "
d(F ; G? ) = (0; : : : ; 0;

¼
2

¡ £ #
d(F; G);

¼
2

; : : : ;
¼
2

); (3.18)

where number of 0s is equal to dim M 01, number of ¼
2 s is equal to

minf dim M 00; dim M 11g:

If any of previoussubspacesis in¯nite dimensional,then the next part does

not appear in the sequence.

6.

£ #
d(F ; G? ) = (

¼
2

; : : : ;
¼
2

;
¼
2

¡ £ "
d(F; G); 0; : : : ; 0); (3.19)

where number of ¼
2 s is equal to

minf dim M 00; dim M 11g;

number of 0s is equal to dim M 01. If any of previoussubspaces is in¯nite

dimensional, then the next part does not appear in the sequence.

7.

£ "
d(F ? ; G? ) = (0; : : : ; 0; £ "

d(F; G);
¼
2

; : : : ;
¼
2

); (3.20)
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where number of 0s is equal to dim M 11, number of ¼
2 s is equal to

minf dim M 10; dim M 01g:

If any of previoussubspacesis in¯nite dimensional,then the next part does

not appear in the sequence.

8.

£ #
d(F ? ; G? ) = (

¼
2

; : : : ;
¼
2

; £ #
d(F; G); 0; : : : ; 0); (3.21)

where number of ¼
2 s is equal to

minf dim M 10; dim M 01g;

number of 0s is equal to dim M 11. If any of previoussubspaces is in¯nite

dimensional, then the next part does not appear in the sequence.

Pro of: Let us prove only the ¯rst assertion. The proof of other assertionsis

similar. Following De¯ninition 3.11, we need to consider the Courant-Fischer

numbers of the operator PF PGjF from the top. Let us considerthe decomposi-

tions (2.10) not only for PF PGjF , but also for PGPF jG. We have:

PF PGjF = PF PGjM 00 © PF PGjM 01 © PF PGjM = I jM 00 © 0jM 01 © PF PGjM ;

PGPF jF = PGPF jM 00 © PGPF jM 10 © PGPF jM = I jM 00 © 0jM 10 © PF PGjM :

The ¯rst parts I jM 00 give the cosinesequal to 1, that is the zero anglesand

their number is equal to dim M 00. The secondparts 0jM 01 and 0jM 10 , give

the cosinesequal to 0, that is the right anglesand their number is equal to

minf dim M 01; dim M 10g. The third parts both give the angles£ "
d(F; G), and
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their number is equal to dim F = dimG. If we consideronly onedecomposition,

that is if we follow to De¯nition 3.11, then we consider only k = 1; 2; : : : ; q

angles,which results in the samesequenceof the angles.Becauseof this we do

not needto considerthe intersectionof the sequencesfor the smallestangles.

3.3 Principal Vectors, Principal Subspaces and Principal In varian t

Subspaces Corresp onding to the Discrete Angles

In this section,we de¯ne, similar to the generalcaseof Chapter 2, the prin-

cipal vectors, principal (invariant) subspacesand discusstheir properties. The

subsetof discrete anglesis determined, for which all properties of the princi-

pal vectorsand principal subspacesfrom the generalcasealsohold for discrete

angles. The set of principal invariant subspacesin caseof discrete angles is

described.

The de¯nitions of principal vectors and principal subspacesare similar to

De¯nition 2.50and De¯nition 2.71.

De¯nition 3.15 Normalized vectors u = u(µ) 2 F and v = v(µ) 2 G form

a pair of principal vectors for subspaces F and G corresponding to the angle

µ 2 £ d(F ; G), if the equalities

PF v = cos(µ)u; PGu = cos(µ)v (3.22)

hold.

De¯nition 3.16 A pair of subspaces U µ F ; V µ G is called a pair of prin-

cipal subspaces for subspacesF and G corresponding to the angleµ 2 £ d(F ; G),

if the equalities

PF PV jF = cos2(µ)PU; PGPU jG = cos2(µ)PV (3.23)
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hold.

In Chapter 2 we have shown in Theorem 2.57 that there exists a pair of

principal vectors for subspacesF and G corresponding to a given angle µ 2

£( F ; G) nf ¼
2 g if and only if µ 2 £ p(F ; G) nf ¼

2 g; and in Theorem2.77that there

exists a pair of principal subspacesfor subspacesF and G corresponding to a

given angleµ 2 £( F ; G) n f ¼
2 g if and only if µ 2 £ p(F ; G) n f ¼

2 g.

Let us considerthe set

£ dp(F ; G) = f £ #
d(F ; G) [ £ "

d(F ; G)g \ £ p(F ; G) (3.24)

of all discreteangles,cosinesof which alsoare the eigenvaluesof the correspond-

ing operators. Then it follows directly from Theorem2.57that

Theorem 3.17 There existsa pair of principal vectors for subspaces F and G

corresponding to a givenangleµ 2 £ d(F ; G) nf ¼
2 g if and only if µ 2 £ dp(F ; G) n

f ¼
2 g.

It follows directly from Theorem2.77that

Theorem 3.18 There existsa pair of principal subspacesfor subspacesF and G

corresponding to a givenangleµ 2 £ d(F ; G) nf ¼
2 g if and only if µ 2 £ dp(F ; G) n

f ¼
2 g.

For the anglesbelonging to £ dp(F ; G) de¯ned by (3.24), all properties of

principal vectors and principal subspacesgiven in Section2.6 and Section2.7,

hold.

Let us considernow the principal invariant subspacesin the discretecase.

We need to mention here the following: £ dp(F ; G) can be empty, ¯nite, or
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countably in¯nite.

De¯nition 3.19 A pair of subspacesU µ F , V µ G is called a pair of principal

invariant subspacesfor subspacesF and G, if at least one of them is spanned by

an arbitrary subsetof thediscreteprincipal vectors of thecorrespondingsubspace,

corresponding to a subsetof £ dp(F ; G) n f ¼
2 g and the equalities

PF V = U; PGU = V (3.25)

hold.

Theorem 3.20 Let U µ F be spanned by the set of discrete principal vectors

f uj g, 1 · j · J , where J · 1 , and uj corresponds to a discrete angle µj 2

£ dp(F ; G)nf ¼
2 g. Then the subspace V µ G whichwith U forms a pair of principal

invariant subspaces, is spanned by f vj g, 1 · j · J , where f uj ; vj g form a pair

of principal vectors, corresponding to the anglesµj ; 1 · j · J .

Pro of: Consider a set of vectors f vj g with vj = (1=cos(µj ))PGuj , 1 · j ·

J . Using Theorem 2.56, f uj ; vj g form a pair of (discrete) principal vectors,

corresponding to µj ; 1 · j · J . For arbitrary v 2 V, basedon De¯nition 3.19,

there exists u 2 U such that v = PGu. If u =
P J

j =1 »j uj , then v =
P J

j =1 »j
0vj ,

where»j
0 = »j cos(µj ).
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4. Estimates for Angles Bet ween Subspaces

In this chapter, we prove an estimate for Hausdor®distance between the

spectraof absolutevaluesof boundedlinear operators. This estimatecanbeused

for getting other estimatesfor the proximit y s-numbers of boundedoperators.

Next, we obtain the estimatesfor the proximit y of squaredcosinesof the angles.

4.1 Perturbation Bound for the Spectrum of an Absolute Value of a

linear Op erator

As we have seenin Section 3.1, the s-numbers of an operator are de¯ned

using the absolutevalue of the operator. Next, basedon s-numbers,we de¯ned

the discreteanglesin Section3.2. On the other hand, there exists an estimate

for the distancebetweenthe spectra of two selfadjoint operators,which is given

below. Consequently, having the estimateof the distancebetweenthe spectra of

the absolutevaluesof the relevant operators, is one possibleway of estimating

the proximit y of the setsof anglesbetweensubspaces.We obtain an estimate

of this kind here.

By dist(S1; S2) we denotea Hausdor®distance,e.g., [37] betweenthe sets

S1 and S2 on a real line, which is de¯ned by

dist(S1; S2) = maxf sup
u2 S1

d(u; S2); sup
v2 S2

d(v; S1)g;

and d(u; S) = inf v2 S ju ¡ vj is the distancebetweena point u and a set S.

Let A; B 2 B(H) be the linear bounded operators. It is known (see,e.g.,

[37], [59]) that if A and B areselfadjoint operators, then the following inequality
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holds:

dist(§( A); §( B)) · kA ¡ Bk: (4.1)

The aim of the next theoremis to get a bound on the spectral perturbation

for an absolutevalue of a linear boundedoperator.

Theorem 4.1 AssumeA and B are linear bounded operators on a Hilbert space

H and the equalities §( AA ¤) = §( A¤A) and §( BB ¤) = §( B ¤B) hold. Then the

following inequality holds:

dist(§( jAj); §( jB j)) · kA ¡ Bk: (4.2)

Pro of: Consideran operator

Â =

0

B
@

0 A

A¤ 0

1

C
A (4.3)

acting on H © H. First let us show that the spectrum of the operator Â is a

symmetric subsetof the real axis, that is if ¾ 2 §( Â) then also ¡ ¾ 2 §( Â).

That §( Â) is real follows from the fact that Â is selfadjoint. Next, let us assume

that ¾2 P(Â), whereP(Â) is the resolvent set and show that ¡ ¾2 P(Â). If

¾2 P(Â) then there exists (Â ¡ ¾I H ©H )¡ 1. Denote this inverseoperator by
0

B
@

¡ E C

D ¡ F

1

C
A :

Direct multiplication shows that then the operator
0

B
@

E C

D F

1

C
A
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is the inverseto the operator (Â + ¾I H ©H ). Direct multiplication also shows

that

Â2 =

0

B
@

AA ¤ 0

0 A¤A

1

C
A ;

or Â2 = AA ¤ © A¤A, which is the same.This equality gives§( Â2) = §( AA ¤) [

§( A¤A) = §( AA ¤) = §( A¤A).

SincejAj2 = AA ¤ we concludethat if ¾2 §( jAj); ¾> 0, then ¾2 2 §( AA ¤)

and vice versa. On the other hand we have §( Â) = §( jAj) [ f¡ §( jAj)g. Next,

basedon similar conclusionsfor B and the fact that the operators Â and

bB =

0

B
@

0 B

B ¤ 0

1

C
A

are selfadjoint, from (4.1) we concludethat the inequality

dist(§( Â); §( bB)) · kÂ ¡ bBk (4.4)

holds. It remainsto mention that symmetricity of the sets§( Â) and §( bB) gives

dist(§( Â); §( bB)) = dist(§( jAj); §( jB j)) and that kÂ ¡ bBk = kA ¡ Bk.

Remark 4.2 The operator (4.3) is widely used. According to [70] its present

popularity is due to Wielandt (see [18], p. 113) and Lanczos[45].

4.2 Estimate for Pro ximit y of The Angles

In this section we give an estimate for the proximit y of squaredcosinesof

anglesfrom onesubspaceto another.

The following theorem givesus an estimate for the proximit y of the set of

squaresof cosinesof £̂( F ; G) and the set of squaresof cosinesof £̂( F ; ~G), where

F , G and ~G are nontrivial proper subspacesof H .
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Theorem 4.3 Let F , G and ~G be the subspacesof a Hilbert space H. Then the

following inequality holds:

dist(cos2(£̂( F ; G)); cos2(£̂( F ; ~G))) · gap(G; ~G): (4.5)

Pro of: By de¯nition, cos2(£̂ (F ; G)) = §( PF PGjF ) and cos2(£̂( F ; ~G)) =

§( PF P~GjF ). Both operators PF PGjF and PF P~GjF are selfadjoint. Therefore

using (4.1), we have

dist(§( PF PGjF ); §( PF P~GjF )) · kPF PGjF ¡ PF P~GjF k:

But

kPF PGjF ¡ PF P~GjF k = k(PF PGPF ¡ PF P~GPF )jF k

· kPF PGPF ¡ PF P~GPF k · kPF kkPG ¡ P~GkkPF k · gap(G; ~G);

and the assertionis proved.

88



5. Estimates for Discrete Angles Bet ween Subspaces

In this chapter wederivethe estimatesfor discreteanglesbetweensubspaces.

In the ¯rst sectionwe generalizesomeresults from [40] and [42]. First, we esti-

mate the maximum of the di®erenceof cosinesof the anglesbetweensubspaces,

and next we obtain di®erent results on the weak majorization of the angles.

5.1 Some Prop erties of s-Num bers that Are Useful in Obtaining

Estimates

In this section,we give someknown properties of s-numbers of a bounded

operator that are generalizationsof similar properties of singular valuesof ma-

trices. For these properties see,e.g., [5, 32, 33]. For majorization see,e.g.,

[5, 33, 53].

As we already mentioned above, from the de¯nition of s-numbers it follows

(see[22], p. 61) that for any operator A 2 B(H)

sj (A) = sj (A¤); j = 1; 2; : : : (5.1)

and for any scalarc

sj (cA) = jcjsj (A); j = 1; 2; : : : : (5.2)

The well-known result on an approximation property of the s-numbers of

completely continuousoperators can be extendedto the s-numbers of bounded

operator. Namely, the following theoremand its corollariesare true:
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Theorem 5.1 ([22], Theorem 7.1, p. 61). Let A 2 B(H). Then for any

j = 1; 2; : : :

sj (A) = min
K 2L j ¡ 1

kA ¡ K k; (5.3)

where L j ¡ 1; j = 1; 2; : : : denotesthe set of all ¯nite dimensionaloperators of

rank · j ¡ 1.

Corollary 5.2 ([22], Corollary 2.2, p. 29 and p. 62). AssumeA; B 2 B(H).

Then for any i; j = 1; 2; : : : the following inequalities

si + j ¡ 1(A + B) · si (A) + sj (B ) (5.4)

and

si + j ¡ 1(AB ) · si (A)sj (B ) (5.5)

hold.

The following inequalities are also true for all A; B 2 B(H) and for all

n = 1; 2; : : : , (see,e.g., [22], p. 63):

nX

j =1

sj (A + B) ·
nX

j =1

sj (A) +
nX

j =1

sj (B ) (5.6)

and
nX

j =1

sj (AB ) ·
nX

j =1

sj (A)sj (B ):

For j = 1 and i = 1; 2; : : : we get from (5.4) and (5.5):

sj (A + B) · sj (A) + kBk (5.7)

and

sj (AB ) · sj (A)kBk: (5.8)
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5.2 Estimates of Absolute Error of Sines and Cosines

Herewe estimatean absoluteerror of cosines/sinesof the discreteanglesbe-

tweentwo pairs of subspaces.Onesubspaceis ¯xed in both pairs, and the other

one changes. We estimate thesequantities by the gap (aperture) between the

initial and changedsubspace.Next, we considerthe case,when both subspaces

of the initial pair are changedand we get the estimate,using both gaps.

Let us denote by gap(F ; G) a gap (aperture) betweensubspacesF and G

(see,e.g., [2], [22], [37]) which is de¯ned by

gap(F ; G) = kPF ¡ PGk = maxfk PF (I ¡ PG)k; kPG(I ¡ PF )kg: (5.9)

The following lemma gives an estimate for the proximit y of cosinesof the

smallestangleswhen only onesubspaceis changed:

Lemma 5.3 Let µ"
k and µ̂"

k be the k-th smallest discrete anglesbetween the sub-

spaces F and G, F and ~G, respectively, k = 1; : : : ; q = minf dim F ; dim Gg.

Then for k = 1; : : : ; q;

j cos(µ"
k) ¡ cos(µ̂"

k)j · · 2 ¢gap(G; ~G); (5.10)

where

· 2 = maxf cos(µmin f (G+ ~G) ª G; F g); cos(µmin f (G+ ~G) ª ~G; F g)g: (5.11)

Pro of: The proof is basedon using the inequalities(5.7), (5.8) for the identit y

PF P~G = PF PGP~G + PF (I ¡ PG)P~G; (5.12)

whereI is identit y operator on H (see[42]).
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(5.7) and (5.12) give:

cos(µ̂"
k) = sk(PF P~G) · sk(PF PGP~G) + kPF (I ¡ PG)P~Gk: (5.13)

But PF (I ¡ PG)P~G = PF P
(G+ ~G)ªG

(I ¡ PG)P~G and we have

kPF (I ¡ PG)P~Gk · kPF P
(G+ ~G)ªG

kk(I ¡ PG)P~Gk: (5.14)

Using the equality (5.9) we get from (5.14):

kPF (I ¡ PG)P~Gk · kPF P
(G+ ~G)ªG

kgap(G; ~G): (5.15)

Next, using the inequality (5.8) for the ¯rst term of the sum in (5.13) we get:

sk(PF PGP~G) · sk(PF PG)kP~Gk · sk(PF PG) = cos(µ"
k): (5.16)

From (5.13), (5.14), (5.15) and (5.16) the inequality

cos(̂µ"
k) · cos(µ"

k) + kPF P
(G+ ~G)ªG

kgap(G; ~G) (5.17)

follows.

Changing the placesof PG and P~G we get instead of (5.17)

cos(µ"
k) · cos(µ̂"

k) + kPF P
(G+ ~G)ª ~G

kgap(G; ~G): (5.18)

From the de¯nitions of s-numbers and angles between subspaceswe con-

clude that kPF P
(G+ ~G)ªG

k = s1(PF P
(G+ ~G)ªG

) = cos(µmin f (G+ ~G) ª G; F g) and

kPF P
(G+ ~G)ª ~G

k = s1(PF P
(G+ ~G)ª ~G

) = cos(µmin f (G+ ~G) ª ~G; F g). Thesetwo equal-

ities together with (5.17), (5.18) and (5.11) give (5.10).

An estimate for the proximit y of cosinesof the smallestanglesbetweenthe

subspaceswhen both of them are changedis given by the following theorem:
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Theorem 5.4 Let µ"
k and ~µ"

k be the k-th smallest discrete anglesbetween the

subspaces F and G, ~F and ~G, respectively, k = 1; : : : ; q. Then for k = 1; : : : ; q;

j cos(µ"
k) ¡ cos(~µ"

k)j · · 1 ¢gap(F ; ~F ) + · 2 ¢gap(G; ~G); (5.19)

where · 2 is given by (5.11) and

· 1 = maxf cos(µmin f (F + ~F ) ª F ; Gg); cos(µmin f (F + ~F ) ª ~F ; Gg)g: (5.20)

Pro of: By Lemma 5.3 we have for k = 1; 2; : : : :

j cos(µ"
k) ¡ cos(µ̂"

k)j · · 2 ¢gap(G; ~G):

Using the samelemma for the operators PF P~G and P ~F P~G with (5.20) gives

j cos(~µ"
k) ¡ cos(µ̂"

k)j · · 1 ¢gap(F ; ~F ):

It remainsonly to usethe triangle inequality to get (5.19).

For the sinesof largest discreteangleswe have analogousresults.

Lemma 5.5 Let µ#
k and µ̂#

k be the k-th largestdiscrete anglesbetween the sub-

spaces F and G, F and ~G, respectively, k = 1; : : : ; q. Assume also that

dim F \ G? = dim F \ ~G? < 1 and dim F ? \ G = dim F ? \ ~G < 1 . Then for

k = 1; : : : ; q;

j sin(µ#
k) ¡ sin(µ̂#

k)j · · 2 ¢gap(G; ~G); (5.21)

where · 2 is given by (5.11)

Pro of: We transform the problem of estimating sinesto the problem of es-

timating cosines,which we already have solved. For this we use (3.17) and

(3.18). Theserelationships show, that if dim F \ G? < dim F ? \ G then the
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number of 1sdoesnot change,and if the opposite inequality holds, the the num-

ber of 1s increasesby dim F \ G? ¡ dim F ? \ G, when we exchange£ #
d(F ; G)

with ¼
2 ¡ £ "

d(F ; G? ). The samehappens for the pair F and ~G. This menas,

that if the assumptionsof theorem hold, then after these transformations we

have the same changesin the numbers of 1s for both pairs. They get can-

celled and only cos(µ"
k(F ; G? )) and cos(µ"

k(F ; ~G? )) remain. Using the identit y

gap(G; ~G) = gap(G? ; ~G? ), the proof immediately follows from Lemma 5.3.

Theorem 5.6 Let µ#
k and ~µ#

k be the k-th largest discrete angles between the

subspaces F and G, ~F and ~G, respectively, k = 1; : : : ; q. Assume also that

dim F \ G? = dim F \ ~G? < 1 , dim F ? \ G = dim F ? \ ~G < 1 , dim ~F \ G? =

dim ~F \ ~G? < 1 and dim ~F ? \ G = dim ~F ? \ ~G < 1 . Then for k = 1; : : : ; q;

j sin(µ#
k) ¡ sin(~µ#

k)j · · 1 ¢gap(F ; ~F ) + · 2 ¢gap(G; ~G); (5.22)

where · 1 and · 2 are given by (5.20) and (5.11), respectively.

Pro of: Seethe proof of Theorem5.4.

Conjecture 5.7 The analogousresults to Theorem 5.4 for the largestdiscrete

anglesand to Theorem 5.6 for the smallest discrete anglescan be proved.

Remark 5.8 Using Theorems5.4 and 5.6 with exchangingthe considered sub-

spaces for their orthogonal complementsdoes not lead to the resultsmentioned

in Conjecture 5.7.
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5.3 Ma jorization for Discrete Angles Bet ween Subspaces

In this section,we generalizethe well-known Lidskii-Mirsky-Wielandt the-

orem for the caseof the Courant-Fischer numbers from the top of bounded

selfadjoint operators. We also prove a result about majorization of the abso-

lute value of di®erenceof s-numbers by s-numbers of the di®erence.We prove

that the absolute value of the di®erenceof the cosines/sines(squared) of the

discreteanglesbetweensubspacesis weakly majorized by the sinesof the angles

betweenthe changedsubspaces.The resultsabout majorization of sines/cosines

(squared) are generalizationsof corresponding results of [40], and their proofs

are alsosimilar.

For a de¯nition and the basicproperties of majorization e.g., [1, 5, 27, 53].

De¯nition 5.9 ([53], p. 16). Assumethat r = (r 1; r2; : : : ) and t = (t1; t2; : : : )

are (¯nite or in¯nite) bounded sequencesof real numbers. We say that t weakly

majorizes r and write r Á w t, if

sup
¼

kX

i =1

r¼i · sup
¼

kX

j =1

t¼j ; (5.23)

where the suprema are taken over all k-elementsumsof corresponding sets,

¼= ¼(k) = f (¼1; ¼2; : : : ; ¼k) j 1 · ¼1 < ¼2 ¢¢¢< ¼kg; k = 1; 2; : : : :

For given sequencesr = (r 1; r2; : : : ) and t = (t1; t2; : : : ) of real numbers

denote by r [ t a sequence,terms of which are all terms of r and t in any

arbitrary order. The ¯nite dimensionalversionof the following lemma is given,

e.g., [5], Corollary I I.1.4, p. 31.
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Lemma 5.10 Let p, r , s, t be given bounded sequences of real numbers and

p Áw r , s Áw t hold. Then

p [ s Áw r [ t: (5.24)

Pro of: Let k = k0+ k00, with k ¸ 1 and k0, k00nonnegative. Then

n kX

j =1

»i j j »i j 2 r [ t
o

¾
nn k0X

j 0=1

r i j 0

o
+

n k00X

j 00=1

t i j 00

oo
: (5.25)

Let us explain in detail (5.25). In the left-hand sidewe have a set of all possible

k-term sumsof the sequence(set) r [ t. In the right-hand side we have a sum

of two sets,which is understood as

X + Y = f x + y j 8x 2 X ; 8y 2 Yg:

The two setsin the right-hand sideare: a set of all possiblek0-term sumsof the

sequencer and a set of all possiblek00-term sumsof the sequencet.

It follows from (5.25) that

sup
n kX

j =1

»i j j »i j 2 r [ t
o

¸ sup
nn k0X

j 0=1

r i j 0

o
+

n k00X

j 00=1

t i j 00

oo
=

sup
n k0X

j 0=1

r i j 0

o
+ sup

n k00X

j 00=1

t i j 00

o
: (5.26)

Consider now an arbitrary sum of k terms of left-hand side sequenceof

(5.24)
kX

j =1

³ i j ; ³ i j 2 p [ s:

This sum can be split into two parts - k0-term sum of p and k00-term sum of s

with k0+ k00= k, that is

kX

j =1

³ i j =
k0X

j 0=1

pi j 0 +
k00X

j 00=1

si j 00: (5.27)

96



Using p Áw r , s Áw t and (5.26) in (5.27) give

kX

j =1

³ i j · sup
n k0X

j 0=1

r i j 0

o
+ sup

n k00X

j 00=1

t i j 00

o
· sup

n kX

j =1

»i j j »i j 2 r [ t
o

:

Taking the supremum in the left-hand sideprovesthe assertion.

One of the basic tools in majorization is the so-called Lidskii-Mirsky-

Wielandt theorem, which has many di®erent proofs becauseof its importance

(see,e.g., [5, 30, 46, 47, 48, 52, 63, 67, 75]). This theoremstates the following:

Theorem 5.11 (see, e.g., [5], Theorem III.4.1, p. 69). Let A and B be Her-

mitian operators on an n dimensionalEucledian space. Then for any choice of

indices 1 · i 1 < ¢¢¢< i k · n, for any k · n,

kX

j =1

¸ #
i j

(A + B) ·
kX

j =1

¸ #
i j

(A) +
kX

j =1

¸ #
j (B ): (5.28)

We needto generalizethis result for Courant-Fischer numbersof a bounded

operators. As wealreadymentioned in Section3.1, the Courant-Fischer numbers

from the top of a selfadjoint operator T 2 B(H) are given by (3.6), which we

repeat here for the reader'sconvenience:

¸ #
k(T) = sup

H k ½H
dim H k = k

inf
u2H k
kuk=1

(u; Tu); k = 1; 2; : : : : (5.29)

Theorem 5.12 Let A; B 2 B(H) be selfadjoint operators on H, and ¸ #(A),

¸ #(B ), ¸ #(A + B) be the sequencesof the Courant-Fischer numbers from the top

de¯ned by (5.29), of corresponding operators. Then for any choice of indices

1 · i 1 < ¢¢¢< i k , for any k ¸ 1

kX

j =1

¸ #
i j

(A + B) ·
kX

j =1

¸ #
i j

(A) +
kX

j =1

¸ #
j (B ): (5.30)
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Pro of: We can assumewithout lossof generality that A, B are nonnegative

operators. Otherwise, we can consider shifted operators A0 = A + jmjI and

B 0 = B + jmjI , whereI is an identit y operator, and

m = min

(

min
u2H
u6=0

(u; Au)
(u; u)

; min
u2H
u6=0

(u; Bu)
(u; u)

)

:

With this transformation both sidesof inequality (5.30) increaseby 2jmjk, and

we get an inequality, equivalent to (5.30). For nonnegative selfadjoint operators

A and B we have ¸ #(A) = S(A), ¸ #(B ) = S(B), and ¸ #(A + B) = S(A + B),

whereS(T) denotesthe sequenceof s-numbersof the operator T.

Let us denote n = i k and consider ¯rst a casewhen the Courant-Fischer

numbers ¸ #
1(A + B), ¸ #

2(A + B), : : : , ¸ #
n (A + B) are the eigenvaluesof A + B,

counting the multiplicit y. Denote the corresponding eigenvectorsby w1; : : : ; wn

and let M n = spanf w1; : : : ; wng, AM n = PM n AjM n , BM n = PM n BjM n , where

PM n is the orthogonal projector onto M n .

SinceAM n , BM n are Hermitian operators on M n , we have for any k · n

using Theorem5.11that

kX

j =1

¸ #
i j

(AM n + BM n ) ·
kX

j =1

¸ #
i j

(AM n ) +
kX

j =1

¸ #
j (BM n ): (5.31)

M n is an invariant subspaceof A + B, which spansall eigenvectors of A + B,

corresponding to the eigenvalues¸ #
1(A + B), : : : , ¸ #

n (A + B), and n = i k , so we

have

¸ #
i j

(A + B) = ¸ #
i j

(AM n + BM n ); j = 1; : : : ; k: (5.32)

On the right-hand sideof (5.31), we have Ritz valuesof the operatorsA and B,

corresponding to the trial subspaceM n ½ H, thus (seealsoTheoremXI I I.3, p.
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82, [61])

¸ #
l (AM n ) = sup

H l ½M n
dim H l = l

inf
u2H l
kuk=1

(u; AM n u) = sup
H l ½M n
dim H l = l

inf
u2H l
kuk=1

(u; Au) ·

sup
H l ½H

dim H l = l

inf
u2H l
kuk=1

(u; Au) = ¸ #
l (A); l = 1; : : : ; n:

Using the above inequality and similar relations for B we concludethat

¸ #
l (AM n ) · ¸ #

l (A); ¸ #
l (BM n ) · ¸ #

l (B );

for all l = 1; : : : ; n. In particular,

¸ #
i j

(AM n ) · ¸ #
i j

(A); ¸ #
j (BM n ) · ¸ #

j (B ); j = 1; : : : ; k:

Using theseinequalitiesand (5.32) in (5.31) leadsto (5.30).

The proof above is basedon the existenceof \enough" eigenvaluesof A + B.

Considernow a generalcase,that is assumethat the number of eigenvectorsof

A + B corresponding to the largest eigenvaluesis equal to n ¸ 0 and n < i k .

Assumethat k0 is the maximal index, for which i k0 · n. Sincei k0+1 > n,

and

¸ #
n+1 (A + B) = ¸ #

n+2 (A + B) = : : : ; (5.33)

(seeSection3.1) we can write the estimate (5.30) that we needto prove in the

following equivalent form:

k0X

j =1

¸ #
i j

(A + B) +
kX

j = k0+1

¸ #
n+1 (A + B) ·

k0X

j =1

¸ #
i j

(A) +
kX

j = k0+1

¸ #
i j

(A) +
k0X

j =1

¸ #
j (B ) +

kX

j = k0+1

¸ #
j (B ): (5.34)
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Using the particular casewhich we have already proven, we concludethat

k0X

j =1

¸ #
i j

(A + B) ·
k0X

j =1

¸ #
i j

(A) +
k0X

j =1

¸ #
j (B ) (5.35)

inequality holds.

Using again (5.33), we have

kX

j = k0+1

¸ #
n+1 (A + B) =

kX

j = k0+1

¸ #
i j + j ¡ 1(A + B): (5.36)

Next, using the inequality (see[22], p. 30)

sm+ n¡ 1(A + B) · sm (A) + sn (B ); m; n = 1; 2; : : : ;

in (5.36), we have

kX

j = k0+1

¸ #
i j + j ¡ 1(A + B) ·

kX

j = k0+1

¸ #
i j

(A) +
kX

j = k0+1

¸ #
j (B ):

Finally, using this inequality and (5.35) in (5.34), gives(5.30).

Corollary 5.13 Under the assumptionsof Theorem 5.12,

¸ #(A + B) ¡ ¸ #(A) Áw ¸ #(B );

¸ #(A) ¡ ¸ #(B ) Áw ¸ #(A ¡ B); (5.37)

¸ " (A) ¡ ¸ " (B ) Áw ¸ #(A ¡ B):

Pro of: For any k = 1; 2; : : : ,

sup
kX

j =1

¸ #
i j

(B ) =
kX

j =1

¸ #
j (B ):
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Using the previoustheorem,we have

kX

j =1

¸ #
i j

(A + B) ¡
kX

j =1

¸ #
i j

(A) ·
kX

j =1

¸ #
j (B ):

Sincethis inequality holds for any choiceof indices i j , we concludethat (5.23)

holds with s = ¸ #(A + B) ¡ ¸ #(A) and t = ¸ #(B ). This givesthe ¯rst assertion.

The secondassertionfollows from the ¯rst one exchanging A + B with A and

A with B . The third assertionfollows from the secondone exchanging A with

¡ B and B with ¡ A.

Let usconsidernow a problemof weakmajorization of s-numbersof bounded

operators (not necessarilyselfadjoint). We need to generalizethe so-called

Mirsky's theorem about majorization of the absolutevalue of di®erenceof sin-

gular valueswith singular valuesof the di®erenceof corresponding operators.

For the ¯nite dimensionalcaseand for compact operators the theorem can be

found in, e.g., [5, 32, 33, 52, 53, 55, 63].

Theorem 5.14 Let A; B 2 B(H). Then

jS(A) ¡ S(B)j Á w S(A ¡ B) (5.38)

holds, where S(A), S(B) and S(A ¡ B) are the sequences of s-numbers of cor-

responding operators.

Pro of: The proof is basedon using Jordan's transformation, (see,e.g., [33], p.

135and Theorem3.4.5,p. 198) which we have already usedin Section4.1, and

Corollary 5.13. Considerthe operators

Â =

0

B
@

0 A

A¤ 0

1

C
A ; B̂ =

0

B
@

0 B

B ¤ 0

1

C
A ;
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acting on H © H. Using (5.37), we have

¸ #(Â) ¡ ¸ #(B̂ ) Áw ¸ #(Â ¡ B̂ ); (5.39)

and

¸ #(B̂ ) ¡ ¸ #(Â) Áw ¡ ¸ " (Â ¡ B̂ ): (5.40)

Now weusethe following relations,which wehavealreadyshown in Theorem

4.1:

§( Â) n f 0g = §( jAj) [ (¡ §( jAj)) n f 0g;

§( B̂ ) n f 0g = §( jB j) [ (¡ §( jB j)) n f 0g;

§( Â ¡ B̂ ) n f 0g = §( jA ¡ B j) [ (¡ §( jA ¡ B j)) n f 0g:

Denote by s1(A) ¸ s2(A) ¸ : : : , s1(B ) ¸ s2(B ) ¸ : : : , and s1(A ¡ B) ¸

s2(A ¡ B) ¸ : : : (decreasinglyordered) s-numbers of corresponding operators.

Then, using (5.39), (5.40), we get:

(s1(A) ¡ s1(B ); s2(A) ¡ s2(B ); : : : ) Á w S(A ¡ B);

and

(s1(B ) ¡ s1(A); s2(B ) ¡ s2(A); : : : ) Á w ¡ S(A ¡ B):

Now we useLemma 5.10for thesetwo majorization relations to obtain

(§ (s1(A) ¡ s1(B )); § (s2(A) ¡ s2(B )); : : : ) Á w S(A ¡ B) [ (¡ S(A ¡ B)): (5.41)

By De¯nition 5.9, it follows from (5.41) that jS(A) ¡ S(B)j Á w S(A ¡ B).

Before we considera problem of majorization of sinesand cosines,let us

remind the readerof the following known result.
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In what follows until the end of this section,we assumethat

kPG ¡ P~Gk < 1 (5.42)

holds.

Let us now describe the structure of s-numbers of the di®erenceof two

orthogonal projectors. For reader's convenience,we repeat here the equality

from Theorem 2.37 which describes the connection between the spectrum of

a di®erenceof two projectors and sinesof anglesbetween the corresponding

subspaces:

§( PF ¡ PG) n(f¡ 1g[ f 0g[ f 1g) = § sin(£( F ; G)) n(f¡ 1g[ f 0g[ f 1g): (5.43)

Using Theorem2.37and [40], we concludethat the following casesare pos-

sible:

1. If dim F and dim G both are ¯nite, then this structure is completely de-

scribed in [40] and in this case

(S(PG ¡ PF ); 0; : : : ; 0) =

(1; : : : ; 1; (sin(£ #(F ; G)); sin(£ #(F ; G))) #; 0; : : : ; 0); (5.44)

where there are j dim F ¡ dim Gj extra 1s upfront; the set sin(£ #(F ; G))

is repeated twice and ordered, and extra 0s at the end may need to be

addedon either side to match the sizes;

2. The both dimensionsdim F and dim G are in¯nite. In this casewe have

S(PG ¡ PF ) = (1; : : : ; 1; sin(µ#
1(F ; G)); sin(µ#

1(F ; G));

sin(µ#
2(F ; G)); sin(µ#

2(F ; G)); : : : ); (5.45)
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wherethe number of extra 1s upfront is equal to

maxf dim F \ G? ; dim F ? \ Gg:

If maxf dim F \ G? ; dim F ? \ Gg is in¯nite than S(PG ¡ PF ) consistsof

only 1s.

Using (5.42), we have

S(PG ¡ P~G) = (sin(µ#
1(G; ~G)); sin(µ#

1(G; ~G)); sin(µ#
2(G; ~G)); sin(µ#

2(G; ~G)); : : : ):

Let us now prove the majorization results involving sinesand cosinesand

their squaresof discreteangles.Theseresults are generalizationsto the in¯nite

dimensionalcaseof correspondingresultsof [40], and their proofsarealsosimilar.

Theorem 5.15 Let F , G, ~G be subspacesof H , and (5.42) holds. Assumealso

that maxf dim F \ G? ; dim F ? \ Gg = maxf dim F \ ~G? ; dim F ? \ ~Gg < 1 . Then

j sin£ #
d(F ; G) ¡ sin£ #

d(F ; ~G)j Áw sin£ #
d(G; ~G) (5.46)

holds, where £ #
d(F ; G), £ #

d(F ; ~G) and £ #
d(G; ~G) are the sequences of largestdis-

crete anglesbetween corresponding subspaces.

Pro of: Using the following identit y (see[40])

(PG ¡ PF ) ¡ (P~G ¡ PF ) = PG ¡ P~G;

and Theorem5.14,we get

jS(PG ¡ PF ) ¡ S(P~G ¡ PF )j Áw S(PG ¡ P~G):
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As we mentioned above, two casesare possiblefor S(PG ¡ PF ) and S(P~G ¡ PF ).

In the ¯rst case,using (5.44), we concludethat there are the samenumber of

extra 1s upfront in S(PG ¡ PF ) and in S(P~G ¡ PF ). They get canceledand the

set of nonzeroentries of jS(PG ¡ PF ) ¡ S(P~G ¡ PF )j consistsof nonzeroentries of

j sin£ #
d(F ; G) ¡ sin£ #

d(F ; ~G)j repeatedtwice. In the secondcase,we have (5.45)

and, as in the previouscase,the set of nonzeroentries of jS(PG ¡ PF ) ¡ S(P~G ¡

PF )j consistsof nonzeroentries of j sin£ #
d(F ; G) ¡ sin£ #

d(F ; ~G)j repeatedtwice.

Also, the nonzeroentries of S(PG ¡ P~G) are the nonzeroentries of sin£ #
d(G; ~G)

repeatedtwice, and we concludethat (5.46) holds.

Corollary 5.16 Let F , G, ~G be subspacesof H , and (5.42) holds. Assumealso

that dim F \ G < 1 , dim F \ ~G < 1 ,

dim F ? \ G? = dim F ? \ ~G? < 1 :

Then

j cos£ "
d(F ; G) ¡ cos£ "

d(F ; ~G)j Áw sin£ #
d(G; ~G); (5.47)

holds,where £ "
d(F ; G) and £ "

d(F ; ~G) are the sequencesof smallest discreteangles

and £ #
d(G; ~G) is the sequence of largest discrete anglesbetween corresponding

subspaces.

Pro of: It followsfrom (5.42) that kPG? ¡ P~G? k < 1. Weuse(3.19) to transform

the left-hand sideof (5.47), and (3.21) to transform the right-hand sideof (5.47)

into the following form

j sin£ #
d(F ; G? ) ¡ sin£ #

d(F ; ~G? )j Áw sin£ #
d(G? ; ~G? ); (5.48)

and then useTheorem5.15for the last relation.
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In this way, we needto comparethe number of 1s in the beginning of the

sequencestwice: ¯rst, whenwe exchangethe cosinesof smallestangleswith the

sinesof largest angles. We can seefrom (3.16) and (3.19) that in cosinesof

cos£ "
d(F ; G) the number of 1s is equal to dim F \ G, and in sinesof £ #

d(F ; G? )

the number of 1s is equal to minf dim F \ G; dim F ? \ G? g. The di®erence

between these quantities, dim F \ G ¡ minf dim F \ G; dim F ? \ G? g causes

changeof the number of 1s on this step - the number of 1s decreasesby the

quantit y maxf 0;dim F \ G¡ dim F ? \ G? g.

Using (5.45) givesextra 1s,number of which (for the subspacesF and G? )

is equalto maxf dim F \ G; dim F ? \ G? g < 1 . Finally, asa result of thesetwo

steps,we have the increaseof the number of 1s by

maxf dim F \ G; dim F ? \ G? g ¡ maxf 0;dim F \ G¡ dim F ? \ G? g:

This di®erencemust be the samefor the terms involving G and ~G. As we can

see,if dim F ? \ G? = dim F ? \ ~G? , thesedi®erencesare the same. The extra

1s get cancelledand we obtain the left-hand side of (5.48). For the right-hand

side the problem of 1s doesnot appear, since(5.42) holds.

Remark 5.17 It is possibleto obtain this result by changingF with F ? and

again using Theorem 5.15.

Remark 5.18 Using the identity

PG ¡ P~G = P~G? ¡ PG? = (P~G? ¡ PF ) ¡ (PG? ¡ PF )

instead of that used in the proof of Theorem 5.15 does not allow to prove the

majorization resultsfor the sinesof the smallest anglesor for the cosinesof the
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largestangles.

Let us now considera problem of majorization of the squaresof sinesand

cosines.We needto prove the so-called\pinc hing inequality" (e.g., [5], Problem

II.5.5, p. 50 for singular valuesof ¯nite dimensionaloperators, and, e.g., [22],

Theorem 5.1, pp. 52-54for compact operators) for the s-numbers of bounded

operators. We use(5.6), which we write now in terms of weak majorization

S(A § B) Áw S(A) + S(B): (5.49)

We needto prove two simple technical statements:

Lemma 5.19 Let A and B be selfadjoint bounded operators on H and

A =

0

B
@

C F

F ¤ D

1

C
A ; B =

0

B
@

C ¡ F

¡ F ¤ D

1

C
A ;

with respect to a decomposition of the space H. Then §( A) = §( B), and the

eigenvaluesof A and B and their multiplicities are the same.

Pro of: Easily can be checked that B = U¤AU with

U =

0

B
@

I 0

0 ¡ I

1

C
A ;

whereI is the identit y operator of corresponding subspace,which meansthat A

and B are unitarily equivalent. Then the assertionfollows from unitary equiva-

lence.

Lemma 5.20 Let A and B be bounded operators on H and

A =

0

B
@

C D

F G

1

C
A ; B =

0

B
@

C ¡ D

¡ F G

1

C
A ;
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with respect to a decomposition of the space H. Then §( A¤A) = §( B ¤B), and

the eigenvaluesof A¤A and B ¤B and their multiplicities are the same.

Pro of: Easily can be checked that if we represent A¤A and B ¤B in the block

form corresponding to the samedecomposition of the space,then the di®erence

betweenthem is only in the signsof non-diagonalblocks, that is the assumptions

of Lemma 5.19hold for thesepair of operators. Using Lemma 5.19leadsto the

asserted.

Lemma 5.21 Let A 2 B(H), and P be an orthogonalprojector onto a subspace

of H . Then

S(PAP § (I ¡ P)A(I ¡ P)) Á w S(A): (5.50)

Pro of: The idea of the proof comesfrom Problem II.5.4, p. 50, [5]. Let

us represent the operator A in the following block form, corresponding to the

decomposition of the spaceH = PH © (I ¡ P)H :

A =

0

B
@

PAP PA(I ¡ P)

(I ¡ P)AP (I ¡ P)A(I ¡ P)

1

C
A ;

and consideralsoan operator

B =

0

B
@

PAP ¡ PA(I ¡ P)

¡ (I ¡ P)AP (I ¡ P)A(I ¡ P)

1

C
A :

Using Lemma 5.20we concludethat

S(A) = S(B): (5.51)

We have 2(PAP + (I ¡ P)A(I ¡ P)) = A + B. Using (5.49) and (5.51) in this

equality gives

S(PAP + (I ¡ P)A(I ¡ P)) Á w S(A):
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To obtain the secondmajorization relation

S(PAP ¡ (I ¡ P)A(I ¡ P)) Á w S(A)

it su±ces to mention that

S(PAP ¡ (I ¡ P)A(I ¡ P)) = S(PAP + (I ¡ P)A(I ¡ P));

which is easily obtained from an equality

(PAP ¡ (I ¡ P)A(I ¡ P))¤(PAP ¡ (I ¡ P)A(I ¡ P)) =

(PAP + (I ¡ P)A(I ¡ P))¤(PAP + (I ¡ P)A(I ¡ P)):

Theorem 5.22 Under the assumptionsand notation of Theorem 5.15,

j sin2 £ #
d(F ; G) ¡ sin2 £ #

d(F ; ~G)j Áw sin£ #
d(G; ~G); (5.52)

j cos2 £ #
d(F ; G) ¡ cos2 £ #

d(F ; ~G)j Áw sin£ #
d(G; ~G); (5.53)

and under the assumptionsand notation of Corollary 5.16,

j cos2 £ "
d(F ; G) ¡ cos2 £ "

d(F ; ~G)j Áw sin£ #
d(G; ~G); (5.54)

j sin2 £ "
d(F ; G) ¡ sin2 £ "

d(F ; ~G)j Áw sin£ #
d(G; ~G); (5.55)

Pro of:

We have

(PF ¡ PG)2 ¡ (PF ¡ P~G)2 = PF ? (PG ¡ P~G)PF ? ¡ PF (PG ¡ P~G)PF :
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Using Theorem5.14,we get

jS((PF ¡ PG)2) ¡ S((PF ¡ P~G)2)j Áw S(PF ? (PG ¡ P~G)PF ? ¡ PF (PG ¡ P~G)PF ):

For the left-hand side terms we usethe equalities(5.44) or (5.45) squared. For

the right-hand sidewe usethe pinching inequality (5.50) and we get

S(PF ? (PG ¡ P~G)PF ? ¡ PF (PG ¡ P~G)PF ) Áw S(PG ¡ P~G):

There are two posssiblecasesfor S((PF ¡ PG)2) and S((PF ¡ P~G)2) that are

identical to the casesfor S(PG ¡ PF ) and S(P~G ¡ PF ) in Theorem 5.15. Using

(5.44) squared,we concludethat there are the samenumber of extra 1supfront

in S((PF ¡ PG)2) and in S((PF ¡ P~G)2). They get canceledand the set of

nonzeroentries of jS((PF ¡ PG)2) ¡ S((PF ¡ P~G)2)j consistsof nonzeroentries

of j sin2 £ #
d(F ; G) ¡ sin2 £ #

d(F ; ~G)j repeatedtwice. If we use(5.45) squared,then

again the set of nonzeroentries of jS((PF ¡ PG)2) ¡ S((PF ¡ P~G)2)j consists

of nonzeroentries of j sin2 £ #
d(F ; G) ¡ sin2 £ #

d(F ; ~G)j repeated twice. Also, the

nonzeroentries of S(PG ¡ P~G) are the nonzeroentries of sin£ #
d(G; ~G) repeated

twice, and we concludethat (5.52) holds.

The proof of (5.54) is completelysimilar to the proof of Corollary 5.16. Only

the di®erenceis that we transformed there the problem of majorization of the

cosinesto the problem of majorization of the sines. Here we transform in the

sameway the problem of majorization of the cosinessquaredto the problem of

majorization of the sinessquared,that is to (5.52).

The proof of (5.53) follows from (5.52) using the identit y

(j cos2 £ #
d(F ; G) ¡ cos2 £ #

d(F ; ~G)j)# = (j sin2 £ #
d(F ; G) ¡ sin2 £ #

d(F ; ~G)j)#;
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and the proof of (5.55) follows from (5.54) using the identit y

(j cos2 £ "
d(F ; G) ¡ cos2 £ "

d(F ; ~G)j)# = (j sin2 £ "
d(F ; G) ¡ sin2 £ "

d(F ; ~G)j)#:
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6. Estimates for Pro ximit y of Ritz Values

In this chapter we prove the estimatesfor proximit y of Ritz values. Based

on the approach of extending a given positive contraction to a projector, used

in [40], we estimate the Hausdor®distancebetweenthe setsof Ritz values. We

de¯ne the discreteRitz valuesusing the Courant-Fischer numbers,and estimate

the proximit y of the discreteRitz valueswith respect to the changeof the trial

subspacein the Rayleigh-Ritz method. Theseresults for ¯nite dimensionalcase

are proved in [40, 41].

6.1 The Basic Estimate

In this section, we give a generalizationof Theorem 1 of the paper [41] to

Hilbert spaces.

Let A 2 B(H) be a selfadjoint operator on a real Hilbert spaceH. Denote

by ¸ (u); u 6= 0 a Rayleigh quotient

¸ (u) =
(u; Au)
(u; u)

:

Denote also by m and M the greatest lower and least upper bounds of the

spectrum of the operator A [62]:

m = inf
u6=0

¸ (u); M = sup
u6=0

¸ (u): (6.1)

The following is a generalizationof Theorem1 [41] for Hilbert spaces:

Theorem 6.1 Let A 2 B(H) be a selfadjoint operator on a real Hilbert space

H and u; v 2 H with u; v 6= 0. Then the following inequality

j¸ (u) ¡ ¸ (v)j · (M ¡ m) sin(\ f u; vg) (6.2)
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holds.

Pro of: The proof is identical to that of Theorem 1 [41]. Without loss of

generality, assumethat kuk = kvk = 1. Let

As = A ¡
M + m

2
I : (6.3)

Then kAsk =
M ¡ m

2
. Sincethe di®erencȩ (u) ¡ ¸ (v) is independent of a shift

consideredhere,we get

j¸ (u) ¡ ¸ (v)j = j(u; Asu) ¡ (v; Asv)j = j(As(u ¡ v); u + v)j:

Then by Cauchy-Schwarz inequality

j(As(u ¡ v); u + v)j · kAskku ¡ vkku + vk = (M ¡ m) sin(\ f u; vg):

Remark 6.2 ([41]). The constant in estimate (6.2) can be improved if wehave

more information about the vectors u and v. Let us mention that the operator

A appears in the proof of the above theorem only within the scalar products of

u and v and their linear combinations. Consequently we can changeA in the

proof with its projection on the subspace spanf u; vg. Then the constant M ¡ m

in the estimate (6.2) wil l be replaced by

sup
w2 spanf u;vg

kwk=1

(w; Aw) ¡ inf
w2 spanf u;vg

kwk=1

(w; Aw);

which may in somecasesbe signi¯cantly lessthan M ¡ m.
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6.2 Estimates for Pro ximit y of Sets of Ritz Values

Here we prove an estimate for proximit y of Ritz valuesin Hilbert spaces.

De¯nition 6.3 Let X ½ H be a subspace of the Hilbert space H. Then

§( PX AjX ) is called the set of Ritz valuesof an operator A with respect to the

trial subspace X .

Let X ½ H and Y ½ H be the subspacesof H . It is not possibleto use the

technique of the proof of Theorem 4.5 to estimate the proximit y of §( PX AjX )

and §( PY AjY ), since we have the restrictions to the di®erent subspaces.We

prove herea weaker result.

Theorem 6.4 Let A 2 B(H) be a selfadjoint operator and X ; Y be subspacesof

H . Then the following inequality

dist(§( PX APX ); §( PY APY )) · (M ¡ m)kPX ¡ PY k (6.4)

holds,where m and M are de¯ned by (6.1).

The proof is analogousto that of Theorem5.4 [40] and consistsof several steps.

Lemma 6.5 Let A be an orthogonalprojector on somesubspace of H and X ; Y

be the subspaces of H . Then

dist(§( PX APX ); §( PY APY )) · kPX ¡ PY k: (6.5)

Pro of: Sinceall subspacesconsideredhereare the proper subspaces,we have

§( PX APX ) = §( APX A), §( PY APY ) = §( APY A), since the non-zeroparts of
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the spectra of AB and BA are the same(seethe proof of Theorem 2.26) and

zero is in all spectra sincethe subspacesare proper. Using Theorem 4.10 [37]

we get:

dist(§( PX APX ); §( PY APY )) = dist(§( APX A); §( APY A))

· kAPX A ¡ APY Ak · kAkkPX ¡ PY kkAk · kPX ¡ PY k; (6.6)

sinceA is an orthogonal projector.

The following lemmashowsthat any selfadjoint nonnegativecontraction [62]

can be extendedto an orthogonal projector.

Lemma 6.6 (see [11], [24]). For any selfadjoint nonnegative contraction A

de¯ned on a Hilbert space H, an operator Â de¯ned on H © H given by

Â =

0

B
@

A
p

A(I ¡ A)
p

A(I ¡ A) I ¡ A

1

C
A (6.7)

is an orthogonal projector.

Pro of: Direct calculationsshow that Â2 = Â = Â¤ and we concludethat Â is

an orthogonal projector.

Lemma 6.7 Let X be a subspace of H , PX be an orthogonal projector on X

and PX̂ de¯ned on H © H be given by

PX̂ =

0

B
@

PX 0

0 0

1

C
A : (6.8)

Under the assumptionsof Lemma6.6,

§( PX APX ) = §( PX̂ ÂPX̂ ) (6.9)
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equality holds.

Pro of: Direct multiplications give

PX̂ ÂPX̂ =

0

B
@

PX APX 0

0 0

1

C
A :

But then we have §( PX̂ ÂPX̂ ) = §( PX APX ) [ f 0g = §( PX APX ).

Lemma 6.8 Let A 2 B(H) be a selfadjoint nonnegative contraction and X ; Y

be the subspacesof H . Then the inequality (6.4) holdswith the constantsm = 0

and M = 1.

Pro of: Using Lemma 6.7 and Lemma 6.5 we get

dist(§( PX APX ); §( PY APY )) = dist(§( PX̂ ÂPX̂ ); §( PŶ ÂPŶ ))

· kPX̂ ¡ PŶ k = kPX ¡ PY k: (6.10)

For S ½ R and ®; ¯ 2 R; ® > 0, denoteby Ŝ(S; ®; ¯ ) a set

Ŝ(S; ®; ¯ ) = f ®(x ¡ ¯ ); x 2 Sg: (6.11)

Lemma 6.9 Let S1; S2 be sets of real numbers and ®; ¯ 2 R; ® > 0. Then

the following equality

dist(Ŝ(S1; ®; ¯ ); Ŝ(S2; ®; ¯ )) = ®¢dist(S1; S2) (6.12)

holds,where Ŝ(S1; ®; ¯ ); Ŝ(S2; ®; ¯ ) are de¯ned by (6.11).
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Pro of: By the de¯nition of a Hausdor®distancewe have

dist(Ŝ(S1; ®; ¯ ); Ŝ(S2; ®; ¯ )) =

maxf sup
x̂2 Ŝ(S1 ;®;¯ )

d(x̂; Ŝ(S2; ®; ¯ )) ; sup
ŷ2 Ŝ(S2 ;®;¯ )

d(ŷ; Ŝ(S1; ®; ¯ ))g

= maxf sup
x̂2 Ŝ(S1 ;®;¯ )

inf
ŷ2 Ŝ(S2 ;®;¯ )

jx̂ ¡ ŷj; sup
ŷ2 Ŝ(S2 ;®;¯ )

inf
x̂2 Ŝ(S1 ;®;¯ )

jŷ ¡ x̂jg

= maxf sup
x2 S1

inf
y2 S2

j®(x ¡ ¯ ) ¡ ®(y ¡ ¯ )j; sup
y2 S2

inf
x2 S1

j®(y ¡ ¯ ) ¡ ®(x ¡ ¯ )jg

= ®¢maxf sup
x2 S1

inf
y2 S2

jx ¡ yj; sup
y2 S2

inf
x2 S1

jx ¡ yjg

= ®¢maxf sup
x2 S1

d(x; S2); sup
y2 S2

d(y; S1)g = ®¢dist(S1; S2):

Now we are ready to prove Theorem6.4. De¯ne the operator ¹A by

¹A =
A ¡ mI
M ¡ m

:

Then §( ¹A) = ® ¢(§( A) ¡ m) ½ [0;1], §( PX
¹APX ) = ® ¢(§( PX APX ) ¡ m),

§( PY
¹APY ) = ® ¢(§( PY APY ) ¡ m), where ® = 1=(M ¡ m), and using Lemma

6.9 and Lemma 6.8 we get:

dist(§( PX
¹APX ); §( PY

¹APY )) = ®¢dist(§( PX APX ); §( PY APY )) · kPX ¡ PY k:

Substituting ® = 1=(M ¡ m) in the last inequality gives(6.4).

Remark 6.10 [41]. The constant in estimate (6.4) in Theorem 6.4 can be

improved in the samemanner as in Remark 6.2 the constant in (6.2) has been

improved. Namely, the constant M ¡ m can be replaced by a constant

sup
w2X + Y
kwk=1

(w; Aw) ¡ inf
w2X + Y
kwk=1

(w; Aw);

which also may in somecasesbe signi¯cantly lessthan M ¡ m.
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6.3 Estimates for Pro ximit y of Ritz Values in Discrete case

In this section, we prove a majorization result of the proximit y of discrete

Ritz valuesby the sinesof anglesbetweentrial subspaces.We usethe technique

of extensionselfadjoint nonnegativecontraction to the orthogonalprojector [40].

The resultsof this sectionare direct generalizationsof the corresponding results

[40] to in¯nite dimensionalcaseand the proofs alsoare similar.

We needto introducea de¯nition of the discreteRitz valuesfor a bounded

selfadjoint operator.

De¯nition 6.11 Let A 2 B(H) be selfadjoint and X be a subspace of H . The

set of Courant-Fischer numbers ¤ #(PX AjX ) de¯ned by (3.6) is called a set of

the discrete Ritz valuesfrom the top of the operator A with respect to the trial

subspace X .

De¯nition 6.12 Let A 2 B(H) be selfadjoint and X be a subspace of H . The

setof Courant-Fischer numbers ¤ " (PX AjX ) de¯ned by (3.7) is called a setof the

discrete Ritz valuesfrom the bottom of the operator A with respect to the trial

subspace X .

The following lemma gives a connectionbetween the sets of discrete Ritz

valuesof the operator and its extensionto the orthogonal projector.

Lemma 6.13 (For the ¯nite dimensional casesee Corollary 4.1, [40]). Let A

be a nonnegativeselfadjoint contraction and Â be its extensionto an orthogonal

projector given by (6.7). Then the set of the discrete Ritz valuesfrom the top
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(bottom) of the operator A with respect to the trial subspace X is equal to the set

of the discrete Ritz valuesfrom the top (bottom) of the operator Â with respect

to the trial subspace X̂ , where

X̂ =

0

B
@

X

0

1

C
A ½ Ĥ =

0

B
@

H

0

1

C
A ½ H 2: (6.13)

Pro of: The proof is identical to the proof of ¯nite dimensionalcaseof [40]. Let

PĤ : H 2 ! H 2 bean orthogonalprojector on the subspaceĤ and PX̂ : H 2 ! H 2

be an orthogonal projector on the subspaceX̂ . We use the equality sign to

denotethe trivial isomorphismbetweenH and Ĥ , i.e. we simply write H = Ĥ

and X = X̂ .

In this notation, we ¯rst observe that A = PĤ ÂjĤ , i.e. the operator A itself

canbe viewed asa result of the Rayleigh-Ritz method applied to the operator Â

in the trial subspaceĤ . Second,we usethe fact that a recursive application of

the Rayleigh-Ritz method on a systemof enclosedsubspacesis equivalent to a

direct singleapplication of the Rayleigh-Ritz method to the smallestsubspace,

indeed,in our notation, PĤ PX̂ = PX̂ PĤ = PX̂ sinceX̂ ½ Ĥ , thus

PX AjX =
¡
PX̂ PĤ ÂjĤ

¢̄̄
X̂

= PX̂ ÂjX̂ :

Remark 6.14 Using the fact that dim X = dim X̂ , the assertionof the previous

lemma can be also obtained from (6.9).

Next we reveal that the Rayleigh-Ritz method applied to an orthogonal

projector producesdiscreteRitz valuesfrom the bottom, which are nothing but
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the cosinessquaredof the largestprincipal discreteanglesbetweenthe rangeof

the projector and the trial subspace.

Lemma 6.15 (For ¯nite dimensional case see Lemma 4.2, [40]). Let the

Rayleigh-Ritz method be applied to A = PZ , where PZ is an orthogonal pro-

jector onto a subspace Z , and let X be the trial subspace in the Rayleigh-Ritz

method. Assumealso that

X \ Z ? = f 0g:

Then the set of the discrete Ritz valuesfrom the bottom is

¤ " (PX PZ jX ) = (cos2 £ #
d(X ; Z )):

Pro of: The assertiondirectly follows from De¯nition 3.12,De¯nition 6.12and

the equalitiesPX PZ jX = I X ¡ PX PZ
? jX , PZ PX jZ = I Z ¡ PZ PX

? jZ .

Let us now prove the main result of this section.

Theorem 6.16 (For ¯nite dimensional casesee Theorem 4.3, [40]). Let A 2

B(H) be selfadjoint and X and Y be subspaces of H and codimX = codimY <

1 . Then

j¤ " (PX AjX ) ¡ ¤ " (PY AjY )j Áw (M ¡ m) sin£ #
d(X ; Y); (6.14)

j¤ #(PX AjX ) ¡ ¤ #(PY AjY )j Áw (M ¡ m) sin£ #
d(X ; Y); (6.15)

where m and M are the greatest lower and least upper boundsof §( A).

Pro of: We prove this theoremin two steps. First we show that we can assume

that A is a positive de¯nite contraction without loosing generality. Second,

under theseassumptionswe extend the operator A to an orthogonal projector
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by Lemma 6.6 and use the facts that such an extension does not a®ect the

discrete Ritz values by Lemma 6.13 and that the discrete Ritz values of an

orthogonal projector can be interpreted as cosinesquaredof discrete principle

anglesbetween subspacesby Lemma 6.15, thus, reducing the problem to the

already establishedresult on weak majorization of the cosinesquaredTheorem

5.22.

We observe that the statement of the theorem is invariant with respect to

a shift and a scaling,indeed,for real ® and ¯ if the operator A is replacedwith

¯ (A ¡ ®I ) and m and M are correspondingly updated, both sidesof the (6.15)

just get multiplied by ¯ and (6.15) is thus invariant with respect to ® and ¯ (we

have already usedthis kind of transformation in the proof of Theorem 6.4 and

Lemma 6.9).

Choosing® = (m ¡ ²(M + m))=(1 ¡ 2²), and ¯ = (1 ¡ 2²)=(M ¡ m), where

² is arbitrarily small positive, the transformed operator is selfadjoint positive

contraction, moreover, ²I · A · (1 ¡ ²)I . Thus, the statement (6.15) of the

theoremcan be equivalently rewritten as

j¤ " (PX AjX ) ¡ ¤ " (PY AjY )j Áw (1 ¡ 2²) sin£ #
d(X ; Y): (6.16)

The positive parameter ² is arbitrarily small and both sidesof (6.16) depend

continuously on ². Therefore,(6.16) is equivalent to

j¤ " (PX AjX ) ¡ ¤ " (PY AjY )j Áw sin£ #
d(X ; Y): (6.17)

The secondstepof the proof is to recastthe problem into an equivalent problem

for an orthogonal projector with the samediscreteRitz valuesfrom the bottom

and largestdiscreteprincipal angles.By Lemma 6.6 we can extend the positive
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selfadjoint contraction A to an orthogonal projector PẐ , whereẐ is a subspace

of H 2. Denote

C =
p

A; S =
p

I ¡ A; T = C¡ 1S: (6.18)

Since²I · A · (1 ¡ ²)I , operator T is boundedand its inverseis alsobounded.

It is known (see,e.g., [24]) that

Ẑ =

(
0

B
@

u

Tu

1

C
A 8u 2 H;

0

B
@

u

Tu

1

C
A 2 H 2

)

: (6.19)

Using (6.19) it is easyto show that

Ẑ ? =

(
0

B
@

¡ Tv

v

1

C
A 8v 2 H;

0

B
@

¡ Tv

v

1

C
A 2 H 2

)

: (6.20)

It follows from (6.13) that

X̂ ? =

(
0

B
@

x

v

1

C
A x 2 X ? ; v 2 H ;

0

B
@

x

v

1

C
A 2 H 2

)

: (6.21)

We can check directly that

X̂ \ Ẑ ? = f 0g; dim X̂ ? \ Ẑ = codimX < 1 : (6.22)

PẐ has by Lemma 6.13 the samediscreteRitz valueswith respect to trial

subspaces

X̂ =

0

B
@

X

0

1

C
A ½ Ĥ =

0

B
@

H

0

1

C
A ½ H 2 and Ŷ =

0

B
@

Y

0

1

C
A ½ Ĥ =

0

B
@

H

0

1

C
A ½ H 2 (6.23)

as A has with respect to the trial subspacesX and Y. By Lemma 6.15, these

discrete Ritz values from the bottom are equal to the cosinessquaredof the
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largestdiscreteprincipal anglesbetweenẐ and the trial subspaceX̂ or Ŷ, since

X̂ \ Ẑ ? = f 0g, Ŷ \ Ẑ ? = f 0g. Moreover, the largest discreteprincipal angles

betweenX̂ and Ŷ in H 2 are clearly the sameas thosebetweenX and Y in H.

Thus, (6.17) can be equivalently reformulated as

j cos2 £ #
d(X̂ ; Ẑ ) ¡ cos2 £ #

d(Ŷ; Ẑ )j Áw sin£ #
d(X̂ ; Ŷ): (6.24)

Herewenotice that (6.24) is alreadyprovedin Theorem5.22,sincedim X̂ ? \ Ẑ =

codimX = dim Ŷ? \ Ẑ = codimY < 1 . This completesthe proof of (6.14).

(6.15) follows from (6.14) using an identit y ¤ #(PX AjX ) = ¡ ¤ " (¡ PX AjX ).
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7. Using the Angles Bet ween Subspaces for Analysis of the

Convergence of the Domain Decomp osition Algorithms

In this chapter wedescribean application of anglesbetweensubspacesin the

analysisof convergenceof iterativ emethodsfor solvinglinear systems,originated

from domain decomposition method.

7.1 Domain Decomp osition Algorithms and the Related Error

Propagation Equations

Domain decomposition methods have a long history dating back over one

hundred years. In the famous paper [66], Schwarz proposed his domain de-

composition algorithm, based on computing the solution of two overlapping

subproblemsin an alternating way. Such algorithms becamea major tool in

numerical analysisof partial di®erential equationsduring the last decades.For

a list of referencesto this ¯eld see,e.g., [60, 71]. For a method of alternating

projections see,e.g., [4, 13, 19, 25, 38, 56, 76].

We follow here [6, 7, 14, 15, 49, 74]. The classical(multiplicativ e) domain

decomposition method proceedsby computing the solution sequentially on sub-

domains. Thereexist alsoso-calledadditivealgorithms. The rate of convergence

of thesemethods is determinedby properties of the spectrum of the error prop-

agation operator. We investigate here the relationships betweenthe spectrum

of the error propagation operator and anglesbetweenappropriate subspaces.

Considerthe following elliptic problem

a(u; v) = f (v); 8v 2 H = H 1
0 (­) ; (7.1)
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where

a(u; v) =
Z

­
r u ¢r vdx;

and the solution u 2 H 1
0 (­), the Sobolev spacewith the norm squaredkuk2

H 1 =

a(u; u) and the zero trace on a polygonal domain ­.

Denote H = H 1
0 (­). Next, assumethat ­ = ­ 1 [ ­ 2 and all domainsare

polygonal. Assumealso that ­ 1 and ­ 2 have an overlap. If we de¯ne

F = f u 2 H j supp(u) 2 ­ 1g;

G = f v 2 H j supp(v) 2 ­ 2g; (7.2)

then H = F + G. We can think of F as a set of functions in H 1
0 (­ 1) extended

by zero to ­. Denote by PF and PG the orthogonal in H projectors onto the

subspacesF , G.

Let us consider¯rst the multiplicativ e (sequential) method. For two subdo-

mainseach iteration of the algorithm uk 7! uk+1 canbe consideredasa result of

two fractional steps. In the ¯rst fractional step, we ¯nd a correction ±1uk 2 F

of the current approximation uk of the solution by solving

a(±1uk ; v) = f (v) ¡ a(uk ; v) = a(u¤ ¡ uk ; v); 8v 2 F : (7.3)

Hereu¤ 2 F + Gis the solution of the givenproblem(7.1). The secondfractional

step comprisesa computation of the secondcorrection ±2uk 2 G of the current

approximation by solving

a(±2uk ; v) = f (v) ¡ a(uk + ±1uk ; v) = a(u¤ ¡ (uk + ±1uk); v); 8v 2 G: (7.4)

This step completesthe current iteration.

125



We have from (7.3)

a((u¤ ¡ uk) ¡ ±1uk ; v) = 0; 8v 2 F :

Using the projection theorem (see,e.g., [73], Theorem 3.2, p. 31), we conclude

from this equality

±1uk = PF (u¤ ¡ uk):

Similarly, we have from (7.4)

a((u¤ ¡ (uk + ±1uk)) ¡ ±2uk ; v) = 0; 8v 2 G;

and obtain the following relation

±2uk = PG(u¤ ¡ uk ¡ ±1uk) = PG(I ¡ PF )(u¤ ¡ uk);

Finally, we obtain an error propagation equation

uk+1 ¡ u¤ = (I ¡ PG)( I ¡ PF )(uk ¡ u¤): (7.5)

If we denoteek = u¤ ¡ uk , k = 0; 1; : : : then (7.5) canbe written in the following

form

ek+1 = PG? PF ? ek ; k = 0; 1; : : : (7.6)

wherePF ? and PG? are orthogonal projectors onto the subspacesF ? and G? ,

respectively.

In a certain senseSchwarz's method can be considered therefore as a

straightforward iterativ e method of solving the linear equation

(PF + PG ¡ PGPF )u = g; (7.7)
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with an appropriate right hand sideg.

Let us mention that projectors do not commute generally, so the product

PGPF is not selfadjoint. If we wish to have a symmetric expressionin the

operatorsgiven here,which allows us to acceleratethe convergenceby using the

conjugate gradient method, we can perform one more fractional step for ±1uk .

SinceP2
G? = PG? we can write the resulting operator as

I ¡ PF ? PG? PF ? = I ¡ TT¤;

whereT = PF ? PG? .

The product term PGPF in (7.7) prevents a straightforward parallel imple-

mentation of this algorithm, although many subdomain computations can be

performed simultaneously in the casewhere the classicalalgorithm is general-

izedto many subdomains. Following [6], we canobtain additive form of Schwarz

method, more suitable for parallel computing, simply by removing the product

term from (7.7). Then we have instead of (7.7), the following equation:

(PF + PG)u = g: (7.8)

In this casewe have the following equation for the error propagation:

ek+1 = [I ¡ (PF + PG)]ek ; k = 0; 1; : : : : (7.9)

Let us considera construction of (7.8), (7.9) in more details. We needto

solve (7.1) by an additive versionof the Schwarz alternating method.

We represent the spaceH as a sum of subspacesH = F + G. For PF and

PG the following equalities

a(PF u; v) = a(u; v); 8v 2 F ;
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a(PGu; v) = a(u; v); 8v 2 G

hold. De¯ne the operator P = PF + PG: Then we can replacethe problem (7.1)

by the following one:

Pu = g; g = g0+ g00; (7.10)

g0 = PF u; g00= PGu: (7.11)

By construction, (7.1) and (7.10) have the samesolution. We mention that g0

and g00can be computed, without knowledgeof u, sincewe can ¯nd them by

solving

a(g0; v) = a(u; v) = f (v); 8v 2 F ;

a(g00; v) = a(u; v) = f (v); 8v 2 G:

The operator P is positive de¯nite and selfadjoint. We can use therefore the

conjugategradient method for solving (7.10).

7.2 The Convergence of Conjugate Gradien t Metho d for the

Equations Corresp onding to Domain Decomp osition Algorithm

The analysis of convergenceof considerediterativ e methods leads to the

problem of investigation of spectral properties of the error propagation oper-

ators, given by (7.6) and (7.9), or the operators given by (7.7), (7.8). Let us

investigatenow their spectra.

The convergencerate of conjugate gradient method is determined by the

spectrum of the appropriate operator, which in our caseis determined by the

setof anglesbetweensubspacesF and G. Weinvestigatehow the anglesbetween

thesesubspacesdepend on the sizeof the overlap.

We usethe following relations from Chapter 2:
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² Basedon De¯nition 2.19we concludethat

§( PG? PF ? jG? ) n f 0g = cos2(£( F ? ; G? ) n f
¼
2

g); (7.12)

² Theorem2.39about the spectrum of sum of projectors (seeCorollary 4.9,

[7]; seealso [72]).

We considerherethe onedimensionalcasein detail for simplicity and trans-

parency. Then we have a particular caseof (7.1):

a(u; v) =
Z 1

0
u0v0dx = f (v); v 2 H = H 1

0 (­) ; (7.13)

where ­ = [0; 1], ­ 1 = [0; ®], ­ 2 = [¯ ; 1], with 0 < ¯ < ® < 1 and with an

overlap [¯ ; ®]. Then

F = f u 2 H 1
0 ([0; 1]) j u(x) = 0; x 2 [®; 1]g;

G = f v 2 H 1
0 ([0; 1]) j v(x) = 0; x 2 [0; ¯ ]g: (7.14)

Let us construct now the orthogonal projectors onto the orthogonal com-

plements F ? , G? of the subspacesF and G, respectively. Consider ¯rst the

subspaceF ? and an operator PF ? : H ! H , which is de¯ned as follows:

(PF ? u)(x) =

8
>><

>>:

u(®)
® x if x 2 [0; ®];

u(x) if x 2 (®; 1]:
(7.15)

In other words, the operator PF ? linearizesthe x 2 [0; ®] part of a function u,

and leavesunchangedits x 2 [®; 1] part.

Theorem 7.1 The operator PF ? de¯ned by (7.15) is the orthogonal projector

onto the subspace F ? .
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Pro of: To prove that PF ? is an orthogonal projector, we needto show that

PF ? is a linear operator such that PF ? = P¤
F ? = P2

F ? . Next, we needto show

that R(PF ? ) = F ? .

That PF ? is linear and PF ? = P2
F ? is evident from its construction. Let us

show that PF ? = P¤
F ? :

We have:

(PF ? u; v)H 1 =
Z 1

0
(PF ? u)0v0dx =

Z ®

0

u(®)
®

v0dx +
Z 1

®
u0v0dx =

u(®)v(®)
®

+
Z 1

®
u0v0dx =

Z ®

0
u0(PF ? v)0dx +

Z 1

®
u0v0dx =

Z 1

0
u0(PF ? v)0dx = (u; PF ? v)H 1 :

Now, assumethat u 2 F , v 2 R(PF ? ) and show that (u; v)H 1 = 0. We have

using the de¯nition (7.14) of the subspaceF :

(u; v)H 1 =
Z 1

0
u0v0dx =

Z ®

0
u0v0dx = v0uj®0 ¡

Z ®

0
uv00dx = 0:

Assumenow that v 2 H and (u; v)H 1 = 0 for arbitrary u 2 F . Then we

have:

(u; v)H 1 =
Z 1

0
u0v0dx =

Z ®

0
u0v0dx = ¡

Z ®

0
uv00dx = 0;

for arbitrary u 2 F . From this relation we concludethat u00(x) = 0 on [0; ®],

that is v is linear on the interval [0; ®]. This meansthat v 2 R(PF ? ).

Weobtain similarly to (7.15) that the orthogonalprojector onto the subspace

G? is given by

(PG? v)(x) =

8
>><

>>:

v(x) if x 2 [0; ¯ ];

v(¯ )
¯ ¡ 1(x ¡ 1) if x 2 (¯ ; 1]:

(7.16)
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Summarizing the results of the above theorem, we concludethat the sub-

spaceF ? consistsof the functions of H that are linear on [0; ®] and arearbitrary

on [®; 1]. We concludealsosimilarly that G? is the subspaceof the functions of

H that are linear on the segment [¯ ; 1], and are arbitrary on [0; ¯ ].

Let us investigatenow the anglesbetweenthe subspacesF ? and G? . De¯ne

the following two functions:

¹u(x) =

8
>><

>>:

q
1¡ ®

® x if x 2 [0; ®];

¡
p ®

1¡ ®(x ¡ 1) if x 2 (®; 1];
(7.17)

and

¹v(x) =

8
>><

>>:

q
1¡ ¯

¯ x if x 2 [0; ¯ ];

¡
q

¯
1¡ ¯ (x ¡ 1) if x 2 (¯ ; 1]:

(7.18)

Theorem 7.2 The functions ¹u and ¹v, de¯ned by (7.17), (7.18) form a pair of

principal vectors for the subspaces F ? and G? , corresponding to the angle

µ = arccos

Ãs
¯ (1 ¡ ®)
®(1 ¡ ¯ )

!

: (7.19)

Pro of: Following De¯nition 2.50,we needto show that ¹u and ¹v arenormalized

vectors,and that the equalities

PF ? ¹v = cos(µ)¹u; PG? ¹u = cos(µ)¹v

hold. We have:

k¹uk2
H 1 =

Z 1

0
( ¹u0)2dx =

1 ¡ ®
®

®+
®

1 ¡ ®
(1 ¡ ®) = 1;

and

k¹vk2
H 1 =

Z 1

0
(¹v0)2dx =

1 ¡ ¯
¯

¯ +
¯

1 ¡ ¯
(1 ¡ ¯ ) = 1:
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Next, basedon the construction of the operators PF ? and PG? , we get from

(7.17), (7.18):

(PF ? ¹v)(x) = cos(µ)¹u(x) =

8
>><

>>:

1¡ ®
®

q
¯

1¡ ¯ x if x 2 [0; ®];

¡
q

¯
1¡ ¯ (x ¡ 1) if x 2 (®; 1];

(7.20)

and

(PG? ¹u)(x) = cos(µ)¹v(x) =

8
>><

>>:

q
1¡ ®

® x if x 2 [0; ¯ ];

¯
¯ ¡ 1

q
1¡ ®

® (x ¡ 1) if x 2 (¯ ; 1]:
(7.21)

The equalities(7.20) and (7.21) show that (2.41) hold.

Remark 7.3 Dividing the segment[0; 1] into corresponding three parts, weeas-

ily check that (2.44) holds:

(u; v) = cos(µ) =

s
¯ (1 ¡ ®)
®(1 ¡ ¯ )

: (7.22)

After ¯nding this one pair of principal vectors, let us show that remaining

parts of the subspacesF ? and G? are orthogonal.

Theorem 7.4

fF ? ª spanf ¹ugg ? fG? ª spanf ¹vgg:

Pro of: If u 2 F ? and u ? ¹u then we have

(u; ¹u)H 1 =
Z 1

0
u0¹u0dx =

Z ®

0

r
1 ¡ ®

®
u0dx +

Z 1

®

Ã

¡
r

®
1 ¡ ®

!

u0dx = 0:

From this equality follows

u(®)

Ãr
1 ¡ ®

®
+

r
®

1 ¡ ®

!

= 0;
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from which we concludethat u(®) = 0. But, sinceu 2 F ? , it is linear on the

interval [0; ®], and consequently u(x) = 0 for all x 2 [0; ®].

We show similarly that if v 2 G? and v ? ¹v then v(x) = 0 for all x 2 [¯ ; 1].

Since0 < ¯ < ® < 1, we have supp(u) \ supp(v) = ? , that is (u; v)H 1 = 0:

Corollary 7.5

£( F ? ; G? ) =
n

µ
o

[
n ¼

2

o
; (7.23)

where µ is given by (7.19).

Let us mention that since0 < ¯ < ® < 1, the inequality 0 < ¯ (1¡ ®)
®(1¡ ¯ ) < 1

holds.

Corollary 7.6

§( I ¡ PG? PF ? ) =
n ®¡ ¯

®(1 ¡ ¯ )

o
[

n
1
o

: (7.24)

To investigatethe spectrum of operator I ¡ PG? PF ? , we could useTheorem

2.35,and consequently study the anglesbetweenthe subspacesF and G instead

of F ? and G? . Let us proceedthis way.

De¯ne the linear operators PF and PG, acting on H by

(PF u)(x) =

8
>><

>>:

u(x) ¡ u(®)
® x if x 2 [0; ®];

0 if x 2 (®; 1]
(7.25)

and

(PGv)(x) =

8
>><

>>:

0 if x 2 [0; ¯ ];

v(x) + v(¯ )
1¡ ¯ (x ¡ 1) if x 2 (¯ ; 1]:

(7.26)
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Theorem 7.7 The operators PF and PG de¯ned by (7.25), (7.26) are orthogonal

projectors onto the subspaces F and G, respectively.

Pro of: The proof is similar to that of the Theorem7.1.

De¯ne the following two functions:

û(x) =

8
>>>>>><

>>>>>>:

q
®¡ ¯
®¯ x if x 2 [0; ¯ ];

q
¯

®(®¡ ¯ ) (®¡ x) if x 2 (¯ ; ®];

0 if x 2 (®; 1];

(7.27)

and

v̂(x) =

8
>>>>>><

>>>>>>:

0 if x 2 [0; ¯ ];
q

1¡ ®
(®¡ ¯ )(1 ¡ ¯ ) (¯ ¡ x) if x 2 (¯ ; ®];

q
®¡ ¯

(1¡ ®)(1 ¡ ¯ ) (x ¡ 1) if x 2 (®; 1]:

(7.28)

Theorem 7.8 The functions û and v̂, de¯ned by (7.27), (7.28) form a pair of

principal vectors for the subspacesF and G, corresponding to the angleµ, given

by (7.19).

Pro of: The proof is similar to that of Theorem7.2.

Theorem 7.9

£( F ª spanf ûg; Gª spanf v̂g) =
n

0
o

[
n ¼

2

o
:

Pro of: Let us mention ¯rst that if u 2 H, kuk = 1, supp(u) ½ [0; ¯ ] then

u 2 F ª spanf ûg. Similarly, if v 2 H , kvk = 1, supp(u) ½ [®; 1] then v 2

Gª spanf v̂g. We have

PF v = 0 ¢u; PGu = 0 ¢v;
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that is u and v form a pair of principal vectors corresponding to the angle ¼
2 .

Finally, we concludethat ¼
2 2 £( F ª spanf ûg; Gª spanf v̂g).

Next, it is not di±cult to show that if u 2 F and u ? û, then u(¯ ) = 0.

Similarly, if v 2 G and v ? v̂, then v(®) = 0. Then we have

(PGu)(x) =

8
>><

>>:

0 if x 2 [0; ¯ ] [ [®; 1];

u(x) if x 2 (¯ ; ®)
(7.29)

and

(PF v)(x) =

8
>><

>>:

0 if x 2 [0; ¯ ] [ [®; 1];

v(x) if x 2 (¯ ; ®):
(7.30)

If u, v form a pair of principal vectorscorresponding to angleµ 2 £( F ; G) nf ¼
2 g

then we have

PGu = cos(µ)v; PF v = cos(µ)u: (7.31)

Theserelations together with (7.29), (7.30), give

u(x) = v(x) = 0; 8x 2 [0; ¯ ] [ [®; 1]:

Then we obtain from (7.31) u = cos2(µ)u and sinceu is not a zero function, we

concludethat µ = 0.

Let us alsomention that

F \ G = f u j supp(u) µ [¯ ; ®]g:

Now, let us investigatethe spectrum of the operator PF + PG, which acts in

(7.8).
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Theorem 7.10

§( PF + PG) = f 1; 1 § cos(µ); 2g; (7.32)

where µ = £( F ; G) n (f 0g [ f ¼
2 g).

Pro of: (PF + PG)u = u for 8u with supp(u) µ [0; ¯ ] and for 8u with supp(u) µ

[®; 1], and we concludethat 1 2 §( PF + PG). Next, if supp(u) µ [¯ ; ®], then

(PF + PG)u = 2u, and consequently 2 2 §( PF + PG).

Following [7, 72], the spectrum of PF + PG consistsof 1, 2, and 1 § cos(µ)

with µ 2 £( F ; G) n (f 0g [ f ¼
2 g). Using (2.33), we have £( F ; G) n (f 0g [ f ¼

2 g) =

£( F ? ; G? ) n (f 0g [ f ¼
2 g) = arccos

³ q
¯ (1¡ ®)
®(1¡ ¯ )

´
. This completesthe proof of the

assertion.

Remark 7.11 Based on (7.24) and (7.32), we concludethat for equation (7.7)

the conjugategradint method convergesin two iterations, and for equation (7.8)

it converges in four iterations. The results (7.24) and (7.32) are apparently

known in the domain decomposition community. Similar to (7.24) and (7.32)

resultsare known for a discrete case, when the additive Schwarzand so-called

restricted additive Schwarzmethods are used as preconditioners [17].

The results (7.24) and (7.32) are speci¯c ally one dimensional. In two or

more dimensional casewe haveno ¯nite convergence and the convergence rate

decreaseswith the relative sizeof the overlap,e.g., [8, 9, 15, 20, 21, 51, 68, 71].
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8. Application of Angles Bet ween Subspaces in Microarra y Data

Analysis

In this chapter, we describe our work in microarray data analysis as an

application of the anglesbetween subspaces.We give a short introduction to

the canonicalcorrelation analysisand microarray technology in Section8.1. In

Section8.2, we discussthe algorithms that are usedin A®ymetrix MAS 5 and

GCOS1.2software. In Section8.3,weproposeour Matlab code,which performs

single-array andcomparisonanalysisfor A®ymetrix data givenby CEL andCDF

¯les and createscorresponding CHP data structures. Finally, we discussthe use

of anglesbetweensubspacesto analyzethe A®ymetrix data in Section8.4.

8.1 Basics of Canonical Correlation Analysis and Microarra y Data

Analysis

Proposedby H. Hotelling [34], the Canonical Correlation Analysis (CCA)

seeksto identify and quantify the associations between two sets of variables.

CCA focuseson the correlation betweena linear combination of the variablesin

oneset and a linear combination of the variablesin another set.

The idea is to determine:

² at the ¯rst step, the pair of linear combinations having the largest corre-

lation (¯rst canonicalvariate pair);

² at the k-th step, the k-th canonicalvariate pair, which maximize the cor-

relation amongall choicesuncorrelatedwith the previousk ¡ 1 canonical

variate pairs.
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CCA canbeconsideredasthe problemof ¯nding basisvectorsfor two setsof

variablessuch that the correlation betweenthe projections of the variablesonto

thesebasisvectorsis maximized. The standardcorrelation analysisis dependent

on the coordinate system in which the variables are described. Consequently,

even if there is a very strong linear relationship between two sets of multidi-

mensionalvariables,dependingon the coordinate systemused,this relationship

might not be visible as a correlation. An important property of canonicalcor-

relations is that they are invariant with respect to a±ne transformations of the

variables.

The absolutevalueof the correlationbetweentwo vectorsis an inner product

of thesevectors, and it can be shown, e.g., [23, 35] for ¯nite dimensionalcase,

Theorem5.1 [28], Theorem3.10of this dissertation for the in¯nite dimensional

case,that the canonicalvariate pairs obtained by the described above recursive

procedureare the sameas principal vectors in De¯nition 3.9. The correlation

betweenk-th pair of canonicalvariates is called the k-th canonicalcorrelation

and is equal to the cosine of k-th principal discrete angle from the bottom

betweencorresponding subspaces.

There are various ways of formulating the canonicalcorrelations,which are

all equivalent [23] in ¯nite dimensionalcase.They shedinsights on the problem

from di®erent perspectives. The applications of the canonical correlations are

enormous,e.g., in systemidenti¯cation, information retrieval, statistics, econo-

metrics, psychology, educationalresearch, anthropology and botany.

Microarrays provide scientists with a powerful new tool for simultaneously

analyzing the expressionof many thousandsof genes.The most known type of
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microarrays is the A®ymetrix GeneChip[69], which haveshort (25-mer)oligonu-

cleotidessynthesizeddirectly on the glass.There are someother variants, such

as specializedink-jet printers that can be usedto synthesizeoligos directly on

a solid support, but they are not yet wide spread.

The A®ymetrix microarrayshavea number of advantages.First, the features

(DNA spots) are extremely uniform and very closetogether. As a consequence,

a single GeneChipcan contain more than 400,000di®erent DNA spots, which

allows thesecommercialchips to contain a large number of controls and mul-

tiple (16-20) spots for each gene. Each probe cell contains a unique probe. A

microarray works by exploiting the abilit y of a given mRNA moleculeto bind

speci¯cally to, or hybridize to, the DNA template from which it originated. The

expressionlevels of geneswithin a cell are measuredby scanningof intensities.

Probesare tiled in probe pairs asa Perfect Match (PM) and a Mismatch (MM).

The sequencefor PM and MM are the same,exceptfor a changeto the so-called

Watson-Crick complement in the middle of the MM probe sequence.

8.2 A®ymetrix Data Analysis Algorithms

The statistical algorithms provide the following data outputs:

Signal A measureof the abundanceof a transcript .

Detection Call indicating whether the transcript was

Present (P) or Absent (A), or Marginal (M).

139



Detection p-value p-value indicating the signi¯canceof the

Detection call.

Change Call indicating a changein transcript level

betweena baselinearray and an experiment array

[i.e. Increase(I), Decrease(D), Marginal Increase

(MI), Marginal Decrease(MD), No Change(NC)].

Changep-value p-value indicating the signi¯cance

of the Changecall .

Signal Log Ratio The changein expressionlevel for

a transcript betweena baselineand an experiment

array. This changeis expressedas the log2 ratio.

A®ymetrix usesseveral types of data ¯les. Among them CEL ¯les that

contain information about the expressionlevelsof of the individual probes(PM

and MM intensities), CHP ¯les that contain information about probe sets,and

CDF ¯les that contain information about which probesbelong to which probe

sets.

Using together CEL and CDF ¯les givesa possibility to capture all probe

pairs, belongingto the givenprobe set. Next, basedon the individual intensities

compute the neededquantities or calls.

We describe the A®ymetrix algorithms following [69].

I. Expressionvalue (SIGNAL) calculation.

Signal is calculatedas follows:

1. Cell intensities are preprocessedfor the global background;
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2. An ideal mismatch value is calculated and subtracted to adjust the PM

intensity;

3. The adjusted PM intensitiesare log-transformedto stabilize the variance;

4. The One-Step Tukey's Biweight Algorithm is used to provide a robust

meanof the resulting values. Signal is output as the antilog (exponent) of

the resulting value;

5. Finally, the signal is scaledusing a trimmed mean

IDEAL MISMATCH. The reasonfor including an MM probe is to provide

a value that comprisesmost of the background cross-hybridization and stray

signal a®ectingthe PM probe. It also contains a portion of the true target

signal. If the MM value is lessthan PM value, it is a physically feasibleestimate

for the background, and can be directly used.

If the MM value is larger than the PM value, it is a physically impossible

estimatefor the amount of stray signalin the PM intensity. Instead,an idealized

value can be estimated basedon our knowledgeof the whole probe set or on

the behavior of probes in general. Speci¯cally, this estimate is basedeither on

the averageratio betweenPM and MM, or (if that measureis itself too small)

a value slightly smaller than PM.

For every probe set calculate:

SB = Tbi(log2(PM i ) ¡ log2(M M i ));

I M i =

8
>>>><

>>>>:

M M i if M M i < PM i ;

P M i
2S B if M M i ¸ PM i and SB > contrast¿;

PM =2
contr ast¿

1+ contr ast¿ ¡ S B
scale¿ if M M i ¸ PM i and SB · contrast¿:
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Defaults: contrast¿ = 0:03, scale¿= 10.

Next, we calculate

Vi = max(PM i ¡ I M i ; ±);

wheredefault ± = 2¡ 20. Next

PVi = log2(Vi );

SignalLogValue = Tbi(PV1; : : : PVn );

ReportedValue = nf ¤ sf ¤ 2Signal LogV alue;

wherenf and sf are somecoe±cients.

8.3 Matlab Soft ware for the Analysis of A®ymetrix Data

Weattempt to reproduceand e±ciently implement in Matlab publicly avail-

ablemethods of A®ymetrix MAS 5 and GCOS1.2 software that perform single-

array and comparisonanalysisfor A®ymetrix data given by CEL and CDF ¯les

and createcorresponding CHP data structures:

1. CHP data structure is constructed basedon given CEL and CDF ¯les.

Detection p-values, and Signals are computed and Detection Calls are

assigned.

2. CHP comparisonanalysisdata structure is constructedbasedon two given

CEL ¯les: the baselineand the experiment. Changep-valuesand Signal

Log Ratios are computedand ChangeCalls are assigned.

3. cdfCel2chp is a vectorizedversionof Matlab Bioinformatics toolbox func-

tion \prob esetvalues" that e±ciently readsA®ymetrix data from CDF and

CEL structures.
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Herewe give a brief overview of the Matlab functions that we have written

and we refer the reader to the Appendix 2 for the completecodes. The codes

are publicly available at the URL

http : ==www:mathworks:com=matlabcentral=f il eexchange=.

The Matlab functions we have createdare:

1. function

p = changeValueMatr ix (x1; y1; x2; y2; varargin )

- Wilcoxon's one-sidedsignedrank test for zero median of the di®erence

betweenexperiment and baseline.

P = CH AN GEVALU EM AT RI X (X 1; Y1; X 2; Y2) returns the vector

of comparative detection (change) p-values. The algorithm is basedon

comparisonof the di®erencesbetweenperfect match and mismatch inten-

sities and betweenperfect match intensities and background for baseline

and experiment A®ymetrix data. The one-sidedWilcoxon's signedrank

test is usedfor calculating of p-values. X 1, Y1, X 2 and Y2 are the matri-

cesof the equal sizesand the function acts on the pairs of corresponding

columns. Calculated values are used to assignIncrease,Marginally In-

crease,No Change,Marginally Decreaseand Decreasecalls to the given

probe sets.

2. function

[bM; nM ] = backgrN oise(intensM atr ix; varargin )

calculatesthe background and noisevaluesfor each cell.
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[BM ; N M ] = BACK GRN OI SE(I N TEN SM AT RI X ) calculates the

BACK GROUN D and N OI SE values for each cell of the chip using

smoothing adjustment basedon the distancesbetweengiven cell and cen-

ters of the zones.

3. function

newChpStr uct = buildChpStr uct(celF il eName;l ibDir ; varargin )

createsa CHP structure basedon CEL and CDF structures. The whole

processof construction of the resulting structure consistsof the following

steps:

² Find the set of di®erent numbersof probe pairs;

² Extract the IDs of probe setswith given numbersof probe pairs;

² Createcorresponding matrix of X and Y coordinatesof PM and MM

pairs from cdfStruct data;

² Create the matrix of intensities for PM and MM pairs;

² Compute Signals,DetectionPValuesand assignDetections.

4. function

comparChpStr uct = buildComparChpStr uct(baseCelF il eName;

expCelF il eName;l ibDir ; varargin )

createsa CHP structure basedon two CEL and CDF structures. The

whole processof construction of the resulting structure consistsof the

following steps:
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² Find the set of di®erent numbersof probe pairs;

² Extract the IDs of probe setswith given numbersof probe pairs;

² Createcorresponding matrix of X and Y coordinatesof PM and MM

pairs from cdfStruct data (for both - baselineand experiment);

² Create the matrix of intensities for PM and MM pairs;

² Compute Signal Log Ratios, ChangePValuesand assignChanges.

5. function

probevalues= cdf Cel2chp(celStr uct; cdf Str uct; theI D)

extracts the probe setsvaluesfrom CDF and CEL structures.

PROBEVALU ES = CDF CEL2CH P(CELSTRUCT;

CDF STRUCT; TH EI D)

returns the matrix of size numPairs x 18. Its columns are ProbeSet-

Number, ProbePairNumber, PMPosX, PMPosY, PMIntensity, PMStDev,

PMPixels, PMOutlier, PMMasked, MMPosX, MMPosY, MMIn tensity,

MMStDev,MMPixels, MMOutlier and MMMasked valuesfor each probe

pair.

This function is a vectorizedversion of MATLAB function PROBESET-

VALUES.

6. function

intensities = celI ntens(celStr uct; cdf Str uct; theI D)
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extracts the intensity valuesfrom CDF and CEL structures. It returns the

matrix of sizenumP air s£ 2. Its columnsare PMIntensity and MMIn ten-

sity.

7. function

[bZ; nZ ] = zoneBackground(intensM atr ix; varargin )

calculatesthe zonevaluesfor rectangularparts of chip. Returns the mean

values of the lower part of intensities and their standard deviations for

each zone.

8. function

mAverage = modAverage(x; varargin )

calculatesthe averageof the components of a vector distancesfrom which

to the mean of vector is lessthan n ¤ std(x). Returns the row vector of

modi¯ed averagesof the columnsof matrix X. Modi¯ed averageis equalto

the meanvalueof components which belongto the segment [M EAN (X ) ¡

N ¤ STD(X ); M EAN (X ) + N ¤ STD(X )].

9. function

f actor = scalingF actor(x; varargin )

returns the factor multiplying on which makesa trimmed mean equal to

the given target.

F ACTOR = SCALI N GF ACTOR(X ) calculatesthe row vectorof coe±-

cients, multiplying on which givesall equaltrimmed meansfor the columns

of a matrix X.
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10. function

x = signalCalcM atr ix (x; y; varargin )

calculatesthe signalsfor A®ymetrix probe sets.

X = SI GN ALC ALC (X ; Y) returns the vector of expression values

(SI GN AL ) for given setsof PM X and MM Y.

11. function

x1 = signalLogRatio(x1; y1; x2; y2; varargin )

calculatesthe relative expressionvaluesfor A®ymetrix data.

X 1 = SI GN ALLO GRAT I O(X 1; Y1; X 2; Y2) returns the vector of rela-

tiv e expressionvalues(LOG RATIOS) for given experiment and baseline

arrays. X 1, Y1 and X 2, Y2 are corresponding (baselineand experiment)

matrices of perfect match and mismatch intensities.

12. function

p = singleDetectValM atr ix (x; y; varargin )

- Wilcoxon's one-sidedsignedrank test for zero median of the di®erence

of discrimination scoreand given threshold.

P = SI N GLE DETECTI ON VALU E(X ; Y) calculatesthe vector of p-

valuesfor the null hypothesis. The algorithm is basedon comparisonof

so-calleddiscrimination scoreswith a given threshold TAU. The one-sided

Wilcoxon's signed rank test is used for calculating of p-values. X and

Y are the matrices of the equal sizesand the function acts on the pairs

of corresponding columns. Each of thesepairs of columns represent the
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vectors of intensities of PM and MM probe sets. Calculated values are

called detection p-values. They are used to assignPresent, Marginal or

Absent detection calls to the given probe setsof A®ymetrix data.

13. function

t = tukey1stepBiweight(x; varargin )

calculatesa robust averageuna®ectedby outliers.

T = TUK EY1STEPBI WEI GH T(X ) returns the vector of one-step

biweight Tukey averagesof the columnsof a given matrix X .

8.4 Using Angles Bet ween Subspaces in A®ymetrix Data Analysis

We usethe CCA (anglesbetweensubspaces)for microarray data analysis.

We consider two groups of baselineand experiment data (.CEL ¯les). After

performing the comparisonanalysisusing our Matlab software for the analysis

of A®ymetrix data, we obtain a matrix of Signal Log Ratio quantities. We

perform next the singlearray analysisand construct a matrix of Detection Call

quantities. Using the Signal Log Ratio matrix we construct a Fold Change

matrix. Next, we proceed ¯ltering of genesusing three criteria: the ¯rst is

presenceof genesin all single array analysis; the secondcriterion is similar

behaviuor of genesin the groupsof duplicates. This meansthat the genesare

excludedwhich have simultaneously increaseand decreasechangecalls in the

samegroup of duplicates; the third criterion is setting lower bound (denote by

¿) on the absolute valuesof the fold changes. If ¿ ¸ 1:12 no one geneis left

after ¯ltering; if ¿ 2 [1:03; 1:11], the number of remaining genesis in the range
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[1; 66]. Sincewe have 66 vectors (42 in ¯rst group and 24 in the second),the

number of vectorsbecomeslarger than dimensionof a spaceand consequently,

this caseis not interesting from a point of view of angles. For ¿ · 1:024 we

obtain the genes,number of which ¸ 127. We have calculated the anglesfor

several cases,e.g.,127genes(¿ = 1:024),360genes(¿ = 1:015). The magnitude

of anglesbetweensubspacesspannedby the components of genes,which remain

(\surviv e") in data after ¯ltering show that there is no correlation betweenthe

behaviour of genesin the given two groups.
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App endix A. Description of the used data and materials

Wecarriedout 66comparisonanalysisbetweenbaselinedata andexperiment

data. The baseline¯les in the ¯rst group are:

A1, A2, M3, M4, M7, M8, H1, H2, NC1-5, NC2-6, N13-1, N13-2, N17-1,

N17-2.

The experiment ¯les in the ¯rst group are:

A3, A4, A5, A6, A7, A8, M1, M2, M5, M6, H3, H4, H5, F1-1, F2-2,

FC1-3, FC2-4, E13-1, E13-2, E17-1, E17-2

The baseline¯les in the secondgroup are:

B-1, B-2, 1a, 2a, 3a, 4a.

The experiment ¯les in the secondgroup are:

B-3, B-4, B-5, B-6, B-7, B-8, B-9, B10, 1b, 2b, 3b, 4b.

We carried out 53 single array analysis to determine the geneswhich are

presented. These.CEL ¯les for which we madethis analysisare:

A1, A2, A3, A4, A5, A6, A7, A8, M1, M2, M3, M4, M5, M6, M7, M8, H1,

H2, H3, H4, H5, NC1-5, NC2-6, F1-1, F2-2, FC1-3, FC2-4, N13-1,

N13-2, N17-1, N17-2, E13-1, E13-2, E17-1, E17-2, B-1, B-2, B-3,

B-4, B-5, B-6, B-7, B-8, B-9, B10, 1a, 2a, 3a, 4a, 1b, 2b, 3b, 4b.
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All of thesesinglearray analysisresultedin so-called:CH P structures, from

which we usedthe detection calls to de¯ne the presented genes.

For computation of anglesbetweensubspaceswe usedthe Matlab function

subspacea.m of A. Knyazevand M. Argentati.

Data description is given below:

Materials and methods.

Wormswere maintained on agar plated seeded with E. coli (OP50) as

a source of food. Unless stated differently worms were maintained

at 20'C. The RNAi feeding was performed as described (Kamath et

all, 2001: available at

http://genomebiology.com/2000/2/1/RESEARCH/0002). Control plates

contained E. coli HT115 strain transformed with empty vector,

pPD129.36.

Mairoarray data was obtained with the total genomeC. elegans chips

(Affymetrix) and total RNAisolated from the control and experimental

worms according to the standard Trizol protocol. Hybridization was

performed according to the manufacturer' protocol (Affymetrix) in the

Microarray facility at University of Michigan.

Sample description.

GROUPI
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A1-A8 series: One young wild type (N2) adult animal was plated on

control and RNAi plates. Mixed population of warms was collected on

day 4 (mostly adults and L2--L4 larvae). The targeted genes were

uncharacterized genes putatively involved in FA metabolism.

A1 and A2 -- control

A3 and A4 -- RuvB-like (RNAi).

A5 and A6 -- pnk-1(RNAi)

A7 and A8 -- nhr-49(RNAi)

M1 -- M8 series: One young wild type (N2) adult animal was plated

on control and RNAi plates. Mixed population of warms was collected

on day 3 (adults, eggs, L1 and L2). The targeted genes were genes

putatively

involved in lipid metabolism.

M1 and M2 -- spt-1(RNAi)

M3 and M4 -- control for spt-1(RNAi)

M5 and M6 -- lpd-1(RNAi)

M7 and M8 -- control to lpd-1(RNAi)

H1 -- H5 series: One young wild type (N2) adult animal was plated on

control and RNAi plates. Mixed population of warms was collected on

day 4. The targeted genes were genes involved in FA biosynthesis.

H1 and H2 -- control
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H3 -- elo-2(RNAi)

H4 and H5 -- elo-5(RNAi)

NC-FC-F series: Wild type eggs were plated on control and RNAi

plates. Grown synchronized animals were collected when just

started to lay eggs. The targeted genes were genes involved in

branched chain FA biosynthesis.

NC1and NC2-- control animals supplemented with C13ISO

F1 and F2 -- acs-1(RNAi)

FC1 and FC2 -- acs-1(RNAi) supplemented with C13ISO

E13_14 -- NC13_17series: Wild type eggs were plated on control

and RNAi plates. Mixed population of worms was collected on day

3 + (adults and mostly eggs and L1). The targeted genes were

genes involved in branched chain FA biosynthesis.

E13-1 and E13- 2 -- elo-5(RNAi) supplemented with C13ISO

E17-1 and E17-2 -- elo-5(RNAi) supplemented with C17ISO

NC13-1 and NC13-2 -- N2 supplemented with C13ISO

NC17-1 and NC17-2 -- N2 supplemented with C17ISO

GROUPII

B1 -- B10 series: Eggs were plated and progeny was collected at larval

stages L2 and L3. Wormsstrains: N2 (wild type), lin-8, lin-35, lin-8;
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lin-35, and lin-15. All mutant animals have loss-of-function mutations

in genes regulating cell lineage and organogenesis.

B1 and B2 -- N2

B3 and B4 - lin-8

B5 and B6 -- lin-35

B7 and B8 -- lin-8;lin-35

B9 and B10 -- lin-15

1ab -- 4ab series: Eggs of wild type N2 and nhr-25(ku217) were

plated and maintained at different temperatures. The animals

were collected as early L1 larvae

a-- N2

b -- ku217

1 and 2 -- 25'C

3 and 4 -- 15'C
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App endix B. Matlab Microarra y Analysis Script

The script given below performssinglearray and comparisonanalysis,con-

structs the corresponding data structures, ¯lters genesand computesthe angles

betweentwo subspacescorresponding to two groupsof experiments.

%%anglesMicroarrays.m CONSTRUCTINGSINGLEARRAYANDCOMPARISONANALYSIS

%%STRUCTURES,FILTERINGRESULTINGDATAUSINGAPPROPRIATECRITERIAAND

%%COMPUTINGTHEANGLESBETWEENSUBSPACESOF TWOGROUPSOF EXPERIMENTS

%%

%%Comparison Analysis (66 analysis)

%%

libDir=pwd;

nGenes=22625;

nCompar=66;

all_log_ratio_matrix=zeros(nGenes,nCompar);

change_call_matrix=zeros(nGenes,nCompar);

%%

%%groupA

groupA_base={'A1' 'A2'};

groupA_exp={'A3' 'A4' 'A5' 'A6' 'A7' 'A8'};

k=6;

for i=1:2

for j=1:k

baseCelFileName=char(groupA_base(i));

expCelFileName=char(groupA_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelF il eName,l ib Di r) ;

all_log_ratio_matrix(:,(i-1)*k+j)=[structure.ProbeSets(1:n Genes). Si gnal LogRat io] ';

zz=strcmp({structure.ProbeSets(1:nGenes).Change},'Increase ') +. ..

strcmp({structure.ProbeSets(1:nGenes).Change},'Decrease') *( -1) ;

change_call_matrix(:,(i-1)*k+j)=zz';

end

end

155



%%

%%groupM

groupM_1_base={'M3' 'M4'};

groupM_1_exp={'M1' 'M2'};

groupM_2_base={'M7' 'M8'};

groupM_2_exp={'M5' 'M6'};

k=2;

for i=1:2

for j=1:k

baseCelFileName=char(groupM_1_base(i));

expCelFileName=char(groupM_1_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelF il eName,l ib Di r) ;

all_log_ratio_matrix(:,12+(i-1)*k+j)=[structure.ProbeSets( 1: nGenes) .S ig nalL ogRatio ]' ;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},'Increase ') +. ..

strcmp({structure.ProbeSets(1:nGenes).Change},'Decrease') *( -1) ;

change_call_matrix(:,12+(i-1)*k+j)=zz';

end

end

%%

k=2;

for i=1:2

for j=1:k

baseCelFileName=char(groupM_2_base(i));

expCelFileName=char(groupM_2_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelF il eName,l ib Di r) ;

all_log_ratio_matrix(:,16+(i-1)*k+j)=[structure.ProbeSets( 1: nGenes) .S ig nalL ogRatio ]' ;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},'Increase ') +. ..

strcmp({structure.ProbeSets(1:nGenes).Change},'Decrease') *( -1) ;

change_call_matrix(:,16+(i-1)*k+j)=zz';

end

end

%%

%%groupH

groupH_1_base={'H1' 'H2'};

groupH_1_exp={'H3'};

groupH_2_base={'M3' 'M4'};
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groupH_2_exp={'H4' 'H5'};

k=1;

for i=1:2

for j=1:k

baseCelFileName=char(groupH_1_base(i));

expCelFileName=char(groupH_1_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelF il eName,l ib Di r) ;

all_log_ratio_matrix(:,20+(i-1)*k+j)=[structure.ProbeSets( 1: nGenes) .S ig nalL ogRatio ]' ;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},'Increase ') +. ..

strcmp({structure.ProbeSets(1:nGenes).Change},'Decrease') *( -1) ;

change_call_matrix(:,20+(i-1)*k+j)=zz';

end

end

%%

k=2;

for i=1:2

for j=1:k

baseCelFileName=char(groupH_2_base(i));

expCelFileName=char(groupH_2_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelF il eName,l ib Di r) ;

all_log_ratio_matrix(:,22+(i-1)*k+j)=[structure.ProbeSets( 1: nGenes) .S ig nalL ogRatio ]' ;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},'Increase ') +. ..

strcmp({structure.ProbeSets(1:nGenes).Change},'Decrease') *( -1) ;

change_call_matrix(:,22+(i-1)*k+j)=zz';

end

end

%%

%%groupF_FC_NC

groupF_FC_NC_base={'NC1-5' 'NC2-6'};

groupF_FC_NC_exp={'F1-1' 'F2-2' 'FC1-3' 'FC2-4'};

k=4;

for i=1:2

for j=1:k

baseCelFileName=char(groupF_FC_NC_base(i));

expCelFileName=char(groupF_FC_NC_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelF il eName,l ib Di r) ;
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all_log_ratio_matrix(:,26+(i-1)*k+j)=[structure.ProbeSets( 1: nGenes) .S ig nalL ogRatio ]' ;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},'Increase ') +. ..

strcmp({structure.ProbeSets(1:nGenes).Change},'Decrease') *( -1) ;

change_call_matrix(:,26+(i-1)*k+j)=zz';

end

end

%%

%%groupE-N

groupE_N_1_base={'N13-1' 'N13-2'};

groupE_N_1_exp={'E13-1' 'E13-2'};

groupE_N_2_base={'N17-1' 'N17-2'};

groupE_N_2_exp={'E17-1' 'E17-2'};

k=2;

for i=1:2

for j=1:k

baseCelFileName=char(groupE_N_1_base(i));

expCelFileName=char(groupE_N_1_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelF il eName,l ib Di r) ;

all_log_ratio_matrix(:,34+(i-1)*k+j)=[structure.ProbeSets( 1: nGenes) .S ig nalL ogRatio ]' ;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},'Increase ') +. ..

strcmp({structure.ProbeSets(1:nGenes).Change},'Decrease') *( -1) ;

change_call_matrix(:,34+(i-1)*k+j)=zz';

end

end

%%

k=2;

for i=1:2

for j=1:k

baseCelFileName=char(groupE_N_2_base(i));

expCelFileName=char(groupE_N_2_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelF il eName,l ib Di r) ;

all_log_ratio_matrix(:,38+(i-1)*k+j)=[structure.ProbeSets( 1: nGenes) .S ig nalL ogRatio ]' ;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},'Increase ') +. ..

strcmp({structure.ProbeSets(1:nGenes).Change},'Decrease') *( -1) ;

change_call_matrix(:,38+(i-1)*k+j)=zz';

end
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end

%%

%%groupB

groupB_base={'B-1' 'B-2'};

groupB_exp={'B-3' 'B-4' 'B-5' 'B-6' 'B-7' 'B-8' 'B-9' 'B10'};

k=8;

for i=1:2

for j=1:k

baseCelFileName=char(groupB_base(i));

expCelFileName=char(groupB_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelF il eName,l ib Di r) ;

all_log_ratio_matrix(:,42+(i-1)*k+j)=[structure.ProbeSets( 1: nGenes) .S ig nalL ogRatio ]' ;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},'Increase ') +. ..

strcmp({structure.ProbeSets(1:nGenes).Change},'Decrease') *( -1) ;

change_call_matrix(:,42+(i-1)*k+j)=zz';

end

end

%%

%%group_ab

group_ab1_base={'1a' '2a'};

group_ab1_exp={'1b' '2b'};

group_ab3_base={'3a' '4a'};

group_ab3_exp={'3b' '4b'};

k=2;

for i=1:2

for j=1:k

baseCelFileName=char(group_ab1_base(i));

expCelFileName=char(group_ab1_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelF il eName,l ib Di r) ;

all_log_ratio_matrix(:,58+(i-1)*k+j)=[structure.ProbeSets( 1: nGenes) .S ig nalL ogRatio ]' ;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},'Increase ') +. ..

strcmp({structure.ProbeSets(1:nGenes).Change},'Decrease') *( -1) ;

change_call_matrix(:,58+(i-1)*k+j)=zz';

end

end

%%
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for i=1:2

for j=1:k

baseCelFileName=char(group_ab3_base(i));

expCelFileName=char(group_ab3_exp(j));

structure=affyBuildComparChpStruct(baseCelFileName,expCelF il eName,l ib Di r) ;

all_log_ratio_matrix(:,62+(i-1)*k+j)=[structure.ProbeSets( 1: nGenes) .S ig nalL ogRatio ]' ;

zz=strcmp({structure.ProbeSets(1:nGenes).Change},'Increase ') +. ..

strcmp({structure.ProbeSets(1:nGenes).Change},'Decrease') *( -1) ;

change_call_matrix(:,62+(i-1)*k+j)=zz';

end

end

%%

%%Reorder the columns of matrices with respect to the groups of duplicates

order=[1 2 7 8 3 4 9 10 5 6 11:28 31 32 29 30 33:44 ...

51 52 45 46 53 54 47 48 55 56 49 50 57:66];

%%

all_log_ratio_matrix=all_log_ratio_matrix(:,order);

change_call_matrix=change_call_matrix(:,order);

%% End of Comparison Analysis

%%

%% Single Array Analysis

%%

global intensMatrix adjustIntensMatr backgroundMatrix celStruct cdfStruct

all_cel_files={'A1' 'A2' 'A3' 'A4' 'A5' 'A6' 'A7' 'A8' 'M1' 'M2' 'M3' 'M4' ...

'M5' 'M6' 'M7' 'M8' 'H1' 'H2' 'H3' 'H4' 'H5' 'NC1-5' 'NC2-6'...

'F1-1' 'F2-2' 'FC1-3' 'FC2-4' 'N13-1' 'N13-2' 'N17-1' 'N17-2'...

'E13-1' 'E13-2' 'E17-1' 'E17-2' 'B-1' 'B-2' 'B-3' 'B-4' 'B-5'...

'B-6' 'B-7' 'B-8' 'B-9' 'B10' '1a' '2a' '3a' '4a' ...

'1b' '2b' '3b' '4b'};

%%

nCels=53;

detection_call_matrix=zeros(nGenes,nCels);

%%

for k=1:nCels

celFileName=char(all_cel_files(k));
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%%

fileNameCell=strcat(celFileName,'.','cel');

celStruct=affyread(fileNameCell,libDir);

cdfFileName=celStruct.ChipType;

fileNameCDF=strcat(cdfFileName,'.','cdf');

cdfStruct=affyread(fileNameCDF,libDir);

nrc=cdfStruct.Cols;

noiseFrac=0.5;

intensMatrix=zeros(nrc);

indexMatrix=vertcat(cdfStruct.ProbeSets.ProbePairs);

indexMatrix=[[indexMatrix(:,3);indexMatrix(:,5)] [indexMatrix(:,4);...

indexMatrix(:,6)]];

intensMatrix([indexMatrix(:,2)*nrc+indexMatrix(:,1)+1])=.. .

celStruct.Probes([indexMatrix(:,2)*nrc+indexMatrix(:,1)+1] ,3 );

[backgroundMatrix,noiseMatrix]=affyBackgrNoise(intensMatri x) ;

adjustIntensMatr=max(intensMatrix-backgroundMatrix,noiseFr ac*noi seMatri x) ;

%%

single_structure=affyBuildChpStruct(celFileName,libDir);

zz=zeros(1,nGenes);

%%

zz=strcmp({single_structure.ProbeSets(1:nGenes).Detection} ,' Present') ;

detection_call_matrix(:,k)=zz';

end

%%

%% End of Single Array Analysis

%%

%%Checking the detection calls (presence of the genes)

rows_sum_present=zeros(nGenes,1);

rows_sum_present=sum(detection_call_matrix(:,1:nCels),2);

%%

indic_present=(rows_sum_present==nCels);

%%

%%Checking the change calls in the groups of duplicates (17 groups)

indic_change=((sum(change_call_matrix(:,1:4) >=0, 2)==4 | ...

sum(change_call_matrix(:,1:4) <=0, 2)==4) & ...

(sum(change_call_matrix(:,5:8) >=0, 2)==4 | ...

161



sum(change_call_matrix(:,5:8) <=0, 2)==4) & ...

(sum(change_call_matrix(:,9:12) >=0, 2)==4 | ...

sum(change_call_matrix(:,9:12) <=0, 2)==4) & ...

(sum(change_call_matrix(:,13:16) >=0, 2)==4 | ...

sum(change_call_matrix(:,13:16) <=0, 2)==4) & ...

(sum(change_call_matrix(:,17:20) >=0, 2)==4 | ...

sum(change_call_matrix(:,17:20) <=0, 2)==4) & ...

(sum(change_call_matrix(:,21:22) >=0, 2)==2 | ...

sum(change_call_matrix(:,21:22) <=0, 2)==2) & ...

(sum(change_call_matrix(:,23:26) >=0, 2)==4 | ...

sum(change_call_matrix(:,23:26) <=0, 2)==4) & ...

(sum(change_call_matrix(:,27:30) >=0, 2)==4 | ...

sum(change_call_matrix(:,27:30) <=0, 2)==4) & ...

(sum(change_call_matrix(:,31:34) >=0, 2)==4 | ...

sum(change_call_matrix(:,31:34) <=0, 2)==4) & ...

(sum(change_call_matrix(:,35:38) >=0, 2)==4 | ...

sum(change_call_matrix(:,35:38) <=0, 2)==4) & ...

(sum(change_call_matrix(:,39:42) >=0, 2)==4 | ...

sum(change_call_matrix(:,39:42) <=0, 2)==4) & ...

(sum(change_call_matrix(:,43:46) >=0, 2)==4 | ...

sum(change_call_matrix(:,43:46) <=0, 2)==4) & ...

(sum(change_call_matrix(:,47:50) >=0, 2)==4 | ...

sum(change_call_matrix(:,47:50) <=0, 2)==4) & ...

(sum(change_call_matrix(:,51:54) >=0, 2)==4 | ...

sum(change_call_matrix(:,51:54) <=0, 2)==4) & ...

(sum(change_call_matrix(:,55:58) >=0, 2)==4 | ...

sum(change_call_matrix(:,55:58) <=0, 2)==4) & ...

(sum(change_call_matrix(:,59:62) >=0, 2)==4 | ...

sum(change_call_matrix(:,59:62) <=0, 2)==4) & ...

(sum(change_call_matrix(:,63:66) >=0, 2)==4 | ...

sum(change_call_matrix(:,63:66) <=0, 2)==4));

%%

%%Find the genes which are presented and properly changed in the groups of

%%duplicates

indic_present_change=indic_change.*indic_present;

index=find(indic_present_change);
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%%

%%Finding the genes absolute values of fold changes of which are greater

%%than a given threshold

fold_change_matrix=(sign(all_log_ratio_matrix)).*2.^(abs(a ll _l og_r at io _matr ix )) ;

fold_change_index=find(sum(abs(fold_change_matrix) > 1.024, 2)==66);

%%

%%Finding the genes which satisfy all three criteria

intersection=[];

for i=1:size(fold_change_index,1)

t=find(index==fold_change_index(i));

if size(t,1) > 0

intersection=[intersection t];

end

end

intersection=intersection';

final_index=index(intersection);

%%

%%The part of log ratio matrix corresponding to the chosen genes

cluster_matr=all_log_ratio_matrix(final_index,:);

%%

%%Computing the angles between subspaces

F=cluster_matr(:,1:42);

G=cluster_matr(:,43:66);

theta=subspacea(F,G);

%%

%%End of the analysis
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