11.4:  Testing Hypotheses About a Proportion
Using the Z-Test for a Proportion

*When you have a sample that yields a sample proportion a Z-Test is a possibility for the Test Statistic.

2-Conditions Must Hold

1.  The sample is a random sample of the population.

2.  Both npo and n(1-po) are at least 10.  

Ex.  In 2004, 65% of adult Americans thought that the death penalty was morally acceptable.  In a poll conducted by the Gallup Organization May 2-5, 2005, a simple random sample of 1005 adult Americans resulted in 704 respondents stating that they believe the death penalty was morally acceptable when asked, “Do you believe the death penalty is morally acceptable or morally wrong?”  The choices “morally acceptable” and “morally wrong” were randomly interchanged for each interview.  Is there significant evidence to indicate that the proportion of adult Americans who believe that the death penalty is morally acceptable has increased from the level reported in 2004 at the 
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=0.05 level of significance?  

a) Set up the Null and Alternative Hypothesis for the above situation.  

H0:  p=0.65 
There has been no change in the proportion of adult Americans who believe that the death penalty is morally acceptable.
Ha:  p>0.65

There has been an increase in the proportion of adult Americans who believe that the death penalty is morally acceptable.

b) Verify Necessary Data conditions

1. We are given that the sample is a simple random sample

2. npo = 1005(0.65) = 653 > 10
 n(1-po)= 1005(1-0.65) = 352 > 10
How to Calculate the Z-Statistic
Recall from Chapter 9 that the possible values of the sample proportion 
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 based on a sample of size n, are approximately normal with:

Mean = p = true population proportion

Standard Deviation = 
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*When we assume the null hypothesis is true, we are assuming that p= po.  

Therefore, for the Z-Statistic:

Mean = null value = po
Standard Deviation = null standard error = 
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Z-Statistic = 
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*When Testing Hypotheses About a Proportion, the Sample Estimate will always be 
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So the Z-Statistic for any Hypothesis Test About a Proportion is:

Z-Statistic = 
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Back to our Example:

c) Calculate the Z-Statistic for this Hypothesis Test:
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 = (704/1005) = 0.70

 po = 0.65

 n = 1005

Z-Statistic = 
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 = 3.32
Computing the p-Value for the Z-Test

**Use your Alternative Hypothesis to help Determine the p-Value.**

1. If Ha: p < po , find the probability that the test statistic z could have been equal to or less than what it is.  (Use Tables on 612 and 613).

2. If Ha: p > po , find the probability that the test statistic z could have been equal to or greater than what it is.  

3. If Ha:  p
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 po (two sided test), then the p-value includes the probability areas in both extremes of the distribution of the text statistic z.  

(2 x Area to the right of |z| )

Back to Example:

d) Assuming the null hypothesis is true, find the p-value.

Z-Statistic was z = 3.32 and Ha : p > 0.65

*Look up Z of 3.32 in Tables.  

P(Z 
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 3.32) = 0.9995

P(Z > z0) = P(Z > 3.32) = 1- P(Z 
[image: image13.wmf]£

 3.32) 

                                       = 1 – 0.9995 = 0.0005

p-value = 0.0005

e) Determine whether or not the result is statistically significant based on the p-value.

Significance Level was 
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 = 0.05

0.0005 < 0.05   Therefore p < 
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Therefore we reject the null in favor of the alternative.  

f) Report the conclusion in the context of the situation.

There is sufficient evidence to support the claim that the proportion of adult Americans who believe that the death penalty is morally acceptable has increased since 2004 at the 
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 = 0.05 significance level.  

Ex.  The drug Prevnar is a vaccine meant to prevent meningitis (It also helps control ear infections.)  It is typically administered to infants.  In clinical trials, the vaccine was administered to 710 randomly sampled infants between 12 and 15 months of age.  Of the 710 infants, 121 experienced a loss of appetite.  Is there significant evidence to conclude that the proportion of infants who receive Prevnar and experience loss of appetite is different from 0.135, the proportion of children who experience a loss of appetite with competing medications at the 
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 = 0.01 level of significance?
a) Determine the null and alternative hypotheses.

H0:  p = 0.135
(There is no difference in the proportion of infants who experience a loss of appetite.)
Ha:  p 
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 0.135
(There is a difference in the proportion of infants who experience a loss of appetite.)  
b) Verify necessary data conditions, and if met, summarize the data into an appropriate test statistic.  
We can assume that the sample is a simple random sample since it was conducted with clinical trials.  Also,

 npo = 710(0.135) = 96 > 10
 n(1-po) = 710(1-0.135) = 614 > 10

*Therefore, we can use a z-Statistic.  
Z-Statistic = 
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p

= (121/710) = 0.170

 p0 = 0.135

 n = 710

z-Statistic = 
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 = 2.73
c) Assuming the null hypothesis is true, find the p-value.
*Since Ha:  p 
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 0.135 , this is a two sided test.  
p-value = 2 x Area to the right of |z|
P(Z
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 2.73) = 0.9968
P(Z > 2.73) = 1 - P(Z
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 2.73) = 1- 0.9968 = .0032
*This is the area to the right of |z|
p-Value= 2 x 0.0032 = 0.0064

d) Decide whether or not the result is statistically significant based on the p-value.
p-Value = 0.0064   
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= 0.01 significance level

0.0064 < 0.01  Therefore p < 
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So we reject the null in favor of the alternative.  

e) Report the conclusion in the context of the situation.

There is sufficient evidence to support the claim that the proportion of infants who experienced a loss of appetite when receiving Prevnar is different from 0.135 at the 
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= 0.01 significance level.  

The Rejection Region Approach to Hypothesis Testing (Classical Method)

*p-Values were not always so easy to find.  Therefore methods were developed to determine statistical significance based solely on the z-statistic.  

Rejection Region:  The region of possible values for the test statistic that would lead to rejection of the null hypothesis.  (Also depend on whether the alternative hypothesis is one or two sided).  
Rejection Region Rules:
	Alternative Hypothesis
	
[image: image28.wmf]a

 = 0.05
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 = 0.01

	Ha: p < po
	Reject H0 if z < -1.645
	Reject H0 if z < -2.33

	Ha: p > po
	Reject H0 if z > +1.645
	Reject H0 if z > +2.33

	Ha: p 
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 po
	Reject H0 if |z| > 1.96
	Reject H0 if |z| > 2.58


Ex.  When Gregor Mendel conducted his famous hybridization experiments with peas, one such experiment resulted in offspring consisting of 428 peas with green pods and 152 peas with yellow pods (580 total peas).  According to Mendel’s theory, (1/4) of the offspring peas should have yellow pods.  Use a 0.05 significance level to test the claim that the proportion of peas with yellow pods is equal to (1/4).  
Step 1:
H0:  p = 0.25
(There is no difference in the proportion of peas with yellow pods)

Ha:  p 
[image: image31.wmf]¹

 0.25
(There is a difference in the proportion of peas with yellow pods)

Step 2:
*We can assume that Mendel used appropriate methods in order to attain a simple random sample.

Also:

npo = 580(0.25) = 145 > 10
n(1-po) = 580(1-0.25) = 435 > 10

Therefore, we can compute a z-Statistic for the sample.
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p

= (152/580) = 0.262
 p0 = 0.25

 n = 580
z-Statistic = 
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 = 0.652
Step 3

*Since our Alternative was two-sided and our significance level 
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 = 0.05, in order to reject the null we need |z| > 1.96.  Since 0.652 < 1.96, our z-statistic is not within the rejection range so we cannot reject the null hypothesis.

Step 4
There is not sufficient evidence to warrant rejection of the claim that (1/4) of the offspring peas have yellow pods.  (We cannot condlue that the proportion of peas with yellow pods is equal to ¼).  

What Can Go Wrong:  Two Types of Errors
*Think about the justice system example again.

Null Hypothesis:  The accused is innocent

Alternative Hypothesis:  The accused is guilty

*Two possible decisions by the jury.

Do not reject the null hypothesis: The accused is not guilty

Reject the null hypothesis:  The accused is guilty

Two Types of Errors that could occur:
Error 1:  A guilty verdict for a person who is really innocent.  (An innocent person is falsely convicted.  The guilty party is still at large).

Error 2:  A not guilty verdict for a person who committed the crime.  (A criminal is not punished).  
Medical Terminology:

Null:  You do not have HIV

Alternative:  You do have HIV

False Positive:  You are told you have the disease, but you actually don’t.

False Negative:  You are told that you do not have the disease, but you actually do.  

Hypothesis Testing Errors:

Type 1 Error:  Occurs when the null hypothesis is actually true.  The error occurs by concluding that the alternative hypothesis is true.

Type 2 Error:  Occurs when the alternative hypothesis is actually true.  The error occurs by concluding that the null hypothesis cannot be rejected.  

Ex.  The Medco pharmaceutical company has just developed a new antibiotic.  Among the competing antibiotics, 2% of children who take the drug experience headaches as a side effect.  A researcher for the Food and Drug Administration claims that the percentage of children taking the new antibiotic who experience a headache as a side effect is more than 2%.  To test this claim, we conduct a hypothesis test with:
H0: p = 0.02

Ha:  p > 0.02

a) Write a statement explaining what it would mean to make a Type I Error.

We make a Type I Error if the sample evidence leads us to believe that p > 0.02 (that is, we reject the null hypothesis) when, in fact, the proportion of children who experience a headache is not greater than 0.02.

b) Write a statement explaining what it would mean to make a Type II Error.

We make a Type II error if we do not reject the null hypothesis that the proportion of children experiencing a headache is equal to 0.02 when, in fact, the proportion of children who experience a headache is more than 0.02.  For example, the sample evidence led the researcher to believe that p=0.02 when in fact the true proportion is some value larger than 0.02.  

Four Outcomes of a Hypothesis Test:





                         REALITY
	
	Ho is True
	Ha is True

	Do Not Reject Ho
	Correct Conclusion
	Type II Error

	Reject Ho
	Type I Error
	Correct Conclusion


*In cases where the null hypothesis is true, the probability of making a Type I error is the level of significance, 
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.  
*The probability of a Type II error depends on sample size, the test statistic, the true parameter value, and the level of significance.  
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