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PREFACE

During the spring semester of 2005 we offered a topics course Math 7023,
at CU-Denver, whose goal was to read large parts of the paper ”Gauss sums,
Jacobi sums, and p-ranks of cyclic difference sets,” Jour. Comb. Theory
(A) 87(1999), 74 – 119, by R. Evans, H. Hollmann, C. Krattenthaler and Q.
Xiang. This paper is deep, fundamental, and deserving of study. However,
the students in this course needed to be introduced to many ideas and re-
sults before we could proceed directly to the paper. Hence these notes were
developed. In general we hope to give the reader some facility with certain
algebraic tools that might prove to be useful in further mathematical inves-
tigations. This has led to the inclusion of certain results and their proofs
that are not actually needed in working through the paper by Evans et al.,
even though in general our goal was to include just what was needed to work
through that paper. Particularly in the sections dealing with basic algebraic
number theory we have made some attempt to go only as far as it appears
to be necessary to read the paper cited. This is usually because the proofs
are shorter or simpler in these cases and allow us to get to the paper itself
sooner.

Our two favorite books on algebraic number theory for beginners are:

K. Ireland and M. Rosen, A Classical Introduction to Modern Number
Theory, Second Edition, Springer-Verlag, 1993.

and
P. Ribenboim, Classical Theory of Algebraic Numbers, Springer, 2001.

From time to time we mention results without proof, but we have en-
deavored to prove everything that lies beyond the usual beginning graduate
algebra course and is actually used here. A major result which is proved here
is Stickelberger’s Theorem on the factorization of a certain Gauss sum in a
cyclotomic extension of the rationals.

We would particularly like to thank the students whose participation
made this course possible and enjoyable: Stephen Flink, Carey Jenkins, Ryan
Pedersen and Rob Rostermundt.
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Chapter 1

Some Basic Algebra

1.1 Characters of Finite Abelian Groups

Let G be a finite abelian group written multiplicatively. We assume the
reader is familiar with the fundamental theorem that says that G may be
written as the direct product of cyclic groups Cd1 × Cd2 × · · · × Cdk

, where
Cd is cyclic of order d, and di divides di+1, 1 ≤ i < k. A proof of this result
is contained in most abstract algebra texts.

A character of G is a homomorphism χ from G into the multiplicative
group F ∗ of some field F , often the field C of complex numbers. If G has
order v and exponent m, we usually want F to contain a primitive mth root
of unity, but in any case we always want |G| 6= 0 ∈ F . If the field F is
understood, we denote the set of all characters of G into F ∗ by Ĝ. If χ1

and χ2 are two characters of G, their product χ1χ2 is the function sending
g to χ1(g)χ2(g). Clearly the product of two characters is again a character,
and this product makes Ĝ into an abelian group. The identity of Ĝ is called
the principal character or the trivial character and is usually denoted by χ0.
Clearly χ0(g) = 1 for all g ∈ G.

Lemma 1.1.1. Let χ ∈ Ĝ with values in F ∗. Then
(i) χ(e) = 1, if e is the identity of G.
(ii) χ(g−1) = χ(g)−1. If F ∗ = C∗, then χ(g−1) = χ(g).

Proof. All but the last equality of part (ii) follow immediately from the fact
that χ is a group homomorphism. If χ(g) ∈ C, then it is a complex root of
unity, so its multiplicative inverse must also be its complex conjugate, which
proves the last equality.

7



8 CHAPTER 1. SOME BASIC ALGEBRA

Theorem 1.1.2. For any finite abelian group G, G ∼= Ĝ.

Proof. The proof is by induction on the order |G| of G. If G is cyclic of order
m with generator g, then each character of G is determined by its action on
g. Then since g has order m, χ(g)m = 1. Hence χ(g) is an mth root of unity.
If w is a fixed primitive mth root of unity, then the characters of G are all
determined by equations of the form χr(g) = wr. There are m choices of r,
so m characters. They are all powers of χ1, so Ĝ is cyclic of order m.

Now suppose that G = G1×G2 where G is not cyclic. We will show that
Ĝ ∼= Ĝ1× Ĝ2. The result will then follow by induction. (Note that this proof
does not actually use the fundamental theorem on finite abelian groups.)
Map Ĝ into Ĝ1 × Ĝ2 by sending χ to (χ|G1 , χ|G2). Then map Ĝ1 × Ĝ2 to Ĝ
by identifying (χ1, χ2) with the character sending (g1, g2) to χ1(g1)χ2(g2). It
is easy to check that these maps are both homomorphisms and are inverses
of each other, so both are isomorphisms.

Corollary 1.1.3. G is naturally isomorphic to
ˆ̂
G by letting the element g ∈ G

correspond to the character (“evaluation at g”): χ 7→ χ(g) on Ĝ.

Proof. The indicated correspondence is a homomorphism of G into
ˆ̂
G. If it

is one-to-one then they are isomorphic, since they have the same order by
Theorem 1.1.2. Suppose the kernel of this homomorphisms is the subgroup
H. Then for any character χ ofG we have χ(h) = 1 for all h ∈ H. This means
that χ can be viewed as a character on G/H. Then |G| = |Ĝ| ≤ |G|/|H|,
implying that |H| = 1 as needed.

Theorem 1.1.4. (Orthogonality relations)

(i)
∑

g∈G χ1(g)χ2(g) =

{
0 if χ1 6= χ−1

2 ,
|G| if χ1 = χ−1

2 .

(ii)
∑

χ∈Ĝ χ(g)χ(h) =

{
0 if gh 6= e,
|G| if gh = e.

Proof. Let χ denote a nonprincipal character and h some element of G with
χ(h) 6= 1. Then ∑

g∈G

χ(g) =
∑
g∈G

χ(gh) = χ(h)
∑
g∈G

χ(g).

Since χ(h) 6= 1 it must be that
∑

g∈G χ(g) = 0. Now if χ = χ1χ2 the
first alternative of (i) is proved. The second alternative is obvious since
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χ1(g)χ
−1
1 (g) = 1 for each g ∈ G. To prove part (ii), just use the identification

of G with
ˆ̂
G and use part (i) with Ĝ in place of G.

An interesting special case of part (i) of the preceding theorem is when
χ2 = χ0 6= χ1.

Corollary 1.1.5. If χ 6= χ0, then
∑

g∈G χ(g) = 0.

In these notes the groups on which we study characters are the multi-
plicative and the additive subgroups of a finite field. So we briefly review
some facts about finite fields and polynomials over them.

1.2 Algebra Over Finite Fields

If q = pe, e ≥ 1, with p a prime, there is a Galois field Fq = GF (q) with q
elements. Moreover, each finite field is isomorphic to some Galois field. We
know that Fq contains Fp = GF (p) ∼= Z/pZ as its prime subfield. If f(x) is
an irreducible polynomial of degree e over Fp, then

Fq
∼= Fp[x]/(f(x)) = {a0 +a1t+ · · ·+ae−1t

e−1 : ai ∈ Fp and f(t) = 0}. (1.1)

If Fr is a Galois field for some prime power r, then Fr contains an iso-
morphic copy of Fq as a subfield if and only if r = ph where e divides h. If
Fq also denotes this subfield, then

Fq = {a ∈ Fr : aq = a}. (1.2)

We know that F ∗
q = Fq \ {0} is a cyclic group whose binary operation

is just multiplication of Fq restricted to F ∗
q . A generator of F ∗

q is called a
primitive element or primitive root for Fq.

The group Aut(Fq) of automorphisms of Fq is cyclic of order e and gen-
erated by the automorphism

p : Fq → Fq : x 7→ xp. (1.3)

It follows that φi : x 7→ xpi
.

Relative Trace and Norm
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Let q = pe be any prime power and n any positive integer. Put F =
GF (qn) and K = GF (q). Then the relative trace TF/K(a) of an element
a ∈ F is defined by

TF/K(a) = a+ aq + aq2

+ · · ·+ aqn−1

.

Clearly TF/K(a) ∈ K; TF/K(a + b) = TF/K(a) + TF/K(b) for all a, b ∈ F ;
and for c ∈ K, a ∈ F , TF/K(ca) = cTF/K(a). If e = 1, so q is prime, then
TF/K is the absolute trace function. If a ∈ K, then TF/K(a) = na = 0 if
n ≡ 0 (mod p). Note that TF/K is a K-linear transformation of the field F
thought of as an n-dimensional vector space over K.

For the rest of this section let us write tr(a) = TF/K(a) for a ∈ F . And
for σ ∈ Gal(F/K), define Tσ ∈ HomK(F, F ) by Tσ(a) = aσ−a for all a ∈ F .
It is easy to check that tr(Tσ(a)) = 0 for all a ∈ F . So Im(Tσ) ⊆ ker(tr).
First suppose that σ generates Gal(F/K), so that K is the subfield fixed
by σ. In this case K is exactly the kernel of Tσ, so that the image of Tσ

has qn/q = qn−1 elements. This is a vector subspace of F of codimension 1
over K. Since tr is not the zero map (a polynomial of degree qn−1 cannot
have more than qn−1 roots in F ), it must be that tr(b) = 0 if and only if
b = Tσ(a) for some a ∈ F . This holds for each σ that generates the Galois
group Gal(F/K). Now suppose that σ ∈ Gal(F/K) has fixed field larger
than K, so that the kernel of Tσ is larger than K, say it is GF (qj) with
1 < j ≤ n. Then the image of Tσ has only qn−j elements in it, so that it is
a proper subset of the kernel of tr = TF/K . We have proved the following
result.

Theorem 1.2.1. Let σ be a generator of the Galois group Gal(F/K). Then
tr(b) = TF/K(b) = 0 if and only if b = Tσ(a) = aσ − a for some a ∈ F .

At one point later on we need the following result.

Theorem 1.2.2. Let E/F and F/K be finite extensions of finite fields, so
that each of E/F , F/K and E/K is a Galois extension. Then TE/K =
TF/K ◦ TE/F .

Proof. The proof of the result in this special case is an easy exercise.

The relative norm NF/K of an element a ∈ F is defined by

NF/K(a) = a1+q+q2+···+qn−1

= a
qn−1
q−1 .
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Clearly NF/K(a) ∈ K, and if a = bq−1 then NF/K(a) = 1. The kernel of
x 7→ xq−1 in F ∗ is K∗, so the size of the image I of the map x 7→ xq−1 is
qn−1
q−1

, and I is a subset of the kernel of the map x 7→ x
qn−1
q−1 which has size

qn−1
q−1

. Hence we have proved

Theorem 1.2.3. NF/K(a) = 1 if and only if a = bq−1 for some b ∈ F .

Polynomials over Fq

If q = 2, then xq + x = x(x + 1) = x2 + (0 + 1)x, and
∑

a∈F2
a = 1.

For the remainder of this section let q > 2, so that xq, xq−1, x are distinct
monomials.

xq − x =
∏
a∈Fq

(x− a), (1.4)

from which it follows that

xq−1 − 1 =
∏

a∈F ∗
q

(x− a) = xq−1 − (
∑
a∈F ∗

q

)x(q−2) + · · ·+ (−1)q−1
∏

a∈F ∗
q

a. (1.5)

From Eq 1.5 we see immediately that∑
a∈F ∗

q

a =
∑
a∈Fq

a = 0;
∏

a∈F ∗
q

a = (−1)q = −1. (1.6)

Note: For fixed a ∈ Fq,∏
b∈Fq

b6=a

(a− b) =
∏
b∈F ∗

q

b = (−1)q = −1. (1.7)

Put Γ[x] = Fq[x]/(x
q−x) and G(x) = {f(x) ∈ Fq[x] : deg(f(x)) ≤ q−1}.

Then each g(x) ∈ Fq[x] has a unique coset representation in G(x). Moreover,
if g(x) ∈ Fq[x] and f(x) ∈ G(x), then

f(a) = g(a) for all a ∈ Fq iff f(x) ≡ g(x) (mod xq − x). (1.8)

Put

δa,b =

{
1, if a = b;
0, if a 6= b.

Recall Lagrange interpolation. For a ∈ Fq, put
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fa(x) =
xq − x

(x− a)(−1)q
=

∏
b∈Fq

b6=a
(x− b)∏

b∈Fq

b6=a
(a− b)

. (1.9)

Then fa(b) = δa,b for all a, b ∈ Fq. Let h : Fq → Fq be any function. Put

f(x) =
∑
a∈Fq

h(a)fa(x). (1.10)

Then
f(b) =

∑
a∈Fq

h(a)fa(b) = h(b), for all b ∈ Fq. (1.11)

This shows that each function h : Fq → Fq is a polynomial function
f . But we want to write f(x) =

∑q−1
r=0 arx

r where ar is given in terms of
functional values.

Theorem 1.2.4. Let h : Fq → Fq be any function. Then there is a polyno-
mial f(x) =

∑q−1
r=0 arx

r for which f(b) = h(b) for all b ∈ Fq. Moreover,

(i) a0 = f(0) = h(0);

(ii) aq−1 = −
∑

a∈Fq
h(a);

(iii) For 0 < r < q − 1, ar = −
∑

a∈F ∗
q
h(a)a−r.

Proof. Put x = 0 in Eq. 1.10 to see that h(0) = f(0) = a0. Next, the
coefficient on xq−1 in fa(x) is (−1)q = −1 (for q odd or even). Hence from
Eq. 1.10, aq−1 = −

∑
a∈Fq

h(a). Now suppose 0 < r < q − 1. If a = 0, the

coefficient on xr in xq−x
x−a

= xq−1 − 1 is zero. If a 6= 0, put b(x) = xq−x
x−a

=
b0 + b1x+ · · ·+ bq−1x

q−1 = 0 + b1x+ · · ·+ bq−2x
q−2 + xq−1. So

xq − x = (x− a)(b1x+ · · · bq−2x
q−2 + xq−1)

= (−ab1)x+ (b1 − ab2)x2 + (b2 − ab3)x3 + · · ·+ (bq−2 − abq−1)x
q−1 + xq.

This implies ab1 = 1, or b1 = a−1. And 0 < r < q−1 forces br−1−abr = 0,
or br = a−r. So b1 = a−1; b2 = b1a

−1 = a−2; b3 = b2a
−1 = a−3, . . . , and

br = a−r. So the coefficient of xr in fa(x) is 0 if a = 0 and −a−r if a 6= 0. By
Eq. 1.10, the coefficient on xr is ar = −

∑
a∈F ∗

q
h(a)a−r.
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Lemma 1.2.5. Assume q > 2 and suppose f(x) ∈ G(x). If a 7→ f(a) is a
bijection, then deg(f(x)) ≤ q − 2.

Proof. By assumption,
∑

a∈Fq
f(a) =

∑
a∈Fq

a = 0, since q > 2. So the

coefficient on xq−1 is −
∑

a∈Fq
f(a), which is 0.

Lemma 1.2.6. Let q > 2 and let f(x) permute the nonzero elements of Fq.
If deg(f(x)) ≤ q− 2, it must be that f(0) = 0 and a 7→ f(a) is a bijection on
Fq.

Proof. From Eq. 1.10 we have f(x) = −
∑

a∈Fa
f(a)

(
xq−x
x−a

)
= −f(0)(xq−1 −

1)−
∑

a∈F ∗
q
f(a)

(
xq−x
x−a

)
. The coefficient of xq−1, which must be 0, is −f(0)−∑

a∈F ∗
q
f(a) = −f(0) −

∑
a∈F ∗

q
a = −f(0). Hence f(0) = 0 and a 7→ f(a) is

a bijection.

1.3 Abelian Difference Sets

We start with a definition of symmetric block design that is apparently more
restrictive than the usual definition, but in fact they are equivalent. Our goal
here is only to present a small bit of the theory that relates to difference sets.

A symmetric (v, k, λ)-design S = (P ,B) is a set P of v points together
with a set of v distinct subsets called blocks satisfying the following properties:

(i) Each block has k points and each point is in k blocks.
(ii) Each pair of distinct points lie in λ blocks and each pair of blocks

intersect in a set of λ points.
Given a symmetric block design with ordered pointset P = {x1, . . . , xv}

and ordered block set B = {B1, . . . , Bv}, the incidence matrix N is defined
by

N = (nij), where nij = 1 if xi ∈ Bj and nij = 0 otherwise.

One of the fundamental results is that N is invertible, but we leave the
proof of this result to the reader. (For example, it follows from Theorem 19.7
of van Lint and Wilson.)

Sometimes we also use the notation nij = N(xi, Bj) or just N(x,B) .
An automorphism of S is a pair α = (P,Q) of permutations where P is a
permutation of the points and Q is a permutation of the blocks such that
x ∈ B if and only if P (x) ∈ Q(B). Here we may identify P with the
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permutation matrix whose rows and columns are indexed by the points of S
and

P (x, y) :=

{
1 if α(x) = y,
0 otherwise.

Similarly, we may identify Q with the permutation matrix whose rows and
columns are indexed by the blocks of S and

Q(A,B) :=

{
1 if α(A) = B,
0 otherwise.

Note that the trace of P is equal to the number of fixed points, and the
trace of Q is equal to the number of fixed blocks of α. Now we have

PNQT (x,A) =
∑

y∈P;B∈B

P (x, y)N(y,B)Q(A,B) = N(α(x), α(A)) = N(x,A).

This says that PNQT = N . Equivalently, P = NQN−1. Thus P and Q,
being similar matrices, have the same trace and we have proved the following
theorem.

Theorem 1.3.1. Let S = (P ,B) be a symmetric (v, k, λ)-design with 0 <
λ < k < v, and let α be an automorphism of S. Then the number of points
fixed by α is equal to the number of blocks fixed by α.

Corollary 1.3.2. The type of the cycle decomposition of α on the point set
P is the same as the type of the cycle decomposition of α on the block set B.

Proof. By Theorem 1.3.1, αi has the same number of fixed points as fixed
blocks, for each i = 1, 2, . . ..

Suppose a permutation β has ci cycles of length i on some set S, i =
1, 2, . . . , |S|. Let fj denote the number of fixed points of βj. Then after a
little thought we see that

fj =
∑
i|j

ici,

and by Möbius inversion,

jcj =
∑
i|j

µ

(
j

i

)
fi.
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The point is that the numbers of cycles of each length (i.e., the type of
β) are determined completely by the numbers of fixed points of the powers
of β.

Corollary 1.3.3. If G is a group of automorphisms of a symmetric design,
then the number of orbits of G on the point set P is the same as the number
of orbits of G on the block set B. In particular, G is transitive on the points
if and only if G is transitive on the blocks.

Proof. By the orbit counting lemma, the number of orbits of a group G of
permutations of a set S is determined exactly by the multiset (f(α) : α ∈ G)
where f(α) is the number of elements of S fixed by α.

Let G be an (additive) abelian group of order v. A (v, k, λ)-difference set
in G is a k-subset D ⊆ G such that each nonzero g ∈ G occurs exactly λ
times in the multiset (x− y : x, y ∈ D) of differences from D. More formally,
we are requiring that the number of ordered pairs (x, y) with x, y ∈ D and
x− y = g be λ when g 6= 0 and this number is k for g = 0. It is easy to see
that λ(v − 1) = k(k − 1). A difference set is nontrivial when 1 < k < v − 1
(which implies 0 < λ < k). A difference set with λ = 1 is called planar or
simple.

Let D be a k-subset of the abelian group G of order v. For g ∈ G, we
denote by D + g the translate or shift,

D + g := {x+ g : x ∈ D}

of D by g. For x, y ∈ G we claim that the number of shifts D+g that contain
both x and y is equal to the number of times d := x−y occurs as a difference
within D. This is because g 7→ (x− g, y − g) is a one-to-one correspondence
between the set {g ∈ G : {x, y} ⊆ D + g} and the set of ordered pairs (a, b)
of elements of D such that a− b = x− y. It is also an easy exercise to check
that this common number is also equal to the cardinality of the intersection
(D + x) ∩ (D + y).

In particular, (G, {D + g : g ∈ G}) is a symmetric (v, k, λ)-design if and
only if D is a (v, k, λ)-difference set. The design (G, {D + g : g ∈ G}) is
called the development of the difference set D.

In the above discussion using abelian groups the term difference set is
appropriate because the definition refers to the set of differences of elements
of D. If the group G is written multiplicatively, especially if it is not even
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abelian, it makes more sense to talk about quotient sets. For much of our
later discussion we need to write the group multiplicatively, so we give here
the alternative definition and just do it for general groups.

A (v, k, λ)-quotient set in an arbitrary group G of order v (written multi-
plicatively) is a k-subset D ⊂ G such that any one of the following conditions
holds:

Each nonidentity element g ∈ G occurs exactly λ times

in the list (x−1y : x, y ∈ D) of “left” quotients from D. (1.12)

Each nonidentity element g ∈ G occurs exactly λ times

in the list (xy−1 : x, y ∈ D) of “right” quotients from D. (1.13)

|D ∩ (Dg)| = λ for each nonidentity g ∈ G. (1.14)

|D ∩ (gD)| = λ for each nonidentity g ∈ G. (1.15)

(G, {Dg : g ∈ G}) is a symmetric (v, k, λ)− design. (1.16)

(G, {gD : g ∈ G}) is a symmetric (v, k, λ)− design. (1.17)

To see that Eqs. 1.12 through 1.17) are equivalent requires the following
result: If S is a system of v points together with v blocks of k points such
that any two distinct blocks intersect in λ points, then it must also be true
that each point is in k blocks and any two points are together in exactly λ
blocks. With this information, however, it becomes an elementary exercise
to show that the conditions in Eqs. 1.12 through 1.17 are equivalent.

Exercise 1.3.3.1. Work through the proof of Theorem 8.2.1 (and hence that
of Theorem 8.2.2) of Ryser [Ry63], and then complete the proof that the
conditions in Eqs. 1.12 through 1.17 are equivalent. (Hint: Consider the
map g ↔ g−1D.)

Theorem 1.3.4. Let G be a group of order v. The existence of a (v, k, λ)-
quotient set in G is equivalent to the existence of a symmetric (v, k, λ)-design
that admits a group Ĝ of automorphisms that is isomorphic to G and regular,
i.e., sharply transitive, on the points of the design.
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Proof. Let D be a (v, k, λ)-quotient set in G. Then (G, {gD : g ∈ G}) is a
symmetric (v, k, λ)-design. For g ∈ G, define a permutation ĝ of G by ĝ(x) =
gx. Then each ĝ is easily seen to an automorphism of (G, {gD : g ∈ G}) and
the group Ĝ = {ĝ : g ∈ G} of automorphisms is clearly isomorphic to G and
regular on the points.

Conversely, let G be given and let (P ,B) be a symmetric (v, k, λ)-design
with regular group Ĝ of automorphisms of (P ,B) that is isomorphic to G.
It will be sufficient to exhibit a (v, k, λ)-quotient set in Ĝ.

Fix a point x0 ∈ P and a block B0 ∈ B. Let

D := {σ ∈ Ĝ : σ(x0) ∈ B0}.

We claim that D is a (v, k, λ)-quotient set in Ĝ. Since Ĝ is regular and
|B0| = k, we have |D| = k. Let α be a nonidentity element of Ĝ. Then
αD = {ασ : σ(x0) ∈ B0} = {τ : τ(x0) ∈ α(B0)}, so

D ∩ (αD) = {τ : τ(x0) ∈ B0 ∩ α(B0)}.

Since Ĝ is regular, α has no fixed points and hence, by Theorem 1.3.1,
fixes no block. Thus the block α(B0) is distinct from B0, so |B0∩α(B0)| = λ,
and by regularity, |D ∩ (αD)| = λ. This holds for all nonidentity elements α
and establishes our claim.

For example, the existence of a cyclic (v, k, λ)-difference set, i.e., a dif-
ference in the cyclic group Zv, is equivalent to the existence of a symmetric
(v, k, λ)-design that admits a cyclic automorphism, i.e., an automorphism
with cycle decomposition on the points – or blocks – consisting of one cycle
of length v.

From now on we restrict our attention to difference sets or quotient sets
in abelian groups.

The following lemma has an easy proof.

Lemma 1.3.5. D ⊂ G is a (v, k, λ)-difference set if and only if G \D is a
(v, v − k, v − 2k + λ)-difference set. Also, D is a difference set if and only if
every translate of D is a difference set.

.
In the case that (v, k) = 1 it happens that we can choose a natural

representative from the class of all translates. Call a subset of an additively
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written abelian group G normalized in the case that the sum of its elements
is zero.

Lemma 1.3.6. Let D be a k-subset of an abelian group F of order v. If
(v, k) = 1, then D has a unique normalized translate.

Proof. Let h be the sum of the elements of D. Then the sum of the elements
of a translate D+g is h+kg. Since (v, k) = 1, there are integers s and t such
that sk + tv = 1. Put g = −sh. Then h + kg = h + k(−sh) = (1 − sk)h =
tvh = 0. So D + g is normalized. Suppose h + kg1 = h + kg2 = 0. Then
k(g1 − g2) = 0. But k is relatively prime to the order of any element of G
(which must divide v), so we must have g1 = g2.

Now suppose that G is a finite abelian group written multiplicatively and
with order v, and suppose that D1 and D2 are (v, k, λ)-quotient sets in G.
We say D1 and D2 are equivalent (written D1

∼= D2) provided there is an
automorphism α of G and an element a of G for which

D
(α)
1 := {dα : d ∈ D1} = D2 · a := {da : d ∈ D2}.

It is routine to check that if D1
∼= D2, then the symmetric block desings

derived from the two quotient sets are equivalent. Note also that if G is
cyclic, then D1

∼= D2 iff there is a t ∈ Z with (t, v) = 1 and there is an a ∈ G
with D1 = D

(t)
2 · a.

Also note that if G is written multiplicatively and D is a k-subset of G
with (k, v) = 1, the unique “translate” D · a of D that is normalized is the
one with

∏
d∈D(da) = e, the multiplicative identity of G.

1.4 The Group Ring

Let R be a ring with 1 6= 0 and let G = {g1, . . . , gn} be any finite group with
group operation written multiplicatively. Define the group ring, R[G], of G
with coefficients in R to be the set of all formal sums

a1g1 + a2g2 + · · ·+ angn, ai ∈ R, 1 ≤ i ≤ n.

If g1 is the identity of G we shall write a1g1 simply as a1. Similarly, we
shall write the element 1g for g ∈ G simply as g.
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Addition is defined “componentwise”:

(a1g1 + · · · angn) + (b1g1 + · · · bngn) = (a1 + b1)g1 + · · ·+ (an + bn)gn.

Multiplication is performed by first defining (agi)(bgj) = (ab)gk, where
the product ab is taken in R and gigj = gk is the product in G. This product
is then extended to all formal sums by the distributive laws, so that the
coefficient of gk in the product

(a1g1 + · · ·+ angn)× (b1g1 + · · ·+ bngn)

is
∑

gigj=gk
aibj.

It is routine to to check that these operations make R[G] into a ring with
1 6= 0. The associativity of multiplication follows from the associativity of
the group operationin G. The ring R[G] is commutative if and only if R
is a commutative ring and G is a commutative group. Suppose that R is
commutative with G a finite group G = {g1, . . . , gn}. The map from the
group ring R[G] to R defined by ι :

∑n
i=1 aigi 7→

∑n
i=1 ai is easily seen to

be a homomorphism, called the augmentation map. The kernel of the aug-
mentation map, the augmentation ideal, is the set of elements of R[G] whose
coefficients sum to 0. For example, gi− gj is an element of the augmentation
ideal for all i, j. Since the augmentation map is surjective, the quotient ring
is isomorphic to R.

In these notes we will usually take R to be the commutative ring C of
complex numbers, the subring Z of rational integers, some subfield of C or a
finite field.

For a subset B ⊂ G, we identify B with
∑

g∈B g. Then for A,B ⊂ G,
AB =

∑
g∈G cgg where cg is the number of times g occurs in the multiset

(g1g2 : g1 ∈ A, g2 ∈ B) of products of elements in A and B. For A =∑
g∈G agg write A−1 =

∑
g∈G agg

−1 =
∑

g∈G ag−1g.

For a k-subset D of a group G of order v, D is a (v, k, λ)-quotient set in
G with n := k − λ if and only if the equation

DD−1 = n+ λG (1.18)

holds in the group ring Z[G].
Here by n we mean ne where e is the identity element of G and n is the

ordinary integer n ∈ Z.
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Theorem 1.4.1. Let v, k, λ be positive integers such that

λ(v − 1) = k(k − 1),

and let G be an abelian (multiplicative) group of order v. The existence
of a (v, k, λ)-quotient set in G is equivalent to the existence of an element
A ∈ Z[G] satisfying the equation

AA−1 = n+ λG, where n := k − λ. (1.19)

Proof. We have already seen that if D is a subset of G, then D satisfies
Eq. 1.18 if and only if D is a (v, k, λ)-quotient set. It remains to show that
if there is a solution A ∈ Z[G] to Eq. 1.19 , then we can find a solution
B =

∑
g∈G bgg where the coefficients bg are 0’s and 1’s.

Assume that A satisfies Eq. 1.19 and apply the augmentation map ι from
Z[G] → Z. Write ι : A 7→ A0 ∈ Z. We find that (since ι(A) = ι(A−1))
equating the images of ι on the two sides of Eq. 1.19 yields

(A0)
2 = n+ λv = k2, so A0 = ±k.

Since A satisfies Eq. 1.19, so does B = −A, so we may assume A0 =∑
ag = k.
The coefficient of 1 in AA−1 is k =

∑
g∈G a

2
g. Thus

∑
g∈G ag(ag − 1) = 0.

But a(a − 1) is strictly positive unless the integer a is 0 or 1, hence each
coefficient ag in A is 0 or 1.

Note: The above proof shows that if A is a solution to Eq. 1.19 then
either A or −A is a quotient set.

If A =
∑

g∈G agg ∈ C[G] and χ is any character on G, then χ(A) :=∑
g∈G agχ(g). As a consequence of the orthogonality relations we get the

so-called Fourier inversion formula.

Theorem 1.4.2. If A =
∑

g∈G agg ∈ C[G], then

ah =
1

|G|
∑
χ∈Ĝ

χ(Ah−1) for all h ∈ G.

Proof. 1
|G|
∑

χ∈Ĝ χ(Ah−1) = 1
|G|
∑

χ∈Ĝ χ
(∑

g∈G aggh
−1
)

=

1
|G|
∑

g∈G

(∑
χ∈Ĝ agχ(gh−1)

)
= ah by the orthogonality relations.
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Corollary 1.4.3. If A ∈ Z[G] satisfies χ(A) = 0 for all nontrivial characters
χ of G, then A = mG for some integer m.

Proof. For each h ∈ G, ah = 1
|G|
∑

χ∈Ĝ χ(Ah−1) = 1
|G|
∑

χ∈Ĝ χ(A)χ(h−1) =
1
|G|χ0(A)χ0(h

−1) = ι(A)
|G| , which is a constant m independent of h. But m ∈ Z

since A ∈ Z[G] by hypothesis.

Theorem 1.4.4. A k-subset D of G is a (v, k, λ)-quotient set in G if and
only if (in Z[G])

χ(D)χ(D) = n = k − λ for every nontrivial character χ of G.

Proof. First assume that DD−1 = (k − λ)1 + λG. Then for χ 6= χ0,
χ(D)χ(D) = χ(D)χ(D−1) = χ(DD−1) = χ(k−λ)+χ(λG) = k−λ+λχ(G) =
k − λ, where the last equality follows from part (i) of Theorem 1.1.4 with
χ2 = χ0. For the converse assume that χ(D)χ(D) = k − λ for all char-
acters χ 6= χ0. Put A = DD−1 − (k − λ)1 − λG. For χ 6= χ0, χ(A) =
(k − λ) − (k − λ) − 0 = 0. Hence by Corollary 1.4.3 A = mG for some m.
Comparing coefficients of 1 we see that m = k − (k − λ) − λ = 0, forcing
DD−1 = (k − λ)1 + λG. Hence D is a quotient set by Theorem 1.4.1.

We note that the group ring R[G] is a free R-module of rank |G| and the
addition in the group ring and the scalar multiplication is that of the module
structure (here a left module). The group ring has a canonical involutioin
given by extending the function g 7→ g−1 of G onto G to a function from
R[G] to R[G] via ∑

g∈G

agg 7→
∑
g∈G

agg,

where ∑
g∈G

agg =
∑
g∈G

agg
−1 =

∑
g∈G

ag−1g.

It follows that A = A−1.

Exercise 1.4.4.1. This involution of R[G] has the usual properties: for any
x and y in R[G]

x = x; x+ y = x+ y; and x · y = y · x.
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Any character χ : G→ F ∗ extends to a ring homomorphism of Z[G] into
F via

χ

(∑
g∈G

agg

)
=
∑
g∈G

agχ(g).

Also, for any character χ we define χ by χ(g) = χ(g−1), or, equivalently
(on the group ring) χ(x) = χ(x). This is a direct generalization of using
conjugation in the classical case where F is the field of complex numbers,
since then the complex conjugate of χ(g) is (χ(g))−1 = χ(g−1). It is easy to
check that χ is also a character which is in fact χ−1.

Let G be an abelian group (written multiplicatively) of order v and with
exponent v∗. Let F be a field of characteristic p not dividing v which contains
the v∗th roots of unity. Finally, let B =

∑
g∈G bgg be an element of the group

algebra F [G]. Suppose G = {g1, . . . , gv}. Associate with B the matrix (bij)
where

bij = bgig
−1
j
.

The rank of (bij) is called the rank of B. Let (χ(g)) be the v × v matrix
whose rows are labeled by the v characters χ : G → F ∗ and whose columns
are labeled by the v elements g ∈ G, so that the entry in row χ and column
g is χ(g).

Lemma 1.4.5. The matrix (χ(g)) is nonsingular because it satisfies

M :=
1

v
(χ(g)) ·

(
χ(g−1)

)T
= Iv.

Proof. Just for this proof let the characters from G into F ∗ be χ1, . . . , χv.
The (i, l) entry of M is

1

v

∑
j

χi(gj)χ
−1
l (gj) =

{
0 if χi 6= (χ−1

l )−1 = χl;
1 if χi = χl.

Put χ(B) =
∑

g∈G bgχ(g).

Lemma 1.4.6.

(χ(g))(bij)(χ(g−1))T = v · diag(χ1(B), · · · , χv(B)).



1.5. SOME P -ADIC COMPUTATIONS 23

Proof. First note that χ(g−1) = χ(g)−1 = χ−1(g). Then the (i, l) entry of
the product on the left is∑

j,k

χi(gj) · bjk · χl(g
−1
k ) =

∑
j,k

χi(gj)χl(g
−1
k ) · bgjg−1

k
=

∑
g∈G

bg

(∑
j

χi(gj)χl(g
−1
j g)

)
=

∑
g∈G

bgχl(g) ·
∑

j

χi(gj)χl(g
−1
j ) =

∑
g∈G

bgχl(g) ·
∑

j

(χiχ
−1
l )(gj) =

χl(B) ·
{
v, if i = l;
0, if i 6= l.

The following immediate corollary is due to MacWilliams and Mann.

Corollary 1.4.7. The rank of B over F is equal to the number of characters
χ : G→ F ∗ satisfying χ(B) 6= 0.

1.5 Some p-adic Computations

Let q = pf and let a ∈ Z with 0 ≤ a < q − 1. So a has a unique p-adic
representation

a =

f−1∑
i=0

aip
i, 0 ≤ ai ≤ p− 1 for 0 ≤ i ≤ f − 1.

Define S(a) =
∑f−1

i=0 ai. Then for any integer a ∈ Z write a = t(q − 1) + r
with 0 ≤ r < q − 1. Put S(a) = S(r) and write L(a) = r. So L(x) is the
reduction of x modulo q − 1, and S(a) is the sum of the p-adic digits of the
reduction modulo q − 1 of a.
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Let u ∈ R, the real numbers. Define 〈u〉 = u−buc where buc is the floor
function of u, i.e., it is the largest integer less than or equal to u. Hence
〈u〉 ∈ [0, 1) is the fractional part of u.

Lemma 1.5.1. S(a) = (p− 1)
∑f−1

i=0 〈
pia

(q−1)
〉.

Proof. Write a = k(q − 1) + r, 0 ≤ r < q − 1, and then S(a) = S(r). Then

〈 p
ia

q − 1
〉 = 〈p

i(k(q − 1) + r)

q − 1
〉 =

〈pik +
pir

q − 1
〉 = 〈 p

ir

q − 1
〉,

so we may assume that 0 ≤ a < q − 1. Writing the p-adic representation of
a we have

a =

f−1∑
i=0

aip
i, 0 ≤ ai < p.

Multiplying both sides of the equation by p and using the fact that pf =
q ≡ 1 (mod q − 1) we get

pa = a0p+ a1p
2 + · · ·+ af−2p

f−1 + af−1p
f ≡ (1.20)

= af−1 + a0p+ · · ·+ af−2p
f−1 (mod q − 1).

Multiplying by p again and then proceeding inductively we find that

pia ≡ Ai =

a0p
i + a1p

i+1 + · · ·+ af−i−1p
f−1 + af−i + af−i+1p+ · · · af−1p

i−1 (mod q − 1).

Since 0 ≤ ai < p the maximum value of the right hand side of the
congruence is (setting ai = p − 1 for all i) q − 1. However if this maximum
were attained, then a = q− 1, which is a contradiction. Thus the right hand
sides of the congruences are all less than q − 1.

Here Ai = L(api) where L(x) is the reduction of the integer x modulo
q − 1. So

〈 ap
i

q − 1
〉 = 〈 Ai

q − 1
〉 =

Ai

q − 1
=
L(api)

q − 1
.

We now examine the sum
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f−1∑
i=0

〈 ap
i

q − 1
〉 =

f−1∑
i=0

L(api)

q − 1
.

Notice that as i runs through 0, 1, . . . , f − 1 each power of p is multiplied by
each aj just once. Hence we get

f−1∑
i=0

〈 ap
i

q − 1
〉 =

S(a)(1 + p+ · · ·+ pf−1)

q − 1
=

S(a)(pf − 1)

(q − 1)(p− 1)
=
S(a)

p− 1
.

This proves that

S(a) = (p− 1)

f−1∑
i=0

〈 ap
i

q − 1
〉 =

p− 1

q − 1

f−1∑
i=0

L(api). (1.21)

Lemma 1.5.2. For 0 < a < q − 1, S(pa) = S(a).

Proof. This is an immediate consequence of Eq. 1.20

Lemma 1.5.3.
∑q−2

a=1 S(a) = f(p−1)(q−2)
2

.

Proof. Using the notation from above for the p-adic expansion of a, along
with q − 1 =

∑f−1
i=0 (p− 1)pi, we obtain

q − 1− a =

f−1∑
i=0

(p− 1− ai)p
i,

which implies

S(a) + S(q − 1− a) =

f−1∑
i=0

(p− 1) = f(p− 1).

Summing this latter expression from a = 1 to a = q − 2 we get

S(1)+S(2)+ · · ·+S(q−2)+S(q−2)+S(q−3)+ · · ·+S(1) = (q−2)f(p−1),

from which the Lemma follows.
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Start with Lemma 1.5.1 to write (also use a = bac+ 〈a〉)

(p−1)

f−1∑
i=0

b ap
i

q − 1
c = (p−1)

f−1∑
i=0

api

q − 1
−(p−1)

f−1∑
i=0

〈 ap
i

q − 1
〉 = a−S(a). (1.22)

For the remainder of this section let p = 2, so q = 2f .

If 0 ≤ k ∈ Z write k = rf + j with 0 ≤ j < f . Then b = 2k =
2rf+j = 2j(2rf − 1) + 2j ≡ 2j (mod q − 1). Hence for 0 ≤ a ≤ q − 2,
S(a+ 2k) = S(a+ 2j) =

=


S(a) + 1 = S(a) + S(2j) if 2j 6∈ a;
S(a) + S(2j)− 1 = S(a), if 2j ∈ a but 2j+1 6∈ a;
< S(a) + S(2j)− 1 = S(a), if 2j ∈ a and 2j+1 ∈ a.

(1.23)

Lemma 1.5.4. Using the previous lemma we can prove:
(i) If a ∩ b = 2j and 2j+1 6∈ a or b, then S(a+ b) = S(a) + S(b)− 1.
(ii) If a ∩ b = 2j and 2j+1 ∈ a or b, then S(a+ b) < S(a) + S(b)− 1.

Proof. We assume that f > 2, so 2j 6= 2j+2. Suppose a ∩ b = 2j, and put
a = a− 2j, b = b− 2j. Then by Eq. 1.23 we have the following:

S(a+ b) = S(a+ b+ 2j+1)

=


S(a+ b) + 1, if 2j+1 6∈ a+ b;

S(a+ b), if 2j+1 ∈ a+ b but 2j+2 6∈ a+ b;

< S(a+ b), if 2j+1 ∈ a+ b and 2j+2 ∈ a+ b.

=


S(a) + S(b)− 1, if 2j+1 6∈ a or b;
S(a) + S(b)− 2, if 2j+1 ∈ a or b;
< S(a) + S(b)− 2, if 2j+1 ∈ a or b and 2j+2 ∈ a or b.

In fact, it is easy to prove the following.

Lemma 1.5.5. For a =
∑f−1

i=0 ai2
i, 0 ≤ ai ≤ 1 and b =

∑f−1
i=0 bi2

i, 0 ≤ bi ≤
1, put a ∩ b =

∑f−1
i=0 ci2

i,0 ≤ ci ≤ 1, where ci = 1 if and only if ai = bi = 1.
Then S(a+ b) ≤ S(a) + S(b)− S(a ∩ b).
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Proof. For each 2i ∈ a ∩ b, the two contributions made by 2i in S(a) + S(b)
are first replaced by 2i+1. There may or may not be further collapsing in
a + b, but the value of S(a + b) will be reduced by at least one in S(a + b).
This is true for each 2i ∈ a ∩ b.

Theorem 1.5.6. S(a + b) = S(a) + S(b) − 1 if and only if a ∩ b = 2j for
some j with 0 ≤ j ≤ f − 1, and 2j+1 is not in either a or b. Here j + 1 is
taken modulo f to satisfy 0 ≤ j + 1 ≤ f − 1.

Proof. This is an immediate corollary of Lemma 1.5.4 and Lemma 1.5.5.

Lemma 1.5.7. For 1 < k < f with (k, f) = (k − 1, f − 1) = 1 let Bk(f) be
the number of a’s, 0 < a < 2f − 1 for which

S(a) + S((k − 1)a) = S(ka) + 1. (1.24)

Then Bk(f) is a multiple of f and we may put Ak(f) = Bk(f)/f .

Proof. With p = 2 in Eq. 1.22 we have

f−1∑
i=0

{
b ak2

i

q − 1
c − b a2

i

q − 1
c − ba(k − 1)2i

q − 1
c
}

=

= {ak − S(ak)} − {a− S(a)} − {a(k − 1)− S(a(k − 1))} (1.25)

= S(a) + S(a(k − 1))− S(ak).

Since the binary representation of 2a modulo q − 1 is obtained by simply
rotating the binary representation of a modulo q − 1 by “one step”, i.e., all
the digits are moved one step to the left, with a 1 that would be moved beyond
the leftmost place moved (“rotated”) to the rightmost place. So, as we saw
earlier, S(a) = S(2a). Hence given any solution a to Eq. 1.24, a2i is also a
solution for 0 ≤ i ≤ f − 1. Moreover, we claim that a · 2j, 0 ≤ j ≤ f − 1,
are necessarily distinct modulo 2f − 1. For if a2i ≡ a2j (mod q − 1) for
0 ≤ i < j ≤ f − 1, and if a is a solution to S(a) + S((k − 1)a) = S(ka) + 1,
then the sum over i in Eq. 1.25 would have more than one term equal to
1 (and all terms are nonnegative because in general bac + bbc ≤ ba + bc),
contradicting the choice of a. (For if a2i ≡ a2j (mod q − 1), then also
ak2i ≡ ak2j (mod q − 1), etc.)
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We now give one application of Theorem 1.5.6 to the special case where
f is odd and b = 5a. Hence if k = 6, then (k, q − 1) = (k− 1, q − 1) = 1 and
the goal is to determine all a modulo q − 1 for which

S(a) + S(5a) = S(6a) + 1. (1.26)

Theorem 1.5.8. Let f be an odd integer ≥ 3. The binary representations
of all the solutions a (mod q − 1) to the equation

S(a) + S(5a) = S(6a) + 1

can be constructed by the following procedure:
Step 1. Form all the possible binary strings of length at most f by concate-

nating blocks of the form 01, 0011, 00111, subject to the following constraints:
(A) In a string of length less than f , the rightmost block must be 01, and

the block 00111 must not occur.
(B) In a string of length f , the block 00111 occurs exactly once, namely,

as the rightmost block.
Step 2. Given a string of length k obtained through Step 1, append (f−k)

0’s on the left to form a string of length f .
Step 3. All binary representations of all solutions a modulo q − 1 to

Eq. 1.25 are obtained by forming all possible rotations of the strings that
were constructed in Step 2.

N.B. In an appendix we have included the treatment written up by Carey
Jenkins proving this result.

Write A6(f) = B6(f)/f , where B6(f) is the number of solutions mod
q − 1 = 2f − 1 to Eq. 1.26. We are interested here in the case where f is
odd, say f = 2m + 1. So put an = A6(2n + 1). We know a1 = A6(3) = 1,
a2 = A6(5) = 3.

Theorem 1.5.9. If Fn is the nth Fibonacci number, then an = A6(2n+1) =
2Fn − 1.

Proof. We start by showing that

A6(f) = A6(f − 2) + A6(f − 4) + 1. (1.27)

The recurrence is to be viewed as a recurrence for the number B6(f)/f
of strings constructed in Step 1 of Theorem 1.5.8, i.e., before appending the
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spare 0’s and rotating the obtained strings of length f . There are B6(f)/f
such strings, since due to the particular form of the strings, all the f rotations
in Step 3 are indeed different from each other.

For given f , the strings that are constructed in Step 1 can be separated
into three sets: first, there is the string 01 of length 2; then there is the set
of strings of length greater than 2 with leftmost block 01, and finally there is
the set of strings with leftmost block 0011. The first string contributes the
1. The second set of strings can be obtained by performing Step 1 with f
replaced by f − 2 and then appending 01 to the left of each of the obtained
strings. The third set of strings can be obtained by first performing Step 1
with f replaced by f − 4 and then appending 0011 to the left of each of the
obtained strings. Summing over the three types of sets of strings we obtain
the recurrence of Eq. 1.5.8. Interpret the recurrence for the ai to get:

an+2 = an+1 + an + 1. (1.28)

Also, since an+1 = an + an−1 + 1, solving for a0 we find a0 = 1.

Now put A(x) =
∑∞

n=0 anx
n and multiply both sides by xn+2 and sum

from n = 0 to n =∞:

∞∑
n=0

an+2x
n+2 =

∞∑
n=0

an+1x
n+2 +

∞∑
n=0

anx
n+2 +

∞∑
n=0

xn+2.

After rewriting this and collecting terms we obtain:

A(x) =
1− x+ x2

(1− x− x2)(1− x)
=
−1

1− x
+

2

1− x− x2
=

∞∑
n=0

(2Fn − 1)xn,

which says that an = 2Fn − 1, where Fn is the nth Fibonacci number, F0 =
F1 = 1. (This requires knowing that 1/(1−x−x2) is the ordinary generating
function for the Fibonacci sequence.)

1.6 Hyperovals

In this section we review briefly the basic facts about hyperovals in finite
desarguesian projective planes. For a more thorough treatment with proofs
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see the notes “Topics in Finite Geometry: Ovals, Ovoids and Generalized
Quadrangles” by S. E. P. A k-arc in the projective plane PG(2, q), with q a
prime pwer, is a set of k points, no three of which are collinear. The maximum
value of k is q + 1 or q + 2 , according as q is odd or even. If k = q + 1 a
k-arc is called an oval. If q is even, a q + 2-arc is called a hyperoval. If q
is even each oval is contained in a unique hyperoval. A celebrated theorem
of B. Segre says that when q is odd, each oval is actually a conic, i.e., the
set of points whose coordinates satisfies an irreducible quadratic equation.
The classic example of a hyperoval when q is even is a conic together with
its nucleus.

Two hyperovals are said to be projectively equivalent if one hyperoval can
be transformed into the other by a projective linear transformation (an ho-
mography), i.e., by an element of PGL(3, q). By the Fundamental Theorem
of Projective Geometry, the group PGL(3, q) of homographies of PG(2, q)
is sharply transitive on ordered quadrangles. Thus every hyperoval can be
mapped by an homography to a hyperoval containing the fundamental quad-
rangle (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 1). From now on we will restrict our
attention to those hyperovals in PG(2, q) with q even and greater than 2
which contain the fundamental quadrangle. The following result of Segre
shows that any such hyperoval can be expressed in terms of a permutation
polynomial over Fq, i.e., a polynomial which when interpreted as a function
permutes Fq.

Theorem 1.6.1. (Segre). Let q > 2 be a power of 2. Then any hyperoval in
PG(2, q) containing the fundamental quadrangle is equal to a (q + 2)-arc

D(f) = {(1, t, f(t)) : t ∈ Fq} ∪ {(0, 1, 0), (0, 0, 1)},

where f is a permutation polynomial over Fq of degree at most q−2, satisfying
f(0) = 0, f(1) = 1, and such that for each s ∈ Fq,

fs(x) =

{
f(x+s)+f(s)

x
, if x 6= 0;

0, if x = 0,

is a permutation polynomial.
Conversely, every such set D(f) is an hyperoval.

Polynomials f(x) as described in Theorem 1.6.1 are called o-polynomials.
The hyperovals of interest in these notes are the monomial hyperovals.

These are hyperovals in PG(2, q) (with q = 2d) projectively equivalent to a
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hyperoval

D(xk) = {(1, t, tk) : t ∈ Fq} ∪ {(0, 1, 0), (0, 0, 1)}.

It is well known that if D(xk) is an hyperoval, then (k, q−1) = (k−1, q−
1) = 1. Moreover, given k for which (k, q−1) = (k−1, q−1) = 1, then D(xj)
is an hyperoval projectively equivalent to D(xk) if and only if j is congruent
modulo q−1 to an element of {k, 1/k, 1−k, 1/(1−k), k/(k−1), (k−1)/k}.

The known examples of monomial hyperovals are as follows:
Ex. 1. The regular hyperoval D(x2) (conic plus nucleus);
Ex. 2. The translation hyperovals D(x2i

) where (d, i) = 1.
Ex. 3. The Segre hyperoval D(x6), where d is odd.
Ex. 4. The Glynn Type (I) hyperovals D(xσ+γ), where σ2 = 2 and

γ2 = σ, i.e., σ = 2(d+1)/2, and γ = 2(3d+1)/4 if d ≡ 1 (mod 4), γ = 2(d+1)/4 if
d ≡ 3 (mod 4).

Ex. 5. The Glynn type (II) hyperovals D(x3σ+4), where σ is as above.
For small values of q there is some overlap among these classes, but for q >

32 they are distinct except that the regular hyperoval is always a translation
hyperoval.

Lemma 1.6.2. Let q = 2d. The (q + 2)-set D(xk) = {(1, t, tk) : t ∈ Fq} ∪
{(0, 1, 0), (0, 0, 1)} in PG(2, q) is a hyperoval if and only if (k, q− 1) = 1 and
τ : Fq → Fq : x 7→ xk + x is a two-to-one map.

Proof. It is clear that D(xk) is an hyperoval if and only if each line meets it
in exactly 0 or two points. For a 6= 0 the line [a, 0, 0]T = 〈(0, 1, 0), (0, 0, 1)〉
meetsD(xk) in exactly two points. The line [a, 1, 0]T contains (0, 0, 1) but not
(0, 1, 0), and contains (1, t, tk) if and only if t = a, so meets D(xk) in exactly
two points. The line [a, 0, 1]T contains the point (0, 1, 0) but not (0, 0, 1) and
contains (1, t, tk) if and only if f(t) = 1, so meets D(xk) in exactly two points
if and only if (k, q − 1) = 1. Finally, [a, b, c]T with bc 6= 0 does not contain
either (0, 1, 0) or (0, 0, 1) and meets D(xk) in exactly 0 or two points if and
only if a+ bt+ ctk = 0 has 0 or two solutions. Divide by c and replace t with(

b
c

) 1
k−1 · s to see that [a, b, c]T meets D(xk) in exactly 0 or two points if and

only if the map x 7→ xk + x is two-to-one.

Eventually we will use monomial hyperovals to produce cyclic difference
sets, a construction first given by Maschietti.
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1.7 The Transfer Matrix Method

In this section we give an introduction to the Transfer Matrix Method. The
actual application made in [EHKX99] is somewhat different from the material
presented here and can probably be understood without reading this section,
but we wanted to include in these notes a general introduction to this method.
(See Math 6409 notes for more on this subject.)

The Transfer Matrix Method, when applicable, is often used to show that
a given sequence has a rational generating function. Sometimes that knowl-
edge helps one to compute the generating function using other information.

Let A be a p × p matrix over the complex numbers C. Let f(λ) =
det(λI −A) = ap−n0λ

n0 + · · ·+ a1λ
p−1 + λp be the characteristic polynomial

of A with ap−n0 6= 0. So the reverse polynomial f̂ is given by f̂(λ) = 1 +

a1λ + · · · + ap−n0λ
p−n0 . Hence det(I − λA) = λpdet

(
1
λ
I − A

)
= f̂(λ). We

have essentially proved the following:

Lemma 1.7.1. If f(λ) = det(λI −A), then f̂(λ) = det(I − λA). Moreover,

if A is invertible, so n0 = 0, then
ˆ̂
f = f , and f(λ) = det(λI − A) iff

f̂(λ) = det(I − λA).

For 1 ≤ i, j ≤ p, define the generating function

Fij(A, λ) =
∑
n≥0

(An)ijλ
n. (1.29)

Here A0 = I even if A is not invertible.

Theorem 1.7.2. Fij(A, λ) = (−1)i+jdet[(I−λA):j,i]
det(I−λA)

.

Proof. Here (B : i, j) denotes the matrix obtained from B by deleting the

ith row and the jth column. Recall that (B−1)ij = (−1)i+jdet(B:j,i)
det(B)

. Suppose

that B = I − λA, so B−1 = (I − λA)−1 =
∑∞

n=0A
nλn, and (−1)i+jdet(B:j,i)

det(B)
=

(B−1)ij =
∑∞

n=0(A
n)ijλ

n = Fij(A, λ), proving the theorem.

Corollary 1.7.3. Fij is a rational function of λ whose degree is strictly less
than the multiplicity n0 of 0 as an eigenvalue of A.

Proof. Let f(λ) = det(λI−A), so f̂(λ) = det(I−λA) has degree p−n0, and
deg(det(I − λA) : j, i)) ≤ p− 1. Hence deg(Fij(A, λ)) ≤ (p− 1)− (p− n0) =
n0 − 1 < n0.
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Now write q(λ) = det(I − λA) = f̂(λ). If w1, . . . , wq are the nonzero
eigenvalues of A, then 1

w1
, . . . , 1

wq
are the zeros of q(λ), so

q(λ) = a

(
λ− 1

w1

)
· · ·
(
λ− 1

wq

)
for some nonzero a. From the definition of q(λ) we see that q(0) = det(I) = 1,
so

q(λ) = (−1)qw1 · · ·wq

(
λ− 1

w1

)
· · ·
(
λ− 1

wq

)
. (1.30)

Then after computing the derivative q′(λ) we see easily that

−λq′(λ)

q(λ)
= −λ

{
1

λ− 1
w1

+ · · ·+ 1

λ− 1
wq

}
(1.31)

=
w1λ

1− w1λ
+

w2λ

1− w2λ
+ · · ·+ wqλ

1− wqλ

=

q∑
i=1

∞∑
n=1

wn
i λ

n =
∞∑

n=1

(
q∑

i=1

wn
i

)
λn =

∞∑
n=1

tr(An)λn.

We have proved the following corollary:

Corollary 1.7.4. If q(λ) = det(I − λA), then
∑∞

n=1 tr(A
n)λn = −λq′(λ)

q(λ)
.

Let D = (V,E, φ) be a finite digraph, where V = {v1, . . . , vp} is the set of
vertices, E is a set of (directed) edges or arcs, and φ : E → V ×V determines
the edges. If φ(e) = (u, v), then e is an edge from u to v, with initial vertex
int(e) = u and final vertex fin(e) = v. If u = v, then e is a loop. A walk
Γ in D of length n from u to v is a sequence e1e2 · · · en of n edges such that
int(e1) = u, fin(en) = v, and fin(ei) = int(ei+1) for 1 ≤ i < n. If also
u = v, then Γ is called a closed walk based at u. (Note: If Γ is a closed walk,
then eiei+1 · · · ene1 · · · ei−1 is in general a different closed walk.)

Now let w : E → R be a weight function on E (R is some commutative
ring; usually R = C or R = C[x].) If Γ = e1e2 · · · en is a walk, then the weight
of Γ is defined by w(Γ) = w(e1)w(e2) · · ·w(en). Fix i and j, 1 ≤ i, j ≤ p.
Put Aij(n) =

∑
Γw(Γ), where the sum is over all walks Γ in D of length n

from vi to vj. In particular, Aij(0) = δij. The fundamental problem treated
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by the transfer matrix method (TMM) is the evaluation of Aij(n), or at least
the determination of some generating function for the Aij(n).

Define a p× p matrix A = (Aij) by

Aij =
∑

e

w(e),

where the sum is over all edges with int(e) = vi and fin(e) = vj. So
Aij = Aij(1). A is the adjacency matrix of D with respect to the weight
function w.

Theorem 1.7.5. Let n ∈ N . Then the (i, j)-entry of An is equal to Aij(n).
(By convention, A0 = I even if A is not invertible.)

Proof. (An)ij =
∑
Aii1Ai1i2 · · ·Ain−1j, where the sum is over all sequences

(i1, . . . , in−1) ∈ [p]n−1. (Here i = i0 and j = in.) The summand is zero unless
there is a walk e1 · · · en from vi to vj with int(ek) = vik−1

(1 ≤ k ≤ n), and
fin(ek) = vik (1 ≤ k ≤ n). If such a walk exists, then the summand is equal
to the sum of the weights of all such walks.

We give a special case that occasionally works out in a very satisfying
way. Let CD(n) =

∑
Γw(Γ), where the sum is over all closed walks Γ in D

of length n. In this case we have the following.

Corollary 1.7.6.
∑

n≥1CD(n)λn = −λq′(λ)
q(λ)

, where q(λ) = det(I − λA).

Proof. Clearly CD(1) = tr(A), and by Theorem 1.7.5 we have CD(n) =

tr(An). Hence by Cor 1.7.4 we have
∑

n≥1CD(n)λn = −λq′(λ)
q(λ)

.

Often an enumeration problem can be represented as counting the number
of sequences a1a2 · · · an ∈ [p]n of integers 1, . . . , p subject to certain restric-
tions on the subsequences aiai+1 that may appear. In this case we form a
digraph D with vertices vi = i, 1 ≤ i ≤ p, and put an arc e = (i, j) from
i to j provided the subsequence ij is permitted. So a permitted sequence
ai1ai2 · · · ain corresponds to a walk Γ = (i1, i2)(i2, i3) · · · (in−1, in) in D of
length n − 1 from i1 to in. If w(e) = 1 for all edges in D and if A is the
adjacency matrix of D with respect to this particular weight function, then
clearly f(n) :=

∑p
i,j=1Aij(n−1) is the number of sequences a1a2 · · · an ∈ [p]n
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subject to the restrictions used in defining D. Put q(λ) = det(I − λA) and
qij(λ) = det((I − λA) : j, i). Then by Theorem 1.7.2

F (λ) :=
∑
n≥0

f(n+ 1)λn =
∑
n≥0

(
p∑

i,j=1

Aij(n)

)
λn (1.32)

=

p∑
i,j=1

∑
n≥0

Aij(n)λn =

p∑
i,j=1

Fij(A, λ) =

p∑
i,j=1

(−1)i+jqij(λ)

q(λ)
.

We state this as a corollary.

Corollary 1.7.7. If w(e) = 1 for all edges in D and f(n) is the number
of sequences a1a2 · · · an ∈ [p]n subject to the restrictions used in defining D,
then ∑

n≥0

f(n+ 1)λn =

p∑
i,j=1

(−1)i+jqij(λ)

q(λ)
. (1.33)

1.8 Linear Recurrences

In treating the Glynn hyperovals we will make use of the result (possibly
folklore) that when it is known (by some abstract means) that a sequence
satisfies some linear recurrence, and when a bound for the order of the re-
currence is also known, then one needs only to check a certain number of
special instances of a specific recurrence to prove that the sequence satisfies
this recurrence “always.” The precise statement is given in the following
theorem.

Theorem 1.8.1. Let (fn)n≥0 be a sequence of complex numbers. Suppose that
we know that the ordinary generating function

∑
n≥0 fnz

n for the sequence is
rational, i.e., that it equals p(z)/q(z), where p(z) and q(z) are polynomials
in z, and that the degree of the numerator p(z) is at most P , and the degree
of the denominator q(z) is at most Q. If the sequence (fn) satisfies the
recurrence

k∑
i=0

aifn−i = c (1.34)
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for n = n0, . . . , N , where n0 ≥ k, N = max {P + k + 1, Q+ n0}, and where
a0, a1, . . . , ak and c are some given complex numbers, then the recurrence of
1.33 is satisfied for all n ≥ n0.

Proof. Put a(z) =
∑k

i=0 aiz
i, F (z) =

∑∞
i=0 fiz

i. Then

a(z)F (z) =
∞∑

n=0

(
k∑

i=0

aifn−i

)
zn =

n0−1∑
n=0

rnz
n +

N∑
n=n0

(
k∑

i=0

aifn−i

)
zn +

∞∑
n=N+1

(
k∑

i=0

aifn−i

)
=

= r(z) +
N∑

n=n0

c · zn +
∞∑

n=N+1

czn +
∞∑

n=N+1

((
k∑

i=0

aifn−i

)
− c

)
zn =

= r(z) +
c

1− z
+ zN+1 · S(z), where S(z) vanishes iff Eq. 1.33 holds

for all n ≥ n0.

Multiply this last equation by (1− z)q(z):

(1− z)a(z)p(z) = (1− z)q(z)r(z) + c · q(z) + zN+1(1− z)q(z)S(z).

The left hand side has degree less than or equal to 1+k+P ≤ N . The first
term on the right hand side has degree less than or equal to 1+Q+(n0−1) =
Q + n0 ≤ N . Similarly, the second term of the right hand side has degree
less than or equal to Q ≤ N . Clearly the last term on the right hand side
has degree greater than N if it is nonzero. It follows that S(z) = 0.

1.9 Multiplier Theory

Strictly speaking, we do not need the theory of multipliers of abelian differ-
ence sets in order to reach our goal of using Stickelberger’s theorm to evaluate
the p-ranks of the designs arising from the Segre ovals. On the other hand, we
feel that any introduction to difference sets should include the basic results
on multipliers. Hence we have included this section as a kind of appendix to
Chapter 1.
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Throughout this section we assume that G is an abelian group of order v
written multiplicatively. Also, k and λ are integers satisfying 0 < λ < k and
λ(v− 1) = k(k− 1), and we write n = k−λ. Then D is a k-subset of G that
is a (v, k, λ)-quotient set in G, i.e., in Z[G] we have

DD−1 = n+ λG. (1.35)

For any integer t, the map λt : g 7→ gt is an endomorphism of G and
induces an endomorphism of Z[G] also denoted λt:

λt : Z[G]→ Z[G] :
∑
g∈G

agg 7→
∑
g∈G

agg
t.

For A,B ∈ Z and m ∈ Z, we say A ≡ B (mod m) provided A−B = mC
for some C ∈ Z[G].

This leads to an elementary but useful lemma.

Lemma 1.9.1. Let p be a prime and A =
∑

g∈G agg ∈ Z[G]. Then

Ap ≡ λp(A) (mod p).

Proof. We proceed by induction on the number of nonzero coefficients of
A ∈ Z[G]. First suppose A has one nonzero term, say A = ag, a ∈ Z,
g ∈ G. Then Ap = (ag)p = apgp ≡ agp = λp(A) (mod p).

Recall that if 1 ≤ i ≤ p − 1, then
(

p
i

)
≡ 0 (mod p). So suppose that H

is some subset of G for which B =
∑

g∈H bgg satisfies Bp ≡ λp(B) (mod p).
Then if A = bhh+B for some h ∈ G \H, we have

Ap = (bhh+B)p ≡ (bhh)
p +Bp ≡ bhh

p + λp(B) = λp(A).

Let G be a multiplicatively written abelian group and let D be a quotient
set in G. An automorphism α of G is said to be a multiplier of D if and only
if the quotient set α(D) is a translate (i.e., coset) of D, that is if and only if
α(D) = Dg = {dg : d ∈ D} for some g ∈ G. For example, the automorphism
a 7→ a3 of the cyclic group C13 = 〈g〉 is a multiplier of the (13, 4, 1) quotient
set {g0, g2, g3, g7} since {g0, g6, g9, g8} = {g0, g2, g3, g7}g6.

More generally, if t is any integer relatively prime to the order of G,
and hence to the exponent of G (the least common multiple of the orders of
the elements of G), then λt : g 7→ gt is an automorphism of G. If λt is a
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multiplier of a quotient set D of G, we say that λt is a numerical multiplier
or Hall multiplier of D.

Note: An automorphism α of G is a multiplier of a quotient set D in G
if and only if in the group ring Z[G], α(D) = Dg for some g ∈ G.

It will be convenient to write automorphisms as exponents. So instead of
writing α(D) from now on, for example, we will write Dα = {dα : d ∈ D}.
Moreover, for some A ∈ Z[G], instead of writing Aλt we will just write At.
So in particular D−1 =

∑
d∈D d

−1.

Lemma 1.9.2. Let α be an automorphism of G and let D be a (v, k, λ)-
quotient set in G. Consider

S := DαD−1 − λG.

Then α is a multiplier of D if and only if S has nonnegative coefficients.

Proof. If α is a multiplier of D, then Dα = gD for some g ∈ G, so that

DαD−1 = gDD−1 = g(n+ λG) = ng + λG.

So in this case S, as defined above, is equal to ng for some g ∈ G, where
n = k−λ, as usual. In particular, it has nonnegative coefficients. Note that,
conversely, if DαD−1 = ng + λG, we can multiply this by D to find

DαDD−1 = Dα · (n+ λG) = n ·Dα + λDG = n ·Dα + λkG,

and also that

(DαD−1)D = (ng + λG)D = ng ·D + λkG.

Hence Dα = gD, implying that α is a multiplier.

Since α is an automorphism ofG, the map α : Z[G]→ Z[G] :
∑

g∈G agg 7→∑
g∈G agg

α is an automorphism. Hence DαD−α = n + λG, i.e., Dα is also a
quotient set, and

SS−1 = {DαD−1 − λG}{D−αD − λG}
= {n+ λG}2 − 2λk2G+ λ2vG

= n2 + 2λ(n+ λv − k2)G = n2s

= n2.
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Suppose that S =
∑

g∈G sgg with nonnegative coefficients sg. If sg > 0

and sh > 0 for g, h ∈ G, then the coefficient of gh−1 in SS−1 = n2 is at
least sgsh, i.e., strictly positive. Hence gh−1 must be the identity e of G,
i.e., g = h. So S can have only one positive coefficient, say S = sgg. The
equation SS−1 = n2 forces sg = n and we have shown that S = ng. As noted
above, we may conclude that α is a multiplier.

We are now ready for the famous multiplier theorem. (This version is a
generalization by Hall and Ryser of the original theorem first proved by M.
Hall, Jr.)

We emphasize that for a prime p, (D)p denotes (
∑

d∈D d)
p, whereas Dp

denotes
∑

d∈D d
p. Lemma 1.9.1 says that these two expressions are congruent

modulo p.

Theorem 1.9.3. Let D be a (v, k, λ)-quotient set in an abelian group G of
order v. Let p be a prime dividing n with (p, v) = 1 and p > λ. Then p is a
Hall multiplier of D.

Proof. Let S = DpD−1 − λG. By Lemma 1.9.2 it will suffice to show that S
has nonnegative coefficients. By Lemma 1.9.1 we have

DpD−1 ≡ (D)pD−1 ≡ (D)p−1DD−1

≡ (D)p−1 · (n+ λG) ≡ n(D)p−1 + λkp−1G

≡ λG (mod p),

since p divides n and kp−1 ≡ 1 (mod p). Thus the coefficients of DpD−1,
which are clearly nonnegative, are all congruent to λ modulo p. Since p > λ,
it must be that the coefficients of DpD−1 are greater than or equal to λ, i.e.,
S has nonnegative coefficients.
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Chapter 2

Algebraic Number Theory

In this chapter we give the beginning of the theory of algebraic numbers.
Our primary interest is in the fact that the ring D of algebraic integers in
some finite extension Q(θ) of the rationals is a Dedekind domain, especially
in how a prime ideal of Z generates an ideal P in D and how P factors into
a product of powers of prime ideals of D. We present just enough of this
theory to make the following chapter on Cyclotomic extensions intelligible.
We assume that the reader already knows some field theory including a bit
of Galois theory.

2.1 Discriminants of Number Fields

An algebraic number field is a finite extension K of the rational field Q,
say K = Q(θ). Let f(x) be the minimal polynomial for θ over Q, say
degf(x) = n. Then in C, f(x) has exactly n distinct roots (say θ = θ1):

f(x) =
n∏

i=1

(x− θi).

The roots θ = θ1, θ2, . . . , θn are called the conjugates of θ over Q. It
follows that f(x) is also the minimal polynomial for each of the conjugates of
θ over Q. Moreover, there is a unique field isomorphism σi : Q(θ)→ Q(θi) :
θ 7→ θi. If α ∈ Q(θ), then α = r(θ) for a unique r ∈ Q[x] with degree less
than n, and then

σi(α) = r(θi).

41
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Conversely, If σ : K → C is a monomorphism, then σ is the identity on
Q, and 0 = σ(f(θ)) = f(σ(θ)), so that σ(θ) is one of the θi, and hence σ is
one of the σi.

For each α ∈ K = Q(θ), if α = r(θ) for r(x) ∈ Q[x], then define the field
polynomial of α over K to be

fα(x) =
∏

i

(x− r(θi))

where the θi run through all zeros of the minimum polynomial f of θ, whose
coefficients are in Q. It is easy to see that the coefficients of fα(x) are of the
form

h(θ1, . . . , θn)

where h(x1, . . . , xn) is a symmetric polynomial in Q[x1, . . . , xn]. It follows
that the coefficients of fα(x) are in Q, i.e.,

Theorem 2.1.1. For each α ∈ K = Q(θ), fα(x) ∈ Q[x].

The elements σi(α), for 1 ≤ i ≤ n, are called the K-conjugates of α.
Although the θi are distinct (and are the K-conjugates of θ), it is not always
the case that the K-conjugates of α are distinct: for example, σi(1) = 1 for
all i. The general situation is described in the next theorem.

Theorem 2.1.2. With the above notation:
(a) The field polynomial fα is a power of the minimum polynomial pα;
(b) The K-conjugates of α are the zeros of pα in C, each repeated n/m

times, where the degree m of pα is a divisor of n;
(c) The element α is in Q if and only if all of its K-conjugates are equal;
(d) Q(α) = Q(θ) if and only if all K-conjugates of α are distinct.

Proof. The minimum polynomial pα is irreducible, and α is a zero of fα, so
that fα = pα

sh where pα and h are coprime and both are monic. We claim
that h is constant. If not, some αi = σi(α) = r(θi) is a zero of h, where
α = r(θ). Hence if g(x) = h(r(x)) then g(θi) = 0. Let p be the minimum
polynomial of θ over Q, and hence also of each θi. Then p divides g, so that
g(θj) = 0 for all j, and in particular g(θ) = 0. Therefore, h(α) = h(r(θ)) =
g(θ) = 0. This forces pα to divide h, which is a contradiction. Hence h is a
constant and monic, so h = 1 and f = (pα)s, proving (a).

(b) is an immediate consequence of (a).
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To prove (c), it is clear that α ∈ Q implies σi(α) = α ∈ Q. Conversely,
if all σi(α) are equal, then since the zeros of pαare distinct and fα = (pα)s,
then the degree of pα must be 1, forcing α ∈ Q.

Finally, for (d): if all σi(α) are distinct, then the degree of pα must equal
n, and hence [Q(α) : Q] = n = [Q(θ) : Q]. This implies that Q(α) = Q(θ).
Conversely, if Q(α) = Q(θ), then the degree of pα is n, implying that the
σi(α) are distinct.

Still with K = Q(θ) of degree n over Q, let {α1, . . . , αn} be a Q-basis for
K. We define the discriminant of this basis to be

4[α1, . . . , αn] := (det[σi(αj)])
2 =

= det


 σ1(α1) · · · σn(α1)

...
...

...
σ1(αn) · · · σn(αn)


 σ1(α1) · · · σ1(αn)

...
...

...
σn(α1) · · · σn(αn)




= det (Tr(αiαj) ,

where Tr(α) =
∑n

i=1 σi(α).

If {β1, . . . , βn} is another Q-basis of K, then for 1 ≤ k ≤ n there are
cik ∈ Q such that

βk =
n∑

i=1

cikαi and det(cik) 6= 0.

So

(β1, . . . , βn) = (α1, . . . , αn)

 c11 · · · c1n
...

...
cn1 · · · cnn

 .

This leads to the following:
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4[β1, . . . , βn] = (det[σi(βk)])
2

=

(
det[σi(

∑
j

cjkαj)]

)2

=

(
det

[∑
j

cjkσi(αj)

])2

=

(
det

[∑
j

σi(αj)cjk

])2

= (det [(σi(αj))(cjk)])
2 ,

from which it follows that

4[β1, . . . , βn] = 4[α1, . . . , αn] (det(cjk))
2 . (2.1)

A determinant of the form D = det(tji )1≤i,j≤n is called a Vandermonde
determinant, and has value:

D = (−1)
n(n−1)

2 t1t2 · · · tnδ(t1, . . . , tn) = t1 · · · tn
∏

1≤j<i≤n

(ti − tj), (2.2)

where δ(t1, . . . , tn) =
∏

1≤i<j≤n(ti − tj).
To see this, think of everything as lying inside Q[t1, . . . , tn]. Then for

ti = tj the determinant has two equal rows, so equals zero. Hence D is
divisible by each (ti − tj). To avoid repeating such a factor twice, we take
j < i. Also, it is clear that D is divisible by each ti. Then comparison of
degrees easily shows that D has no other nonconstant factors: both degrees
equal 1 + 2 + · · ·+ n = n(n+1)

2
. Comparing coefficients of t1t

2
2 · · · tnn gives the

desired result.
From the above it follows easily that if

A =


1 t1 t21 · · · tn−1

1

1 t2 t22 · · · tn−1
2

...
...

...
...

...
1 tn t2n · · · tn−1

n

 ,
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then

det(A) =
∏

1≤j<i≤n

(ti − tj). (2.3)

Theorem 2.1.3. The discriminant of any basis for K = Q(θ) is rational
and non-zero. If all K-conjugates of θ are real, then the discriminant of any
basis is positive.

Proof. First we pick a basis with which we can compute: the obvious one is
{1, θ, . . . , θn−1}. If the conjugates of θ are θ1, . . . , θn, then

4 = 4[1, θ, . . . , θn−1] =

[ ∏
1≤j<i≤n

(θi − θj)

]2

= [δ(θ1, . . . , θn)]2.

Clearly 4 is symmetric in the θi so that 4 ∈ Q. Using Eq. 2.1 with
cjk ∈ Q it is clear that the discriminant of any basis will be be rational and
non-zero. Moreover, if all the conjugates of θ are real, then the discriminant
is the square of a real number and hence positive.

As usual, let K = Q(θ) be a number field of degree n and let σ1, . . . , σn

be the monomorphisms K → C. For any α ∈ K we define the norm

NK(α) = N(α) =
n∏

i=1

σi(α).

Since the σi are monomorphisms it is clear that

N(αβ) = N(α)N(β), (2.4)

and if α 6= 0, then N(α) 6= 0.
Similarly, the trace of α is defined by

TrK(α) = Tr(α) =
n∑

i=1

σi(α).

It is clear that Tr is linear over Q, i.e.,

Tr(aα+ β) = aTr(α) + Tr(β), for all a ∈ Q,α, β ∈ K. (2.5)
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Since both N(α) and Tr(α) are fixed by all monomorphisms of K into C,
clearly both N(α) ∈ Q and Tr(α) ∈ Q.

From the proof of Theorem 2.1.3 we can derive another useful formula
for the discriminant of the basis used in that theorem.

Theorem 2.1.4. Let K = Q(θ) be a number field where θ has minimum
polynomial p of degree n. The Q-basis {1, θ, . . . , θn−1} has discriminant

4[1, . . . , θn−1] = (−1)n(n−1)/2N(p′(θ)),

where p′ is the formal derivative of p.

Proof. Since p(x) =
∏n

i=1(x− θi), its derivative satisfies

p′(x) =
n∑

j=1

n∏
i=1
i6=j

(x− θi),

from which it follows that

p′(θj) =
n∏

i=1
i6=j

(θj − θi).

Multiplying all these equations for j = 1, . . . , n we obtain

n∏
j=1

p′(θj) =
n∏

i,j=1

i6=j

(θi − θj).

The left-hand side is N(p′(θ). On the right, each factor (θi− θj) for i < j
appears twice, once as (θi − θj) and once as (θj − θi). The product of these
two factors is −(θi − θj)

2. On multiplying we obtain 4 multiplied by (−1)s

where s is the number of pairs (i, j) with 1 ≤ i < j ≤ n, which means
s = n(n− 1)/2, completing the proof.

2.2 Algebraic Integers

An algebraic number is a complex number α that is a root of a polynomial
anx

n + an−1x
n−1 + · · · + a0, where a0, . . . , an ∈ Q. Multiplying by the least

common multiple of the denominators of the ai’s leads to a polynomial in
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Z[x] having α as a root. An algebraic integer w is a complex number that is
the root of a monic polynomial (i.e., an = 1) with integer coefficients. Let Ω
represent the set of all algebraic integers in C.

The following result has simple proof.

Lemma 2.2.1. A rational number r ∈ Q is an algebraic integer if and only
if r ∈ Z.

Definition: A nonempty subset V of the complex numbers is called a
Q-module if the following three properties hold:

(a) γ1, γ2 ∈ V implies that γ1 ± γ2 ∈ V .
(b) γ ∈ V and r ∈ Q implies that rγ ∈ V .
(c) There exist elements γ1, . . . , γl ∈ V such that every γ ∈ V has the

form
∑l

i=1 riγi with ri ∈ Q.
Briefly, we say that V ⊂ C is a Q-module provided it is a finite dimen-

sional vector space over Q. If γ1, γ2, . . . , γl ∈ C, the set of all expressions∑l
i=1 riγi, ri ∈ Q is easily seen to be a Q-module. We denote this Q-module

by [γ1, . . . , γl].

Theorem 2.2.2. Let V = [γ1, . . . , γl], and suppose that α ∈ C has the prop-
erty that αγ ∈ V for all γ ∈ V . Then α is an algebraic number.

Proof. αγi ∈ V for i = 1, 2, . . . , l. Thus αγi =
∑l

j=1 aijγj, where aij ∈ Q.

It follows that 0 =
∑l

j=1(aij − δijα)γj, where δij = 0 if i 6= j and δij = 1 if
i = j. Hence det(aij − δijα) = 0. Writing out the determinant we see that
α satisfies a polynomial of degree l with rational coefficients. Thus α is an
algebraic number.

Theorem 2.2.3. The set of algebraic numbers forms a field.

Proof. If α1 and α2 are algebraic numbers we show that α1α2 and α1 + α2

are algebraic numbers. Suppose that αn
1 + r1α

n−1
1 + · · · + rn = 0 and that

αm
2 + s2α

m−1
2 + · · · + sm = 0, where ri, sj ∈ Q. Let V be the Q-module

obtained by forming all Q-linear combinations of the elements αi
1α

j
2, where

0 ≤ i < n and 0 ≤ j < m. For γ ∈ V we have α1γ ∈ V and α2γ ∈ V .
For example, if i < n − 1, then α1α

i
1α

j
2 = αi+1

1 αj
2 ∈ V . And if i = n − 1,

so i + 1 = n, α1α
n−1
1 αj

2 = −r1αn−1
1 αj

2 + · · · + −rnα
j
2 ∈ V . Thus we also

have (α1 + α2)γ ∈ V and (α1α2)γ ∈ V . By Theorem 2.2.2 it follows that
both α1 + α2 and α1α2 are algebraic numbers. Finally, if α is an algebraic
number, not zero, we must show that α−1 is an algebraic number. Suppose
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that a0α
n + a1α

n−1 + · · · + an = 0, where the ai ∈ Q are not all zero. Then
anα

−n + an−1α
−(n−1) + · · ·+ a0 = 0. The result follows.

To prove that the set of algebraic integers forms a ring it is necessary
only to alter the above proofs slightly.

Definition: A subset W ⊆ C is called a Z-module provided
(a) γ1, γ2 ∈ W implies that γ1 ± γ2 ∈ W .
(b) There exist elements γ1, γ2, . . . , γl ∈ W such that every γ ∈ W is of

the form
∑l

i=1 biγi with bi ∈ Z.

Theorem 2.2.4. Let W be a Z-module and suppose that w ∈ C is such that
wγ ∈ W for all γ ∈ W . Then w is an algebraic integer.

Proof. The proof preceeds exactly as in the proof of Theorem 2.2.2, except
that now aij ∈ Z. The equation det(aij−δijw) = 0, when written out, shows
that w satisfies a monic equation of degree l with integer coefficients. Thus
w is an algebraic integer.

Theorem 2.2.5. The set of algebraic integers forms a ring Ω.

Proof. The proof follows from Theorem 2.2.4 in exactly the same way in
which the proof of Theorem 2.2.3 follows from Theorem 2.2.2.

Definition: A subfield K of the complex numbers is called an algebraic
number field provided [K : Q] is finite. If K is such a field, the subset of
K consisting of algebraic integers forms a ring D called the ring of algebraic
integers in K. Theorem 2.2.2 shows that an algebraic number field consists
of algebraic numbers (just take V = K and choose γ1, . . . , γn to be a basis
for K over Q).

Theorem 2.2.6. Suppose β ∈ K. There is an integer b ∈ Z, b 6= 0, such
that bβ ∈ D.

Proof. We know that β satisfies an equation anβ
n + an−1β

n−1 + · · ·+ a0 = 0
with ai ∈ Z. Multiplying by an−1

n we get (anβ)n + an−1(anβ)n−1 + · · · +
a0a

n−1
n (anβ)0 = 0. Therefore anβ ∈ D since aia

i−1
n ∈ Z.

Theorem 2.2.7. Every (nonzero) ideal A of D contains a basis for K over
Q.
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Proof. Let α1, . . . , αn be a basis for K over Q. Then by Theorem 2.2.6
there exist some ai ∈ Z such that aiαi ∈ D, ai 6= 0, 1 ≤ i ≤ n. Let
a = lcm[a1, a2, . . . , an]. Then aα1, aα2, · · · , aαn ∈ D. Pick β ∈ A, β 6= 0.
We claim that aα1β, aα2β, . . . , aαnβ is a basis forK over Q (clearly contained
in A). Suppose not. Then for 1 ≤ i ≤ n there exists ci ∈ Q, not all ci = 0,
such that

∑n
i=1 ciaαiβ = 0, which implies that aβ

∑n
i=1 ciαi = 0, which is a

contradiction that proves the theorem.

Theorem 2.2.8. Let A be an ideal in D and suppose α1, . . . , αn ∈ A is a basis
for K over Q with |4[α1, . . . , αn]| minimal. Then A = Zα1+Zα2+· · ·+Zαn.

Proof. By Theorem 2.1.3 4[α1, . . . , αn] ∈ Q ∩ D = Z, so we may choose a
basis with minimal discriminant as described in the theorem. Suppose α ∈ A.
Then α =

∑n
i=1 γiαi, γi ∈ Q. We need to show that γi ∈ Z. Suppose not.

Then there exists i such that γi 6∈ Z. Without loss of generality let this be
γ1. Then we can write γ1 = m+ θ, m ∈ Z, 0 < θ < 1. Set β1 = α−mα1 =
θα1 +

∑n
i=2 γiαi ∈ A, βi = αi for 2 ≤ i ≤ n. We claim that β1, β2, . . . , βn

is a basis for K over Q. Suppose not. Then there exist c1, . . . , cn ∈ Q
such that

∑n
i=1 ciβi = 0 which implies c1(α −mα1) +

∑n
i=2 ciβi = 0. Hence

c1
∑n

i=1 γiαi− c1mα1 +
∑n

i=2 ciβi = 0, implying (c1γ1− c1m)α1 +
∑n

i=2(c1γi +
ci)αi = 0. This implies that all the coefficients on the αi must be zero.
In particular, c1(γ1 − m) = c1θ = 0, implying c1 = 0, from which we see∑n

i=2 ciαi = 0, implying all the ci are zero. Therefore β1, . . . , βn are linearly
independent and hence form a basis for K over Q consisting of elements of
A.

Since β1 = α−mα1 =
∑n

i=1 γiαi −mα1 = θα1 + γ2α2 + · · ·+ γnαn. This
gives the transition matrix M where

MT =


θ γ2 γ3 · · · γn

0 1 0 · · · 0

0 0 1 · · · ...
...

... 0
0 0 · · · 0 1

 .

By Eq. 2.1 4[β1, . . . , βn] = (detM)24[α1, . . . , αn], yielding

4[β1, . . . , βn] = θ24[α1, . . . , αn],

and hence
|4[β1, . . . , βn]| < |4[α1, . . . , αn]|,
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contradicting the original choice of basis. Thus γi ∈ Z for all i. Hence
A = Zα1 + · · ·+ Zαn.

Definition: If α1, . . . , αn ∈ A is a basis for K over Q and A = Zα1 +
· · · + Zαn, then α1, . . . , αn is called an integral basis for A. It follows from
Theorem 2.2.8 that the discriminants of any two integral bases for A are
equal. (To see this, suppose {α1, . . . , αn} and {β1, . . . , βn} are two integral
bases for A. If

{β1, . . . , βn} = {α1, . . . , αn}M, so {α1, . . . , αn} = {β1, . . . , βn}M−1,

then both M and M−1 have entries from Z. Then det(M) and det(M−1)
must both be integers and inverses of each other. Hence the two determinants
are both 1 or both -1. From this it follows that the bases have the same
discriminant.) This common value is called the discriminant of A, written
4(A). The discriminant of D is particularly important, and δK = 4(D) is
called the discriminant of K/Q.

Lemma 2.2.9. If A ⊂ D is a nonzero ideal, then A ∩ Z 6= {0}.

Proof. Let α ∈ A, α 6= 0. Then there exists some polynomial such that
αn + an−1α

n−1 + · · · + a0 = 0, ai ∈ Z. We may assume a0 6= 0, since
otherwise we could simply factor out the appropriate power of α (so just use
the minimal polynomial of α). Since αn, aiα

i ∈ A we have a0 ∈ A. Therefore
A ∩ Z 6= {0}.

Theorem 2.2.10. For any nonzero ideal A of D, D/A is finite. Moreover,
if A = (a) with 0 < a ∈ A, and if n is the degree of the extension, then
|D/(a)| = an.

Proof. By Lemma 2.2.9 there exists an a ∈ A ∩ Z, a 6= 0. Let (a) be the
principal ideal generated by a in D. Actually (a) ⊆ A, so there is an onto
map from D/(a) to D/A. Hence it suffices to show that |D/(a)| is finite. In
fact, we show that |D/(a)| = an. By Theorem 2.2.8 there is an integral basis
w1, . . . , wn of D, so D = Zw1 + · · ·+ Zwn.

Let

S =

{
n∑

i=1

γiwi : 0 ≤ γi < a

}
.

We claim that S is a complete set of coset representatives for D/(a). Let
w =

∑n
i=1miwi. Since mi ∈ Z, write mi = qia + γi with 0 ≤ γi < a. So
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w =
∑n

i=1(qia + γi)wi ≡
∑n

i=1 γiwi (mod (a)), so every coset of A contains
an element of S.

Suppose
∑n

i=1 γiwi and
∑n

i=1 γ
′
iwi are in the same coset modulo (a). Then∑n

i=1(γi − γ′i)wi ≡ 0 (mod (a)), which implies
∑n

i=1(γi − γ′i)wi = aβ where
β ∈ D. Using the fact that the wi’s form an integral basis for D, we see that
each γi−γ′i is divisible by a in Z. Since 0 ≤ γi, γ

′
i < a, it follows that γi = γ′i.

Thus S is a complete set of distinct coset representatives and D/(a) has an

elements as claimed.

We define a ring R to be a Noetherian ring if every ascending chain
A1 ⊂ A2 ⊂ · · · of ideals terminates. In other words, there is an N > 0 such
that Am = Am+1 for all m ≥ N .

Corollary 2.2.11. D is a Noetherian ring.

Proof. Consider the chain of ideals A1 ⊂ A2 ⊂ · · · of D. If Ai ⊂ Ai+1 with
Ai 6= Ai+1, then |D/Ai| > |D/Ai+1|. Since |D/A1| is finite, the chain of
ideals containing A1 must be finite. (Here we use the fact that if A and B
are ideals in D with A ⊆ B and |D/A| = |D/B|, then A = B. This follows
from (D/A)/(B/A) ∼= D/B.)

A proper ideal P of D is said to be a prime ideal of D if, for a, b ∈ D,
whenever ab ∈ P then a ∈ P or b ∈ P . A proper ideal P of D is said to be
a maximal ideal of D if, whenever A is an ideal of D with P ⊆ A ⊆ D, then
A = P or A = D.

Theorem 2.2.12. An ideal P ⊂ D is prime if and only if it is maximal.

Proof. P is a prime ideal iff D/P is a finite integral domain iff D/P is a
(finite) field iff P is a maximal ideal.

Lemma 2.2.13. Let A ⊆ D be an ideal. If β ∈ K is such that βA ⊆ A,
then β ∈ D.

Proof. This is an immediate consequence of Theorems 2.2.4 and 2.2.8, since
Theorem 2.2.8 says A is a Z-module and Theorem 2.2.4 then says that β ∈
D.

Let A and B be ideals in D. Define the product of A and B to be

AB = {a1b1 + a2b2 + · · ·+ akbk : ai ∈ A; bi ∈ B, k ∈ Z+}

.
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Lemma 2.2.14. If A and B are ideals in D and A = AB, then B = D.

Proof. Let α1, . . . , αn be an integral basis for A. Since A = AB we can find
elements bij ∈ B such that αi =

∑
j bijαj. In matrix form this says that

((bij)−I)[α1, . . . , αn]T = [0, . . . , 0]T , implying det((bij)−I) = 0. Writing out
this determinant shows that ±1 ∈ B, i.e., B = D.

Theorem 2.2.15. Let A, B ⊆ D be ideals and suppose that w ∈ D is such
that (w)A = BA. Then (w) = B.

Proof. If β ∈ B then (β)A ⊆ BA = (w)A, so we see that (β/w)A ⊆ A. Hence
by Lemma 2.2.13, β/w ∈ D. It follows that B ⊆ (w), implying w−1B ⊆ D
is an ideal. Since A = w−1BA, Lemma 2.2.14 shows that w−1B = D, so
B = (w) as required.

Recall that a Galois extension K of Q is a finite extension such that if
G is the group of automorphisms of K, then Q is the fixed field of G. An
equivalent property is that if an irreducible polynomial f(x) ∈ Q[x] has one
zero in K, then all of its zeros are in K. The group of automorphisms of
K/Q is called the Galois Group of K over Q. By the fundamental theorem
of Galois theory we have that |G| = n = [K : Q].

The folowing definition plays a major role in algebraic number theory.
Definition: Two ideals A,B ⊆ D are said to be equivalent, written A ∼ B,

provided there exist nonzero α, β ∈ D such that (α)A = (β)B. This is an
equivalence relation. The equivalence classes are called ideal classes. The
number hK of ideal classes is called the class number of K. Soon we will
prove that the class number is finite. The reader should prove that ∼ is an
equivalence relation. It is also important to notice that hK = 1 if and only
if D is a principal ideal domain (PID). To see this, suppose that hK = 1.
Let A be an ideal in D. Since A ∼ D there are nonzero α and β in D such
that (α)A = (β)D = (β). Thus β

α
∈ D and

(
β
α

)
= A. Hence every ideal is

principal. Conversely, it is obvious that if D is a PID then hK = 1, since in
general any principal ideal is equivalent to D.

Theorem 2.2.16. There exists a positive integer M depending only on K
with the following property. Given α, β ∈ D, β 6= 0, there is an integer t,
1 ≤ t ≤M , and an element w ∈ D such that |N(tα− wβ)| < |N(β)|.

Proof. Let γ = α
β
∈ K. Then β−1(tα − wβ) = t · α

β
− w = tγ − w, and

β−1β = 1, so it is sufficient to show that there exists a positive integer M
such that for all γ ∈ K
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|N(tγ − w)| < |N(1)| = 1

for some t, 1 ≤ t ≤M and some w ∈ D. Let w1, . . . , wn be an integral basis
for D. So we have that for all α ∈ D, α =

∑n
i=1 αiwi, αi ∈ Z and for all

γ ∈ K, γ =
∑n

i=1 γiwi, γi ∈ Q. Consider σj(γ) where σj ∈ G. Since γi ∈ Q,

σj(γ) =
n∑

i=1

γiσj(wi).

So

|N(γ)| =

∣∣∣∣∣
n∏

j=1

σj(γ)

∣∣∣∣∣ =
n∏

j=1

∣∣∣∣∣
n∑

i=1

γiσj(wi)

∣∣∣∣∣ ≤
n∏

j=1

n∑
i=1

|γiσj(wi)| ≤
n∏

j=1

n∑
i=1

maxi(|γi|)|σj(wi)| =

= (maxi(|γi|))n

n∏
j=1

n∑
i=1

|σj(wi)|.

Let C =
∏n

j=1

∑n
i=1 |σj(wi)|, so that

|N(γ)| ≤ C · (maxi(|γi|))n.

Now choose m ∈ Z so that M = mn > C. For γ ∈ K, γ =
∑n

i=1 γiwi,
let γi = ai + bi, ai ∈ Z, 0 ≤ bi < 1. So γ =

∑n
i=1 aiwi +

∑n
i=1 biwi. Let

[γ] =
∑n

i=1 aiwi and {γ} =
∑n

i=1 biwi. Therefore γ = [γ] + {γ} and [γ] ∈ D
since ai ∈ Z and w1, . . . , wn is an integral basis for D. Let

φ : K → Rn :
n∑

i=1

γiwi 7→ (b1, . . . , bn).

Then for any γ, φ({γ}) lies in the unit cube since 0 ≤ bi < 1. We will now
partition the unit cube into mn subcubes with sides of length 1

m
. Consider

the points φ({kγ}) for k = 1, . . . ,mn + 1. Each φ({kγ}) will lie in one of
the mn subcubes, and because we are picking mn + 1 points at least two of
these points must lie in the same subcube. Call these hγ and lγ and write
hγ = [hγ] + {hγ} and lγ = [lγ] + {lγ}. Without loss of generality let h > l
and put t = h−l. Then tγ = [hγ]−[lγ]+{hγ}−{lγ}. Let w = [hγ]−[lγ] and
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δ = {hγ} − {lγ}, so tγ = w + δ. Note that w =
∑n

i=1 haiwi −
∑n

i=1 laiwi =
(h − l)

∑n
i=1 aiwi ∈ D. As far as δ is concerned, since {hγ} and {lγ} are

in the same subcube the coordinates of δ must differ by less than 1
m

. So
|N(δ)| ≤ C(maxi(|δi|))n ≤ C( 1

m
)n < 1 by choice of m. Hence

|N(δ)| = |N(tγ − w)| < 1.

Theorem 2.2.17. The class number of K is finite.

Proof. Let A be an ideal in D. For all α ∈ A, α 6= 0, we have |N(α)| ∈ Z+.
Choose nonzero β ∈ A so that |N(β)| is minimal. Then by Theorem 2.2.16
for all α ∈ A there exists an integer t, 1 ≤ t ≤M (for the M of the preceding
theorem) such that |N(tα−wβ)| < |N(β)| with w ∈ D and M ∈ Z+. Since
tα−wβ ∈ A and |N(β)| is minimal, then tα−wβ = 0, i.e., tα = wβ, which
implies tα ∈ (β). Note that different elements in A may have different t
values, 1 ≤ t < M . Since M ! is divisible by all of the possible t values, we
have that for any α ∈ A, M !α ∈ (β).

Let B =
(

1
β

)
M !A ⊆ D. Since B is a product of ideals it is also an ideal

itself. Then M !A = (β)
(

1
β

)
M !A = (β)B and hence A ∼ B. Since β ∈ A

we have
M !β = β1b1 + · · ·+ βkbk, βi ∈ (β), bi ∈ B.

Hence we can write βi = ββ′i so we can divide both sides of the equation by
β to get

M ! = β′1b1 + · · ·+ β′kbk ∈ B.

But there can only be finitely many ideals containing M !, since |D/(M !)|
is finite and there is a bijection between the ideals of D containing (M !) and
the ideals of D/(M !). Hence there are only finitely many choices for the ideal
B containing M ! with A ∼ B. In other words each ideal A is equivalent to
one of the finitely many ideals containing M !, and the class number must be
finite.

Theorem 2.2.18. For any ideal A ⊆ D there is an iteger k, 1 ≤ k ≤ hK,
such that Ak is principal.

Proof. Consider the set of ideals {Ai : 1 ≤ i ≤ hK + 1}. Then there exist
i, j, i 6= j such that Ai ∼ Aj. Without loss of generality let i < j. Then
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there exist α, β ∈ D, α, β 6= 0 such that (α)Ai = (β)Aj. Let k = j − i and
B = Ak. Then (α)Ai = (β)Aj = (β)AkAi = (β)BAi.

An arbitrary element in (α)Ai is of the form αa where a ∈ Ai. So αa =
β
∑

j bja
′
j, bj ∈ B, a′j ∈ Ai, giving α

β
a =

∑
j bja

′
j. Since α

β
a is a general

element of
(

α
β

)
Ai, we have that

(
α
β

)
Ai ⊆ BAi ⊆ Ai. So by Lemma 2.2.13

α
β
∈ D. Therefore by Theorem 2.2.15

(
α
β

)
= B, proving that B is principal.

Theorem 2.2.19. If A, B and C are ideals, and AB = AC, then B = C.

Proof. By Theorem 2.2.18 there exists some k such that Ak = (α). Then
multiplying both sides of AB = AC by Ak−1 we get (α)B = (α)C. Pick
b ∈ B. Then αb = αc for some c ∈ C. Thus b = c implies B ⊆ C. Similarly,
C ⊆ B, and hence B = C.

Theorem 2.2.20. If A and B are ideals such that A ⊆ B, then there is an
ideal C such that A = BC.

Proof. By Theorem 2.2.18 there exists some k > 0 such that Bk = (β).

Since A ⊆ B we have Bk−1A ⊆ Bk = (β). Put C =
(

1
β

)
Bk−1A ⊆ D. Then

BC = B
(

1
β

)
Bk−1A =

(
1
β

)
(β)A = A.

This proposition is often stated as: “Containing is dividing.”

Theorem 2.2.21. Every ideal in D can be written as a product of prime
ideals.

Proof. Let A be a proper ideal. Since D/A is finite, A is contained in a
maximal ideal P1. (Using Zorn’s lemma one can show that in an arbitrary
commutative ring with identity a proper ideal is contained in a maximal
ideal.) By the preceding theorem A = P1B1 for some ideal B1. If B1 6= D,
then B1 is contained in a maximal ideal P2, implying A = P1P2B2. If B2 6= D,
we can continue the process. Notice that A ⊂ B1 ⊂ B2 · · · is a prpoer
ascending chain of ideals. Since D is Noetherian, we see that in finitely
many steps Bt = D. Thus A = P1P2 · · ·Pt.

Let P be a prime ideal. The descending chain P ⊇ P 2 ⊇ · · · is proper,
since if P i = P i+1 for some i, then PP i = P i, forcing P = D by Lemma 2.2.14.
This allows us to give the following definition:
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Definition: Let P be a prime ideal and A an ideal. Then ordPA is defined
to be the unique nonnegative integer t such that P t ⊇ A and P t+1 6⊇ A.

Theorem 2.2.22. Let P be a prime ideal and A and B ideals. Then
(i) ordPP = 1;
(ii) If P ′ 6= P is prime, ordPP

′ = 0;
(iii) ordPAB = ordPA+ ordPB.

Proof. The first assertion is clear. For (ii), if ordPP
′ > 0, then P ⊇ P ′. Since

prime ideals are maximal, P = P ′, contradicting the hypothesis.
Let t = ordPA and s = ordPB. By Theorem 2.2.20 we have A = P tA1

and B = P sB1. By the same proposition we have P 6⊇ A1 and P 6⊇ B1.
Now, AB = P s+tA1B1. If P s+t+1 ⊇ AB then AB = P s+t+1C and so by
Theorem 2.2.19, PC = A1B1. This implies P ⊇ A1B1. Since P is prime,
this means that P ⊇ A1 or P ⊇ B1, which is a contradiction. (To see this,
suppose B 6⊆ P and let b ∈ B \P . Then AB ⊆ P implies that ab ∈ P for all
a ∈ A. This forces a ∈ P for all a ∈ A, i.e., A ⊆ P , a contradiction.)

Hence ordPAB = t+ s = ordPA+ ordPB.

Theorem 2.2.23. Let A ⊆ D be an ideal. Then A =
∏
P a(P ), where the

product is over all distinct prime ideals of D, and the a(P ) are nonnegative
integers, all but finitely many of which are zero. Finally, the integers a(P )
are uniquely determined by a(P ) = ordPA.

Proof. The product representation follows from Theorem 2.2.21.
Let P0 be a prime ideal and apply ordP0 to both sides of the product

given in the theorem. Using Theorem 2.2.22 we see

ordP0A =
∑

P

a(P )ordP0(P ) = a(P0).

2.3 Ramification and Degree

Let P be a prime ideal of D. By Lemma 2.2.9 P ∩ Z is not zero. Since it is
clearly a prime ideal of Z we must have

P ∩ Z = (p) where p is a prime number.
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Definition: The number e = ordP (p) is called the ramification index of
P . D/P is a finite field containing Z/pZ. (To see this, consider the map
D → D/P : d 7→ d + P restricted to Z : n 7→ n + P which is the identity
if and only if n ∈ P ∩ Z = pZ, so that Z/pZ ⊆ D/P . Thus the number of
elements in D/P is of the form pf for some f ≥ 1. The number f is called
the degree of P .

Let p ∈ Z be a prime number and let P1, P2, . . . , Pg be the primes in
D containing (p). Let ei and fi be the ramification index and degree of Pi,
respectively. By Theorem 2.2.23, (p) = P e1

1 P
e2
2 · · ·P

eg
g .

Theorem 2.3.1. (Chinese Remainder Theorem) Let R be a commutative
ring with identity. Suppose A1, A2, . . . , Ag are ideals such that Ai + Aj = R
for i 6= j. Let A = A1A2 · · ·Ag. Then

R/A ∼= R/A1 ⊕R/A2 ⊕ · · · ⊕R/Ag.

Proof. Let ψi be the natural map from R to R/Ai and define ψ : R →
R/A1 ⊕ · · · ⊕ R/Ag by ψ(γ) = (ψ1(γ), ψ2(γ), . . . , ψg(γ)). We will show that
ψ is onto and its kernel is A. It is easy to see that ψ is a homomorphism. To
show that ψ is onto it is sufficient to show that for any γ1, . . . , γg ∈ R, the
set of simultaneous cougruences x ≡ γi (mod Ai), i = 1, . . . , g, is solvable.

Expanding the product (A1 +A2)(A1 +A3) · · · (A1 +Ag) = R we see that
all the summands except the last are in A1. Thus A1 +A2 · · ·Ag = R. There
exist elements v1 ∈ A1 and u1 ∈ A2 · · ·Ag such that u1 + v1 = 1. Then
u1 ≡ 1 (mod A1) and u1 ≡ 0 (mod Ai) for i 6= 1. Similarly, for each j there
is a uj such that uj ≡ 1 (mod Aj) and uj ≡ 0 (mod Ai) for i 6= j. Then it is
clear that x =

∑g
i=1 γiui is a solution to our system of congruences. Hence

ψ is onto.
Clearly, ker(ψ) = A1∩A2∩· · ·∩Ag. We must show that under the present

hypotheses the intersection is equal to the product. This can be done by
induction on g. Suppose g = 2. Then, since A1 +A2 = R, there exist a1 ∈ A1

and a2 ∈ A2 such that a1 +a2 = 1. If a ∈ A1∩A2 then a = aa1 +aa2 ∈ A1A2.
This shows that A1 ∩ A2 ⊆ A1A2. The reverse inclusion is obvious , so the
result follows for g = 2. Now suppose g > 2 and we know the result for g−1.
Then A1 ∩ A2 ∩ · · · ∩ Ag = A1 ∩ A2 · · ·Ag. However, A1 + A2A3 · · ·Ag = R
by the first part of the proof. Hence A1 ∩A2A3 · · ·Ag = A1A2 · · ·Ag and the
proof is complete.

Theorem 2.3.2. Let P ⊆ D be a prime ideal and let pf be the number of
elements in D/P . The number of elements in D/P e is pef .
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Proof. The assertion is clearly true for e = 1. If e > 1, then D/P e has
P e−1/P e as a subgroup and the quotient group is isomorphic to D/P e−1

(second law of isomorphisms). If we can show P e−1/P e has pf elements,
then the result will follow by induction.

Since P e ⊂ P e−1 (proper containment) we can find an α ∈ P e−1 \P e. We
claim (α) +P e = P e−1. Since P e ⊆ α+P e, the latter ideal must be a power
of P . Since (α) + P e ⊆ P e−1, we must have (α) + P e = P e−1.

Map D → P e−1/P e by γ 7→ γα + P e. This is easily seen to be a homo-
morphism onto. For suppose β ∈ P e−1 \ P e. Then β ∈ (β) + P e = (α) + P e,
so β = γα + w, w ∈ P e. Hence β + P e = γα + P e.

An element γ is in the kernel if and only if γα ∈ P e, i.e., iff ordP (γα) ≥ e.
Now, ordP (γα) = ordP (γ)+ordP (α) = ordP (γ)+e−1. Thus γ is in the kernel
iff ordP (γ) ≥ 1, which is equivalent to saying γ ∈ P . Thus D/P ∼= P e−1/P e,
implying that the latter group has pf elements.

Lemma 2.3.3. If Pi and Pj are distinct prime ideals in D and a and b are
positive integers, then P a

i + P b
j = D.

Proof. Suppose there is a prime ideal P ′ such that P a
i ⊆ P ′ and P b

j ⊆ P ′.
Without loss of generality consider P a

i ⊆ P ′. (Recall that if AB ⊆ P ′,
then A ⊆ P ′ or B ⊆ P ′. Hence if P a

i ⊆ P ′, a finite induction shows that
Pi ⊆ P ′, i.e., Pi = P ′. A similar argument shows that Pj = P ′, which is a
contradiction.

Theorem 2.3.4. Recall that (p) = P e1
1 P

e2
2 · · ·P

eg
g . Then

∑g
i=1 eifi = n.

Proof. By the preceding lemma we see that P ei
i + P

ej

j = D for i 6= j. By
Theorem 2.3.1

D/(p) ∼= D/P e1
1 ⊕ · · · ⊕D/P eg

g .

The proof of Theorem 2.2.10 shows that |D/(p)| = pn. On the other hand
Theorem 2.3.2 shows that |D/P ei

i | = peifi . Thus

pn = pe1f1pe2f2 · · · pegfg ,

so that n = e1f1 + e2f2 + · · ·+ egfg as asserted.

Theorem 2.3.5. Let p be a rational prime. Suppose that Pi and Pj are
prime ideals of D containing p. Then there is a σ ∈ G such that σ(Pi) = Pj.
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Proof. Suppose there is a prime ideal P0 containing p and not in the set
{σ(Pi) : σ ∈ G}. We saw in the proof of the Chinese Remainder Theorem
that there exists α ∈ D such that α ≡ 0 (mod P0) and α ≡ 1 (mod σ(Pi))
for all σ ∈ G. Then N(α) =

∏
σ∈G σ(α). The identity mapping gives us

a term in P0. Since N(α) ∈ Z we have N(α) =
∏

σ∈G σ(α) ∈ P0 ∩ Z.
However, since p ∈ P0 we have that N(α) ∈ pZ, and since p ∈ Pi we have
N(α) ∈ Pi. The fact that Pi is prime implies that for some σ ∈ G, σ(α) ∈ Pi.
However this implies α ∈ σ−1(Pi), implying α ≡ 0 (mod σ−1(Pi)), which is a
contradiction.

Theorem 2.3.6. Suppose K/Q is a Galois extension. Let p be a rational
prime with

(p) = P e1
1 P

e2
2 · · ·P eg

g . (2.6)

Then e1 = e2 = · · · = eg and f1 = f2 = · · · = fg. If e and f denote these
common values, then efg = n.

Proof. By the previous theorem we have that there is a σ ∈ G such that
σ(P1) = Pi. Also, it is easy to check that for σ ∈ G, σ̂ : D/P1 → D/Pi :
α+ P1 7→ σ(α) + Pi is an isomorphism. Hence pf1 = |D/P1| = |D/Pi| = pfi ,
implying f1 = f2 = · · · = fg. Let f denote the common value.

To show that e1 = e2 = · · · = eg apply σ to both sides of Eq. 2.6. Since
p ∈ Z we get

(p) = σ(p) = σ(P e1
1 · · ·P eg

g ) = (σ(P1))
e1 · · · (σ(Pg))

eg .

In this product we have e1 as the exponent on Pi = σ(P1). Since prime
factorization is unique we must have e1 = ei. It follows that all the ei are
the same, with common value e. It then follows that n =

∑
eifi = efg.

Recapitulation: Let K/Q be an algebraic number field with [K : Q] = n
and let D be the ring of algebraic integers in K. Given a rational prime p,

(p) = (P1P2 · · ·Pg)
e with |D/Pi| = pf and efg = n.

We say that P is ramified if e > 1.
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Chapter 3

Cyclotomic Fields

3.1 Roots of Unity

Let m be a positive integer and put ζm = e2πi/m. The number ζm generates
the cyclic multiplicative group of complex mth roots of 1, i.e., the group of
roots of xm − 1 = 0. Hence

xm − 1 = (x− 1)(x− ζm) · · · (x− ζm−1
m ).

It follows that the field K = Q(ζm) is the splitting field of the polynomial
xm − 1. Thus K/Q is a Galois extension.

We call K = Q(ζm) the cyclotomic field of mth roots of unity.

Theorem 3.1.1. Let G be the Galois group of K/Q. There is a monomor-
phism θ : G→ U(Z/mZ) such that for σ ∈ G

σ(ζm) = ζθ(σ)
m .

Proof. Since ζm
m = 1 we have (σ(ζm))m = 1. Thus σ(ζm) = ζ

θ(σ)
m where θ(σ) is

an integer modulom. If τ = σ−1 then ζm = τσζm = τ(ζ
θ(σ)
m ) = ζ

θ(τ)θ(σ)
m . Thus

θ(τ)θ(σ) = 1̄ (where 1̄ is the coset of 1in Z/mZ). Thus θ : G→ U(Z/mZ).
It is easily checked that θ is a homomorphism. For let σ, τ ∈ G, so σ · τ ∈ G
and (σ · τ)ζm = ζ

θ(σ·τ)
m . But we also have (τ · σ)ζm = τ(ζ

θ(σ)
m ) = ζ

θ(σ)θ(τ)
m .

Hence ζ
θ(σ·τ)
m = ζ

θ(σ)θ(τ)
m , which implies θ(σ ·τ) ≡ θ(σ)θ(τ)(mod (m)). Finally,

if θ(σ) = 1̄, then σ(ζm) = ζm, implying that σ is the identity of G since ζm
generates K over Q.

61
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Corollary 3.1.2. [Q(ζm) : Q] divides φ(m).

Proof. The order of G divides the order of U(Z/mZ) which equals φ(m).

Definition: Let Φm(x) =
∏

(n,m)=1(x− ζn
m).

Note that the roots of the mth cyclotomic polynomial are exactly the
primitive mth roots of unity. We define Dm to be the ring of algebraic
integers in Q(ζm)/Q.

Theorem 3.1.3. Xm − 1 =
∏

d|m Φd(x). If m = pr with p a prime, then

xm − 1 =
∏r

i=0 Φpi = (xm/p − 1)Φm.

Proof.

xm − 1 =
∏
d|m

∏
(i,m)=d

(x− ζ i
m).

We claim
∏

(i,m)=d(x− ζ i
m) = Φm/d(x). The Theorem will follow from this.

If (i,m) = d, let i = dj. Then ζ i
m = ζdj

m = ζj
m/d. Moreover, (j,m/d) = 1.

Thus
∏

(i,m)=d(x− ζ i
m) =

∏
(j,m/d)=1(x− ζ

j
m/d) = Φm/d(x).

Corollary 3.1.4. Φm(x) ∈ Z[x].

Proof. Proceed by induction on m. φ1(x) = x − 1, which shows that the
corollary is true for m = 1. Now suppose the corollary has been established
for integers less than m. By the theorem, Φm(x) = (xm − 1)/f(x), where
f(x) is a monic polynomial which by the induction hypothesis is in Z[x]. It
follows by “long division” that Φm(x) ∈ Z[x].

From now on we let p ∈ Z be a prime such that p does not divide m and
P ⊂ Dm be a prime ideal of Dm containing p. We will also let F be a finite
field of order pf that is isomorphic to Dm/P .

Theorem 3.1.5. The cosets containing 1, ζm, ζ
2
m, . . . , ζ

m−1
m in Dm/P are all

distinct and are the m distinct mth roots of 1 in Dm/P . If f denotes the
degree of P , then pf ≡ 1 (mod (m)).

Proof. For w ∈ Dm let w̄ denote its coset in D/P .
Divide both sides of xm − 1 =

∏
(x− ζ i

m) by x− 1. We find

1 + x+ · · ·+ xm−1 =
m−1∏
i=1

(x− ζ i
m).
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Let x = 1 in this identity to obtain m =
∏

(1 − ζ i
m), where 1 ≤ i ≤

m − 1. Therefore m̄ =
∏

(1− ζ i
m). Since m̄ 6= 0̄ it follows that ζm

i 6= 1̄

for 1 ≤ i ≤ m − 1, so that ζm
i 6= ζm

j
for 0 ≤ i, j ≤ m − 1. The elements

{ζm

i
: 0 ≤ i ≤ m−1} form a subgroup of order m in the multiplicative group

ofDm/P . The latter group has order pf−1. Therefore pf ≡ 1 (mod (m)).

Theorem 3.1.6. The mth cyclotomic polynomial Φm(x) is irreducible in
Z[x].

Proof. See p. 195 of Ireland and Rosen.

Corollary 3.1.7. [Q(ζm) : Q] = φ(m).

Corollary 3.1.8. The map θ of Theorem 3.1.1 is an isomorphism of G onto
U(Z/mZ).

Proof. Both G and U(Z/mZ) have φ(m) elements. Since θ is one-to-one it
must be onto.

By the preceding Corollary we see that for every a ∈ Z with (a,m) = 1
there is a σa ∈ G such that σa(ζm) = ζa

m. The map a 7→ σa gives rise to a
homomorphism from U(Z/mZ) to G which is inverse to θ. If p is a prime
not dividing m, we wish to study more closely the automorphism σp after
some preliminary work.

3.2 Algebra in Dm

We start with a more general lemma.

Lemma 3.2.1. Let K/Q be an algebraic number field of degree n. Let D ⊆ K
be the ring of integers in K and let α1, . . . , αn ∈ D be a field basis for
K/Q. Let 4 = 4(α1, . . . , αn) be the discriminant of this basis. Then 4D ⊆
Zα1 + · · ·+ Zαn.

Proof. Let w ∈ D. We have w =
∑
riαi with ri ∈ Q. Multiply both sides

by αj and take the trace. We find Tr(wαj) =
∑
riTr(αiαj). The elements

Tr(wαj) and Tr(αiαj) are all in Z since they are traces of algebraic integers.
Using Cramer’s rule to solve for the ri, we see that each ri is an integer
divided by 4. The result follows.
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Lemma 3.2.2. The discriminant 4 = 4(1, ζm, . . . , ζ
φ(m)−1
m ) divides mφ(m).

Proof. Differentiate both sides of xm − 1 = Φm(x)g(x) to obtain mxm−1 =
Φ′

m(x)g(x) + Φm(x)g′(x). Substitute x = ζm. The result is

mζm−1
m = Φ′

m(ζm)g(ζm).

Now take the norm of both sides. On the left hand side we get:

N(mζm−1
m ) =

φ(m)∏
i=1

(mζm−1
m )σi = mφ(m)

φ(m)∏
i=1

(ζm−1
m )σi = mφ(m)N(ζm)m−1.

Using the factorization of xm − 1 and induction we can show that N(ζm) =
±1. Hence we get

N(mζm−1
m ) = ±mφ(m) = N(Φ′

m(ζm)g(ζm)) = N(Φ′
m(ζm))N(g(ζm)).

From this and Theorem 2.1.4 it follows that

±mφ(m) = 4N(g(ζm)).

Since 1, ζm, ζ
2
m, . . . , ζ

m−1
m is a basis for Q(ζm)/Q, 4 6= 0. Hence 4 divides

mφ(m).

Theorem 3.2.3. Let w ∈ Dm. Then there is an element
∑
aiζ

i
m ∈ Z[ζm]

such that w ≡
∑
aiζ

i
m (mod (p)). (Recall that p is a prime not dividing m.)

Proof. Let 4 = 4(1, ζm, . . . , ζ
φ(m)−1
m ). By Lemma 3.2.2, p does not divide

4. Thus there is a 4′ ∈ Z such that 4′4 ≡ 1 (mod (p)). Thus w ≡
4′4w (mod (p)). By Lemma 3.2.1, 4w ∈ Z[ζm].

Corollary 3.2.4. Suppose p does not divide m and n > 0 is such that pn ≡
1 (mod (m)). Then for w ∈ D we have wpn ≡ w (mod (p)).

Proof. By the last theorem, w ≡
∑
aiζ

i
m with the ai ∈ Z. Since ap

i ≡
ai (mod (p)) we must have wp ≡

∑
aiζ

pi
m (mod (p)). Repeating this process

n times and using the fact that pn ≡ 1 (mod (m)) implies that ζpn

m = ζm
yields the result.

Theorem 3.2.5. If p is a prime that does not divide m, then every prime
ideal P in Dm containing p is unramified.
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Proof. Assume P is ramified. Then (p) ⊆ P 2. Let w be an element of P not
in P 2, so w2 ∈ P 2. By the above corollary wpn ≡ w (mod (p)), implying that
wpn ≡ w (mod P 2). Since pn ≥ 2 it follows that w ∈ P 2, a contradiction.

Recall that for p a prime not dividing m the automorphism σp maps ζm
to ζp

m.

Theorem 3.2.6. For all w ∈ Dm we have σpw ≡ wp (mod (p)).

Proof. By Theorem 3.2.3 w ≡
∑
aiζ

i
m (mod (p)). Apply σp to both sides

to obtain σpw ≡
∑
aiζ

pi
m (mod (p)). Since the ai ∈ Z we have

∑
aiζ

pi
m ≡∑

ap
i ζ

pi
m ≡ (

∑
aiζ

i
m)p (mod (p)). Thus σpw ≡ wp (mod (p)) as asserted.

Corollary 3.2.7. Let P be a prime ideal of Dm containing p. Then σp(P ) =
P .

Proof. If w ∈ P , then σpw ≡ wp ≡ 0 (mod P ), so σpP ⊆ P . Since σp(P ) is
a maximal ideal, we have equality.

Theorem 3.2.8. Let p be a prime not dividing m. Let f be the smallest
positive integer such that pf ≡ 1 (mod m). Then in Dm ⊆ Q(ζm)

(p) = P1P2 · · ·Pg,

where each Pi has degree f and g = φ(m)
f

.

Proof. Since Q(ζm)/Q is a Galois extension, by Theorems 2.3.6 and 3.2.5 we
have that (p) = P1P2 · · ·Pg where P1, . . . , Pg are distinct, unramified primes,
so e = 1. From efg = φ(m) the theorem follows.

Proof. (Alternative) By Theorem 2.2.21 we know that every prime ideal can
be written as a product of prime ideals:

(p) = P e1
1 P

e2
2 · · ·P eg

g .

Recall that σp : ζm 7→ ζp
m. So (σp)

f : ζm 7→ ζpf

m . Since pf ≡ 1 (mod m),
we get (σp)

f (ζm) = ζmk+1
m = ζm. As f is the smallest positive integer such

that pf ≡ 1 (mod m), f is the smallest power of σp that sends ζm to itself.
Hence f is the order of the automorphism σp. Therefore for all w ∈ Dm

we have σf
p (w) = w. Let |Dm/P1| = pf1 . Since Dm/P1 is a finite field, we
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have that for all nonzero w ∈ Dm, wpf1−1 ≡ 1 (mod P1), which implies that
wpf1 ≡ w (mod P1). Furthermore we have that f1 is the smallest positive
integer with this property.

By Theorem 3.2.6 we have w ≡ σf
p (w) ≡ wpf

(mod P1) for all w ∈ Dm.
It follows that f1 ≤ f . But then by Theorem 3.1.5, pf1 ≡ 1 (mod (m)).
Hence f divides f1, i.e., f ≤ f1. This shows that f = f1 = degree of P1.
All the Pi have degree f . By theorem 3.2.5 all the Pi are unramified. From
efg = φ(m) we conclude g = φ(m)/f .

Corollary 3.2.9. With the notation of the previous theorem, let P be one of
the Pi. Define G(P ) = {σ ∈ G : σ(P ) = P}. Then G(P ) is a cyclic group
of order f generated by σp. G(P ) is called the decomposition group of the
prime ideal P ⊂ Dm.

Proof. By Corollary 3.2.7 we know σp ∈ G(P ), so 〈σp〉 ⊆ G(P ). By The-
orem 2.3.5 we see that g|G(P )| = φ(m). Thus |G(P )| = φ(m)/g = f =
|〈σp〉|.

Theorem 3.2.8 is a very satisfactory result on the decomposition of primes
which do not divide m. There is also a general result that gives the decom-
position of an arbitrary prime in a cyclotomic extension. For reference we
state without proof the general result and then prove a special case that we
need.

Theorem 3.2.10. Let m′ be a positive integer and let p be a prime. Write
m′ = pam with (m, p) = 1 and a ≥ 0. Put f = |p|m, so pb ≡ 1 (mod m) if
and only if f divides b. Then (p) factors in Dm′ as

(p) =

g∏
i=1

P
φ(pa)
i

where g = φ(m)/f and the Pi are distinct prime ideals.

Proof. See Theorem 8.8 of H. B. Mann, Algebraic Number Theory.

We now prove the following important special case.

Theorem 3.2.11. Let l be a prime in Z. Then in Dl l ramifies completely.
More precisely, put L = (1− ζl). Then L is a prime ideal and (l) = L(l−1) =
Lφ(l). Moreover, L has degree 1.
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Proof. As in the proof of Theorem 3.1.5 we have l =
∏

(1 − ζ i
l ), where the

product is over all i with 1 ≤ i ≤ l − 1.
Put ζ = ζl and let ui = (1−ζ i)/(1−ζ) = 1+ζ+ζ2 + · · ·+ζ i−1. We claim

that ui is a unit. Since (l, i) = 1 there is a j ∈ Z such that ij ≡ 1 (mod l).
Thus ui

−1 = (1− ζ)/(1− ζ i) = (1− ζ ij)/(1− ζ i) = 1 + ζ i + . . . + (ζ i)j−1 is
an algebraic integer, proving the claim.

It follows that (l) =
∏

(1−ζ i) = (1−ζ)l−1
∏
ui = Ll−1. Using the relation

efg = φ(l) = l − 1, we see that L must be prime, e = l − 1, g = 1, and
f = 1.

Theorem 3.2.12. Let P be a prime ideal in Dm and set P ∩ Z = pZ. If p
is odd, then P is ramified if and only if p|m. If p = 2, then P is ramified if
and only if 4|m.

Proof. By Theorem 3.2.5 we know that if p does not divide m, then P is
unramified. Suppose p is odd and p|m. Then Q(ζp) ⊆ Q(ζm). By Theo-
rem 3.2.11 pDp = (1−ζp)p−1. Write (1−ζp)Dm = P1P2 · · ·Pt where the Pi are,
not necessarily distinct, prime ideals in Dm. Then pDm = (P1P2 · · ·Pt)

p−1.
Since p− 1 > 1, all the primes in Dm containing p are ramified.

Now suppose p = 2. If 2|m but 4 does not divide m, then m = 2m0 with
m0 odd. In this case −ζm0 is a primitive mth root of unity, so Dm = Dm0 .
Since 2 does not divide m0, P is unramified.

Finally, suppose p = 2 and 4|m. Then ζ4 =
√
−1 = i ∈ Dm. Since

(1− i)2 = −2i, we see 2Dm = ((1− i)Dm)2, and it follows as before that all
the primes in Dm containing 2 are ramified.

Suppose p is a prime not dividing m. We need to know how p decomposes
in the field Q(ζp, ζm).

Lemma 3.2.13. If (m,n) = 1, then Q(ζm, ζn) = Q(ζmn).

Proof. Clearly Q(ζm, ζn) ⊆ Q(ζmn. On the other hand, since (m,n) = 1,
there exist integers u and v such that um + vn = 1. Thus ζmn = ζum

mnζ
vn
mn =

ζu
nζ

v
m ∈ Q(ζm, ζn).

In order to prove the final theorem of this section we need two lemmas,
the first of which is quite general.

Let L/K be a Galois extension of fields, and assume L is GAlois over Q.
Denote the respective rings of algebraic integers by OL and OK . We wish
to consider the factorization in the larger ring OL of the primes P from the



68 CHAPTER 3. CYCLOTOMIC FIELDS

smaller ring OK . Since the ideal POL factors as a product of primes of OL,
we know that P is contained in some prime ideal of OL.

Lemma 3.2.14. Let P be a prime ideal in OK. If P̄ is a prime of OL, and
P ⊂ P̄ , then P̄ ∩ OK = P .

Proof. Since P̄ ∩ OK is an ideal of OK containing P , and P is maximal,
either P̄ ∩ OK = P or P̄ ∩ OK = OK . If the latter were true, then 1 ∈ P̄ ,
implying that P̄ = OL, which is clearly a contradiction. Hence P̄ ∩OK = P
as claimed.

From this lemma we conclude that two distinct primes in OK cannot lift
to the same prime in OL, since if P and Q were two primes of OK contained
in the prime P̄ of OL, then P = P̄ ∩ Ok = Q.

Now let p be a rational prime, {Pi}gi=1 the prime ideals in OK containing
p, and P̄ any prime ideal of OL containing p.

Lemma 3.2.15. There is an embedding OK/Pi ↪→ OL/P̄ for some i ≤ g.
In other words, up to an isomorphism, OK/Pi is a subfield of OL/P̄ .

Proof. Consider the natural homomorphism OL → OL/P̄ . Let φ denote the
restriction of this homomorphism to OK . Since OK/kerφ ∼= φ(OK), we can
clearly embed OK/kerφ ↪→ OL/P̄ . Now kerφ = P̄ ∩ OK is a prime ideal in
OK that contains p, which is easily verified. Thus kerφ = Pi for some i ≤ g.
Then, for this same i, there is an embedding OK/Pi ↪→ OK/P̄ .

Theorem 3.2.16. Let p be a prime not dividing m. Then

pDpm = (P1P2 · · ·Pg)
p−1,

where the Pi are distinct prime ideals of degree f and g = φ(m)/f . The
integer f is the order of p modulo m.

Proof. Since Dp ⊆ Dpm we see, as in the proof of Theorem 3.2.12 that all
the ramification indices of primes in Dpm containing p are divisible by p− 1.
Thus (in a Galois extension all the e’s and all the f ’s are the same):

pDpm = (P1P2 · · ·Pg′)
e′(p−1), (3.1)

where the Pi are distinct prime ideals of degree f ′, say, and e′ ≥ 1 is some
integer.
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By Theorem 3.2.8
pDm = P ′

1P
′
2 · · ·P ′

g,

where the P ′
i are prime ideals in Dm of degree f and g = φ(m)/fand f is

the order of p modulo m.
By considering the prime decomposition of P ′

iDpm and conmparing with
Eq. 3.1 we see f ′ ≥ f and g′ ≥ g. (When we lift pDm to pDpm, each prime
P ′

i of Dm containing p lifts to at least one prime of Dpm containing p, and if
i 6= j then all of the primes lying above Pi are distinct from the primes lying
above Pj. This gives us that g ≤ g′.)

From Eq. 3.1 and Lemma 3.2.13 we see

(p− 1)φ(m) = φ(pm) = e′(p− 1)f ′g′ ≥ e′(p− 1)f · φ(m)

f
.

It follows that φ(m) ≥ e′φ(m). Hence e′ = 1 and all the inequalities are
equalities, i.e., f ′ = f and g′ = g = φ(m)/f .

In this section we have shown that if p is a prime not dividing m, then
for each w ∈ Dm there is an element α ∈ Z[ζ] such that w ≡ α (mod p).

And we have shown that the discriminant 4 of {1, ζm, . . . , ζφ(m)−1
m } divides

mφ(m). In fact, much more is known to be true. An exact formula for 4 is
known, and {1, ζm, . . . , ζφ(m)−1

m } is an integral basis for Dm, i.e., Dm = Z[ζm].
(See Ribenboim, Sect. 16.2.) However, what we have shown is enough to
permit us to view each element w ∈ Dm modulo some prime ideal P of Dm

containing p as an element of Z[ζm]/P .
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Chapter 4

Gauss Sums and the
Stickelberger Relation

4.1 The Norm of an Ideal

Let K/Q be an algebraic number field, D the ring of integers in K, and A
an ideal of D.

Definition: The norm N(A) of the ideal A is defined to be the number
of elements in D/A.

Throughout this chapter assume that an ideal is nonzero unless a specific
exception is made.

Theorem 4.1.1. If A, B ⊆ D are ideals, then N(AB) = N(A)N(B).

Proof. If A and B are relatively prime, then D/AB ∼= D/A ⊕ D/B (by
Theorem 2.3.1), so the assertion is clear in this case.

Let A = P a1
1 P a2

2 · · ·P at
t be the prime decomposition of A. We claim that

N(A) = (N(P1))
a1(N(P2))

a2 · · · (N(Pt))
at . On the basis of what we have

seen so far it will be sufficient to prove that N(P a) = (N(P ))a for any prime
ideal P . But this is just a reformulation of Theorem 2.3.2. In the general
case decompose A and B into products of prime ideals, multiply, apply the
above result and rearrange terms. The result follows.

Theorem 4.1.2. Suppose K/Q is a Galois extension with group G. Then∏
σ∈G

σ(A) = (N(A)).

71
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Proof. Since both sides ae multiplicative in A, it suffices to prove the result
when A is a prime ideal P . Let P1, P2, . . . , Pg b e the distinct prime ideals
in the set {σ(P ) : σ ∈ G}. Then |G| = g|G(P )| where G(P ) = {σ ∈ G :
σ(P ) = P}. Since efg = n = [K : Q] = |G| we see that |G(P )| = ef . Hence
by Theorems 2.3.5 and 2.3.6 we have∏

σ∈G

σ(P ) = (P1P2 · · ·Pg)
ef = (p)f = (pf ), where Pi ∩ Z = pZ.

Since N(P ) = |D/P | = pf , this completes the proof.

Theorem 4.1.3. Let K/Q be Galois with group G. Let α ∈ D and let
A = (α) be the principal ideal generated by α. Let N(α) be the norm of α.
Then N(A) = |N(α)|.

Proof. (N(A)) =
∏
σ(A) =

∏
σ((α)) =

∏
(σ(α)) = (

∏
σ(α)) = (N(α)).

Thus N(A) and N(α) differ by a uinit. Since they are both in Z and N(A)
by definition is positive, we have N(A) = |N(α)|.

4.2 An Additive Character on F

A multiplicative character on a finite field F is a character χ from the multi-
plicative group F ∗ of the field to the multiplicative group K∗ of some field K
having sufficiently many roots of unity (often the group C∗). We can extend
this definition for nontrivial characters to all of F by defining χ(0) = 0. Note
however, that we put χ0(0) = 1. Throughout this chapter we assume that χ
and λ are nontrivial multiplicative characters of order dividing m.

Similarly, an additive character on a finite field F is a character ψ on the
additive group of F to the multiplicative group K∗ of some field K (often
the complex mth roots of unity).

Obviously the results of Section 1.1 apply to both types of characters.
Now suppose that p is a rational prime not dividing the positive integer

m, and let P be a prime ideal of Dm containing p. Suppose Dm/P has order
pf and put F ∼= Dm/P where F is the Galois field with pf elements. Here we
know that f is the order of p modulo m. For α ∈ F we have already defined
the trace of α to be

Tr(α) =

f−1∑
i=0

αpi

.
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Since F has characteristic p, it is easy to see that (Tr(α))p = Tr(α), so
Tr : F → Z/pZ. Define ψ : F → C∗ by

ψ : F → Q(ζp) : α 7→ ζTr(α)
p .

Clearly the values of ψ are the various pth complex roots of 1, and ψ is
an additive character. This is the primary additive character of interest in
these notes.

Theorem 4.2.1. Let a ∈ Z. Then
∑

α∈F ψ(aα) =

{
pf , if a ≡ 0 (mod p);
0, otherwise.

Proof. Since api−1 ≡ 1 (mod p) we have that

Tr(aα) = aα+ apαp + · · ·+ apf−1

αpf−1

= a(α+ ap−1αp + · · · apf−1−1αpf−1

) =

a(α+ αp + · · ·+ αpf−1

) = aTr(α).

If a ≡ 0 (mod p), then a = pa′, a′ ∈ Z. Thus∑
α∈F

ψ(aα) =
∑
α∈F

ζTr(pa′α)
p =

∑
α∈F

ζpTr(a′α)
p =

=
∑
α∈F

1 = pf .

Suppose a 6≡ 0 (mod p). the mapping Tr : F → Z/pZ will send pf−1

elements of F to each i ∈ Z/pZ. Combining this and the fact that aα will
run through the elements of F as α does, we can write

∑
α∈F

ψ(aα) =
∑
α∈F

ζTr(aα)
p = pf−1

p−1∑
i=0

ζai
p = pf−1

ζap
p − 1

ζa
p − 1

= 0.

4.3 The Power Residue Symbol

Let m be a positive integer and Dm be the ring of integers in Q(ζm). Let P be
a prime ideal in Dm not containing m. Finally, let q = pf = N(P ) = |Dm/P |.
By Theorem 3.1.5 we know that the cosets (modulo P ) of 1, ζm, . . . , ζ

m−1
m are

distinct and form a multiplicative subgroup of order m of Dm/P , so that m
divides pf − 1, i.e., pf ≡ 1 (mod m). (Actually, f = |p|m.)



74CHAPTER 4. GAUSS SUMS AND THE STICKELBERGER RELATION

Theorem 4.3.1. Let α ∈ Dm, 6∈ P . Then there is an integer i, unique
modulo m, such that

α
q−1
m ≡ ζ i

m (mod P ).

Proof. Since the multiplicative group of Dm/P has q − 1 elements, we have

αq−1 ≡ 1 (mod P ). Since
(
α

q−1
m

)m

= αq−1 ≡ 1 (mod P ), we have that the

coset mod P of α
q−1
m is an mth root of unity in Dm/P . Hence α

q−1
m ≡

ζj
m (mod P ) for some j, 0 ≤ j < m. If i 6≡ j (mod m), then ζ i

m 6≡
ζj
m (mod P ), so j is unique modulo m. (See Theorem 3.1.5.)

Definition: For α ∈ Dm and P a prime ideal not containing m, define the
mth power residue symbol (α/P )m as follows:

(a) (α/P )m = 0 if α ∈ P ;

(b) If α 6∈ P , then (α/P )m is the unique mth root of unity (in Dm) such
that

α(N(P )−1)/m ≡ (α/P )m (mod P ).

Theorem 4.3.2. Under the hypotheses of the previous definition:

(a) (α/P )m = 1 iff xm ≡ α (mod P ) is solvable in Dm.

(b) For all α ∈ Dm, α(N(P )−1)/m ≡ (α/P )m (mod P ).

(c) (αβ/P )m = (α/P )m(β/P )m.

(d) If α ≡ β (mod P ), then (α/P )m = (β/P )m.

(d)
(

ζm

P

)
m

= ζ
(N(P )−1)/m
m .

Proof. Choose x ∈ Dm so that the coset x̄ = x+P is a primitive element for
Dm/P . Then (xa)

q−1
m ≡ 1 (mod P ) iff a ≡ 0 (mod m) iff xa ≡ ym (mod P )

is solvable for y. Hence α
q−1
m ≡ 1 (mod P ) iff α ≡ ym (mod P ) is solvable

for y ∈ Dm. This proves (a). The remaining parts are similarly easy.

We now define the multiplicative character χP on the field F ∼= Dm/P of
order q = pf . Let 0 6= t ∈ F and let γ ∈ Dm such that γ = t, where γ is the
coset of P containing γ. Define

χP (t) =
( γ
P

)−1

m
=
( γ
P

)
m
.
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4.4 Some Special Gauss and Jacobi Sums

For a nontrivial multiplicative character χ, a fixed element a ∈ F and the
special additive character ψ defined in Section 4.2,

g(χ, ψ, a) =
∑
α∈F

χ(α)ψ(aα) ∈ F.

This is a special kind of sum known as a Gauss sum.

Theorem 4.4.1. If a 6= 0, then g(χ, ψ, a) = χ(a−1)g(χ, ψ, 1). If a = 0, then
g(χ, ψ, 0) = 0.

Proof. First suppose that a 6= 0. Then

χ(a)g(χ, ψ, a) = χ(a)
∑
α∈F

χ(α)ψ(aα) =
∑
α∈F

χ(aα)ψ(aα).

Since aα runs through all of the elements of F , we have

χ(a)g(χ, ψ, a) =
∑
α∈F

χ(α)ψ(α) = g(χ, ψ, 1).

Since χ(α)−1 = χ(α) = χ(α−1) we get

g(χ, ψ, a) = χ(a−1)g(χ, ψ, 1).

If a = 0, then g(χ, ψ, 0) =
∑

α∈F χ(α) = 0 by Corollary 1.1.5.

If we put a = 1 above and χ is any multiplicative character, define

g(χ) :=
∑
α∈Fq

χ(α)ψ(α).

When χ = χP , define

g(P ) := g(χP ) := g(χP , ψ, 1) and Φ(P ) := g(P )m.

Here: p does not divide m, f = |p|m, q = pf so m divides q − 1.
The goal of this chapter is to find the prime decomposition of Φ(P ) in

Dm.
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Theorem 4.4.2. This theorem is a standard result in the theory of Gauss
sums.

(i) g(P ) ∈ Q(ζm, ζp) = Q(ζpm).

(ii) If χ is any multiplicative character different from χ0, then g(χ)g(χ) =
q.

(iii) As a special case we have |g(P )|2 = q.

Proof. Start with

g(P ) =
∑
α∈F

χP (α)ψ(α) =
∑
α∈F

(α
P

)
m
ζTr(α)
p =

∑
α∈F

(α
P

)
m
ζ−Tr(α)
p .

So each term of the sum looks like ζj
mζ

−Tr(α)
p ∈ Q(ζm, ζp) (where j is the

unique integer defined in Theorem 4.3.1) or is equal to 0 if α ∈ P . This
proves part (i).

Note: In the following proof of part (iii) if χP is replaced everywhere
with just χ, then a proof of part (ii) is given.

To show |g(P )|2 = q we will evaluate
∑

a∈F g(χP , ψ, a)g(χP , ψ, a) in two
different ways. If a 6= 0, then by Theorem 4.4.1 we have

g(χP , ψ, a) = χP (a)g(χP , ψ, 1) = χP (a)g(χP )

and g(χP , ψ, a) = χP (a−1)g(χP ). Therefore we have

g(χP , ψ, a)g(χP , ψ, a) = χP (a)χP (a−1)g(χP )g(χP ) = |g(χP )|2.

Since g(χP , ψ, 0) = 0, we obtain∑
a∈F

g(χP , ψ, a)g(χP , ψ, a) =
∑
a∈F ∗

g(χP , ψ, a)g(χP , ψ, a) =

=
∑
a∈F ∗

|g(χP )|2 =
∑
a∈F ∗

|g(P )|2 = (q − 1)|g(P )|2.

On the other hand we have

g(χP , ψ, a)g(χP , ψ, a) =
∑
α∈F

χP (α)ψ(aα)
∑
β∈F

χP (β)ψ(aβ) =

∑
α,β∈F

χP (β)ψ(aβ)χP (α)ψ(aα) =
∑

α,β∈F

χP (α)χP (β)ψ(aα)ψ(−aβ) =
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=
∑

α,β∈F

χP (αβ−1)ψ(a(α− β)) =

= q +
∑
α 6=β

χP (αβ−1)ψ(a(α− β)).

Now summing over all nonzero a ∈ F we get

∑
a∈F ∗

(
q +

∑
α 6=β

χP (αβ−1)ψ(a(α− β))

)
=

= (q − 1)q +
∑
α∈F ∗

∑
α 6=β

χP (αβ−1)ψ(a(α− β)) =

= (q − 1)q +
∑
α 6=β

∑
a∈F ∗

χP (αβ−1)ψ(a(α− β)).

Fixing α and β (with α 6= β) and applying Theorem 4.2.1 we get∑
a∈F ∗

χP (αβ−1ψ(a(α− β)) = χP (αβ−1)
∑
a∈F ∗

ψ(a(α− β)) = 0.

So now we have

(q − 1)|g(P )|2 =
∑
a∈F ∗

g(χP , ψ, a)g(χP , ψ, a) = (q − 1)q

and thus (q − 1)|g(P )|2 = (q − 1)q.

Lemma 4.4.3.
g(χ) = χ(−1)g(χ).

Proof.

g(χ) =
∑
α∈F

χ(α)ψ(α) =
∑
α∈F

χ(α)ψ(α) =
∑
α∈F

χ(−1)χ(−α)ψ(−α) =

= χ(−1)
∑
α∈F

χ(−α)ψ(−α).

However, since χ(−1) = ±1, multiplying both sides by χ(−1) we get

χ(−1)g(χ) =
∑
α∈F

χ(α)ψ(α) = g(χ).
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If χ and λ are two multiplicative characters on F we define their Jacobi
sum to be

J(χ, λ) =
∑

α+β=1

χ(α)λ(β), where α, β ∈ F.

Theorem 4.4.4. If χ, λ, and χλ are nontrivial, then

g(χ)g(λ) = g(χλ)J(χ, λ),

and as an immediate corollary of this and Theorem 4.4.2

J(χ, λ)J(χ, λ) = q.

Proof. First notice that

g(χ)g(λ) =

(∑
α∈F

χ(α)ψ(α)

)(∑
β∈F

λ(β)ψ(β)

)
=

=
∑

α,β∈F

χ(ζ)λ(β)ψ(α+ β) =
∑
γ∈F

( ∑
α+β=γ

χ(α)λ(β)ψ(γ)

)
=

=
∑
γ∈F

( ∑
α+β=γ

χ(α)λ(β)

)
ψ(γ).

If γ = 0 we have
∑

α+β=0 χ(α)λ(β) =∑
α∈F

χ(α)λ(−α) =
∑
α∈F

χ(α)λ(−1)λ(α) = λ(−1)
∑
α∈F

χλ(α) = 0.

If γ 6= 0, then define α′, β′ ∈ F by α′γ = α and β′γ = β. So α + β = γ is
equivalent to α′ + β′ = 1. Thus∑

α+β=γ

χ(α′γ)λ(β′γ) = χλ(γ)
∑

α′+β′=1

χ(α′)λ(β′) = χλ(γ)J(χ, λ).

Therefore we have

g(χ)g(λ) =
∑
γ∈F

(χλ(γ)J(χ, λ))ψ(γ) =

= J(χ, λ)
∑
γ∈F

χλ(γ)ψ(γ) = J(χ, λ)g(χλ).
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Theorem 4.4.5.

Φ(P ) = χP (−1)q
m−1∏
i=1

J(χP , χ
i
P ) ∈ Q(ζm).

Proof. By the preceding theorem we have

g(χP )2 = g((χP )2)J(χP , χP ).

Multiplying both sides of the equation by g(χP ) we get

g(χP )3 = g(χP )g((χP )2)J(χP , χP ) = g((χP )3)J(χP , (χP )2)J(χP , χP ).

Continuing with this process we eventually get

g(χP )m−1 = g((χP )m−1)
m−1∏
i=1

J(χP , (χP )i).

Multiplying once more by g(χP ) we get

Φ(P ) = g(χP )m = g(χP )g((χP )m−1)
m−1∏
i=1

J(χP , (χP )i) =

= g(χP )g((χP )−1)
m−1∏
i=1

J(χP , (χP )i).

Now use g(χP )g((χP )−1) = g(χP )g(χP )

= g(χP )χP (−1)g(χP ) = χP (−1)|g(χP )|2 = χP (−1)q

to write

Φ(P ) = χP (−1)q
m−1∏
i=1

J(χP , (χP )i).

It is also easy to see that all individual terms of Φ(P ) are in Q(ζm).

We emphasize the fact that the reason for doing the calculations of the
preceding theorem was precisely to show that Φ(P ) ∈ Q(ζm). Moreover, χP

could have been replaced by any multiplicative character of order dividing
m.
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4.5 Factoring Ideals in Dm

In this section we assume throughout that p is a prime not dividing m and
that f = |p|m. Put q = pf so m|(q − 1). It is also clear that f = |p|q−1.
We will now be working with the fields Q ⊆ Q(ζm) ⊆ Q(ζq−1) ⊆ Q(ζp(q−1))
with respective rings of integers Z ⊆ Dm ⊆ Dq−1 ⊆ Dp(q−1) and prime ideals
(p) ⊂ P ⊆ B ⊂ P . Also put λp = 1− ζp and recall that in Dp the principal
ideal(p) ramifies completely: (p) = (λp)

p−1 and (λp) is prime in Dp. The
following diagram will be handy.

(λp)
(p−1) = (P1 · · · Ph)

(p−1) P ⊂ D(q−1)p → D(q−1)p/P

(p) = B1 · · · Bh B ⊂ Dq−1 → Dq−1/B

(p) = P1 · · ·Pg P ⊂ Dm → Dm/P

(p) ⊂ Z → Z/pZ

.

Lemma 4.5.1. Recall that from Theorem 3.2.16 (with m of that theorem
replaced by q − 1) we have

pDp(q−1) = (P1 · · · Ph)
p−1), h =

φ(q − 1)

f

Then:
(i) ordP(pDp(q−1)) = p− 1.
(ii)ordP(λp) = 1.
(iii) ordP(P ) = p− 1.

Proof. Part (i) is clear. Factoring pDp(q−1) differently we get

(P1 · · · Ph)
(p−1) = (pDp)Dp(q−1) = (λp)

p−1Dp(q−1) =

= (P1 · · · Ph)
p−1, where, say, P = P1,

and therefore λpDp(q−1) = P1 · · · Ph. This proves (ii). To prove (iii), first
note that the only ramification that takes place does so when lifting from
D(q−1) to Dp(q−1). In Dm we have (p)Dm = P1 · · ·Pg where P1, . . . , Pg are the

distinct prime ideals in Dm lying over (p), and g = φ(m)
f

. Then in D(q−1) (p)

splits into the product of distinct primes (p)D(q−1) = B1 · · · Bh, where each
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Pi splits in D(q−1) into the product of h/g distinct primes. Here h = φ(q−1)
f

.

Then in Dp(q−1) each Bi splits into the p−1 = φ(p)th power of a single prime
Pi. So each prime ideal of Dp(q−1) lying over (p) in Z is raised to the (p−1)th
power in the factorization of (p). This proves (iii).

Lemma 4.5.2. Dm/P ∼= Dq−1/B.

Proof. This really just the observation that |p|m = f = |p|q−1, along with
Theorem 3.2.8.

By Theorem 3.1.5 we know that the elements 1, ζq−1, . . . , ζ
q−2
q−1 have dis-

tinct images in Dq−1/B, so that in fact these images are precisely all the
nonzero elements of the field Dq−1/B. The following definition imitates the
definition of the mth power residue symbol.

Definition: For α ∈ Dq−1 define
(a)
(

α
B

)
= 0 ∈ Dq−1 if α ∈ B.

(b) If α 6∈ B,
(

α
B

)
is the unique (q − 1)-st root of unity in Dq−1 such that

α ≡
(

α
B

)
(mod B).

It is easy to see that (
αβ

B

)
=
(α
B

)(β
B

)
, (4.1)

and

α ≡ β (mod B) implies that
(α
B

)
=

(
β

B

)
. (4.2)

Lemma 4.5.3. If α ∈ Dm,
(

α
B

)(q−1)/m
=
(

α
P

)
m
.

Proof. This is really an immediate consequence of the definitions.

4.6 The Teichmüller Character

Using the same notation as in the last section, choose a prime ideal B in Dq−1

lying over (p). The Teichmüller character is a multiplicative character wB
on Fq

∼= Dq−1/B defined as follows. For each t ∈ F ∗
q , let γ be any element of

Dq−1 for which γ = t. Then wB(t) =
(

γ
B

)
. The proof that wB is well-defined

and is a multiplicative character follows immediately from the properties of
the symbol

(
γ
B

)
.
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Lemma 4.6.1.
wB(ζ

i

q−1) = ζ i
q−1.

Proof. This is rather immediate from the fact that by definition
(

ζq−1

B

)
=

ζq−1.

Consequently wB has order q − 1 and must generate the entire group of
multiplicative characters on Fq.

Lemma 4.6.2. Let t ∈ Fq. Then w
−( q−1

m )
B (t) = χP (t).

Proof. Let t ∈ Fq
∼= Dq−1/B. If t = γ (mod P ), γ ∈ Dm, then since

P ⊂ B, t = γ (mod B). (Alternatively, we have already noted that Dm/P ∼=
Dq−1/B.) Furthermore, since the cosets of 1, ζq−1, . . . , ζ

q−2
q−1 mod B are all

the distinct elements of F ∗
q , there must be a unique ζ i

q−1 such that γ ≡
ζ i
q−1 (mod B). Then

w
−( q−1

m )
B (t) =

( γ
B

)−( q−1
m )

which is an mth root of unity and therefore in Dm. Then

χP (t) =
( γ
P

)−1

m
(by definition of χP − see Thm.4.3.2)

= γ−( q−1
m ) (mod P ) (by definition of ( )m)

≡
(
ζ i
q−1

)−( q−1
m )

(mod B).

Hence χP (t) =
(
ζ i
q−1

)−( q−1
m )

= w
−( q−1

m )
B (t).

4.7 Stickelberger’s Theorem at Last

In this section we will let w denote the Teichmüller character wB.

Let a be a positive rational integer and define

ga = g(w−a) =
∑
α∈Fq

w(α)−aψ(α).
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Lemma 4.7.1. Define s̃(a) = ordP(ga). Then we have the following:
(i) s̃(a+ b) ≤ s̃(a) + s̃(b), 1 ≤ a, b, a+ b < q − 1.
(ii) s̃(a+ b) ≡ s̃(a) + s̃(b) (mod p− 1).
(iii) s̃(pa) = s̃(a).

Proof. Applying Theorem 4.4.4 we get

gagb = g(w−a)g(w−b) = g(w−aw−b)J(w−a, w−b) =

= g(w−a−b)J(w−a, w−b) = ga+bJ(w−a, w−b).

Hence ordP(gagb) = ordP(ga+bJ(w−a, w−b)). So we have

ordP(ga) + ordP(gb) = ordP(ga+b) + ordP(J(w−a, w−b) ≥ ordP(ga+b),

and thus s̃(a+ b) ≤ s̃(a) + s̃(b), proving part (i).
Note that J(w−a, w−b) =

∑
α+β=1w(α)−aw(β)−b, which is in Q(ζq−1).

It then follows from the fact that BDp(q−1) = Pp−1 that p − 1 divides
ordPJ(w−a, w−b). Then since g(w−a)g(w−b) = g(w−(a+b))J(w−a, w−b), we
see that part (ii) holds. For part (iii), recall that α 7→ αp is an auto-

morphism of Fq. Then ψ(αp) = ζ
Tr(αp)
p = ζ

Tr(α)
p = ψ(α). Then gpa =∑

α∈Fq
w(α)−paψ(α) =

∑
α∈Fq

w(αp)−aψ(αp) = ga, from which it follows that

s̃(pa) = s̃(a).

This next theorem is also due to Stickelberger and is the last result in
this chapter that we really need to proceed on into the next chapter. The
remaining results of this chapter are included just for completeness.

Theorem 4.7.2. For 1 ≤ a ≤ q − 1 we have s̃(a) = ordP(ga) = S(a).

Proof. Clearly S(1) = 1, so we start by showing s̃(1) = 1. Recall

g1 =
∑
t∈Fq

w(t)−1ζTr(t)
p .

Also, recall ζp = 1− λp. Now we use Lemma 4.6.1 to convert the expression
for g1 into a sum over the powers of ζq−1. Let mi be a positive integer such

that mi ≡ Tr(ζ
i

q−1) (mod p). Then

g1 =

q−2∑
i=0

ζ−i
q−1(1− λp)

mi .
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Using the binomial theorem we see that (1− λp)
mi ≡ 1−miλp (mod P2)

(since (λp)
j ⊂ Pj ⊂ P2), implying

g1 ≡
q−2∑
i=0

ζ−i
q−1 −

q−2∑
i=0

miζ
−i
q−1λp (mod P2).

The first sum is just the sum of all the (q−1)-th roots of unity which is zero.
For the second sum, note that

mi ≡ (ζ i
q−1 + ζpi

q−1 + · · ·+ ζ
(pf−1)i
q−1 ) (mod P2).

Substituting this in above we find

g1 ≡ −
q−2∑
i=0

ζ−i
q−1(ζ

i
q−1 + ζpi

q−1 + · · ·+ ζ
(pf−1)i
q−1 )λp (mod P2).

All the sums
∑q−2

i=0 ζ
(pj−1)i
q−1 for j = 1, 2, . . . , f − 1 are zero, while j = 0 gives

g1 ≡ −
q−2∑
i=0

ζ0
q−1λp = −(q − 1)λp ≡ λp (mod P2).

By Lemma 4.5.1 part (ii) we have that ordP(g1) = 1, i.e., s̃(1) = 1. Now
suppose s̃(a) = a for 1 ≤ a < n ≤ p− 1. Applying Lemma 4.7.1 along with
the induction hypothesis we have s̃(n) ≤ s̃(n− 1)+ s̃(1) = n− 1+1 = n and
s̃(n) ≡ s̃(n− 1) + s̃(1) = n (mod p− 1). Hence s̃(n) = n.

Now for 1 ≤ a ≤ q − 2 we have a =
∑f−1

i=0 aip
i, 0 ≤ ai < p. Applying

Lemma 4.7.1 again we have

s̃(a) = s̃

(
f−1∑
i=0

aip
i

)
≤

f−1∑
i=0

s̃(aip
i) =

f−1∑
i=0

s̃(ai) =

f−1∑
i=0

ai = S(a).

We now have s̃(a) ≤ S(a) for all a in the range under consideration. To
prove the theorem it will be enough in light of Lemma 1.5.3 to show that

q−2∑
a=1

s̃(a) =
f(p− 1)(q − 2)

2
.
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Recall that in general for Gauss sums we have the relation g(χ−1) =
χ(−1)g(χ). Thus

gagq−1−a = g(w−a)g(wa+1−q) =

g((wa)−1)g(wa+1−q) = wa(−1)g(wa)g(wa+1−q).

Also note that wa+1−q = w−1(q−1−a) = (w−1)−a, implying

gagq−1−a = wa(−1)g(wa)g(wa) = wa(−1)|g(wa)|2 = wa(−1)q = wa(−1)pf .

So we have

s̃(a) + s̃(q − 1− a) = ordPgagq−1−a = ordP(wa(−1)pf ).

Since w(−1) = ±1, wa(−1) contributes nothing. We have that

(p)fDp(q−1) = (P1 · · · Ph)
f(p−1),

so s̃(a) + s̃(q− 1− a) = f(p− 1). As a runs through 1, 2, . . . , q− 2, q− 1− a
also runs through q − 1, q − 1, . . . , 1, which gives

q−2∑
a=1

(s̃(a) + s̃(q − 1− a)) =

q−2∑
a=1

2s̃(a) =

= 2

q−2∑
a=1

s̃(a) =

q−2∑
a=1

f(p− 1) = f(p− 1)(q − 2).

It now follows that

q−2∑
a=1

s̃(a) =
f(p− 1)(q − 2)

2
=

q−2∑
a=1

S(a).

Then since s̃(a) ≤ S(a) for all a we have s̃(a) = S(a) for 1 ≤ a < q − 1.

Finally, notice that g0 =
∑

α∈Fq
w−(q−1)(α)ψ(α) =

∑
α∈Fq

ψ(α) = 0, so

s̃(0) = 0, so equality also holds when a = q − 1.

Corollary 4.7.3. ordP (Φ(P )) = m
p−1

S
(

q−1
m

)
.
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Proof. Note that by Theorem 4.4.2(iii) any prime ideal of Dm dividing Φ(P )
lies over p ∈ Z. Let Φ(P ) = P e1

1 P
e2
2 · · ·P

eg
g be the prime factorization of

Φ(P ). By part (iii) of Lemma 4.5.1 we get

Φ(P ) = (Pe1
1 · · · Peg

g )p−1,

so ordPi
(Φ(P )) = (p − 1)ordPi

(Φ(P )). Recall that Φ(P ) = g(P )m, so
ordP(Φ(P )) = m · ordP(g(P )).

We will now show that g(P ), defined in Section 4.4, is equal to ga for
a = (q − 1)/m. Recall that

g q−1
m

=
∑
α∈Fq

w−( q−1
m )(α)ψ(α)

and

g(P ) =
∑
α∈Fq

χP (α)ψ(α).

By Lemma 4.6.2 we have χP (t) = w−( q−1
m )(t), and hence g(P ) = g q−1

m
.

If we now apply Theorem 4.7.2 and the definition of s̃ we get ordP(g q−1
m

) =

S
(

q−1
m

)
, which implies ordP(Φ(P )) = m · ordP(g q−1

m
) = mS

(
q−1
m

)
. This

implies (p− 1) · ordP (Φ(P )) = m ·S
(

q−1
m

)
, from which the Corollary follows.

Recall that for each a ∈ Z with (a,m) = 1, there is an automorphism
σa of Q(ζm) mapping ζm to ζa

m. Moreover, if P ′ is another prime ideal of
Dm containing p, then there is an automorphism σt of Q(ζm) such that P ′ =
σ−1

t (P ). So for 1 ≤ t < m with (t,m) = 1 we will define Pt = σ−1
t P .

Lemma 4.7.4. ordPt(Φ(P )) = m
p−1

S
(

t(q−1)
m

)
.

Proof. Notice that Φ(P ) = · · ·PordPt (Φ(P ))
t · · · and thus

σtΦ(P ) = · · ·PordPt (Φ(P )) · · · .

This gives

ordP (σtΦ(P )) = ordPt(Φ(P )).
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Choose t′ so that t′ ≡ t (mod m) and t′ ≡ 1 (mod p). So σt′ : ζp 7→ ζt′
p = ζp

and σt′ : ζm 7→ ζt′
m = ζt

m. Then we have

σt′(g(P )) = σt′

∑
α∈Fq

χP (α)ψ(α)

 =
∑
α∈Fq

σt′(χP (α))σt′(ψ(α)) =

=
∑
α∈Fq

χP (α)t′ψ(α)t′ =
∑
α∈Fq

χP (α)tψ(α).

Since t ≡ t′ (mod m) multiplication by t′ will permute the elements of
Z/mZ the same as does multiplication by t. Thus σt′ζ

i
m = ζ it′

m = ζ it
m = σtζ

i
m.

So we have

σt(Φ(P )) =

∑
α∈Fq

χP (α)tψ(α)

m

.

Applying Lemma 4.6.2 we get

gt( q−1
m ) =

∑
α∈Fq

w−t( q−1
m )(α)ψ(α) =

∑
α∈Fq

(
w−( q−1

m )
)t

(α)ψ(α) =

=
∑
α∈Fq

χP (α)tψ(α),

and thus

σt(Φ(P )) =
(
gt( q−1

m )

)m

.

So we now have

ordP(σt(ΦP ) = (p− 1)ordP (σt(Φ(P ))) = (p− 1)ordPt(Φ(P )).

Now applying Theorem 4.7.2 we have

ordP(σt(Φ(P ))) = ordP

(
gt( q−1

m )

)m

= m · ordP

(
gt( q−1

m )

)
= m · S

(
t
q − 1

m

)
.

Combining these we get

(p− 1)ordPt(Φ(P )) = m · S
(
t
q − 1

m

)
,

and therefore ordPt(Φ(P )) = m
p−1

S
(

t(q−1)
m

)
.
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Finally we are ready to prove the Theorem of Stickelberger.

Theorem 4.7.5. (Stickelberger) (Φ(P )) = P γ where

γ =
∑

tσ−1
t , where the sum is over all t with 1 ≤ t < m, (t,m) = 1.

Proof. Note that

|Φ(P )|2 = Φ(P )Φ(P ) = g(P )mg(P )m = (|g(P )|2)m = qm = pfm,

so the only prime ideals in Dm containing Φ(P ) are those containing p. So
we have

Φ(P ) = P e1
1 P

e2
2 · · ·P eg

g .

Pick p with 1 ≤ p ≤ m such that p ≡ p (mod m). We now examie the
subgroup 〈p〉 of Z/mZ. Since f is the smallest positive intgeger such that
pf ≡ 1 (mod m) we know that |〈p〉| = pf . Now consider U(Z/mZ)/〈p〉.
First note that the order of this qotient group is φ(m)

f
= g, which implies that

there are g distinct left cosets of 〈p〉. So we can pick t1, t2, . . . , tg ∈ U(Z/mZ)
such that the left cosets are ti〈p〉, 1 ≤ i ≤ g. So every element t ∈ U(Z/mZ)
lies in exactly one of these cosets. Then for t ∈ ti〈p〉 we can write t = tip

j

with 0 ≤ j < f . So for every t ∈ U(Z/mZ) there is a unique pair (i, j),
1 ≤ i ≤ g, 0 ≤ j < f such that

t ≡ tip
j (mod m).

Notice that there are fg = φ(m) possible pairs (i, j). Using these ti values
we get via Lemma 4.7.4

ordPti
Φ(P ) =

m

p− 1
S

(
ti(q − 1)

m

)
.

So we can now write

Φ(P ) = P e1
1 · · ·P eg

g = (σ−1
t1
P )e1 · · · (σ−1

tg P )eg =

=

g∏
i=1

(σ−1
ti
P )

m
p−1

“
S

“
ti(q−1)

m

””
.

We now simplify the exponent a bit. By Lemma 1.5.1 we have

m

p− 1
S

(
ti(q − 1)

m

)
=

m

p− 1
(p− 1)

f−1∑
j=0

〈
pj ti(q−1)

m

q − 1
〉 = m

f−1∑
j=0

〈p
jti
m
〉,
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so we have

Φ(P ) =

g∏
i=1

(σ−1
ti
P )m

Pf−1
j=0 〈

pjti
m

〉.

What we do now is just to make this last result look a bit neater. Write
ασt in place of σt(α) to obtain

Φ(P ) = P
Pg

i=1 m
Pf−1

j=0 〈
tipj

m
〉σ−1

ti = P γ′ ,

where

γ′ = m

g∑
i=1

(
f−1∑
j=0

〈p
jti
m
〉

)
σ−1

ti
.

Since σp leaves P fixed, γ′ has the same effect on P as

γ = m
∑

i

∑
j

〈p
jti
m
〉σ−1

ti
σ−1

pj =

= m
∑

(t,m)=1;1≤t≤m

〈 t
m
〉σ−1

t .

If pjti ≡ t (mod m), say pjti = t0m+t, 0 ≤ t < m, then 〈pjti
m
〉 = 〈 t

m
〉 = t

m
.

So finally we have

Φ(P ) = Pm
P t

m
σ−1

t = P
P

tσ−1
t =

∏
1≤t≤m;(t,m)=1

P t
t .
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Chapter 5

Some Difference Sets and Their
p-Ranks

5.1 The Singer Difference Sets

Theorem 5.1.1. (Singer Difference sets – Singer 1938) For any prime power
q and positive integer n, there is a (v, k, λ)-difference set D with

v =
qn+1 − 1

q − 1
, k =

qn − 1

q − 1
, λ =

qn−1 − 1

q − 1
,

so that the resulting symmetric design is isomorphic to the design given by
the points and hyperplanes of PG(n, q).

Proof. First observe that the points and hyperplanes form a symmetric (v, k, λ)-
design with parameters as given above. Then in view of Theorem 1.3.4 we
need only show that there exists an automorphism of PG(n, q) that permutes
the points in a single cycle of length v, or equivalently so that the powers
of the automorphism act transitively on the projective points. The points of
PG(n, q) are the 1-dimensional subspaces of an (n + 1)-dimensional vector
space V over Fq. Any nonsingular linear transformation T from V to itself
will take subspaces to subspaces of the same dimension and thus gives an
automorphism of PG(n, q).

As an (n + 1)-dimensional vector space over Fq, we choose V := Fqn+1

as a vector space over its subfield Fq. Let w be a primitive element of Fqn+1

and consider the linear transformation T : x 7→ wx of V over Fq. It is clear

91
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that T is nonsingular and that its powers are transitive on the projective
points.

This example also has an elegant description as a quotient set formulated
in terms of the trace function Tr : Fqn+1 → Fq.

Theorem 5.1.2. Let q be a prime power and let n ≥ 2 be an integer. Then

D := {xF ∗
q : x ∈ F ∗

qn+1 with Tr(x) = 0}

is a quotient set in G := F ∗
qn+1/F ∗

q with parameters (v, k, λ) as in Theo-
rem 5.1.1.

Proof. For x, y ∈ F ∗
qn+1 with xF ∗

q = yf ∗q , Tr(x) = 0 iff Tr(y) = 0. Since Tr :
F ∗

qn+1 → Fq is surjective, we have |kerTr| = qn. Thus |D| = (qn − 1)/(q − 1)
as needed. Let y ∈ F ∗

qn+1\F ∗
q , so yF ∗

q is a non-identity element of the quotient
group G. We need to show that there are λ pairs of elements of D, say aF ∗

q

and bF ∗
q for which ab−1F ∗

q = yF ∗
q , i.e., aF ∗

q = ybF ∗
q . Since each element of

the quotient group has q−1 representatives, this means that we need to show
that there are exactl λ(q−1)2 = (qn−1−1)(q−1) pairs (a, b) with a, b ∈ F ∗

qn+1 ,
Tr(yb) = Tr(b) = 0, and aF ∗

q = ybF ∗
q . Since {x ∈ F ∗

qn+1 : Tr(x) = 0} and
{x ∈ F ∗

qn+1 : Tr(yx) = 0} are different hyperplanes of the Fq-vector space

Fqn+1 with intersection of cardinality qn−1, there are exactly qn−1−1 solutions
b ∈ F ∗

qn+1 with Tr(b) = Tr(yb) = 0. For any such b, there are exactly q − 1
solutions of a ∈ F ∗

qn+1 with aF ∗
q = ybF ∗

q . Thus the number of pairs (a, b)

satisfying the required conditions is exactly (qn−1 − 1)(q − 1).

We now give a slightly different way to look at the second construction
of the Singer difference sets and a genuinely different proof that they really
exist. Here Tr represents the same trace function Tr : Fqn+1 → Fq as above.
Recall that if x ∈ F ∗

qn+1 and y ∈ Fq, then Tr(xy) = yTr(x). So for each coset
xF ∗

q of F ∗ in F ∗
qn+1 , either Tr(y) = 0 for all y ∈ xF ∗

q or we may choose a coset
representative x of xF ∗

q such that Tr(x) = 1. So let L be a system of coset
representatives of F ∗

q in F ∗
qn+1 such that Tr : L→ {0, 1}. Write L = L0 ∪L1,

where
L0 = {x ∈ L : Tr(x) = 0}, L1 = {x ∈ L : Tr(x) = 1}.

Theorem 5.1.3. With the above notation, L0 is a
(

qn+1−1
q−1

, qn−1
q−1

, qn−1−1
q−1

)
difference set in the quotient group F ∗

qn+1/F ∗
q .



5.1. THE SINGER DIFFERENCE SETS 93

Proof. Just for this proof put F = Fqn+1 . Let χ be a nontrivial multiplicative
character of F ∗ whose restriction to F ∗

q is trivial, so that we may view χ
as a character of the quotient group F ∗/F ∗

q . It is easy to see that every
nontrivial character of F ∗/F ∗

q can be obtained in this manner. First note that
since 0 =

∑
x∈F ∗ χ(x) =

∑
a∈F ∗

q

∑
x∈L χ(ax) =

∑
x∈L χ(x)

∑
a∈F ∗

q
χ0(a) =∑

x∈L χ(x)(q − 1) it must be that χ(L) = 0 and χ(L1) = −χ(L0).
Now let tr denote the trace function tr : F → Fp. So for x ∈ L and

a ∈ F ∗
q we have tr(ax) = trq/p(Tr(ax)) = trq/p(aTr(x)). Also note that∑

a∈Fq
ζ

Trq/p(a)
p = q

p

∑p−1
i=0 ζ

i
p = 0, from which it follows that

∑
a∈F ∗

q
ζ

Trq/p(a)
p =

0− ζ0
p = −1.

This gives

g(χ) =
∑
y∈F ∗

χ(y)ζtr(y)
p =

∑
a∈F ∗

q

∑
x∈L

χ(xa)ζtr(xa)
p

=
∑
x∈L

χ(x)
∑
a∈F ∗

q

χ(a)ζ
trq/p(aTr(x))
p

=
∑
x∈L0

χ(x)
∑
a∈F ∗

q

χ0(a)ζ
Trq/p(0)
p +

∑
x∈L1

χ(x)
∑
a∈F ∗

q

χ0(a)ζ
Trq/p(a)
p

= (q − 1)χ(L0) + χ(L1)
∑
a∈F ∗

q

ζ
Trq/p(a)
p

= (q − 1)χ(L0)− χ(L0)(−1) = qχ(L0). (5.1)

By Theorem 4.4.2 we have g(χ)g(χ) = qn+1, so that by Eq. 5.1 we have

χ(L0)χ(L0) = qn−1 = qn−1
q−1
− qn−1−1

q−1
= k− λ. The proof is now completed by

applying Theorem 1.4.4.

Theorem 5.1.4. For q = pf , let L0 be the
(

qn+1−1
q−1

, qn−1
q−1

, qn−1−1
q−1

)
difference

set in the quotient group F ∗
qn+1/F ∗

q as in Theorem 5.1.3. Then the p-rank of
L0 is (

p+ n− 1

n

)f

+ 1.

Proof. Let P be a prime ideal inDqn+1−1 lying over p. So 1, ζqn+1−1, . . . , ζ
qn+1−2

qn+1−1

are the distinct nonzero residues modulo P . Let wP be the Teichmüller char-

acter on F = Fqn+1 . In particular, wP(ζ
i

qn+1−1) = ζ i
qn+1−1.
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As wP has order qn+1−1 and generates the group of characters on F ∗, the
character χ = w

−(q−1)
P has order qn+1−1

q−1
and is a generator of the character

group of F ∗/F ∗
q . From the proof of Theorem 5.1.3 (see Eq. 5.1) we know

that for each a, 0 < a < qn+1−1
q−1

,

q · χa(L0) = g(χa). (5.2)

By Corollary 1.4.7 we know the p-rank of L0 is the number of characters
χ of F ∗/Fq such that χ(L) =0 6≡ 0 (mod P). For the trivial character χ0

we have χ0(L0) = |L0| = qn+1−1
q−1

6≡ 0 (mod P). So the p-rank of L0 is

1 + A(q, n + 1), where A(q, n + 1) is the number of χa with 0 < a < qn+1−1
q−1

such that χa(Lo) 6≡ 0 (mod P).

Let B be the (unique) prime of Dp(qn+1−1 lying over P . Since B divides
χa(Lo) if and only if P divides χa(L0), A(q, n+ 1) is equal to the number of
χa, 0 < a < an+1−1

q−1
, such that χa(L0) 6≡ 0 (mod B).

By the definition of s̃(a) (with qn+1 in place of q), Bs̃((q−1)a)||g(χa). Since
B(p−1)f ||q, we see from Eq. 5.2 that A(q, n+1) is equal to the number of a,

0 < a < qn+1−1
q−1

, such that s̃((q − 1)a) = (p− 1)f , which, in turn, is equal to

the number of x, 0 < x < qn+1− 1, with (q− 1)|x, such that s̃(x) = (p− 1)f .

For x with 0 < x < qn+1 − 1, first write x to the base q: x =
∑n

j=0 bjq
j,

with 0 ≤ bj ≤ q − 1. Then write each bj to the base p as bj =
∑f−1

i=0 xi,jp
i,

0 ≤ xi,j < p. So

x =
n∑

j=0

f−1∑
i=0

xi,jp
iqj, 0 ≤ xi,j < p.

By Theorem 4.7.2 and Eq. 1.21 ( with qn+1 in place of q),

s̃(x) =
p− 1

qn+1 − 1

n∑
j=0

f−1∑
i=0

L(xpiqj), (5.3)

where L(y) denotes the reduction of y modulo qn+1−1. Suppose that (q−1)|x
and s̃(x) = (p− 1)f . Then, by Eq. 5.3

(qn+1 − 1)f =
n∑

j=0

f−1∑
i=0

L(xpiqj). (5.4)
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If we put x = (q − 1)y, then for fixed i,

0 <
n∑

j=0

L(xpiqj) ≡
n∑

j=0

xpiqj = piy(q−1)(1+q+· · ·+qf−1) ≡ 0 (mod qn+1−1),

it follows that
∑n

j=0 L(xpiqj) ≥ qn+1−1 for each i. Thus by Eq. 5.4 we must
have

n∑
j=0

L(xpiqj) = qn+1 − 1 (5.5)

for each i.
Since x = b0 + b1q + · · ·+ bnq

n with i = 0 in Eq. 5.5, we have

qn+1 − 1 =
n∑

j=0

L((b0 + b1q + · · ·+ bnq
n)qj) =

=
n∑

j=0

(
n∑

k=0

b[k−j]q
k

)
= (where a subscript[r] is to be reduced modulo n+1)

=
n∑

k=0

(
n∑

j=0

b[k−j]

)
qk =

(
n∑

j=0

bj

)
n∑

k=0

qk =

=

(
n∑

j=0

bj

)
· q

n+1 − 1

q − 1
, which implies

n∑
j=0

bj = q − 1.

Hence

q − 1 =
n∑

j=0

f−1∑
i=0

xi,jp
i =

f−1∑
i=0

(
n∑

j=0

xi,j

)
pi =

=
n∑

j=0

x0,j + p

f−1∑
i=1

(
n∑

j=0

xi,j

)
pi−1. (5.6)

This implies

q − 1 ≡ p− 1 ≡
n∑

j=0

x0,j (mod p).
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Since x0,j ≥ 0 for all j, this implies
∑n

j=0 x0,j ≥ p− 1.
Our next step is to show that for each r with 1 ≤ r ≤ f − 1 we also have

that
n∑

j=0

xr,j ≥ p− 1.

So fix r in this range. Suppose xpr ≡
∑n

k=0 akq
k ( mod qn+1 − 1). The

symbol a[t] means that the subscript t is to be reduced modulo n + 1 to lie
in the range 0 ≤ t ≤ n. By Eq. 5.5 we have

qn+1 − 1 =
n∑

j=0

L(xprqj) =
n∑

j=0

L((
n∑

k=0

akq
k)qj) =

=
n∑

j=0

L(
n∑

k=0

a[k−j]q
k =

n∑
k=o

(
n∑

j=0

a[k−j])q
k =

=
n∑

j=0

a[j] ·
n∑

k=0

qk =
n∑

j=0

aj ·
qn+1 − 1

q − 1
.

This forces

q − 1 =
n∑

j=0

aj. (5.7)

We now take a hard look at the aj.

xpr =
n∑

j=0

bjq
jpr =

n∑
j=0

(

f−1∑
i=0

xi,jp
i)pr+fj =

=

f−1∑
i=0

n∑
j=0

xi,jp
fj+i+r =

n∑
t=0

atq
t,

where

atq
t =

f−1∑
i=f−r

xi,t−1p
(t−1)f+i+r +

f−1−r∑
i=0

xi,tp
tf+i+r,

from which we conclude
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at = x[f−r,t−1] +x[f−r+1,t−1]p+ · · ·+x[f−1,t−1]p
r−1 +x0,tp

r + · · ·+x[f−1−r,t]p
f−1.

Here x[i,j] means that the index i is reduced modulo f and the index j is
reduced modulo n+ 1. Now consider Eq. 5.7 modulo p.

q − 1 ≡ p− 1 ≡
n∑

j=0

xf−r,j (mod p).

Since xi,j ≥ 0 in all cases, we must have

n∑
j=0

xi,j ≥ p− 1 for all i. (5.8)

Recall that we are looking for all the x, 0 < x < qn+1−1 with s̃(x) = (p−1)f .
We now have

(p− 1)f ≤
f−1∑
i=0

n∑
j=0

xi,j = S(x) = s̃(x) = (p− 1)f,

from which we have that equality holds in Eq. 5.8 for each i. The equation∑n
j=0 xi,j = p − 1, 0 ≤ xi,j < p, has

(
p+n−1

n

)
solutions for each i, 0 ≤ i < f .

(See Eq. 1.10 of 6409 notes.) Therefore A(q, n + 1) =
(

p+n−1
n

)f
. This

completes the proof.

5.2 Monomial Hyperovals and Difference Sets

Warning to the reader: Unfortunately, after this section was written it
was noticed that the symbol k is being used in two ways. It is the k of the
(v, k, λ)-design, and it is the k of the hyperoval D(xk). Given this advanced
warning, the reader should be able to keep straight the two uses of k in the
same sentence.

Let D(xk) be a monomial hyperoval in PG(2, q), q = 2f . So (k, q − 1) =
(k − 1, q − 1) = 1. Put Dk,q = {xk + x : x ∈ Fq \ F2}.

Theorem 5.2.1. Dk,q is a (q − 1, q/2− 1, q/4− 1)-quotient set in F ∗
q .



98 CHAPTER 5. SOME DIFFERENCE SETS AND THEIR P -RANKS

Proof. Let χ be any nontrivial multiplicative character of F ∗
q , so also χ(0) =

0. Since (k − 1, q − 1) = 1 there must be a multiplicative character φ of F ∗
q

for which χ = φk−1. Recall that x 7→ xk + x is a two-to-one mapping. Hence

χ(Dk,q) =
1

2

∑
x∈Fq

χ(xk + x) =
1

2

∑
x∈Fq

χ(x)χ(1 + xk−1) =

=
1

2

∑
x∈Fq

φ(xk−1)χ(1 + xk−1) =
1

2
J(φ, χ) =

1

2
J(φ, φk−1). (5.9)

Note that φ, φk−1 and φk are all nontrivial. By Theorem 4.4.4 χ(Dk,q)χ(Dk,q) =
1
4
J(φ, φk−1)J(φ, φk−1) = q/4. So v = |F ∗

q | = q − 1, k = |Dk,q| = q/2− 1, and
k − λ = q/4, so that λ = q/4− 1.

We recall the following (see FGQ, Theorem 12.5.3):

Theorem 5.2.2. Let q > 2 be a power of 2. Two monomial hyperovals
D(xj) and D(xk) in PG(2, q) are projectively equivalent if and only if j ≡
k, 1/k, 1− k, 1/(1− k), k/(k − 1), or k − 1)/k (mod q − 1).

The following theorem shows that two projectively equivalent monomial
hyperovals give rise to two equivalent cyclic difference sets under the con-
struction of Theorem 5.2.1.

Theorem 5.2.3. Let q = 2f , q > 2. If D(xk) and D(xj) are two projectively
equivalent monomial hyperovals in PG(2, q), the the corresponding difference
sets Dk,q and Dj,q constructed in Theorem 5.2.1 are equivalent.

Proof. Recall the definition of equivalence of quotient sets from Section 1.3.
(Dα

1 = aD2) Then the proof follows from Theorem 5.2.2 and the following:

D k
k−1

,q = D k−1
k

,q = D
(k−1)
k,q , (5.10)

D1−k,q = D 1
1−k

,q = D
( 1−k

k )
k,q , (5.11)

D 1
k
,q = Dk,q. (5.12)
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The difference sets D2i,q, (i, f) = 1, arising from the regular and trans-
lation hyperovals are the Singer difference sets {y ∈ F ∗

q : Tr(y) = 0}. This
follows from Theorem 1.2.1, Theorem 5.1.2, and the definition of Dk,d. It is
our intention to study the 2-ranks of these cyclic difference sets arising from
the monomial hyperovals to show that the translation hyperovals, the Segre
hyperovals, and the two families of Glynn hyperovals all give inequivalent
cyclic difference sets.

Theorem 5.2.4. Let Dk,q be the (q − 1, q/2 − 1, q/4 − 1) cyclic difference
set in F ∗

q constructed from the hyperoval D(xk) as in Theorem 5.2.1. Then

let Dk,q be the complement of Dk,q in F ∗
q , so Dk,q is a (q− 1, q/2, q/4) cyclic

difference set in F ∗
q . Then the 2-rank of Dk,q is equal to the number of a’s,

0 < a < 2f − 1, such that

s̃(a) + s̃((k − 1)a) = s̃(ka) + 1,

where s̃(a) is as defined as in Lemma 4.7.1 (see also Theorem 4.7.2) with
q = 2f .

Proof. Using the notation adopted in Section 4.5 we let B be a prime ideal in
Dq−1 lying over 2, and let w = wB be the Teichmüller character on Fq. If χ is a
nontrivial multiplicative character on F ∗

q , then χ(F ∗
q ) = 0, so χ(D) = −χ(D).

By Eq. 5.9 (multiplied by p = 2) we see that for each a, 0 < a < q − 1,
with φ = w−a, χ = φk−1 = w−(k−1)a,

2w−(k−1)a(Dk,q) = −2w−(k−1)a(Dk,q) = −J(w−a, w−(k−1)a),

so
−2 · w−(k−1)a(Dk,q) = J(w−a, w−(k−1)a). (5.13)

By Theorem 4.4.4 we have

J(w−a, w−(k−1)a) =
g(w−a)g(w−(k−1)a)

g(w−ka)
.

By definition of s̃ we have that Bs̃(a)||g(w−a). So putting these two facts
together we have

Bs̃(a)+s̃((k−1)a)−s̃(ka)||J(w−a, w−(k−1)a). (5.14)

Since B||2, by Eq. 5.13 w−(k−1)a(Dk,q) is not zero modulo B if and only if
B||J(w−a, w−(k−1)a), which by Eq. 5.14 is if and only if s̃(a) + s̃((k − 1)a)−



100 CHAPTER 5. SOME DIFFERENCE SETS AND THEIR P -RANKS

s̃(ka) = 1. Since w generates the character group of F ∗
q , the number of a,

0 < a < q−1, with w−(k−1)a(Dk,q) not zero mod B is the number of nontrivial
characters χ on F ∗

q with χ(Dk,q) not zero mod B. Since the cardinality of

Dk,q is q/2 ≡ 0 (mod 2), the trivial character is not counted here. Hence by
Corollary 1.4.7 the 2-rank of Dk,q is the number of a’s, 0 < a < q − 1, for
which s̃(a) + s̃((k − 1)a) = s̃(ka) + 1.

5.3 p-Ranks of The Segre Hyperovals D(x6)

In this section we put k = 6 and q = 2f with f odd to obtain the Segre
hyperoval. For completeness (and because it is rather simple) we show that
this really does give a hyperoval. By Theorem 1.6.1 it suffices to show that for

0 6= s ∈ Fq the map x 7→ fs(x) =

{
f(x+s)+f(s)

x
, if x 6= 0;

0, if x = 0,
is a permutation.

Put x = ts to see that fs(x) = s5(t5+t3+t), so for s 6= 0 it suffices to show
that t 7→ t5 + t3 + t is a permutation. So suppose that t5 + t3 + t = u5 +u3 +u.
This implies that

0 = (t+ u)[t4 + t3u+ t2u2 + tu3 + u4 + t2 + tu+ u2 + 1] =

= (t+ u)[(t2 + u2 + 1)2 + (t2 + u2 + 1)(tu+ 1) + (tu+ 1)2].

Since f is odd, z2+zw+w2 = 0 has no solution in Fq, implying that x 7→ fs(x)
is a permutation. Hence the Segre hyperoval really is a hyperoval. ’

In fact we have already done all the work to determine the 2-rank of the
difference set arising from the Segre hyperoval.

Theorem 5.3.1. Let f = 2n + 1 be an odd integer, f ≥ 5, q = 2f , F =
Fq, and let D6,q be the (q − 1, q/2 − 1, q/4 − 1) cyclic difference set in F ∗

corresponding to the Segre hyperoval D(x6). Let D6,q be the complement of
D6,q in F ∗. Then the 2-rank B6(f) of D6,q is equal to f(2F(f−1)/2−1), where
Fn is the nth Fibonacci number (F0 = F1 = 1).

Proof. Since s̃(a) = S(a), if k = 6, then by Theorem 1.5.9 the number of
solutions to Eq. 1.26, i.e., to the equality of Theorem 5.2.4 is B6(2n + 1) =
(2n+ 1)(2Fn − 1), where Fn is the nth Fibonacci number.

Note: From the well known formula for the Fibonacci numbers we see
that
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B6(2n+ 1) = (2n+ 1)

 2√
5

(
1 +
√

5

2

)n+1

− 2√
5

(
1−
√

5

2

)n+1

− 1

 .

We now consider the equation x6 + x+ b = 0 in F = Fq. Choose a fixed
generator α of F ∗, q = 2f . Keep in mind that D6,q = {x6 + x : x ∈ F \ F2}.
Define the polynomial θ(x) over F2 by

θ(x) =

q−2∑
j=0

bjx
j, where bj =

{
1, if αj ∈ D6,q,
0, if αj 6∈ D6,q.

(5.15)

For σ ∈ Aut(F ), αj ∈ D6,q iff (αj)σ ∈ D6,q. It follows easily that θ(αi) is
also fixed under σ, so we have

θ(αi) ∈ F2. (5.16)

Now let B be a prime ideal of Dq−1 lying over 2. Let w = wB be the
Teichmüller character on F . So w(αj) (mod B) is actually equal to αj , from
which we see

The equivalence class modulo B of wi(αj) is actually equal to αij. (5.17)

Now consider

wi(D6,q) =
∑

αj∈D6,q

wi(αj), which modulo B is equal to

∑
αj∈D6,q

αij =

q−2∑
j=0

bjα
ij = θ(αi).

This implies

w−5a(D6,q) (mod B) is equal to θ(α−5a). (5.18)

Use Eq. 5.9 with χ = w−5a, viz.,

2 · w−5a(D6,q) = J(w−a, w−5a) =
g(w−a)g(w−5a)

g(w−6a)
.
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Since B||2 and since S(a) = s̃(a), implying BS(a)+S(5a)−S(6a)||2 · w−5a(D6,q),
we see that B does not divide w−5a(D6,q) iff S(a) +S(5a)−S(6a) = 1. Also,
θ(1) = |D6,q| = q/2 − 1 ≡ 1 (mod 2), so θ(1) = 1 6= 0. So by Eq. 5.18 we
have

θ(α−i) =

{
1, if i = 0 or i = 5a and S(a) + S(5a) = S(6a) + 1;
0, otherwise.

(5.19)

From the proof of Lemma 1.5.7 we know that if S = {a : 0 < a < q −
1 and S(a)+S(5a) = S(6a)+1}, then for a ∈ S, a, a·2, a·22, a·23, . . . , a·2f−1

all belong to S and are distinct modulo q − 1. This is a cyclotomic coset of
size f . Let J be a set of distinct cyclotomic coset representatives of the
elements of S. Then

(αj)5a + (αj)5a·2 + (αj)5a·22

+ · · ·+ (αj)5a·2f−1

= Tr(αj5a).

By Theorem 1.2.4 (iii),

bj = −
q−2∑
i=0

θ(α−i)(αi)j = 1 +
∑
a∈S

(αj)5a =

= 1 +
∑
a∈J

Tr
(
(αj)5a

)
= 1 iff

∑
a∈J

Tr
(
(αj)5a

)
= 0.

This says b = αj ∈ D6,q iff
∑

a∈J Tr ((αj)5a) = 0, which proves the
following theorem. (Put b = αj.)

Theorem 5.3.2. Let q = 2f with f odd. Then for b ∈ F = Fq, x
6 + x +

b = 0 has a solution (and hence exactly two solutions) in F if and only if∑
a∈J Tr (b5a) = 0.

5.4 p-Ranks of the Glynn Hyperovals D(x3σ+4).

In this section we again assume that q = 2f with f odd and put k = 3σ + 4,
where σ2 = 2. This gives a family of hyperovals D(x3σ+4) due to D. Glynn.
Unfortunately in this case it is rather difficult to show that D(x3σ+4) really
is a hyperoval. Our course notes [Pa05] have an interesting proof by W. E.
Cherowitzo, and Glynn’s original proof (see [Gl83]) is reproduced in [PT84].
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This section was written by S. Flink.
This is merely a rehashing of pages 96-98 of the paper [EHKX99] with

some details filled in; no claims of originality are made. Let B3σ+4(d) be the
number of solutions a, 0 < a < 2d − 1 to the equation

s(a) + s((k − 1)a) = s(ka) + 1. (5.20)

In the proof of Theorem 4.1 from the paper [EHKX99] it is shown that the
solutions to Eq. 5.20 are completely characterized by the following property:

There is exactly one instance of a 1 occurring in the same

place in a and in (k − 1)a, and immediately to the left (5.21)

of those 1’s there is a 0 in both a and in (k − 1)a,

(5.22)

where we view a and (k − 1)a (mod 2d − 1) as binary strings of length d.
Our intent here is to fill in the details to Theorem 4.6 in the paper, which

we restate here.

Theorem 5.4.1. Let d be an odd integer, d ≥ 3. Let B3σ+4(d) be defined as
above and let A3σ+4(d) = B3σ+4(d)/d. Then

A3σ+4(d) = A3σ+4(d− 2) + 3A3σ+4(d− 4)

−A3σ+4(d− 6)− A3σ+4(d− 8) + 1

for all odd d, d ≥ 11, with the following initial values:

d 3 5 7 9 11 13 15 17 19 21 23 25

A3σ+4(d) 1 1 5 7 21 37 89 173 383 777 1665 3441

Proof. Note that if a is a solution to 5.20 then any rotation of a is a solution
as well, so we will restrict our attention at present to those solutions where
the instance of a 1 imposed by 5.21 occurs in the middle of a string. We call
such a solution a special solution.

To prove the theorem, we define a bijection between these special solutions
to equation 5.20 and a set of closed walks in a certain directed graph D.
Once this bijection is established, it follows from first principles (actually
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an application of transfer-matrix theory) that the generating function for
the number of these closed walks is rational. We then check 5.23 (on a
computer) for enough odd values of d so that Lemma 4.5 in the paper will
imply that 5.23 must hold for all odd d ≥ 11.

Let d = 2r − 1 and look at the computation of (k − 1)a and ka. Since
k − 1 = 3σ + 3 = 3 · 2(d+1)/2 + 3 = 2r+1 + 2r + 21 we may compute (k − 1)a
and ka mod 2d − 1 as

a = a2r−2 · · · ar ar−1 ar−2 · · · a0

2a = a2r−3 · · · ar−1 ar−2 ar−3 · · · a2r−2

2r+1a = ar−3 · · · a2r−2 a2r−3 a2r−4 · · · ar−2

+ 2ra = ar−2 · · · a0 a2r−2 a2r−3 · · · ar−1

(k − 1)a = y2r−2 · · · yr yr−1 yr−2 · · · y0

+ a = a2r−2 · · · ar ar−1 ar−2 · · · a0

ka = z2r−2 · · · zr zr−1 zr−2 · · · z0

(5.23)

where
ai + ai−1 + ar+i−2 + ar+i−1 + bi−1 = yi + 2bi and (5.24)

yi + ai + ci−1 = zi + 2ci for i = 0, 1, . . . , 2r − 2, (5.25)

for some integers bi, ci with 0 ≤ bi ≤ 3 and cr−1 = 1 and ci = 0 for
i = 0, 1, . . . , r − 2, r, . . . , 2r − 2, where the indices are read modulo 2r − 1
throughout.

The integer bi is the carry-over from the ith place to the (i + 1)st place
during the addition that gives (k − 1)a above. One may verify inductively
by adding columns of four 1’s that the bi never exceed 3. The integer ci is
the carry over from the ith place to the i + 1st place during the addition of
(k − 1)a and a and the above restriction reflects the restricion imposed by
5.21. The addition in equation 5.23 is carried out in base 2, but the following
equations 5.24 and 5.25 for yi and zi only concern the individual columns. To
see what 5.24 and 5.25 represent, carry out the addition in three steps. First
add each column, including the number of 1’s that would have been carried
over from the previous column; this is ai +ai−1 +ar+i−2 +ar+i−1 +bi−1, which
is equal to the digit in the (eventual) binary representation, plus 2 times the
number of 1’s carried into the next column. The next step is to convert to
binary notation, proceeding from left to right. We now have an ordinary
binary number, which we rewrite mod 2d−1 by noting that a 1 in the d+1st
place equals 1 mod 2d − 1. When the addition is carried out as above, it is
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clear that there is a unique choice of bi’s and ci’s which satisfy 5.24 and 5.25
such that the yi’s and zi’s are the digits given by 5.23, where addition has
been carried out modulo 2r − 1.

The following procedure is a way of counting all possible sets of d-tuples
which can comprise the columns of the tableau 5.23 subject to the restrictions
imposed by equations 5.24 and 5.25. In order to make this procedure clearer,
we begin with a relabeling of the sequences in these equations. Given the
sequence (xi), which can be any of (ai), (bi), (ci), (yi) or (zi) for i = 0, . . . , 2r−
r, define (x̃j), j = 0, . . . , 2r− 2 by x̃j := x(r−1)i. Note that since (r− 1, 2r−
1) = 1, the sequence (x̃j) is a permutation of (xi), since the indices are
read modulo 2r − 1. Put i = (r − 1)j in 5.24 and 5.25 and use −1 ≡
2r − 2(mod 2r − 1) to obtain permuted subscripts:

(r − 1)j (r − 1)j − 1 r + (r − 1)j − 2 r + (r − 1)j − 1
‖ ‖ ‖ ‖

(r − 1)j (r − 1)j + 2r − 2 (r − 1)j + (r − 1)− 1 (r − 1)j + (r − 1)
↓ ↓ ↓ ↓
j j + 2 j + 3 j + 1

and equations 5.24 and 5.25 become

ãj + ãj−1 + ãr+j−2 + ãr+j−1 + b̃j−1 = ỹj + 2b̃j and (5.26)

ỹj + ãj + c̃j−1 = z̃j + 2c̃j for j = 0, 1, . . . , 2r − 2, (5.27)

where indices are taken mod 2r − 1 and 0 ≤ b̃j ≤ 3 for all j and c̃1 = 1 and
c̃j = 0 whenever j 6= 1.

We will now construct a directed graph D whose vertex set is the set of
all vectors (a′, a′′, a′′′, b′, b′′, c′, c′′) with 0 ≤ a′, a′′, a′′′ ≤ 1, 0 ≤ b′, b′′ ≤ 3 and
0 ≤ c′, c′′ ≤ 1. If we fix a special solution a to

s(a) + s((k − 1)a) = s(ka) + 1

with k = 3σ + 4 = 3 · 2 d+1
2 + 4 and define vertices

vj = (ãj, ãj+1, ãj+2, b̃j, b̃j+1, c̃j, c̃j+1)

for j = 0, . . . , 2r−2. Then the orientation of D which we are about to define
will put a in correspondence with the closed walk

v0 → v1 → · · · → v2r−2 → v0
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and further, each such closed walk will correspond to a unique solution a.
We connect a vertex (a′, a′′, a′′′, b′, b′′, c′, c′′) to a vertex (A′, A′′A′′, B′, B′′, C ′, C ′′)

by a dirceted edge if and only if

a′′ = A′ (5.28)

a′′′ = A′′ (5.29)

b′′ = B′ (5.30)

c′′ = C ′ (5.31)

subject to

Y := (a′ + a′′′ + A′′′ + a′′ +B′′ − 2b′) ∈ {0, 1} (5.32)

Z := (Y + a′ + C ′′ − 2c′) ∈ {0, 1}. (5.33)

To motivate the construction of the directed edges, the reader should think
of

(a′, a′′, a′′′, b′, b′′, c′, c′′) and (A′, A′′A′′, B′, B′′, C ′, C ′′)

as

vj = (ãj, ãj+1, ãj+2, b̃j, b̃j+1, c̃j, c̃j+1) and vj = (ãj+1, ãj+2, ãj+3, b̃j+1, b̃j+2, c̃j+1, c̃j+2)

respectively,for j = 0, 1, . . . , 2r − 2. Observe that 5.32 reflects 5.26 and that
5.33 reflects 5.27.

Define V0, V1, and V2 as the sets of vertices (a′, a′′, a′′′, b′, b′′, c′, c′′) for
which (c′, c′′) equals (0, 0), (0, 1), and (1, 0), respectively. We note first that
those vertices with (c′, c′′) = (1, 1) can never yield a solution, as this case is
equivalent to having a 1 in both the jth and (j+ 1)st position in both a and
(k − 1)a, violating 5.21. With the preceeding definitions, we claim that for
odd d ≥ 3, the special solutions a, 0 < a < 2d − 1, to equation 5.20 with
k = 3σ + 4 are in bijection with the special closed walks of length d which
start in V1, in the first step move tho V2, and from there on visit only vertices
in V0 until they return to the starting vertex from V1.

The main thing to note is that the permutation of the sequence (ai)
is reversible, that is, equations 5.24 and 5.25 are satisfied by the original
sequence if and only if 5.26 and 5.27 are satisfied by the permuted equation.

The walk initiates on a vertex of the form

v1 = (α′, α′′, α′′′, β′, β′′, 0, 1)
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which has a directed edge to all vertices of the form:

v2 = (α′′, α′′′, α(4), β′′, β(3), 1, 0)

which also satisfy:

Y := α′ + α′′′ + α(4) + β(3) − 2β′ ∈ {0, 1}

and
Z := Y + α′ + 1 ∈ {0, 1}

as necessitated by 5.32 and 5.33. Until the directed path returns to the vertex
v1, the last two entries of the vertex vector are both 0. This corresponds to
the restriction against having more than one 1 in the same place in a and in
(k − 1)a. The next edge in a walk is between the previous vertex

v2 = (α′′, α′′′, α(4), β′′, β(3), 1, 0)

and a vertex v3 of the form

v3 = (α′′′, α(4), α(5), β(3), β(4), 0, 0)

which also satisfy:

Y := α′′ + α(4) + α(5) + β(4) − 2β′′ ∈ {0, 1}

and
Z := Y + α′′ − 2 ∈ {0, 1}.

The next d− 3 directed edges in the circuit are between vertices of the form

vi = (α(i), α(i+1), α(i+2), β(i), β(i+1), 0, 0)

and
vi+1 = (α(i+1), α(i+2), α(i+3), β(i+1), β(i+2), 0, 0)

whose entries also satisfy:

Y := αi + α(i+2) + α(5) + β(4) − 2β′′ ∈ {0, 1}

and
Z := Y + α′ ∈ {0, 1}.
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These last two equations reflect the fact that in the permuted tableau, ther
is no carry from the ith to (i+ 1)st column

By design, if we have a valid sequence originally, the permutation and
vertex assignment yield a special closed walk since consecutive vertices satisfy
equations 5.28 through 5.33. To show the bijection, we assume that we have a
special closed walk in the directed graph and show that this yields a solution
a to equation 5.23 which satisfies equations 5.24 and 5.25.

A closed walk commences with an edge

v0 = (ã0, ã1, ã2, b̃0, b̃1, 0, 1) ∈ V1

↓
v1 = (ã1, ã2, ã3, b̃1, b̃2, 1, 0) ∈ V2

satisfying

ỹ0 = ã0 + ã2 + ã3 + ã1 + b̃2 − 2b̃0 ∈ {0, 1}
z̃0 = ỹ0 + ã0 + 0 + 0 ∈ {0, 1}.

The second edge is of the form

v1 = (ã1, ã2, ã3, b̃1, b̃2, 1, 0) ∈ V2

↓
v2 = (ã2, ã3, ã4, b̃2, b̃3, 0, 0) ∈ V3

satisfying

ỹ1 = ã1 + ã3 + ã4 + ã2 + b̃3 − 2b̃1 ∈ {0, 1}
z̃1 = ỹ1 + ã1 + 0− 2 ∈ {0, 1}

and we see that the above edge and equations correspond to the unique place
in the string a which satisfies the condition in equation 5.21. The next 2r−4
edges in the directed graph are between vertices in V0:

vi = (ãi, ãi+1, ãi+2, b̃i, b̃i+1, 0, 0)

↓
vi+1 = (ãi+1, ãi+2, ãi+3, b̃i+1, b̃i+2, 0, 0)
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satisfying

ỹi = ãi + ãi+2 + ãi+3 + ãi+1 + b̃i+2 − 2b̃i ∈ {0, 1}
z̃i = ỹi + ãi + 0 + 0 ∈ {0, 1}.

Finally, the edge which closes the closed walk is of the form

v2r−2 = (ã2r−2, ã0, ã1, b̃2r−2, b̃0, 0, 0)

↓
v0 = (ã0, ã1, ã2, b̃0, b̃1, 0, 1)

satisfying

ỹ2r−2 = ã2r−2 + ã1 + ã2 + ã0 + b̃1 − 2b̃2r−2 ∈ {0, 1}
z̃2r−2 = ỹ2r−2 + ã2r−2 + 1 + 0 ∈ {0, 1}.

We will show that the sequence ã0, ã1, . . . , ã2r−2 produced by any special
closed walk yields a solution to the equations 5.23. x̃j 7→ x(r−1)j is the
inverse map of the earlier transfomation which took the sequences {xi} to
{x̃j} for x = a, b, c, y, z. Under this map, we have

j j + 2 j + 3 j + 1
↓ ↓ ↓ ↓

(r − 1)j (r − 1)j + 2r − 2 (r − 1)j + (r − 1)− 1 (r − 1)j + (r − 1)
‖ ‖ ‖ ‖

(r − 1)j (r − 1)j − 1 r + (r − 1)j − 2 r + (r − 1)j − 1

which implies that the sequence corresponding to a special closed walk in D
yields a sequence a with the desired properties.

Let G be a directed multigraph and M the matrix whose i, j entry is
the number of directed paths from vertex vi to vertex vj. Then the i, j
entry in M2 counts the number of directed walks of length 2 from vi to vj.
Inductively, the i, j entry in M r counts the number of directed walks from vi

to vj. Note that this model is indiscriminate in using an edge multiple times
in any directed walk. In particular, the number of closed walks of length r
in D is equal to the trace of the matrix M r.
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Recall that B3σ+4 denotes the number of solutions a mod 2d− 1 to equa-
tion 5.20 and that A3σ+4(d) = B3σ+4(d)/d. For a fixed d = 2r − 1, we can
obtain this number of soultions as follows. Let Ai,j be the adjacency matrix of
the directed graph D restricted to the edges from Vi to Vj for i, j ∈ {0, 1, 2},
that is, Ai,j is the matrix with rows labeled by the vertices in Vi and the
columns labeled by the vertices in Vj, with the entry (a, b) = 1 if there is a
directed edge from vertex va ∈ Vi to vb ∈ Vj, and (a, b) = 0 otherwise. Then
the number of special closed walks of length d = 2r − 1 is equal to the trace
of A1,2A2,0A

d−3
0,0 A0,1. By means of the bijection between special closed walks

in D and special solutions to equation 5.20, we have the following eqation
for the generating function for the values of A3σ+4(d):

∑
r≥2

A3·2r+4(2r − 1)zr−2 = tr

(
∞∑

j=0

A1,2A2,0A
2j
0,0A0,1z

j

)

= tr

(
A1,2A2,0

∞∑
j=0

A2j
0,0z

j

)
A0,1

= tr(A1,2A2,0(I − A2
0,0)

−1A0,1).

We would like to compute the expression on the right hand side of this
equation. Since V0 is the set of all vertices with a′, a′′, a′′′ ∈ {0, 1} and
b′, b′′ ∈ {0, 1, 2, 3}, I −A2

0,0z is a 128× 128 matrix, which would be difficult
to invert with an indeterminate inside. We appeal to the following lemma.

Lemma 5.4.2. Let (fn)n≥0 be a sequence of complex numbers. Suppose that
we know that the generating function

∑
n≥0 fnz

n for the sequence is rational,
i.e., that it equals p(z)/q(z) for some polynomials p(z) and q(z) and that the
degree of the numerator p(z) is at most P and the degree of the denominator
q(z) is at most Q. If the sequence (fn) satisfies the recurrence

k∑
i=1

aifn−i = c

for n = n0, . . . , N , where n0 ≥ k, N = max {P + k + 1, Q+ n0}, and where
a0, a1, . . . , ak and c are some given complex numbers, then the recurrence
5.4.2 is satisfied for all n ≥ n0.
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This is just Theorem 1.8.1
In view of this lemma, we will be done if we can verify the recurrence

5.23 for sufficiently many values of d. On the right side of 5.34, we have a
formula which is a rational function in z and we may write the left hand
side as p(z)/q(z) where p is a polynomial of degree at most 127 and q is a
polynomial of degree at most 128. Taking n0 = k = 4 and P = 127, Q = 128,
we may invoke the preceeding lemma, if we can verify the recurrence 5.23 for
d = 11, 13, . . . , 267. The authors of [EHKX99] did this on a computer.

We have now completed a proof of the following.

Corollary 5.4.3. Let d be an odd integer, d ≥ 3,and set σ = 2(d+1)/2. Let
D3σ+4,d be the (2d−1, 2d−1−1, 2d−2−1) cyclic quotient set in F ∗

q (q = 2d) cor-

responding to the Glynn hyperoval D(x3σ+4). Let D3σ+4,d be the complement
of D3σ+4,d in F ∗

q . Then the 2-rank B3σ+4(d) of D3σ+4,d equals dA3σ+4(d),
where A3σ+4 has the first few values given in the Table 5.23 and satisfies the
recurrence given in Theorem 5.4.1.

5.5 The Inequivalence of Certain Difference

Sets

At this point we can show that the difference sets arising from translation
hyperovals, those arising from the Segre hyperovals D(x6), and those arising
from the Glynn hyperovals D(x3σ+4) are all distinct.

This follows from the following inequalities whose proofs we leave to the
reader:

A6(d) =
2√
5

(1 +
√

5

2

) d+1
2

−

(
1−
√

5

2

) d+1
2

− 1

<

(
1 +
√

5

2

) d+1
2

· 2√
5

< (1.6181)
d+1
2 <

1

3
· 2

d+1
2 < A3σ+4.

The last inequality comes from solving the corresponding recurrence (see
the original paper for a few hints).
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Since the diffeence sets that arise from translation hyperovals are all
Singer sets, we use Theorem 5.1.4 with p = 2, f = 1, n = d − 1, so the
2-rank of the corresponding complementary design is d. For d ≥ 5 it can be
shown that d < d(2F(d−1)/2 − 1) = dA6(d).



Chapter 6

Notes by Carey Jenkins on
Theorem 1.5.8

6.1 Solving S(a)+S(5a)=S(6a)+1

We wish to describe the solutions mod 2d− 1 to the equation s(a) + s(5a) =
s(6a) + 1 with d a positive integer greater than 1. For brevity, the theorems
on the first page are not proven.

Theorem 6.1.1. Suppose a is an integer such that 0 ≤ a < 2f with f a
positive integer. Then a has a unique binary representation

a =

f−1∑
i=0

aip
i, ai ∈ {0, 1}.

Example. For a = 13 and f = 4 we have

13 = 1 · 20 + 0 · 21 + 1 · 22 + 1 · 23.

Definition. Suppose a is an integer such that 0 ≤ a < 2f − 1. Define the
function S(a) by

S(a) =

f−1∑
i=0

ai.

If a is an integer such that a ≥ 2f − 1, then divide a by 2f − 1 to get
a = t(2f − 1) + r, 0 ≤ r < 2f − 1, and define S(a) to be S(r).

113
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Example. For a = 13 and f = 4 we have

13 = 1 · 20 + 0 · 21 + 1 · 22 + 1 · 23

so that S(13) = 1 + 0 + 1 + 1 = 3.

Example. For a = 22 and f = 4, we have that 22 mod (24 − 1) = 7. Then

7 = 1 · 20 + 1 · 21 + 1 · 22 + 0 · 23

so that S(22) = S(7) = 1 + 1 + 1 + 0 = 3.

Theorem 6.1.2. Suppose a is reduced modulo 2f−1. Then every cyclic shift
of the coefficients of a is given by 2n · a mod 2f − 1 for some positive integer
n. Furthermore, every 2n · a mod 2f − 1 is a cyclic shift of the coefficients,
advancing them n times from lower to higher degree terms.

Example. For a = 13, f = 4, and 23, we will advance the coefficients three
terms. Now

a = 13 = 1 · 20 + 0 · 21 + 1 · 22 + 1 · 23

so that

23 13 = 1 · 23 + 0 · 24 + 1 · 25 + 1 · 26

≡ 1 · 23 + 0 · 20 + 1 · 21 + 1 · 22 ( mod 24 − 1)

= 0 · 20 + 1 · 21 + 1 · 22 + 1 · 23.

Theorem 6.1.3. S(2a) = S(a) for any positive integer a. In particular, this
implies that S(2na) = S(a) for any positive integer n.

Example. For a = 13 and f = 4 in the previous example, we know S(a) = 3.
Now try 2a = 26 ≡ 11 mod (24 − 1).

11 = 1 · 20 + 1 · 21 + 0 · 22 + 1 · 23

so that S(2 · 13) = S(26) = S(11) = 1 + 1 + 1 = 3 as expected.

Definition. Suppose a and b are reduced modulo 2f − 1. Then let [ab] denote
the 2 × f matrix having the coefficients of the binary representation of a,
written from right to left, in the top row, and similarly the coefficients of b
in the bottom row.
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Example. Let a = 29 and b = 21 with 2f = 25 = 32. Then

[ab] =

[
1 1 1 0 1
1 0 1 0 1

]
.

Definition. In a matrix [ab], we call a maximal set of adjacent columns, each
column having both entries equal to 1, a J-block and we denote the total
number of the columns in all J-blocks by

∑
J . If we need to make it clear

for which matrix [ab] we are summing over, we may write
∑

[ab]
J .

Example. Consider [ab] for a = 335 and b = 204, 2f = 512.

[ab] =

[
1 0
0 1

1
1

0 0
0 0

1 1
1 1

1 1
0 0

]

We see that there are two distinct J-blocks and
∑
J = 3.

Definition. In a matrix [ab], we call a maximal set of adjacent columns, each
column having both entries equal to 0, a Z-block.

Example. For the same [ab] in the previous example,

[ab] =

[
1 0 1
0 1 1

0 0
0 0

1 1 1 1
1 1 0 0

]
,

we see that there there is only one Z-block and it has two columns.

Definition. In a matrix [ab], we call a maximal set of adjacent columns, each
column having both entries not identical, an A-block. If an A-block is preceded
by a J-block (on the right, i.e. AJ), then we call it an AJ-block. Otherwise
we call it an AZ block since it will be preceded by a Z-block. If an A-block is
the last block (on the far left) of [ab], then if the first block (on the far right) is
also an A-block, then we consider both blocks to be one A-block (that wraps
around). If the last block on the left is not of type A and the first block on
the right is of type A, then the first block is of type AJ if the last block is
of type J , else the first block is of type AZ since the last block is of type Z.
We denote the total number of the columns of all AJ-blocks by

∑
AJ . If we

need to make it clear for which matrix we are summing over, we may write∑
[ab]
AJ .
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Example. For the same matrix again,

[ab] =

[
1 0
0 1

1 0 0 1 1
1 0 0 1 1

1 1
0 0

]
,

we see that there is only one A-block (which wraps around). This A-block is
of type AJ and

∑
AJ = 4.

Theorem 6.1.4. Suppose a and b are reduced modulo 2f−1. Then s(a+b) =
s(a) + s(b)−

∑
J −

∑
AJ .

Proof. We first observe that every [ab] has a unique partitioning into blocks of
type J , Z, and A. The uniqueness is forced by the maximality with respect
to adjacent columns in the definition of these blocks. An inductive approach
will prove the theorem. From right to left, we will induct on the appendage
of blocks.

For the inductive basis, it is easy to check that the formula is correct for
the first block with one subtlety: if the first block is of type A, then for the
inductive basis, do not assume it is of type AJ (i.e., assume it is of type AZ)
since we will not use knowledge of the identity of the last block until the
inductive step reaches the last block. We will then use a special step to show
the formula is correct when appending the last block.

For the inductive step, suppose the sum is correct for the first n blocks:

s(an + bn) = s(an) + s(bn)−
∑
[an
bn

]

J −
∑
[an
bn

]

AJ .

We also assume any carry generated in the sum of the first n blocks is already
counted in the formula. Now we append the next block and assume that it
is not the last block of [ab]. We case on block-type.

1. Suppose we append a J-block. We see that in summing the two rows of
the J-block, a zero is created in the rightmost summand space, allowing
for any incoming carry to be absorbed. Since the incoming carry has
already been counted and it has a place to go, it has no effect on our
s(an+1 + bn+1) summation formula. Now we see that in adding each
column of the J-block, two 1’s are converted to one 1, as illustrated
below.
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1 1 1 1
1 1 1 1

1← 1 1 1 0

We see we simply need to subtract the number of columns in this J-
block to make the s(an+1 + bn+1) count correct. We also observe that
the last 1 in the summand is a carry, which as required, is included in
the s(an+1 + bn+1) count. Also, since we are not appending an A-block,
we see that

∑
[an
bn

]AJ =
∑han+1

bn+1

i AJ . Thus we have

s(an+1 + bn+1) = s(an+1) + s(bn+1)−
∑

han+1
bn+1

i J −
∑

han+1
bn+1

iAJ

as desired.

2. Suppose we append a Z-block. When adding the rows of a Z-block,
again a zero is created in the rightmost summand space, allowing for a
carry (already counted) to be absorbed.

0 0 0 0
0 0 0 0
0 0 0 0

Since the Z-block has no ones and generates no ones, appending it has
no effect on the formula so we have

s(an+1 + bn+1) = s(an+1) + s(bn+1)−
∑

han+1
bn+1

i J −
∑

han+1
bn+1

iAJ .

3. Suppose we append an A-block. We have two possibilities: AZ or AJ .

(a) If the preceding block was of type Z, there is no incoming carry
and we observe that in adding the rows of the A-block, there is
no generation nor absorption of any 1’s.

1 0 1 1
0 1 0 0
1 1 1 1
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Thus we have

s(an+1 + bn+1) = s(an+1) + s(bn+1)−
∑

han+1
bn+1

i J −
∑

han+1
bn+1

iAJ .

(b) If the preceding block is of type J , then since J blocks always
generate a carry, we see that in adding the rows of the A-block,
we have every 1 dissapear, and the incoming carry (which was
already counted) is passed along.

1 0 1 1 ← 1
0 1 0 0

1 0 0 0 0

Thus to have a correct s(an+1 + bn+1) count, we must subtract the
number of columns of this AJ block and we have

s(an+1 + bn+1) = s(an+1) + s(bn+1)−
∑

han+1
bn+1

i J −
∑

han+1
bn+1

iAJ .

Now we need a special step for the case of appending the last block of
[ab] to handle the possibility of a carry representing a 2f term. Recall that if
a+ b ≥ 2f − 1, that s(a+ b) = s(r) where r is its reduction modulo 2f − 1.
So to reduce our sum a+ b modulo 2f − 1, we see that the 2f term becomes
a 1 that must be added to the partial sum constructed by adding the first
n-many blocks.

First things first: if the last block is an AZ or Z-block, then since these
cannot generate a carry, we use the same inductive step above and our count
is correct and we are done.

Now suppose the last block is of type AJ or J . We have two possibilities.
The first entry in the summand is a zero, in which case the carry is absorbed
and the final count is correct using the arguments in the inductive step above.
The second possibility is that the first entry in the summand is a 1. The only
way this occurs is when the first block is of type A. It follows that the first
block is (or is part of) an AJ block. Furthermore, all subsequent 1’s after
the first 1 in the summand must be underneath the AJ block (the following
block will be of type J or Z and will have a 0 underneath its first column).
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Precisely these 1’s will be converted to 0’s when we add the carry, and then
the carry is absorbed by the first zero after these 1’s. This carry has already
been counted as desired. We now correctly reclassify the first A-block as
type AJ and subtract the AJ columns (after subtracting the last J columns
if there were any) and we have the correct count.

Some examples are in order.

Example. 
1 1 0 1 1 1
0 0 1 1 0 0

1← 0 0 0 0 1 1


Reducing the sum modulo 2f−1, it equals (000100)2 so that s(a+b) = 1.

Here we see that the last AJ wraps around and that its carry anihilates the
1’s under the wrap-around. Our theorem gives

s(a+ b) = s(a) + s(b)−
∑

J −
∑

AJ

= 5 + 2− 1− 5 = 1.

Example. 
1 1 0 1 1 1
1 1 1 1 0 0

1← 1 1 0 0 1 1


Reducing the sum modulo 2f−1, it equals (110100)2 so that s(a+b) = 3.

Here we see that the last block is of type J and has a carry which anihilates
the 1’s under the first block which is of type AJ . Our theorem gives

s(a+ b) = s(a) + s(b)−
∑

J −
∑

AJ

= 5 + 4− 3− 3 = 3.

Theorem 6.1.5. Fix modulus 2f −1. Then a is a solution to s(a)+ s(5a) =

s(6a)+1 if and only if the matrix
[

a mod 2f−1

5a mod 2f−1

]
has exactly one J−block and

this J−block has exactly one column and this column is followed immediately
by a Z-block.
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Proof. Using properties of modular arithmetic, the fact that S(a) = S(r),
and Theorem 6.1.4, we have

s(6a) = s(a+ 5a)

= s((a+ 5a) mod 2f − 1)

= s(((a mod 2f − 1) + (5a mod 2f − 1)) mod 2f − 1)

= s((a mod 2f − 1) + (5a mod 2f − 1))

= s(a mod 2f − 1) + s(5a mod 2f − 1)

−
∑

»
a mod 2f−1

5a mod 2f−1

– J −
∑

»
a mod 2f−1

5a mod 2f−1

–AJ

= s(a) + s(5a)−
∑

»
a mod 2f−1

5a mod 2f−1

– J −
∑

»
a mod 2f−1

5a mod 2f−1

–AJ

Thus a is a solution to s(a) + s(5a) = s(6a) + 1 if and only if∑
»

a mod 2f−1

5a mod 2f−1

– J +
∑

»
a mod 2f−1

5a mod 2f−1

–AJ = 1 (6.1)

Now both
∑
J and

∑
AJ are nonnegative, and

∑
AJ > 0 implies that∑

J > 0 so we have Equation 6.1 if and only if
∑»

a mod 2f−1

5a mod 2f−1

– J = 1

and
∑»

a mod 2f−1

5a mod 2f−1

– AJ = 0. This condition is equivalent to the one in the

statement of the theorem, so we are done.

A technical note: The definition of [ab] requires that a and b be reduced
modulo 2f − 1. This is why a and 5a must be reduced in the expression[

a mod 2f−1

5a mod 2f−1

]
. Theorem 6.1.4 implicitely assumes this reduction. The re-

duction of 5a plays a critical part in the upcoming arguments.
Now we are ready to prove the main theorem.

Theorem 6.1.6. Let d ≥ 2 be an integer. The binary representations of the
solutions a mod 2d−1 to the equation s(a)+s(5a) = s(6a)+1 are constructed
by the following algorithm.

1. Form all possible binary strings of length at most d by concatenating
blocks of the form 01, 0011, 00111 subject to the following restrictions.
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(a) In a string having length less than d, the rightmost block must be
01 and the block 00111 must not occur.

(b) In a string having length equal to d, the block 00111 must occur
exactly once and as the rightmost block.

2. Given a string of length k constructed in Step 1, append d − k many
0’s on the left to form a string of length d.

3. The binary representations of the set of solutions reduced modulo 2d−1
consist of all possible rotations of the string constructed in Step 2.

Proof. The proof has two major parts. First, we show that all strings formed
by the algorithm are indeed solutions. Second, we show that any string not
constructed by the algorithm above is not a solution.

In our work, we will construct
[

a mod 2f−1

5a mod 2f−1

]
and see if the necessary

and sufficient condition of Theorem 6.1.4 is satisfied or violated. In the
construction of

[
a mod 2f−1

5a mod 2f−1

]
, we will insert a row for 4a inbetweeen the

rows for a and 5a so that we may compute 5a mod 2f − 1 by adding the a
row and the 4a row. The row 4a will be reduced modulo 2f − 1 by use of
Theorem 6.1.2, i.e., it will consist of a cyclically advanced two entries. Then
in computing 5a, since it must be reduced modulo 2f − 1 in order to apply
Theorem 6.1.4, we will always watch for a wrap-around carry. Therefore, to
simplify notation, we will no longer write “mod 2d−1” since all computations
will be reduced 2d − 1 henceforth.

We first justify Step 3. From Theorem 6.1.2, we know that any cyclic
shift of a number a is equivalent to multiplying it by 2k for some positive
integer. k. From Theorem 6.1.3, we know that s(a) and s(2k a) are equal.
Therefore, for any cyclic shift 2k a of a,

s(a) + s(5a) = s(2k a) + s(2k(5a)) = s(2k a) + s(5(2k a))

and

s(6a) + 1 = s(2k(6a)) + 1 = s(6(2k a)) + 1

so that

s(a) + s(5a) = s(6a) + 1

⇔ s(2k a) + s(5(2k a)) = s(6(2k a)) + 1.
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Thus we have shown that a is a solution if and only if a cyclic shift of a is a
solution.

Now let us show that Steps 1 and 2 of the algorithm give solutions. Let
us address the case in which k < d. So we have at least one zero appended to
the end of the string by Step 2. Prior to this last zero we must have another
zero either from Step 2 or from a previous 01 or 0011 block. From Step 1,
our first block is 01. So we observe that by construction, we have the [11] in
[ a
5a] required by Theorem 6.1.2:

0 0 . . . 0 1 : a
. . . 0 1 0 0 : 4a

. . . 0 1 : 5a

 .
But what if there is a wrap-around carry to be accounted for in computing

5a? We now show this is not possible. If there is a carry, then we must have
a 1 as the last entry of the 4a row implying that the last block of the a row
is 01 (in bold below) which by construction will be preceded by a 0:

0 0 1 0 . . . 0 1 : a
1 0 . . . 0 0 : 4a

1 . . . 0 1 : 5a

 .
Thus we have a Z-block having one column in [ a

4a] blocking any carries
from reaching the last 1 in the 4a row. Thus there is no wrap-around carry
in the sum 5a.

To finish the case k < d, we must show that no other [11]’s are generated
by further appendage of 01 and 0011 blocks.

We will subcase on 01|01, 0011|01, 0011|0011, and 01|0011 and show that
in each instance, no further [11] is contributed to [ a

5a]. In this strategy, we only
look for [11] in the overlapping entries of the a and 4a rows, for every column
of [ a

5a] consists of such overlapping entries.

1. Case 01|01. First suppose there is no carry coming in from the right
above the bold entry:

. . . 0 1 0 1 . . . : a

. . . 0 1 0 1 . . . : 4a

. . . 1 0 . . . : 5a

 .
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Then we see that no [11] is generated in [ a
5a] as desired. Now suppose

there is a carry coming in from the right above the bold entry:
. . . 0 1 0 1 . . . : a
. . . 0 1 0 1 . . . : 4a

. . . 0 1 . . . : 5a

 .
Then we see that a [11] is generated, but for this carry to arrise, there
must be a 1 (boxed) in the 4a row which means it must also be in the
a row as well (boxed):

. . . 0 1 0 1 1 . . . : a

. . . 0 1 0 1 1 . . . : 4a

. . . 0 1 . . . : 5a

 .
But then we have a block 011 which is not possible by the construction.
So we are done.

2. Case 0011|01. (This follows the same argument as the previous case.)
First suppose there is no carry coming in from the right above the bold
entry: 

. . . 0 0 1 1 0 1 . . . : a

. . . 0 0 1 1 0 1 . . . : 4a

. . . 0 0 0 0 . . . : 5a

 .
Then we see that no [11] is generated in [ a

5a] as desired. (For Case 3
below, we will need the observation here that a carry is passed along to
the left.) Now suppose there is a carry coming in from the right above
the bold entry:

. . . 0 0 1 1 0 1 . . . : a

. . . 0 0 1 1 0 1 . . . : 4a

. . . 0 0 0 1 . . . : 5a

 .
Then we see that a [11] is generated, but for this carry to arrise, there
must be a 1 (boxed) in the 4a row which means it must also be in the
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a row as well (boxed):
. . . 0 0 1 1 0 1 1 . . . : a

. . . 0 0 1 1 0 1 1 . . . : 4a

. . . 0 0 0 1 . . . : 5a

 .
But then we have a block 011 which is not possible by the construction.
So we are done.

3. Case 0011|0011. Appending an 0011 to an 0011 creates a different
scenario. If we have an incoming carry to the bold entry,

. . . 0 0 1 1 0 0 1 1 . . . : a

. . . 0 0 1 1 0 0 1 1 . . . 4a

. . . 0 0 0 0 0 0 . . . : 5a

 ,
then no [11] is generated in [ a

5a] as desired. Now in any chain 0011|0011| . . . |0011|01
there must be a first 01 which will precisely give us the desired carry
as observed in Case 2 above.

4. Case 01|0011. In this case, as in Case 3 above, we are assured of an in-
coming carry since the 0011 on the right will be part of a 0011| . . . |0011|01
chain. Then we have

. . . 0 1 0 0 1 1 . . . : a

. . . 0 1 0 0 1 1 . . . 4a

. . . 1 0 0 0 . . . : 5a

 ,
with no [11] in [ a

5a] as desired.

So we have shown that all string generated in Steps 1 and 2 having length
k less than d are solutions as desired. Now we wish to show that the strings
having length k = d constructed in Step 1 are also solutions.

First, we can see that 00111 is a solution (with no 01 and 0011 blocks
appended): 

0 0 1 1 1 : a
1 1 1 0 0 : 4a

1← 0 0 0 1 1
≡ 0 0 1 0 0 : 5a

 .
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Now things become a bit tricky. Some observations are needed.
Observation 1. When appending 0011|0011| . . . |0011 strings (even those

with one 0011 block), they always pass a carry. The proof comes from the
fact that each of these strings must either be preceeded by a 01 block or the
original 00111 block. We check both cases.

Suppose a 0011|0011| . . . |0011 string is preceded by a 01 block. Then we
see that in [ a

4a] there is a J-block (in bold) generating a carry and that this
carry is passed along:

1←
0 0 1 1 0 1 : a

0 0 1 1 0 1 : 4a

0 0 0 : 5a

 .
Appending more 0011 blocks above simply keeps moving the carry along.

Now suppose a 0011|0011| . . . |0011 string is preceded by the original
00111 block. Again a J-block (in bold) in [ a

4a] guarantees the generation
of a carry: 

1←
0 0 1 1 0 0 1 1 1 : a

0 0 1 1 0 0 1 1 1 : 4a

0 0 0 0 0 0 : 5a

 .
So now we know that whenever we see a 0011|0011| . . . |0011 string, a

carry is passed along.
Observation 2. No [11]’s are generated in [ a

5a] in the overlapping entries of
0011 blocks. This is easily seen by examining the diagrams in Observation
1.

Observation 3. 01|01| . . . |01 strings (including the one with a single block)
always kill an incoming carry and then generate a new one. Observe that
the 01 block must be preceded by a 0 and followed by a 1 so we have the
following: 

. . . 1 0 1 0 . . . : a

. . . 1 0 1 0 . . . : 4a

. . . 0 ? . . . : 5a

 .
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To prove this observation, we see that there is a Z-block in [ a
4a] to kill the

incoming carry and it is immediately followed by a J-block that generates a
carry. These are in bold above.

Observation 4. As can be seen in the diagram above, no [11]’s are generated
in [ a

5a] in the overlapping entries of 01 blocks.
Observation 5. In the overlapping entries of 01 and 0011 blocks, no [11]’s

occur in [ a
5a]. We check both cases, first, 0011|01:

. . . 0 0 1 1 0 1 0 . . . : a

. . . 0 0 1 1 0 1 0 . . . : 4a

. . . 0 0 0 0 ? . . . : 5a

 ,
which is fine, and also 01|0011 (recall 0011 is passing a carry to the bold
entry): 

. . . 0 1 0 0 1 1 . . . : a

. . . 0 1 0 0 1 1 . . . : 4a

. . . 1 0 0 0 . . . : 5a

 .
Now we can put these observations together to prove the remaining con-

structions are solutions in the case k = d. Here is an outline of what happens
next:

1. We show 0011|0011| . . . |0011|00111 is a simple solution.

2. Replace arbitrarily many 0011’s, except the last, with 01 to get more
solutions that are the same “under” 00111.

3. Now redo Case 2 above, but let the last block be 01 and see that we
get a different sort of solution under 00111.

Thus we will have shown that all strings generated by the k = v case are
solutions.

1. 0011|0011| . . . |0011|00111.
0 0 1 1 . . . 0 0 1 1 0 0 1 1 1 : a
1 1 . . . 0 0 1 1 0 0 1 1 1 0 0 : 4a

1← 0 0 . . . 0 0 0 0 0 0 0 1 1
≡ 0 0 . . . 0 0 0 0 0 0 1 0 0 : 5a


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2. 0011| . . . any . . . |00111. Since the string ends at the far left with 0011,
we know from Observation 1 that a 1 will be passed around to give the
same solution configuration at the far right under 00111 as in Case 1
above. Inbetween the last 0011 and first 00111, we know from Obser-
vations 2, 4, and 5 that no additional [11]’s are generated. So these are
solutions.

3. 01| . . . any . . . |00111. Again, we know that inbetween the first 00111
and last 01, everything is fine, but we have a different [11] configuration
(notice carry-killing Z-block at far left in [ a

4a] helps out):
0 1 . . . 0 0 1 1 1 : a
0 . . . 0 0 1 1 1 0 1 : 4a

. . . 0 0 1 0 0 : 5a

 .
So we have finished the main section showing that the strings constructed

by the algorithm are solutions. Now we must determine what strings have
not been constructed and show that each of these is not a solution. In Stan’s
notes, we have eliminated all strings containing 1111, 111 not preceded by
00, and 11 not preceded by 00. The strings remaining to be eliminated are
outlined below.

1. Strings having more than one location of inserted zeros (zeros not part
of 01, 0011, or 00111).

2. Strings having more than one 00111.

3. In k < d case, strings beginning with 0011.

4. In k < d case, strings having 00111.

5. In k = d case, strings not having 00111.

1. To show that no string may have more than one location of inserted
zeros (those not part of a 01, 0011, or 00111 block), we will show that
a [11] occurs in [ a

5a] for each such location. We will case on the block
preceding the inserted zeros.

First suppose an inserted zero is preceded by 0011. Here we will see that
in [ a

4a] we have a Z-block (boxed) absorbing carries, thus guaranteeing
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the generation of [11] in [ a
5a] under the first 1 that follows the inserted

zeros: [
. . .

. . . 0 0
0
0

0 0 1 1 . . . : a
1 1 . . . : 4a

]
.

You may ask, “What if there is a wrap-around carry in row 5a to upset
this [11]?” This cannot happen. For a wrap-around carry to reach the
[11], we must have a 1 under the Z-block boxed above and 1’s under the
A-block before it. But this is a contradiction since the A-block would
have to pass a carry to put the 1 under the Z-block, in which case the
A-block would have 0’s underneath. [Illustrated below in next case.]

Now suppose an inserted zero is preceded by 01. To avoid the 0011 case,
we must precede the 01 block by a 0 (bold): [To make this argument
precise: if we do not have this 0, then we have a 011. 011’s are not
legal without a second preceding 0. Thus we have a 0011. We have
already analyzed 0011 above.][

. . . 0 0 1 0 . . . : a

. . . 0 0 1 0 . . . : 4a

]
.

As in the 0011 case, the Z-block in [ a
4a] blocks carries. So we know that

the first 1 following the inserted zeros will have a 1 underneath in row
5a as desired. Now we must consider the effect of a wrap-around carry
in row 5a. Consider the necessary configuration for the carry to reach
(and thus upset) the [11] in [ a

5a]:
1 . . . 0 0 1 0 . . . : a
0 . . . 0 0 1 0 . . . : 4a

1 . . . 1 1 1 1 : 5a

 .
Again, as in the 0011 case above, the boxed 1 cannot exist and have
1’s under the preceding A-block of [ a

4a] simultaneously. Thus a wrap-
around carry cannot upset the [11] as desired.

Now suppose an inserted zero is preceded by 00111. In Case 2 below,
we will show that every occurrence of 00111 does exactly one of the
following: the 00111 generates a [11] in [ a

5a] or the 00111 causes a failure
of the necessary and sufficient criterion of Theorem 6.1.5.



6.1. SOLVING S(A)+S(5A)=S(6A)+1 129

So given acceptance of Case 2 below, we are done with Case 1 and
conclude that no two locations may have inserted zeros.

2. We will now show that no string may have more than one 00111. Our
strategy is to show that each instance of 00111 forces a [11] in [ a

5a] (thus
not allowing more than one 00111) or does not meet the criterion of
Theorem 6.1.5. We will begin by casing on whether the boxed entry
below receives a carry or not. First, assume it receives a carry:

1

. . . 0 0 1 1 1 0 . . . : a

. . . 0 0 1 1 1 0 . . . : 4a

. . . 0 0 1 0 . . . : 5a

 .
Then we have our [11] in [ a

5a] that cannot be upset by a wrap-around
carry since in row 5a, it is preceded by a 0.

Now suppose the boxed entry receives no carry:
0

. . . 0 0 1 1 1 0 . . . : a

. . . 0 0 1 1 1 0 . . . : 4a

. . . 0 0 0 1 . . . : 5a

 .
You may say, “We have an illegal configuration in [ a

5a], thus this is not
allowed.” But it is not that simple. A wrap-around carry in row 5a can
fix the problem as shown in the sole 00111 solution to the k = d case.
So forther investigation is required. To stay in this case, we require a
second 0 to the right (else we have the carry):

0
. . . 0 0 1 1 1 0 0 . . . : a
. . . 0 0 1 1 1 0 0 . . . : 4a

. . . 0 0 0 1 . . . : 5a

 .

We must show there is no possibility of a wrap-around salvation of
the above illegal configuration (at least no salvation without putting
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us back in the previous case). If there is salvation, we must have at
least one preceding A-block (bold) in [ a

4a] to put 1’s in row 5a for the
wrap-around carry:

0
. . . 0 0 1 1 1 0 0 1 1 . . . : a
. . . 0 0 1 1 1 0 0 1 1 . . . : 4a

. . . 0 0 0 1 1 1 1 . . . : 5a

 .

Now this string (possibly just one) of right-appended 0011’s in row a
must terminate with one of the following: 01, 00111, or 000. We will
show each case prevents a wrap-around carry. [In the diagrams that
follow, we represent the string of 0011’s with a single 0011 since it is
visually obvious that additional 0011’s change nothing.]

(a) For 01, we have a J-block (bold) in [ a
4a] starting a carry that anil-

ihates our needed 1’s in row 5a:
. . . 0 0 1 1 1 0 0 1 1 0 1 . . . : a
. . . 0 0 1 1 1 0 0 1 1 0 1 . . . : 4a

. . . 0 0 1 0 0 0 0 0 . . . : 5a

 .
(In fact, this gives us the preceding legal [11] case.)

(b) For 00111, we also have a J-block (bold) in [ a
4a] starting a carry

that anilihates our needed 1’s in row 5a:
. . . 0 0 1 1 1 0 0 1 1 0 0 1 1 1 . . . : a
. . . 0 0 1 1 1 0 0 1 1 0 0 1 1 1 . . . : 4a

. . . 0 1 0 0 0 0 0 0 0 0 0 . . . : 5a

 .
(This again gives us the legal [11] case in [ a

5a].)

(c) For 000, we have a Z-block (bold) in [ a
4a]:

. . . 0 0 1 1 1 0 0 1 1 0 0 0 . . . : a

. . . 0 0 1 1 1 0 0 1 1 0 0 0 . . . : 4a

. . . 0 0 0 1 1 1 1 1 1 . . . : 5a

 .
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To keep 1’s in row 5a as required to pass the wrap-around carry,
we need more A-blocks in [ a

4a]. We put the required 1’s in row 5a
below to help us visualize:
. . . 0 0 1 1 1 0 0 1 1 0 0 0 1 1 . . . : a
. . . 0 0 1 1 1 0 0 1 1 0 0 0 1 1 . . . : 4a

. . . 0 0 0 1 1 1 1 1 1 1 1 1 . . . : 5a

 .
This new string of 0011’s in row a cannot be preceded by any of
01, 00111, or 000 and maintain consecutive 1’s in row 5a. We
show each possibility below without comment. First, 01:
. . . 0 0 1 1 1 0 0 1 1 0 0 0 1 1 0 1 . . . : a
. . . 0 0 1 1 1 0 0 1 1 0 0 0 1 1 0 1 . . . : 4a

. . . 0 0 0 1 1 1 1 1 1 0 0 0 0 . . . : 5a

 .
Second, 00111:
. . . 0 0 1 1 1 0 0 1 1 0 0 0 1 1 0 0 1 1 1 . . . : a
. . . 0 0 1 1 1 0 0 1 1 0 0 0 1 1 0 0 1 1 1 . . . : 4a

. . . 0 0 0 1 1 1 1 1 1 0 0 0 0 0 0 0 . . . : 5a

 .
Now, 000:
. . . 0 0 1 1 1 0 0 1 1 0 0 0 1 1 0 0 0 . . . : a
. . . 0 0 1 1 1 0 0 1 1 0 0 0 1 1 0 0 0 . . . : 4a

. . . 0 0 0 1 1 1 1 1 1 0 1 1 1 1 . . . : 5a

 .
We have done it. We have shown that no string may have two 00111
blocks.

3. Suppose k < d, and our string begins with 0011. Since we have shown
there can only be one location of inserted zeros and every cyclic advance
of a solution is a solution, we may assume that the 0011 is at the far
right and the inserted zeros are at the far left. We case on a carry into
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the second 1 (bold) from the right. First suppose there is no carry,
0 . . . 0 0 1 1 : a

. . . 0 0 1 1 0 : 4a

. . . 1 1 1 : 5a

 ,
and we have that our [11] in [ a

5a] is not followed by a column of zeros as
required. This cannot be a solution without the salvation of a wrap-
around carry. But this would require 1’s in row 5a and thus require
blocks preceding our initial 0011. Hence, 0011 would not be the first
block in the string.

Now suppose there is a carry. Since k < d, we are guaranteed another
zero at the far left. From where did this carry originate?[

0 0 . . . 0 0 1 1 : a
. . . 0 0 1 1 0 0 : 4a

]
Observe that this forces the entries in row 4a under these two zeros at
the far left to be 1’s:[

0 0 1 1 . . . 0 0 1 1 : a
1 1 . . . 0 0 1 1 0 0 : 4a

]
.

But then we have a 0011 block at the far left which contradicts our
hypothesis of an inserted zero at the far left. So we have shown that if
k < d, the string may not begin with 0011.

4. Now we suppose k < d and show that the string cannot have 00111.
We case on which block begins the string.

(a) If the first block is 0011, then by Case 3 above, this is not a
solution.

(b) We will now show that 00111 cannot be the first block. Recall by
Case 2, that it must receive a carry in the boxed entry below:

1

. . . 0 0 1 1 1 : a

. . . 0 0 1 1 1 0 : 4a

. . . 0 0 1 0 : 5a

 .



6.1. SOLVING S(A)+S(5A)=S(6A)+1 133

Since it is the first block of the string, we must also have these
zeros (one inserted, the other inserted or part of a block):

1

0 0 . . . 0 0 1 1 1 : a
. . . 0 0 1 1 1 0 0 : 4a

. . . 0 0 1 0 : 5a

 .
For this carry to be possible, we must have 1’s under these zeros
to pass the carry along at the far left of row 4a:

1

0 0 1 1 . . . 0 0 1 1 1 : a
1 1 . . . 0 0 1 1 1 0 0 : 4a

. . . 0 0 1 0 : 5a

 .
Since we have 0011 at the far left in row a, this contradicts that
00111 begins the string.

(c) Now suppose the first block is 01. By Case 2, we know that if a is
a solution, then the later 00111 will generate a [11] in [ a

5a]. We will
now show that the first 01 will also generate [11], thus violating the
criterion of Theorem 6.1.5. First observe that since 01 begins the
string, we must have these zeros at the far left (one inserted, the
other inserted or part of a block):

0 0 . . . 0 1 : a
. . . 0 1 0 0 : 4a

. . . : 5a

 .
With no incoming carry, we immediately see the [11] in [ a

5a] under
the first column. So we ask, “Is it possible for a carry to wrap
around?” The answer is no as it would require 1’s under these 0’s
to pass the carry, thus placing a 0011 block at the far left and
contradicting 01 beginning the string:

0 0 1 1 . . . 0 1 : a
1 1 . . . 0 1 0 0 : 4a

. . . : 5a

 .
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We conclude that if k < d, no 00111 may be present.

5. Now in the case that k = d we finish the theorem by showing that
00111 must be present. Note that this will imply that solutions for
k = d exist if and only if d is odd since 00111 cannot occur more than
once, 00111 has an odd number of digits, and 01 and 0011 have an even
number of digits. For sake of contradiction, suppose a is a solution and
00111 is not in a. Then we only have 01 and 0011 blocks in the string.
One can easily see by sketching a diagram that a string consisting of
only 0011’s is not a solution, nor is a string consisting only of 01’s. So
now we consider strings having both 01’s and 0011’s.

Now take any string of mixed 01’s and 0011’s, and without loss of
generality, cycle the string until a 0011 is at the far right and the left-
most block is 01. Then we have a carry from the first column causing
zeros in row 5a:

0 1 . . . 0 0 1 1 : a
. . . 0 0 1 1 0 1 : 4a

0 0 0 0 : 5a


We observe from the diagram above that a wrap-around carry can
only effect the first entry of row 5a and in fact would cause an illegal
configuration in the first two columns of [ a

5a]. Now we observe the carry
passed by the AJ block of [ a

4a] will eventually reach a 01 in row a and
have no ill effect. We show this in the diagram below, and as usual,
draw only one 0011 to represent a possibly greater string of 0011’s:

0 1 . . . 0 1 0 0 1 1 : a
. . . 0 1 0 0 1 1 0 1 : 4a

1 0 0 0 0 0 : 5a


Now we observe that any additional 01’s has no ill effect, nor produces
the desired [11] in [ a

5a], and then the argument repeats. In other words,
this string of 01’s must finally meet an 0011, and the pattern above
reiterates. [11] is never generated in [ a

5a] so that this is not a solution.
And as mentioned earlier, any wrap-around carry definitely creates a
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non-solution via an illegal configuration. We show the pattern below
without further comment.

0 1 . . . 0 1 0 1 0 0 1 1 : a
. . . 0 1 0 1 0 0 1 1 0 1 : 4a

1 0 1 0 0 0 0 0 : 5a




0 1 . . . 0 0 1 1 0 1 0 1 0 0 1 1 : a
. . . 0 0 1 1 0 1 0 1 0 0 1 1 0 1 : 4a

0 0 0 0 1 0 1 0 0 0 0 0 : 5a


This concludes the last case of the second part of the theorem. Thus
the theorem is proven.

For the record, we restate an observation of the last case of the preceding
theorem.

Corollary 6.1.7. If k is the length of the of string of 01’s, 0011’s, and
00111’s constructed in the algorithm of Theorem 6.1.6 and k = d, then
a mod 2d − 1 is a solution of s(a) + s(5a) = s(6a) + 1 if and only if d is
odd.
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