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Abstract

A reliable covariance model and estimation procedure is a key element in ensemble data assimilation methods. It is well known that the sample covariance matrix computed from a small
ensemblesuffers from low rank and spurious correlations may occur. In this contribution, we present parametric estimators based on transformation of the ensemble into the spectral space.
A maximum likelihood estimators (MLE) of three hierarchical models are given together with the hierarchical structure of their variances. Their performance is illustrated by a simulation.

Covariance modelling in spectral space

Consider a centred random vector Y with dimension p describing spatial distribution of
some meteorological variable (e.g. temperature) on a horizontal grid. Standard estimator
of the covariance matrix cov(Y ) is the sample covariance

C =
1

N − 1

N∑
k=1

Y (k)
(
Y (k)

)>
based on a sample/ensemble Y = (Y (1), . . . ,Y (N)).
In real tasks, N << p, which makes the sample covariance to be a very poor estimator.
However, such a poor estimate can be improved with the usage of some additional infor-
mation. Important example of this situation is the additional knowledge that the original
random field is second order stationary. If this is the case, then after transforming to the
spectral space, this field has diagonal covariance matrix (proved in [2]), i.e.

cov(X) = D

where X denotes the field after spectral transform and D is a diagonal matrix. Matrix D
can be estimated by sample covariance matrix computed from a sample transformed to the
spectral space. However, such sample covariance matrix is never perfectly diagonal. In [1],
the authors propose to make it diagonal by cutting away all the off diagonal terms. When
assuming X to have a specific distribution, better estimate can be achieved by finding a
maximum likelihood estimator for D in the space of diagonal matrices.
More specific situation appears when we have an additional information that the matrix D
is not only diagonal, but its diagonal entries have a prescribed decay. This decay is governed
by few unknown parameters, which can be estimated by maximum likelihood method.

Simulation showing the precision for small samples

It is difficult to find a hierarchical structure for exact variances of the derived maximum
likelihood estimators. In order to present their performance for small samples, a simulation
was carried out.

On the figure, there is the error of our estimates measured by the Frobenius norm

||D̂ −D||F =

√√√√ p∑
i=1

p∑
j=1

(d̂ij − dij)2.

The estimates were based on samples from Np(0, D) with p = 100. Matrix D =
diag(30e0.002λ), where λ are eigenvalues of two-dimensional Laplace operator.
It is evident that for small sample sizes, estimators computed in the correct subspace
perform better. Hence, the hierarchical order seems to hold even when N < p.
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Maximum likelihood estimators for hierarchical

covariance models

Assume the field X to be Gaussian with diagonal covariance matrix

X ∼ Np(0, D).

What are possible maximum likelihood estimators of matrix D = diag(d1, . . . , dp)?

1.Sample covariance matrix

D̂1 =
1

N − 1

N∑
k=1

X (k)
(
X (k)

)>
is the MLE for D found in the space of positive-semidefinite matrices.

2.Diagonal covariance matrix
Matrix

D̂2 =
1

N
diag

(
S2

1, . . . , S
2
p

)
,

where S2
i =

∑N
k=1

(
X

(k)
i

)2

(with X
(k)
i being the i-th entry of X (k)) is a MLE of D

computed in the space of diagonal matrices.

3.Diagonal covariance matrix with prescribed decay
The MLE of D computed in the space of diagonal matrices with the decay governed by
a model di = (cfi(α))−1 has the form

D̂3 = diag ((ĉf1(α̂))−1 , . . . , (ĉfp(α̂))−1),

where ĉ and α̂ are solutions of
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Comparison of asymptotic variances

It is well known that under mild conditions, a maximum likelihood estimator θ̂ of a p-
dimensional parameter vector θ ⊂ Θ has asymptotically normal distribution, i.e.,

√
N(θ̂ − θ)

d−→ Np

(
0, J(θ)−1

)
,

where J(θ) is the Fisher information matrix. Suppose we know that θ = θ(ϕ), where ϕ
has dimension p1 < p. It means that θ belongs to a subspace of Θ of dimension p1.
It can be shown [3] that

J(θ(ϕ))−1 = ∇θ(ϕ)
(
(∇θ(ϕ))>J(θ)∇θ(ϕ)

)−1
(∇θ(ϕ))>,

where ∇θ(ϕ) is the Jacobian matrix of the mapping ϕ 7→ θ(ϕ).

The following theorem exposes the hierarchical structure of the asymptotic vari-

ances of θ̂ and θ̂(ϕ). A proof can be found in [3].

Theorem 1 It holds that
J(θ(ϕ))−1 ≤ J(θ)−1.

That is, the asymptotic variance of an estimate computed in a correct subspace cannot be
larger than asymptotic variance of an estimate computed in the bigger space.

For our hierarchical covariance models, this implies that in the limit as N →∞,

cov(D̂1) ≥ cov(D̂2) ≥ cov(D̂3).
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