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Group-level events, like ﬁssion and extinction, catalyze the evolution of cooperation in group-structured
populations by creating new paths from uncooperative population states to more cooperative states.
Group-level events allow cooperation to thrive under unfavorable conditions such as low intra-group
assortment and moderate rates of migration, and can greatly speed up the evolution of cooperation when
conditions are more favorable. The time-dependent effects of ﬁssion and extinction events are studied
and illustrated here using a PDE model of a group-structured population based loosely on populations of
hunter-gatherer tribes. By solving the PDE numerically we can compare models with and without grouplevel events, and explicitly calculate quantities associated with dynamics, like how long it takes a small
population of cooperators to become a majority, as well as equilibrium population densities.
& 2016 Elsevier Ltd. All rights reserved.
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1. Introduction
In mathematical models of evolutionary processes, cooperation
is characterized by behaviors that are detrimental to the individual, but advantageous to the individual's social partners, e.g.
Nowak (2006). Here, we will call individuals that exhibit cooperative behaviors cooperators, and those that do not will be
called defectors. Cooperative behaviors are very common in the
natural world, but in general their evolution is more difﬁcult to
explain than the evolution of traits or behaviors that more directly
beneﬁt the individual, Darwin (1859), Darwin (1871), Hamilton
(1964), Dawkins (1976), Maynard Smith and Szathmary (1997),
Sober and Wilson (1998), Okasha (2006), Nowak (2006), Fletcher
and Doebeli (2009), Tarnita et al. (2013). Mathematical explanations of the evolution of cooperation based on kin selection theory
n
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date back to Fisher (1930), Haldane (1932), Hamilton (1964), and
Price (1972), but the basic ideas were anticipated much earlier, e.g.
Darwin (1859), who sought to explain the existence of sterile
castes of social insect. Mathematical explanations of the evolution
of cooperation based on group selection theory date back to
Maynard-Smith (1964), Maynard Smith (1976), Gilpin (1975) and
Wilson (1975a), but the basic ideas here also date back to Darwin
(1871), who wondered if competition between tribes of humans in
the past may explain modern human cooperation. Since the 1960s,
both kin selection theory and group selection theory have gone
through a number of changes and generalizations, Wynne-Edwards (1962), Williams (1966), Maynard-Smith (1964), Maynard
Smith (1976), Price (1972), Wilson (1975b), Wilson (1975a), Dawkins (1976), Damuth and Heisler (1988), Goodnight et al. (1992),
Sober and Wilson (1998), Wilson and Wilson (2007), Gardner et al.
(2011), Frank (2012), Frank (2013), Simon et al. (2013). Here we
take Prod. Type: FLPa group selection approach to the evolution
of cooperation, and in particular, we use the deﬁnitions of group
selection and related concepts proposed and defended in Simon
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et al. (2013), which can be summarized for our current purposes as
follows:
Deﬁnition 1. Group-level events include all biological events that
change the number of groups in a population.1 A trait evolves by
group selection in a model of a group-structured population if it
establishes itself when group-level events are present in the
model, and does not establish itself when they are absent. In other
words, an individual-level trait (like cooperation) evolves by group
selection in a model if the group-level events are decisive, in the
sense that when the other model parameters are held ﬁxed, the
trait evolves if and only if the group-level events occur frequently
enough.

A trait that does not (strictly) evolve by group selection may still
be assisted by group-level events, for example if it establishes itself
more quickly and/or more completely when group-level events are
present in the model than when they are absent.
The primary reason biologists study group selection is the
theoretical possibility that a trait that is disadvantageous for individuals within their groups, can nevertheless thrive in the population because groups containing more individuals with the trait
(or a larger fraction with the trait) are endowed with some kind of
advantage over other groups. The nature and strength of this
group-level advantage, and its cause, is not the same in every
model. For example, in many models, abundance of the trait in a
group is correlated with a faster group growth rate (i.e., higher
MLS1 ﬁtness, Okasha, 2006), which can lead to an increase of the
trait in the population. This is the kind of group selection that is
often said to be mathematically equivalent to kin selection, e.g.
Gardner et al. (2011). However, this is not the kind of group selection we are talking about here, since group-level events in those
models may not be decisive, or may be absent altogether. A faster
group growth rate from an abundance of a trait is neither necessary nor sufﬁcient for group selection to occur. (See Simon et al.,
2013 for an example of group selection where groups with more of
a cooperative trait actually grow slower). The kind of group selection we are talking about here occurs when groups gain their
advantage directly or indirectly from the effects of group-level
events, e.g., a lower extinction rate for groups with an abundance
of the trait. There is no ambiguity in this deﬁnition because the
advantage can be measured by solving the model with and without the group-level events. Maynard Smith (1976), described a
similar kind of group selection in words, but his models did not
include realistic group-birth events, like ﬁssion. Since ﬁssion
events create much of the group-level diversity that the group
extinction events select on, his models underestimated the
strength of group selection.
The analysis here is not the ﬁrst in the literature to study the
effects of ﬁssion and extinction on group-structured populations
mathematically. Previous work using continuous-time Markov
chains and/or PDE models includes Simon (2010, 2014), Simon and
Nielsen (2012), Simon et al. (2012, 2013), Luo (2013), van Veelen
et al. (2014). Previous to that body of work, Traulsen and Nowak
(2006), and Lehmann et al. (2007), studied a group-structured
population of cooperators and defectors with the same biological
events considered here (births, deaths, migration, ﬁssion, extinction), and found conditions for cooperators to be more likely to
1
Some events that cause abrupt changes in the state of the population are also
group-level events, even if the number of groups does not change. For example, an
event where a group dies and another is born, simultaneously, is a group-level
event. See Simon et al. (2013) for formal deﬁnitions of group-level and individuallevel events.

ﬁxate than defectors, starting with a single mutant. Traulsen and
Nowak used a multi-level selection approach to the problem
(nested Moran processes). Lehmann, et al. used a kin selection
approach to the same basic model, showing that at least some
aspects of the model could be studied either way. Both papers
found that group-level events promote cooperation, in the sense
that without them, defectors are always more likely to ﬁxate. The
analytical results in both papers are restricted to limiting versions
of the basic model, where the ﬁssion, extinction, and migration
rates converge to zero, and where there is weak selection between
cooperators and defectors within the groups. (Traulsen and Nowak
obtain results when ﬁssion, extinction, and migration rates are
nonzero by simulation, but they assume weak selection throughout.) In this paper, and with PDE models in general, there are no
restrictions on any of the model parameters, as long as the resulting rate functions are nonnegative and differentiable in the
population variables. In particular, there is no need to assume
constant populations. Thus, the scope of the PDE model is much
larger. However, the most signiﬁcant differences between the
analyses in Traulsen and Nowak, and Lehmann et al. and the
present work have to do with dynamics. Those analyses are insensitive to the time scales and trajectories of the evolutionary
processes, and therefore cannot address the main questions posed
here, which involve rates of evolutionary change. Furthermore,
ﬁxation is not the criteria for evolutionary success here. In fact,
ﬁxation does not occur in general in PDE models of group-structured populations, Simon (2010), Simon et al. (2013), Luo (2013).
When the rates of group-level events are positive, the equilibrium
typically is a smooth density function corresponding to a diverse
population of groups of varying sizes and compositions. Diversity
in equilibrium has been observed before in models of cooperators
and defectors, e.g. Doebeil et al. (2004), Archetti and Scheuring
(2010). Of course, ﬁxation theoretically occurs in ﬁnite time in any
ﬁnite population, since the population state space is ﬁnite and
ﬁxations are the only absorbing states. But the PDE models suggest
that the time to ﬁxation may be very large in group-structured
populations with group-level events, especially when populations
(of groups and individuals) are large, so ﬁxation probabilities may
not always be the appropriate way to characterize the evolution of
cooperation in group-structured populations.
Likewise, the static analysis of a group-structured model with
ﬁssion events (referred to as budding) in Gardner and West (2006)
is not sensitive to the kinds of dynamical effects and equilibrium
outcomes found here, although it does ﬁnd that budding beneﬁts
cooperation. Theoretically, it might be possible to obtain equilibrium population densities numerically for our PDE models by a
static analysis (by setting the time derivative to zero, and solving
the resulting equation), but this has not yet been demonstrated,
and even if equilibrium densities can be found this way, important
questions concerning evolutionary rates and trajectories would
remain unanswered.
Of course, group selection is not the whole story in the evolution of cooperation. The deﬁnition of group selection we use
here does not preclude the possibility that other factors are decisive (or assist) in the evolution as well. The evolution of cooperation can be the net result of multiple factors. In particular, it
is well known that if cooperators (defectors) are more likely to
interact socially with other cooperators (defectors) than pure
chance would allow, then cooperation typically evolves more easily in the model. This is one of the basic insights of kin selection
theory, Hamilton (1964). Thus, the level of assortment within the
groups (which quantiﬁes the social interaction asymmetry in our
model) may also be decisive. Comparisons between group selection and kin selection, as explanations of the evolution of cooperation in a given model, are (or should be) about the relative
efﬁcacy of model variables like the level of assortment within the
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kinds of questions in the context of a model of hunter-gatherers:

Table 1
Model parameters and their benchmark values.
Parameter

Description

Benchmark value

r
ρ
b
c
d
s
e0
ϕ
λ
ψ
μ
N0
C¯ 0, D¯ 0

Intra-group relatedness
Group-level event rate scaling factor
Beneﬁt associated with cooperation
Cost associated with cooperation
Individual death rate parameter
Game payoff to birth rate scaling factor
Extinction rate scaling factor
Selective extinction parameter
Fission rate scaling factor
Associative splitting parameter
Per individual migration rate
Initial number of groups
Initial mean group type

0.15
1.0
0.4
0.1
0.0005
0.025
0.025
1.0
0.00025
0.0
0.0025
471.25
(2, 48)

Initial group type variance

5.0

(

v0

)
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groups and the rates that group-level events occur. In fact, it is
apparent from the analysis here that group-level events and intragroup assortment work together synergistically to enable the
evolution of cooperation.
There are quite a few parameters that can be varied in our
hunter-gatherer model (Table 1), however we will focus primarily
on three model parameters in our analysis.

ρ: a linear scaling parameter that controls the rates that ﬁssion
and extinction events occur.
r: a measure of assortment within the groups.
μ: the per-capita migration rate.
Thus, the effects of group-level events can be studied by varying ρ.
(When ρ = 0 there are no group-level events.) By varying r we can
study the effects of assortment, and by varying μ we can study the
effect of migration. We also study the effects of selective extinction
(when more-cooperative groups have lower extinction rates),
Haldane (1932), Aoki (1982), Bowles (2006), and associative
splitting (when ﬁssion events segregate cooperators and defectors
to some degree), Haldane (1932), Wright (1943), Hamilton (1975),
Eshel and Cavalli-Sforza (1982), Bowles (2006). We ﬁnd that while
selective extinction and associative splitting can be beneﬁcial to
the evolution of cooperation, neither is decisive in general. A
thorough analysis of the evolution of cooperation over the whole
set of feasible parameter values would be impractical, and is not
the object of this paper.
The range of parameter values studied here are intended to
resemble those of ancient hunter-gathers qualitatively, if not
quantitatively. Estimates of the parameters we would need to
specify a quantitatively accurate model of hunter-gatherers (ancient or more modern), especially those parameters pertaining to
group-level event rates, are not available in the anthropological
literature, Yellen and Harpending (1972), Birdsell (1953), Bowles
(2006). Therefore our numerical results are only suggestive.
However, our results show in great detail the kinds of the things
that can be learned from PDE models of group-structured populations. For example, in our baseline model of hunter-gatherers
(Table 1), our calculations show that a small population of cooperators (about 5% of the population) grows to 50% of the population in about 5000 years (Fig. 3a, r ¼0.15, ρ = 1). Without
group-level events, the same small population of cooperators goes
extinct. If the within-group assortment is increased in the baseline
model to r ¼0.30 then cooperation increases to 50% of the population even in the absence of group-level events (Fig. 3a, r ¼ 0.30,
ρ = 0). However with the baseline rate of group-level events
( ρ = 1), the time it takes to reach 50% decreases by a factor of three
(from about 6000 years to about 2000 years).
The present modeling framework can address the following

 For which model parameter settings does cooperation thrive in
equilibrium?

 How long does it take for cooperation to establish itself in the







population (e.g., to reach 50% of the population), when it does
thrive?
How much faster is the evolution of cooperation when grouplevel events occur, in cases where cooperation would evolve
even without them?
How often do group-level events need to occur for cooperation
to thrive, in cases where the intra-group assortment is insufﬁcient (on its own) to support cooperation?
How much intra-group assortment is needed for cooperation to
thrive, in cases where the group-level event rates are insufﬁcient (on their own) to support cooperation?
How much does migration slow down the evolution of cooperation, and how much migration can occur before cooperation can no longer thrive?
Which rates of group-level events lead to the largest equilibrium populations of individuals and groups?
How do the evolutionary trajectories and equilibrium densities
differ with different rates of group-level events, different levels
of assortment, etc.?

In the next section we describe a generic PDE model, and then
assign values (or ranges) to the parameters corresponding to our
baseline hunter-gatherer model. Section 3 lists ﬁve general observations about the hunter-gatherer model that follow from our
numerical experiments. In Section 4 we conjecture that the cooperator-friendly effects of group-level events in our huntergatherer model occur much more generally, and brieﬂy discuss
applications of the techniques used here to other group-structured
populations. There are links to a Matlab program in Section 5 that
can solve our baseline model, and in fact any instance of our PDE
model. There are also links to full numerical animations of solutions of our PDE model, which are more informative than the still
ﬁgures in the main text.

2. The PDE model of hunter-gatherer tribes
We begin by describing a generic PDE model of group-structured populations of cooperators and defectors, and then choose
parameter values in ranges suggested by populations of huntergatherer tribes in order to study that region of the parameter
space in detail.
2.1. A generic PDE model of group-structured populations
The PDE model we use here to study group-structured populations is a continuous-state approximation of a certain discretestate Markovian model of group-structured populations, Simon
(2010). The population in the discrete model consists of groups
comprised of cooperators and defectors. There are births and
deaths of individuals within the groups, and there are births and
deaths of groups via ﬁssion and extinction events. There are also
migrations of individuals between groups. The states of the discrete Markovian models specify the number of (x,y)-groups2 in the
population, where x and y range over the nonnegative integer
lattice. The evolutionary trajectories of a properly constructed
2
An (x,y)-group is a group with x cooperators and y defectors. Markovian
processes like these are often referred to as measure-valued Markov processes, Luo
and Mattingly (2015), since the most natural way to represent the state is as an
integer-valued measure on the nonnegative quadrant.
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sequence of scaled3 Markovian models, with increasing populations, will converge to the solution of the PDE. The mathematics
that precisely describes and justiﬁes the convergence is beyond
the scope of this paper. Proofs of large-population limit theorems
for models similar to ours here can be found in Champagnat et al.
(2006), Puhalskii and Simon (2012), Luo (2013), Luo and Mattingly
(2015).
The PDE that arises in the limit has the form

∂θt
∂(θtαtc )
∂(θtαtd )
+
+
= gt ,
∂t
∂x
∂y

(1)

where θt (x, y ) is the population state variable, interpreted as the
number of (x,y)-groups in the population at time t. In the PDE
model, x and y are real-valued, and not integer-valued. Intuitively,
an (x,y)-group can simply be thought of as a group with an integer
number of cooperators and defectors with values close to (x,y).4
Under the scaling that leads to the PDE limit, there is usually
either zero or one (x,y)-group in the population. One can therefore
visualize a state of the Markovian process as a collection of dots on
the nonnegative quadrant of the (x,y) plane, where each dot
corresponds to a group. The position of the group reveals its state,
i.e., a dot at (x,y) corresponds to an (x,y)-group. When the state of a
group changes by one unit (due to a birth, death, or migration), the
corresponding dot moves. When a group dies of extinction, the dot
disappears. When a group ﬁssions, the dot disappears, and new
dots (closer to the origin) appear, corresponding to the ﬁssioned
pieces. Simon and Nielsen (2012) have animations of simulations
of this process which are very useful for understanding the PDE
model.
In (1), the functions αtc (x, y ) and αtd(x, y ) characterize the cooperator/defector population dynamics within the groups, including the effects of migration. The right side term, gt (x, y ),
characterizes the effects of all the group-level events, which involve more abrupt changes to the state of the population, i.e.,
births and deaths of groups. The functions αtc (x, y ), αtd(x, y ), and
gt (x, y ) are constructed from the rate functions for the ﬁve biological events featured in the Markovian model. Thus, one can expect that the PDE model will behave analogously to the Markovian
model it is designed to approximate. Animations of solutions of
the PDE (see Section 5) look very much like the animations of the
Markovian trajectories,5 as one would expect. The advantage of
studying the PDE model, and not the underlying Markovian model,
is that the PDE is a deterministic equation which can be solved
numerically (see Section 5). The only way to analyze the underlying Markovian model is by (Monte Carlo) simulation since it has
such a complicated structure. The functions αtc (x, y ), αtd(x, y ), and
gt (x, y ) will be explicitly constructed for the hunter-gatherer example next.
2.2. The hunter-gatherer model
By the time hunter-gatherer societies were being studied scientiﬁcally by anthropologists, they had already changed profoundly from their original states due to disease and economic
partnerships resulting from contact with modern societies. However, there are studies that shed light on how a mathematical
model of hunter-gatherer populations might be structured, e.g.,
3
By a scaling we mean that the parameters specifying the nth Markov process
in the sequence are specially chosen functions of n, and that the population variables are also scaled in such a way that they converge to ﬁnite limits.
4
Continuous-state models like these are often referred to as “inﬁnite population” models. It is much better to think of them as continuous approximations of
ﬁnite discrete models, justiﬁed by large population limits.
5
Eventually the discrete models get trapped in an absorbing class of states
(ﬁxation), so the similarity does not last indeﬁnitely.

Birdsell (1953), Yellen and Harpending (1972), Bettinger (1991),
Bowles (2006). Of most relevance here is the hierarchical structure
that many of these populations share. The individuals, or course,
are the human hunter-gatherers. Individuals live in families that
may forage together, apart from other families, but a collection of
family groups, numbering perhaps 50 individuals, form “bands”
that constitute the primary social groups. A number of bands, often speaking similar dialects, come together occasionally (e.g.
anually) for celebrations that may involve ﬁnding mates from
other bands. These “tribes” may number 500 individuals or more,
and of course, there may be a number of tribes in the larger population. At the band and tribal level, ﬁssion occurs when the size
of the unit increases much beyond its preferred state, and of
course extinction of group-level units due to disease or battles
occurs sometimes as well. (Bettinger and Richerson, private communication.) For our purposes here, we will consider the bands to
be the groups in the model, and a single tribe to be the whole
population. Thus, the exchanging of mates between bands during
celebrations is migration in the model, and is not negligible. See
Appendix B for a discussion of how the model parameters were
set. Note that an alternate modeling approach would be to consider the tribes to be the groups, or even to consider a three-level
process with individuals, bands, and tribes; but these ideas will
not be pursued here.
Our hunter-gatherer model is a special case of the generic
model just described. From Eq. (1) we see that the dynamics are
governed by the functions αtc (x, y ), αtd(x, y ) and gt (x, y ), which can
be derived from the rate functions for the ﬁve events in the model.
We therefore begin by specifying the rate functions for our huntergatherer model.
The cooperator/defector population dynamics within the
groups includes a rule that determines the level of assortment
within the group. The rule is that when cooperators (defectors)
choose a partner to interact with, it is a cooperator (defector) with
probability r, and someone chosen randomly from the group with
probability 1 − r . The resulting evolutionary process is similar to
ones described in Eshel and Cavalli-Sforza (1982), Grafen (1985),
Fletcher and Doebeli (2009), van Veelen et al. (2012), Allen et al.
(2013), Allen and Nowak (2015). A simple calculation shows that
for every group, regardless of its state, the probability a cooperator
is paired with a cooperator minus the probability a defector is
paired with a cooperator is always r. (See Eq. (3) below.) Our level
of assortment is therefore equivalent to the usual deﬁnition of
relatedness used in the quantitative genetics literature, applied to
one of our groups in isolation, van Veelen et al. (2014). However,
the variable r is not the same as the level of assortment (or coefﬁcient of relatedness) for the whole population, Rt, which is a
time-varying, emergent property of the two-level population
process that can only be determined by solving the model. (See
Simon et al., 2012, or Eq. (15) in the Appendix.)
Birth rates at time t for the cooperators and defectors in a given
group are proportional to their expected payoffs from a prisoner's
dilemma game with payoff matrix

⎡ R S⎤ ⎡1 + b − c 1 −
⎢
⎥=⎢
⎣ T P⎦ ⎣ 1 + b
1

c⎤
⎥.
⎦

(2)

Parameters b and c in the payoff matrix can be interpreted as the
beneﬁt and cost associated with cooperation.
Individuals play Prisoner's Dilemma with their group-mates,
but the pairings are not completely random. A parameter r ∈ [0, 1]
controls the assortment. In particular, an individual chooses a
partner of the same type (cooperator or defector) with probability
r, and chooses a partner randomly from the whole group with
probability 1 − r . In an (x,y)-group (a group with x cooperators and
y defectors) it follows that the probability a cooperator is paired
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with a cooperator and a defector is paired with a cooperator are
(respectively)

P (C|C ) = r + (1−r )

x
x
, and P (C|D) = (1−r )
.
x+y
x+y

(3)

The expected payoffs for cooperators and defectors in an (x,y)group are therefore

βc (x, y)
⎛ x
⎞
y
= r (1 + b − c ) + (1 − r )⎜
(1 + b − c ) +
(1 − c )⎟,
⎝x+y
⎠
x+y

(4)

and

⎛ x
y ⎞
βd (x, y) = r + (1 − r )⎜
(1 + b) +
⎟.
x + y⎠
⎝x+y

(5)

The per capita birth rates of cooperators and defectors in an (x,y)group are set to sβc (x, y ) and sβd(x, y ), where s > 0 is a scaling
parameter. The per capita death rates for cooperators and defectors in an (x,y)-group are equal and proportional to the size of the
group, i.e.

δc (x, y) = δd(x, y) = d(x + y),

(6)

where d > 0 is the death rate parameter. Note that the per capita
birth rate functions are bounded by s(1 + b), but the per capita
death rates are unbounded in the size of the group. It is reasonable
to have death rates grow without bound since there are limited
resources the individuals must share, however, the simple linear
form of the death rate function was chosen primarily for convenience. We show in Appendix B how the birth and death rate
parameters determine the average lifespans of the individuals, and
the equilibrium group sizes.
There is also migration in the model. Each individual migrates
from its group at rate μ and joins another group at random. Let Ct
and Dt denote the total number of cooperators and defectors in the
population at time t (summed over all the groups), and let Gt be
the number of groups. These values can be calculated from the
state of the population, θt (x, y ),

∫ ∫ θt(x, y) dxdy,
Ct = ∫ ∫ xθt (x, y) dxdy ,
Dt = ∫ ∫ yθt (x, y) dxdy .
Gt =

It follows that the total rate that cooperators migrate away from an
(x,y)-group is μx , and the rate that cooperators migrate to a given
C

group is μ Gt . (Note:
t

Ct
Gt

growth-extinction process (Fig. 1). The growth aspect of the grouplevel population process is the result of births, deaths, and migrations. Groups grow (or shrink) and change in composition (plus
or minus one individual at a time) over time due to individuallevel events. (In the PDE limit, these changes are continuous.)
Likewise, individuals are affected by group-level events. When a
ﬁssion event occurs, the affected individuals suddenly ﬁnd themselves in a group that may be very different in size and composition from the one they were in before, and of course individuals
die in group extinction events. The time-varying rates that individual-level and group-level events occur are therefore highly
interdependent.
Fission rates in our model are chosen so that larger groups are
more likely to ﬁssion than smaller ones. The class of ﬁssioning
densities (described below) used in the model allows cooperators
and defectors to “segregate” to some extent during a ﬁssion event.
This is sometimes referred to as “selective assortment” or “associative (tribe) splitting”, Haldane (1932), Wright (1943), Aoki
(1982), Bowles (2006).
In our model, an (x,y)-group ﬁssions at rate

f (x, y) = λ(x + y),

(9)

where λ ≥ 0 is the ﬁssion rate parameter. When a group ﬁssions
the outcome is speciﬁed (statistically) by a ﬁssioning density, Simon (2010). A ﬁssioning density is a function h((x, y ) , (u, v )) where
h((x, y ) , (u, v ))dydx is interpreted as the expected number of (x,y)groups resulting from the ﬁssioning of a (u,v)-group. For (u,v)
ﬁxed, h((x, y ) , (u, v )) is a function with support on [0, u] × [0, v],
whose integral over that region is equal to 2 (since a ﬁssion event
results in two pieces), and whose mean is not greater than
(x/2, y/2). (If the mean is less than (x/2, y/2), then some individuals
die in the ﬁssion event. Here we assume the mean equals
(x/2, y/2).) The ﬁssioning density used in our hunter-gatherer
model is a weighted average of a uniform density and a discrete
density, yielding a simple way to include associative splitting. The
uniform part of the density sets all possible outcomes of the ﬁssioning of an (x,y)-group to be equally likely, i.e.
2
h1((x, y ) , (u, v )) = uv . The discrete part of the density is
h2((x, y ) , (u, v )) = δ((x, y)=(0, v /2)) + δ((x, y)=(u, v /2)), where δ(·) is the delta
function. In other words, all the cooperators are in one piece, while
the defectors split evenly between the two pieces. The ﬁssioning
density is

h((x, y), (u, v)) = (1 − ψ )h1((x, y), (u, v)) + ψh2((x, y), (u, v)),
(7)

is the average number of cooperators per

group.) Likewise defectors migrate away from an (x,y)-group at
D

rate μy and migrate into it at rate μ Gt . The within-group populat

tion dynamics in our model are therefore governed by the differential equations

⎡
⎛C
⎞⎤
⎢ (sβ (x, y) − δc (x, y))x + μ⎜ t − x⎟ ⎥
c
⎝ Gt
⎠ ⎥ ⎡ αtc (x, y) ⎤
⎡ x′ ⎤ ⎢
⎥.
⎥≡⎢
⎢⎣ y′⎥⎦ = ⎢
⎛D
⎞⎥ ⎢⎣ αtd(x, y)⎥⎦
⎢
t
⎢⎣ (sβd (x, y) − δd(x, y))y + μ⎜⎝ G − y⎟⎠⎥⎦
t

The ODEs that govern the within-group population dynamics are
exactly the functions that show up in the partial derivative terms
of (1) (explained in Simon, 2010). In Appendix A we derive Hamilton's rule for an isolated group when the population dynamics
is governed by (8) with μ = 0 (no migration).
At the group level, the population is governed by a ﬁssion-

(10)

where ψ ∈ [0, 1] is the associative splitting parameter. When ψ = 0
there is no associative splitting, so the outcomes of ﬁssion events
are random (uniform). When ψ = 1, the ﬁssion density is h2. Note
that an even more extreme version of associative splitting would
have all the cooperators end up in one piece and all the defectors
end up in the other, i.e. h((x, y ) , (u, v )) = δ((x, y)=(u,0)) + δ((x, y)=(0, v)) .
The extinction rate function in our model increases with the
total number of groups in the population, decreases with the size
of the group, and decreases with the prevalence of cooperators in
the group, i.e. “selective extinction” (Haldane, 1932; Aoki, 1982;
Bowles, 2006). The extinction rate in the model is

e(x, y , G) =
(8)

129

e0G
(ϕx + y)2

,

(11)

where e0 ≥ 0 is the extinction rate parameter, and ϕ is the selective extinction parameter. Thus, smaller groups are more likely to
die, and groups are more likely to die when there are more groups
to compete with. If ϕ = 1 then the extinction rate depends on the
size of the group, but does not distinguish between cooperative
and uncooperative groups, i.e. there is no selective extinction. If
ϕ > 1 then cooperative groups are favored, if ϕ < 1 then
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Fig. 1. The Fission-Growth-Extinction Process: This diagram illustrates the case where rb < c so in each group the fraction of cooperators decreases in time. However, when
groups ﬁssion, the pieces typically differ in size and level of cooperation (either due to randomness, or as a result of the individuals' choices). If more-cooperative pieces have
sufﬁcient advantages over less-cooperative pieces (e.g. they grow faster or are less prone to extinction), then cooperators can thrive in the population despite their disadvantage within each group. (For interpretation of the references to color in this ﬁgure caption, the reader is referred to the web version of this paper.)

uncooperative groups are favored.
Finally, the initial condition for the population is based on a
bivariate Normal density centered at (C¯ 0, D¯ 0),

θ0(x, y) =

N0 ((x − C¯ 0)2 +(y − D¯ 0)2) /2v0
e
,
2πv0

0

spread of the initial density.
Solving the model means solving Eq. (1) using αtc (x, y ) and

αtd(x, y ) from (8), and

gt (x, y)
⎛
= ρ⎜ −f (x, y) − e(x, y , Gt ) +
⎝
⎞
h((x, y), (u, v))dvdu⎟,
⎠

The main conclusions from our numerical experiments on the
hunter-gatherer model can be summarized as follows:

(x, y) ≥ 0.

The density is truncated off the positive quadrant, so the initial
population G0 = ∫ ∫ θ0(x, y )dydx , will be less than N0, especially if
(C¯ , D¯ ) is close to one of the axes. The parameter v0 controls the
0

3. Results

∞

∫x ∫y

∞

θt (u, v)f (u, v)

(12)

where the ﬁrst two terms in the parentheses are the ﬁssion and
extinction rates from (9) and (11), and the third term is the rate
that new (x,y)-groups are born due to larger groups ﬁssioning. The
parameter ρ scales the group-level event rates together. Even in
the simplest examples there is no closed-form solution for (1), but
the equation can be solved numerically without much difﬁculty
(see Section 5). A single run of our numerical solver yields
θt , t ∈ [0, T ]. The trajectories of θt converge to an equilibrium, so
one chooses a suitably large T and uses θT to approximate the
equilibrium population density. The Matlab program we used for
our numerical experiments is linked to in Section 5.
Table 1 lists the benchmark (default) values for our huntergatherer model. In the ﬁgures we allow r, ρ, μ, ϕ, and ψ to vary. It
turns out that G0, the initial number of groups is 384.75 in all our
examples and not N0 = 471.25. The reason for this is that since the
initial group mean is so close to the y-axis, a sizable fraction of the
initial density is truncated. The reader may be curious how the
benchmark parameter settings were found. We used reasonable
estimates of quantities, like average human lifespans, equilibrium
group sizes, average times between ﬁssion events, etc., and found
parameter settings that yielded populations consistent with those
estimates, using the simple heuristic calculations described in
Appendix B. The heuristics help explain intuitively (if not exactly)
how the model variables control the population dynamics.

1. Group-level events catalyze the evolution of cooperation by
creating new paths to the cooperative states: When there are no
group-level events ( ρ = 0), cooperation evolves if the level of
assortment within the groups is high enough, r > c /b, which is
Hamilton's rule applied to an isolated group (Fig. 2, row 1).
Thus, when r > c /b, group-level events are not strictly necessary
for cooperation to evolve. However, ﬁssion events produce a
diverse population of group types (Fig. 2, row 2) which the
extinction process can select against, and cooperation establishes itself in much less time. In this case the catalytic effect
speeds up the evolution that would have occurred anyway.
When r < c /b, cooperation cannot evolve without group-level
events, but in our experiments there is a wide range of ρ values
where cooperation thrives in equilibrium (Fig. 3). In this case
the catalytic effect allows cooperation to evolve when it otherwise could not. The catalytic effect of group-level events is
strong enough in our model so that cooperation can sometimes
evolve even when r ¼0 (Fig. 3, blue curves).
2. Group-level events can be powerful catalysts even without an
obvious source of selective extinction and associative splitting:
Early theorists like Fisher (1930) and Haldane (1932) thought
that ﬁssion and extinction events would enable the evolution of
cooperation through selective extinction and associative splitting. The results here show that ﬁssion and extinction events
can have a profound effect even when their rate functions are
symmetric with respect to cooperators and defectors, i.e. with
no obvious source of selective extinction or associative splitting,
Fig. 3a. Adding some selective extinction and associative splitting via the parameters ϕ and ψ can have a positive effect on the
evolution of cooperation (Fig. 3b–d) but the effect is not very
large. One explanation for this (perhaps) unexpected result
resides in the interplay between (individual-level) birth rates
and (group-level) extinction rates. In the hunter-gatherer model, small cooperative groups grow faster than small uncooperative groups, and are therefore more likely to escape the extinction process, which disproportionately targets small groups (of
any composition). Of course, this net result of the interplay
between biological events at the individual and group levels
amounts to a kind of selective extinction. The nature of the
ﬁssion and extinction processes also explains the counterintuitive result that high levels of associative splitting (e.g. using
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Fig. 2. The Catalytic Process: The panels show θt (x, y ), t > 0 , viewed from above. The top row has ρ = 0 (no group-level events) with r¼ 0.3 and c /b = 0.25, so cooperators are
favored within the groups by Hamilton's rule. Starting with a population of about 385 (2, 48) -groups, the states of the groups move in unison (slowly) down the diagonal line
corresponding to equilibrium sized groups, towards the cooperative states. The number of groups stays constant since there are no group-level events. The bottom row
shows the same example at the same time epochs, except that ﬁssion and extinction events occur at the benchmark rates (ρ = 1.0) . Due to the group-level events, the
population takes a “shortcut” to the cooperative states, and gets there in much less time. If r was below Hamilton's threshold in this example, the population in the top row
would move in the other direction, pressing against the y-axis, as the cooperators go extinct. However, the bottom row would look very similar (unless r ≈ 0 ) since ρ = 1.0 is
sufﬁcient to catalyze the individual-level process (Fig. 3). There are links to full animations of the evolutionary trajectories for these and other examples in Section 5. (For
interpretation of the references to color in this ﬁgure caption, the reader is referred to the web version of this paper.)

h((x, y ) , (u, v )) = δ((x, y)=(u,0)) + δ((x, y)=(0, v)) can slow or stop the evolution of cooperation, Fig. 4. One reason is that when cooperators are rare, near-perfect segregation leads to cooperators
ﬁnding themselves in very small groups, which are prone to
extinction. Another reason is that when groups are (nearly)
monomorphic, a high level of associative splitting is not an
efﬁcient method of group reproduction. In our hunter-gatherer
model, cooperators need the support of defectors to form viable
groups, until they establish themselves in the population. In
general, it is the group-level diversity caused by (random)
ﬁssion events that primarily drives the evolution of cooperation
in the hunter-gatherer model.
3. Group-level events can counter a moderate migration rate: Intuitively, the reason why migration undermines the evolution of
cooperation in group-structured populations, like hunter-gatherers, is that the occasional cooperative group that emerges will
be “contaminated” by migrating defectors, whose descendants
will dominate the group. Mutant defectors born in a cooperative
group would have the same effect. However, the nullifying effect of migration (or mutation) has not been studied before in a
dynamical model of group-structured populations with signiﬁcant rates of ﬁssion and extinction. Our results imply that
the nullifying effects are sometimes overstated. Fig. 5 shows
how the migration rate affects the evolution of cooperation for
various settings of the level of assortment and group-level event
rates. When r < c /b (panels (a) and (b)) there is a critical
migration rate (depending on r and ρ) above which cooperation
cannot evolve. If r ≥ c /b (panels (c) and (d)) then migration
slows down the evolution of cooperation, but cannot stop it. The
effects of migration have been studied previously in classical
models by considering how it effects relatedness and kin
competition, e.g. Lehmann and Rousset (2010).
4. Fixation (of cooperators or defectors) does not necessarily occur in
group-structured populations. In the absence of group-level

events, the population equilibrium in our model consists of either all cooperators or all defectors, depending on whether or
not Hamilton's rule is satisﬁed in isolated groups. However,
when ρ > 0, the typical equilibrium is a complicated mixture of
groups of various sizes and levels of cooperation, e.g. Fig. 2, row
2, or see Simon (2010), or Simon et al. (2013). Defectors can
often persist at small but stable levels even when conditions
favor cooperators, e.g., Fig. 2, row 2. Likewise, a small population of cooperators can remain in equilibrium even when
defectors dominate the population.
5. Too many group-level events can be harmful: The model conﬁrms
that if ρ is too big, groups ﬁssion into smaller and smaller pieces
which are then prone to extinction. The result is a population
reduced to small groups (relative to their equilibrium size), that
does not recover, Fig. 6.

4. Discussion
There are many models of the evolution of cooperation in
group-structured populations in the literature where group selection is not a potent force, starting with the classic “haystack
model,” Maynard-Smith (1964). However the Haystack model, and
other models that do not feature ﬁssion and extinction events,
neglect a powerful catalyst; one that is common in hunter-gatherer tribes, host/parasite populations, primitive multicellular organisms, and many other examples of group-structured populations. We have shown (at least for our hunter-gatherer model) that
group selection, measured by the net effect of group-level events,
can be decisive. The way group selection works in our PDE models
is very different from the mechanisms studied by the classic
models. In PDE models, like our hunter-gatherer model, group
selection works by subtle interactions between the individual-level and group-level events. For example, even when ﬁssion and
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Fig. 3. The effect of group-level event rates: This ﬁgure shows how long it takes an initially uncooperative population (5% cooperators) to reach 50% cooperators, as functions
of ρ and r for various amounts of selective extinction (controlled by ϕ) and associative splitting (controlled by ψ). ψ = 0 and ϕ = 1 are the neutral settings. When r ¼0.3 (cyan
lines), cooperators reach 50% (and beyond) even if ρ = 0 since rb > c . However, introducing group-level events (ρ > 0) speeds the process up signiﬁcantly. When
r < c /b = 0.25, there is a threshold value of ρ, so that below that value the fraction of cooperators never reaches 50%. Above the threshold, further increasing ρ greatly speeds
up the process. In our model, cooperation evolves easily even without selective extinction and associative splitting (top left panel) since the natural variability in the ﬁssion
event is enough to catalyze the process. The small circles on the curves correspond to numerical solutions of (1). (For interpretation of the references to color in this ﬁgure
caption, the reader is referred to the web version of this paper.)

Fig. 4. Associative splitting does not always beneﬁt cooperators: This ﬁgure shows what can happen in the hunter-gatherer model when there is an extreme form of associative
splitting. In this example, ﬁssion events always result in the perfect segregation of cooperators and defectors into different groups, i.e.
h((x, y ), (u, v )) = δ((x, y)=(u,0)) + δ((x, y)=(0, v )) . Before long, it is only migration that prevents the groups from being monomorphic. Since ﬁssioning is not an useful method of
group reproduction in this case, the whole population eventually dies out. (For interpretation of the references to color in this ﬁgure caption, the reader is referred to the web
version of this paper.)
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Fig. 5. The effect of migration on the evolution of cooperation: This ﬁgure shows how long it takes for an initially uncooperative population (5% cooperators) to reach 50%
cooperators as a function of the migration rate for various combinations of r and ρ. Clearly migration always makes the evolution of cooperation more difﬁcult, but it is not
necessarily fatal. Even when r < c /b = 0.25 (top row) cooperators thrive if μ is below a threshold. The threshold (of course) depends on ρ. The benchmark migration rate of
μ = 0.0025 corresponds to an individual migrating to or from each (equilibrium-sized) group every 3.3 years on the average (see Appendix B). When r ≥ 0.25 (bottom row),
even high rates of migration (beyond the range seen here), cannot prevent the evolution of cooperation. The small circles on the curves correspond to numerical solutions of
(1). (For interpretation of the references to color in this ﬁgure caption, the reader is referred to the web version of this paper.)

Fig. 6. The effect of too many group-level events: Group-level events, in moderation, catalyze the evolution of cooperation, but too many group-level events can be counterproductive. Intuitively, too many ﬁssion events cause the groups to break into smaller and smaller pieces, which are more vulnerable to extinction events. In this example,
ρ = 5.0 , which is ﬁve times the benchmark level. There is a mass die-off of groups when the process starts ( G0 = 384.75, G500 < 50 ), which stabilizes and starts to recover
when the ﬁrst small cooperative groups emerge at around t¼ 1000, but the population never reaches the numbers we see in the benchmark model. Cooperators dominate
defectors in equilibrium, but the equilibrium is a mixture of relatively small groups. (Compare to Fig. 2.) (For interpretation of the references to color in this ﬁgure caption,
the reader is referred to the web version of this paper.)
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extinction rate functions are symmetric with respect to cooperators and defectors, ﬁssion and extinction events can still have
a profound effect on the resulting evolutionary process. Fission
events produce group-level diversity (in group size and composition), the group extinction process selects on that diversity, and
this catalyzes the evolution of cooperation. In particular, since
small cooperative groups grow faster than small uncooperative
groups in our model, they are more likely to escape the extinction
process which targets smaller groups. This can be thought of as a
kind of selective extinction, which arises as an emergent property
of the population dynamics. This mechanism also explains the
counter-intuitive fact that associative splitting (segregation of cooperators and defectors in the ﬁssion event) can hinder the evolution of cooperation in the model, since cooperators often ﬁnd
themselves in small groups that are vulnerable to extinction.
Our results suggest that ﬁssion and extinction events might
have been important factors in the evolution of cooperation in
pliocene hunter-gatherer populations. However, group-level
events may have been even more important for the evolution of
cooperation in other examples of group-structured populations,
like host/parasite and microbial populations, where cooperatorfriendly mechanisms like reciprocal altruism and gene-culture coevolution, Richerson and Boyd (2005), were obviously not
possible.
In particular, the social microbe, Dictyostelium, is an important
and well studied example of a group structured population
(Strassmann et al., 2000; West et al., 2006) that bares little resemblance to hunter-gatherers. A continuous-time (PDE) model of
Dictyostelium populations would feature group-level events, like
dispersion and fusion (deﬁned in Simon et al., 2013; Simon, 2014),
that do not appear in our hunter-gatherer model. This alters gt on
the right side of (1), but does not alter the qualitative form of the
equation. Likewise, even the highly non-human birth and death
rate functions of individual amoebae within the multi-cellular
stages of the Dictyostelium life cycle do not change the structure
of (1). However, there is at least one important difference between
populations of amoebae and hunter-gatherers: the former exist as
singletons as part of their life cycles, while humans do not (at least
in the model). This implies that Dictyostelium models need to
include separate equations for the populations of spores and unicellular amoebae that are then coupled to the main PDE. Given
that Dictyostelium can be studied in the laboratory, it may be
possible to construct accurate PDE-like models of its evolution.

5. Methods
Our numerical experiments involved solving the dynamical
equation (1) for various settings of the model parameters. The
employed numerical solution method follows a forward Euler
discretization of time, and a ﬁnite volume discretization in space.
The ﬁnite volume scheme insures that Gt does not change in time
when there are no group-level events, which turns out to be a
crucial measure of the accuracy of the method applied to this
problem. The solver is written in Matlab (ver 2012b) , and does not
rely on any additional packages, though the Image Toolbox is
useful for visualizing the results. The program is called Catalyst.m,
and can be found at https://github.com/mpilosov/cooperation
along with an additional ﬁle, Visualizations.m, which allows users
to recreate the ﬁgures found in the main text (generated using
Matlab, with annotations being added using Adobe Photoshop).
The code is commented in detail so that users can design their
own experiments by changing initial conditions, group-level event
rates, intra-group game dynamics, and anything else in the model.
It is also possible to animate the numerical solutions with Visualizations.m. Animations are surely the best way to visualize how

group-level events catalyze the evolution of cooperation in twolevel population process.
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Appendix A. Hamilton's rule for isolated groups
We now derive Hamilton's rule for a group of cooperators and
defectors, when the population within the group is governed by
(8) with μ = 0 (no migration). Hamilton's rule is a condition for the
fraction of cooperators in the population to be increasing, Hamilton (1964), Price (1972), which in this case means

⎞
d⎛
x(t )
⎜
⎟ > 0.
dt ⎝ x(t ) + y(t ) ⎠

(13)

Simplifying (13) yields

yx′ − y′x > 0.

(14)

From (4) and (5) we obtain

⎛ x
⎞
y
yx′ = sxyr (1 + b − c ) + sxy(1 − r )⎜
(1 + b − c ) +
(1 − c )⎟
x+y
⎝x+y
⎠
− d(x + y)xy ,
and

⎛ x
y ⎞
y′x = sxyr + sxy(1 − r )⎜
(1 + b) +
⎟ − d(x + y)xy ,
⎝x+y
x + y⎠
so yx′ − y′x = sxyrb − sxyc . From (14), the fraction of cooperators
in the group increases if and only if rb > c , regardless of the state
of the group, (x(t ) , y(t )). In general, one cannot simply take model
parameters called r, b, and c, and assemble them into Hamilton's
rule, Grafen (2006). However, in our hunter-gatherer model, r (the
level of intra-group assortment), and b and c (the beneﬁt and cost
terms in the prisoner's dilemma payoff matrix (2)) do combine to
yield an important inequality for our hunter-gatherer model: In
the absence of group-level events, cooperation evolves if and only
if rb > c . Thus, r ⁎ = c /b as an important threshold: If r < r ⁎ then
cooperation cannot evolve in the model without group-level
events, and if r > r ⁎ then it can. Fission and extinction events
change the population process considerably, so in general rb > c is
not the correct condition for cooperation to be favored in the
population as a whole. A simple inequality, in terms of model
parameters, that predicts whether or not cooperation will increase
and/or thrive in the PDE model is unlikely to exist. See Simon et al.
(2012), Eq. (22), for an example of a condition “analogous” to Hamilton's rule for group-structured populations.

Appendix B. Assigning parameter values to the hunter-gatherer model
The hunter-gatherer model is analyzed by solving the dynamical equation (1). Anything that can be calculated from
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{θt (x, y ) , t ≥ 0} can therefore be determined from the model. This
includes important quantities like Gt, Ct, and Dt from (7), or any
function of them such as Ct /Gt , the average number of cooperators
per group. Much more complicated statistics of the state of the
population can also be calculated, such as measures of global assortedness like,

Rt = P (C|C )−P (C|D)
⎞
⎛ ⎛ X2 ⎞
⎛ XY ⎞
⎟Et (Y )−1⎟⎟,
⎟Et (X )−1−Et ⎜
=r + (1−r )⎜⎜Et ⎜
⎝
⎠
+
+
X
Y
X
Y
⎝
⎠
⎠
⎝

(15)

where Et (·) is expected value with respect to the probability
density, θt /Gt (also in Simon et al., 2012). One can also study
functions of the evolutionary trajectories, like the times required
for the population to reach 50% cooperators, e.g. Figs. 3 and 5; or
the equilibrium (limiting) population state.
However, there are some quantities of interest that cannot be
directly calculated from {θt (x, y ) , t ≥ 0}. In particular, quantities
associated with speciﬁc individuals or groups, like the average
individual lifetime or the average group lifetime (time until ﬁssion
or extinction), are hard to determine exactly.
The parameters {b , c , d, s, e0, λ} are ﬁxed in all our numerical
experiments. Their values were chosen so that mean human lifetimes, mean group lifetimes, and other emergent model statistics
match reasonable estimates of their true values. The model parameters (directly) specify the various rate functions (4)–(6), (9),
(11), but not always the quantities for which we have more direct
knowledge, like average group size, or number of offspring per
individual. In the future it would be very useful to ﬁnd rigorous
methods to calculated these quantities from {θt (x, y ) , t ≥ 0}.
However, in this study we used some simple heuristics to approximate the quantities of interest, and thereby determine the
parameter settings for the baseline model. Precision was not important since we ran numerical experiments over wide ranges of
the important parameters. What follows are “back of the envelope”
calculations, which are useful for quick approximations.
Starting with the population dynamics within the groups, we
can determine the approximate equilibrium group sizes from b, c,
d, and s. In a group of mostly cooperators (y ≈ 0), the per-individual birth rate is sβc (x, y ) ≈ s(1 + b − c ) which equals 0.0325 in
our benchmark model. The total birth rate in the group is therefore
about 0.0325τc , where τc is the equilibrium size of a group of cooperators. The per-individual death rate is dτc, so in our benchmark model the total death rate in a group of cooperators is
0.0005τc2. Since the total birth rate and total death rate are equal in
equilibrium, we obtain τc = 65. Likewise, a group of (mostly) defectors has a total birth rate of about 0.025τd and a total death rate
of 0.0005τd2, so we obtain τd = 50. Groups with a mixture of cooperators and defectors will have an equilibrium size somewhere
between 50 and 65. This is why the diagonal line between (0, 50)
and (65, 0) appears to be a boundary in Fig. 2. For simplicity
(precision is neither necessary nor possible in these kinds of calculations), we will use τ = 60 as the size of a typical mature group
in our numerical experiments. Thus, the per-individual death rate
in a typical group is τd = 0.03, meaning that the average lifetime is
about 1/τd ≈ 33 time units. If we accept that hunter gatherers lived
a bit more that 30 years on the average then it follows that one
time unit in the model corresponds to about 1 year.
Now that we know the time unit we can estimate how often
other events occur. The benchmark migration rate is μ = 0.0025,
which means that the probability an individual migrates away
from the tribe in one year is about 1/400. In a group of 60 this
means somebody is migrating away about once every 6.6 years.
(And every group can expect a migrant to join them about once
every 6.6 years.)
A group of size 60 will ﬁssion at rate 60λ = 0.015 per time unit;
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in other words it will take a group about 66 years on the average
to ﬁssion after it reaches full size (if the group does not die of
extinction ﬁrst). Smaller groups are less likely to ﬁssion in the
model.
To estimate the average time a group lives before extinction (if
it does not ﬁssion ﬁrst) we need the equilibrium number of groups
in the population. This quantity is difﬁcult to estimate directly
from the basic model parameters since the sizes of the groups in
the population vary so much. However, we see from the numerical
experiments that the equilibrium number of groups is typically
around 400, which will sufﬁce for our estimates here. If we use
G ¼400 then the extinction rate of a group of 60 is about
e0·400/602 = 1/360, which means a mature group can expect to
live about 360 years if it does not ﬁssion ﬁrst. However, in the
model a group of only 30 individuals has an extinction rate 4 times
as large, and smaller groups are even more vulnerable. New
groups (ﬁssioned pieces) often start out small and therefore face
the threat of extinction until they grow bigger.
The lifetime of a group is the time from when it is born until it
either ﬁssions or dies of extinction. We see that a mature group
will ﬁssion after about 66 years on the average, if it does not go
extinct ﬁrst; and a mature group will die of extinction after about
360 years on the average, if it does not ﬁssion ﬁrst. Another
quantity of interest is the time it takes a ﬁssioned piece to reach
maturity. We can approximate the time using a logistic
equation (since the growth is approximately logistic)

P (t ) =
1+

pe
pe − p0
p0

,
e−st

where pe is the equilibrium population, p0 is the initial population,
and s ¼0.025 is the birth rate scaling parameter. If we use pe ¼60,
as we do above, then a group of size p0 = 25 needs about 64 years
to reach size 50. Thus, the average time from when a new group is
born from a ﬁssion event until it ﬁssions (assuming it does not die
of extinction ﬁrst, and does not ﬁssion until it reaches maturity) is
(roughly) the time a group of 25 takes to grow to size 50, plus the
time a mature group takes to ﬁssion, which is 64 þ66¼ 130 years.
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