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OVALS IN FIGUEROA PLANES

Dedicated to Giuseppe Tallini on the occasion of his 60th birthday

Williain E. Cherowitzo

A class of ovals, called the Owelr di Roma, is constructed in the non-Desarguesian finite
Figucroa planes of odd order.

1. INTRODUCTION

An owal in a finite projective plane of order n is a sct of n + 1 points, no three of which
arc collinear. A classical conjecture, part of the folklore in this area of mathematics, is
that every projective plane contains ovals. We shall provide further evidence in support
of this conjecture.

The class of non-Desarguesian planes known as the Figueroa planes was initially con-
structed by algebraic means (see Figueroa {3], Hering-Schaeffer [5], Dempwolff [2], and
Brown [1]). The finite Figueroa planes are of order ¢*, with ¢ any prime power, ¢ > 2.
In the original paper [3], the value of ¢ was restricted, but this restriction was removed
in [5]. In [2], Dempwolff provided the infinite analogue of these earlier constructions. In
1986, Grundhofer [4] gave a synthetic construction for all of these cases which we will
outline below. Using this synthetic approach, a family of ovals, called the Quali di Roma,
can easily be determined in the Figueroa planes of odd order [this appellation is due to
the fact that these ovals were discovered while the author was visiting the Universita di
Roma—"La Sapienza” under a C.N.IR. Visiting Professorship].

2. CONSTRUCTION OF THE FIGUEROA PLANES

Let a be a planar collineation of order 3 of a pappian projective plane P = (P, L, I).
The points and lines of P fall into three disjoint classes cach, depending upon the orbit
structure under the group («), namely

P, ={peP|p®=p}
P,={peP -P,|p, p",p(’“2 arc collinear},

P;=1{pcP|p p° )0‘2 form a triangle}.
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The line classes Ly, Lz, and Lj are defined dually. Note that the points of class Py are
precisely the non-fixed points on a fixed line {a line of class L), and so these lines contain

no points of class P3. We define an involutory bijection g : Py «» Ly by p* = p”p“2 and
pr — oy et for p € Py and £ € Lj.

Let Iny = I N (P3 x Ly). To construct the Figueroa planes, we modify the incidences
in this portion of the incidence relation; in particular we define a new incidence relation

I, = (I\133) U I* where I* C Py x Ly and is defined by pI*€ if and only if £#1p.

The incidence structure P, = (P, L, I,,) is a projective plane, and if P had order greater
than 8, then P, is non-Desarguesian (sce [4]).

3. OVALI DI ROMA

In a Desarguesian plane P of odd order, let €2 be a conie which is invariant under « (i.e.,
Q™ = Q). Observe that such a conic can contain no Py point and has no L, tangent. Let
7 be the subplane fixed by «, and let Q4 = QN 7. If Q4 is not empty, then it is a conic in

.

Now define, 2% = Q, U {{" | { 1s a tangent to 2 of class Ly }.
TiroreM. The point set Q* 1s an oval in the Figueroa plane P, .

Proor: Since 2% contains no Py pomnts, any L line can intersect 1t only in points of €2y,
and so Ly hnes can mect 2% 11 at most two polnts. Any Ly line of P, meets Q% only at
Py points. Suppose that an Ly line m mects Q% at three points; then in the Desarguesian
plane P, the lines correspouding to these three points must be concurrent at m#. This is
mmpossible since these lines are tangents to €2, and only two tangents can pass through a
point if the order of the plane is not even. Thus, we need only consider the intersections
of L, lines with Q*, and since these incidences are the same in both planes, we may work
in the Desarguesian plane P. The following lemma will be useful.

LeMMA. Given a conic in a Desarguesian plane, if two triangles of tangent lines to this
conic are perspective fromn a point, then the corresponding inscribed triangles are perspec-
tive from the same porint.

Proor (or LEMMAY: Let © be a conic in a Desarguesian plance and suppose that Py, Py, Py
and Q, ()2, Q3 are the respective vertices of two triangles each of whose sides 1s a tangent
to §2 and such that the lines P;Q; (i = 1,2, 3) are concurrent at the point S. Label the point
of contact of the tangent line PP, (respectively, ;) by px (respectively, gi) so that
{,7.k} = {1.2,3}. With this labelling, we wish to show that the lines p;q; (i = 1,2,3)
arc concurrent at the pomt S. Note that the polar with respect to € of the point P
(respectively, (2y) 1s the line pypg (respectively, ¢;qr) where {7, 7,4} = {1,2,3}. Also note
that the points It; = PPN Q) Qp (respectively, vy = pipeNgigr) where {4, 7, k} = {1,2,3}
are the poles of the lines p;q; (respectively, 4Q;) for i = 1,2,3. By Desargues theoremn,
the points 12y, [y, and Ry are collincar and so their polars p;q; (7 = 1,2, 3) are concurrent
at a pomt. say S'. The line determined by the R;’s is the polar of S'. On the other hand,
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the lines 1,Q; (1 = 1,2,3) arc concurrent at S, so their poles, the r;’s, are collinear on the
polar of S. Since S' = p;¢; N pjq;, and these are points of the conic, the other two diagonal
points of the quadrangle p,, p;, ¢, q; are on the polar of S', in particular, ry = p;q; N pig;
is on the polar of S’ for all £. Thus the polar of 5/ is the polar of §, and so, 5 = 9.
Q.E.D.

Returning now to the proof of the theorem, suppose that points P and QZ are Py points 02f
2* which are incident with an Ly line m. Let R = mNiw; then P, P¢, P* and @, Q%, Q”

are the vertices of two triangles whose sides are tangent to 2 and which are perspective
from 2. By the lenma. I? lies on three secants of {2 and so cannot be a point of €2y. Thus,
an Lo line passing through a point of £y can pass through at most one other point of Q*.
Now supposc that S was a third Py point on m, by two applications of the lemma, if p. ¢,
and s are the points of contact of the tangents P"P“.27 Q“Q”Q, and 5"5’”2, respectively,
then p, ¢, and IR are collinear as well as p, s, and R; thus p, ¢q, and s would be collinear
points of £2. This contradiction shows that an Lz line can meet Q* in at most two points,

and so 2% 1s an oval in P,. Q.ED.

REMARK. In general, the points of {2* do not form an oval in P; for example, in PG(2, 27)
the points of Q* corresponding to the conic z? + y? + 2?2 = 0 liec on the quartic curve
) i 2,2 '

rezt+ Yyt 4yt =0.

REMARK. The above proof does not use finiteness in any essential manner and so shows
that the constructed set 1s an arc in an infinite Figueroa plane. However, whether or not
these sets are ovals is still an open question for the infinite case.
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