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Abstract

Mandel, J. and G.S. Lett, Domain decomposition preconditioning for p-version finite elements with high aspect
ratios, Applied Numerical Mathematics 8 (1991) 411-425.

A recent domain decomposition type preconditioner for the p-version finite element method in two dimensions
treats every element as a subdomain. We show that its condition number deteriorates as the square of the aspect
ratio for thin elements, and develop an improved method whose condition number deteriorates only as the first
power of the aspect ratio.
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1. Introduction

The p-version finite element method uses elements of high order to achieve high accuracy
[1,5]. Then the number of degrees of freedom per element is large and domain decomposition
methods for the solution of the discrete system can treat every element as a subdomain. This is
especially attractive because the finite element data structures can be used also for the domain
decomposition. Such a method was developed by BabuSka, Craig, Mandel and Pitkiranta [2] for
two-dimensional problems and by Mandel [14-17] for three dimensions. For other related
methods and further considerations, see Babuska, Griebel, and Pitkiranta [4] and Babugka and
Elman [3].

This method was inspired by a substructuring method of Bramble, Pasciak and Schatz [6] for
the standard, h-version finite element method. For a recent unifying framework for methods of
this type, see Widlund [19]. The advantage of the given subdomain partitioning, however, turns
into a disadvantage when the elements have high aspect ratios or are highly distorted, as it is all

* Supported by National Science Foundation under Grant DMS-8704169.

0168-9274/ 91 /$03.50 © 1991 - Elsevier Science Publishers B.V. All rights reserved



412 J. Mandel, G.S. Lett / High aspect ratios

too often the case in practice. The condition number depends upon the square of the aspect ratio.
This is due to the separation of functions corresponding to opposite long sides of thin elements.
We are thus led to the study of the effect of element distortion on convergence, and to the
development of new methods with better properties in the presence of bad aspect ratios. Because
we are concerned with self-adjoint, V-elliptic problems, which yield linear systems with symmet-
ric, positive-definite matrices, the basic solution method is the preconditioned conjugate gradient
method [10-12] and we concentrate on the design of effective preconditioners. We give a
theoretical analysis of condition numbers for high aspect ratios, and present a method with
better convergence properties in such a case. The bound on the condition number still depends
(weakly) on the aspect ratio, due to estimates of the energy of bilinear interpolation used on thin
domains. Very similar problems arise when domain decomposition methods for the standard
h-version finite element methods use a given subdomain structure, such as resulting from some
mesh generation algorithms. Most of the ideas in this paper carry over to that case, and the
results will be presented elsewhere.

The influence of aspect ratios on the classical Schwarz alternating method was studied by
Chan et al. [7-9], who have shown that in some cases, the Schwarz method converges indepen-
dently of aspect ratios. Unfortunately, this result is not directly applicable to our methods.

In Section 2, we present some technical results concerning function spaces on thin domains. In
particular, it turns out that the trace theorem for a short side of a rectangle can be formulated so
that it is not sensitive to the aspect ratio. In Section 3, we formulate the problem to be solved
and the general form of the preconditioner. Section 4 contains an analysis of the preconditioner
from [2]. An improved preconditioner is proposed and analyzed in Section 5.

2. Functional spaces on thin domains

In this section, we prove several proposition concerning functional spaces on a thin element,
which may be of separate interest.

2.1. Sobolev seminorms

We first define some norms and seminorms. We shall work with these explicitly given
seminorms and norms for various domains, rather than with equivalent seminorms and norms as
it is usually done. On a domain @ C R? consider the Sobolev seminorm

1,2
julo=(f [1vul? dxay) @y

and on a segment s the seminorm
1,2

. ,
u(t) —u(r
|“|1/2,s=(ff(—(%,(—)) d"dt) . : ' (2.2)
The corresponding norms are given by
[l u H12,0 =llu "22(0) + |u |12,0,

2 2 2
li “||1/2,s = "u"Lz(s) + lul1/2,s'

A

9
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b= (0,¢ b 5= (1,6)
§1: f{es ‘§3r:
vy = (0:0) 8y Uy = (11 0)

Fig. 1. Thin domain K,.

We further denote

il io0= 2 esssup|Dul.
lal<k o

2.2. Invariance and equivalence of seminorms
Consider the family of domains Ifs =(0, 1) X (0, &), 0 <e<1 (see Fig. 1). We shall use the
associated family of bijections
Ki—K,  E(x,y)=(x, ep).
We will also occasionally use the domains Ifse =(0, &) X (0, £) and the corresponding mappings
Iel—)‘[ess’ F;e(x9 y)=(8x’ Ey)

Let §; .= {0} X (0, £) be one short side of Ifg as in Fig. 1. By a simple computation, we have
for any u € H'(K,) the invariance of seminorms,

|ue Btk = ulg, (2.3)
Iu ° E;:l 1/2.5,, =|u ° F:l |1/2,§,'5 = |“|1/2,s*‘_1- (2~4)
Because
2 2
JLitee P [ (35) + 2 (55)
we have the equivalence of seminorms,
e uly g, <|ue 7, g <&V uly g, (2.5)

It is easy to see that the constants in (2.5) are sharp by considering the functions u(x, y)=x
and u(x, y)=y. Finally note that

=t e =4 [ e

We shall often take a known theorem for the fixed domain K, and then use the scaling
properties of the seminorms given by (2.1)—(2.2) to obtain a result for K.
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2.3. Short side trace theorem

With the definitions (2.1) and (2.2), we can prove a version of the trace theorem for the family
of domains K
Theorem 2.1. There is a constant C independent of & such that for all ¢ (0, 1],
luliyo5,<Clul g, VueH'(R,).
Proof. Let ue HY(K e)- Since [u+c|y g = luly g for any constant function ¢, we may assume

that ffz u=0. Put v=u o F. Then v € K,, and by (2.6), [[%, v=0. From the trace theorem
(see, e.g., [18]) we have:

1ol,2.5, <Nl 25, <CGllvllLg <Clvol g,
and using (2.3) and (2.4) we get
uli2,.<Clulyg, Vue Hl(Iese)'

It remains to note that |u|, ¢ <|u|;z. O
2.4. Polynomial spaces on KA'E

Let Pp(If'e) be the space of all real tensor product polynomials of degree up to p on KA'E, that
is, u € P,(K,) if and only if

P
u(x, y)= E cijx’yj> ¢;; €ER.
i,j=0
Our first proposition is concerned with bounding the |- |, ¢ seminorm of a bilinear function
from its vertex values.

Lemma 2.2. Let u, € P,(K,), and b,, 0,, b,, 0, be the vertices of K, as in Fig 1. Then

|u0[1,,3£<Cs_1/2(|u0(61) uO(v4)|+|u0(vz)—uo(v3)])+el/2Z|u0(v)|,
i=1

where C does not depend on u, or ¢ € (0, 1].
Proof. First, let uy(8;) = uo(5,) = 0. Then for any (x,, ) € K.,
au ) A ) n
- (xo, Yo) = (1 - ?O)uo(vz) + ‘89”0(”3)’

uy(8;) — up(8,)

du
O(xo’ )’o) Xo P >

SO

(%%)2 * (%)2 < (uo(8,) + “0(53))2 + ;15(“0(63)'_ ”0(52))2’

L
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and the lemma follows for this case. The case when uo(0,) = ug(0;) = 0 is analogous. In the
general case, write

Ug=uy + u,,

~where

Uy, U, EP](;&e)’ u (8,) = uy(8,) = uy(6,) = u,(65) =0,

and use the result already proved for u; and u, separately along with the triangle inequality. O

In [2, Corollary 6.3], it was proved that
1ol ook, < C(1+10g"p) || vllk, Vo< P,(R,). (2.7)

Here we extend this result to a family of thin domains.

Theorem 2.3. There is a constant C independent of € such that
-1/2 1/2
41l 0,008, < Ce™'2(1 +10g'?p) |u|, ¢

for all u € P,(K,) such that | Jru=0, and all €€ (0, 1].
Proof. Write u=v o F!, and use (2.5), (2.6), and 27. O
On the short sides §, , and §,, we can get a bound independent of .

Theorem 2.4. There is a constant C independent of € such that

max |u(r)—u(s)| < C(1+log"?p) lulrg, VueP,(K,). (2.8)
r,s€

Le

for all €€ (0, 1] and all p.

Proof. Let £=1. Because the inequality (2.8) is invariant to adding a constant function to u,
suppose without loss of generality that [ Je,u=0; then (2.8) follows from (2.7). For a general
e €(0, 1], (2.3) and (2.6) give

max |u(r)—u(s)| < C(1+10g"%p) |u|, ¢,

r,ses

and it remains to note that |u| R < lulg. O

&

We will also need the following extension theorem.

Theorem 2.5. Let ue PP(Iee) such that u(6,) = u(6,) =0. Then there exist a function v € Pp(Ife)

~

such thatv=wuon 3, ,, v=0 on 9K, \ %, ,, and
lvfie < CE—VZ( V|12, + (1 +10g%p) |l ul| 0,00,5,‘8) (2.9)

for all e (O, 1], and the constant C does not depend on ¢ or u.
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Proof. Let ¢ = 1. It was proved in [2, Theorem 6.6] that

el migres,y < C w12, + (1 +1082p) N1l g s, )
Noting that

2 - 2 2 2 .
I “”1/2,51., = |u|1/2,§” + |l “”1_2(5”) < |u|1/2,5,_1 + | u”()z,co,.?”’

we put v =wu on §,, v=0on 3K, \$1,1, and extend by [2, Theorem 7.5] to a function v € Pp(If,)
to get (2.9) for & = 1. The general case then follows using (2.3), (2.4), and (2.5). O

3. General preconditioning by local space decomposition

3.1. Preliminaries

In this paper, we are interested in the following model problem:

uev: a(u, v)=f(v), YveVv, 31)
where V' = Hy({2), @ is a bounded domain with piecewise smooth boundary in R2, feVv’, and
T
alu, v) = Vu) Avo, 3.2
(u, 0)= [ [(vu) (3.2)
A =(a;;(x, y)),% j=1 18 a symmetric coefficient matrix, a, ;= @j;, such that
a,; € L*(2), (3.3)
and A is uniformly positive-definite: there is a constant a > 0 such that almost everywhere in £,
Z"(x, y)Z>aZ"Z, VZeR2 (3.49)

We consider solution of (3.1) by the usual finite element method [20] except that we use a
family of reference elements defined by { K.}, € € (0, 1], rather than a single reference element.
Let &={ K} be a partition of £ into elements K, where each K is the image of one reference

element K,

2= UK, K=G¢(K,), ee<(0,1],
Keé&

where G, € P,.(If'sk) are bijections such that
Gk 10,2, < Chi, [ GxM oo, < ChET,
and
1olow. 2, < Chis 96 oo 2, < Chiz%,
Jg, is the Jacobian of Gy, hy = diam(K). We then define the finite element space
Ve={ueV:u| o GeeP(R,), VKe&),
and the discretization of (3.1) is
ueV,: a(u, v)=f(v), YveV,. , (3.5)
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We will be concerned with the numerical solution of the problem (3.5). After selecting a suitable
basis of the space V, (3.5) gives rise to a system of linear equations. We will study the solution
of that system by the preconditioned conjugate gradients method. To this end, we need to
construct another symmetric bilinear form c(u, v) such that the problem

ueV,: c(u,v)=g(v), YoeVv, (3.6)
for a given right-hand side g can be easily solved, and
myc(u, u) <a(u, u) <myc(u, u), VYuec, (3.7)

holds with m; > 0, m, < + co. We will assume that m; and m, are the largest and the smallest
possible, respectively, so that (3.7) holds, and denote the condition number

K=m,/m,.

Then the preconditioned conjugate gradient method requires at most O(Vk ) iterations to reduce
the error by a fixed amount, see, e.g. [11]. Each iteration requires the solution of the problem
(3.6).

The form c(u, v) will be called a preconditioner.

3.2. General construction of preconditioner

We now describe a general principle for constructing the preconditioner. For each element K,
define the local space

Vi={u|x: uev,).

By integration in (3.2) over the elements K, we can write
a(u,v) =Y ax(u,v), ag(u,v) =ff(Vu)TA vo.
K K

Denote the energy seminorm on K by

1/2
lul = (ax(u, u))"".
Now let ¥ be split in a direct upper sum of subspaces
Vi=Vp®---@V,,

SO every v € V' can be written uniquely as the sum of ng + 1 components,

UK=UK,0+ s +UK,nK’ UK,'-E I/‘-. (3.8)
We then define
c(u, v)= ch(ua v), cx (u, v) =aK(uK,0’ UK,o) + o +aK(uK,nK’ UK,nK)'
K

Obviously, if for all K€ &,
my e (u, u) <ag(u, u) < my cx(u, u), Vue Vg, (3.9)
then (3.7) holds with some

my > minmg ;, My S Maxmy .
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Thus the condition number K = m,/m; can be bounded element by element and independently
of the number of elements. Let m xa and mg, be the largest and smallest, respectively, such that
(3.9) holds, and denote the local condition number
Kx=mgo/Mg ;.
The following theorem, given in [15, Theorem 4.1], shows that to bound the condition number,

it is sufficient and necessary to bound the decomposition (3.8) in energy. For other versions and
related results, see [2,13,16,19].

Theorem 3.1. Let by be the least number such that
ng
Z IuK,iIIESbKIullgr VueVKa (3.10)
i=0

Then
by<kx<(ng+1)bg.

In the following sections, we give specific definitions of the decomposition (3.1), and use
Theorem 3.1 to estimate the condition number « .

4. Preconditioning by bilinear elements

Let K= GK(IfEK) € & be an element as in Fig. 2. Define the decomposition of the local space
Vi by specifying the associated projections: Let

5
up= 3 ug,;, ux€ Vg, (4.1)
i=0

where
® uy, is the mapped bilinear interpolation of u; that is, uy o(v;,) = ux(v;), i=1, 2, 3, 4, and
ugo © Gk € Py(K,,);
e fori=1,2, 3,4,
u—ugo on theside s;,
“xi7 )0 on 3K\ 5;,
ug ; € Vi, and | Uy ; | ¢ is minimal for all such functions;
® ugs=u—X} qug,

(% S4 V3
Sy K 53
v

1 S2 2

Fig. 2. Thin element. .
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By summation over all elements, we can see that the preconditioner c¢(u, v) can be written as

c(u, v) =c(uy, vo) + Le(u,, 1) + Xe(ugs, vgs),
e K

where u=uy+ X, u, + ¥, Ugs, Uy is the piecewise mapped bilinear interpolation of u, u, is a
function determined by its values on one edge e of the finite element mesh, nonzero only on the
two elements adjacent to the mesh, and ugs is a function nonzero only on element K. The
solution of the system (3.6) thus decouples into solution of a system, the matrix of which is the
stiffeness matrix of the discretization of (3.1) by bilinear elements, and one subproblem for each
side e and one for the interior of each element K. For more details and variants of the method,
see [2,14]. Here we only note that the components uy s can be eliminated in advance to obtain a
mathematically equivalent preconditioner for a problem with fewer variables. This precondi-
tioner was proposed and studied in [2], where it was proved that kx < C(1 + log?p) in the case
¢ = 1. Here we show how k, deteriorates for ¢ — 0.

Theorem 4.1. For the preconditioner defined by the decomposition (4.1), it holds that
Cie 2 <r < Ce™ (1 + log?p), (4.2)
where C, > 0 and C, do not depend on ¢ or p.

Proof. In view of the assumptions on the mapping Gy, we may assume without loss of generality
that

K=K,
Because of (3.3) and (3.4), we may also assume without loss of generality that

ag(u, u) = |u|12,K-
In view of Theorem 3.1, we need only to show that for the minimal by in (3.10),

by < Ce™*(1 +log?p), (4.3)

by>Cie™%, C,>0. (4.4)
In [2], it was proved that (4.3) holds for e=1. We give the proof here for the sake of
completeness. Let u € V.. Because adding a constant to u will change only the component u X0
by the same constant, we may assume without loss of generality that [f.u=0. It follows from
Theorem 2.3 and Lemma 2.2 that

lux0l 0,004 < C(1+10g"p) | u Ik

lugoli,x < C(l + 1081/2P) uly k-

Now u(v,) =ugo(v;), i=1, 2, 3, 4, and from the trace theorem and Theorem 2.5, there exist
functions w; € P,(K), i=1,2,3, 4, so that

u-— uK,O on S,-,
“i=1o on 3K\ s;,

and
Wi,k < C(1+1og p)| uly k-
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By the definition of uy ;, we have |4k, l1,x < |W |1 k- The estimate of ug s follows from the
triangle inequality, and we may conclude that (3.10) holds with b, < C(1 + logp) for e =1. The
general case of (4.3) now follows using (2.5).

To prove (4.4), consider a polynomial f(x) such that f(0) = f(1) = 0 and let u(x, y)=f(x)
on K. Then the component ugo=0, and

1 4
ullx=e[ 1/ 12 =¢lf lFon. (4.5)
Let v € H'(K) be determined by the boundary conditions ‘
f on s,
v= {O on dK\s,, (4.6)

and by the requirement that | v l1,x 1s minimal. Then the component Uy, satisfies

lukalix= 0]k, (4.7)

and v is the solution of the boundary value problem Av=0in K with the boundary conditions
(4.6). Expanding f in a sine series,

f(x)= 5_0_:1 a, sin(nmx),

we can write v as

v(x, y)= i::la,, Slnlsll(nr;:zf:::n:)y)) sin(nmx).

Now using Green’s theorem,

2 T av 1 al)
= = Aa-=—f va dx.
ok //K(VU) vo=J U5 fo |0
By orthogonality of sine functions, it follows that
o0 oo
2 1 , cosh(nme) 1 121 )
IU II,K - 7n§1n‘"an Sinh(n'ffE) = £ = 24, € ” f ”0,(0,1)

using the inequality
cosh ¢ - 1
sinht = ¢’

and Parseval’s equality. Thus using (4.5), we get

t>0,

2 2
|U|1,1€! 1 “f”o,(o,l)

2. 2 2 .
luh,léc e |f |1,(0,1)

Choosing f(x) = x(1 — x) and using (4.7), we get (4.4). O

We have calculated the condition numbers for p =2 t0 16 and e=1 to ¢ =2~ 3. The results
are in Fig. 3. We can see that the condition numbers indeed grow as ¢~ 2. The influence of p on
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Fig. 3. Condition numbers for linear preconditioning.

the condition number is seen only for relatively small aspect ratios; for very small ¢, the
influence of & prevails. The numerical results are in complete correspondence with Theorem 4.1.

5. Improved preconditioner

The lower bound on the condition number «, in the proof of Theorem 4.1 was obtained by
splitting a function constant in the short direction in two components which correspond to the
two long sides s, and s,. This cannot happen in the preconditioner defined by the following

decomposition. )
For K = G4 (K,), we now define the decomposition of ¥V by

3
ug= 3 g, (5.1)
i=0

where
~ ® uy, is mapped bilinear interpolation of u: ugo(V;) =ug(v;), i=1,2,3,4,and uy, o Gy
Py(K,);
® uy,, and uy ; are defined by the boundary conditions
U—ug, ons;,
u"'={0 on dK\s,,
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i=1, 3, and by the requirement that Ug,; € Vg and |ug ;| x is the minimal possible;
® Ugy=Ugo— Ugy ~ Uk 3.

The preconditioner problem (3.6) now decomposes as in Section 4, except that there will be

- also subproblems corresponding to strips of the long edges and the interiors of adjacent thin

elements. Because the matrix of such a subproblem is essentially the matrix of a one-dimensional
problem, with low bandwidth or envelope size, direct solution of the auxiliary problem (3.6) is
still quite cheap.
We can show that now the condition number . deteriorates only as ¢! rather than as -2,
Theorem 5.1. For the preconditioner defined by the decomposition (4.1), it holds that
Cy min{ p, e7'} <xx < Ge (1 +1ogp),
where C, > 0 and C, do not depend on ¢ or p.

Proof. As in the proof of Theorem 4.1, we may assume without loss of generality that

K"—'Iee’ ag(u, u) = |uhz,1(-

Because of Theorem 3.1, we only need to show that the minimal by in (3.10) satisfies
by < Ce™'(1 + log?p), (5.2)
by>C min{p, e '}, C, >0. (5.3)

Let ue Vy=P(K)= Pp(Ife). Because adding a constant to u will change only the component
uxo by the same constant, we may assume without loss of generality that [f.u=0. Then we
have from Theorem 2.3,

lu(v;) | < Ce™ V(1 +10g"?p) |ul, ¢, i=1,2,3,4, (5.4)
and from Theorem 2.4,

fu(vy) — u(v,) | < C(1+10g'?p) |ul, k., (5.5)

|u(vy) — u(v,) | <C(1+1°gl/21’)|”|1,1<- (5.6)
It follows from (5.4)—(5.6) and Lemma 2.2 that

lugolix< Ce (1 + log'%p) lul1 k- (5.7)
Further, (5.5) and (5.6) give

lukol12,s, < c(1+ 1081/21’) lul1x, 1=1,3, (5.8)

because ug , is linear on all sides, and because of the scaling invariance property (2.4). From
(5.8) and Theorem 2.1, we have

lu—ugolin, < C(l + IOgI/ZP) luly g, i=1,3. (5.9)
Now Theorem 2.4 and the definition of u k.o Imply that

Hu—ugolloes < C(1+10g"?p) |ul, g, i=1,3. (5.10)
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Theorem 2.5 and (5.9), (5.10) now give the existence of functions w; € P,(K) such that for i =1,

3

u—uK’o on Si’
w, =
10 on dK\s;,

and

IWilx < Ce™*(1 +1og p) |ul, &

By the definition of Ug,i» we have fug ;|1 £ < |w| 1.x> Which together with (5.7) and the triangle

inequality concludes the proof of (5.2).
To prove (5.3), consider the function

u(x, y)=x"y/e

on K= KA'E. Then the bilinear interpolation of u is u xo(%, ¥)=xy/e. By a simple computation,

1 1 ep?
2 = -
luhix= e2p+1 + 32p—-1)°

Thus

1
2
lug ol x> 3

108
107
106
103

104k -

Condition Number

10°

102

10!

ol i A i I R

10° 10! 103

Aspect Ratio (1 / epsilon)

Fig. 4. Condition numbers for improved preconditioning.

104
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and if p={1/¢],
lullk<C,

which proves (5.3). O

Figure 4 summarizes numerically evaluated numbers «, for p=2tol6and e=11t02" '3 The
results are in a complete agreement with Theorem 5.1.
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