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Abstract

The Finite Element Tearing and Interconnecting (FETI) method is a practical and efficient domain decomposition (DD)
algorithm for the solution of self-adjoint elliptic partial differential equations. For large-scale structural problems discretized
with shell and beam elements, this method was found to outperform popular iterative algorithms and direct solvers on both
serial and parallel computers, and to compare favorably with leading DD methods. In this paper, we discuss some numerical
properties of the FETI method that were not addressed before. In particular, we show that the mathematical treatment of the
floating subdomains and the specific conjugate projected gradient algorithm that characterize the FETI method are equivalent
to the construction and solution of a coarse problem that propagates the error globally, accelerates convergence, and ensures
a performance that is independent of the number of subdomains. We also show that when the interface problem is optimally
preconditioned and the mesh is partitioned into well structured subdomains with good aspect ratios, the performance of the
FETI method is also independent of the mesh size. However, we also argue that the FETI and other leading DD methods for
unstructured problems lose in practice these scalability properties when the mesh contains junctures with rotational degrees
of freedom, or the decomposition is irregular and characterized by arbitrary subdomain aspect ratios. Finally, we report that
for realistic problems, optimal preconditioners are not necessarily computationally efficient and can be outperformed by
non-optimal ones.

1. Introduction

The Finite Element Tearing and Interconnecting (FETI) method introduced by Farhat and Roux [1] is a
practical and efficient domain decomposition (DD) method for the parallel solution of self-adjoint elliptic
partial differential equations. A given spatial domain is partitioned into non-overlapping subdomains where
an incomplete solution for the primary field is first evaluated using a direct solver. Next, intersubdomain
field continuity is enforced via Lagrange multipliers applied at the subdomain interfaces. This “gluing” phase
generates a smaller size symmetric dual problem where the unknowns are the Lagrange multipliers, and
which is best solved with a preconditioned conjugate gradient (PCG) algorithm. Each iteration of the PCG
algorithm requires the solution of independent subdomain problems. For static structural analysis, every floating
subdomain—that is, a subdomain with Neumann boundary conditions only—is associated with a singular
stiffness matrix and generates a set of interface constraints. Consequently, the system of equations governing
the dual interface problem is in general indefinite. The FETI algorithm deals with both issues by incorporating
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in the solution the contribution of the subdomain rigid body modes and by solving the indefinite interface
problem with a preconditioned conjugate projected gradient algorithm (PCPG).

So far, we have applied the FETI method to the solution of three-dimensional structural problems discretized
essentially with beam and shell elements. For such problems, we have shown [2] that the FETI algorithm
compares favorably with leading DD methods such as the Neumann-Neumann algorithm [3,4]. We have also
shown that even when the global stiffness matrix can be assembled and stored in real memory, the FETI method
often outperforms optimized direct solvers on both serial and parallel/vector processors [1]. However, whereas
theoretical results related to the condition number of the interface problem have been proved for many DD
methods—often for a model problem described by the Laplace operator—we have not conducted in the past
any theoretical or numerical investigation of the behavior of the condition number of the dual interface problem
associated with the FETI method. Such an analysis is usually performed to establish the scalability or non-
scalability of a DD algorithm. The presence or absence of a coarse grid problem is one of several fundamental
criteria to classify DD methods [5]. Algorithms lacking a coarse problem are popular because they are perfectly
parallel when load balanced. However, such algorithms lack a mechanism for exchanging information between
all subdomains in the preconditioning step and thus for preventing the growth of the condition number with the
number of subdomains. Therefore, such methods do not scale well in the fine granularity regime targeted by
emerging parallel processors. For example, it was observed that the condition number of the Neumann-Neumann
algorithm without a coarse problem deteriorates with the number of subdomains, and that 16 subdomains is a
practical limit [6] for this algorithm. In other DD methods, the needed error propagation was accomplished by
solving in each PCG iteration a coarse problem with few degrees of freedom (d.o.f.) per subdomain [7,8]. Such
methods are close in spirit to multigrid methods and especially to two-level methods such as those presented
in [9-11]. Recently, Mandel [6] has proposed a computational procedure for constructing a coarse problem
for the Neumann-Neumann method which, unlike a previous procedure [12], does not require to know what
are the faces, edges, or vertices of the subdomains. He has called the resulting DD algorithm the Balancing DD
method and has shown that its convergence is independent of the number of subdomains.

The main ideas presented by Mandel in [6] are in many ways similar to those of the FETI method.
For example, the coarse problem proposed in [6] is derived from the same solvability conditions as those
introduced in [1] for floating subdomains, and its representative system matrix is constructed using the same
building blocks as those of the projection operator first developed in [1]. These observations have motivated
us to further analyze the FETI method and establish that: (a) the projection step in the PCPG algorithm
used in the FETI method leads to a “natural” coarse problem, and (b) the FETI method with the Dirichlet
preconditioner is asymptotically optimal—that is, the condition number of the preconditioned dual interface
problem is independent of the number of subdomains and grows only slowly when the mesh size & — 0.

The remainder of the paper is organized as follows. In Section 2, we cast the FETI formulation into an
elegant saddle-point problem, and derive in a new way the solution algorithm that was first proposed in [1]; we
also establish that the FETI method contains inherently a coarse problem that propagates the error globally and
accelerates convergence. In Section 3 we prove new bounds on the convergence of the FETI algorithm without
preconditioning, and in Section 4 we show numerically that it is asymptotically scalable when the interface
problem is optimally preconditioned and the mesh partitions have good subdomain aspect ratios. In Section 5,
we show that scalability is lost in practice for problems with junctures, and/or mesh partitions with arbitrary
subdomain aspect ratios. We also argue that the same conclusion applies to other optimal DD algorithms that
are applicable to unstructured meshes. In Section 6, we address some computational issues and conclude that
the optimal Dirichlet preconditioner is not necessarily computationally efficient. In Section 7, we discuss the
superconvergence properties of the FETI algorithm and justify the use of the non-optimal local preconditioner
first advocated in [1]. Finally in Section 8 we offer some concluding remarks. ‘

For a background on the FETI method, we refer the reader to Refs. [1,2,13].

2. A saddle-point problem and its solution algorithm

Let £2 denote the volume of the structure to be analyzed, K its stiffness matrix, and f the vector of prescribed
forces. The problem to be solved is: .
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Fig. 1. Domain partitioning.
Ku = f, (1)

where u is the displacement of the structure caused by the forces f. We partition £2 into N, substructures or
subdomains {2}, ., (Fig. 1), and we denote by K*, u*, f* and B°, respectively the subdomain stiffness
matrix, the subdomain displacement and force vectors, and the signed matrix with entries —1,0,+1 describing
the subdomain interconnectivity.

The Lagrangian associated with the partitioned problem is:

Ns Ng N
L(v,u)= % ZU"TKSUS _ szTf_c + ﬂTZBsUs
s=1 s=1 s=1

N, N,
st PICEED DUV JhE o)
s=1 s=1
where v = (v1,0%,...,0™) is a vector of subdomain displacements, u is a vector of Lagrange multipliers
introduced at the subdomain interfaces, » = (u',4?,...,u™), and f = (f', f2,..., f™). We define two energy
functionals £(v) and C(u) as follows:
E() =supL(v,p),  C(u)=infL(v,pn). (3)
m v

It is well-known [14] that solving (1) is equivalent to solving the saddle-point problem:

Find (u, A) such that L(u, A) =infsup L(v, ) = inf€(v) 4)
v o v

or its dual problem:
Find (u, A) such that L(u, A) =supinfL(v, u) =supC(u). (5)
pov n
Therefore, the solution (u, A) minimizes € (v), maximizes C(u), and is such that £(u) = C(A).

In problem (4), the displacement v is admissible if and only if £(v) is finite, and in problem (5), the
Lagrange multipliers u1 are admissible if and only if C(4) is finite. Moreover, it can be easily shown that:

Ny

E(v) < +ooe » B =0, (6)
s=1

C(p) > —c0 &> f* — B u L Ker(K®). (7

The right hand side of the equivalence relation (6) expresses the continuity of the displacement field at the
subdomain interfaces. The right hand side of the equivalence relation (7) is a necessary condition for the
existence of a displacement solution in a floating subdomain where the stiffness matrix is singular. Note that if
{¥ is a non-floating subdomain—that is, with enough Dirichlet boundary conditions to eliminate its rigid body
motions—Ker(K*) = {0} and condition (7) is automatically satisfied.
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In summary, the solution of the saddle-point problem (4) can be written as follows:

dL(v, )

P =0 KW +B A= f°

o (8)

N,
M =0 & Z By =0.
N P pu

REMARK 2.1. The first of Egs. (8) implies that f5 ~ BAL Ker(K*).

The FETI method is now derived as the conjugate gradient method for the maximization of the energy
~ functional C(u) on the admissible set:

A={p:C(n) > —occ}. (9
From (7) it follows that if C(x) > —o0, then C( A+ 8) > —oo if and only if & € V, where:

V={8: B'8 LKer(K), s=1,...,N,). (10)
For an admissible u € A and a direction 8 € V, the directional derivative D(C(n); 6) can be computed using
Eqgs. (8) as follows:

Ny
D(C(p); 6) = %(wr ta)’ =8") Bk (f - B p), (1
=0 s=1

where X' is a generalized inverse of K, and which does not need to be explicitly computed [ 1, Appendix 1].

Clearly, if £2° is not a floating subdomain, K** = K*~".
The directional derivative is represented by the inner product of an increment & and a gradient vector VC(u)
in V as follows:

V6eV, D(C(u),8)=8TVC(u). (12)

Using Eqs. (8) and imposing that the gradient vector be in V leads to expressing VC(u) as the orthogonal
projection onto V of the sum in Eq. (11):

Ns
VC(u) =P BK*(f — B p)=P(d— Fp), (13)
s=1
where:

P=1-G(G"G)'G", Gi=[B'R'... BNV},
N Ny +

d=ZBSK“+fS, FI"—'EBSKS B,
s=1 s=1

and where R* is an arbitrary matrix with linearly independent columns that span Ker(K®), and N; is the total
number of floating subdomains. Clearly, the introduction of R® is necessary only if £2° is a floating subdomain,
in which case the columns of R® are linear combinations of the subdomain rigid body modes.

REMARK 2.2. There are at most 6 rigid body modes per floating subdomain and therefore G; contains at most
6 x Nf columns.
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REMARK 2.3. Unlike other approaches [4] where the subdomain rigid body modes are ignored in the precon-
ditioning step, the FETI method incorporates these modes in the formulation of the interface problem itself.
This enables a global interchange of information with the coarse space:

Ne
In(Gy) = § £: 6= Y BRZ?, 2° € REmKertkn) | (14)

s=1
Since V and Im(Gy) are complementary spaces, it follows from Egs. (7) and (10) that:
Vu€ A, VE # 0and £ € Im(Gr), C(u) >C(p+£) = —oo, (15)

which implies that all x € A and all search directions VC( p) €V are optimal with respect to increments in
the space Im(Gy).

The generalized inverses K*' can be chosen to be symmetric without changing the value of VC(u), and
therefore Fj can be assumed to be symmetric without any loss of generality. Moreover, for all § € V and neY
we have:

8TPFm = 8"Fip = n"Fié = 9" PRi8, (16)

which proves that PF; is symmetric on ). _

Similarly, it can be shown that if F{! is a symmetric preconditioner, then PF;! is also symmetric on V.
Hence, the preconditioned conjugate projected gradient algorithm proposed in [1] can be obtained simply by
chosing an initial approximation of A in A and projecting all residuals and search direction onto V as follows:

1. Initialize:
AD = GGG~ fURT .- N RN,
r® =q4_ Fm(o);

2. Iterate k= 1,2, ... until convergence:

Project:
wtD = [1 - GGG G T+

PreconditioxE a7)
2D < Frlwte-D;

Re-project:

Y =1 -GGG T GM1 %D,

(M = y(k—l)Tw(k—l) /y(k—2)7w<k—2) (M =0,
p® =y 4 p0ORG=D (1) - (0

»(® = k=D k=1) (BT gy (B

AW = QG140 (0

r® = 0= _ B E,H

In [13], it is shown that G]Gy couples all of the floating subdomains but retains a banded structure.
Moreover, G{ Gy is at most 6N; X 6N; and therefore can be easily stored in memory. Clearly, at each iteration
of the above PCPG algorithm, the Project and Re-project steps disseminate numerical information among all
of the subdomains, and therfore accelerate convergence.

3. Convergence analysis and scalability

The PCPG algorithm (17) is identical to the standard PCG algorithm but applied to the system operator
PFi : V — V and the preconditioner PF;™' : V — V. Therefore, it admits the standard error reduction

bound [15]:
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2%
)y vk -1 ©
¥l < (YE21) 1l as)
where e® is the error at step &, lelly = nTRp, u € V, is the energy norm on the space of Lagrange

multipliers V, and « is the condition number of PIT',“]PF;. Here, we show that for i}_l = I (unpreconditioned
case) this condition number can be bounded independently of the number of subdomains N,

THEOREM 3.1. Let co denote the maximum number of subdomains that share a degree of freedom. If there
exist two constants ¢y > 0 and c; such that Jor all v* satisfying v° € Im( B‘T) and v* 1 Ker(K*) we have:

T T T
v’ v* <vF K0 < et oS, (19)
then:
CoC2
K —=. (20)
(&1

PROOE. By summation over all subdomains 2* we have:

Ns Ny
VueV, au'y BB u<pTFu<ou’y BB L. (21)
s=1 s=1

On the other hand, from the definition of B* and the symmetry of 3> BB it follows that:
1<) BB <ol (22)

Finally, from (21) and (3) we deduce that:
VueV, ap'u< uAu < coun, (23)

which shows that the Rayleigh quotient uTFu/uTu is bounded from below by ¢1 and from above by cpcy,
and therefore the condition number « is bounded by cocz2/c1. a

Next, we partition the subdomain unknowns into internal degrees of freedom designated by the subscript i,
and interface boundary degrees of freedom designated by the subscript b. Hence, a subdomain vector v° can be
written as:

s v
v= [U; ] . (24)
Note that if v° € Im(B‘T), then v = 0. The evaluation of the matrix vector product ¢°* = K v* can be performed
via the solution of the following system of equations:

K; Kpllq 0 v :
n 1 - 25
[ ] [4]- (3] @
which leads to the reduced system:
S =vf (26)

where Sj, is the Schur complement matrix given by:
Sis = Kiy — K5 K K | 27)
From Egs. (25)-(28) it follows that:

T __ 4+ T T 4+
v K* v° = gqj v} = v} Sivl (28)
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and therefore the inequalities (19) are equivalent to:
s s I 7 sTos s L
va 4 Ker(Sbb), —Up Uy < Uy Sbbvb < —Up Up. (29)
€2 C1 .

Let H and h denote respectively the characteristic subdomain and element sizes. Decreasing H corresponds
to increasing the number of subdomains—for example, to increase the degree of parallelism and the number of
processors—and decreasing h corresponds to refining the finite element mesh. Since for Poisson and elasticity

- T . .
problems the quadratic form v§ S,u5 is equivalent to the square of the trace norm [7,16], we have that the
inequalities (29) are satisfied with:

2 H
;1- < const W (30)

Thus, from (29) and (30), we obtain the following theorem:

THEOREM 3.2. If the elements and the subdomains have regular shape and size, then the FETI method without
a preconditioner applied to the Poisson or elasticity problems has a condition number that is bounded by:

H . A
K<const;. 31

REMARK 3.3. The above estimate of the condition number can be expected to hold also for the preconditioned
FETI method, for example, when the preconditioner is spectrally equivalent to a multiple of the identity matrix.
The “lumping” preconditioner introduced in Section 6 verifies this property.

Theorem 3.2 establishes the scalability of the unpreconditioned FETI domain decomposition method. When
the mesh size is fixed and the number of subdomains is increased, H and the condition number of the interface
problem decrease. When the mesh is refined and the number of subdomains is increased such that H/h is
kept constant, the condition number of the interface problem remains constant. This is unlike several other
unpreconditioned domain decomposition methods where the number of iterations for convergence grows with
the number of subdomains.

4. Numerical investigation of asymptotic optimality
4.1. Preconditioning with primal subdomain operators

The mechanical interpretation of the FETI method is straightforward. At each iteration k of the conjugate
projected gradient algorithm (17), the matrix-vector product:

Ns
7 = Fp” =) Bk B pf" (32)
s=1

can be assembled from the following subdomain level results:

)

p-S(k) = Ks"‘Bs'l‘pb ) | (33)

Each of the above local matrix-vector products (32) can be re-formulated as a subdomain problem with
Neumann boundary conditions (indicated here between braces { }) as follows:

K‘: ‘; ] 13:'“) T (B [ 0 ] ‘
. i =B p = " R . (34)
[Ks, WA )T T Ha™) :

Hence, at each iteration of the FETI method, traction forces are applied at the subdomain interfaces and a
corresponding jump in the displacement field is evaluated. From a mechanical viewpoint, the inverse problem
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consists in imposing this jump at the subdomain interfaces and computing the corresponding interface traction
forces. At the subdomain level, this leads to a primal Dirichlet problem that can be written as:

K K & 0 '
i b i — )
[0 1“{@3“’}]'[@;""] (3%)

and whose solution is given by:
—1 ()
; i Kpop . (36)

The corresponding traction forces are then obtained via the following matrix—vector multiplication:

[ 2] oty Lot st
T _ = T —1 _dal b 3
5 Kl [(a5”) | ™ Lk — kK R (0 @7
From the above mechanical interpretation, it follows that a good preconditioner for the dual interface problem
can be constructed by assembling the primal subdomain operators as follows:

D":iB’ 0 o . B’T=§B‘ 0.0 fps 38
'L 0 K, — Kj, K K3, po 0 Sp ’ (38)

By analogy with the theoretical results for the closely related Balancing DD method [6], one can expect that
the condition number of the FETI method with the Dirichlet preconditioner will be bounded by (1+log H/h)?,
where H/h is again the ratio of the subdomain and element sizes. Hence, one can reasonably expect that the
performance of this optimal preconditioner will be weakly dependent on A.

REMARK 4.1. The FETI interface operator can also be written as:

F—ZN‘:B’ 007 (39)
" s=1 0 Si; ,

where S,’,; is a generalized inverse of Spp. In the absence of cross-points—that is, points where more than two
subdomains intersect—B*B* = I and the Dirichlet preconditioner becomes exactly the sum of the generalized
inverses of the local FETI operators. In that case, the FETT and Neumann-Neumann [4] methods become dual
methods, except for some sign differences in the definition of the BS matrices.

Next, we confirm numerically that the condition number of the FETI interface operator with the optimal
Dirichlet preconditioner grows only slowly as & — 0, and that it is bounded independently of the number of
subdomains.

4.2. The Poisson model problem

The Laplace operator appears in many technologically important problems such as heat transfer conduction
and flow through porous media. Even though it is not representative of all structural problems, it is often used
to illustrate the salient features of domain decomposition algorithms for elasticity problems.

Here, the problem to be solved is the Poisson problem:

Ag(x,y) =b,  $(0,y) =0, (40)

where ¢(x,y) is some scalar field defined over a two-dimensional rectangular domain £2, and b is a constant.
The finite element discretization of Eq. (40) leads to an algebraic problem similar to that of Eq. (1). Usually,
the convergence properties of a DD algorithm are discussed in terms of the subdomain size H and the element
size within a subdomain h. Therefore, we consider various M x N box-wise decompositions where every
subdomain is a square with a unit side length and is uniformly discretized with 1/h x 1/h elements (Fig. 2).
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Fig. 2. Uniform mesh partitions for the Poisson model problem.
For all cases and throughout this paper we use the following global stopping criterion:

||Ku— fll
I £1l2

First, we set h = 1/10 then h = 1/20, and report in Tables 1 and 2 the condition number of the preconditioned
dual interface problem and the number of iterations to achieve convergence (between parenthesis) for different
values of H obtained by varying M and N. The results show that for a fixed value of 4 and a decreasing value
of H, the condition number and the number of iterations stabilize even for a number of substructures as large
as 1,024 (M = N = 32). Clearly, these results highlight the presence of a coarse grid and demonstrate the
numerical scalability of the FETI method for this model problem.

Next, we set H =1 /4 then H = 1 /8 and report in Tables 3 and 4 the condition number and the number of
iterations for different values of h. The results validate the claim made in Section 4.1: for a fixed value of H,.
the performance of the FETI method with the Dirichlet preconditioner is found to be weakly dependent on h.

Finally, we fix the size of the global problem to 102,400 elements (320 x 320) then 409,600 elements
(640 x 640) and monitor the performance of the FETI method for various numbers of substructures (Tables 5
and 6). For structural engineering applications, this test is often considered to be the most meaningful one as

<1078, (41)

Table 1
FETI method with f]D_l preconditioner, asymptotic scalability—Two-dimensional Poisson problem, h = 1/10

N . M
1 2 4 8 16 32
1 —_ 20 5) 2.1 (¥)) 2.1 9) 2.1 9 29 (9
2 2.8 4) 50 (10) 55 14) 5.8 (18) 58 (18) 5.5 (18)
4 35 (6) 55 (14) 58 (19) 6.0 (19) 59 (18) 55 (18)
8 36 (10) 59 (18) 6.0 (20) 6.0 (19) 5.7 (18) 55 (18)
16 37 (13) 6.0 (18) 62 (20) 6.1 (19) 5.6 (18) 55 (18)
32 3.7 (13) 6.1 (18) 6.2 (19) 6.2 (18) 6.7 (18) 56 (18)
Table 2

FETI method with I':‘;D_l preconditioner, asymptotic scalability—Two-dimensional Poisson problem, k = 1/20

N M
1 2 4 8 16 32
1 — 2.6 (5) 28 (8) 28 (11 28 (1) 29 (11)
2 38 4) 59 (1) 6.4 (16) 6.6 1) 6.7 21) 63 (21)
4 45 (8) 6.5 17) 6.8 (21) 7.0 (22) - 69 .- (21) 6.3 2n
8 4.7 (12) 6.9 (20) 70 (22) 7.0 (¢33 6.4 21) 63 (20)
16 4.8 (15) 72 (21) 72 (¢4)] 72 1) 6.4 (20) 6.4 (20)
32 48 (15) 13 (21) 72 21) 7.2 21 64 (20) 6.4 (20)
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FETI method with lAv‘;D_' preconditioner, weak dependence on hA—
Poisson problem on a square domain, H = 1 /4 (M=N=4,ie.

16 substructures)

Table 4

FETI method with ﬁD_l preconditioner, weak dependence on A—
Poisson problem on a square domain, H = 1/8 (M=N=38, ie.

64 substructures)

h Condition Number of h Condition Number of
number iterations number iterations

1/10 58 19 1/10 6.0 19

1/20 6.8 21 1/20 7.1 21

1/40 8.0 22 1/40 84 23

1/80 9.7 25 1/80 9.7 25

1/160 9.7 25 1/160 9.7 25

Table 5 - Table 6

FETI method with FP™  preconditioner—Effect of the inher- FETI method with FID—’ preconditioner—Effect of the inher-

ent coarse grid problem—Poisson problem on a square domain, ent coarse grid problern—Poisson problem on a square domain,

102,400 elements 409,600 elements

H Ns Condition Number of H Ns Condition Number of

* number iterations number iterations

1/4 16 9.7 25 1/4 16 9.7 25

1/8 64 8.4 23 1/8 64 8.4 23

1/16 256 6.4 20 1/16 256 6.4 20

1/32 1024 57 18 1/32 1024 57 18

it represents the case where an attempt is made at increasing the amount of parallelism in the solution process
without artificially inflating the number of equations.

When the global discretization is kept constant and the number of substructures is increased, additive sub-
structuring methods lacking a coarse problem converge towards the Jacobi algorithm. Therefore, the performance
of such methods deteriorates when H is decreased. However, the results reported in Tables 5 and 6 show that
for a fixed global problem, the number of iterations performed by the FETI method decreases when the the
number of substructures is increased. These results clearly demonstrate that when H is decreased, the FETI
method converges towards a direct solver and therefore is inherently numerically scalable.

REMARK 4.2. Similar results have been obtained for the three-dimensional Poisson problem.

4.2.1. Plane stress or strain problems .
Two-dimensional problems in elasticity are in general either plane stress or plane strain problems and can be

written as:

2 2
6 (GE @ + T2 ) +80 (Lo + S+ X =0,
’ (42)
2 2

G (g;;(x,y) + Z—;;(x,y)) + BG-:; (%(x.y) + %(x,y)) +Y(x,y) =0,
where u(x,y), v(x,y), X(x,y) and Y(x,y) denote respectively the horizontal and vertical displacement fields
and distributed body forces, » denotes Poisson’s ratio, G is Lame’s constant, and B=(14+2)/(1-v) for
plane state of stress and 8 = 1/(1 — 2») for plane state of strain [17]. Given that the first term of each of
Eqs. (42) is a Laplacian operator and that the second term involves only second order partial derivatives of
u(x,y) and v(x,y), one can reasonably expect that the behavior of an iterative algorithm will be similar for
both the plane stress or strain problem and the model Poisson problem, when similar shape functions are used
for both of them.

A sample plane stress problem defined on a square domain of side L and thickness ¢ is depicted in Fig. 3. If

for this problem 4 is kept constant and H is decreased (the number of substructures is increased), the resulting
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Fig. 3. A plane stress problem.

Table 7

- " . .
FETI method with F,D preconditioner—Effect of the inherent coarse grid problem—Plane stress problem on a square domain, 4,704
equations

H Ns Condition number Number of iterations
1/2 4 18.8 13
1/4 8 20.1 23
1/8 64 157 24
1/16 256 10.8 24

mesh partitions will have different ¢/L ratios. This is not an issue for plane stress or strain problems but it is
a major one for shell problems that we investigate next using the same domain as that shown in Fig. 3 and

a combined membrane/bending load. For this reason, and because we are mainly interested in highlighting

the numerical scalability of the FETI method, we consider only the case of a fixed global problem and an

increasing number of substructures. We set L = 1.0, t =0.01, G =7.84-10%, and » = 0.34. The square domain

is uniformly discretized with 48 x 48 four-node elements and 4,704 equations are generated. The performance

of the FETI method for this problem is reported in Table 7 for 4, 16, 64 and 256 substructures.

Here again, the results reported in Table 7 highlight the coarse grid effect of the projector P = (7 -
GI(GlTG,)'"G]T] and the asymptotic numerical scalability of the FETI method. Note that the fastest conver-
gence is achieved for H = 1/2, for which the condition number is higher than for H = 1 /8 and H =1/16. In
Section 7, we show that such a phenomenon corresponds to a superconvergent behavior of the FETI method
that is usually triggered when the number of substructures is relatively small.

4.2.2. Smooth shell problems . ,

Here we consider a smooth shell structure that has the same geometry and material properties as those of the
plane stress problem previously discussed, and that is subject to a combined membrane/ bending load (Fig. 4).
The structure is uniformly discretized with 48 x 48 four-node shell elements with 5 degrees of freedom per
node. The corresponding number of equations is 14,112. As for the plane stress problem, we partition the mesh
into 4, 16, 64 and 256 substructures and report in Table 8 the condition number of the preconditioned dual
interface problem, and the number of iterations to achieve convergence. .

Clearly, the condition number of the preconditioned dual interface problem is shown to decrease when the
number of substructures is increased, which demonstrates the asymptotic numerical scalability of the FETI
method. Superconvergence is observed for H = 1/2 and H = 1/4. Note however that, as expected, the shell
problem leads to significantly larger condition numbers than the Poisson and plane stress problems. In particular,

Fig. 4. A smooth shell problem.
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Table 8

.y Tp—1 - .
FETI method with FID preconditioner—Effect of the inherent coarse grid problem—Smooth shell problem on a square domain, 14,112
equations

H Ns Condition number Number of iterations
1/2 4 61,244 40
1/4 16 13,870 124
1/8 64 3,837 169
1/16 256 3,084 138

the results depicted in Table 8 suggest that for shell problems, the condition number of the interface problem
grows faster than Q(1 + ]ogz(H/h)).

5. Effects of the subdomain aspect ratio and the presence of junctures

Ironically, the authors of the FETI method were not aware of its optimal convergence properties until
Mandel’s results [6] became available. This is essentially because the FETI method was developed to solve
realistic aircraft structural models for which optimal convergence was not observed. For such problems, it was
found that the FETI method is capable of outperforming popular direct and iterative solvers, but its rate of
convergence was also found to deteriorate for a number of subdomains larger than 32. Here, we comment on
why complex structural problems represent a bigger challenge to optimal DD solvers than the Poisson, plane
stress, and smooth shell problems.

For large number of subdomains, conditioning of the global problem alone cannot explain the discrepancy
between the convergence rates observed for the previous academic problems and those observed for more
realistic structural problems. We believe that a key factor in the convergence rate of the FETI method and
several other DD algorithms is the subdomain aspect ratio. In order to highlight the effect of this important
factor, we consider again the plane stress and smooth shell problems each discretized with 48 x 48 elements.
We keep the total number of elements constant and construct various M x N mesh decompositions. We report
in Tables 9 and 10 the corresponding subdomain aspect ratio A M.N, the condition number of the preconditioned
interface problem, and the number of iterations to achieve convergence (between parenthesis).

The reader should note that the performance results reported in Tables 9 and 10 are not symmetric even though
Anm = Ay,n. This is because the boundary conditions of both problems are not symmetric with respect to the M
and N partitions. Clearly, these results demonstrate that for a fixed number of subdomains, convergence is faster
when the subdomain aspect ratio is closer to 1. For the smooth shell problem, the 8 x 8 mesh partition generates

Table 9
FETI method with ;lD_l preconditioner—Effect of the substructure aspect ratio—Plane stress problem on a square domain (4,704

equations)

N M
1 2 4 8 16
1 - A21 =05 Ay =025 Agy =0.125 Ass,1 = 0.0625
— 4.1 9) 192 (15) 237.0 (34) 3,713.0 (86)
2 A2 =05 A2=10 Ag2 =05 A2 =025 Ajs2 =0.125
26 6) 18.8 (13) 94 (19) 203 30) 173.0 (63)
4 A14=025 A24=05 Asa=10 Ags =05 Ajes =025
147.0 (14) 94.3 24) 20.1 (23) 838 (23) 222 (35)
8 Ag =0.125 Az =025 A1z =05 Agg=1.0 As =05
3,714.0 (36) 677.0 (40) 793 (30) 157 24) 8.6 (22)
16 A1 = 0.0625 Az =0.125 Ag16 =025 Ag16 =0.5 Ajs,6 = 1.0
63,985.0 (85) 8,861.0 (84) 566.0 (53) 574 (36) 108 24
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Table 10

.. Tp-1 -
FETI method with FP preconditioner—Effect of the substructure aspect ratio—Smooth shell problem on a square domain (14,112
equations)

N ' M
1 2 4 8 16
1 —_ Az =05 Ag1 =025 Agy =0.125 Aje =0.0625
—_ 570 (24) 2920 (40) 665.0 (83) 4,333.0 (181)
2 A12=05 A22=1.0 Ag2=05 Ag2 =025 Age2 =0.125
44 (15) 61,2440 (40) 12,465.0 (78) 11,408.0 (145) 51,899.0 (280)
4 A4 =025 A4 =05 Asa=10 Ags =05 A4 =025
162.0 (28) 20,2321.0 (76) 13,870.0 (124) 3,720.0 (167) 9,604.0 (271)
8 A13=0.125 A3 =0.25 Asg =0.5 Agg =1.0 A =05
3,799.0 (66) 1,042,579.0 (146) 2,6782.0 (192) 3,837.0 (169) 4,035.0 (163)
16 Ap6 = 0.0625 A216 =0.125 Ag16 =025 Ag 16 =0.5 Age16 = 1.0
N.A. 4,892,620.0 (325) 78,409.0 (317) 8,331.0 (202) 3,084.0 (138)

64 subdomains where the subdomain aspect ratio is equal to 1, the condition number of the preconditioned
interface problem is equal to 3837.0, and the number of iterations to achieve convergence is equal to 169. For
the same problem, the 4 x 16 mesh partition also generates 64 subdomains, but produces a subdomain aspect
ratio equal to 0.25, a condition number of the preconditioned interface problem equal to 78409.0, and requires
317 iterations for convergence. The results reported in Tables 9 and 10 also indicate that the subdomain aspect
ratio is more important for scalability than the number of subdomains. For example, Table 10 shows that the
16 x 16 mesh partition that generates 256 subdomains with perfect subdomain aspect ratios, converges in only
138 iterations, while the 2 x 16 mesh decomposition that generates 32 subdomains only, converges in 325
iterations. This influence of the mesh partition on the convergence rate of a DD algorithm is not limited to the
FETI method: we have run several experiments with other DD algorithms and have observed the same trend.
Moreover, Le Tallec and Vidrascu have recently communicated to us that the Neumann—Neumann [4] and the
Balancing domain decomposition [6] methods are both sensitive to the topology of the mesh partition, and that
the performance of each of these two methods can differ by up to 300% when different mesh decompositions
are used [18].

Each of the academic problems previously discussed has a simple geometry and a regular discretization that
allow a uniform M x M mesh decomposition. However, complex problems involving complicated geometries
and unstructured meshes often require the use of an automatic mesh decomposition algorithm to generate the
desired subdomains. Such partitioning algorithms are now available in the literature [19-21] and bave one
common characteristic: they do not pay any special attention to the subdomain aspect ratio. In general, these
algorithms focus on minimizing interprocessor communication costs and produce irregular mesh partitions with
arbitrary shapes and arbitrary subdomain aspect ratios. Hence, the results in Tables 9 and 10 suggest that the
performance of a DD algorithm applied to a realistic structural problem with arbitrary mesh partitions will be
less impressive than that observed for an academic problem with perfect subdomain aspect ratios.

As an example, we consider the stress analysis of a High Speed Civil Transport (HSCT) aircraft under a gust
load. The structural model includes the skin, the fuselage, the ribs and the stiffeners ( Fig. 5). The finite element
mesh contains 69120 triangular shell elements with 6 d.of, per node and generates 197442 equations. After
renumbering, the average column height of the corresponding system of equations is 1496. The finite element
mesh is decomposed into 4, 8, 16, and 32 subdomains using the Greedy algorithm [21]. The reader can observe
(Fig. 6) that the overall shape of the subdomains degrades when their number is increased. For this problem,
the performance of the FETI method is reported in Table 11 and contrasted with the performances of a highly-
vectorized direct solver [22] (DIR) with an out-of-core capability, and a vectorized Jacobi preconditioned
(diagonal scaling) conjugate gradient algorithm (JPCG). All computations are carried out on a CRAY-2
processor. In order to ensure a fair comparison between the FETI method and the direct solver, all subdomain
solutions are computed using DIR. :
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Fig. 5. The HSCT structural model.

N

Table 11
FETI method with 17]‘)‘l preconditioner—Effect of arbitrary mesh partitions and performance comparison with DIR and JPCG—HSCT
static analysis (197,442 equations)

Method Ns Number of iterations CPU

FETI 4 440 22410s
8 889 24790s B
16 1,074 2,6440s
32 1,640 3,9800s

DIR 1 1 4,5050s

JPCG I > 32,000 >9,2950s

Clearly, scalability is lost for the HSCT problem. However, the FETI method is still reported to outperform
the direct solver. After 32000 iterations, the conjugate gradient algorithm with diagonal scaling still does not
converge.

Geometrical discontinuities such as those encountered at the junctures between the fuselage, the skin, and the
stiffeners, are other likely important sources of performance degradation, especially when they coincide with
the subdomain interfaces. We remind the reader that for the Poisson problem with over 400,000 unknowns and
as many as 1024 subdomains (h = 1/20, M = N = 32), the FETI method was found to converge in 20 iterations
only (Table 2). However, even when the number of subdomains is kept as small as N; = 4—which usually
entails reasonable subdomain aspect ratios—the FETI algorithm requires more than 400 iterations to achieve
convergence for the HSCT problem which has less than 200,000 d.o.f. but several material and geometrical
heterogeneities. :

6. Optimal vs. computationally efficient domain decomposition preconditioners

The optimal Dirichlet (or primal) preconditioner:

D"‘=§NiB’[00]B‘T=zN§B‘[O o . ]B’T - (43)
! s=1 OS,':,, =1 0 gb— 'sbK; ?

ib

introduces some memory and computational burdens. Even though its building blocks K are embedded in the
building blocks K* of the dual interface operator Fj = E, Bk B‘T, these blocks must be stored and factored
twice. The reason is that for a given 2°, K§ and K° have two different optimal numberings for the internal
degrees of freedom that lead to two different matrices. Moreover, each iteration with the Dirichlet preconditioner
requires an additional pair of forward/backward substitutions on the internal subdomain degrees of freedom,
which doubles the cost of the unpreconditioned CG algorithm.

Because of the storage and computational burdens associated with the Dirichlet preconditioner, we have
advocated in [1] preconditioning the dual interface problem with the following “lumping” operator:
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Fig. 6. Decomposition of the HSCT mesh into 4, 8, 16 and 32 subdomains.
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Table 12 Table 13
FETI method with L ! preconditioner—Dependence on h— FETI method with Ll"l preconditioner—Dependence on h—
Poisson problem on a square domain, H = 1 /4 (M =N=4, Poisson problem on a square domain, H = 1 /8(M=N-=23,
i.e. 16 substructures) i.e. 64 substructures)
h Condition Number of h Condition Number of
number iterations number iterations
1/10 ' 129 23 1/10 13.6 26
1/20 253 29 1/20 26.7 34
1/40 504 40 1/40 53.1 49
1/80 101.0 52 1/80 105.0 54
1/160 206.0 52 1/160 208.0 54
Ns
-1 s 00 s
L _Z]B [0 K;JB ) (44)
5=

The L ! preconditioner is economical because it does not require any additional storage and involves only
matrix-vector products of sizes equal to the subdomain interfaces. From a mechanical viewpoint, each pre-
conditioning step using L;"! corresponds to finding a set of “lumped” interface forces that can reproduce the
displacement jumps at the subdomain interfaces when only the interface nodes are allowed to displace.

The lumped preconditioner L]‘l is not mathematically optimal because the condition number of L' grows
as O(H/h) for the Poisson problem, as illustrated in Tables 12 and 13. However, the results reported in these
tables also show that the number of iterations to achieve convergence initially varies sublinearly with 1/h and
asymptotically becomes independent of h. Therefore in practice, the performance of the FETI method with
the lumped preconditioner can be considered as weakly dependent on h. The exposed difference in behavior
between the condition number and the number of iterations when # is decreased is explained in Section 7 with
a superconvergence theory.

The performance results reported in Table 14 for the Poisson model problem also show that the lumped
preconditioner L,"l does not perturb the scalability effect of the coarse grid problem. Quite the opposite, the
condition number of L; 'Fi and the number of iterations to achieve convergence decrease with a growing
number of subdomains since then H/h decreases.

The FETI method with the Dirichlet preconditioner performs less iterations than with the lumped precondi-
tioner (see Tables 3-5 and Tables 12-14). However, an iteration with D ! is more expensive than an iteration
with L7}, and therefore it is interesting to assess which preconditioner is in practice more efficient. For this
purpose, we apply both preconditioners to the solution of the HSCT problem introduced in Section 5 (Table 15).

Clearly, the Dirichlet preconditioner appears to perform at best 30% less iterations than the lumped precon-
ditioner. However for this realistic problem, the FETI method with Ll‘l is found to be at least 25% faster than
with D;!. We have observed similar results for a wide range of complex structural problems. In particular, we
have found that for problems with severe random - heterogeneities, the Dirichlet preconditioner performs almost
as many iterations as the lumped preconditioner and therefore becomes unjustifiable.

Table 14 :

FETI method with L, ! preconditioner—Effect of the inherent coarse grid problem—Poisson problem on a square domain, 102,400 elements
H Ns Condition number Number of iterations

1/4 16 101.0 52

1/8 64 53.1 49

1/16 256 270 38

1/32 1024 13.8 24
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Table 15
FETI method—D;” ! preconditioner vs. Ll"l preconditioner—HSCT static analysis (197,442 equations)

Ny FETI - D! FETI - L
Number of CPU time Number of CPU time
" iterations (s) iterations ) (s)
4 440 22410 . 629 1860.0
8 489 2479.0 689 1958.0
16 674 2544.0 923 2032.0
32 1040 3580.0 1237 2398.0

7. Superconvergence of the FETI method

. . o . . :
The interface matrix Fj = Zﬁ_’, BSK*' Bs corresponds to the discretization of a compact operator that maps the

- normal components of the stress tensor along the subdomain interfaces onto the traces on these interfaces of the

subdomain displacement fields [23]. Because of this compactness, the eigenvalues of the matrix Zi’_}, BSKs' B
accumulate towards zero when 4 — 0, and the high end of their spectrum is less populated than the low end. The
objectives of this section are: (a) to numerically illustrate the spectral properties of the dual interface operator,
and (b) to highlight the impact of these spectral properties on the convergence rate of the CG algorithm.

As an example, we consider the three-dimensional two-subdomain cantilever problem depicted in Fig. 7. The
beam has a square cross section, and a length-over-height aspect ratio equal to 10. Two finite element meshes
are constructed using 8-node brick elements. The first mesh, M}, contains 2,400 internal d.o.f. and 192 interface
d.of. The second mesh, M3, is finer: it contains 16,320 internal d.o.f. and 672 interface d.o.f. However, M,
has better element aspect ratios than M; and therefore generates a better conditioned interface problem, even
though it is finer than M,.

The distribution of the eigenvalues of the dual interface operator associated with the above problem is
depicted in Fig. 8 for mesh M;, and in Fig. 9 for mesh M;. The x axis of the bar diagrams depicted in Figs. 8
and 9 represents the eigenvalues scaled by the smallest eigenvalue, and the y axis the number of eigenvalues per
interval. For both meshes, Fj is shown to have a few large eigenvalues that are well separated from the small
ones. Fig. 9 suggests that this separation amplifies when the mesh size s — 0. Indeed, the large eigenvalues
of Fj stabilize when the mesh size decreases, while its small eigenvalues accumulate towards zero. Essentially,
this is because Fj involves the inverses of X* and therefore its high modes correspond to physical modes while
its low modes correspond to mesh modes. ,

The spectral distribution of the interface problem has important consequences on the convergence rate of the
CG algorithm. During the first iterations, the CG algorithm captures mostly the eigenvectors associated with
the large eigenvalues. Since Fi has only a few relatively high eigenvalues that correspond to the low physical
modes of the structure, the CG algorithm applied to the solution of the interface problem gives quickly a
good approximation of the displacement field. Moreover, after the few high modes of the interface operator are
captured, the “effective” condition number of Fi—that is the ratio of its largest uncaptured eigenvalue over its
smallest one—becomes significantly smaller than the original condition number of the interface problem, which
triggers a superconvergence behavior of the CG algorithm. This superconvergence behavior is often observed
for operators with well separated eigenvalues and is analyzed in [24].

The impact of the spectral distribution on the convergence rate of the CG algorithm is highlighted in Table 16

Fig. 7. A three-dimensional two-subdomain cantilever problem.
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Fig. 8. Three-dimensional cantilever problem—Spectral density of Fj for mesh M;.

which reports the number of iterations to achieve convergence for both the FETI and classical Schur complement
methods. The interface operator associated with the Schur method is denoted by S; and happens to have the
same condition number as Fj. However, the CG algorithm applied to Fj is shown to converge faster than when
applied to S;.

For the Poisson problem, we have shown that the condition number of LI'IFI varies as O(H/h), but
the number of iterations to achieve convergence initially varies sublinearly with 1/k and may even become
independent of kA (Tables 12 and 13). Therefore, we have concluded that in practice, the performance of the
FETI method with the lumped preconditioner can be considered as weakly dependent on h. Here, we show
that the results reported in Tables 12 and 13 can also be explained with a superconvergence theory. For this
purpose, we consider again the two-subdomam cantilever problem depicted in Fig. 7. For this problem and mesh
M,, the distribution of the elgenvalues of L 'R is depicted in Fig. 10. A comparison of Figs. 9 and 10 shows
that the lumped preconditioner Ll essentially amplifies the separation between the clusters of small and large
eigenvalues of the dual interface prob]em and therefore accelerates the convergence of the CG algorithm. The
superconvergence effect introduced by Ll is highlighted in Table 17 for the three-dimensional two-subdomain

cantilever problem.

Table 16
Three-dimensional two-substructure cantilever problem—FETI method (F) vs. Schur complement method (Sj)—Effect of the spectral

distribution

Mesh Internal Interface X2 X2 Number of Number of
dof. dof. (R) S iterations (Fy) iterations (S7)
My 2,400 192 64.0 64.0 23

34
M, 16,320 672 56.0 56.0 24 34




C. Farhat et al./Comput. Methods Appl. Mech. Engrg. 115 (1994) 365-385 383

N\

g

§ 8382383

3
s

-

A, <
L2 77

A,

A AAATAIIIA I

N
- N -
:|L=:l=|l. Il:lll IIIIIIIIIIlIIlIl:LI}l L

t ; trrrrrir e e e rrrrrrer e
7 911131517192123252729313335373941434547495153

Scaled eigenvalue range

Fig. 9. Three-dimensional cantilever problem—Spectral density of Fj for mesh M,.

Finally, we point out that matrices with the spectral pattern illustrated in Figs. 8 and 9 have been shown to
cause a rapid loss of orthogonality between the search direction vectors [25]. In order to avoid the disastrous
consequence on the convergence rate of the PCPG algorithm, we always use a reorthogonalization procedure
that does not compromise the solution speed [23].

8. Conclusions

The Finite Element Tearing and Interconnecting (FETI) method is a practical and efficient domain decom-
position (DD) algorithm for the solution of self-adjoint elliptic partial differential equations. For large-scale
structural problems discretized with shell and beam elements, this method was found to outperform direct
solvers on both serial and parallel computers, and to compare favorably with leading DD methods. In this
paper, we have discussed some numerical properties of the FETI method that were not addressed before. We
have shown that the mathematical treatment of the floating subdomains and the specific conjugate projected
gradient algorithm that characterize the FETI method are equivalent to the construction and solution of a coarse
problem that propagates the error globally, accelerates convergence, and ensures scalability. We have also shown
that when the interface problem is optimally preconditioned and the mesh is decomposed into well structured

Table 17

Three-dimensional two-substructure cantilever problem—FETI method with Ll"1 preconditioner—Performance improvement

Mesh Internal’ Interface Number of iterations Number of iterations
dof. dof. (F) - (L7'R)

M) 2,400 192 23 10

M 16,320 672 24 11
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Fig. 10. Three-dimensional cantilever problem—Spectral density of L 1F for mesh Ma.

subdomains with good aspect ratios, the performance of the FETI method becomes independent of both the
number of subdomains and the mesh size. However, we have also argued that the FETI and other leading DD
methods for unstructured problems lose these scalability properties when the mesh contains junctures and/or
is partitioned into irregular subdomains with arbitrary aspect ratios. Therefore, it remains to design mesh par-
titioning algorithms that can always generate perfect subdomain aspect ratios, and/or preconditioning schemes
that are insensitive to subdomain aspect ratios. Both objectives are challenging.
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