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Abstract

We present new preconditioning strategy for thin 3D p-version elements used to model plate and shell structures as well as the
microstiucture of composite materials. The strategy is incorporated in an adaptive preconditioner suitable for large real-world
problems. The methad is shown (o perforn: well for several large real world problems, including a model of the skin of an aircraft
with over 1.6 miHion degrees of freedom, and a highly accurate model of a 28 ply laminated fiber plate.

1. Introduction

The use of hierarchical high-order finitc clements, known as the p-version finite element method, has
numerous advaatages: readily available refinement by simply adding new shape functions, simplified
local a posteriori crror estimation, avoidance of locking, and fast convergence to the exact solution, cf,
the recent monograph by Szabo and Babuska [34]. Conscyuently, p-version is a major step towards the
goal of fully automated structural analysis which would avoid the major problem of state-of-the-art
finite clement analysis, namely the need for human expert judgement to use the right clements and to
fiddle with the mesh to obtain correct results, cspecially in the casc of complicated shell problems.
Instead, the p-version makcs it possible to model plates and shells by thin 3D clements and thus to
avoid the numerous pitfalls associated with the usual 2D models. Locking is avoided by the use of
sufficiently high degree in the lateral dircction of the polynomials approximating the transversal
displacement. Polynomials linear or quadratic in the transversal direction are generally sufficient. A
p-version package with automatic p-refinement based on a posteriori error estimates should create such
models automatically. Structures previously very difficult to analyze accurately such as shells of variable
thickness, junctares, and layers of thin elements in composite matcrials now can be treated in a
completely automated way, with no parameters to be set and no modeling expertise required of the
user.

So powerful and versatile a method is, however, not cheap. A major part of the computational cost is
the solution of the system of linear equations with the stiffuess matrix. For the samc number of degrees
of freedom, the p-version has much higher accuracy but also muny more non-zero cntries in the stifiness
matrix. While the advantages of iterative solvers are now well established and almost all major finite
element vendors offer iterative solvers based on conjugate gradients with standard preconditioners such
as Jacobi and Incomplete Choleski, preconditioning of systems of equations arising from high-order thin
elements encounters particular difficulties. The method presented in this paper is the first practical
itcrative method for thin 3D elements. Qur algorithms choose adaptively between a aumber of
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strategies, including new methods for thin elements, presented here, as well as earlicr preconditioning
methods of the author [17-19, 21, 22].

Our goal is to solve linear algebraic systems of equations arising from finite clement discretizations
produced by existing software. Then, the solver must take the algebraic system as is and take advantage
of the special character of the problem only indirectly. Therefore, we use only information in the
stiffness matrix and as little cxtra information as possible. which limits the choice of available
algorithms.

The preconditioncrs proposed in this article are bused on the abstract additive Schwarz method, which
is cssentially a gencrahzation of the block Jacobi method to allow for overlapping of the blocks. It is
casily scen that the preconditioned operator depends only on the selection of the subspaces associated
with the blocks rather than on the particular basis vectors within the subspaces. Consequently. all our
alporithms are invariant to the selection of specific finite element shape functions, which makes it easy to
deliver the same performance for linear algebraic systems of equations coming from different finite
clement packages. The algorithms are implemented to require ouly the stiffness matrix and limited
information about shape functions, such as their polynomial degree and an ideatification of their
position on the clement.

Additive Schwarz methods have been cxtensively studied in the domain decomposition literature and
many methods can be formulated and analyzed in the additive Schwarz framework (cl. Dryja, Smith
and Widlund [7. 8, 33]). A very uscful iterative method for p-version elements bascd on the Schwarz
method was proposed by Pavarino [28]; we have used a generalization of this method as our strategy for
layers of thin elements. For a recent review of related methods, sce Xu [36].

For interpretation of a rclated preconditioner in terms of special shape functions. see Babuska et al.
[3]. For theory in the 2D case, see Babuska et al. {2]. The preconditioner and analysis from [2] were
recently cxtended to a domain decomposition for the Ap-version by Oden et al. [27]. Preconditioners
for thin elements in 2D were studicd by Mandel and Lett [14, 23]. Widlund and Pavarino {30] have
proposed and derived theoreticat results for other preconditioners for the p-version. The design of their
preconditioner, however, is more complicated and their computations require additional information
about the shape functions. For example, to construct vertex functions with almost minimal £° norm,
needed in [30], on¢ neceds either the mass matrix of specific information about the shape functions.

Iterative methods for the p-version that use fast matrix—vector multiplication were developed at IBM
bv Morris et al. |26}, and by Foresti et al, [9, 10]. Those methods require many hundreds of iterations
and must therefore run in-corc. In comparison, the advantage of our approach is that the pre-
conditioner is judiciously chosen to give a small number of more expensive itcrations. This makes
out-of-core iterative solvers for very large problems practical.

Multigrid methods have proved 10 be extremely efficient iterative methods for systems arising from
discretizations of clliptic partial differential equations [12, 24]. The prescnt method is different in
important aspeets from multigrid methods, although the main idea is the same: a global but small
auxiliary problem is constructed to provide resolution of global interactions while local computations
resolve short range interactions. Multigrid methods have been applied to speciral metirods and related
speetral element methods by Renquist and Patera |32], using spaces of polynomials of various degrees
in place of the mesh hicrarchy. Mitchell [25] uses a mesh hierarchy with high-order clements.

2. Preconditioner description

The lincar clasticity problem is to find the smal! displacement field of a solid body under a load and
with given boundary conditions. After discretization by the finite element method, one oblains the
system of lincar cquations

Au=f (D

for the vector of coefficients # of the displacements. The matrix A is the stiffness matrix and it is
symmetric and positive definite if the boundary conditions exclude rigid body motions, which will be
assumed.
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The method of choice is then the preconditioned conjugate gradients method [11, 13]. In each step,
this method invokes the evaluation of the matrix—vector products Ax and Br, where B is another
symmetric, positive definite operator, called preconditioner. It is well known that the number of steps to
achicve a given precision in the energy norm |[x|| , = Vx' Ax is at most proportional to V., where « is
the condition number

k=x(B, A=A, (BA/A,.(BA)

mux min

where A, and A_,, denole the least and the largest cigenvalue, respectively. In practice, the number of
iterations is often much lower because of gaps in the spectrum of BA, but this fuck disappears as the
spectrum fills the interval [A,,,(BA), A_, {BA)} with increasing sizc of the problem and with better
preconditioning that decreases the condition number «.

The task of designing an efficient preconditioned conjugate gradicnts methods is thus one of finding a
precenditioner B such that x is small and the action of B is inexpensive to cvaluate.

2.1 General form of preconditioner

We build an efficient preconditioner by the abstract additive Schwarz method [4. 7]. Let Vobe the
finite element space, which we identify with the space of degrees of freedom, so that the stiffness matrix
A is understood to be a linear mapping A:V—V. Let V,, ... .V, be subspaces of the space V such that

V=V, +: 4V, . (2)

"

The action of the preconditioner B is defined by solving the problem on cach subspace in a variational
sense and adding the results to compute u = Br:

w,€V: vlAu,=v,r, Yuv,€V,, i=0,...,m, (3)

rr

=D u, (4

=4 !
The method is implemented using a linear operator MV, x --- XV, +—V, leading to the representation
Br=MD 'M"r. (5)

The operator M corresponds to the summation (4), including a possible change ol basis, since, in
general, the subspaces V, are not spanncd by subsets of the basis of V. The matsix D is the block
diagonal of MTAM corresponding to the decomposition (2), and the action of D ! represents the
simultaneous solution of the subproblems (3) on the spaces V,, The operator M is not stored as a matnx
but rather in a factored form as a recording of the multipliers in the change of basis followed by
assembly.

A specific preconditioning strategy now consists of the selection of the subspaces V.

Numerous other preconditioning methods arc of the present form, with the matrix D possibly
replaced by an approximation that is chcaper to invert and with various selections of the spaces V, sce
the discussion and references in [8, 16, 33|.

2.2, Principles of strategy selection

The key observation for the selection of the strategy is the P.L. Lions Lemma [15], cf. [4, 7] for the
present form and proof.

LEMMA 2.1. If there is a constant ¢, such that every v €V has a decomposition satisfying

U:%st v, eV, %H%Hiécuﬂvﬂis (6)
then A, (BAY=1/c,.
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The maximal eigenvalue is easily bounded as the maximum number of the spaces V, that have a
non-trivial intersection [4, 33]:

A‘nmx(BA)5.=]max HE‘KHK# {{)}}l . (?)

In other words, the condition number bound depends on the boundedness in emcrgy of the
decomposition (2) and on the connectivity of the overlaps of the spaces V.

We select the space V,, CV as a coarse space, which is spanned by at least all linear shape functions.
The problem (3) with i = 0 is then a lower-order discretization of the same elasticity problem as (1). We
have shown in [22] that the condition number k can be bounded independently of the number of elements
only in terms of local quantitics computable on each clement and from the constant i Korn's
incquality,

The spaces V,, i = 0, arc chosen as local spaces which are spanned by sets of modified shape functions
with supportt in small subregions of the domain, In this case, the subproblem (3) corresponds to the
Dirichlet problem for the subregion, discretized by the modified shape functions.

The spaces V, are selected adaptively clement by element bascd on various a priori numerical
indicators and a posteriori estimators of the condition number of the preconditioned problem. The
clement level strategies are then mcrged to form a global stratcgy. The selection algorithms are
designed so that in particular cases of practical interest, the spaces V, are selected according to one of
the basic strategies described in Section 2.3 below. The basic strategies are known to work well for the
casc of quasiuniform meshes and asymptotically optimal theoretical bounds on the energy of the
decomposition can be cither proved or at least justificd by plausible heuristic arguments. If the sclection
algorithms arc unable to find a suitable basic stratcgy for an element. a mixed strategy which combines
the approaches of several basic strategies will be chosen. The basic tool for creating mixed strategies is
merging the spaces V; selected by a basic strategy to form fewer new larger spaces V,. If the heuristic
algorithms fail to find an acceptable clement preconditioning strategy, the solver will give up on the
clement and all degrees of frecedom of the element will be included in the coarse space Vj. This will
hopefully happen only very rarcly and it indicates the need to build a new basic strategy for that type of
element. Tn the extreme case, if the solver gives up on a large proportion of elements, it will switch over
to a dircct methed.

2.3. Basic preconditioning strategies

QOur principal assumption is that the shape functions on an ¢lement can be naturally identified as
vertex, edge, face and interior functions. That is, a vertex function is non-zero at the vertex and zero on
all [aces that are not adjacent to the vertex. An edge function is given by its values on an edge and it is
zero on all faces of the element that are not adjacent to the edge. A face function is determined by its
values on a given face and it is zero on all other faces. Interior function is given by its values in the
interior of the element and it is zero on the clement boundary. We also need to assume that the shape
functions are hierarchic. that is, the sct of shape functions for p + 1 is obtained by adding new shape
functions to the functions for p. From this follows the existence of finear vertex functions and guadratic
edge and face functions.

Many of the strategics below use vertex, edge and face spaces, which consist of all corresponding
vertex, cdge or face functions, respectively. These are spaces of global shape functions, glued between
neighboring elements as is usual in the conforming finite element method. So, for example, there is a
space of ¢dge functions for each edge in the finite clement mesh.

For preconditioning purposes, the vertex, edge and face functions are modificd by so-called partial
orthogonalization, which we have introduced in [17]. Let (-, -) be the energy inner product. Partial
orthogonalization of a shape function ¢ with respect to a collection of shape functions ¢; is defined as
replacing the shape function ¢ by the function

(}; =¢+ 2 cHfr (8)
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where the multipliers ¢; are determined from the orthogonality condition a(q’) ¢y =0 for all ., or,
equivalently, from the condltmn that the energy a({ ., ¢) = 0 is minimal among all functions of the form
(8). Partial orthogonalization corresponds to the transformation of the global stiffness matrix by
A<—XAX" for a transformation matrix X see [17, 22] for details.

A particular important case is partial orthogonalization of all vertex, cdge and fucc functions with
respect to all intcrior functions, which is easily scen to be equivalent to static condensation of the
clement interiors. This will be done in all strategics below even if it may not be mentioned explicitly.

2.3.1. 2D partial orthogonalization with linear coarse

The coarse spacc consists of all P| functions present in the element. There are no vertex spaces, and
cdge spaces consist of functions cnergy orthogonal to interior functions.

This mcthod was proposed by Babuska et al. [2], who have prow,d the estimate « = C(1 + log’p) in
the case of triangle and tensor product rectangle. This method is an anmaloguc of a substructuring
method of Bramble et al, [5] for the h-version, with each element corresponding to a subdomain.

The theory from [2] did not use the additive Schwarz framework. We restate the proof in this
framework using the technical inequalities proved in [2], which will serve as reference for following
heuristic arguments. To construct the decomposition (6) for a given v, note the cquivalence of the
encrgy norms ||+ |}, and the Sobolev norm || || ;1. from Poincaré inequality (in case of scalar
problems), and from Korn’s inequality (for elasticity). Define v, = I,u by interpolation using the linear
vertex functions, From the discrete Sobolev inequality

) 1
Il -y = €1+ o ) ey + 5 el ”

for all u piecewise polynomial of degree at most p on element K with diameter #,

- 1
2 a1 2 2 .
HUUHH]{K) <((1+log P)(|U|ul(x) +P HU||L1(K)) (10}
and using the fact that v — v, as well as [v|31, are invariant to adding a constant to v,

v= U(]”i”u{) = (1 +1log P)lvlfﬂ(m .

The function v — v, is zero on all vertices: then, for cvery clement K, the function i, which coincides
with v — v, on edge £ of the element K and is zero on the rest of 8K, satisfies the estimatc in the trace
norms,

2 2 . 2
||“f_-:||rf1-"3(ax; = (1 +log P)”U - Un”L”(aK} + C(1 +1log P).U - Uu|1;‘-"?(af<) .
Using the discrete Soboleve inequality (9), the polynomial extension theorem

inf  fulpig, < Clulying, . Yu€P(aK), (11)

ulaK u._i.rCPP
and the standard trace thcorem
|u1H'-"2(K)£C|u|Hl(K} (12)

one obtains for the extension v, with minimal energy of the edge functions u into the interiors of the
clements that

2 'Uiﬁf‘(K) =((1+ logZP)H””,%f‘-’?(x) .

£ oedge

Adding the interpolation estimate (10) and noting that the spaces of interior functions for each clement
are encrgy orthogonal to each other as well as to all edge spaces, we obtain for each element K, that

Z |Ui|ifl(}\’) =C(1+ logzp)lvﬁi‘(x) -
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Adding these inegualities over all elements gives the incquality needed in Lions™ lemma, with
¢, = C(1+ log*p).

Tt should be noted that the argument goes through only for the case of triangles or tensor product
quadrilaterals where the extension theorem (11) is known. This theorem is not known for the important
case of the reduced clement (also called serendipity element).

2.3.2. 3D puartial orthogonalization with linear coarse

Here, the coarse space consists of all lincar functions present in the element; there is a vertex space
for each vertex consisting of the vertex shape functions orthogonalized to all functions on adjacent
edges, faces and interiors; edge spaces of functions orthogonalized to the adjacent faces and the
interiors; and face spaces orthogonalized to the interior functions. This method was proposed by the
author in [22]. Tt results in a smaller coarse problem than the quadratic coarse strategy (see Scction
2.3.3) and it often has similar convergence properties.

The addition of vertex spaces is required by the fact that in 3D, the discrete Sobolev inequality (9) no
longer holds; indeed, the logarithmic term in (9) has to be replaced by Cp” [30]. In the absence of
vertex spaces, there is no other choice than to define the coarse component v, by linear interpolation,
resuiting in a bound on the condition number of the same order, Such fast growth of the condition
number with p in the absence of vertex spaces is indeed observed numerically [22].

Using the technical inequalitics developed by Pavarino and Widlund [30] (to analyze a differcnt
mcthod), one can prove the bound « < C(1 + log®p) for the case of tensor product elements similarly as
in Scction 2.3.1.

This method is related to a special case (with 1D vertex spaces) of the substructuring method of Smith
[33], analyzed by Dryja and Widluad [8].

2.3.3. 2D partial orthogonalization with quadratic coarse

The coarse space consists of all quadratic functions present in the clement. For every cdge, the edge
space consists of all functions on the cdge except the quadratic, modificd by partial orthogonalization to
the interior functions. This mcthod is useful only in the rather special cases where the other cheaper
strategics do not work well enough and the quadratic coarse functions help capture the rigid body
maotions.

2.3.4. 3D partial orthogonalization with quadratic coarse

‘The coarse space consists of all quadratic functions present in the clement. For each edge or face, the
coarse functions are further modified by partial orthogonalization to all remaining functions on the edge
or face. For each edge, there is the edge space consisting of all edge functions of degree higher than
quadratic, modified by partial orthogonalization to the adjacent facc functions and to the interior. For
cach face, the face space consists of the shape functions of degree higher than quadratic, orthogonalized
to the interior functions.

This was the method first proposed by the author for the 3D case [17]. The usc of quadratic coarse
space is motivated by the fact that since the discrete Sobolev inequality (9) fails in 3D, a lincar
interpolant v, would have unacceptably high energy. Since the spaces V, form a direct sum, each
component v, is determined by v uniqucly. It is then expected and confirmed by observed low condition
numbers for p <& that the energy of the quadratic component v, is reasonable.

2.3.5. Overlap

In this strategy, therc is one space for each vertex, consisting of all functions associated with the
vertex us well as all adjacent edges and faces (in 3D). The coarse space consists of lincar functions. This
is essentially the method of Pavarino [28, 29], which includes in the vertex spaces also all functions in
the adjacent interiors. The elimination of the interiors up front saves us considcrable computational
expense and results in a mathematically equivalent method. Pavarino has proved that because of the
generous overlap, (6) holds with ¢, independent of p, so « = C. This strategy has been observed to be
quite robust but it is very expensive. Tt is casy to see that preconditioning system is quite large since, in
general, every edge and face function belongs to several subspaces V.
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2.3.6. Dimensional reduction of thin elemenis

The classical approach to plates and shells relics on neglecting the deformation through the thickness
and approximating the shear by a low-order polynomial [31]. The displacement and stiffncss are then
represented in terms of a 2D model. We use a similar approach to find a preconditioner for thin
clements in a single layer. _

The motivation of dimensional reduction is given by the following asymptotical cxpansion duc to
Ciarlet [6]. Consider the domain £, =€ x[—e, +e], OC R*, After the scaling (¥;.%,.xy)—
(x,.x,, €x,), and a corresponding scaling of the displacements, the quadratic form in the strain energy
becomes

1 1
j” ()lerr(repp + zi'Leﬂﬁenrﬂ) dx + ? L (2’\5’;,,,933 +4pe e, ) dx + ? J’” (A +2u)esseq;de, (13)

where the summation is over the set {1,2}, 2 =¢ x|—1, +1], A, & arc Lamé cocfficients, £ is the
thickness of the plate, and e, = (du,/dx, + du,/ éx,) are the components of the scaled lincar strain
1eNsor.

By considering functions that are constant in x,, it becomes clear that if the dccomposition
V=V, + - +V, is such that a function ¥ €V is split into components where some components are
zero on the lower surface € x {—g} and some zero on the upper surface O x {+&}, the constant ¢, in
(6) will grow at Icast as &~ for £ — 0 because of the last term in (13). Consequently, the decomposition
must not decouple the problem in the x, direction. This can be achieved by considering the using nodes
opposite cach other on the upper and lower surface to be one supernode, containing only the edge
between the nodes. Similarly, a lower and upper cdge and the face between them form a supernode,
and the upper and lower face and the interior of an element are also considered one supernode.

Qur algorithms recognize a thin ¢lement in a single layer automatically and preprocess such element
by merging the vertices, edges, and faces on top and bottom surfaccs as described above. The element
is then forther treated as a 2D entity employing the next strategy.

2.3.7. 2D partial orthogonalization with vertex spaces

In this strategy. there is a vertex space for each vertex consisting of functions orthogonalized to all
adjacent edges and interiors. The edge spaccs for each cdge are orthogonalized to adjacent interiors.
This is the strategy used for thin elements after dimensional reduction (Section 2.3.6).

Note that for 2D elements, the diffcrence between the overlapping strategy (Section 2.3.5) and the
2D partial orthogonalization with vertex spaces is cssentially that the latter decouples adjacent edges. In
the overlapping strategy, the functions on adjacent edges are contained in a common subspace. So, the
partial orthogonalization method is computationally less expensive than the overlapping strategy but the
condition numbers arc higher. The coarse space is chosen as tollows,

2.3.8. Quadratic and anisotropic coarse for thin elements

From the asymptotic cxpansion of the energy of the thin clement (13), it follows that a kink in the
transversal displacement field has energy proportional to [ /e, since it introduces shear. To assure
continnous derivative of the coarse component v, in (6), the coarse space should contain at least cubic
functions on the clement edges; however, in practice, we have found the quadratic coarse spacc
satisfactory.

For large problems, like modeling of the whole aircraft, the quadratic coarse space results in too big a
coarse problem. The key to further improvement is to realizc that what we really nced in the coarse
space arc only functions that describe the transversal component of the deformation at the midplane.
The oricntation of the thin element is determined automatically and such coarse functions are chosen as
lincar combinations of the quadratic and cubic shape functions with the cocfficients computed based on
the local stiffness matrix data.

2.3.9. Overlup chains
The dimensional reduction strategy (Section 2.3.6) fails when the thin elements occur in more than
one layer. Fortunately, the overlapping strategy from Section 2.3.5 can be used here. For each vertex in
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the thin element, define the space spanned by all vertex functions and all adjacent edge and face
functions. Then merge these spaces for every pair of vertices that are across the thickness.

Similarly as in Section 2.3.6, merging the upper and lower vertex spaces will again prevent the
deccomposition of a function constant through the thickness into two components that would have
encrgy of the order 1/54. For a detailed related argument for 2D thin clements and scalar problems, cf.
Mandcl and Lett {23].

Since every vertex belongs to several clements, merging the vertex spaces results in larger spaces
associated with chains of vertices through the thicknesses of the elements. Because of this 1D topology,
the linear system associated with the solution of the local problem (3) in such space is banded. This
strategy is in fact less expensive than the original overlapping strategy, since the overlapping systems
along the chains were replaced by one banded system, so it is advantageous to merge the vertex spaces
in 1D chains even if this is not necessary becausc of the energy considcrations above.

3. Numerical results

This section contains the results of tests on several difficult problems. In all cases, the stopping
criterion was that the cstimated relative error in encrgy norm, the relative maximum residual, and the
relative Euclidean residual norm are all less than 107°.

Qur first test problem was the skin of an aircraft (Fig. 1, Table 1). This model was created in STRIPE
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Fig. 1. Aircraft skin.

Table 1
Half aircraft skin, 4986 clements (Fig. 1)
I NDOF Stiffness Direct [terative solver

Dask CpPU Disk CPU lter Disk ceu Wall
6 793590 1893 (0.54) (27498) {445} 109 1768 13.5 40
8 1628547 6322 {2.32) (81630) (2087} 125 5636 50.8 115

Disk space in MB, time in hours 1BM R§/6000 350 128 MB RAM.
Direct solver estimate by STRIPE (skyline).
Stillness matrix—vector multiplication by STRIPE.
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and it consists of a single layer of thin hexa elements. One difficulty of this modcl for a preconditioner is
the large proportion of skewed elements. The stiffness matrix was not stored; rather, fast quadrature in
STRIPE was used to compute the matrix—vector products.

The second test problem (Table 2) demonstrates the performance of our solver on a realistic model
of u laminated plate with a circular opening. This model was created in STRIPE and the results used by
Andersson [1] for highly accurate computation of delamination stresscs. The finite element mgesh is
highly graded in the radial and vertical directions (ratio about 1:6) when approaching the singularities
at the edges of the material interface and the opening. The fiber plies themselves arc modeled as
anisotropic material, The directions of the fibers vary between the plies. The stiffness matrix was stored
on a disk as a collection of local stiffness matrices.,

The third test problem {Table 3) demonstrates the performance on a large problem solved on CRAY
C-90. We have used 4 processors of the C-90 to utilize efficiently the time when the process is in
memory, reduced the amount of memory to 16 Mw data arca to increase the scheduling priority of the
job. and linked the code with the CRI FFIO library to obtain disk striping and an intelligent 8 Mw
cache for the sustained data transfer rate of about 35 MB/s. In our experience, this is the best strategy
for short wall clock times in a multiuser environment. The parallelism used was on loop level and in
BLAS routines. The average number of CPUs exccuting concurrently was 2.1 in numerically intensive
parts of the code and 1.4 overall. It should be noted that parallel efficiency could only be measured
from a run on a dedicated machine, since in a multiuser environment, the number of CPUs actually
available to the job is not known. The model was a lap joint discretized by hexa elements in STRIPE.
The aspect ratios of the clements were reasonable but about half of the elements were curved. The
stiffness matrix was stored on a disk as a collection of local stiffness matrices.

The last model was created in MECHANICA to investigate performance for a problem with thin
wedge clements and variable p (Fig. 2, Table 4). The model consists of layers of very thin clements,
obtained by adding a third dimension to a 2D mesh of quadrilatcrals and triangles. Shape functions of
highest polynomial degrees are concentrated only in some areas of the modcl. The stiffness matrix—
vector multiplication was done in MECHANICA, with the local stitfness matrices stored in a databasc
and cached in memory.

Table 2
Laminated plate with » circular hole, 4886 elements

IZ NDOF Stiffness Tterative solver
MB Iter Disk MB CPU {s)
6 223872 710.8 72 1335 1310

Uniform p. Highly graded mesh. composite fiber material with 28 plics.
CRAY-YMP. onc processor.

Table 3
Lap joint, 3504 clements
P NDOF Stiffness ltcrative solver
MB lter Disk M3 CpPU (s) Wall (s)
f 390052 1330 41 979 1276 4444

CPU Gime total of 4 processors of CRAY-C90, multiuser batch mode. 40 Mw partition.
[/ O with disk striping and intelligent cache by CRI FFIO library.
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Fig. 2. H-Shaped corc.

Table 4
1i-Shaped core
max p NODOF Stiffness Direct Iterative solver

MB Disk MB CPU (s} Iter Disk MB CPU {s) Wall (s)
4 15634 18.4 106 3.5 3324 411.8
6 26313 395 217 1450 63 49.9 5065 912.2

591} elements in 5 layers with aspect ratio 1:500: 500, adaptive p.
Disk space in MB, time in s IBM RS/0000 256 80 M1 RAM.
Stiffaess matrix—vector multiplication in MECHANICA.

Dircet solver by optimized skylinc.
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