“THE PROBLEM OF POINTS”
or

“THE DIVISION PROBLEM”
THE BEGINNINGS OF
PROBABILITY THEORY

EARLY HISTORY







Probably has Arabic origin, but
Was not in Fibonacci’s Liber Abaci
Was seen in Italian manuscripts ~1380
Fra Luca Pacioli considered it in his Summa
(1494). This maybe the earliest version in
print.(Ore,413)
And in French texts where de Mere may have
seen it before he posed it to Pascal ~1654.

But let’s digress:







First, note that the problem of rolling two dice looking for
at least one “one” - the problem we did last week with
Carmen - is the other main problem that is mentioned in
the accounts of early probability theory.
Both Tartaglia in 1494 and Cardano in 1525 write about
the dice problem.
Galileo gives a complete table of probabilities for all
throws of three dice. ( I am guessing, but it may be very
similar to the ones we saw last week here in class.)
And Pascal states that in addition to Fermat and himself,
De Mere and Roberval could solve the dice problem.



De Mere, a French nobleman and
sometime philosopher, is the person that
brings to Pascal the following problem:
( We use Fra Luca’s version.)

The Problem of Points


“A team plays ball such that a total of 60
points is required to win the game, and
each inning counts 10 points. The stakes
are 10 ducats. By some incident, they
cannot finish the game when one side has
50 points and the other 20*.”



How should the prize money be divided
between the two teams?

The Problem of Points


A team plays ball such that a total of 60
points is required to win the game, and
each inning counts 10 points. The stakes
are 24 ducats. By some incident, they
cannot finish the game when one side has
50 points and the other 30.



How should the prize money be divided
between the two teams?

Work on this in your groups.
We’ll return to see how your
solutions connect up with those
offered by Fra Luca, Cardano,
Tartaglia and Pascal.





Fra Luca’s idea is to divide the stakes
according to the score 50 : 30. So out of
24 points, he’d split the 24 ducats into 15
and 9 ducats. (Summa, 1494)
Cardano comments on this answer: “And
there is evident error in the determination
of the shares in the game problem as
even a child should recognize, while he
[Fra Luca] criticizes others, and praises his
own excellent opinion.” (Practical General Arithmetic, 1539)







Cardano then proceeds to give a wrong answer
to the problem. He suggests a split using a ratio
of 1 : 6.
Tartaglia also dealt with this problem in his
General Treatise, 1539, and comments on Fra
Luca’s work:
“His [Fra Luca’s] rule seems neither agreeable
nor good, since if one player has, by chance, 10
points, and the other no points, then, by
following this rule, the player who has 10 points
should take all the stakes, which obviously does
not make sense.”





Tartaglia’s answer looks at the difference
between the scores - 20 points - one third
of the 60 needed to win and finds that the
first player should get one third of the
second players stake: 1/3 of 12 ducats is
4. So player one should get 12 + 4 = 16
ducats and player two, 12 - 4 = 8 ducats or
a 2 : 1 ratio.
But … Tartaglia seems to lose faith in his
answer and writes:



“Therefore I say that the resolution of such
a question is judicial rather than
mathematical, so that in whatever way the
division is made there will be cause for
litigation.”



Let’s turn to Pascal and the solution that
he discusses with Fermat in correspondence carried out through a mutual
acquaintance and member of the scientific
circle in Paris at that time, Carcavy.







A contemporary of Pascal’s, Roberval hears of
Pascal’s approach and objects strongly to his
way to analyze the problem.
Of Roberval it was said, he is “the greatest
mathematician in Paris, and in conversation the
most disagreeable man in the world.”
Ore suggests that perhaps that is why Pascal
begins writing to Fermat. They exchanged
letters through the summer and fall of 1654.



Here’s Pascal solution:



Pascal’s method is based on analyzing the
remaining portion of the game that would
have been played. In particular, he has
both players keep playing through 1 + 3 1 = 3 more games, even though player
one may have won before that.



If the stopped when the score was 50 to
50, then the stakes should be split 12
ducats a piece.
.50

.50

12 ducats

12 ducats



Now if the score were 50 to 40, then the
diagram would look like this:
.50

12 ducats
.25

6 ducats

.50
.25

6 ducats

With 18 ducats going to the player in the lead.



Since the score is 50 to 30, the diagram
looks like this:
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.125

3 ducats

.25
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3 ducats

With 21 ducats going to the player in the lead.







If the score were 40 to 30, still with 60 points
needed to win, the analysis gets much more
complicated.
He publishes the general solution with extensive
discussion near the end of his Treatise on the
Arithmetic Triangle.
After his death, the work was found printed but
unpublished among his papers. The reason is
well understood. Pascal experienced a religious
conversion in November of 1654 and turned
away from mathematics.

Earliest games of chance







Astragalus - the tarsal bone from the hind
foot of a hooved animal - prehistoric.
Dice from fired clay as early as 3000 BC
Present form - dots and arrangement in
1400 BC
Cards introduced in 1300 AD.

Thanks

